CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Phén mot BAT PANG THUC CO SI (AM-GM) VA Ki THUAT SU DUNG

I-CAC DANG BAT PANG THUC
1).Dang co bin: BT G v 0,20, Vi=1n

n
2).Dang luy thira: G Ta Feth

n

m
a +a, +...+a re —
(1 2 "j VOi a,>0,Vi=1,n
n

1 n’

A x £ 1 1 s —
3).Dang cong mau s¢: —+—+..—>————v0i a,>0,Vi=1n

a, a, a, a +a,+..+a,

4).Dang trung binh
a). Trung binh nhén: fa a,..a, +1fb.b,..b, <if(a, +b)(a,+b,)..(a, +b,) (Bét dang thirc MinCépxki)

H¢ qua: (1+a,)(1+a,)..(1+a,)> (l +4laa,..a, )"
b). Trung binh cin: > i + b} > \/(Zaj +(z bi] (Bét ding thire MinCépxki)

e )

¢). Trung binh diéu hoa:

- n n
= a +b.
U Ya+) b,
i=1 i=1

V6i a,>0,b,>0; Vi=1n

, 2 2
Moi quan hé giira cac dang trung binh: i[; <+ab < &2[’ <2 ;b
a+

5).Dang phdn thirc: ! + ! 1 n

+...+ >
1+a] 1+a2 1+an 1+”la1_a2._.an
II-KY THUAT SU DUNG BAT PANG THUC CO SI
1. Phuong phap can bang téng (Panh gia tir trung binh cfng sang trung binh nhan)
Phuong phdp nay xuat phat tir mot nhan xét sau sac trong sach gido khoa, tiic 1a khi

V6i a.>0,Vi=1n (Bit déng thirc Jen sen).

“ Néu hai so6 duong cé tich khong doi thi tong ciia chiing nhé nhdt khi va chi khi
chiing bang nhau”.

M4 rong mot cach tu nhién thi dé chitng minh tong S= S, + S,+ ... +S, > m |

ta bién d6i S = A +A,+...+A la cdc s6 khong dm ma c6 tich A A,...A, = C khong doi,

sau d6 ta 4p dung bt dang thitc Cosi.

Vidu 1. Tim gia tri nho nhat cua f(x) = x + Ll khix > 1
x —

Gidi: Ap dung bat ding thic Cosi cho hai s6 x - 1 >0 va >0 taco

x—1
1 1 1 1
x—-1+——2>2 (x—l)—<:>x—1+—22<:>x+—23.
x—1 x—1 x—1 x—1
Vay f(x) dat gia tri nho nhat 1a 3 khi x = 2.
! >1
(x—i-l)2

Vi du 2. Ching minh ring néu x > -1 thi 2x+

PHAMQUYNHANHBABY0512@YAHOO.COM - THPT CHUYEN BUNGHICH - THANH CHUONG - NGHE AN



CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Phdn tich: Néu 4p dung ngay bat dang thitc Cosi thi ta thay chua ra két qua, nhung

néu tach 2x thanh x+1+x+1-2 thi c¢6 ngay di€u phai ching minh.

Vi du 3. Chiing minh rang X >0 thi x +

_>1.
(x+3)
Phdn tich: Bién d6i v€ trai thanh mot tong clia cdc s6 hang c6 tich khong ddi, vi vay phai

phan tich x thanh 3 s6 hang 1a <15

Gidi: Bat dang thitc da cho twong duong

x+3 x+3 x+3 27 x+3 x+3 x+3 27
+ + + T-321 < + + + =4
3 3 3 (x+3) 3 3 3 (x+3)

Ap dung bt dang thiic Cosi cho 4 s6 duong gom ba s6 xX+3 va ( 273)3
X+

ta ¢6 diéu phai ching minh.
Dau bang xay ra khi x=0

D¢ luyén tap ta c6 thé cho cac em ap dung nhimg bai tuong tu sau:

1) Tim gid tri nho nhat ctia biéu thitc P = x + v6i x>0
2x+1
. L s . . . 2Xx 9
2) Ching minh rang néu néu x > - 3 thi —+ 21
(x+3)

b

3) Chimg minhrangnéua>b> Othi a+ ——— >3
(a=b)b+1)

Y S C , 2 3
4) Tim gi4 tri nho nhat cua biéu thic Q =x + y bi€t x >0, y > 0 thoa man: —+—=1

Xy
D3 7 N , , 3x .
Huong dan: ti bieu thictacdy = 2:3+ do vay
X— X —
Q=x+y=x+3+ =x—-2+ +5
x-=2 x-2
2 2
. . . . a 2 . + L.

5) Tim gié tri nho nhat cua biéu thiic R = zab2+a b v6ia>0,b>0

a +b ab

ab a+b* 3 at+b*
+ +=.

HD:R = ———
a +b dab 4 ab

sau d6 diing bat dang thiic Cosi.

6. Chting minh ring (x +2)° +L2 >3 (a>0)
X+

7. Chimg minh rang 5
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1).(Va+b) 2 64ab(a+b)* . Va,b20
2).(1+a+b)(a+b+ab)29ab, Ya,b>0
3). 3a’ +7b* > 9ab’, Ya,b> OHD: 3a* +7b" > 3a* +6b° =3a* +3b* +3b" > 3327a°b° =9ab’, Ya,b>0

a,b,c,d >0
8. Choq 1 1 1 1 . Chimg minh rang: abcd <L
+ + + >3 81
l+a 1+b 1+c 1+d

HD: =(1—Lj+[l—Lj+ - j: b ¢, 4 3, bed >0
l+a 1+b l+c l+d) 1+b l+c 1+d (1+b)(1+c)(1+4)

9. Cho 1770 cne h L)1)
—— —— —_— >
Choy " g minh rang; (a 1}(17 ](C lj_s.
HD: 1-1_lza_b*e
a a a

Chii y: Tach nghich ddo trong ki thudt danh gia trung binh cong sang trung binh nhan la ki tach
phin nguyén theo madu sé dé khi chuyén sang trung binh nhan thi cic phan chiva bién sé bi trigt tiéu.
10. Chimg minh rang:

1. a +2 >2, VaeR 2 .a2+b222\/§,‘7{a>b
)\/a2+1 ) a-b ab =
3).a+ >3, Va>b>0 4).a+%23,Va>b20
b(a—b) (a=b)(b+1)
a>l
1 2a’ +1 53 v 2
5).a+ >2/2,Ya>b>0 6). AN
).a bty a )-4b(a-b) a_,

3 3 3

11. Vi moi x, y, z duong, hdy chirng minh x—+y—+z—2x+y+z

Yz zX Xy

12. V6i x, v, z 1a cc s6 duong c6 tich bang 1, hily chimg minh bat ding thirc sau
3 3 3

al + J + z 22
(1+y)(1+z) (1+z)(1+x) (1+x)(1+y) 4

2. Phuong phap can bang tich ( Panh gid tir trung binh nhén sang trung binh céng)
Tir mot hé qua quan trong trong sich gido khoa: “ Néu hai sé' duong cé tong khong doi thi tich ctia
chiing I6n nhat khi va chi khi chiing bang nhau”.
M réng ta cé: dé chitng minh mot biéu thiic ¢é dang P= P,P,..P, < M
ta phdn tich P = B,B,...B,, la cdc s6 khong dm ma tong B, + B+ ... + B, = C la mét sé khong doi.

3
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Vidu1.Choa>0,b>0vaa+b=1.Ching minh ring ab’> < 2;47

Phan tich: ta cin tach biéu thic ab® thanh mot tich ¢6 téng khong déi ma téng d6
chéc chén phai lién quan déna+b = 1.

Gidi: ab’= 4 a . lz)— . z— ma theo bat dang thic Cosi cho 3 s6 duong 1a a, b/2,b/2

b
a+—+—
taco: 3 a.é.é S#=l:> a.é.ééL: 4a.é.ééi = dpcm.
22 3 3 22 27 22 27

Dau bang xay ra khia=1/3; b = 2/3.

Bai tap tu luyén .
Bai 1. Chirng minh rang:

1).Nab +ecd < J(a+c¢)(b+d), Ya,b,c,d >0
2). \/c(a—c)-i-\/c(b—c) <ab, V{a >0

b>c>0

3).16ab(a—b)’ <(a+b)’, Ya,b>0
4)._lg(a+b)(1—ab)gl
2 (1+d7)(14+07) 2
Bai 2. Chirng minh ring:
Jabe +1<3(1+a)(1+b)(1+¢), Ya,b,c >0

Tong quit: {Ja,.a,..a, +fb.b,..b, < i, +b,)(a, +b,)..a, +b,) (Bit ding thirc MinCépxki).

Bai 3. Chitng minh ring:
1 1

”’\‘/E_'-’Hngl’ V3<neN.
HDG: Bién ddi: —— +— =n—\1/l.l...l+n—\l/l.3...”_1
Wt Yn 237 n 237 n
‘e a,b,c=20 ) . .
Bai 4. Cho . Chung minh rang:
a+b+c=1
1). 16abc <a-+b
cosi  (q+pY cosi a+b+c
HDG: 16abc < 16 5 .c=4(a+b)(a+b)c < 4(a+b) 5 =a+b

2).ab+bc+ca—abc£i
27

HDG:

4
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.. 3 3
VT:1+ab+bc+ca—a—b—c—abc:(l—a)(l—b)(l—c)cg (1—a+1;b+1—cj :(%j _8

3).abc(a+b)(b+c)(c+a)£%

4). 0<ab+bc+ca—2abc < 27—7 (IMO-1984)
Giai: Theo gia thiét suy ra: a,b,c €[0;1] do dé:
2
ab+bc+ca—-2abc > 33 (abc)2 —2abc=3 (abc)g —2abc > 3abc —2abc =abc > 0.

2
Vi abce [O; 1] = (abc)5 > abc).
Ta s& ching minh: (a+b—c)(b+c—a)(c+a—b)<abc Va,b,ce[0;1].
Néu c6 hai thira s6 & VT <0, chang han:
a+b-c<0
=2b<0vo i
{b+c—a£0
Néu c¢6é ding mdt thira s6 & VT <0 = DPCM
Néu cé ba thira s6 & VT déu dwong thi ta cé:
VT:\/(a+b—c)(b+c—a)\/(b+c—a)(c+a—b)\/(c+a—b)(a+b—c)
<a+b—c+b+c—a b+c—a+c+a-b c+a-b+a+b-c
- 2 ' 2 ' 2
Ma a+b+c=1 suyra:

=abc

(1-2¢)(1-2a)(1-2b) < abc
= l—2a—2b—2c+4(ab+bc+ca)—8abcSabc

1 1 a+b+cY | 7
@ab+bc+ca—2abc£—(1+abc)£— 1+ =—
4 4 3 27

Viy ta ¢ diéu phai chirng minh.

