PDFaid.Com

#1 Pdf Solutions

diendantoanhoc.net [VMF]

Bai viet nho vé diem Fermat - Torricelli trong
tam giac
P4 Quang Long - Nguyén Minh Tuén

Diém Torricelli hay con goi la diém Fermat 13 diém ma tong khoang cach tit diém dé t6i 3 canh
1a nhé nhat.
Diém nay 1a duy nhat , né nhin cac cach ctia tam giac dudi géc 120° , c6 méi lién hé tryc tiép

v6i bai toan Napoleon.

Trén hinh vé 1a tam giac ABC, duyng ra phia ngoai cac tam giac déu ACD,BCF,BDA. Thi
BD,CE,AE dong qui tai T la diém Fermat ciia tam gia ABC.

Trén hinh vé ta thay 1 s6 tinh chat rat dep nhu :

1. Tam giac PMN deéu(Dinh 1y Napoleon)(M,N,P la tam cac tam gidc déu )

2. BD=CE=AF; AM,BN,CP dong quy ( tai diém Napoleon)

3. Tam giac ABC va tam giac DEF cung trong tam. . ..

Trang 1


http://Pdfaid.com

diendantoanhoc.net [VMF]

DI

Mot vai tinh chat khac :
1) Gia st BD cit duong tron ngoai tiép tam giac BEF 6 D’. Tuong tu ¢6 E’F . Thi ta sé
c6 BD = BD’ + AF’ + CE’. ( hinh vé 6 phia trén )
AA" BB cc’

2) Lay tréen A\F, BD, CE, cac diem A’ B’,C’ sao cho NG + 7D + CE 1 thi tam
giac A’B’C’ deu

Ta di vio mot sb tinh chit cta diém Fermat :
Tinh chat 1 : Cho tam gidc ABC, T la diém Torricelli ciia tam gidc . CMR Duong thang doi
xitng v6i AT qua BC, BT qua CA , CT qua AB dong qui.
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Huéng dan : Liy A’ B’,C’ la diém déi xiing ctia T qua BC, CA, AB. Ta sé chiitng minh duong
thang déi xtng véi AT qua BC, BT qua CA , CT qua AB dong qui tai O la tam duong tron
ngoai tiép tam giac A’'B’C’.

That vay gid st dudng thang doéi xiing véi BT qua CA , CT qua AB céit nhau tai O. Do
tinh chit d6i xing qua BC nén OB'A = 180° — ATB = 60°. Tuong tu c6 AC'B = 60°. Ma
AC' = AT = AB' = AC'B' = AB'C". Do d6 OC'B' = OB'C". Ma C"AB' = 2.BAC néen
C'OB' = 240° — 2.4

Ta c6: BAC = BTC = 120°,C'BA’ = 2.CAB, ACB' = 2.BCA. Nen C"A'B’ = 120° — A.
Nen B'OC" = 2.0"A'B'. Do d6 O 1a tam ngoai tiép tam giac A'B’C’.

Tinh chat 2 : Duong thang Euler ctia Tam giac ABT, BCT, CTA dong qui.
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Huéng dan

Goi G la trong tam ta giac ABC.
Dung tam gidc ACD deu.

Goi O; 1a tam ctia tam giac déu.

M la trung diém AC, J la trong tam
ta giac ATC.

Ta c¢6 BT di qua C. ATCD not tiép
(O1)

JO1 chinh la duong tréng Euler ctia
tam gidac ATC.

J va Op chia MT va MD theo ty 1é
1:2 Nén O;J di qua G

Do dé duong thang Euler clia tam

giac ATC di qua trong tam tam giac
ABC

Tuong tu cho dudng thing Euler cta
BTC, BTA cung di qua G nén chiung
dong quy.
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Ta giai thich 1 s6 khai niém:

+) Duong tron A-apollonian 14 dudng tron di qua 3 diém A,D,D’. V6i AD va AD’ lan lugt 1a
phan giac trong va ngoai goc A.

+) Diém Isodymatic trong la giao diém ctia 3 dudng tron A-apollonian , B-apollonian, C-
apollonian va ndm trong tam gidc ky hién 1a J.

Tuong tiu ta ciing c6 Diém Isodymatic ngoai la giao diém citia 3 duong tron A-apollonian |

B-apollonian, C-apollonian va nam trong tam giac ky hién la J’.

+) 2 diém I va J clia tam gidc ABC la lién hop dang giac néu tia Al va AJ d6i xiing véi nhau
qua phan giac trong cua goc A. Tuong tu véi BI,LBJ; CI va CJ
Ta quay vao bai toan .

Ta can 1 bo dé ciing 1 tinh chat kha dep ctia diém Isodymatic trong.

BS d& 1 : Goi M,N,P 1an lugt 1a hinh
chiéu ctia J xuéng BC,CA,AB. Khong
may kho khin ta xé cm dude tam giac
MNP deéu.

