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Mét sè ph­¬ng ph¸p c¬ b¶n gi¶I bµi to¸n cùc trÞ bËc THCS
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I. Lý do chän ®Ò tµi:
NhiÒu n¨m gÇn ®©y trong c¸c kú thi chän läc häc sinh giái c¸c cÊp bËc THCS vµ c¸c kú thi tuyÓn sinh vµo líp 10 THPT th­êng cã c¸c bµi to¸n yªu cÇu t×m gi¸ trÞ lín nhÊt (GTLN); gi¸ trÞ nhá nhÊt (GTNN) cña mét biÓu thøc nµo ®ã. C¸c bµi to¸n nµy lµ mét phÇn cña c¸c bµi to¸n cùc trÞ ®¹i sè.

C¸c bµi to¸n cùc trÞ rÊt phong phó vµ ®a d¹ng, nã t­¬ng ®èi míi vµ khã ®èi víi häc sinh THCS. §Ó gi¶i c¸c bµi to¸n cùc trÞ häc sinh ph¶i biÕt ®æi t­¬ng ®­¬ng c¸c biÓu thøc ®¹i sè, ph¶i sö dông kh¸ nhiÒu h»ng ®¼ng thøc tõ ®¬n gi¶n ®Õn phøc t¹p... ph¶i tæng hîp c¸c kiÕn thøc vµ kü n¨ng tÝnh to¸n, t­ duy s¸ng t¹o.

VËy lµm thÕ nµo ®Ó häc sinh cã thÓ ®Þnh h­íng ®­îc h­íng ®i, hay h¬n thÕ lµ h×nh thµnh ®­îc mét c«ng thøc "Èn tµng" nµo ®ã mçi khi gÆp mét bµi to¸n cùc trÞ ®¹i sè.

Lµ ng­êi trùc tiÕp gi¶ng d¹y to¸n trong tr­êng THCS, trong qu¸ tr×nh gi¶ng d¹y, ®Æc biÖt lµ d¹y häc sinh giái, t«i lu«n lu«n tr¨m trë, t×m tßi, chän läc nh÷ng ph­¬ng ph¸p hîp lý nhÊt ®Ó ®Ó dÉn d¾t, h×nh thµnh cho häc sinh mét c¸ch suy nghÜ míi lµm quen víi d¹ng to¸n nµy ®Ó dÇn dÇn c¸c em cã ®­îc mét sè ph­¬ng ph¸p gi¶i c¬ b¶n nhÊt. Trong khu«n khæ nhá hÑp nµy t«i xin nªu ra "Mét sè ph­¬ng ph¸p c¬ b¶n ®Ó gi¶i bµi to¸n cùc trÞ ®¹i sè bËc THCS".

II. môc ®Ých vµ nhiÖm vô  cña ®Ò tµi.

1. Môc ®Ých nghiªn cøu

· Nghiªn cøu ®Ò tµi mét sè ph­¬ng ph¸p c¬ b¶n ®Ó gi¶i bµi to¸n cùc trÞ ®¹i sè bËc THCS gióp gi¸o viªn vËn dông mét c¸ch tæng hîp c¸c tri thøc ®· häc, më réng ®µo s©u vµ hoµn thiÖn hiÓu biÕt. tõ ®ã cã ph­¬ng ph¸p d¹y häc phÇn nµy cho häc sinh cã hiÖu qu¶ gióp häc sinh n¾m ch¾c kiÕn thøc vµ vËn dông linh ho¹t kiÕn thøc to¸n häc ®Æc biÖt lµ kiÕn thøc vÒ "Mét sè ph­¬ng ph¸p c¬ b¶n ®Ó gi¶i bµi to¸n cùc trÞ ®¹i sè bËc THCS”.
· Nghiªn cøu ®Ò tµi ®Ó l¾m ®­îc nh÷ng thuËn lîi vµ khã kh¨n khi d¹y häc phÇn gi¶i bµi to¸n t×m cùc trÞ tõ ®ã x¸c ®Þnh h­íng n©ng cao chÊt l­îng d¹y vµ häc m«n to¸n.

· Nghiªn cøu ®Ò tµi gióp gi¸o viªn cã t­ liÖu tham kh¶o vµ d¹y thµnh c«ng d¹y to¸n t×m c­c trÞ cña ®å thøc.

2. NhiÖm vô nghiªn cøu.

· §Ò tµi ®­a ra mét hÖ thèng c¸c ph­¬ng ph¸p th­êng dïng ®Ó gi¶i bµi to¸n cùc trÞ vµ mét sè bµi to¸n ¸p dông ®èi víi tõng ph­¬ng ph¸p.

· Trang bÞ cho häc sinh líp 9 hÖ thèng kiÕn thøc ®Ó gi¶ bµi to¸n cùc trÞ, tr¸nh ®­îc nh÷ng nhÇm lÉn th­êng gÆp khi gi¶i d¹ng bµi to¸n nµy.

· Th«ng qua ®Ò tµi, häc sinh cã thÓ n¾m ®­îc mét sè ph­¬ng ph¸p vµ cã thÓ vËn dông vµo gi¶i bµi tËp, rÌn kÜ n¨ng gi¶i bµi to¸n cùc trÞ, ®ång thêi gióp häc sinh thÊy ®­îc c¸i hay, c¸i ®Ñp, søc hÊp dÉn cña to¸n häc, kÝch thÝch sù tß mß kh¸m ph¸, t×m hiÓu bµi to¸n .

III. ®èi t­îng vµ ph¹m vi nghiªn cøu
· Nghiªn cøu c¸c ph­¬ng ph¸p gi¶i c¸c bµi to¸n t×m cùc trÞ trong ch­¬ng tr×nh to¸n THCS

· Nghiªn cøu c¸c tµi liÖu cã liªn quan .