Chii y: Nhin thém héng so trong ki thudt ddinh gid trung binh nhin sang trung binh céng

Bai 5. Chirng minh ring:

aNb—1+bNa—-1<ab,Va,b>1

a,b,c>0

. Chitng minh ring: Ja+b+b+c+Jc+a< 6
a+b+c=1

Bai 6. Cho {

a>3
Bai 7. Cho | b > 4. Tim gid tri 16n nhit ciia bidu thire p = 2YC=2Fb C;/j; +cayb—4

c=22

5
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<. 0<x<3 | cr e ax A, o 1R ,
Bai 8. Cho 0< <4.Tlm gia tri 16n nhat ctia biéu thire: A=(3-x)(4-y)(2x+3y)
<y<
3

‘. < Y SRS 1 , (x+y)
Bai 9. a). Cho x,y > 0. Tim gi4 tri nhé nhat ciia biéu thire: f(x;y)= -

Xy

6
(x+y+2)

b). Cho x,y,z>0.Tim gi4 tri nhé nhét ciia biéu thire: f(x;y;z)= —
z
Tong quat: Cho x,,x,,...,x, >0. Tim gi4 tri nhé nhat ciia biéu thirc:

— ('xl + xz +...+ xn )1+2+---+n

fxsx5.0x,)= —

Bai 10. Chirng minh ring; A =sin’ x.cosx < %

m n
x . . m".n
Tong quat: A =sin" x.cos" x< [———, VI<m,neZ
(m+n)m+n

Bai 11. (DE THI HSG Tinh Ngh¢ An-Bing A-1992-1993)
Cho q,,a,,as,...,a,, 1a cic s6 dwong. Tim gi tri nhé nhit cia

2 2 2
a; +a, +..+a,

P= .
ay(a,+a,+..+a,)
Giai. Nhan xét vai tro cia a,,a,, ...,a, binh dang nén ta phan phéi a,, déu cho 9 s .
Ap dung bét dang thirc Co si :
1
a; +§a120 >3a,a,,

1
2 2
a, +5a10 > 3a,a,,

1
2 2
a, +—a,, =3a,a,,
9
Cong vé theo vé cac BDT trén ta dugc:
2 2 2
al +d, +..+ay 23a, (a, +a, +...+a,)
a+a+.+a,

ay(a,+a,+..+a,)

Suyra: P= >3.

. _ 1 .
Diéng thirc xdy ra khi @, =a, =...=q, =§a10 Vay: MinP =3 khi a, =a, =...=a, =§a10

3. Ki thuat dung hoan vi vong.
Day la mot ki thudt phé bién khi ding bdt ddng thirc Cési , rdt don gidn va hiéu qud khi ding va tao rdt
nhiéu hiing thii cho hoc sinh.

ab bc ac

—+—+—2a+b+c
c a

6

Vidu 1: Ching minh Va,b,c >0 thi
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Phdn tich: Néu 4p dung ngay bt dang thitc Cosi cho 3 s6 hang ta thay khé c6 thé 1am ngay duoc, vi vay

ta can linh hoat van dung cho ting bo hai s6.

Giai: Via>0,b>0,c>0nén%>0, E>O, %>0 4p dung bat dang thitc Cosi cho cic cap:
c a

b be [ I ab e,

c a c a c a

b—c+£22 z.g@b—c+£22c :2(%+@+£)22(a+b+c):>dpcm

a b a b a c a b

£+b—a221/£.b—a<:>£ b—a>2a

b ¢ b ¢ b ¢

D4u bing xay rakhia=b=c.
Chii y:
Ghép dbi xirng
2(x+y+z)=x+y+y+z+z+x

Phép cong: X+y y+z z+x
X+y+z= - +
2 2 2

X’y = (xy).(yz).(zx)

VY el ol

Vi du 1. Chétng minh ring:

1).E+ﬂ+a—b2a+b+c,vmb,c>0
a b ¢
2 2 2

2). a_2+b_2+c_22£+é+£ Vabc # 0
b ¢ a ¢ a

3).013+b3+c32a2 bc +b*~ca+c*\ab Ya,b,c>0

Phép nhan: { (x,y,2>0)

Vi du 2. Cho tam gidc ABC. Chirng minh ring:

1). (p—a)(p—b)(p—c)ﬁ%abc

2). ! + ! + ! 22(l+l+1]
p-1 p-b p-c a b c

3).(b+c—a)(c+a—b)(a+b—c)Sabc

4). R>2r

5).a* +b +c* =438

6).m> +m, +m: > 3438

). (m +m, +m ) (B + b+ ) 2278

7
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Vi du 3.Céc s6 thue dwong x,y,z thoa man diéu kién: x*+y* +2> =3.
Hiy chitng minh ring:
D s
z X Yy
HD: Binh phwong 2 vé BPT cén chitng minh rdi ghép ddi xing.
4.Ghép cap nghich dio

(x,+x2+...+xn) L+i+...+L >n’ Vx,>0,i=1n
X, X, X,

Vi du 1. Chitng minh ring:
b+c c+a a+b

1). + + >6 Va,b,c>0
a b c
2). 2 + 2 + 2 > 2 Va,b,c>0
b+c c¢+a a+b a+b+c
3). e b 4 2§ Va,b,c>0
b+c c+a a+b 2
2 2 2
4). a + b + ¢ Za-i-b—i-c Ya,b,c>0
b+c c+a a+b 2
i a,b,c=0 i ) s 1 1 1 9
Vidu 2. Cho . Chirng minh rang: + + >—
a+b+c=1 b+c c+a a+b 2
i a,b,c>0 i . . 1 1
Vidu 3. Cho . Chirng minh rang: — +— +— 29
atb+c<l1 a +2bc b +2ca ¢ +2ab
5.Danh gid musd
Vi du 1. Chung minh rang:
1 1 1 :
). = +— +— Sa+b+c Ya,b,c>0
a +bc b +ca c +ab 2abc
1 1 1 1
S T +—=— Ere— < Ya,b,c>0
a +b +abc b +c +abc ¢ +a +abc abc
1 1 1 1 1

<

3)

: + + + :
at+b*+ct+abed b*+ct+d*+abed t+d*+at+abed dt+at +b*+abed  abed

Téng quat: Cho a,,a,,....a, >0 (n > 3) . Chitng minh ring:

! + ! +..t ! < ! Vai>0,i:i

n n n n n n n
a, +..+a, +aa,.a, a,+..+a, +aa,..aq, a, +a +..+a, ,+aa,.a, aa,..aq,

Vidu 2.Cho a,b,c e [0;1] . Chirng minh rz"mg:

a b c
b+c+1+c+a+1+a+b+1+(1_a)(1_b)(1_c)gl'
Tong quat:

Ching minh rang:
8
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a a a
! + - +ot - +(1-a,)(1-a,)...(1-a,)<1 @)
a,+a,+..+a,+1 a +a,+..+a,+1 a+a,+..+a,_, +1

véimoi a,, a,, ...,a, €[0;1].

Giai: Gia st @, =max(a,,a,,...,a, ) Khi do ta co:

a a

1

— 1
a,+a,+..+a,+1 a,+a,+..+a, +1

a, a,

<
a+ta,+..+a, +1 a,+a;+.+a, +1

a a

n

a+a,+.+a,  +1 a,+..+a  +a +1

A

Cong vé theo vé ta dugc:

a, a, a < Gtat.ta,

+ +..+ E < (2)
a,ta,+..+a,+1 a +a,+..+a, +1 a+a,+..+a +1 a,+a,+..+a,+1
Ta s€ chung minh:
+a,+..+ 1-
(1_a1)(1_a2)"'(1_an)g1_a1 - o = ! 3)

a,+..+a, +1 _a2+...+an+1
Néu a, =1 thi (3) dung.

Néu a, #1 thi 1-4, >0.Dod6 (3)<(a,+a,+.+a,+1)(1-a,)(1-a,)..(1-a,)<1
Ap dung BDT Cauchy cho VT ta c6:

dtat ta +D1—aV1-a). (1—a )< a,+a,+..+a,+1+1-a,+1-a,+..+1-a, 1
( 2 3 n )( 2)( 3) ( ’l)

n
Véy (3) ding. i
Cong vé theo vé cua (2) va (3) ta c6 diéu phai chirng minh.
a,b,c>0 : a b c 33
Vi du 3. Cho . Chirng minh rang: + + >
| {a2+b2+c2=1 s B dre a2

T ¢ Ch a,,d,,....a, >0 - 7
ong quat: 0 - " w va kkm,ne .
a”" +a,” +a = =1

a 2k-1 a22k—l a 2k-1 N (2m+1)2ml2m+1

Ching minh ring: " ! +
a

Giai: Ta co:
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a

a12k 2k
< 2m + 2m
al(l—a1 ) az(l—a2 )
Ta s€ chimg minh:

a (2m+1)X2m+1

al(l—a12’") - 2m @

2m
<
2m+ 12W2m +1

(2m)2m
(2}’}’[ n 1)2m+l
Ap dung BDT Co si ta co:

=X (1—(112’")

& alzm (1 —-a, )2m <

1

alzm (l—af'” )zm =—(2ma12’")(1—a12”7) <

2m

Tuong tu ta co:

a,’ (2m+1)%2m+1
2

> a,

a’** (2m+1)2\"’/2m+1 o

a
an (l_aan) 2m n
Cong vé theo (1), (2),...,(n) ta duoc:

2k 2k 2k

+....

(2m+1)%2m+1

(D

2m

(2)

(n)

1

2m

2ma" +(1-a" )+(1-a" )+ .. +(1-a")

>

2m+1

2m

1

2m

[

2m

2m+1

(2m + 1)2\’”/2m+1

a a
1 + 2 ot n

2

a, (1 —alz”’) a, (1 —azz”’)

vi a” +a, +..+a =1).
Tir d6 suy ra DPCM.
Chu y: Danh gia mdu so trong ki thudt Cosi nguwoc dau

a 1_a2m
(1-4,)

2m

2m+1

j . -

2m+ 1)2m+1

2k 2k 2k '\ _
(al +a,” +..+a, )—

Vi du 4: Cac s6 duong a, b, ¢ thoa man: a+b+c=3. Ching minh bat dang thuc:

a

b c 3
>

+ + .
1+b* 1+¢* 1+a” 2 .
Binh lugn: Ta khong thé dung truc tiep bat dang thirc Co si (AM-GM) voi mau so vi bat dang thirc sau do
sé doi chiéu

a b c b

1.2 1 2

a
+ + S—+—+—2=
=———ah—or—o—2

+ o T

c

3

10

(2m+1)%2m+1

2m
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Tuy nhién, rat may mdn ta lai c6 thé dung bat dang thirc d6 theo cdach khdc:
a(l+b* -b’ 2 2
a af ) ab> _ ab® _ab

6 1 e T T

Ta da svr dung bat dcfng thitc AM-GM: 1+b* > 2b & dudi mau nhung lai cé dwoc mot bat dcfng thitc thudn
chiéu.

Sw may mdn ¢ ddy la mét cach ding ngwoe dau bat dang thire C6 si, mot ki thudt khd dn twong va bdt ngo.

a(l+b* -b° 2 2
Gidi: Ta co: —2_ = ( i ):a_ Wb a8,
1+b 1+b 1+b 2b 2
Tuong ty: —— > p-bC vy € _>c-2
1+¢ 2 1+a 2
Cong vé theo vé ca bat dang thuc ta dugc: a2+ b2+ C22a+b+c—ab+bc+ca=3—ab+bc+cazi
1+b° 1+c¢° l1+a 2 2 2

Vi (a+b+c)2 23(ab+bc+ca)<:> ab+bc+ca<3.

Ding thirc xay ra khiac=b=c = 1.

Bai tip twong tu: 1).Chimg minh ring véi moi s6 duong a, b, ¢ thoa mén: a+b+c=3.