B& dé 2: Tit bd dé 1 va tinh chit ctia didm Fermat T ta c6 : BIC + BJC = 180° + BAC.
That vay Ta c6 BJC = BPM + MNC = 180° — APM + 180° — ANM = 60° + BAC.
BTC = 120° nen BIC + BJC = 180° + BAC.
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Ta can thém 1 tinh chat kha hitu ich nita : diém I va J ctia tam gidc ABC la lien hop
ding gidc ctia tam giac ABC khi va chi khi : BIC + BJC = 180° + BAC,CTA + CJA =
180° +A/B\C',@ + AJB = 180° + BCA. Tit nhan xét nay va bo dé 2 ta c6 dpem .

Tinh chat 4 : Khong khé khin ta sé ching minh duge tinh chat dep sau:
T la diém fermat ctia tam giac ABC. A’,B’,C’ 1a diém ndm chinh giita cung BTC, ATC, BTA
clia cac dudng tron ngoai tiép tam gidc BTC, ATC, BTA. CMR

a) Tam giac A'B’C’ déu

b) Goi Oy, O3, O3 1a tam dudng tron ngoai tiép tam giac ATB, TCA,TAB. thi tam gidc 010203
déu, goi O la tam tam gidc d6 . Khi d6 O ciing 14 tam tam gidc A'B’C’
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Tinh chat 5 : V6i diéu kién cac goc
cia tam giac nho hon 120° thi tam
gidc ABC ¢6 T la diém Fermat trong,
tuong tit diém Fermat ngoai bang cach
dung tam giac déu cting phia véi A, B,
C nhu trong hinh vé.

Ta c6 AA1,BB1,CC1 dong quy tai T".

T va T’ ¢6 nhiéu mdi tinh chat dep sé gi6i thieu sau day:

A T

a) Goi M,N,P 1a trung diém ctia BC,CA,Ab
va K 1a trung diém cta TT’ thi M,N,P,.K
cung thudc 1 duong tron. (K thudc dusng

tron Euler ctia tam giac ABC )

b) Goi G la trong tam ctia Tam giac ABC, I 14 diém lien hop ding gidc ctia G. Goi H 1a truc
tam tam giac ABC. S I trung diém GH. Thi ta c6 T,T7,S,I thang hang
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¢) (Dinh 1y Lester) : Cho tam gidc ABC khong can, O la tam dudng tron ngoai tiép tam giéc ,
T va T’ 1a 2 diém Fermat, I 14 tam dudng tron Euler ctia tam giac ( duong tron 9 diém ). CMR
O,T,T°,I thing hang.

Tinh chat 6 : Mot s6 ding thitc va bat déng thitc vé diém Fermat- Torricelli.

Cho tam giac ABC cac géc nhé hon 120°, T 1a diém Fermat trong, T’ 1a diém Fermat ngoai.
a) (TATB+TBTC+TCTA)(TA+TB+TC)=TAa*+TBbV +TC.c?
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b) (TA+TB+TC)? > V3(BC.PA+ CA.PB + AB.PC)
c) Gia stt G 1a trong tam, M la diém bat ki trong tam giac. Thé thi

a®> 4+ >+

MA® + MB® + MC® > (MG2 + 5

) (TA+TB+1TC)

d) Néu S la diém Isodymatic da néi & trén, d, 1a khodng cach tit S t6i phan giac trong
goc @, tuong tir ¢6 dy, d.. Thé thi

A
A+ SB —FA+FB+FC+2( % 4 2% + ¢
SA+ SB+ SC +FB+FC + <SA+SB SC)

1 1 3 .

0 cos?(A) N cos?(B) N cos*(C) S cos(A) + cos(B) + cos(C)
TA TB TC < 9R

g) Goi O la tam duong tron ngoai tiép. Thé thi

Saorr = L [(a® = b*)(b* — ) (c® — a?)]
VB (@ =P+ (12— ) + (@ — )

h) Goi G la trong tam tam gidc , O xac dinh nhu tren . CMR GO? + GT? + GT"* = R?
khi R 13 ban kinh duong tron ngoai tiép tam giac.

Mot sb bai tap khac
1. Cho tam giac ABC véi goc BAC = 60° , T 1a diém Fermat- Torricelli, M la trung diém BC.
CMR TA + TB 4+ TC = 2.AM .

2. Cho tam giac ABC véi goc BAC = 60° . T 1a diém Fermat- Torricelli, D nam tia déi tia CT
sao cho tam giac ATD déu . Trung tryc TA cat BC 6 O. CMR QT 1la trung tric BD .

3. Néu TG = min{GA; GB; GC} = GA ( G la trong tam tam giac ). CMR BAC = 120°,

4. Cho tam gidc ABC, T la diém Fermat. Dyng ra phia ngoai tam gidc cac tam giac déu
BCA,,CAB;, BAC,. Gia sit AA, cat dudng tron ngoai tiép tam giac A;B,C; tai A’. Tuong
tu c6 B’ va C7. Gia stt A, 1 diém déi xtng ctia A’ qua A. Tuong tu ¢6 Bs, Cs. Goi O la tam
dudng tron ngoai tiép tam giac ABC, O’ 1a tam duong tron ngoai tiép tam gidc Ay ByCy. CMR
0,0, T thang hang.
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