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UNG DUNG BAT DPANG THUC CAUCHY-SCHWARZ DANG ENGEL
TRONG CHUNG MINH BAT DANG THUC

Bét déng thic 1a mot chi dé da dang va hap dan véi nhiéu ban tré. Néi dén bat
déng thic nhiéu ban trong ching ta thuong quan tam téi bat dang thic dai s6 ma &
d6 c6 nhiéu ki thuat dé khai thac va chiing minh.Bai viét sau day sé trinh bay mot ki
thuat nhé nhung kha hitu ich trong viéc ap dung bat dang thitc Cauchy-Schwarz dé
chiing minh céc bat déng thic.Nham gitp ban doc hiéu 16 hon ¥ tudng va cach tiép
can mdi bai toan bat déng thiic thi dbi véi mdi bai toan toi déu phan tich huéng tiép
can, sau d6 néu y tudng lam bai va cudi cung 1a 10i gidi chi tiét cho bai toan do, &
day ching ta xét véi bat diing thiic ba bién, ddi v6i cac bat dang thitc nhiéu bién hon
ching ta lam tuong ti. Hi vong bai viét sé hitu ich cho nhiéu ban doc.

Bai viét da duge xem xét ki nhung ciing khé tranh khoi thiéu sot.Moi ¥ kién déng gép

cho bai viét thém phong phii va hoan thién hon xin giii vé dia chi: hoangquan9@gmail.com.
Ha Noi, ngay 25 thang 3 nam 2012
Nguoi viét
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I.Phat biéu va chitng minh bat ding thic Cauchy-Schwarz dang Engel.
Gia st ay, as, ..., ayla cac s6 thyce bat ki va by, by, ..., byla cac s6 thyce duong. Khi d6 , ta

ludn co: , , , )
a a a ai +as + ... +ay
G0, 0y (ate ) (%)
by by by, by + by + ... + b,
2 . 2 N ” . a2 ap,
Dang thiic xay ra khi va chi khi — = = =...= —
by b by,
Chting minh

Trude hét ching ta ching minh bat ding thic don gian sau:
Cho a,b, z,y 1a cac s6 thuc va z,y > 0.Khi doé:
a2 B _ (a+b)?

—+ ==
x Y r+y

(1)
That vay, bat dédng thic duge viét lai thanh
a®y(x +y) +b*x(x +vy) > (a+ b2y & (ay — br)> >0

2 b 2 2
(Luon ding) Dang thic xay ra khi va chi khi a_2 Vay bat dang thic (1) duge
Ty
chiing minh.

V6i 6 56 a,b, ¢, x,y,z va z,y, 2 > 0.Ap dung bat ding thitc (1) hai lan ta co:

a C
S+
X z

N

Do d6 bang phép quy nap toan hoc véi ay, as, ..., a,la cac s6 thie bat ki va by, bo, ..., byla
cac s6 thye duong. Khi d6 , ta luon co:

a?  a? a? ar + as + ... +a,)?
L S S Lo
by ' by by = bitbyt ..+
Déng thitc x4y ra khi vi chi khi & =2 = =
by by br,

I1.Ung dung bit ding thic Cauchy—Schwarz dang Engel vao cac bai toan
dién hinh
Bai toan 1| Cho ba s6 thuc duong z,y, z théa man x + y + z > 3.Chting minh

rang:
22 y? 2

z
+ + >
T+ Yz Y+ zx 24Ty

3
2

Phéan tich bai toan:
Tiép can bai toan ching ta thiy vé trai ciia bat ding thic c6 dang phan thic, ti s6

ctia mdi biéu thitc c6 dang binh phuong nhu vay chiing ta nghi ngay t6i viec 4p dung
dung bat dang thiic Cauchy- Schwarz dang Engel dé dua vé bat dang thitc don gian
hon da biét cach lam.Vay ta lam nhu sau:

Ching minh

Ap dung bat ding thic Cauchy- Schwarz dang Engel, ta co:

x? 2 2 (z+y+2)°

Y z
+ + >
T+ Yz y+zx z4+Jry T rH+y+z4 JSry+ JSyz +zx
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Mat khéac:
TH+Y+ 22> /ry+Jyz ++z2x

nén ta co:
x? N y? N 22 - (z+y+2)° _:L'+y+z>§
T+\Yz y+zx z+Jry T xt+yt+ztrty+z 2 -2