Chtrng minh bat drfmg thure: ! ~+ ! ~+ ! - 23.

l+a 1+b° 1+c¢ 2
2). Chirng minh rang véi moi s6 duong a, b, ¢ thoa man: a+b+c=3. Ching minh bat déng thtrc:
1+a 1+b 1l+c
+ +

1+b> 1+ 1+a’

3).Chung minh réng v6i a, b, c, d 1a cac s thuc duong thod man: a+b+c+d=4tacd:
1 1 1 N 1

l+a> 1+b° 1+ 1+d°

4).Chirng minh réng véi a, b, c, d 1a cac s thuc duong thod man: a+b+c+d=4tacd:
a_ b L_C d

1+b* 1+c* 1+d° 1+d°

5).Chting minh rr:ing véi a, b, ¢, d1a céc sb thuc duong thod man: a+b+c+d=4tacod:

l+a N 1+b N 1+c¢ N 1+d >4

1+6° 1+ 1+d> 1+d°

Vi du 5: Chimg minh rang véi a, b, ¢, d 1a cic s6 thuc duong thod mén: a+b+c+d=4 ta co bat dang thic:
a_ ., b c d

1+b’c 1+c’a 1+d*a 1+da°b

Giai: Theo bét dang thirc C6 si ta co:

>3,

>2

>2

a _a(1+b2c—b2c)_a_ b’c S g abzc_a_ab\/z>a_b\/a.ac>a_b(a+ac)
1+b%c 1+b%c 1+b%c  2be 2 2 4
b bc+bcd c cd+cda d da+dab
Tuong tu: —2>b- ; —>c- va —=d-
1+cd 2 1+d°a 2 1+a’b 4
Cong 4 bat dang thuic trén ta co:

a b c
2 + 2 + 2 + 2
1+b°¢c 1+ca 1+da 1+ab

Za+b+c+d—%(ab+bc+cd+da+abc+bcd+cda+dab)
Ta lai co: 01b+bc+caf+afclS%(a+b+c+d)2 =4

(abc+bcd+cda+dab)S%(a+b+c)3=4.
4 4 b — 4
1+b* 1+c*a 1+d*a 1+d*b
bang thuc xdy rakhia=b=c=d=1. 11

Do d6:

>a+b+c+d-2=2.
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Vi du 6: Ching minh rﬁng voi a, b, ¢, d 1a céac sb thuc duong ta ludn co:

a N b’ N ¢ N d’ >a+b+c+d
a+b b+t F+dt AP +adt 2
3 3 2 12 2 2
HDG: Tacod: ——— =1 +‘Zb zab =a-— zab 22a—ab —a-2
a +b a +b a +b 2ab 2

Xay dung ba bat dang thic twong ty. Dang thirc xay ra khi cac bién bang nhau.
Bai tap twong tu: Ching minh rang véi a, b, c, d 1a cac so thuc duong ta ludén co:

a* b* c* d* a+b+c+d
3 3+ 3 3+ 3 3+ 3 32 :
a+2b b +2c c+2d d +2a 3
, . 2 2
Vidu 7. Cho a,b,c>0 thod man: a+b+c=3.Ching minh bat dang thirc: —+ b >,
a+2b” b+2c” c+2a
2
, . 2 ala+2b*)-2ab* 2 2(ab)?
Giii: Theo bét dang thirc C6 si ta co: —2 == ( )2 >q- 29 _ (ab) .
a+2b a+2b 33 ab? 3
2 2
\ \ ~ . L, a2 , 2 2(bc)? 2 2(ca)3
Hoan toan tuong tu ta ciing c6 2 bat dang thic: b ~>b- ( ) < ~>c- (ca)
b+2c 3 c+2a 3

. 2 2 2 2 2 2
Do d6 ta chi cAn chimg minh: a+ b+c—%{(ub)3 +(be)) +(ca)3} > 1 (ab): +(be)) +(ca)s <3
That vay, theo bat dang thirc Co si ta cé:

a+ab+b23(ab)§, b+bc+cz3(bc)§, c+ca+a23(ca)§

Cong vé theo vé ta co: 2(a+b+c)+ab+bc+ca> 3|:(Clb)§ +(bc)§ +(ca)§}

2 2

)
Via+b+c=3 va 3»(ab+bc+ca)S(a+b+c)2 =9 ab+bc+ca<3.
2 2 2 2
Tir d6 suy ra: 3{(@)3 +(be); +(ca)3} <23+3-9 & (ab): +(be) +(ca)s <3

i nén ta cé diéu phai chirng minh.
Pang thtc xdy rakhia=b =c =1.

Vidu 8. Cho a,b,c>0 thod min: a+b+c=3. Ching minh bat dang thuc:
a b’ c
-+ -+ -2>1.
a+2b’ b+2c c+2a
Giai: Chirng minh twong tw

. . 2 ala+2b*)-2ab’ 3 32
Theo bat dang thirc C6 si ta co: —= = ( ) - >q-2ab__, 20Na
a+2b a+2b 33 ab® 3

Do d6 ta chi can chtng minh: wla* + b +adl? <3.

That vdy, theo bat dang thuc C6 si ta co: wla* < %b.(a +a+1)= Za; b
Cong vé theo vé ta co: bia® +cip* +ailc? < 2a};+ b, 2bc3+ ‘¥ 2ca3+a < %(ab+ be+ ca)+%(a+ b+c)

\ sy 2 1 A , ar A , . , .
Twr do suy ra: wla* +cAp? +adle® < §.3+§.3 =3 nén ta c6 di€u phai chimg minh.

Ping thirc xay rakhia=b=c =1.

12
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2 2

, 2
Vidu 9. Cho x, y, x>0 thod man \/E+\/y72+ zx =1. Tim gié tri nhé nhat cta: 7 = S A

X+y y+z z+x
xz x(x+y)—xy:x_ Xy >x_\/5

Giai: Ta co: = >
xX+y X+y xX+y 2
2 2
Chimg minh tuong ty: =2—>y— = >z Ve
y+z 2 Tz4+x 2

Suy ra: T2x+y+z—w=x+y+z—%z1—%=%(Vi x+y+22\/5+\/;+\/;=1

Ding thirc xay ra khi x = y=z=% .

VéyMinT=%khix= y=z=% .

5. Phuong phap thém hang tir va chon diém roi Cosi

Bady la phuong phadp rdt 16i cuén hoc sinh, bang cach thém cdc s6 hang phii hop va sit dung khéo léo
bdt ddng thitc Cési ta co thé dat nhing két qud khong ngo!

“ Kiém tra diéu ki¢n xdy ra diu bang, chon diém roi va cin bang hé s6”

5.1).DAu bang xay ra tai diém miit.
X 11
Vidu 1. 1).Cho @ >3. Chirng minh rang: a+—2> ?O
a
Phan tich tim 10i giai:
Dau “="xayrakhia=3

c__9

Chon s6 o sao cho khi ap dung BDT Co si cho o va 1 thi ddu
a

xay rakhia=3

1 1 C
Nghia la: a.3= 3 =>a= 9 Tl d6 ta co o1 giai:

Giai: Ta co: a+l:§a+ la+l 2§.3+2 la.l:&.
a a) 9 9 a 3
Déu “=" xay ra khia =3
2).Cho g >2 . Chirng minh rang: a —i—i2 2%
a

Phén tich tim 161 gii:
Dau “="xayrakhia=2

€C__ 9

Chon s6 o sao cho khi ap dung BDT C6 si cho aa, aa va LZ thi ddu xay ra khia=2

a
. 1 1 1
Nghia la: 0.2=—==a=-.
2 8
Tir do ta co 101 giai:
Giai:
Ta co: a+L2=§a+ la+lat+i2 22.2+33la.1a.%=§+§:2
a 4 8 8 a 4 8 8 a 2 4 4
Déu “=" xay ra khia =2
13
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3).Cho a>6. Tim gia tri nhé nhit cia biéu thirc S=a +£

Ja
Phan tich tim 10i giai:
Du dodn gia tri nhé nhat dat dugc khia=6

Can chon sé o sao cho khi a4p dung BPT C6 si cho o’ va % thi diu “=" xayrakhia=6
a

Nghia la: a.36 = 18 =>ao= L Tt d6 ta co6 101 giai:

J6 2J6

Giai: Ta co:

a2+\1/§ ( 2\/_j (ﬁa2+%)[ Zb_jz 2\/?( ﬁjsméﬁ:smsﬁ.

Dau “=" xay ra khi a=6. Vay MinS =36+ 3.6 6 taia=06.
1 ; 2 1
4).Cho O0<a< 5 Tim gia tri nh6 nhat cia biéu thie S =2a+—.
a
Phén tich tim 1o gidi:

Dy doan gi tri nho nhét dat duge khia= —

e

N | =

Can chon sé o sao cho khi ap dung BPT C6 si cho a, a va % thi ddu
a

xay ra khi a

(0
2

Nghia la: % = =>a= % Tt do ta co 101 giai:

2

Giai: Taco: S= 2a+i—a+a+L+L2Z33/aaL+ / :§+Z=5.
a 8a> 8a 8a’ 1 2 2

Dau “=” xay rakhia=

I\JI»—

. .1
Vay: Min S=5khia= 5
* Hay so sanh vi du 2 va 4 dé xem c6 diéu gi thii vi 6 day?

5.2). Céc bién déu binh ding , d4u bing xaiy ra khi cac bién bang nhau
. a,b>0 " Cos
Vi du 2. Cho . Chirng minh rang:
a+b=1
a). L+ !
ab a +b

Phan tich tim loi giai:

>6

5=

P . ) | T
Dau “="xayrakhia= b= E va nhan xét rang:

abﬁ(a-i_bjz va Zab(a2 +b2)£ (2ab+a2 +b2) = (a+b)2
2

4 4
14
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Chon s6 o sao cho khi ap dung BDT C6 si cho % — thi du “=" xay ra khi a =b= 1
ab a +b 2
wos, O 1 Lo e
Nghia la: T1° > > = o =—.Turdo ta co 161 giai:
(1 1
22 @ {2)

Giai: Ta co:

11 1 1 1 1 1 2 4
—t =2 + t——— |2 +2 ——~ 2 >+2 >=2+22=6.
ab @’ +b* 2ab \2ab & +b*) 2ab "\ 2ab(a’+b’) (a+b) \(a+b)

Dau “=" xay ra khi a = %
2 3
b). —+ >14
) ab a’+b’

Hay gidi twong tu ciu a.
Vi du 3. (BE THI HSG Tinh Ngh¢ An -Bing B-98-99 )

x,y>0 a o P SR ,
Cho . Hay tim gia tri nho nhat cua biéu thirc

x+y<l1
2
A=———F+—+4xy
X“+y"  xy
Phén tich tim 161 gidi:
Déu “=" xadyrakhix=y= 1
A s 7 A e < v 14 5 . 1
Chon s0 o sao cho khi ap dung BPT C6 si cho RPN 4xy thidau “="xayrakhix=y= 5
Xy
o 11 1
Nghia la: ——=4.—.—= a=—_.Tu d6 ta c6 loi giai:
SR TT T, 4 s
272
1 2 1 1 1
Giai: Taco: A=—F——+—+4dxy=| ——+ + > + +4xy |.
X“+y Xy xX“+y 2xy) 4xy \4xy

A2 4 + > +4 ! Axy =4+5+4=11
2 2
(x+y) (x+y) 4.xy

Dau “=" xayrakhix =y = %

Viy Min A= 11khi khix=y =~

3 3

+

vGi a, b 1a cdc s6 duong thoa man diéu kién ab = 1.
1+b 1+a

%
Vi du 4.Tim gia tri nho nhat cia P =

3
. AR , . . y 1
Huong dan: Dau bang xay ra khi a =b =1, vay ta phai thém cho la 5 sO hang 1*b .
+ a

15
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2 g - g 2 ’, . N 1
beé tinh « ta thay cho a =b =1 thi o =4. Nhung nhu thé ta thay chi xuat hién 3\/;3 vi vay ta thém >

dé duogc chitng minh sau:

3 3 3 3
a +ﬂ+12§a;b +1+—c+12§b:> - b +§2§(a+b)2§.MinP=1
I+b 4 2 2 14¢c 4 2 2 14b 1+c 2 4 2
az 2 cz
ViduS. Ching minh Va,b,c>0 thi —+—+—2>a+b+c
C a

Phdn tich: truéc hét ta nhdn thdy néu dp dung ngay bdt dang thitc Co si thi ciing khong ra
duoc két qud, ki thudt vong ciing khong gidi quyét duoc.