· Gi¸o viªn d¹y to¸n THCS vµ häc sinh THCS ®Æc biÖt lµ häc sinh khèi 8, 9

IV. Ph­¬ng ph¸p nghiªn cøu.

1. Ph­¬ng ph¸p nghiªn cøu lÝ luËn

§äc c¸c tµi liÖu cã liªn quan

· T¹p chÝ to¸n tuái th¬ 2

· Ph­¬ng ph¸p d¹y häc m«n to¸n

· S¸ch gi¸o khoa

· S¸ch gi¸o viªn

· S¸ch tham kh¶o

2.  Ph­¬ng ph¸p ®iÒu tra

· §iÒu tra n¾m t×nh h×nh d¹y cña c¸c gi¸o  viªn trong vµ ngoµi nhµ tr­êng.

· §iÒu tra møc ®é tiÕp thu vµ vËn dông "Mét sè ph­¬ng ph¸p c¬ b¶n ®Ó gi¶i bµi to¸n cùc trÞ ®¹i sè bËc THCS” cña häc sinh.

· ChÊt l­îng cña häc sinh tr­íc vµ sau khi thùc hiÖn

3. Ph­¬ng ph¸p ph©n tÝch

· Ph©n tÝch yªu cÇu, kÜ n¨ng gi¶i m«t bµi tËp

4. Ph­¬ng ph¸p thùc nghiÖm

5. Ph­¬ng ph¸p tæng kÕt kinh nghiÖm

· Rót ra nh÷ng bµi häc cho b¶n th©n vµ ®ång nghiÖp ®Î d¹y tèt h¬n trong qu¸ tr×nh d¹y häc.

phÇn ii: néi dung

I . C¸c kiÕn thøc cÇn thiÕt
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1. C¸c ®Þnh nghÜa

1.1. §Þnh nghÜa gi¸ trÞ lín nhÊt (GTLN) cña mét biÓu thøc ®¹i sè cho biÓu thøc f(x,y,...) x¸c ®Þnh trªn miÒn D :

M. ®­îc gäi lµ GTLN cña f(x,y,...) trªn miÒn |D nÕu 2 ®iÒu kiÖn sau ®ång thêi tho¶ m·n :

1. f(x,y,...) ( M 

((x,y,..) ( |D

2. ( (x0, y0,...) ( |D sao cho f(x0, y0...) = M.

Ký hiÖu : M = Max f(x,y,..) = fmax víi (x,y,...) ( |D
1.2. §Þnh nghÜa gi¸ trÞ nhá nhÊt (GTNN) cña mét biÓu thøc ®¹i sè cho biÓu thøc f(x,y,...) x¸c ®Þnh trªn miÒn |D :

M. ®­îc gäi lµ GTNN cña f(x,y,...) trªn miÒn |D ®Õn 2 ®iÒu kiÖn sau ®ång thêi tho¶ m·n :

1. f(x,y,...) ( M 

((x,y,..) ( |D

2. ( (x0, y0,...) ( |D sao cho f(x0, y0...) = M.

Ký hiÖu : M = Min f(x,y,..) = fmin víi (x,y,...) ( |D
2. C¸c kiÕn thøc th­êng dïng

2.1. Luü thõa :

a) x2 ( 0  (x ( |R  ( x2k ( 0 (x ( |R, k ( z    ( - x2k ( 0

Tæng qu¸t : (f (x)(2k ( 0  (x ( |R, k ( z ( - (f (x)(2k ( 0

Tõ ®ã suy ra : 
(f (x)(2k + m ( m 

(x ( |R, k ( z

M - (f (x)(2k  ( M 

b) 
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Tæng qu¸t : (
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2.2 BÊt ®¼ng thøc chøa dÊu gi¸ trÞ tuyÖt ®èi :

a) |x| ( 0
( x(|R

b) |x+y| ( |x| + |y| 
; nÕu "=" x¶y ra ( x.y ( 0

c) |x-y| ( |x| - |y|
; nÕu "=" x¶y ra ( x.y ( 0 vµ |x| ( |y|

2.3. BÊt ®¼ng thøc c«si :

 (ai ( 0 
;  i = 
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  (n(N, n (2.

dÊu "=" x¶y ra ( a1  = a2 = ... = an
2.4. BÊt ®¼ng thøc Bunhiac«pxki :

Víi n cÆp sè bÊt kú a1,a2,...,an ; b1, b2, ...,bn ta cã :

(a1b1+ a2b2 +...+anbn)2  ( (
[image: image6.wmf])

....

).(

....

2

2

2

2

1

2

2

2

2

1

n

n

b

b

b

a

a

a

+

+

+

+

+

+


DÊu "=" x¶y ra ( 
[image: image7.wmf]i

i

b

a

 = Const  (i = 
[image: image8.wmf]n

,

1

)

NÕu bi = 0 xem nh­ ai = 0

2.5. BÊt ®¼ng thøc Bernonlly : 

Víi a ( 0 
:
(1+a)n  ( 1+na
(n (N.

DÊu "=" x¶y ra ( a = 0.

· Mét sè BÊt ®¼ng thøc ®¬n gi¶n th­êng gÆp ®­îc suy ra tõ bÊt ®¼ng thøc (A+B)2 ( 0.

a. a2 + b2 ( 2ab

b. (a + b)2 ( 4ab

c. [image: image299.png]


2( a2 + b2 ) ( (a + b)2
[image: image300.wmf]2

³

+

a

b

b

a


e. 

II. Mét sè ph­¬ng ph¸p c¬ b¶n 

gi¶i bµi to¸n cùc trÞ ®¹i sè 
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 Ph­¬ng ph¸p 01 

( Sö dông phÐp biÕn ®æi ®ång nhÊt )
B»ng c¸ch nhãm, thªm, bít, t¸ch c¸c h¹ng tö mét c¸ch hîp lý, ta biÕn ®æi biÓu thøc ®· cho vÒ tæng c¸c biÓu thøc kh«ng ©m (hoÆc kh«ng d­¬ng) vµ nh÷ng h»ng sè . Tõ ®ã :

1.§Ó t×m Max f(x,y,...) trªn miÒn |D ta chØ ra :
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sao cho f(x0,y0,...) = M 

2. §Ó t×m Min f(x,y,...) trªn miÒn |D ta chØ ra :
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I. C¸c vi dô minh ho¹ :
1. VÝ dô 1 : T×m gi¸ trÞ nhá nhÊt cña A1 = x2 + 4x + 7

Gi¶i :

Ta cã : A1  = x2 + 4x + 7 = x2 + 4x + 4x + 3 = (x + 2)2 + 3 ( 3 v× (x + 2)2 (0.