( Vi gia thiét z +y + 2z > 3).
Déng thitc xdy ra &z =y = 2

Bai toan 2| Cho ba s6 thiic duong a, b, c.Chting minh rang:
a b c
>1

b—|—20+c+2a+a+26_

Phan tich bai toan:

Tiép can bai toan, ching ta thay vé trai ctia bat déng thitc c6 dang phan so6, diéu

dé6 goi nhé6 cho ching ta cé thé sit dung bat dang thic Cauchy- Schwarz dang Engel,
nhung muén vay tit s6 clia mdi phan thitc phai 1a binh phuong ciia mot s6. Do d6 ta
nghi t6i viéc nhan ca t va mau ciia mot phan thic véi mot s6 dé ta ap dung duge bat
dang thitc Cauchy- Schwarz dang Engel.Do dé chiing ta lam nhu sau:

Ching minh

Ap dung béat ding thitc Cauchy- Schwarz dang Engel, ta co:

(a+b+c)

a? b? c? - (a+b+c)
(a+0b+c)

a a(b+ 2c) * b(c+ 2a) * c(a+2b) — 3(ab+ be + ca)

VT

v

=1

Ding thic xdy ra & x =y = 2

Bai toan 3| Cho cac s6 thuce duong a, b, c.Chitng minh réang:
a? b3 c? a+b+c
+ + >
a?+ab+b2  b24+bec+c2 A2+ ca+ a? 3

(1)

Phan tich bai toan:

Tiép can bai toan, chiing ta thay vé trai ctia bat ding thic c6 dang phan s6, va quan
3

sat s6 hang dai dién chang han chiing ta thay tit s6 14 a® va chiing ta mong

) a? +ab + b? o
muon giam bac di cho dé lam.Dieu nay goi cho ching ta nghi t6i sit dung bat dang

thitc Cauchy- Schwarz dang Engel dé dua vé chitng minh bat dang thic méi don gian
hon.

Chting minh

Ta sé tim cach dua vé trai (1) vé dang ding duge bat dang thitc Cauchy—Schawrz.

v a’ b3 I

T(1) =

(1) a2—i—ab+b2+b2+bc+c2+02+ca+a2
a* b* c*

~ ala® 4 ab + b?) * b(b? + be + ¢?) N c(® + ca + a?)

S (a® + b* + )
a3+ A +abla+b)+be(b+c) + calc+ a)
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a’+ b+ +ab(a+b) +be(b+c) + calc+a) = (a+ b+ c)(a® + b* + ¢*)

VI() > (a2 + 0% + &)’ a2+ b+
“(a+bto)a2+b2+c2)  atbtc

Ta chi can chitng minh
a’+b* + 2 S atbte
a+b+c — 3

Hay
A+ 4+ a+b+ec
a+b+c 3
tuong duong

>0 3@+ +c%) > (a+b+c)

2a% + 20% 4+ 2¢* — 2ab — 2ac — 2bc > 0

tuong duong
(a=b2+(b—-c)+(c—a)*>0

Déng thitc xay ra khi va chi khia =b=—c

Bai toan 4| (IM0O1995)Cho cac s6 thyc duong a, b, ¢ thdéa man abe = 1
Chting minh rang:

1 1 1
ad(b+c) * b3 (c+ a) * A3(a+b)

3
> 2
-2

Phan tich bai toan:

Bai toan nay khi tiép can, ching ta thay vé trai ctia bat ding thitc c6 dang phan sb,

bac ctia mau sb6 16n hon bac ctia tit s6. Diéu dé gitp ching ta nghi t6i bat ding thic
Cauchy- Schwarz dang Engel. Dén day néu ap dung tryc tiép luon, ching ta co:

R SRR SR (1+1+1)
adb+c) bc+a) Ala+bd) ~ ad(b+c)+b(c+a)+ Ala+b)

Khi dé6 bai toan tré nén phiic tap hon, va dé dan tdéi bé tic trong gidi quyét. Vi vay
2 7z ]. LQ 7z 2
dée y mot chat chung ta tha; = —= lic nay viéc ap dung bat dang thic

Cauchy- Schwarz dang Engel mang lai hiéu qua ro rét.