2
Bay gio ta danh gid ddu bang xdy ra khi ndao, dé nhdn thdy dé la khi a = b = ¢ khi dé % =a

2
N A A \ A 2, . N a P 7z -, .
vi vdy ta thém b vao phan tu dai dién o dé co6 chimg minh sau:

Chimng minh:

2 2 2
4 ” 2 , N . » A a C ~ ,
Ap dung bat dang thic Co si cho cic s6 duong ?,b,—,c,—,a thi ta co:
c a

2 2 2
a

b c
—+b22a;—+c22b;—+a=2c
b c a
a2 2 C'2 a2 2 c2
= —+b+—+c+—+a>22a+2b+2c=—+—+—2a+b+c
c a b ¢ a

: . ) N o al b? c? a+b+c
Vi du 6. Chitng minh rang Va,b,c > 0 thi + + >
b+c a+c b+a 2

2

Phdn tich: Ta can thém cho mot s6 m thod man:

b+c

2 2

1. Riit gon duoc mau s6 (b+c) sau khi dp dung bdt Cési ( T m >2
b+c b+c

m)

2

2. Ddu bdng cuia bdt dang thitc Cosi xdy ra duoc nghia la =mvaa=b=c

b+c

b+c . ... o al b+c
suy ra m =—— Va dé tinh athi =m=—-
a b+c a

. Dé thdy khi thay a=b=c thi o=4.

a’* b+c b* c+a * a+b

Chiing minh: 4p dung bat déng thitc Co si cho céc s6 duong , , , , ,
b+c 4 c+a 4 a+b 4

thi ta co:

16
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2
a b+c
+ >a
b+c 4
b? c+a a’ b+c b° c+a ¢’ a+b
+ >br= + + + + + 2a+b+c=>
c+a 4 b+c 4 c+a 4 a+b 4
2
c a+b
+ >c
a+b 4
a’ b? c’ a+b+c
—+ >
b+c c+a a+b 2

D4u bing xay rakhia=b=c.
Tuy nhién thém hang tit ndo cho hop Ii thi ty timg bai va vi du cu thé

3 3 3
Vi du 7: Ching minh rang véi x,y,z > 0: R A S +yi 4z’
y z X

Phan tich: Ta thdy ring v6i hang tl x*/ y ¢6 thé c6 hai huéng sau:

3 3 3

Céch 1: Hoc sinh s€ thém x—+xy > 2x2;y—+yz > 2y2;Z—+zx >2z* sau d6 chiing minh
z X

y
x> +y*+ 7 > Xy + yz + zx, cong cdc bat dang thiic ta cé diéu phai chitng minh.
3 3 3 3 3

3
Cich2: T+ 2 +32>3x% 8 4 2 1225302 12 432> 3,7 cong lai ta ¢6 diéu phai chiing minh.
y oy z oz X X

2 2 2
Vi du 8. Chitng minh ring vdi a, b, ¢>0 ta c6 a—2+b—2+c—22£+2+£
b ¢ a b a a
Gidi: Ap dung bét déng thiic Cosi ta c6:
2 2 2 2 2
LS A R L AL NP IRt
a b’ b ¢’ ¢’ a’ a

Vidu9. Néu a, b, c duong va abc=1 thi
a’ b’ ¢ 3
(1+b)(1+c) (1+c)(1+ a) (I1+a)(1+b) 4

3
+1 c+1
Phan tich: ta sé thém cho —2—— nhitng hang tir gi? chdc chdn la c6 b+l c—va"

A+b)1+c¢) a  «
la mot 56 duong nao dé. Vdn dé bang bao nhiéu, ta chi cdn chii y la ddu bang xdy ra khi a=b=c=1;

3
khi do R bc)l(l ) _b+l = ¢ *l sé cho ta o =4 =4.Vivdy ta co chitng minh sau:
+ +c a a

a’ +1+b+1+c 3a b’ 1+c+1+a 3b c’ 1+a+1+b>3_c
(A+b)1+c) 8 8§ 4 “(I+o)1+a) 8 8 4 “(I+a)1+b) 8 8 4

17
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3 3 3
a b +—C +3 > X (44 b+e)>> Dicu phii ching minh.
(+b)1+c) (+co)l+a) (I+a)l+b) 4 2 2

i a,b,c>0 i ) .
Vi du 10. Cho . Churng minh rang:
a+b+c=1
a). ;+L+L+L2 30

a+b*+c* ab bc ca

Phén tich tim 1oi gii:

, , 1 .
Dau “=" xay ra khi a= b =c = — va nhan x¢&t rang:
1 I 1 1 1 9
e ottt 2 22T
a+b"+c ab bc ca a +b +c° ab+bc+ca
X . ) ) 1
Cén chon s6 o sao cho khi ap dung BDT C6 si cho ———5——; @ Va a
a +b"+c” ab+bc+ca  ab+bc+ca
. ) 1
thi dau “=" xdy rakhia= b=c= 3
1
Nighia la: - ¢

1 2 1 2 1 211 11 1 IQOL:
N + e
(3) (3) (3) 33 33 33

1 9 1 1 1 7
2 2 2+ = 2 2 2+ + +
a +b +c- ab+bc+ca a +b +c ab+bc+ca ab+bc+ca) ab+bc+ca
9 21

> ~+
(a+b+c) (a+b+c)

Giai: Ta co:

- =9+21=30

Dau “="xdyrakhia= b=c=

1
3
1 1 1 2 2 2
b). —+—+—5+—+—+—281.
b~ ¢ ab bc ca
Phén tich tim 1o gidi:

Déau “="xayrakhia= b=c= %

X £ - : I 1 1
Can chon s0 o sao cho khi ap dung BDT C6 si cho —-;—; LR RN

thidéu“Z”XéyrakhiaZbZCZ%.
Giai: Ta co:
1+1 1 2 2 2 1 1 1 1 1 1

I 1 1 81

s+t +— =+ +t5t+t—+—F+—+—+—+—2>2——=281

a b ¢ ab bc ca a b ¢ ab bc ca ab bc ca (a+b+c)

Déau “="xayrakhia= b=c=— . (4dp dung BPT i+i+...izn—)
a, a, a, a +a,+..+a,

1
3

18
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x,y,z20

2

Vidu 11. Cho . .
X +y +z =18

Tim gi4 tri 16n nhit ciia: P=x+y+z.PS: MaxP=3J6 & x=y=2=+/6

Vidu 12. Cho x* +y* +z* = 48. Tim gia tri 16n nhit cia:
a). S, =xy+yz+zx
b). S, = X’y +y’z" +2°x° DS: 48
©). S, =3 xy+3fyz+/zx DS: 34 Phan tich tim 16i giai:
Do vai tro binh dang cta x, y, z nén c6 thé du doan gia tri 16n nhat dat dugc khi
xt=yt=z" =16<:>|x|=|y|=|z|=2
Dé xuat hién biéu thirc S, = xy +yz+zx ta can ap dung BDT C6 si cho 4 s6: x*,y*,a, 0
nhu sau: x* +y* +a+oa >4y’ x*y* = 4\/a|xy| va dau “="xay rakhi a=x*=y* =16
Tir d6 ta co 101 giai:
Giai: Ap dung BDT C si: x* +y* +16+16 > 44/x*.y*.16.16 = 16]xy| > 16xy
Tuong tu: 24 xt +16+162432°x*.16.16 = 16|zx| > 162x

Cong vé theo vé cac bat dang thuc trén ta dugc:

168, <2(x*+y* +2*)+96=192= S, <12

Déu “=” xay ra khi < |x| = |y| = |z| =2.

Vay Max §, =12 khix=y=z=2hodcx=y=z=-2.
Tong quat 1: Cho x*" +y*" +z°" = M ( n la sé tw nhién khdc 0; M la so6 khong ém cho truwéc).
Tim gia tri lon nhat cua:

a). S, =xy+yz+zx

b). S, =x"y"+y"z" +z"x"

o). S, =>xy +2fyz +>"Yzx (meN’).

x,y,220

Vidu 7. Cho { . Tim gia tri 16m nhit cia:

x3+y3+z3:24

a). P, =xy+yz+zx DS: 12

b). P2:\/E+\/;+\/; DS: 6

o). P,=3xy+3fyz+Vzx BS: 334

x,y,z20

Tong quit 2: Cho { ( n la s6 tw nhién khdc 0; M la s6 khong am cho truéc).

xX"+y'+z"=M
Tim gid tri I6n nhdt ciia:
a). P=xy+yz+zx

b). P, =xlxy +xlyz +%/zx (meN, m>2).

e . R M 5 A , X , .7 s 1z A : n n n M
Gidi:a). Do vai tro binh dang cua x, y, z nén c6 thé du doan gié tri 16n nhat dat dugc khi x" =y" =z" = ?

19
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M
Dé xuat hién biéu thirc P =xy+yz+zx ta can ap dung BDT C6 si cho nsd: x",y" va n—2 s6 —

3
4 n n M
Taco: x"+y"+— 3 +—+ +—>nnx D —nﬂ Xy

112

Suy ra: X"+ + - K %]
y 1a. y" 3 3
Tuong ty: y"+z" +(n— 2)%2 ‘f %j yz

"+ x" +(n—2)%2nn (%j zZX

/ﬁ\

Cong vé theo vé cac bat dang thuc trén ta dugc:

n—2
ny [%) P, S2(x"+y"+Z”)+(n—2)M=nM:>P1S M =3z
Sx=y=z=j—.

(M]"_z 9
3
3

b). Twong tu ciu a ta 4p dung bét déng thirc C6 si nhu sau:

oL M MM oo (MY
Taco: x"+y +?+?+...+?2mnmnx Y —

Vay MaxP, =3.;

3

(mn—Z) 56

Suy ra: x"+y" +(mn— 2)%>mnmn( J (1/_
M mn—2
Tu’O’ng tu: yn +z" +(mn 2)? > mnmiy| ( ) \/_

mn-2
Z”+x"+(mn 2)%>mnmn(Mj 2 zx

Cong vé theo vé cac bat dang thuc trén ta dugc:

mn-2 2
mnmn (%j P, < 2(x" +y" +z")+(mn—2)M =mnM = P, < % = 3’"1"/”9[

M? M
Véy MaxPz=3.’”" 9 C}x:y:z:n?'