( A1 min = 3 ( x + 2 = 0 ( x = -2

VËy A1 min = 3 ( x = -2

2. VÝ dô 2 : T×m gi¸ trÞ lín nhÊt cña A2 = -x2 + 6x - 15

Gi¶i :

Ta cã : A2 = -x2 + 6x - 15 = - (x2- 6x + 9) - 6

A2 = - (x - 3)2 - 6 ( - 6 
do  -(x - 3)2 ( 0 
(x (|R

( A2 max = - 6 ( x - 3 = 0 ( x = 3

VËy A2 max = - 6 ( x = 3

3. VÝ dô 3 : T×m gi¸ trÞ nhá nhÊt cña A3 = (x-1)(x-4)(x-5)(x-8)+2002

Gi¶i :

Ta cã :
A3
=  (x-1)(x-4)(x-5)(x-8)+2002




=  (x-1) (x-8) (x-4) (x-5) + 2002




= (x2-9x + 8) (x2 - 9x + 20) + 2002




= {(x2-9x + 14) - 6}.{(x2-9x + 14) + 6} + 2002




= (x2-9x + 14)2 - 36 + 2002




= (x2-9x + 14)2 + 1966 ( 1966 v× (x2-9x + 14)2 (0 (x

( A3 min = 1966 ( x2-9x + 14 = 0 
( 
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VËy A3 min = 1966 ( 
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4. VÝ dô 4 : T×m gi¸ trÞ lín nhÊt cña biÓu thøc A4 = 
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Gi¶i :

Ta cã: A4 = 
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      = - 
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( A4 Max = 3 ( 
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VËy : A4 Max = 3 ( x = -2

5. VÝ dô 5 : T×m gi¸ trÞ lín nhÊt cña A5 = 
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Gi¶i :

Ta cã:A5=
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A5 = 
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( A5 min = 0 ( 
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VËy : A5 min =  0 ( x = y  > 0

6. VÝ dô 6 : Cho x,y ( 0 vµ x + y = 1 . 
T×m gi¸ trÞ nhá nhÊt vµ lín nhÊt cña A6 = x2 + y2.

Gi¶i :

Do x; y ( 0 vµ x + y = 1 ( 0 ( x;y (1 ( x2 (x, y2 (y

( A6 = x2 + y2 ( x + y = 1 ( A6 max = 1 ( 
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MÆt kh¸c : x + y = 1 ( (x + y)2 = 1 ( 1 = x2 + 2xy + y2 ( (x2+y2)-(x-y)2

( A6 = x2+y2 = 
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 do (x - y)2 ( 0

( A6 min = 
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VËy : 
A6 max = 1
( 
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A6 min = 
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7. VÝ dô 7 : T×m gi¸ trÞ lín nhÊt cña A7 = xy + yz + zx - x2-y2-z2

Gi¶i :

Ta cã : A7 = xy + yz + zx - x2-y2-z2 = -
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 A7 = -
[image: image35.wmf]2

1

{(x-y)2 + (y-z)2 + (z-x)2} ( 0
(x,y,z

( A7 Max = 0 ( x = y = z

VËy : A7 Max = 0 ( x = y = z

II. NhËn xÐt: 

· Ph­¬ng ph¸p gi¶i to¸n cùc trÞ ®¹i sè b»ng c¸ch sö dông c¸c phÐp biÕn ®æi ®ång nhÊt ®­îc ¸p dông cho nhiÒu bµi tËp, nhiÒu d¹ng bµi tËp kh¸c nhau. Song ®«i khi häc sinh th­êng gÆp khã kh¨n trong c«ng viÖc biÕn ®æi ®Ó ®¹t ®­îc môc ®Ých. VËy cßn nh÷ng ph­¬ng ph¸p nµo; ®Ó cïng ph­¬ng ph¸p võa nªu trªn gióp häc sinh nhanh chãng t×m ra lêi gi¶i. Tr­íc hÕt  ta gi¶i mét sè bµi to¸n sau ®Ó cïng suy ngÉm.

III. C¸c bµi tËp ®Ò nghÞ :

1. T×m gi¸ trÞ nhá nhÊt cña c¸c biÓu thøc sau :

a. A =
x2 - 10x + 20

b. B = (x-1)2 + (x-3)2


c. C = 
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d. D = x3 + y3 + xy 
biÕt x + y = 1

e. E = 
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víi x,y > 0

2. T×m gi¸ trÞ lín nhÊt  cña c¸c biÓu thøc :

a.
A = - x4 + 2x3 - 3x2 + 4x + 2002

b.
B = 
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C = 
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3. T×m GTLN, GTNN 
cña A = 
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Ph­¬ng ph¸p 02 : 

( Sö dông c¸c bÊt ®¼ng thøc c¬ b¶n ) 

Ta biÕt r»ng : Tõ mét bÊt ®¼ng thøc, b»ng c¸ch chuyÓn vÒ bao giê ta còng ®­a  vÒ 1 bÊt ®¼ng thøc c¬  b¶n vµ c¸c phÐp biÕn ®æi t­¬ng ®­¬ng mµ mét vÕ lµ h»ng sè. V× vËy : Sö dông  c¸c bÊt ®¼ng thøc c¬ b¶n vµ c¸c phÐp biÕn ®æi t­¬ng ®­¬ng ta cã thÓ t×m ®­îc cùc trÞ cña 1 biÓu thøc nµo ®ã.