Ching minh
Ta co: . . .
VT =
ad(b+c) i b3 (c+ a) * A3(a+10)
B B A (i) @bete)
alb+c¢)  blc+a) cla+b) ~ 2(ab+bc+ca)  2(ab+ bc+ ca)
Vay VT > ab + be + ca

Ap dung bat ding thitc AM-GM, ta c6:

3/°5712 2
VT > ab+b20—|—ca > 3\/a2bc :;:VP
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Déang thiic xay ra khi va chikhia=b=c=1

Cho cac s6 thyc duong z,y, z théa man x? + y? + 2% >

Chitng minh rang:

Wl

3 3 3
T z 1
Yy > -

2x+3y+5z+2y+32+5x+2z+3x+5y 30

Phan tich bai toan:
Quan sat bai toan ching ta thay day la bat dang thitc d6i xiing ba bién c6 dang phan

thitc, diéu dé goi cho chiing ta nghi téi bat dang thic Cauchy-Schawrz dang Engel
nham gidm bac ctia phan thic gitp ching ta c6 danh gia dé dang hon. Tu do6 tiép
) 3 xt . L
can ve trai , ta phan tich = de ap dung bat dang thiic
ey P 20 +3y+5z  x(2z+ 3y +52) b aums .
Cauchy—Schawrz. Ching ta lam nhu sau:
Ching minh

Ap dung bat ding thic Cauchy— Schawrz dang Engel ta co:

ZL’4 y4 24

VT =
z(2x + 3y + 52) N y(2y + 3z + bx) N 2(2z + 3z + by)

. (2% + 32+ 2%)°
T 2(x2 4+ y? 4 22) + 8(xy + yz + 2x)

Lai c6: 22 4+ y? + 22 > 2y + yz + 2z nén

VT > (2% 4 y? + 22)° B
— 10(2? + y? + 22) 10 — 30
Dang thitc xay ra khi va chi khlx:y:z:§

Bai toan 6| Cho ba s6 thyc duong a, b, c.thdéa man a® + b* + ¢* = 3abe.Chiing

minh rang:

a b c S 9
b2c?2  c2a?  a?h? T a+b+c

Phan tich bai toan:
Tiép can bai toan ching ta thay vé trai ctia bat ding thic c6 dang phan thic, Nhu

vay ching ta nghi t6i sit dung bat dang thitc Cauchy- Schwarz dang Engel dé chiing
minh. Vi gia thiét dé bai cho a? 4 b* 4 ¢® = 3abc nén dé tan dung toi da gia thiét nay
thi chiing ta lam cho4xuét hien a? 4 b? + ¢®.Diéu d6 giai thich cho tai sao chiing ta lai
% = @ chit khong phan tich b2;102 = i
binh phuong & tit s6.

Chting minh

Ap dung bat ding thic Cauchy- Schwarz dang Engel, ta co:

phan tich dut chiing cting dua vé dang

at bt ct
VI = a3b?c? + b3c2a? + c3a?b?
(a® + 0% + 2)° B (3abc)? B 9

~ a2 (a+b+c)  a?h?(a+b4c) a+btc
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Déang thiic xay ra khi va chikhiz =y =2=1

Bai toan 7| Cho ba s6 thiic duong a, b, ¢ théa man abc = 1.Chiing minh rang:
at n b n ct S 3
(a+b*a+c) (b+e)’b+a) (c+a)(c+b) — 8

Phan tich bai toan:

Tiép can bai toan ching ta thay , vé trai ctia bat ding thic c6 dang phan s6, nhu vay

chiing ta c6 thé sit dung bat dang thitc Cauchy- Schwartz dang Engel dé chiing minh.
4
4 _a
2o . . % P 2 .z . < (a+b)?
Dé y mot chit ching ta thay c6 the viet lai thanh >
cyc ((Z + 5)2(& + C) cyc (a + C)

vay dau hiéu sit dung bat ding thitc Cauchy- Schwarz dang Engel da xuat hién. Cong

a

va nhu

viéc ctia ching ta chi 1a ap dung dé ching minh.
Chiing minh
Ap dung bat ding thic Cauchy- Schwarz dang Engel, ta co:

2
CL2
4 (Z a_+b>
> cyc

Z(a+b)2(a+c) ~ 2(a+b+c) (1)

cyc

Mit khac, ap dung bat dang thiic Cauchy- Schwarz dang Engel, ta cé:

(2)