Chéng han: V&in =2009 va M = 3 ta c6 bai toan 1:
X, y’ z 2 O N A on , N A a A s
1). Cho o a0 2009 _ 5 (n la so tw nhién khac 0; M la s6 khong dm cho trudc).
X4y T4z =
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Tim gia tri lon nhit ciia: P =xy+yz+zx .DS: MaxP, =3 x=y=z=1
Véim=2, n=2009 va M =9 ta c6 bai toan 2:
x,v,220

2). Cho {xzoog 4y 4 2 g (n la so tw nhién khac 0; M la s6 khong am cho trudc).

Tim gid tri Ién nhit ciia: P, = \/EJr \/;-i- Jox BS: MaxP,=3"%3 o x=y=2="%3

x,v,220

Vi du 8.2). Cho { . Tim gi4 tri nhoé nhat ciia S, =x° +y* +7°

xy+yz+zx=1
b). Cho x, y, z 1a cac so thue thod man xy+yz+zx=1.Tim GTNN ciia S, = x> +y +2°
Tong quat:  a). Cho x, y, z 12 cac s6 thwe khong am thoa méin xy+yz+zx=1.
Tim GTNN ciia S, =x"+y"+z" ;nla s0 tw nhién 16 ; n>3.
b). Cho x, y, z 1a céc s6 thwe khong Am thod man xy+yz+zx=1.
Tim GTNN ciia S, =x"+y"+z" ;nla s0 tw nhién chin ; n>2.
Giai: a).Dy doan dang thic xay rakhi x=y=z= L Sx'=y'=7"= (Lj

V3 V3

2 4 “A .2 , A, A e e n n o~ . 1 !
D¢ xuat hién bi€u thuc xy + yz + zx ta can ap dung BDT Co si cho n s6: x",y" va n—2 56 (—j

5
R N ey Jy%} (L)

(n-2) s6

)
n 1 n-2
Tuong tu: y" +z" +(n—2)(—j > n(— yz

' +x"+(n —2)(%)n > n(%)n_z zx

Cong vé theo vé cac bat dang thuc trén ta dugc:

n n-2 n-2 n
1 1 1 1
285, +3(n-2)| —=| 2n| — Xy+yz+zx :n(—j :3n£—j
b R O R C it
=22 ) =523 <]
3 B\
1 n-2 1
Vay MinS, =| — SxX=y=z=—.
%) 5
5.3). Vai trd cac bién khong binh ding
Ki thuat thém nghich dao
Day la mot ki thudt ma néu khong nhdc va sit dung sé la mot thiéu sét rdt lom trong viéc sit dung va chiing
minh bdt ddng thitc Cosi.
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

si o s e 2 3 . s o s
Bai toan 1. Tim gid tri nho nhat cua P= —+— v&i x, y 1a céc so duong thoa man x+y=1.
Xy

Giai: Ta da 1am bai tap nay bing Cosi nhung ta ciing c6 thé 1am nhu sau:

P= (£+EJ(x+y):2+2—y+3—x+325+2\/€ ddu bang xdy ra khi x+y=1 va 3x* = 2y’
Xy Xy

R

NN

Bai toan 2. Cho x,y,z thoa min x° +y® +kz> = M . (k 1a hing s6 dwong; M la s6 khng am cho trwéc)
Tim GTLN cua S =xy+yz+zx.

Phan tich va tim 10i giai: 7 ’ ’

Do vai tro binh dang cta x, y nén ¢6 thé du doan gia tri 16n nhat dat duwoc khi x =y va céc thao tac doi voi x

Khi x =

va y 1a “gidng nhau”. Ta tach x* = mx” + (1 —m))c2 va y’ =my’ + (1 —m)y2 (O <m< 1) dong thoi “chia
déu”

kz* :gzz +§Zz chocaxvay.

(1—m))c2 +(1—m)y2 22(1—m)xy

Ap dung BPT C6 si nhu sau:  { mx? +§z2 >\ 2mkxz

k
my” +522 > 2\ mkyz
Dé xuat hién biéu thirc S = xy+ yz+ zx ta can chon m sao cho

2(1-m)=2mk < 4(1-m)’ =2mk < 2m’ —(4+/<)m+2=0:>m=ﬂ(4+/<)—\/k2 +8k | (vi 0<m<1)

Khi d6 cong vé theo vé suy ra: 2(1—m)S£M:SSL.
2(1—m)
X,y,z cung dau
X =
. 7 M ’
Vay GTLNcua S=———< , kZ*
2(1—m) mx~ =—

2
X4y k' =M

2

Ap dung: Cho x,y,z thoa man x° +y* +%z =5.Tim GTLN cua S = xy+ yz+zx.

2
Gidii : Bude 1: Chon m=—|[4+2 = [ 2] +8.2 [=L
4lU2)N2) TP T
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

3, 3, 3
— X +=y Z2—|xy|2—x
4 4y |y| 2 Y
r A A s , 1 2 9 2 3 3
Budc 2: Ap dung BDT Cositacoii—x" +—z Z—|xz|2—xz
4 4 2 2
1, 9, 3
—y +—z"2—|yz|2—=yz
2 T bz

Cong vé theo vé cac BPT trén ta duoc: %S <X +y° +%z2 =5=5 S%.

2

10 X:y:3Z X=y=-— 2;22_T
Vay Max S = — khi &
al 3 X2+y2+222 =5 2
2 _)(’:y:\/z;z:T

Bai tap twong tu:

1). Cho x,y,z thoaman x*+y> +4z> =4.
Tim GTLN clia S = xy+yz+zx. DS: /3 +1

2). Cho x,y,z thoa man x> +y* +82z> =1.

Tim GTLN cua Q = xy+yz+zx

Bai toan 2. Cho x,y,z thoia man n(x2 +y? ) +kz* = M . (k 1a hing s6 dwong; M la s6 khong Am cho
truwéc) Tim GTLN caa S = xy+ yz+zx.

Phan tich va tim 10i giai: 7 ’ ’

Do vai tro binh dang cta x, y nén ¢6 thé du doan gia tri 16n nhat dat duwoc khi x =y va céc thao tac doi voi x

va y 1a “gidng nhau”. Ta tach x* = mx” + (n - m)x2 va y® =ny’ +(n —m)y2 (0 <m< n) dong thoi “chia
deu”

kz* :gzz +§Zz chocaxvay.

(n—m)x2 +(n—m)y2 22(n—m)xy

Ap dung BPT C6 si nhu sau: { mx? —i—%z2 > \2mkxz

my” +§z2 > 2\mkyz
Dé xuat hién biéu thirc S = xy+ yz+ zx ta can chon m sao cho
2(n-m)=2mk < 4(n-m)’ =2mk < 2m* —(4n-+k)m+2n’ =0:sm=ﬂ(4n+k)—\/k2 +8kn | (vi

0<m<n).
M

Khi d6 cong vé theo vé suy ra: 2(n—-m)S<M =S <———.
2(n—m)

23
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

X,y,z cung dau

xX=y
Vay GTLN cta S __M S, k7
2(n—m) mx 27

n(x2 +yz)+kz2 =M

Ap dung: Cho x,y,z thoa man 2(x2 erz)+9z2 =10. Tim GTLN ctia S = xy + yz +zx.
Budc 1: Chon m :i[(4,2+9)_ﬂ/92 +8.9.2} :%

3

3

) 1
Buéc 2: Ap dung BDT Cb si ta c6: Exz %22 > 3|xz| > 3xz

1 9
Eyz +§z2 Z3|yz| >3yz

Cong vé theo vé cac BDT trén ta dugc: 3S < 2()(2 +y’ ) +927 =10=>S< ?

V2

x=y=3z X=y=-V2z=-—r

V@yMaxSZE khi s ) —
3 2(x* +y*)+92° =10

xX=y= V2;z :g
Bai tap twong tu:
1).Cho x,y,z thod man 3(x* +y*)+82° =16.
Tim GTLN cta S =xy+yz+zx. DS: MaxS=4
2). Cho x,y,z thod man 4()62 +y2)+9z2 =25.
Tim GTLN cua § =xy+yz+zx. DS: Max S =
3).Cho x,y,z thod min x’ +2(y2 +22) =1.
Tim GTLN cua S =xy+yz+zx. DS: Max S =
4). Cho x,y,z thoa man 15(x* +2*)+y* =35,
Tim GTLN ctua S =xy+yz+zx. DS: Max S=7.

Bai toian 3. Cho x,y,z thoa man x° +y*> +z> = M . (k 12 hiang s6 dwong; M 1a s6 khong 4m cho truéc)
Tim GTLN ctua S=xy+yz+kzx.

Phan tich va tim 10i giai: i ) )

a).Do vai tr(‘)’binh dang c@a X, Z nén cd :ché du doan gia tri 16n nhat dat dugc khi x va z va cac thao tac doi voi

x va z la “giong nhau”. B¢ xuat hién bicu thirc: § = xy + yz + kxz thi khi ta 4p dung BDT C6 si

(1—m))c2 +%y2 22‘f1_Tm|xy|22 1_2mxy;(1—m)z2 Jr%y2 22"1—2m |yz|22‘/1_2myz va

mx* +mz* > 2m|xz| > 2mxz .
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

. . o 1— 1—
Cong vé theo vé ba bat dang thirc trén ta c6: x° +y° +2° > 2(\/ mey +\/ zmyz + msz

Ta can chonm (0<m<1) sao cho:

— 2 4 2
m=k 12m<:>m _kz(l_”’lj®2m2+k2m_k2:():>m: k +\/i< +8k
1 m
Khi d6 suy ra: x* +y* +z >2( ‘/ yz+k J [xy+yz+kxz]

Do do: S=xy+yz+kix £ ———

1/2(1—m)

xX=z=4%
M 4—2m

V2(1—m) y= 2(1—m)x

Ap dung: (PE THI HSG Tinh Nghé An Lép 11-Bang A-2002-2003)
Cho x,y,z thoa mian x° +y°+z°=1. Tim GTLN ciia A = xy + yz+2zx.
Gidi. Ta ap dung cho truong hop: M =1va k=2

4416484 _ | o

4

M

Vay: MaxS =

Buwéc 1: Tim m =

2
Budc 2: Ap dung BDT C6 si ta cé: (2—\/5)22 +y?22 243 |zy|2(\/§—1)yz

Cong vé theové cac BDT trén ta dugc:

1 B+l
\/51 +y+22)<x +y +z27 = 85<
( )(x y Z) X4y +z \/,1 2
x:Z:i;\/_
6-23
Vay: MaxS = Bl
2 J3-1

“Jo2h

Chiic cdc ban phdi thdy rang néu khéong cé dinh hwong cdch gidi ré rang thi bai todn tré nén khé véi két
qud kha phirc tap va day bat ngo chir nhi?