I. C¸c vÝ dô minh ho¹ :

1. VÝ dô 1 : Cho a > b > 0. T×m GTNN cña B1 = a + 
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Gi¶i :

Ta cã : B1 = a + 
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B1 ( 3 ( B1 min = 3 ( b = a-b = 
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VËy : B1 min = 3 ( 
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2. VÝ dô 2 : Cho  a,b > 0 vµ a + b = 1 . T×m GTNN cña B2 = 
[image: image49.wmf]ab
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Gi¶i :

Theo bÊt ®¼ng thøc C«si : (x + y)(
[image: image51.wmf]y
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 = 4 (víi x,y > 0)
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[image: image54.wmf]y
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(1)

Ta cã : ab ( (
[image: image56.wmf]2
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)2 = 
[image: image57.wmf]4
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( 
[image: image58.wmf]ab
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(2) do  a+b = 1 ; a,b > 0

¸p dông bÊt ®¼ng thøc (1) vµ kÕt qu¶ (2) ta cã :

B2 = 
[image: image59.wmf]2
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B2 ( 2 + 
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)

(

4

2

=

+

b

a

 do a + b = 1 ( B2min = 6 ( a = b = 
[image: image61.wmf]2
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VËy : B2min = 6 ( a = b = 
[image: image62.wmf]2
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3. VÝ dô 3 : Cho xy + xz + yz = 4 . T×m GTNN cña B3 = x4 + y4 + z4

Gi¶i :

Do xy + xz + yz = 4 ( 16 = (xy + xz + yz)2 ( (x2+y2+z2) (x2+y2+z2)

(Theo Bunhiac«pxki) ( 16 ( (x2+y2+z2)2 ( (x4 + y4 + z4) (12+12+12)

( B3 = x4 + y4 + z4 ( 
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 ( x = y = z = ( 
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VËy : B3min = 
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 ( x = y = z = ( 
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4. VÝ dô 4 : Cho |a| (1; |b| (1 vµ | a+ b| = 
[image: image68.wmf]3


T×m GTLN cña B4 = 
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Gi¶i :

Ta cã : (a-b)2 ( 0
(a;b ( 
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(do | a + b| = 
[image: image73.wmf]3
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( B4 = 
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 ( B4Max = 1 ( a = b = 
[image: image79.wmf]2

3


VËy : B4Max = 1 ( a = b = 
[image: image80.wmf]2
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5. VÝ dô 5 : T×m gi¸ trÞ nhá nhÊt cña B6 = | x + 7| + | x - 1995|

Gi¶i :

Ta cã :  |x| + |y| ( | x + y| dÊu "=" x¶y ra ( x,y ( 0

Do vËy : B6 = | x + 7| + | x - 1995| = | x + 7| + | 1995 - x | ( |x+7 + 1995 - x| = 2002

( B6Min = 2002 ( (x + 7). (1995 - x) ( 0 ( -7 ( x ( 1995

VËy : B6Min = 2002 ( -7 ( x ( 1995

6. VÝ dô 6 : T×m gi¸ trÞ nhá nhÊt cña biÓu thøc.

B7 = | x + 2000| + | x + y + 4| + |2x + y - 6|

Gi¶i :

Ta cã : 
B7 = | x + 2000| + | x + y + 4| + |2x + y - 6|



B7 = | x + 2000| + | x + y + 4| + |6 - (2x + y)| 



B7 ( | x + 2000 + x + y + 4 + 6 - 2x - y|  = 2010

( B7min = 2010 ( (x + 2000); (x + y + 4) ; (6 - 2x + y) cïng dÊu 

VËy : B7min = 2010

7. VÝ dô 7 : T×m  gi¸ trÞ nhá nhÊt  cña 

B = (1 + x2y + xy2)2001 - 2001 xy (x+y) + 2001 víi x2y + xy2 ( 0

Gi¶i :

Theo B§T Becnully ta cã : (1 + x2y + xy2)2001 ( 1 + 2001 (x2y + xy2)

( B  (1 + x2y + xy2)2001- 2001 xy (x+y) + 2001 ( 1+2001.xy(x+y) - 2001xy(x+y) + 2001.

( B ( 2002 ( B min = 2002 ( xy(x+y) = 0 ( 
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VËy : B min = 2002 ( 
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8. VÝ dô 8 : Cho xyz = 1 vµ x + y + z = 3. 

T×m GTNN cña B8 =   x16 + y16 + z16

Gi¶i :

C¸ch 1 : 

Ta cã : 
(a - b)2 + (b - c)2 + (c - a)2 ( 0 
(a,b,c

( a2 + b2 + c2 ( ab + ac + bc  (1)

¸p dông bÊt ®¼ng thøc (1) ta cã : 

B8 =   x16 + y16 + z16 = (x8)2 + (y8)2 + (z8)2 ( x8y8 + y8z8 + z8x8

( B8 ( x8y8 + y8z8 + z8x8
( B8 ( (x4y4)2 + (y4z4)2 + (z4x4)2 ( x4y4. y4z4+ x4y4. z4x4 + y4z4. z4x4
( B8 ( x4y8z4 + x8y4z4 + x4y4z8

( B8 ( (x2y4z2)2 + (x4y2z2)2 + (x2y2z4)2 ( x6y6z4 + x6y4z6 + x4y6z6
( B8 ( (x3y3z2)2 + (x2y3z3)2 + (x3y2z3)2 ( x5y6z5 + x6y5z5 + x5y5z6
( B8 ( (xyz)5.x + (xyz)5.y + (xyz)5.z = x + y + z = 3

(do xyz = 1 vµ x + y + z = 3)

( B8min = 3 ( x = y = z = 1

C¸ch 2: (Kh«ng sö dông gi¶ thiÕt xyz = 1)

¸p dông bÊt ®¼ng thøc bunhiac«pxki nhiÒu lÇn ta cã :