Z a? (a+b+e) a+bdte

Cyca—l—b_Q(a—l—b—i—c)_ 2
T (1) va (2) ta co:
Z a - (%b“)2 _a+b+c>3\3/abc_§
(a+0)(a+c) ~ 2(a+b+c) 8 = 8 8

cyc

Déng thitc xay ra khi vi chi khiz =y =2 =1

Bai toan 8| Cho ba s6 thuyc duong a, b, c.Chiing minh rang:
3

CL3 3

>1
a3—|—abc+b3+b3+abc+c3 +c3+abc—|—a3 -

Phan tich bai toan:

Tiép can bai toan ching ta thay , vé trai ctia bat ding thic c6 dang phan s6, nhu vay

chiing ta c6 thé st dung bat dang thic Cauchy- Schwartz dang Engel dé ching minh.
Tuy nhién quan sat ching ta lai thay bac ctia tit s6 va mau s6 clia mdi phan thic déu
ciing bac ba. Do dé day 14 bat dang thitc thuan nhat dé don gidn ching ta c6 thé chuan
héa abc = 1.V6i viée chuan héa abc = 1, chiing ta st dung phép thé thich hgp dé dua
bat dang thic da cho vé bat dang thic don gian hon ma ching ta dé& nhan ra viec ap
dung duge bat ding thitc Cauchy- Schwarz dang Engel dé chitng minh.

Chting minh

Bat ding thitc thuan nhat nén ta chuan héa abc =1 .

x z
bat a = i/j,b: i’/g,c: i’/j\/éix,y,z>0
Yy z x
3

Ta co:
a —
a3 + abc + b3

y
1

S
I
8
(e}
+
8
<
+
<
I\

+1+
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Khi d6 bat dang thic can chitng minh tré thanh:

22 y? 52
+ + >1
2?2+ay+yz Y +yz+zz Z2+zz+ay
Ap dung bat ding thic Cauchy- Schwarz dang Engel, ta co:
a? y? 2 (z+y+2)°

+ + >
224ry+yz  YHyztze 2Z24zetaoy T 2?2+ y?+ 22+ 2(xy +yz + z20)

Hay
x? y? 22 S (x +y+2)°

+ + = 5 =1
rAay+yz Y ryrtze 24 zeday T (z4y+2)

Déng thitc xay ra khi vi chi khiz =y =2=1haya=b=c= 1.

Bai toan 9| Cho ba s6 thuyc duong a, b, ¢ .Chitng minh ring:
@+ VP+E A +ad

+ +
a+b b+ c c+a

>a+b+c

Phan tich bai toan:
Quan sat bai toan ching ta thiy bat ding thic clia dé bai ra nhin kha phic tap va

chua c¢6 dau hieu gi cho viec sit dung duge bat dang thic Cauchy- Schwartz nhung
bing viec ndm chac st dung Cauchy- Schwarz dang Engel thi ching ta c6 thé tach ra
dé dudc cac phan thiic c6 tit s6 1a dang binh phuong. Bai toan dén day tré nén dé dang
hon 16i.

Ching minh

Ta co:

a2+ P+ A+a? a? b? b? c? c? a?

a+b + b+c + c+a _a+b+a+b+b+c+b+c+c+a+c—|—a

Ap dung bat ding thic Cauchy- Schwartz dang Engel, ta c6:

a? b b? c? c? a? S 2(a+b+ )’

=a+b+c
a+b+a+b+b+c+b+c+c+a+c+a_ 4la+b+c) o

(Diéu phai chitng minh)Dang thitc xay ra khi va chi khi a = b = c.

| Bai toan 10| (USAMO 2003)Cho ba s6 thuc duong a, b, ¢ .Ching minh ring:
(2a+b+¢)®  (2b+c+a)’  (2c+a+b)’ .
202+ (b+¢)> 202+ (c+a) 22+ (a+0b)>
Phan tich bai toan:
Day 1a mot bai toan kha hay trong ki thi hoc sinh giéi nudec M1 nam 2003, bai toén

nay c6 kha nhiéu céch chiing minh va that thid vi ching ta c6 thé gidi bang cach so
cap la ap dung bat dang thiic Cauchy- Schwarz dang Engel. Khi giagr day gido vien
phan tich cho hoc sinh hiéu tai sao chiing ta nghi ra dugc cach giai nay.

