PHAN HUY KHAT

CHUYEN DE BOI DUGNG HOC SINH GIOI TOAN

TRUNG HOC CO SO
GIA TRI LON NHAT VA NHO NHAT
CUA HAM SO

- NN

NHA XUAT BAN GIAO DUC



Chuong I.
€O SO LI THUYET

§ 1. BAT DANG THUC

1. Pinh nghia

Cho hai s8.a va b. Ta néi ring
l.a>beoa-b>0.
2.a<bea-b<0.

2. Cac tinh chat co ban chia bat ding thic

1.Néua>b,b>cthia>c.
(Tinh chat bic cdu cta bat ddng thitc).
Chitng minh :
Ta c6 4
a-c=(@-b)+(b-c). (1)
Via>bnéna-b>0; tudngtub c>0(dob>c)
Vi thé (a - b) + (b - ¢) = 0 (do téng ctia hai s§ duong 1a s& duong).
Theodlnhnghla tta-c>0suyraa>c= d.p.cm.
2. Néua > b thi
ma > mb néum > 0,
ma < mb néu m < 0.
3. Néua>b;c>dthia+c>b+d.
4. Néua>b;c<dthia-c>b-d.
5.Néua>b>0vac>d>0,thiac>bd.
6 b

.Né’ua>b>0vé0<c<d,tl'ii2>a.
c

7.Néua>b>0thi a” >b", Vn nguyén duong.

8. N&u a > b thi a®*! > b?*! vn ty nhién.

Chiuy:

- Chlmg minh cac tinh chat tit 2. dén 6. déu dua tryc tiép vao

dinh nghia cta b4t ding thic va ching mmh tuong tu nhu 1. (va xin -
danh cho ban doc).

- Bay gio ta chiing minh 7.
Ap dung hing ding thitc quen biét
y+ ..+ Xy

Xn _ yn - (X _ y) (Xn-l + Xn-2 n-2 + yn—l)’



[

ta ¢
a -b" =(a-b) @™ +a™%b +... + ab™? + b™),

Do a - b > 0 (vi a > b) ¢on biéu thic trong ddu ngodc con lai la
téng ctia n s§ duong, vi thé biéu thic &y dudng. Vi thé a® - b™ > 0.

Theo dinh nghia suy ra a" >b™. Tinh ch4it 7 dugc chitng minh.

- Chuyén sang chitng minh 8. |

Xét ba truong hop sau :

1.Gidsta=0= a®™1=0.Doa>b=b<0= b2 <0

(uy thita bac 18 clia méot s6 4m 13 s6 4m) = a®™*! > b2,
2.Giasta<0.Via>b=b<0.
Tia>b=0<-a<-b. Vay theo 7. suy ra

(_é)2n+1 < (___b)2n+1 = _a2n+1 < _b2n+l = a2n+1' > b2n+1
3.Giastta> 0. Khi d6
- Néu b <0 thi a?‘”l >0 > b2+,
-N&ub>0thitita>b>0,theo 7. suy ra a?*! > b2+,
Tém lai ta ludn c6 a®™*! > b®**! Tinh chit 8 duge chitng minh.
3. Cac bt ding thitc thong dung
3.1. Bit dang thic Co-si

Cho a,,a,, ... a, la cac s6 khong am. Khi d6

a, +a, +...+a
1 2 n
1. - ZWalaz...an (1)

n
2. D&u béing xdy ra trong (1) khi va chi khi a; =a, = ... = a,.
Chitng minh :

Ta sit dung nguyén li quy nap toan hoc dé chitng minh.
- Véi n = 2 bat ddng thite (1) c6 dang

4 -;a2 > \/aa,. C®

2
L —'2——- Za,132

" o(a; —a,)* 20. ®
Vi (3) hién nhién dung, nén (2) dang. Tu (3) suy ra ddu bing xay
Vay bt ddng thitc Co-si ding khin = 2.
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- Gid st bat ding thite (1) dd ddng dén n =k, tic 14 véi moi a,, a,,

., a,20taco
a, +a, +...+2a
1 2k k>Waa,..a,,
va d&u biing xay ra trong bat ddng thic trén < a; =a, =...=a,.

- Xét khin=k + 1. Véi a,, ay, ..., a,,; khong am, ta c6

a, +a, +...+a '
1 2 k g

Sy = a+tag+..tay, _ k k+1
+ k+1 k+1

i 5 L1 .
T (4) va theo gia thiét quy nap, ta c6

k¥a a,..a, +a,

Sy 2
kel k+1
Diu bing trong (5) xay ra (theo gia thiét quy nap) <
al =az =...=ak.

D4t aa, ... a, = ok vy Ay = Bk+l. Khi d6 (5) c6 dang

3 S kakﬂ +I3k+l
kel = k+1

T (6) di dén

‘ ko k! +Bk+l ‘
Sk+1 - k+,1¢ala2...ak+1 2 T - akB.
Bing phép tinh ta c6 |
k+1 k+l _ ko _ .k
VF(7)=ka +B ka™*p of__1
" k+1 k+1

@

®)

(6

M

[kak (a-B)- B(ak —’Bk )]

= i:?[kak ~B(o" + 02 B2 R )}
= i;?[ak_l (o= PB)+ok? (a2 —[32)+...+

+ ol (ak—2 _ B1«-2)+ a(ak—l _pkt )]
=(—ak—_;—BI)f-[ak'l + 052 (o +B) +. +

+ o (ak‘3 okt e+ Bk‘3) + a(ak‘2 +oX 3B+, + K2 )]

Via20,p 20, nén tu trén suy ra



 VF(N) 20vaVF(7) =0 o=.
Tu d6 dya vao (7) va theo tinh chét béc cdu ctia bt ding thic ta c6

S —¥¥ajay..8,,, 20
L a, +a,+...+a
tdce 1a 172 k21 > kelfa ay..ay,, - (8)

al =a2 = ... =ak
a=p
< 8; Fag = .= ap T apy,
Vay b4t ding thic Co-si ciing ding khi n = k + 1. Theo nguyén 1l

quy nap suy ra (1) ding véi vn = 1, 2 ... Bit déng thic Co-si duge ching
minh hoan toan.

Chuy:

Véi ban doc 8 chuong trinh hoc cd s0, rat hay st dung bat ding
thic Co-si khi n = 2, 3, 4. Ching t6i xin gidi thiéu cich chiing minh khi
n=4,n=23. ,
eVoin=4

Ta c6 cach chitng minh don gian sau day :

Ap dung bat d8ng thitc Cé-si khin =2, ta c6

a,+a,  83+a,
a +ag+az+a, 9 92 2\vﬁl+a2_a3+a4. D
4 ‘ 2 2 2
Lai 4p dung bat ding thitc Co-si khin =2, ta c6

,fal ;a2 % +a4 > Ja,a,.\Jaza, =4a,a,aza,. @)

Tu (1) (2) suy ra

D4u bing trong (8) xay ra < {

S Zas =24 > a2, | @)
D4u bing xay ra trong (8) < dong thoi c6 dau béng trong (1) va
(2), hay
a,+a, ag+a,
2 2 < a; Tap Tag =a,.
a; =a, ;a3 =a,
Vay b4t d&ng thitc Co-si diing véi n = 4.
eVoin=3
Cach ching minh nhu sau :

Ap dung bat ding thitc Co-si véi n = 4, ta c6
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ta. 4q, B TBYag .
a; *az +ag: 3 a, +a, +a,
2 Ya a3 ——t—=
4 , 3
a,+a,+a a, +a, +a
o 22778 >43 a8y L —2—3 4)
13283 3 ,

Do a,,a,,a; khéng am nén a, +a,+a; > 0. Tuy nhién néu
a, +a, +a, =0 thi bat ddng thtc dd cho hién nhién ding (vi khi d6
a,=a,=a; =0 va cd hai v& cla bit ding thitc cAn chiing minh déu
bing 0).

Vi thé

4
a; +a, +a a;+a,+a
1+8 tas 1 T3 +34
(4)<:>( 3 ) > a,85a4 3

3
a; +a, +a
_1__2.____3_ 2 a,a.a
3 19243
a, +a, +a ’
o 12 "35>3/ a,a,. (5)
3 14293 v .