3 = x + y + z ( 9 = (x+ y + z)2 ( (x2 + y2 + z2).3

( 3 ( (x2 + y2 + z2) ( 9 ( (x2 + y2 + z2)2 ( (x4 + y4 + z4).3

  ( 3 ( x4 + y4 + z4 (  9 ( (x4 + y4 + z4)2 ( (x8 + y8 + z8).3

  ( 3 ( x8 + y8 + z8 (  9 ( (x8 + y8 + z8)2 ( (x16 + y16 + z16).3

  ( B8 = x16 + y16 + z16 ( 3 . ( B8min = 3 ( x = y = z = 1

  VËy : B8min = 3 ( x = y = z = 1

II. NhËn xÐt :

· Râ rµng khi ¸p dông mét sè bÊt ®¼ng thøc c¬ b¶n, bµi to¸n ®­îc gi¶i quyÕt nhanh h¬n. Song viÖc  vËn dông bÊt ®¼ng thøc nµo  thuËn lîi cßn tuú thuéc vµo gi¶ thiÕt bµi to¸n vµ sù vËn dông linh ho¹t c¸c bÊt ®¼ng thøc ®ã. Mét vÊn ®Ò ®Æt ra lµ : Hai ph­¬ng ph¸p võa nªu vÉn ch­a ®ñ ®Ó gi¶i quyÕt ®­îc hÕt c¸c bµi to¸n cùc trÞ ®¹i sè THCS. ChÝnh v× lÏ ®ã nhu cÇu ph¶i cã nh÷ng ph­¬ng ph¸p kh¸c tèi ­u h¬n vµ thùc hiÖn ®­îc yªu cÇu bµi to¸n. Tr­íc khi ®i nghiªn cøu  ph­¬ng ph¸p 03. Chóng ta cïng nghiªn cøu mét sè bµi  tËp sau :

III. Mét sè bµi tËp ®Ò nghÞ : 

1. Cho a,b,c > 0 vµ a + b + c = 1

T×m GTNN cña A = (1+
[image: image83.wmf]a
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) (1+
[image: image84.wmf]b
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) (1+
[image: image85.wmf]c
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2. Cho a,b, > 0 vµ a + b = 1

T×m GTNN cña B = 
[image: image86.wmf]2
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3. Cho a,b,c > 0 

a) T×m GTNN cña C = 
[image: image87.wmf]b
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b) T×m GTNN cña D = 
[image: image88.wmf]c
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4. Cho x,y,z  ( 
[image: image89.wmf]4
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 vµ x + y + z = 1

T×m GTLN 
E =  
[image: image90.wmf]3
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5. Cho a,b,c ( 0 vµ a + b + c = 1

T×m GTLN cña F = 
[image: image91.wmf]c
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6. Cho  0 ( x ( 
[image: image92.wmf]3

4

 . T×m GTLN cña G = 4x2 - 3x3

7. Cho  0 ( x ( 3 ; Cho  0 ( y (4. T×m GTLN  H = (3-x).(4-y).(2x+3y)

8. Cho x,y,z,t ( 0 vµ 2x + xy + z + yzt = 1

T×m GTLN cña I = x2y2z2.t

9. Cho x,y,z,t ( 0 vµ xt + xy + z + yzt = 1

T×m GTLN cña K = xyzt

10. T×m GTNN  cña M = |  x-2 | + | y-3 | + | x+y-2007 |

[image: image93.png]


 Ph­¬ng ph¸p 03 : 

( Sö dông ph­¬ng ph¸p ®Æt biÕn phô )

B»ng c¸ch ®Æt biÕn phô vµ sö dông c¸c phÐp biÕn ®èi t­¬ng ®­¬ng. Sö dông c¸c bÊt ®¼ng thøc c¬ b¶n ta cã thÓ chuyÓn biÕn thøc ®· cho vÒ biÓu thøc ®¬n gi¶n h¬n, dÔ x¸c ®Þnh cùc trÞ h¬n.

I. C¸c vÝ dô minh ho¹ :

1. VÝ dô 1: T×m GTNN cña C1 = x4 + 6x3 + 13x2 + 12x + 12

Gi¶i :

C1 = x4 + 6x3 + 13x2 + 12x + 12

C1 = ( x4 + 6x3 + 19x2 + 30x + 25) - 6 (x2 + 3x + 5) + 17

C1 = (x2 + 3x + 5)2 - 6 (x2 + 3x + 5) + 17

§Æt : x2 + 3x + 5 = a

C1 = a2 - 6a + 17 = a2 + 6a + 9 + 8

C1 = (a-3)2 + 8( 8 

do (a-3)2 ( 0 
(a.

( C1min  = 8 ( a - 3 = 0 ( a = 3 ( x2 + 3x + 2 = 0 ( 
[image: image94.wmf]î

í

ì

-

=

-

=

2

1

y

x


VËy : C1min  = 8 ( 
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2. VÝ dô 2: T×m GTNN cña C2 = 2.
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+

÷

÷

ø

ö

ç

ç

è

æ

+

x

y

y

x

  víi x,y > 0

Gi¶i :

§Æt  : 
[image: image98.wmf]x
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 = a (2  ( 
[image: image99.wmf]2
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 = a2 - 2

( C2 = 2.( a2 - 2) - 5a + 6 = 2a2 - 5a + 2

Ta thÊy : a ( 2 ( C2 = 2a2 - 5a + 2 ( 0

( C2min = 0 (a = 2 (  x = y > 0

VËy : C2min = 0 ( x = y > 0

3. VÝ dô 3: T×m GTNN cña C3 = 
[image: image100.wmf]x
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Gi¶i :

§Æt : 
[image: image102.wmf]x
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[image: image103.wmf]x
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Khi ®ã : 
C3 = (a2 - 2) - 3a + 2004



C3 = a2 - 3a + 2004 = a2 - 3a + 2 + 2002

C3 = (a-1) (a-2) + 2000

Do ta cã : a ( 2 ( a - 1> 0 ; a - 2(0
( (a-1) (a-2) (0

( C3 = (a-1) (a-2) + 2000 ( 2000

( C3 min = 2000 ( a = 2 ( x = y ; xy > 0

VËy C3 min = 2000 ( x = y vµ xy > 0

4. VÝ dô 4: Cho x,y,z > 0

T×m GTNN cña C4 = 
[image: image104.wmf]y
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Gi¶i :

§Æt : a = 
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Khi ®ã : 
C4 = 
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C4 = 
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Theo C«si víi a,b,c >0 ta cã : 
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( C4 (  
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( C4min = 
[image: image117.wmf]2
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 ( a = b = c ( x = y = z > 0.

VËy C4min = 
[image: image118.wmf]2
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 ( x = y = z > 0.