Tiép can bai toan ching ta thay vé trai ciia bat déng thic cé dang phan thic, du ti
sO ctia moi phan s6 déu c6 dang binh phuong .Diéu dé ggi cho ching ta nghi téi st
dung bat ding thitc Cauchy- Schwarz dang Engel nhung ching ta chua thé sit dung
ngay dugc vi dau ctia bat déng thic da cho la dau “ 7. Vay ta tim cach dua vé bat
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déing thiic ma c6 thé sit dung t6t bat dédng thiic Cauchy- Schwartz dang Engel. Khi d6
(2a+ b+ ¢)’ B 2(b+ ¢ —a)’

Dé ¥ ching ta thay :3 — =
y e Y 202+ (b+¢)* 242+ (b+¢)

Do dé:
(20+b+¢)°  (2b+c+a) (2¢+ a +b)* <

202+ (b+¢)> 202+ (c+a)® 22+ (a+0b)>

tuong duong

2b+c—a) 20c+a—0)° 2a+b—c) > 1
202+ (b+¢)> 202+ (c+a) 22+ (a+Db)>

Dén day viéc stt dung bat dang thitc Cauchy- Schwartz dang Engel 14 dé dang.Ching
ta lam bai nay nhu sau:

Chting minh

(2a +b+c)? B 20b+c—a)’

202+ (b+c¢)® 242+ (b+c)?

Do d6 bat dang thiic da cho dudc viét lai.

Ta ¢6 nhan xét sau: 3 —

2b+c—a)®  20c+a—0b)°  2a+b—c) -1 (1)
202+ (b+¢)® 22+ (c+a)® 224 (a+b)”
Bay gio chiing ta chitng minh Bat ding thitc (1).

(a+0b)?
2

Ap dung bat ding thic Cauchy-Schwarz dang Engel ta c6: a2 + b2 > tir do

ta co:
(a+0)? <2(a® +6?),(b+c)? <2(0* +A2), (a+c)? < 2(a® + ) nén

B 2(b+ ¢ —a)® N 2(c+a—10) N 2a+b—c)?
202+ (b+¢)> 224 (c+a)® 22+ (a+b)°

VT(1)

2(b+ ¢ — a)’ 2(c+a—10) 2(a+b—c)’
202 +02+c¢%)  2a?+b02+c?) 2+ +c2)
(b+c—a)+(c+a—-0b2+(a+b—c)?
a’? + b + 2
ching minh (b+c—a)>+ (c+a—0)*+(a+b—c)*> > a*+b*+
tuong duong a? + b* + ¢ — (ab + bc + ca) > 0 (Dung) .
Vay ta c6 diéu phai ching minh. Dang thitc x4y ra khi v chi khi a = b = c.

>

Vay ta can chiing minh > 1 tic 1a ta chi can

Nhu vay qua viéc phan tich va cach gidi 10 bai toan trén cho nhiéu tinh hudng khac
nhau. Hi vong ban doc sé nim dugc y tudng clia viec ap dung bat ding thitc Cauchy—
Schawrz vao viéc chiing minh cac bai toan bat déng thic.Sau day 1a mot sé bai toan

mdi ban doc tu gidi dé cting c6 thém ki nang lam bai:

Bai toan 11| (Nebits)Cho ba s6 thuc duong a, b, c.Chiing minh rang:
a N b . ¢S 3
b+c c+a a+b 2

Bai toan 12| (Croatia 2004) Cho ba s6 thuc duong a, b, c.Chiing minh rang:
x? y> 22 3

Gt Growte Groety o4
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‘Béi toan 13‘ (Rumani 2004) Cho ba s6 thuc duong a, b, c. Chiing minh rang:
a b c 27

>
be(c+ a) +ca(a—irb) +ab(b—i—c) ~2(a+b+0)

’Béi toan 14‘ (Vasc)Cho ba s6 thuc a,b, ¢ khong am va hai trong ba s6 khong

dong thoi bang 0.Chitng minh rang:
1 1 1 1 1

+ + < +
424+ 02+ AP+ +a® At +a?+02 T 2@+ +c2) ab+be+ca

Bai toan 15| (Hoang Minh Quan)Cho cac s6 thuc a,b,c > 0 théa méan

ab + bc + ca = 1.Chiing minh rang:
a n b n c S 9
(3b+5¢)®  (3c+5a)®  (3a+5b)? ~ 512
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