oy X,y,220
Bai toan 4. Cho .
xX"+y'+z2"=M
25
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Tim gi4 tri 16n nhit cia:a).P = x+ y +az
b). O=a(x+y)+:z
(V6i n 12 s6 tw nhién; n>2, M la s6 khong am cho truéc; a 1a hiang s6 duwong).
Phén tich va tim lo1i gii:
a).Do vai tro binh dang cua x, y nén c6 thé du doan gia tri 16n nhat dat dugc khi x =y va céc thao tac doi voi
x va y 1a “giébng nhau”. Dé xuat hién biéu thirc: P = x + y +az thi khi 4p dung BPT C6 si

x" +(n—1)0c=x” +oc+0c+...+oc2n,"/(n—1)oc.x; y" +(n—1)0c2n,ﬂ/(n—1)0t.y va

n—1s6

z" +(n—1)B2n41/(n—1) .z
oo =fp

Ta can chon cac s o, B sao cho :{

20c+[3=M.
Ta co:
x”+y”+z"+(n—l)(2a+[3)2n\”/n—l(Q/ax+4/ay+” Bz)
<:>M+(n—l)M2n,ﬂ/(n—l)a[x+y+az]<:>P=x+y+az£%
ln—1)a
Suy ra: MaxP = M

M(n—l)a.
b).Tuong ty d¢ xuat hién biéu thic Q =a(x+y)+z ta chon céc s a, B sao cho : \/a=a\/6 .
200+B=M
Ap dung: Cho 1777
ung: Cho .
paung X4y 422 =18
Tim gia tri 16n nhit cha:a). P =x+y+2z
b). O=2x+2y+z
Gidi. a).Ta ap dung cho truong hop: n=2, M =18 va a=2
2 = do = a=3
Budc 1: Tim o, B sao cho: \/a \/E<:>{ b <:>{ .
200+B =18 20+B =18 =12
X +3>243x
Buée 2: Ap dung BDT C6 si ta c6:{y> +3> 23y
2 +12224122= 4432
Cong vé theo vé cac BDT trén ta co:
x2+y2+Z2+1822\/§(x+y+22)©3622\/§(x+y+22)
Suy ra: P=x+y+2z£6\/§.
Vay: MaxP=6\/§<:>x=y=\/§;z=2x/§.
b).Ta &p dung cho truong hop: n=2, M =18 va a=2
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

- =4 =8
Budc 1: Tim o, B sao cho: \/a 2\/E @{oc b @{a .
200+B =18 20+pB =18 B=2

x> +8>24/8x =44/2x
Buée 2: Ap dung BDT C6 si ta c6:{y” +8> 28y = 442y
2 +2>22z

Cong vé theo vé cac BDT trén ta co:

Py 422 4182242 (20 42y +2) & 36> 242 (2x +2y + 2)
Suy ra: Q=2x+2y+z£9x/§.

Vay: MaxP=6\/§<:>x=y=2\/§;z:\/§.

Bai toan 5. Cho x,y,z thoda man xy + yz+zx = M (M 1a s6 khong 4m cho truéc)

Tim gi4 tri nhé nhit ciia biéu thire S =n(x* +y*)+kz* (k12 s6 duong)

Phén tich va tim 10i giai: 7 ’ ’

Do vai tro binh dang cua x, y nén c6 thé du doédn gia tri 16n nhat dat dugc khi x =y va cac thao tac doi voi
x vay 1a “giéng nhau”.”. Ta tach x* = mx” +(n—m)x* va y* =ny* +(n—m)y’> (0<m<n) dong thoi “chia

N

déu

2

kz* :gzz +§Zz chocaxvay.

(n—m)x2 +(n—m)y2 Z2(n—m)xy

; . , k
Ap dung BPT C6 si ta co: { mx’ +522 >\ 2mkxz

my’ +§z2 > 2\ mkyz

Dé xuét hién biéu thitc xy + yz+ zx ta cAn chon m sao cho

2(n—m)=\/2mk <:>4(n—m)2 =2mk < 2m’ —(4n+k)m+2n2 =0= m:i[(4n+k)—\/k2 +8kn}(vi
0<m<n).

X,y,z cung dau

xX=y

2 _ﬁzz

mx” =
2

xy+yz+zx=1

Khi do6 cong vé theo ba BPT trén ta dugc: S > 2(n — m)M khi va chi khi

Ap dung: 1). Cho x,y,z thoda man xy+ yz+zx = 15.Tim gia tri nhé nhit caa biéu thirc S = x* + y’ +§z2

Ta &p dung cho truong hop: n=1, M =15 va k =%
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Buwéce 1: Tim m:i{[4.l+lj— é+8.l.1} :%

3 3 3
1, 1, 2
=X +=y 2—=|xy|2—x
3 3y 3| y| 3 Y
4 A A s , 2 1 2 2 2
Buéce 2: Ap dung BDT Césitacod: —x" +—z 2—|xz|2—xz
3 6 3 3
-y +—=z 2—|yz|2—)yz
R s
2

. 2
Cong vé theo cac BDT trén ta duoc: S > E(xy +yz+zx)= 5.15 =10.

x=y=3:z=23
y

Vay MinS =10 < )
X=y=— 3;z:—2\/§

. -1 1
2). Cho x,y,z thoda mdn xy+ yz+zx = 1.Chirng minh ring: x° +2y° +22°> > +T\/—7 .

(Twong tw bai toan trong dé thi hoc sinh giéi Tinh 12-Nim 1999-2000)

HDG: Ta &p dung cho truong hop: n=2, M =1va k=1

Buéc 1: Tim m =H(4.2+1)—\/1+8.1.z}: 9_;/ﬁ

Buéc 2: Kiém nghiém két qua: S =x" +2y” +22° 22(n—m)= 2(2—

9—\/ﬁ]:—1+«/ﬁ

4 2

Phan hai BAT PANG THUC BUNHIACOPXKI (CAUCHY-SCHWARZ)

I-CAC DANG BAT PANG THUC

Dang co bin: (ab, +ab, +..+ab,) <(a’ +a;+ aj)(b2 +b; +..+b) VOi a:b €R, Vi=1n

Ding thirc xdy ra khi va chi khi (a,,a,.,....q, ) a (b,,b,,....b,) la hai b} s6 ti I¢, nghia la ton tgi 56 k sao

cho b =ka, Vi=1,n

H¢ qua: 1). Véi hai day sé (a,,a,,....a,) va (b,,b,,....b,)véi b >0,Vi=1n ta cé:

2 2 2 +a, +...+ : X z ,
—‘+a—2+...+ﬂ2(a‘ % ) (Bat dang thirc Schwarz ).
b, b, b, b +b,+..+b,

2). Véi hai day sé thuce (a,,a,,....a,) va (b,,b,,....b,) ta cé:

@ 4B +\@ +DF +.+Jad + b} > \/(al +a,+..+a,) +(b +b,+..+b,) (Bit ding thirc Mincopxki)
28
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

Diing thirc xdy ra khi va chi khi (a,,a,,...,a,) va (b,,b,,...,b, ) la hai by sé ti I¢.

II-MQT SO DANG BAI TAP

1). Sir dung truc tiép BPT Bunhiacépxki

a).Panh gia vé bé sang vé 16m

Vidu 1. Cho @’ +b* +¢* =1. Chirng minh riing: a+3b+5¢ <+/35.

Giai: Theo Bét ding thirc Bunhiacopxki ta co: a+3b+5¢ < \/(12 +3% 457 )(a2 +b+ 62) =/35 dpem.

Vidu 2. Cho x*+y* =1. Chitng minh ring: x/1+y +yy/1+x S\/2+\/5.

Giai: Theo Bét ding thirc Bunhiacopxki ta co:

xﬁﬂimg\/(ﬁ +y2)(1+x+1+y) = 2+x+y s\/2+\/2(x2 +y2) —J2442.

Vi du 3. Cho 36x° +16y* =9. Chimg minh ring: |y —2x| < %.

Giai: Theo Bit dang thirc Bunhiacopxki ta co:

2
1 1 1o 25 25
—2x) =] —dy+| —= [.6x | <[ —+—|(16y* +36x?)=—-.16=">
(y=2x) (4 g ( 3] Xj (16 9j( V36 ) =169 107

Suy ra: |y - 2x| < % (dpcm).

Vidy 4. Cho a(a—1)+b(b-1)+c(c—1)<—. Chéng minh ring: a+b+c < 4.

w |

Giai:
Theo gia thiét ta co:

1Y 1Y 1Y _4 3 25
a(a—1)+b(b—l)+c(c—1)—(a—5j +(b—5 +(C—E S§+Z—E

Ap dung Bét dang thirc Bunhiacbpxki ta co:

2 2 2
at+b+c= a—l + b—l + c—l +§S 3 a—l + b—l + c—l +§:‘/3.§+§:4
2 2 2) 2 2 2 2 2 2 2
Ta c6 dpcm.

Vi du 5. (D& thi hoc sinh giéi Tinh 10-Bing A-Nim 1992-1993)

Chirng minh: (x2 +ax + b)2 +(x2 +ox+ d)2 < (2x2 + 1)2

v6i moi a, b, ¢, d thoa man diéu kién: a* +b* + ¢ +d* =1

Giai: Theo Bét ding thirc Bunhiacopxki ta co:
(xz +a)c+b)2 S(xz +ad’ +b2)(x2 +x* +1)=(x2 +a’ —1-172)(2x2 +1)
(xz—i-cx+d)2 S(x2 +Cz+d2)(x2+x2+1):(x2 +c2+d2)(2x2+1)

Cong vé theo vé ta dugc:
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CAC KI THUAT S DUNG BAT DANG THUC AM-GM VA BAT DANG THUC BUNHIACGPKI

(x2 +ax+b)2 +(x2 +cx+d)2 < (2x2 +1)(2x2 +a’+b°+c’ +d2) = (2x2 +1)2 (dpcm)

(Vi & +b*+c*+d* =1).
Vi du 6. (Dé thi hoc sinh gi6i Tinh 10-Biang A-Nam 1995-1996)
Cho a,b,ceR, va a+b+c=1.Chirng minh r%tng:

Ja+b+b+c+Jc+a< 6

Giai: Theo Bit ddng thirc Bunhiacopxki ta co:
(\/a+b+\/b+c +\/c+a)2 S(1+1+l)[(a+b)+(b+c)+(c+a)]=3.2(a+b+c)=6
Suy ra Ja+b+Vb+c+c+a<+6.

Vi du 7. (D@ thi hoc sinh gioi Tinh 10-Bang A-Nam 1998-1999)
Cho biét phuong trinh (x+ a)2 +(y+ b)2 +(x+ y)2 =¢? ¢6 nghiém.
Chimg minh ring: (a + b)2 <3c’.

Giai: Theo Bt dang thirc Bunhiacopxki ta c6:

(a+b)" <[(x+a)+(y+b)+(~x=y)] <(1+141)| (x+a) +(y+b) +(x+y) =3¢,
Vay (a+b)2 <3c’.

b).Panh gia vé vé 16m sang vé bé.

Vi du 1. (DE THI HSG Tinh Ngh¢ An-Lép 10-Bing A-1999-200)

Cho a,,b, eR (i=1,2,3).

a).Chirng minh ring: (al2 +a; +a§)(bl2 +b; + bf) > (a,b, +a,b, +asb,) .

b).Gia st a,a, +a,a, + a,a, = 4. Tim gia tri nhé nhat cia biéu thic: P=a’ +a, +a;

Giai: a). Xét ham sb

f(x) =(a12 +a; +a32)x2 +2(alb1 +a,b, +a3b3)x+(bl2 +b; +b32):(alx+b1 )2 +(612)ch172)2 +(a3x+b3)2 >0,Vxe
Néu a; +a’ +a; =0 < a, = a, = a, = 0 thay vao BDT dung.