5. VÝ dô 5: T×m GTLN, GTNN cña C5 = 
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Gi¶i :

Ta cã : 
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Khi ®ã : C5 =a.b

Theo (1) vµ (2) ta cã :  - 
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Ta cã : 0 ( 
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C5min  = 
[image: image134.wmf]4
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 ( (x2 - 1)2  = (x2 + 1)2 ( x = 0


C5max  = 
[image: image135.wmf]4
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VËy : C5min  = 
[image: image136.wmf]4
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C5max  = 
[image: image137.wmf]4
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II. C¸c bµi tËp ®Ò nghÞ :

1. T×m GTNN cña A = x2 + 4 - x + 
[image: image138.wmf]1
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2. T×m GTLN cña B = 
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3. Cho a ( -
[image: image141.wmf]2

1

; b ( -
[image: image142.wmf]2

1

; c ( -
[image: image143.wmf]2

1

 vµ a+ b + c = 1

T×m GTLN cña C = 
[image: image144.wmf]1
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4. Cho x,y > 0. T×m GTNN cña D = 
[image: image145.wmf]4
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Ph­¬ng ph¸p 04 :

(  Sö dông biÓu thøc phô )


           §Ó t×m cùc trÞ cña 1 biÓu thøc nµo ®ã, ®«i khi ng­êi ta xÐt cùc trÞ cña 1 biÓu thøc kh¸c cã thÓ so s¸nh ®­îc víi nã, nÕu biÓu thøc phô dÔ t×m cùc trÞ h¬n.

VÝ dô : §Ó t×m cùc trÞ cña biÓu thøc A víi A > 0, ta cã thÓ xÐt cùc trÞ cña biÓu thøc : 
[image: image147.wmf]A

1

, -A, kA, k + A, |A| , A2 

(k lµ h»ng sè).

I. C¸c vÞ dô minh ho¹  :

1. VÝ dô 1: T×m GTLN cña A = 
[image: image148.wmf]1
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Gi¶i :

 a) XÐt x = 0 ( A = 0 gi¸ trÞ nµy kh«ng ph¶i lµ  GTLN cña A v× víi x ( 0 ta cã A > 0.

b) XÐt x ( 0 ®Æt P = 
[image: image149.wmf]A

1

 khi ®ã Amax ( Pmin 

víi c¸ch ®Æt trªn ta cã : P = 
[image: image150.wmf]1

1

1

2

2

2

2

4

+

+

=

+

+

x

x

x

x

x


ta cã : x2 + 
[image: image151.wmf]2
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( P ( 2 + 1 = 3 ( Pmin  = 3 ( x = 1

Do ®ã : Amax = 
[image: image152.wmf]3
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2. VÝ dô 2: T×m GTNN cña B = 
[image: image153.wmf]2
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Gi¶i :

§Æt P1 = - B   nh­ vËy  P1max ( Mmin

Ta cã : P1 = 
[image: image154.wmf]2
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 víi x > 0 ( P > 0

§Æt P2 = 
[image: image155.wmf]1
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P2 =  
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P2 =  
[image: image157.wmf]x
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P2 = 
[image: image158.wmf]8008
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( P1 Max = 
[image: image160.wmf]8008
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[image: image161.wmf]8008
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VËy BMin =  -  
[image: image162.wmf]8008
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3. VÝ dô 3: Cho a,b,c d­¬ng vµ a + b + c = 3

T×m GTLN cña C = 
[image: image163.wmf]a
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Gi¶i :

Do a,b,c > 0 ( C > 0

§Æt : P = C2  khi ®ã 
[image: image164.wmf]Max
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Ta cã : P = (
[image: image165.wmf]a

c

c

b

b

a

4

5

4

5

4

5

+

+

+

+

+

)2
( 
P ( (12 + 12  + 12) (5a + 4b + 5b + 4c + 5c + 4a) theo Bunhiac«pxki


P ( 3.9(a + b + c) = 81 
do a + b + c = 3

( PMax = 81 ( a = b = c = 1

( 
[image: image166.wmf]2
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( CMax = 9 ( ( a = b = c = 1

VËy CMax = 9 ( ( a = b = c = 1

4. VÝ dô 4: Cho x, y, z, t > 0

T×m GTNN cña D = 
[image: image167.wmf]t
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Gi¶i :

§Æt P = 2D ta cã :

P = 
[image: image168.wmf]t
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P= 
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P=
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[image: image171.wmf]6
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( DMin = 
[image: image172.wmf]2
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VËy DMin = 
[image: image173.wmf]2
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5. VÝ dô 5: Cho x, y > 0 vµ 7x + 9y = 63
T×m GTLN cña E = x.y

Gi¶i :

§Æt : 
P = 63.E ta cã :


P = 63xy = 7x.9y ( 
[image: image174.wmf]2
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P  ( 
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[image: image176.wmf]4
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DÊu "=" x¶y ra ( 7x = 9y = 
[image: image178.wmf]2
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6. VÝ dô 6 : Cho x2 + y2 = 52 
T×m GTLN cña F = 2x + 3y

Gi¶i :

XÐt : 
P1 = |F| khi ®ã P1 = |2x + 3y|

§Æt :
P2 = 
[image: image183.wmf]2

1

P

  khi ®ã P2 = (2x + 3y)2

Theo Bunhiac«pxky : P2 ( (4 + 9) (x2 + y2) = 13.13.4

( P2 Max = 13.13.4 ( 
[image: image184.wmf]î
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Do F ( |F| = P

( FMax = 26 (
[image: image186.wmf]î
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VËy FMax = 26 (
[image: image187.wmf]î
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7. VÝ dô 7: Cho x,y > 0 

T×m GTNN cña G = 
[image: image188.wmf]x
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Gi¶i :

§Æt : P = G - 2 ta cã : 

P = 
[image: image189.wmf]x

y

y

x

x

y

y

x

x

y

y

x

+

+

-

-

+

2

2

2

2

4

4

4

4

-2

P = 
[image: image190.wmf]÷

÷

ø

ö

ç

ç

è

æ

+

-

+

÷

÷

ø

ö

ç

ç

è

æ

+

-

+

÷

÷

ø

ö

ç

ç

è

æ

+

-

+

÷

÷

ø

ö

ç

ç

è

æ

+

-

x

y

y

x

x

y

x

y

y

x

y

x

x

y

x

y

y

x

y

x

2

.