Theo trudng hdp n = 4, thi ddu bang trong (5) xay ra khi va chi khi

Vay bt ding thic Co-si ding khin = 3.
3.2. Bdt ddng thitc Bu-nhi-a-cép-ski
Cho a,, ay, ..., a, va by, by, ..., b, 12 2n s6 bat ki. Khi d6 ta c6
(af +al+... +a§)(bf +b2 4.+ bf,)z (a,b, +85by +...+a,b, ). (1)
D4u bang trong (1) xay ra khi va chi khi

b B R B ©)
b, b, b, .
(Luu ¥ rdng néu trong (2) b; = 0, thi ta s& hiéu 12 a, tuong dng
<ling = 0).
Chitng minh :

Xét tam thic bac hai sau day
f(x) = (a1 +aj +...+an)x2 -2(a,b; +agby +...+a,b )x +
| + (bf+b§+...+b§)
Ta c6 thé viét lai f(x) dudi dang sau : '
£(x)=(a,x—b; )’ +(ax =by )’ +...+(ax - b, )2 N ¢:))



Nhu vay tu (3) suy ra f(x)20, Vxe R. 4)
Ta chi quan tam khi a +a% +...+a2 >0 (Vinfu a? +a2 +...+a2 =0
thi a, =a, =...=a, =0 va lic nay (1) hién nhién ding vi ca hai vé&

déu = 0).

Nhu thé& f(x) 14 tam thidc bac hai ma f(x)>0, Vxe R,
2, .2

a=a’+a+..+a% >0, nén theo dinh 1i v& d4u cta tam thic bac hai
tacé6 A'<0, hay

(a,b, +a5by +...+a,b, ) —(af +.. +aﬁ)(bf +... +b,21) <0,

tac la

. 2
(af +a3 +...+a2)(b} +bj +...+bE )2 (a;b; +azby +...+a,b, )’

Vay phén 1 ctia b4t ddng thuc Bu-nhi-a-cé’p-éki dudc ching minh.
Theo (3) ddu bing trong (1) xay ra khi va chi khi hé sau day

a,x-b, =

¢6 nghiém. Diéu nay tuong duong véi
L R
b, by

(v6i cach hiéu khi b; =0 thi a; =0).

B4t ddng thic Bu-nhi-a-c6p-ski duge chitng minh hoan toan.

=2
bn

Chuy:

Ta ciing c6 thé thdy ring : Bit ddng thic Bu-nhi-a-c8p-ski xem -

nhu hé qua ctia bat ddng thic Co-si.

That vay ’ .
(1) & |a;b,+asb,+..+a,b, | <

< JaZ+aZ+..+a’ . b2 +bZ+.. +Db2. )

Ta chi cdn xét khi a?+a2+..+a2>0 va b2+bZ+..+b2>0 (vi

néu mét trong hai téng trén bing 0, ching han bf +..+ bf, =0 thi (5)
hién nhién diing vi ca hai v& ctia né déu bing 0). Vi thé

la;b, +azb, +...+a,b,|

®) &
JaZ +aZ +..+a% b2 +b2 +..+b2

<1. O]




N
"8

Theo tinh chat cia gi4 tri tuyét d4i, ta c6
[a.b4| | [2aba |

VT(6) < +.. . (M
JaZ +...+a%.\b? +..+b2 \/a1 N T
Theo bit ding thitc Co-si, thi
(s bl i a w
\/a1 +.. .|.a2 \/b2 + .. +b2 2 af +...+aﬁ b% +..+ blz1
SN . (8)
Ian| . |bn| _<_l - 3121 ot bﬁ 5
L\/af+.,.+a,21 \ﬁ:);"+...'+b,21 2\ay +..+a, by+..+by

Cong titng v& n bat ddng thic trén, ta c6

2 2 1.2 2
VF(7)sl a; +...+a;1 N b; +"',+b;‘ -1
2\a] +...+a% by+..+bZ
T d6 theo tinh chat béc cdu chia bat ddng thitc suy ra (6) ding.
D4u bing trong (5) xy ra
& dbng thdi c6 ddu bing trong (6) va (8) cing d&u

a,b;, azb,, ..., a b,
Aad lal - [by| Vi=1n
JaZ+..+a2 b+ . +Db2
P R
bl bn

Bat déng thic Bu-nhi-a-cp-ski dude ching minh hoan toan dua
vao bat déng thic Co-si.

Bét ddng thitc Tré-bu-sep
Cho hai day téng a, <a, <..<a va b; <b, <...<b
Khi d6 ta c6
(a;+az+...+a ) (b, +by+..+b ) <n(ab; +aby +...+a,b,). (1)
D4u bing trong (1) xay ra khi va chi khi

n*

hOéC al =a2 =...=an, hOé.C bl =b2 =...=bn.
Ching minh : '
Dt = B8zt 8y

n
Do a, <ay <...<a,, nén tén tai mét chit s§ i sao cho
a;Sag<..<a;faga;,;<...<a,



O 7’, l'o
'901 .

Lay s6 b tuy ¥ sao cho

b, <by £...<b;<b<b,,,<..<b,.
Khi d6 v8i moi k = fﬁ ro rang, ta cé
(a, —a)(by ~b)20
= a,b, ~ba, —ab, +ab20, ~ Vk=l,n *)
Cong titng vé& n bat ddng thic dang (*), ta c6
Zakbk —bZak aZbk +nab20. | **)
k=1 k=1

Vi bz ay = nab nén tit (**) suy ra Zakbk az b, 20,
k=1 k=1 k=1

hay Zakbk _—ZakZbk,tUC 1a
Ny kal

n(a;b, +...+a,b )2(a, +..+a,)(b; +...+b,).

Cing ti d6 suy ra ddu bing trong (1) xay ra, nghia la hoic
a, =ay =...=a, hofic by =b,=...=b.

B4t ding thic Tré-bu-sep duge chitng minh.
Chuy:

Déi khi bat déng thitc Tré-bu-sep duge phat biéu dudi dang tuong
duong sau :

Cho day ting a, <a, <...<a, vadidygiam b, >b, >...2b,.
Khi d6 ta c6 bat ding thitc sau '
(a, +ay +..+a,)(b; +by +...+b )2n(a;b, +a,b, +...+a,b ). (2)

D#u bing x4y ra trong bat ding thic trén <
ho#c a; =a, =...=a, hodc by =b,=...=b, . _
That vay bing cach dit b, =-bj, tacé b, <b, <...<bl,.

Ap dung bat ddng thic Tré-bu-sep cho hai day ting
a;<a,<..<a, va by <b, >..<b;, tacéd

(a; +ag +...+a,)(b] +by +...+ b)) <n(a,b] +a,by +...+a,b))
< ~(a; +ay+..+a,)(b, +by+...+b,)<-n(a;b, +asb, +...+a,b,)
< (a,+ay+...+a,)(by +by +...+b ) 2n(ab, +a,b, +...+a,b,).

Vay (2) ding.

10



§ 2. CAC TiNH CHAT CO BAN CUA GIA TR LON NHAT
VA NHO NHAT CUA HAM SO

1. Dinh nghia

Cho ham s8 f(x) xac dinh trén mién D. Ta néi ring
a) S6 M la gia tri 16n nhat cia ham sé f(x) trén mién D, va ki
hiéu la

M = max x),
xeD

néu nhu hai diéu kién sau ddy déng thdi thoa man :
1. f(x)<M, vxeD
2. Tén tai x, € D sao cho f(x,)=M.
b) S6 m 1a gia tri nhé nhat cia ham s6 f(x) trén mién D, va ki
hiéu la
m = min f(x),

xeD
néu nhu hai diéu kién sau day déng thoi thod man :
1. f(x) 2 m, vxeD

2. Ton tai x, € D sao cho f(xy)=m.

- 2. Cac tinh chat cd ban cua gia tri 16n nhit, nhé nhat ciia ham s

2.1. Tinh chéat 1 :

Gia st f(x) xac dinh trén D va A, B 1a hai tap hdp con cia D, trong
dé A c B. Gia st ton tai maxf(x), maxf(x), min f(x), minf(x). Khi dé

xeA xeB xeA xeB
ta cb v
max f(x) < maxf(x), - - (1)
x€A - xeB
min f(x) 2 minf(x). 2
xeA xeB '
Chitng minh :

Ta chi cAn ching minh (1) (vi (2) dudc chitng minh hoan toan
tuong tu).