Néu a +a; +a; >0 taco: f(x)z0,‘v’xe]R<:>A'=(alb1 +a2b2+a3b3)—(af+a§+a32)(bf+b22 +b32)SO

Suy ra: (al2 +a —i—(132)(l)12 +b; + bf) > (a,b, +a,b, +a,b, )’ dpem.

b). Ta co:

1 16
P:§(1+1+1)(af+a§+a;‘)2

2 1 2
2 2 2\? _ 2, 2 2 2 2 2 _
(al +a +a3) —5(011 +a2+a3)(a2+a3 +a; )2 (a0, +aya, + asa,) =—

W |~
W | =

Vay MinP=E khix=y=z=ii.
3 V3

Vidu 2. Cho a+b+c=6.Ching minh rang: a° +b* +¢* >12.
Gidi: Theo Bat dang thirc Bunhiacopxki ta co:

at+b*+c? =%(1+1+1)(d2+b2+C2)Z%(l.a+l.b+l.C)2 =—6"=12

W | =

[

Vi dy 3.Chimg minh riing: Néu phwong trinh x* +bx’ + cx* +bx+1=0 c6 nghiém thi: b +(c —2)2 >3,
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Giai: Gia st x, 1a nghiém ctia phuong trinh x* +bx’* +cx® +bx+1=0 thi x, #0. Ta co:

1 1
b e +bx+1=0 xp +—+b| x,+— |+c=0.
Xo Xo

Datt=x0+i:s|r|zz.
xO
Khi do ta c: 2 +bi+c=2=0= 1 =—(br+c=2) =t = (br+c-2) <[ b +(c=2) |(# +1)
A = -1+
£+l £ +1
Vi du 4. Tim gié trj nhé nhét cia ham sb f =(x—2y+1)" +(2x+ay+5)’

Suy ra: b’ +(c—2)2 >

>4-14+0=3.(dpcm)

Giii. Ap dung BPT BunhiacopxKi ta co:
fzé[(—z)z 1 [ (x-2y 41y +(2x+ay+5)12%[(—2)(x—2y+1)+1.(2x+ay+5)]2 =é[(a+4)y+3}2

3
Néu a#—4 thi f>0 va ddu bing xay rakhi {°  a+4
x=2y—-1
1
, , . —2y=—
Néu a = —4 thifZ%Védéubéngxéyrakhi XTEYES
yelR

Vay: Voi a#—4 thi Minf =0

Néu a=—4 thi Minf:%

Vi du 5. (PE THI HSG Tinh Nghé An-Lép 10-Biang A-2002-20030
a+b*+c*=25

Cho a, b, ¢, X, y, z Ia cac s6 thue thoa méin < x* +y* + 22 =36
ax+by+cz=30

P s +b+
Hay tinh gia tri cua biéu thuc P = a <

X+y+z
Giai. Ap dung BDT Bunhiacopxki ta co:
(a2 +b +c2)(x2 +y? +zz) > (01x+by+cz)2

Theo baira ta c6: (@’ +b”+¢*)(x* +y* +2°)=2536 =30" = (ax+ by +cz)

i ' b 2 2 2 20ptact 2 2
Dodédéngthfrcxéyrakhl:g:—zgza—z:T:%:%:i: >
X y z xy z Xx +y +z 36 \6
Suyra:g:2:£:a+b+c:i§
X 'y z Xx+y+z 6
Vay: P:a+b+C=i5

X+y+z 6
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2). St dung ki thuat nghich dio
Dang 1.

(b, +b, +...+bn)[a—‘+a—2+...+ﬂJ2(a1 ta,+.ta,)

1 2 n

Dang 2.(a,b, +a,b, +...+anbn)[ﬂ+ﬁ+...+ﬂJ2 (a,+a,+...+a, )2 Ya,, b, >0
1 2 n
Vi du 1. Chitng minh ring:
a b’ ¢ a+b+c
+ >

+ > Ya,b,c>0.
b+c c+a a+b 2

Giai. Theo BDT Bunhiacopxki ta co:

2 2 2 2 -
[(b+c)+(c+a)+(a+b)] a b« 2(a+b+c) _atbrc
b+c c¢+a a+b 2(a+b+c) 2

dpcm.

Vi du 2. Chitrng minh ring:

a + b + ¢ Zg‘v’a,b,c>0.
b+c c¢c+a a+b

, a b c 3 a’ b* ¢’ 3
Giai. Ta co: + + >— & + + >=
b+c c¢c+a a+b 2 ab+ac bc+ba ca+cb 2

Theo BDT Bunhiacopxki ta co:

a’ b? c* 2
[(ab+ac)+(bc+ba)+(ca+cb)]{ab+ac+bc+ba+ca+cb}2(a+b+c)

a’ b? c? (a+b+c)2
+ + >
ab+ac bc+ba ca+ch 2(ab+bc+ca)
2 a’ b* ¢’ 3
Ma: (a+b+c) =3(ab+bc+ca) Do do: + + > = Suy ra dpcm.
ab+ac bc+ba ca+cb 2

Vi du 3. Chitng minh ring:

a b’ ¢’ a’ +b* +¢?
+ + >

> Ya,b,c>0.
b+c c+a a+b 2
3 3 3 2 2 2 4 4 4
,  a b c a +b +c a b c 3
Giai. Ta co: + + > = + + >—
b+c c+a a+b 2 ab+ac bc+ba ca+chb 2

Theo BDT Bunhiacopxki ta co:

Ma: a* +b*+c* > ab+bc+ca

4 4 4 a’+b*+c*)(ab+bc+ca 2ip4?
Dodo: —2L 4+ b +—< 2( )( ):a thire
ab+ac bc+ba ca+ch 2(ab+bc+ca) 2
Suy ra dpcm.

Vi du 4.(M§ MO-1993) Chitng minh ring:
32
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a N b N c N d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c

2% Ya,b,c,d>0.

Giai. Ta co:
a b c d 2
+ + + >—
b+2c+3d c+2d+3a d+2a+3b a+2b+3c¢ 3
a’ b’ c? d?

2
>Z
< a(b+2c+3d)+b(c+2d+3a)+c(d+2a+3b)+d(a+2b+3c) 3

Ap dung BPT Svacxo ta co:

a’ b’ c? d’ S (a+b+c+d)2
a(b+2c+3al)Jr b(c+2d+3a)+c(d+2a+3b)+d(a+2b+3c) B 4(ab+bc+cd+da+ac+bd) '
Ma
(a+b+c+d) =a+b* +c* +d* +2ab+2bc +2cd +2da+2ac +2bd

:%[(a2+b2)+(b2+62)+(cz+dz)+(d2+a2)+(a2+C2)+(b2+d2)J+2(ab+bc+cd+da+ac+bd)

2(%+2)(ab+bc+cd+da+ac+bd)zg(ab+bc+cd+da+ac+bd)

Do do:

e B2 2 7 2(ab+bc+cd+da+ac+bd)
>
a(b+2c+3d)+ b(c+2d+3a) i c(d+2a+3b) i d(a+2b+3c) B 4(ab+bc+cd+da+ac+bd)
Suy ra dpcm.

2
3

111
Vi du 5. IRAN MO 1998). Gii sit x,y,z>1 vd —+—+—=2. Chitrng minh
X y z

\/x+y+22\/x—l+\/y—l+\/z—l.

Gidi. Vi —+—4iopm Xl yol 20
X 'y z X y z

Theo BDT Bunhiac6pxki ta co:

=1

(x+y+z):(x+y+z)(x;1+y;1+2;1j2(\/x—1+\/y—1+\/z—1)2

Suy ra: \/x+y+z Z\/x—1+\/y—l+\/z—l

Ding thirc xay ra khi va chikhi x=y=1z= é

2

Vi du 6. Tim gia tri nhé nhit ciia biéu thirc

3 4b 5 .
p="24 +2 véi a, b, c la cic so thuc dwong tuy y.

b+c c+a a+b
Gidi. Su dung BDT Bunhiacopxki ta co:

33
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3 3. 43¢ +5:(a+b+c)( 3 4 j

b+c c+a a+b b+c c+a a+b

| 3 4 5 Bava5)
:5[(b+c)+(c+a)+(a+b)]{b_w+C+a+a+b}>( : )

3a 4b Sc >(\/§+\/Z+\/§)2_

Suyra: P= + + > 12
b+c c+a a+b 2
: b+c c+a a+b
Dbang thirc xdy ra khi va chi khi = = .
V32 45
2
A . (\/§+\/Z+\/§) .b+c c+a a+b
Vay MinP = —12 khi = = .
2 J3 2 J5
Vi du 7. Chirng minh ring néu a,b,c >0 va abc =1 thi
1 1 1
+ + <I.
24+a 2+b 2+c
Gidi.Ta co: ——+— 4+ clei-—2 4o 2 o2 s 4 b ¢y
24a 2+b 2+c 2+a 2+b 2+4+¢ 24a 24b 2+c
Téntaicéc séthuc X,V,zsao cho azi;b:X;c:i.Tacénchfmgminh:
y z X
X y z
- X X y z x’ y’ z
Y 4z L X _ + >l ~+ —+ ~>1
11X 0y Y 5L E 2y+x 2z+y 2x+z 2xy+x~ 2yz+y" 2zx+z
y z X
2 2 : +y+z) +y+z)
Theo BPT Svacxo ta c6: s + Y + z > (x Y Z) :(x Y Z) =1.

2xy+x> 2yz+y’ 2zx+z0 2xy+xX°+2yz+y +2zx+ 7 (x+y+z)2

Piang thirc xay rakhi x=y=z hay a=b=c=1.
Tr d6 suy ra dpcm. )
Vi du 8.(IMO-2001). Véi moi s0 duwong a, b, ¢ dwong ta cé:

a b c
+ + >1.
Ja* +8bc b +8ac  \Jc +8ab
Giai.
2 2 2
Ta co: a b ‘ >1 a b ‘ >1

+ + >l - +
\/a2+8bc \/b2+8ac \/cz+8ab a\/a2+8bc b\/b2+8ac C\/cz+8ab

Theo BDT Svacxo ta ¢o:
a’ b? c? (cHerrc)2

+ + >
a\/a2 +8bc b\/b2 +8ac C\/C2 +8ab (a\/a2 +8bc + b\/b2 +8ac + C\/C2 +8ab )

Ta co (a\/a2 +8bc + b\/b2 +8ac +C\/C2 + Sab) = (\/2.\/613 +8abc +\/E.\/b3 +8abc + \/E.\/c3 + 8abc)

Ap dung BDT Bunhiacopxki ta co:
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(\/;.\/cf +8abc +\/Z.\/b3 +8abc +\/Z.\/c3 + Sabc) < \/(a+b+c)(a3 +b+c+ 24abc)
2 b? 2 (a+b+c)

+ + >
aNa’ +8bc b\/b2+8ac C\/Cz+80b (a\/az+8bc+b\/b2+8ac+C\/cz+8ab)

A ’ . 3
Ta can chimg minh: @’ +b° + ¢’ +24abc < (a +b+ c) < a’b+b’c+c’a+ab’ +bc’ +ca’ > 6abe

Do doé:

Bét ding thirc cudi ciing dung theo BDT C6 si . Tir d6 suy ra dpem.
Phin ba TIM THEM PHUONG PHAP CHUNG MINH BAT PANG THUC

I-MOT PHUONG PHAP CHUNG MINH BAT PANG THU'C
Dé chitng minh A2 B trong mot so truong hop ta co thé nghi dén mot phwong phdp sau:
“Tim C sau do churng minh A>C va C> B ”. Van dé quan trong o day la phai tim C?
Dé tim C ta cé thé theo cdc cdach sau
Cach 1-Dya trén hai bo dé sau:
B6 dé 1. “Trong ba sé bit ki x,, x,, x, luén ton tai hai so x;x; (i, j thuc tdp {1; 2; 3} sao cho:
{xiZa 3 {xléa oz P
hoac (a la so thuce bdt ky)”

X, 2a X, <a
Chirng minh: Khong mét tinh téng quat ta c6 thé gia stt x, <x, <x,.
Néu x, <a thi x, <a v x, <a taco diéu phai ching minh.
Néu x, >a thi x, >a va x, > a ta co diéu phai ching minh.
B6 dé 2. “Néu {x =d hoic {x =  thi xy>a(x+y)—a* "

yza y<a
Chirng minh: Tt gia thiét ta co: (x—a)(y—a)20< xy>a(x+y)—a’ (dpcm)

II-VAN DUNG BO PE CHUNG MINH MOT SO BAT PANG THUC
Vidu 1. Cho x, y, z 1a cac s0 thuwc dwong. Chirng minh rang ta luén cé bat dang thirc:

2()(2+y2+22)+xyz+825(x+y+z).