.

2

1

.

2

1

.

2

2

2

2

2

2

2

4

4

2

2

4

4


P = 
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VËy GMin = 2 ( x = y > 0

II. C¸c bµi tËp ®Ò nghÞ :

1. Cho x,y, z  > 0 vµ x2 + y2 + z2 = 1

T×m GTNN cña A 
[image: image192.wmf]y
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2. Cho x ( 0.

T×m GTNN cña B = 
[image: image193.wmf]4
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3. Cho x ( 0

T×m GTLN cña C = 
[image: image194.wmf]1
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4. Cho a2 + b2 + c2 = 1

T×m GTLN cña D = a + 2b + 3c

5. Cho a,b > 0 vµ a + b = 2

T×m GTNN cña E = 
[image: image195.wmf]÷
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6. Cho a, b, c, d > 0

T×m GTNN cña F = 
[image: image196.wmf]c
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7. Cho a,b ( |R

T×m GTNN cña G = 
[image: image197.wmf]2
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 Ph­¬ng ph¸p 05 : 

( Ph­¬ng ph¸p miÒn gi¸ trÞ )


Trong mét sè tr­êng hîp ®Æc biÖt, biÓu thøc ®¹i sè  ®· cho chØ cã thÓ cã mét hoÆc hai biÕn sè vµ ®­a ®­îc vÒ d¹ng tam thøc bËc 2 th× ta cã thÓ sö dông  kiÕn thøc vÒ miÒn giµ trÞ cña hµm sè ®Ó gi¶i vµ thÊy rÊt hiÖu qu¶.

· §­êng lèi chung lµ :

Gi¶i sö ta ph¶i t×m cùc trÞ cña hµm sè f(x) cã miÒn gi¸ trÞ D. Gäi y lµ mét gi¸ trÞ nµo ®ã cña f(x) víi x ( D. §iÒu nµy cã nghÜa lµ ®iÒu kiÖn ®Ó ph­¬ng tr×nh f(x) = y cã nghiÖm. Sau ®ã gi¶i ®iÒu kiÖn ®Ó ph­¬ng tr×nh f(x)=y cã nghiÖm (x lµ biÕn, coi y lµ tham sè). 

Th­êng ®­a ®Õn biÓu thøc sau : m (y(M

Tõ ®ã ( Min f(x) = m 
víi x ( D.


( Max f(x) = M 
víi x ( D.

I. C¸c vÝ dô minh ho¹ :

1. VÝ dô 1: T×m GTNN cña f(x) = x2 + 4x + 5

Gi¶i :

Gäi y lµ mét gi¸ trÞ cña f(x) .

Ta cã :
y = x2 + 4x + 5


(
x2 + 4x + 5 - y = 0
(cã nghiÖm)


(
(' = 4 - 5 + y ( 0

( 
y ( 1

VËy f(x) Min = 1 ( x = -2

2. VÝ dô 2:

T×m GTLN cña f(x) = - x2 + 2x - 7 

Gi¶i :

Gäi y lµ mét gi¸ trÞ cña f(x) .

Ta cã  :
y = - x2 + 2x - 7


( 
x2 - 2x + y + 7
(cã nghiÖm)


(
(' = 1 - y - 1 ( 0


( 
y ( - 6

VËy f(x)Max = -6 ( x = 1

3. VÝ dô 3: T×m GTLN, GTNN cña f(x) = 
[image: image199.wmf]3
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Gi¶i :

Gäi y lµ mét gi¸ trÞ cña f(x) .

Ta cã : y = 
[image: image200.wmf]3
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 ( yx2 + 2yx + 3y - x2 - 4x - 6 = 0

( (y - 1)x2 + 2 (y - 2).x + 3y - 6 = 0 
(cã nghiÖm)

* NÕu y = 1 ( x = - 
[image: image201.wmf]2
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* NÕu y ( 1 ( (' = (y - 2)2 + (3y - 6)(1 - y) ( 0

( y2 - 4y + 4 - 3y2 + 3y + 6y - 6 ( 0

( - 2y2 + 5y + 2 ( 0

( 
[image: image202.wmf]2
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Ta thÊy : 
[image: image203.wmf]2
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Do vËy : 
f(x) Min = 
[image: image204.wmf]2

1

 ( x = -3



f(x) Max = 2  ( x = 0

4. VÝ dô 4 :

T×m GTNN cña f(x) = 
[image: image205.wmf]1
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Gi¶i :

Gäi y lµ mét gi¸ trÞ cña f(x) .

Ta cã :
y = 
[image: image206.wmf]1
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( yx2 + 2yx + y - x2 - 2x - 6 = 0

( (y - 1)x2 - 2(y + 1)x + y - 6  =  0 
(cã nghiÖm)

* NÕu y = 1 ( x = - 
[image: image207.wmf]4
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* NÕu y ( 1 ( (' = (y + 1)2 - (y - 1)(y - 6) ( 0

( y2 + 2y + 1 - y2 + 6y + y - 6 ( 0

( 9y - 5 ( 0

( y ( 
[image: image208.wmf]9
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Do 
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[image: image211.wmf]2
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VËy f(x) Min = 
[image: image212.wmf]9
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[image: image213.wmf]2
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5. VÝ dô 5: T×m GTLN cña f(x) = 
[image: image214.wmf]1
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Gi¶i :

Gäi y lµ mét gi¸ trÞ cña f(x). 