Gia st maxf(x)=1f(xy), véi X A. Do AcB, nén tit x, € Asuy
xeA

ra x, € B. Tl 6 theo dinh nghia suy ra

f(xy) < maxf(x), hay maxf(x) < maxf(x).
xeB xeA xeB

11



2.2, Tinh chdt 2 :

Gia st ham s8 f(x) xac dinh trén D va ton tai maxf(x) va minf(x).

xeD xeD
Khi d6 ta ¢6 4

max f(x) = —min(-f(x)) ; minf(x) = - max(-f(x)).

xeD xeD xeD xeD
Chung minh :
Gia st M = maxf(x).

xeD .
Khi d6 theo dinh nghia gia tri 16n nhit, ta c6

{f x)<M vVxeD

fxg)=M, véix,eD.
Tt hé trén suy ra S
{—f(x) >2-M VxeD *)
-f(xo)=-M.
Theo dinh nghia cua gia tri nhé nhat, tu (*) suy ra
min(—f(x)) =-M.
xeD
Nhu vay ta di dén mz}a)x f(x) = -min(-f(x))=> d.p.c.m.
Xe xeD
Phin sau chiing minh hoan toan tuong ty.

Nhaén xét :

Tinh ch4t 2 cho phép ta chuyén bai toan tim gia tri 16n nhét thanh

bai toan tim gia tri nhé nhat hodc nguge lai. Diéu nay c6 ich trong nhiéu
trudng hgp cu thé sé xét sau nay.

2.3. Tinh chdt 3 :

Gia st f(x) va g(x) 1a hai ham s6 ciing xac dinh trén mién D va

thod man diéu kién f(x)>g(x) VxeD.

12

Khi d6 ta ¢6 max f(x) >2max g(x).
'xeD xeD

Ching minh :

Gia st maxg(x)=g(xy), vii xqeD
xeD

Tit gia thiét ta c6 g(x,) < f(xq). (1)
Vi x;, € D, nén theo dinh nghia gia tri 16n nhit ta c6
f(xy) < max f(x). 2)
xeD
Tu (1) (2) suy ra max f(x) >2max g(x).

xeD xeD

Dé 1a d.p.c.m.



2.4. Tinh chét4: .

Gia su f(x) xac dinh trén mién xac dinh D va mién D dugc biéu
dién duéi dang .

D=D, UD,.
Gia thiét ton tai maxf(x) va minf(x) Vi=l,n.
xeD; xeD;

Khi d6 ta c6 cong thic sau :

max f(x) =’max {max f(x), maxf(x)} , )

xeD xeD, xeD,

min f(x) = min {min f(x),min f(x)} . (2)

xeD xeD, xeD,
Chitng minh :

Ta chi cdn chitng minh (1) (con (2) duge ching minh bing mét cach
hoan toan tuong tu). Vi D, ¢ D, i =1, 2; nén theo tinh chit 2, ta c6

max f(x) < max f(x) ; maxf(x) < maxf(x). (3)
xeD,; xeD xeD, xeD
Tu (3) suy ra max {max f(x),max f(k)} <maxf(x). 4)
xeDy xeD, xeD .

Gia st max f(x) =f(x,), v6ix, e D.
xeD

* ViD=D,UD, ma x,€D nén x, €D, UD,. Do vay x, phai thudc
vé it nhat mot trong hai tap D,, D,. Tit 6 c6 thé cho 1a (ma khéng hé
lam gidm sy téng quat) x, € D; .

Tu x, € D, , nén theo dinh nghia vé gia tri 16n nhit ta c6

f(xy) < max f(x). 5)
xeD, :
L& hién nhién
max f(x) < max {max f(x), maxf(x)}. (6)
xeD, : xeD, xeD,
Tu (5), (6) suy ra
f(x4) = max f(x) < max {max f(x), maxf(x)}. @)
xeD xeD, xeD, .

Bay gid tu (4), (7) ta di dén
max f(x) = max{max f(x), maxf(x)}.
xeD xeD,; xeD,

D61a d.p.c.m.
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NHhdn xét :
1. Tinh chat 4 ¢6 thé phat bidu duéi dang md rong chut it nhu sau
Né&u mién xac dinh D ctia ham s6 f(x) c6 dang
D=D,UD,U .. UD,

va gid sl tén tai maxf(x), minf(x), Vi=1,n. Khidétacé
xeD, xeD;

max f(x) = max {max f(x),..., max f(x)} ,

xeD xeD, xeD,

min f(x) = min{min f(x),..., min f(x)}.
xeD xeD, xeD,

2. Nho tinh chdt 4 néi trén cho phép ta c6 thé bién bai toan tim gia
tri 16n nh4t, gia tri nhé nh4t cia mdt ham s6 trén mdt mién xac dinh
phitc tap thanh mét day cAc bai toan tim gia tri 16n nhat, nhé nhat cla
ham s& 4y trén cic mién xac dinh don gian hon (di nhién viéc giai cac
_bai toan : tim m.'il)x f(x), mi1;1 f(x)néi chung la don’ gian hon nhiéu so véi
xeD; xeD;

viéc giai cac bai toan tim max f(x), minf(x)). Vili do 4y nén tinh chat 4
xeD xeD

con hay goi 1a nguyén li phén ra.

3. Dya vao tinh chit 2 ta c6 thé dya vao phdn 1 dé ching minh
phén 2 cda tinh chit 4 nhu sau :

Theo tinh chit 2 thi

minf(x)= -max(-f(x))
xeD xeD

Duya vao phén 1 cta tinh chét 4 (vita chitng minh), ta cé

min f(x) = —l:max {max(—f(x)), max(-—f(x))H

xeD xeD, xeD,

= —[max {— min f(x),—min f(X)H

xeD, xeD,

=min {min f(x), min f(x)}.

xeD, xeD,

D6 1a d.p.c.m.
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2.5. Tinh chét 5 :

Cho cac ham s8 f,(x), f,(x), ..., f,(x) cing xac dinh trén mién D.
Dat f(x)=f(x)+5(x)+..+f,(x). Gid s tén tai maxf(x), minf(x)).
xeD xeD
max f;(x), minf; (x) véi moi i= 1,n.
xeD xeD
Khi d6 ta cé
max f(x) < max f, (x)+ max f,(x)+... + max f_ (x), 1)
xeD xeD xeD xeD
min f(x) 2 min f, (x)+ min f,(x)+... + min f, (x). 2)
xeD xeD xeD xeD

D4u bing trong (1) xy ra khi va chi khi tén tai x, € D sao cho

max f,(x) = f,(x,), Vi=1,n.
xeD
Dau béng trong (2) xay ra khi va chi khi tén tai x, € D sao cho

minf,(x) = fi(x,), Vi= 1,n.
xeD
Chitng minh :
Ta ching minh (1) (véi (2) phép chung minh hoan toan tuong tu).

Lay tuy § x e D. Theo dinh nghia cta gia tri 16n nhit ta cé

f.(x)<maxfi(x), Vi=l,n S ®)
xeD
Cong ting v& n bat déng thic (3), ta c6
f(x) =f,(x) +... + f,(x) S max f| (x)+ ... + max f_ (x). (4)
x;eD x,€D
Vi bét ddng thic (4) ddng v6i moi x.e D, nén ta c6
max f(x) < max f (x)+...+ maxf (x). 5)
xeD xeD xeD

Vay (1) ding. Bay gio ta xét kha ning c6 ddu bing trong (1).
Gia sit ton tai x, € D ma maxf(x)=f,(x,), Vi=l,n.

xeD
T d6 ta c6 :
max f; (x)+... + max f (x) =f (xy) +... + £, (%) = f(x4). (6)
xeD xeD
Do f(x;3) < max f(x), nén tit (6) suy ra
xeD
max f, (x)+ ...+ max{ (x) <max f(x). @)
xeD xeD xeD

Tu (5), (7) suy ra trong trUOng hop nay xay ra ddu bang trong (1).
D3o lai, gia st ddu bdng trong (1) xay ra, tiacla

max f(x) = max f; (x)+... + max { (x). ™
xeD xeD xeD
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Khi d6, goi x, la gia tri (D) sao cho f(x,)=maxf(x). Nhu thé, véi

xeD
Vi=1, 2, .., n, ta ciing ¢6 f,(x,) =maxf;(x), vi néu ngudc lai, s& ton tai
xeD
ke{l,..n} ma fi(x,) <maxf(x), suy ra (*) khéng con ding nita (v& trai

xeD
16n hon vé phai).