(Chao IMO 2007-Tap chi THTT s6 357 thang 3 niim 2007) q ’ v
Chirng minh: Theo Bo dé 1 va vai tro x, y, z trong bai toan binh dang nén khong mat tinh tong quat

, x2>1 x<1 . .
tacéthégiés&{ o1 hoac{ <1.KhldétheoBédé2tacé: xyz2x+y-1=xyzz2xz+yz—z (vi z>0)
y= ys

Suy ra: 2(x2+y2+22)+xyz+822(x2+y2+22)+xz+yz—z+8 (1)

Ta s€ chimg minh: 2(x2+y2+22)+xz+yz—z+825(x+y+z) ()

That vay:
(2)<:>(y+z—2)2+(x+z—2)2+3(x—1)2+3(y—1)2+2(z—1)220,(dL'Jng)
Tur (1) va (2) suy ra: 2(x2+y2+22)+xyz+825(x+y+z) (dpcm).

Ding thirc xay rakhi x=y=z=1.

Nhan xét: 1).Ta c6 thé sir dung dinh li vé ddau am thire bdc hai dé chimg minh (2)
2). Tuong tw ta co thé chirng minh: 35
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a). “ Chox,y, z la cic sé thuc dwong. Chitng minh rang ta luén cé bat dang thirc:
m(x2 +y’ +22)+xy2+3m+22(2m+1)(x+y+z).

14 Y A 4 2 2
Trong do m la so thuc cho truéc m> -

b).“ Cho x, y, z la cdc s6 thwc dwong. Chitng minh rang ta luén cé bdt dang thirc:
(211—1)(x2 +y? +22)+2xyz+1 > 2n(xy+yz+zx) .
Trong dé m la sé thiee cho trude n>17

>

). “ Néux, y, zla ba s thuc khong dm thi: xyz+x* +y* +2° +22 X+ y+z+xy+yz+zx’

d). " Néux, y, z la cdc s6 thuc duong thi: 2xyz+x* +y* +z* +1326(x+y+z)”

Vi du 2. Cho x, y, z la cac s6 thue khéng Am. Chirng minh ring ta luén c¢é bat dang thirc:
5()(3 +y’ +z3)+3xy2+9 2 9(xy+yz+zx).

Chirng minh:

Theo B6 dé 1 va vai trd x, y, z trong bai toan binh ding nén khong mat tinh tong quat ta c6 thé gia st

x>1 x<1 L
{ o1 hoac{ <1.Khi do theo B6dé2tacd: xy=>x+y—1=3xyz>3xz+3yz-3z (vi z2>0)
y= ys

Suy ra: 5()63 +y3+23)+3xyz+925(x3 +y’ +z3)+3xz+3yz—3z+9 (1)

Ta s€ chiing minh:

5()(3 +y’ +z3)+3xz+3y2—3z+9Z9(xy+yz+zx)<:>5(x3+y3+z3)+929xy+6yz+6zx+3z
Ma theo Bat dang thirc Co si ta co:

3z=3z1.1<2 +1+1 3xz=3xz1 <X+ +1=>6x2<2xX° +22° +2
6yz <2y’ +22° +2 3xy=33xy. 1 <X’ +y +1=9xy<3x° +3y° +3

Cong vé theo vé cac Bét dang thirc trén ta duogc:

5(x3 +y’ +z3)+929xy+6yz+6zx+32 Q).
Tu (1) va (2) suy ra: 5()(3 +y’ +Z3)+3xyz+929(xy+yz+zx) (dpcm)

Vi du 3. Cho x, y, z 1a cic s6 thwe khong 4m thoi min: x +y + z = 1. Chirng minh ring ta luén cé bat ding thirc:
Oxyz+12> 4(xy +yz+ Zx) . Ping thirc xdy ra khi nao?

Chirng minh: i ) ) )
Theo Bo d¢ 1 va vai tro X, y, z trong bai toan binh dang nén khong mat tinh tong quat ta co6 thé gia st
1 1
X2=— X< —
:13 hoac f .Khi d6 theo B6 d& 2 ta c6: 9xy >3x+3y—1=9xyz >3xz+3yz—z (vi z>0)
>— <-—
Y 3 Y 3

Suyra: 1+9xyz>1+3xz+3yz—z2 (1)
Ta s€ ching minh: 1+3xz+3yz—224(xy+yz+zx) 2)

That vay, (2)e12z+z(x+y)+dxy o 12z+z(1-z)+4xy (i x+y+z=1)

36
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<::>(1—Z)2 Z4xy<:>(x+y)2 24xy (Vix+y+z=1)
<:>(x—y)2 >0, dung
Tu (1) va (2) suyra: 9xyz+12> 4(xy +yz+ zx) (dpcm).

. 1 1 1 1
bang thuc xay ra khi x=y=z=§ hoacx=y=5; z=0 hoacx=z=5;y=0 hoacy=z=§;x=0.
Nhin xét: Tuwong tir ta c6 thé chirng minh:

Cho x, y, z 1a cac so thue khong Am thod man: x + y + z = k. Chirng minh riang ta luén c6 bat dang thirc:

Oxyz+k> > 4k(xy +yz+ Zx) . Pang thirc xdy ra khi nao?

Vi du 4. Cho x, y, z 1a cic sb thue khéng Am thoi mén: x + y + z=1. Tim gia tri 16n nhit va gia tri nhé nhat
ciia biéu thirc A = xy + yz + zx + mxyz .
1

9
Giai. * Theo vi du 3 ta co: xy+yz+zx—nyz SZ

9 9
Suy ra: A=xy+yz+zx—zxyz+ m+Z Xyz

3
Néu m+%20 hay mZ—% thi (m+%jxyz£(m+%j(wj =ﬂ+i.

m+9

Do d6: A< . Ding thirc xay ra ching han khi x =y =z =

Néu m+%<0hay m<—% thi (m+—jxyz£0.Dod(’): AS%.

Ding thirc xay ra ching han khi x =y = —;z=0.

D= N|O

*) Theo bat dang thuc C6 si ta co:

Xy+yz+zx = (x+y+z)(xy+yz+zx) > 3%/&.3\3/)91.))2.2)( =9xyz

Suy ra: xy+yz+zx—9xyz>0.

A:xy+yz+zx—9xyz+(m+9)xyz

Néu m+92>0 hay m>-9 thi (m+9)xy220.

Do d6: A > 0. Dang thirc xay ra ching han khix =y =0vaz=1.

X+y+z 3_m+9
3 ]_ 27

Néu m+9<0 hay m<-9 thi (m+9)xy22(m+9)(

m+9

Do d6: A> . Déng thirc xay ra ching han khi x =y =z =

W | =

m+9

Két ludin: Néu m < -9 thi gia tri 16n nhat cia A la rE gia tri nho nhat cia A 1a

. 9 . 1 .
Néu 9<m< _Z thi gia tri 16n nhat ctia A 1a Z , gia tri nho nhat ciia A 1a 0.

, gi4 tri nho nhat caa A 1 0.

. 9 . . m+9
Néu m > _Z thi gia tri 16n nhat cua A 1a

Vay ta c6 cac bt dang thic: 37
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Néu x, y, z 12 cdc s6 thue khong Am thoi mén: x +y +z =1 thi

m+
a).
) 27

1 ‘
Sxy+yz+zx+mxyz < Z (trong d6 m la so thuc cho truwéc va m <-9)

1 . 9
a). 0<xy+yz+zx+mxyz< 2 (trong d6 m la so thuc cho truwde va —9 <m < —Z)

m+9

a). 0<xy+yz+zx+mxyz< (trong @6 m 1a s6 thue cho truée va m > _Z)

Chang han véi m = -2 ta c6 bai toan:
Bai toan 1.Cho x, y, z la cac so thyc khong Am thod man: x + y + z=1. Ching minh rang:

0<xy+yz+zx—2xyz < 27—7 (D¢ thi IMO 1984)

Véi nhan xét rang : )
*) Neu x, y, z la cdc so thuc khong dm thoa man: x +y +z =1 thi
X +y + 7 =1—2(xy+yz+zx)<:>x2+y2+22+4xyz=1—2(xy+yz+zx—2xyz)

Do d6 ta cé bai toan sau:

Bai toan 2.Cho x, y, z 1a cac so thwe khong Am thoa mén: x +y + z=1. Ching minh rang:
13
Eﬁx2+y2+zz+4xyzﬁl.

*) Néu x, y, z la cdc s6 thiee khéng dm thod man: x +y +z = 1 thi

X4y 4z —3xyz=(x+y+z)(x2+y2 +7° —xy—yz—zx):1—3(xy+yz+zx)

S0+ +z3+3xyz=1—3(xy+yz+zx—2xyz)
Do do ta co:

Bai to4n 3. Cho x, y, z la cic s6 thue khong Am thoa mén: x + y + z=1. Chiirng minh rang:
2 < 3 3 3 <
§_x +y 4+ 4+3xyz<1

Bdy gio néu ching ta thay doi gia thiét: Néu x, y ,z la dg dai ba canh ciia mét tam gide ¢é chu vi bang 1 thi

(x+y—z)(x+z=y)(y+z-x)>0<=(1-22)(1-2y)(1-2x) >0 (Vix+y+z=1)
@xy+yz+zx—2xyz>i.

Tir dé ta c6 cac bai toan sau:
Bai toan 1.1. Cho a, b, ¢ 1a do dai ba canh cia tam giac co6 chu vi bang 1. Chitng minh rang:

a).l<ab+bc+ca—2abcsl
4 27

b). ESaz+bz+cz+4abc<l.
27 2

2 1
c). 53613 +b’ +¢ +3abc < —
Bai toan 2.2.Cho a, b, ¢ 12 d§ dai ba canh ciia tam giac ¢6 chu vi bing 2. Chirng minh ring:

52 .
> <a’+b*+c¢’ +2abc <2 (Dé thi HSG Tinh 16p 10-Nim hoc 2005-2006)
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