Ta cã :
y = 
[image: image215.wmf]1
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( yx2 + y - x2 - 1 = 0





( (y - 1)x2 + y - 2 = 0





( (y - 1)x2 = 2 - y

(cã nghiÖm)


* NÕu y = 1 ( Ph­¬ng tr×nh v« nghiÖm 

* NÕu y ( 1 ( x2 = 
[image: image216.wmf]1
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[image: image217.wmf]1
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II. C¸c bµi tËp ®Ò nghÞ :

1. T×m GTNN cña : 

a) A = 5x2 + x + 7
; b) B = 
[image: image218.wmf]7
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[image: image219.wmf]x
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2. T×m GTLN cña :

a) A = -x2 + x + 2 ; b) B = 
[image: image220.wmf]18
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[image: image221.wmf]25
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3. T×m GTLN vµ GTNN cña :

a) A = 
[image: image222.wmf]1
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; b) B = 
[image: image223.wmf]1
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c) C = 
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[image: image225.png]


 Ph­¬ng ph¸p 06 :

( Ph­¬ng ph¸p xÐt tõng kho¶ng gi¸ trÞ )


Cã nhiÒu bµi to¸n nÕu ta chØ sö dông c¸c phÐp biÕn ®æi t­¬ng ®­¬ng, c¸c bÊt ®¼ng thøc c¬ b¶n ph­¬ng ph¸p ®æi biÕn hay biÓu thøc phô, thËm chÝ ngay c¶ khi sö dông ph­¬ng ph¸p miÒn gi¸ trÞ hµm sè, viÖc t×m cùc trÞ vÉn gÆp rÊt nhiÒu khã kh¨n cã khi kh«ng thÓ t×m ®­îc. Nh÷ng khi ta biÕt c¸ch xÐt tõng kho¶ng hîp lý (cã sù dù ®o¸n) th× viÖc t×m ®­îc cùc trÞ trë nªn ®¬n gi¶n.

I. C¸c vÝ dô minh ho¹ :

1. VÝ dô 1:

Cho m, n ( N*. T×m GTNN cña A = |36m - 5m|

Gi¶i :

Do 
m ( N* (36m cã ch÷ sè  tËn cïng lµ 6


n  ( N* ( 5m cã ch÷ sè  tËn cïng lµ 5

V× vËy : 
NÕu 36m > 5m th× A cã ch÷ sè tËn cïng lµ 1



NÕu 5m > 36m th× A cã ch÷ sè tËn cïng lµ 9

a) XÐt A = 1 ta cã : 36m - 5m = 1 (kh«ng x¶y ra) v× 


(36m  - 1) : 7 cßn 5m :7

b) XÐt A = 9 ta cã : 5m - 36m = 9 (kh«ng x¶y ra) v× 


(5m - 36m) : 9 cßn  9 : 9

c) XÐt A = 11 , x¶y ra , ch¼ng h¹n  m = 1, n = 2

VËy AMin  = 11 ( m = 1; n = 2

2. VÝ dô 2: Cho m ( N*  . T×m gi¸ trÞ lín nhÊt cña B = 
[image: image226.wmf]n
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Gi¶i :

Víi n = 1
ta cã : B  =  
[image: image227.wmf]2

1

< 1

Víi n = 2
ta cã : B = 1

         Víi n = 3     ta cã : B = 
[image: image228.wmf]8
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 > 1

Víi n = 4
ta cã : B = 1

Víi n = 5
ta cã : B = 
[image: image229.wmf]32

25

 < 1

Víi n = 6
ta cã : B = 
[image: image230.wmf]16
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 < 1
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Ta dù ®o¸n r»ng víi n ( 5, n ( N th× B < 1

ThËt vËy : Ta chøng minh dù ®o¸n b»ng ph­¬ng ph¸p quy n¹p.
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3. VÝ dô 3: Cho a, b, c, d ( N*  vµ a + b = c + d = 20
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2. Cho a, b, c, d ( N* vµ a + b = c + d = 1000. 
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 Ph­¬ng ph¸p 07: ( Ph­¬ng ph¸p h×nh häc )

Trong c¸c bµi to¸n xÐt cùc trÞ cña biÓu thøc ®¹i sè nÕu biÓu thøc ë d¹ng lµ tæng hiÖu cña c¨n bËc hai cña c¸c tam thøc th× ta cã thÓ ®­a bµi to¸n xÐt cùc trÞ cña c¸c biÓu thøc ®¹i sè sang xÐt ®é dµi cña c¸c ®o¹n th¼ng b»ng viÖc chän  c¸c ®iÓm cã to¹ ®é thÝch hîp chøa c¸c ®o¹n th¼ng ®ã.

· Lý thuyÕt cÇn vËn dông.
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· C¸c vÝ dô minh häa.
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H·y t×m gi¸ trÞ lín nhÊt cña f(x) .
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Chän trong mÆt ph¼ng to¹ ®é 3 ®iÓm : A (2,1); B(5, 5); M (x, 0)
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        khi vµ chØ khi 3 ®iÓm M, A, B th¼ng hµng.
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T×m gi¸ trÞ nhá nhÊt cña f(x)  (1)
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chän D (x, 8); E (0, 2x) ; F (x-4, 0)

DE = 
[image: image284.wmf]2

2

)

8

2

(

-

+

x

x

; EF = 
[image: image285.wmf]2

2

)

2

(

)

4

(

x

x

+

-

; DF = 
[image: image286.wmf]5

4


ta cã : DE + EF ( DF 

( 
[image: image287.wmf]5

4

)

2

(

)

4

(

)

8

2

(

2

2

2

2

³

+

-

+

-

+

x

x

x

x

 (3)

Céng (2) vµ (3) ta cã  : 
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( Gi¶i ®iÒu kiÖn ta t×m ®­îc x = 2.

VËy gi¸ trÞ nhá nhÊt cña f(x) = 4 (
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NhËn xÐt : VËn dông ph­¬ng ph¸p nµy ®Ó t×m cùc trÞ cña biÓu thøc, ®ßi hái ng­êi gi¶i ph¶i rÊt tinh tÕ khi chän ®iÓm ®Ó th¶o m·n nh÷ng yªu cÇu      bµi to¸n.

Bµi tËp tham kh¶o :

Bµi 1 : T×m gi¸ trÞ nhá nhÊt cña f(x) = 
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Bµi 2 : T×m gi¸ trÞ lín nhÊt cña f(x) = 
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