Vay tinh chat 5 dugc ching minh.
Nhdn xét :

1. Tinh chat 5 cho ta théy ring noéi chung khong thé thay vige tim
gla tri 16n nhat (nhé nh4at) cia mot téng cac ham s6 bang viéc tim tong
cac gla tri 16n nhat (nhdé nhat) cha tUng ham s6 don 1&. Tuy nhién, néu
diéu nay sé thuc h1en dudc trong céc truong hgp nhu da xét g trén, bai
toan sé trd nén don gian hon nhiéu.

2. Tinh ch4t 5 cling cho phép ta chitng minh b4t d¢dng thic Svac-xa
mot cach déc ddo nhu sau :

Bé't ddng thitc Svdc-xo
Cho a,, ay, ..., a, >0. Khidétacb

2 1.2 2 ' 2
b b b b, +b, +...+b
L4224, +-n 2( 1~ 2 ) )
a; a, a, a;+ag+...+a,

Ching minh : :
Gia st xét ham s6 f,(x)=a,x% +2b,x. Do a, >0 nén theo tinh chat
ciia ham s6 bac hai, ta cé
minf)(x) =1, (—h) = ——bf
‘ xeR a a,
Tuong ty xét f, (x) =a, x> +2b, x va ciing c6

—b2
min fy (x) = —k k=23, ..,n.
xeR ay

bat f(x)=fi(x) +f(x)+... + f, (x)
=(a; +ag +...+a,)x% +2(b, +b, +...+ b, )x.
Theo tinh chat 5 cta gia tri 16n nhat, ta c6

minf, (x)+ minf,(x)+... + min f, (x) < min f(x). (1)
xeR xeR xeR xeR

b, +by +...+b_)°
Ta laico minf(x)=—( 1+bp+.+by) .
xeR al +a2 +...+an

Tu d6 ap dung (1) suy ra
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__bf__._lﬁ_._._ﬁs‘(bl+b2+...+bn)
ap A 4y a,+ag +..+ta,
L, b 2 (b +by+..tb,)’
5, i (o) o

a, a, a, a,+8,+..+a,
B4t ding thic Svac-x0 duge chitng minh.
D4u bing trong (2) xay ra khi va chi khi, tat ca cdc ham s&
f (x), f,(x), ..., f,(x) cing dat gia tri nhd nhat tai mét diém chung. Vi

cr e a s e AL 3:R oy b .

f, (x) dat gia tri nho nhat tai mét diém duy nhét x, = ——k | va cling nhu
ay

b, +by +...+ b,

a; +aq+...+a,

vay f(x) dat gia tri nhd nh4t tai diém duy nhat x. =-

nén dau béng trong (2) xay ra khi va chi khi
b by baoh

n

a, ay a, a g a,

Hoan toan tuong tu nhu tinh chit 5, ta dé dang chiing minh duge
tinh chat sau day :

2.6. Tinh chdt 6 :
Gia st f;(x), fy(x), ..., f,(x) cung x4c dinh trén mién D va ta c6

f£(x)>0 vxeD, Vi=1n Gid thiét tdn tai maxfi(x), minf,(x),
xeD xeD

max f(x), minf(x), ¢ ddy f(x)=1£(x).f(x)..f (x)vai= fr_l Khi d6

xeD xeD

ta c6

max f(x) < [max f, (x))[max fz(x)) ...(max £, (x)) , 1)

xeD xeD xeD xeD
min f(x) < (min f, (x))(min f, (x)) (min £, (x)). )
xeD xeD xeD xeD
2.7. Tinh chat 7 :

Gia st f(x) va g(x) 12 hai ham s6 cling xac dinh trén mién D. D4t
h(x) = f(x) - g(x). Gia sl ton tai cac gia trj 16n nhat, nhé nhat cha cac
ham s f(x), g(x), h(x) trén D. Khi d6 ta c6

max h(x) < max f(x)- min g(x), o))
xeD xeD xeD

min h(x) 2 min f(x)- max g(x). o 2)
xeD xeD xeD

2A-GTLN&NNHS 17
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D4u béing trong (1) xdy ra khi va chi khi tén tai x, € D sao cho

max f(x) = f(x;) ; ming(x) = g(x,).
xeD xeD
D&u bing trong (2) xay ra khi va chi khi tén tai x, € D sao cho
min f(x) = f(xy) ; maxg(x) =g(x,).
xeD Xe
Chizng minh :
Ta chi cAn chiing minh (1) Ta c6
h(x) = f(x) - g(x) = f(x) + (-g(x)).
Theo tinh chit 5 ta c6

max h(x) < max f(x) + max(-g(x)). 3)
xeD xeD xeD
Theo tinh chat 2, ta ¢6 ‘ v
max (-g(x)) = —min [—(—g(x))] =—miI€1 g(x). 4)
xeD xeD Xe

Thay (4) va (3) ta ¢6

max h(x) < max f(x) - ming(x).
xeD xeD xeD
Vay (1) dang.
Van theo tinh chat 5 thi ddu bdng trong (3) xay ra khi va chi khi
ton tai x, € D sao cho ta cé

max f(x) = f(x,) ; max(-g(x)) =-g(x,).

xeD _ xeD
Nhung max(-g(x)) = -g(xo) < —mi% g(x) =-g(xq)
xeD Xe
= mi{l)l g(x) = g(xo)-

D6 chinh 1a d.p.c.m.
2.8. Tinh chdt 8 :

Gia st f(x), g(x) 1a cac ham so xac dinh va duong khi x e D. Dt

f .9 . a2 A . ” .. . P : A, N 9 A, 2 P
h(x) = ——EX—; va gia thiét ton tai cac gia tri 16n nhat va nho nhit cua cac

g(x
ham s6 h(x), f(x), g(x). Khi dé ta c6
max f(x) .
maxh(x)< xR (1
xeD min g(x)
xeD
min f(x)
minh(x)> X2 Q)
xeD max g(x)
xeD
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D4u biing trong (1) xay ra khi va chi khi tén tai x, € D, sao cho

max f(x) = f(x;) ; ming(x) = g(x,).
A xeD xeD

D#u bing trong (2) xay ra khi va chi khi tén tai x, €D, sao cho
min f(x) = f(x,) ; maxg(x) = g(x,).
xeD xeD

Chitng minh :

Tinh chit 8 suy ra tryc tiép tit tinh chat 6 véi chid y ring (do
f(x)>0, g(x)>0, VxeD)

1 1 1
iﬁ%"(g(x)) " Tning(x) ' xe (g(x)) " maxg(x)’

xeD xeD
2.9. Tinh chdt 9:

1. Gia st f(x) 1a ham s8 xac dinh trén mién D. Khi d6 véi moi n
nguyén duong ta c6

max f(x) = 2n+} max |:f2“‘“l (x):]
xeD

min f(x) = 2n+1fm1n fz’”l(x)
xeD

2. Néu thém vao gia thiét f(x)>0, thi véi moi n nguyén duong ta
cling c6 cac céng thdc sau : ’

max f(x) = 2n/max| f2"(x) |,
xeD ( ) xeD[ ]

. . 2n
f‘rel})n f(x) = 2n I}(lelll)l[f (?c)].
Chitng minh :

Tinh chat 9 duoc suy truc tiép ti dinh nghla cua gia tri 16n nhat,
nho nhéat cia ham s6 va cac tinh chat 7va 8 cua bat déng thuc.

Nhén xét :

Trong thyc tién, ngudi ta thuong sit dung mét trudng hdp rleng
cua tinh chit 9 nhu sau :

Néu f(x) >0 véi Yx e D, thi

max f(x) = ,max f2(x) ; minf(x) = ,min £2(x).
xeD xeD xeD xeD

Diéu nay sé rat c6 ich dé giai céc bai toan thudc dang : Tim gia tri
16n nhat, nhd nhat cla cac ham s6 f(x) khi ching dugc cho ducl dang
cdn bdc hai hodc c6 chita biéu thirc vdi ddu gid tri tuyét doi.
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2.10. Tinh chat 10 :

Gia st f(x) la ham s6 xac dinh trén D va ton tai maxf(x),
xeD

I e
Chitng minh :
Ap dung tinh chat 2, thi hé thic (1) ¢6 dang tuong duong sau day :

minf(x). Khi d6 ta cé
xeD

min f(x)
xeD

b

max [f(x)| = max{
xeD

max f(x)
xeD

max f(x){, {minf(x)
xeD xeD

’

riieanlf x)|= max[

Ldy tuy ¥ x, € D, khi d6 xay ra hai khéa niang sau :
1. Néu f(x,)20. Khi d6 ta cé

I£(xo)] = £(xq) < max f(x) <|max f(x). O ®
Tit (3) hién nhién suy ra |

I£(x)| < max[ max f(x), rilz)x(—f(x)) } @)
2. N&u f(x,) <0. Ltic nay ta lai c6

|f(x0)| = ~f(x,) < max (-f(x)) < fmax (-f(x))].
Vi vay ta cling ¢6 - ; -

|£(xo)] < max{ rilz)x(—f(x)) , [max () } (5)

Tit (4), (5) va &8 ¥ rdng x, 12 phén ti tuy ¥ cta D, suy ra

max f (x)

|f(x,)| < max
xeD

’

—t

max(—-f(x))} vx e D. (6)
Khong giam téng quat c6 thé cho la
max f(x)|,

xeD
max =
xeD i

(Trudng hgp nguge lai duge chitng minh bing mdt cach hoan toan
tuong ty.)

max (—f(x))
xeD

: (M

max f(x)
xeD
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Gia st |maxf(x)|=|f(x,)|, Xo €D. ®
xeD
Tu (7), (8) suy ra
|f(xo)| == max{ max f(x)|, {max(-f(x)) } 9
xeD xeD

T (6), (9) va theo dinh nghia gia tri 16n nh4t qﬁa ham s6, ta ¢6 ngay |

1£0xg)] = max{ }

b6 chinh 1a d.p.c.m.
2.11. Tinh chdt 11 :

Xét ham s& f(x) xac dinh trén mién D va gid si ton tai minf(x),
xeD

max (—f(x))

xeD

max f(x)
xeD

max f(x), trong d6
xeD

D, ={xeD:f(x)>0} va D, ={xeD:f(x) <0}.
Khi d6 ta c6 cong thitc sau : '
Chitng minh :

Vi D, ={xeD:f(x)>0}, nén If(x)| =f(x), VxeD,. Theo gia thiét

ton tai minl|f(x,)|, ttc 12 tén tai min|f(x,)|, va

max f(x)
xeDy

min |f(x)| =min {min f(x),

xeD xeD,

xeD xeD
min|f(x)| = minlf(x)]. (1)
‘ xeD, xeD,
Lai theo gia thiét thi ton tai max|f(x)| ttcla
xeD, .
f(x) < max|f($<)|, vxeD,,

' xeD,

hay —f(x) 2 -maxf(x), VxeD,. (2)
xeDy

Do D, ={x e D:f,(x) <0}, nén tit (2) suy ra

|f(x)| > [max f(x)

xeD,

, VxeD,. 3)

Mat khac gia st max f(x) = f(x), x e D,, nén ta c6

xeD,
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max f(x)
xeD,
T (3), (4) va theo dinh nghia gia tri nhé nhat cha ham s6, ta thu
duge

. 4

min (|f(x)|) =

xeD,

max f(x)
xeD,

. ®)

Ap dung nguyén li phan ra (tinh chat 4) két hop véi (1), (5) ta cé

min |f(x)| =min {min f(x),|min f(x) }
xeD xeD, xeD,
= min {min f(x),|max f(x) }
xeD;’ xeD,

Tinh ch4t 11 duge chitng minh hoan toan.
2.12. Tinh chét 12 :

- Gia st f(x) 1a ham s6 xac dinh va lién tuc trén D. Khi dé néu goi
M, m tuong ting la gia tri 16n nh4t, nhé nhét cia ham s6 f(x) trén mién
D, thi

i 0, néuMm < 0
m1n|f(x)| - {min {|M|, Iml}, néuMm > 0
Chumg minh : '
1. Néu Mm<0. Khid6tacé M>20>m (Chiyla M>m).
Vi vay dya vao tinh lién tuc ciia ham s6 f(x) suy ra tdn tai x, €D
sao cho f(x,)=0.

) |f(x)20 vVxeD
Ta cb
fxg) =0 x,€D.
Dua vao dinh nghia ctia gia tri bé nhat ctia ham s6 suy ra
min |f(x)| =0.
. xeD
2. Néu Mm > 0. Khong gidm tdng quat c¢6 thé cho la M>m>0
(truong hdp 0>M > m chitng minh hoan toan tuong tu). Nhu vay ta cé
Vithé f(x)>0 VvxeD.
minlf(x)l =min f(x) =m = min {M,m} =min {IMI,ImI}
xeD xeD
Tinh ch4t 12 duge chiing minh.
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Chuang Il
MOT SO PHUONG PHAP CO BAN

PE TiM GIA TRI LON NHAT
VA NHO NHAT CUA HAM SO

Dé tim gia tri 16n nh4t va nhé nhit cla ham s8 f(x) trén mot
mién D cho trudc, ching ta c6 thé st dung nhiéu phuong phap khac
nhau. Trong pham vi ctia cuén sach nay (dung cho chudng trinh trung

- hoc cd sd), ching téi chi trinh bay ba phuong phap sau day.

- Phuong phap bat ding thitc -

- Phuong phap mién gia tri ham s6

- Phuong phap chiéu bién thién ham sé.

§ 1. PHUONG PHAP BAT DANG THUC

Phuong phap bat ding thic dugec xem nhu la mét trong nhiing
phudng phap théng dung va hiéu qua nhat dé€ tim gia tri 16n nhat va
nhd nhit cia ham s6.

Phuong phép nay, nhu tén goi ctia né, dua truc tiép vao dinh nghia
cua gia tri 16n nhat va nhé nhat cia mét ham s6. Vi thé luge d6 chung
clia phudng phap bat ddng thic tim gia tri 16n nh4t, nhd nhat cia mot
ham s8 f(x) trén mét mién D cho trude nao d6 c6 thé midu ta nhu sau :

- Truéc hét ching minh mot bat ddng thic cé dang f(x)>a
VxeD véi bai toan tim gia tri 16n nhat (hodc f(x)<a VxeDvéi bai
todn tim gia tri nhoé nhat).

- Sau d6 chi ra mét phan ti x,eD sao cho ta c6 ding thic
f(x,) = o.. Can luu ¥ réing trong hai buéc néi trén, khéng dude xem nhe
budc nao. Tuy dang cla bai toan cu thé, ma ta sé lya chon mét phudng
phap chitng minh bat ddng thiic thich hgp, ciing nhut cach chi ra phan ti
Xo € D 8 budc 2 ctia thuat toan.
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1. Phuong phap st dung bit déng thitc Co-si

Bail. :
Chohams6 f(x)=¥1-x2 +¥1-x +¥1+x

xét trén mién D={x:—15xsl}.

Tim gia tri 16n nh4t cia f(x) trén D.

Bai gidi :
T hé bat phuong trinh
1-x220
1-x20 & -1<x<],
1+x20

suy ra D cling chinh 14 mién xac dinh caa f(x). Véi moi xe D, 4ap dung
bat ddng thic Co-si ta co

1-xd=41-x . Yr+x< 1-—x42- 1+*, B eY)
\/41—x=\/41—x._15————-“1"2"“, )
\/41+x=~/41+x.1s—-————“1'+2x“. 3

Tt (1), (2), (3) bang cich cdng titng v€& cla ching, ta cb
f(x)<1+V1+x+v1-x VxeD. )]

Vi d4u bing trong (1), (2), (38) déu x4y ra khi va chi khi x=0, nén
ddu bing trong (4) xay ra khi va chi khi déng thdi c6 ddu bing xay ra
trong (1), (2), (3). Do vay d4u bang trong (4) chi xay ra khi x = 0.

Lai ap dung bat ddng thitc Cé-si, véi moi x €D ta cé

' \/1+x=\/1+x.1$-1j—(—1§ii)—,' (5)

\/1—x=x/1—x.151—+—(1é———x—)—. (6
Tu (5), (6) di dén
1+J1+x=v1-x<3. @)

‘ Vi ddu bing trong (5), (6) déu xay ra khi va chi khi x = 0, nén dau
bing trong (7) xay ra khi va chi khi dong thdi c6 d4u bing xay ra trong
(5) va (6). Vi thé& ddu bing trong (7) xay ra khi va chi khi x = 0. T (4) va
(7) di dén
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f(x)<3, VxeD.
Theo trén ta cé6 f(0)=3, ma 0eD.Tu d6 ta di dén két qua sau:

max f(x)=3.
xeD )
Bai 2.
Tim gia tri bé nhat cha ham s&
f(x,y,z)=(xyz+1)(l+l+-1—)+§+z+3—x—y—z, trén mién
X'y z)]y z X

D ={(x,y,z):x>0,y >0,z >0}

Bai gidi :
Viét lai ham s8 f(x, y, z) duéi dang sau :
f(x,y,z) =(yz+Z]+(xy+-§)+(xz+£]+—l-+-l—+l—(x+y+z). 1)
z y T x) y y x
LAy (%, y, z) tuy § thude D. Ap dung bt d&ng thac Co-si, ta c6

yz+122y,
z

xy+§-_>.2x,
y

Xz +2> 22,
X
(Chiyla x>0, y>0, z>0). Tit d6 suy ra
1

f(x,y,z)_>_x+y,+z+l+—1—+—
X y 2

f(x,y,z)z(x+l)+(y+l)+(z+-1—)z6.
X y VA

Nhu vay ta c¢6 f(x,y,z)26, V(x,y,z)eD.
Vi(1,1,1) eD vag(l, 1, 1) =6, nén ta di d&n két qua sau :

min f(x,y,z)=6.
(x,y,2)eD

Chuy:
Ta c6 bai toan téng quat sau :

min f(x;,x5,...,%,) =2n,
(Xy,Xg,...,X,, )ED
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trong d6 :
1 1 1 X
f(X19x2’Xn)=(x1X2...xn+1)[—+—+...+—— +-———————2 +
‘ X X X, ) XgX4..Xp
X X X
t—3 .+ n_ L X ~Xy—..—X,
X4X5.--XpX) XIX2...Xn__2 X2X3...Xn_1

va D={(x1,...,xn):xi >0 Vi=i,_n}.

Bai 3.
1. Cho ham s&

X3 y3 Z3

T A+y+z) (dr2l+x)  Qr00+y)’

xét trén mién D ={(x,y,2z) : x>0, y>0,z>0, xyz=1}

f(x,y,z)

Tim gié tri nho nhat cua f(x,y,z) trén D.
2. Tim gia tri nhd nhat cia ham s&

2 2 2
f(x,y,z)=(x3+y3+x3)(1+xy +1+yz +1+zx ],

Z3 x3 y3

trén mién D ={(x,y,2) x>0, y >0, z>0 va xyz = 1}.

Bai gidi :
Lay (x,y,z) tuy ¥ thudc D, ap dung bat ddng thitc Co-si ta cé
3 3
X +1+y+1+zz3i/x A+y)d+2)

Q+y)1+2) 8 8 641+y)1+2)

hay

3
X 1+y+1+z2§

A+y)1+z) 8 8 4

Hoan toan tudng tu ta cé
3

y +1+z+1+x2§z,
A+z)1+x) 8 8 4
3
z 1+x ]+y>§

1+x)d+y) 8 8 ~ 4
Cong ting vé (1), (2), (8) ta cb

f(x,y,z)+§2%(x+y+z).
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Lai theo bat ddng thitc Cé-si, ta c6
| ' x+y+z23Yxyz=3 (doxyz=1]).
Thay lai vao (4) ta di dén

f(x,y,2z) 2 E, V(x, y,z) €D.

Lai théy f(1,1, 1)—— varérang (1,1, 1) e D.

v
T d6 theo dinh nghia gia tri nhé nhat cta ham s6, ta c6

min f(x,y,z)
(x,y,2)eD

2. Lay (x,y,z) tuy ¥ thudc D. Ta cé

2 2 2
f(X,y,z)=(x3+y3+z3)(1+xy LLltyz 1+zx ]:

z3 x3 y3

3 .3 3
x* x3 yd 8 A
=34 St I+ —
[ys B g3 3 X3 YS]
4.2 5 4,2
Xy Xy |y yz° 2
+ + + + xy +yz? +zx%). 1)
( z3 z x® x3 v )

3 3 3 3 .3 .3 3.3.3.,3,3 3
x° x z° z x° X z° z
LA A A AR AL A AR AN Y ®
y® z¢ z° x° x° vy y°z° z° x°x°y
xiy?  xPyt iz gt xi? x%gt
s VT3 Yttt vt 32
z Z X X y y
66 y? xy® vy vy x%z x%2d
- <3 NERR v
xty?  xPyt oyt oyt xi? %
Dttt +—5 +—526xyz=6, 3)
A A X X y y

xy? +yz? +zx% 2 3Yxy? . yz? . zx% =3xyz =3. (4)

Thay (2), (3), (4) vao (1), ta cé
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f(x,y,z) 218, V(x,y,z)eD.
Vi(1,1,1)eDvaf(l,1,1)=18 nénsuyra

min f(x,y,z) =18.
(x,y,z)eD

Bai 4.
Cho ham s6
t—y y-—z,+z—x

£(x,y,2,t) == ,
t+y y+z z+X x+t

xét trén mién D={(x, y, z, t):x>0, y>0, z>0, t > 0}.
Tim gia tri nho nh4t cta f(x, y, z, t) trén mién D.

Baigidi:
Ta c6 nhan xét sau ddy : néua >0, b > 0 thi

1 1 4
atb ash M
That vay
. 1 1
(1) <:>(a+b)(;+—g)24. : 2)

Theo bat ddng thic Co-si, thi
1
a+b>2Jab; = + > 2,
b ab’
T d6 suy ra (2) dung, vay (1) dung D4u bing trong (1) xayra < a=b.

Trd lai bai toan cla chung ta. Trudc hé&t viét lai ham s6 da cho dudi
dang sau : .

t—y y—z+zfx

f(xy,zt)-
t+y y+zZ z+x X+t

x+y t+z y+z+z+t_
t+y y+z z+x X+t

=(x+y)(_1_'+ )+(z+t)( 1 L j—’4. @3)

t+y z+x y+z x4+t

L&y (x,y, 2z, t) tuy y thuée D, tiiclax>0,y>0,z> 0, t > 0.
T () tacd ——+—r—>— 3 (4)
t+y z+XxX X+y+z+t
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1 1 4
+ P .
y+z X+t X+y+z+t

®)

T (3), (4), (6) cb6 o
4(x+y) N 4(z+1t)
X+y+z+t X+y+z+t

f(x,y, 2z t)20, V(x,y,z t)eD.
Laic6f(1,1,1,1)=0ma(1,1,1,1) e D.
Vi thé suy ra két qua sau :

f(X,y’Z,t)Z —4, hay

min f(x,y,z,t)=0. .
©(x,y.2,t)eD

Chuy:
Né&u diu bai doi héi : Tim moi gia tri caua (x, y, z, t) € D 1am cho
ham s6 f(x, y, z, t) dat gia tri nho nhat trén mién D-thi ta 1dm nhu sau :

- Daubdngtrong (4) xayrac<t+y=z+x *
D4u bing trong (5) xdyra<>y+z=x+t (**)

Vi thé cac diém (x, y, z, t) € D cin tim phai thod méan hé sau :

t+y=z+x t=z>0
=S .
y+z=x+t x=y>0

Vay néu goi
Dl ={(x’ y, 2, t)1X=y>O , t=Z>O},
thi D, chinh la tap hgp moi diém (x, y, 2z, t) € D thod mén yéu ciu
dit ra.

Bai 5.
Cho ham s6 f(x,y)=(1+ x)(l +—1—J +(1+ y)(l +l),
Yy . X

xét trén mién D={(x, y):x>0,y>0vax®+y?= 1}. Tim gia tri nhd

nhat cta ham s6 f(x, y) trén D.

Bai giadi :
Viét lai ham s6 f(x, y) duéi dang sau day :
f(x,y):(x+iJ+ y+i RS0 A HE Y S0 8 AP (1)
2x 2y y x) 2{x y
L4y (%, y) tuy § thude D. Ap dung bat déng thitc Co-si, ta c6
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f .
X+ 22 2)
2x
1
+ —>2
f 2y 3)
Xy
—4+=2>2
v x° )
l(—l-+lJ2 ! 2 \/5 =\/§ (5)
2 X y X \/X2+y2

Cdng ting vé& (2), (3), (4), (5) va dé y dén (1) suy ra
f(x,y) > 32 +4.
Nhuvaytacé f(x,y)= 3V2 + 4, VEx,y)eD.

Mit khac dé ¥ ddu biing ddng thdi trong (2), (8), (4), (5) xay ra khi
va chi khi

(x=y
eol
2x J.‘Z
<,_ 1 c>x=y=——2——
-
x2 +y2=1;x>0,y>0

Do vay [\/2_ \Q—J 32 +4 vadeyréng(%

T d6 ta di dén két qua sau :

min f(x,y) = 3J2 + 4.
(x,y)eD

w|<|

2|en

- Nhan xét :
Né&u nhu viét f(x,y) dudi dang

f(x,y)=2+(x+lj+(y+_1.J+§+X
’ X y; ¥y x

hoac f(x,y)=2+(x+l+y+l+§+XJ
X y y X

Thi khi d6, néu ap dung bat ddng thiec Co-si ta cb
‘ f(x,y)=28 *)
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Tuy nhién ta ¢6 hai hé phuong trinh tuong duong :

.

=3 Xy **)

x>0,y>0; x2+y2 =1
Ma hé (**) vo nghiém, vay ta cé ti (*)
f(x, y)>8 V(x,y)eD,.

Tit d6 chua c6 thé néi gi dén min f(x,y). D6 chinh 1a i do vi sao phai
‘ (x,y)eD

viét f(x,y) duéi dang nhu trén ! :
Qua day ciing thay rd vai trd cia phan 2/ trong cac dinh nghia vé
gia tri 16n nh4t, nhé nhat ca ham s6 trén mdt mién da cho. -
Bai 6.
Tim gi4 tri bé nhat cia ham s&
I
(x - y)(y +1)?
trén mién D={(x, y):x>y, y 20}

f(x,y)=x+

Bai giai:
Véi moi (x, y) € D, ap dung bat ddng thic Co-si cho 4 s8 dudng sau
day ‘
2x-2y;y+1;y+1va 8
RO x -y + 1)
ta cé

2x-2y)+2(y+1)+ 8 > 4z</2(x -y)Xy+ 1)2< 8

(x-y)(y+ 1) (x-y)(y+1)
4

SxXx+1l+—2>4
(x-y)y+1)*
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Uel
Qg .
S&ss

o f(x, y)23. (1)
Nhu vay V(x, y)eD, ta c6 danh gia (1). Lai theo bat ding thic
C6-si, thi d&u bing trong (1) xay ra khi va chi khi
2x -2y =2(y +1)

8
2y+l)=————
(x~y)(y +1)?
x=2y+1 : <=3
4 o>
y+1 y=1

T x-y)(y + 1)

Vi@3,1)eDvaf(3,1)=3 (2), néntu (1), (2) suyra min f(x,y)=3.
x,y)eD

Bai 7.
Tim gia tri 16n nhat cia ham s6
f(x, y, z) = xyz
xét trén mién

D=4{(x,y,2):x20,y>20;2z>0va 1 + 1 + 1 _9
1+x 1+y 1l+z

" Bai gidi :

Ldy (x,y, z) tuy ¥ € D. Khi d6 tit dinh nghia ciia D ta ¢

1 =1—L+(1— 1): Y -2
1+x 1+y 1+z) 1+y 1l+z

Theo bat ddng thic Cé-si, ta cé

1 5, /__&_ | 1)
1+x (1+y)(1+z)

1 5, ’_i.__, @)
l+y (1+2)A+x)

L 5y /—-—3—— ®)
1+y A+x)Q+y)

Nhan titng v& (1), (2), (8) suy ra

Lap luan tuong tu
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1 >8 Xyz
Q+x)QA+y)Q+2z) A+x)1+y)1+z)

1
Xyz £ —.
i
Nhu vay ta da ching minh dudc

f(x,y,Z)s%-, V(x,y,z) € D.

Mat khae £~ 1 1L ma l,l,l)eD, nén
; 2'2°2)"8 2’22

max f(x,y,z) =l.
(x,y,z)eD 8

hay

@

Bai 8.
1. Tim gia tri nhé nhat cia ham sé

f(x,y,z)= (1 +l)(1 +1J(1 +_1.)
X y Z

trén mién D={()‘(, y,2):x>0,y>0,z>0vax+y+z=1}

mién D={(x, y): x>0, y>0vax+y > 4}

. . d ’ 2 - ~r 6 A
2. Tim gia tri nho nhit cua ham s6 g(x,y)=2x+3y+—+ 10 trén
X

y

Bai gidi :

1. Ly (%, y, z) tuy ¥ thudc mién D. Ta c6

f(x,y,z) = (1 +1)(1 +l](1 +1J _(1+x)d+y)+z)
X y z XyZz

Theo b4t ddng thic Cs-si, ta c6

l+x=x+y+z+x>4{x%yz.

Lap luan tuong ty, c6é
1+y24Yxy’z,

1+z 2> 44 xyz2.

Nhan ting vé& (2), (3), (4) ta cé

3A-GTLN&NNHS

@)

3
“@
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, A+x)A+y)1+y)=64xyz.
Tu (1), (6) suy ra
f(x,y,2)264, V(x,v,2)eD.

111

Mst khac f[ <, = ) 64, v 1,1,-1-)51), nén ta di dén
3'3'3 3’3’3

min f(x,y,z)=64.

(x,y,z)eD
2. Viét lai ham s& f(x, y) da cho dudi dang sau day
1 3x 6 5y 10
B, y) =g (x+y)+md ot —r v

Lay (x, y) tuy ¥ € D, khi d6 ta c6
1
- >2.
5 (x+y)

Theo b4t déng thitc Co-si ta cb

3x §>2’§_X_§=6,
2 X 2 x

%’%%22 523' —1-;2=10.
T (2), (3), (4) didén

g(x,y)>18 Y, y)eD.
Mait khac (2,2) € D va £(2,2) = 18, vay ta c6

min g(x,y)=18.
(x,y)eD

Nhén xét :

1. Gia st riing c6 mot ban nao d6 1am nhu sau :

Ta c6 2x+§22,/2x.E =44/3.
X X
3y+}222 3y.1—q=2\/30.
y ATy

Tu d6 g(x,y) 2 443 + 2\/.?5, V(x, y)eD.
Xét “13i giai” trén, dé ¥ ring d4u bing trong (6) xay ra <

)

6

ey

@)

3

4)

®)

(6)

M

34 ' 3B-GTLN&NNHS
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2x=§-c>x=\/§; con ddu bing trong (7) xdy ra <
X .

3y=£<:>y= ’}32 Dléu déng néi la (ﬁ,"?) lal gD
y

viVv3+ 10 <4 |. Vithé chud c6 thé néi gi vé min f(x,y).
3 (x,y)eD

Néi khac di bai toAn khong “qua don gian” nhu nhiéu ban tudng.

2. Chia khoa dé giai bai toan trén 1a tach ra khoéi ham s& ban dau
thanh phan —;—(x +y). Lam sao lai “nghi” ra diéu 4y ! Ban chit cta van
dé c6 thé dugce 1i giai nhu sau : .

Pua vao sd k (0 < k < 2), va viét lai ham s& da cho duéi dang sau :

f(X,Y)=k(x+y)+(2-—k)x+§+(3-k)y+§. ‘
X ‘

Lay (x,y) tuy y € D, ta cé
f(x,y) 2 4k + 2,/6(2 - k) + 2,/10(3 - k). *)

D4u bing trong (*) xay ra khi va chi khi hé sau thoa mén

.x+y=4
6
IXx =, [—
2-k

_ /10

L 3-k

Y Vith€dé (x,y)eD, tacin c6
( 6 [10 :
—_— | —— =4
V2-k V3-k , **)
0<k<2.

D& thiy (**) < k = %

D6 chinh 1a 1f do vi sao ta lai lam xu4t hién thanh phén %(x +y)

nhu trén !
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Bai 9.

Tim gia tri nhé nhat cia ham s6

6 6 6

\ X y& . z
fxy.2)=5—F+5—F+5
2+y? P+ ZBax

xét trén mién

D={(x,y,z):x>0,y>0.z>0,xy\/;<_y_+yz yz +zx\/z_x=1}.

36

Bai gidi :
DétXnyZzthi

min f(x,y,z)= min F(X,Y,Z), & day
(x,y,2)eD (x,y,z)eD

X2 Y2 72
F(X,Y,Z)= + )
( XY T Yez T Zax

D’{(X,Y,Z):X >0,Y>0,Z >0, VXY +JYX +VZX =1}.
Liy X,Y,Z) tuy ¥ € D". Khi d6 theo bt ddng thic Co-si, ta c6
2 2
X X+Y 59 X . X+Y

> =X
X+Y * 4 X+Y
Tuong tu cé
Y? Y+2Z 72 Z+X
>Y, 2 7.
Y+Z 4 Z+X 4

Cong titng v& ba bat ding thitc trén ta c6

F(X,Y,Z)> -’%ﬁ | Q)

Lai theo bat ding thitc Co-si ta c6
X+Y+Z=%[(X+Y)+(Y+Z)+(Z+X)]_>_\/XY +YZ+VZX @

Tit (1) 2) va do (X,Y,Z)eD’ nén c6

o

F(X,Y,Z)> l, V(XY,Z)eD.

L l)eD' aF(l 1 1j=l, nén min F(X,Y,Z)= -
3'3 3'3'3) 2 (X,Y,Z)eD

ol
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T @6 theo trén, suy ra ngay két qua sau : v

min f(x,y,z) = l
(x,y.z)eD 2

Nhdn xét :
Cach giai trén 1a caa Phan Huy Duc®.

Bai 10.
Cho ham sd
f(X,y,Z)= 5 > 2+i+_}_+i’
x2+y?+2 xy yz =zx

xac dinh trén mién
D={(x,y,2):x>0,y>0,z>0vax+y+z=1}.
Tim gia tri bé nhit cla f(x, y, z) trén D.

Bai giai :
V6i moi (x, y, z) € D va theo bat ddng thic Co-si, ta c6
(xy+yz+zx)(i+—1-+—}—)29,
Xy yz 2X

hay 4+t Lty 9 1)

Xy Yz 22X Xy+yz+zx ,
Tu (1) suy ra V(x,y,z)e D, tacé

1 1 1 1 1 9
T R R i kb S ’
x*+y“+2° Xy yz zx x*+y’+z° xy+yz+zx

hay V(x,y,z) e D thi

9
fx,y,2) 2 55—+ . (2)
X“+y°+2° Xy+yz+zx
Lai theo b&t ding thitc Co-si, thi V(x,y,z)eD ¢6
1 + 1 + 1 >
x2+y?+22 Xy+yz+zx Xy+yz+zx
3
3

> i
%/(x2 +y2 +2%)(xy + yz + zx)?

) Con trai tac gia.
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Bay gid tit (2), (3) suy ra bat ddng thitc sau day ding V(x,y)e D
3 21

f(x,y,z) > + . - (4)
?/(x2 +y2 +22)(xy +yz+2x) S(Xy+yz+2x)
Theo bat déng thic Co-si lai ¢6 V(x,y)eD
?/(x2 +y2 +28)(xy + yz +2%) < Xt +y" +a(xy + yz+ax) =
, - 3
\ :
=(x+y+z) 21, (5)
3 3
va 3(xy+yz+zx)s(x+y+z)2=1. (6)
Tu (4), (5), (6) ta di d&n bat ddng thitc sau day dang V(x,y,z) e D
1 21
>2 422
f(x,y,z)_l+ 1 hay
3
f(x, y, 2230, V(x,y,z)eD. (7
vi[i1 lJeDvaf(l,l 1) 30 O ®
3’3’3 333

nén tu (7), (8) suy ra
min f(x,y,z)=30.
(x,y,2)eD

Nhan xét :

Néu bai toan do6i hoi thém : Tim tat ca cac gia tri (x, y, z) e D dé
cho f(x, y, z) dat gia tri bé nh4t, thi ta s& 1am nhu sau :

D4u bing trong (7) xay ra khi va chi khi déng thdi c6 ddu bing
trong (1), (3), (5), (6). Theo bat ddng thitc Co-si, thi didu &y xay ra khi va
chi khi hé phuong trinh sau dugc nghiém duang.

(xy =yz = zx )
x2+y2+z2=xy+yz+zx ‘ 10y
{x=y=z (1
xy,z>0 (12)
x+y+z=1 ' (13)

((9) 1a didu kién dé trong (1) c6 dau bing ; (10) 1a didu kién dé
trong (3) va (5) c6 d4du bing ; (11) l1a diéu kién dé trong (6) ¢6 dau bing ;
con (12) va (13) 1a diéu kién dé (x, y, z) € D).

38
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D& thay (7), (8), (9), (10), (11) c6 nghiém duy nhat x=y=z=

Q|-

11 l) la gia tri duy nh4t cta cac bién s6 thuéc mién D

Va ata?
d (3 3'3

thod méan yéu cdu dit ra.

Bai 11.

Tim gi4 tri 16n nhét caa ham s6

£(X,y,2) = —— b —F—+ — 2 41 -x)(1-y)1-2)
y+z+1l z+x+1 1l4+x+y.

trén mién D={(x, y,2):0<x<1;0<y<1; 05251}.

Bai gidi :
Ldy phan it tuy ¥ (x,y,2z) €D, khi d6 0<x<1, 0<y<1, 0<z<1.

Ngoai ra do vai trd binh ddng cla x, y, z nén ta c6 thé gia su
X2y2z ‘

Theo bat d&ng thic Co-si, ta c6

(1—yX1—3;+0+?+?)2ya-yx1—zx1+y+m

- >(1-y)1-2). (1)
+y+z

Do 1-x20, nén ti (1) suy ra
1-x
l+y+z

2 (1-x)(1-y)(1-2). )

A~ R s z
Vix2y2z va x20, y20, z20 nén hién nhién ta c6

Yy > Y ®3)
l+y+z z+x+1
Z__>_ % (4)
1+y+z 1l+x+y
C@ngtﬂngvé(2)(3x(4)c6.
120=0)(1-y)(1-2)t—> 4 4 2 (5)

l1+y+z 1l+z+x 1+x+y
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Nhu vay ta da ching minh duge V(x,y,z) € D, thi
f(x,y,z)<1. ' (6)
Do(1,1,1) e Dmaf(l, 1, 1) = 1, nén tit d6 ta di dén didu khing dinh

max f(x,y,z)=1.
(x,y,2)eD

Nhdn xét :
1. N&u ddu bai ciing doi héi tim moi gia tri (x, y, z) € D dé tung véi
n6 ham s6 da cho dat gia trj 16n nh4t, thi ta phai lam nhu sau :
D4u bdng trong (1) xay ra < déng thdi c6 d4u bing trong
(1), (2), (3), (4).
Dau bing trong (1 xdyra<>1-b=1-c=1+b+c
<b=c=0.
Dau bing trong (2) xdyra<>y=z =0 hodicx = 1.
Dau bing trong (3) xdyra<>y=0hosicx=y.
D4u bing trong (4) xay ra <> z =0 hodic x = z.
Tit 6 suy ra vdi gia thidt x>y >z, thi ddu bing trong (5) xay ra
khi va chi khi
*HodiclaAy=2z=0
*Hodclax=1;y=1;z=0
*Hodclax=1;y=0;z=1
*Hodclax=1;y=1;z=1.
Nhu vay tap hgp tdt ca cac gia tri cAn tim cta cac phén ta
(x y,z2)eD lam cho ham s& da cho dat gia tri 16n nh&t bao gbm cac
phén ti sau :
* C6 hai thanh phén bing 0, thanh phén thi ba tuy y.
~ * C6 hai thanh phan bing 1, thanh phén thit ba = 0.
* C6 ba thanh phén bing 1.
Chinh vi thé, néu d4du bai chi déi hdi tim gia tri 16n nhat hoic
nhé nh4t cia ham s trén moét mién da cho, thi chi cdn l1am nhu dinh
nghia d8 tranh nhiing phtec tap khéng cin thiét !

-
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Bai 12.
Tim gia tri 16n nhat cia ham sé
f(x,y,z)=\ﬁ—x +\/1—y +1-2z,

trén mién
D={(x,y,2):x>0,y>0, 2>0, x+y+z=1}.

Bai gidi :

L4y (%, y, z) tuy ¥ thudc mién D. Theo bat ding thitc Cé-si ta c6

(1-x).-§-s—'-—3. a)

(1—y>.§s -3 @

(1-z).§s—-2——3. @)

- Cong ting v& (1), (2), B) véichiyx+y+z=1,tacé

\/gf(x+y+z)s2

= f(x,y,2) < V6, V(xy,2)eD.
Mit khac dé thay

f(%,%,%}ﬁ\/g, va do (—;—,%,%)ED nén suy ra

max f(x,y,z)= Je.

(x,y.z)eD
Nhén xét :
1. Dé thay (-;—,%,%) ciing 12 phdn ti duy nhat ca D lam cho
f(x, y, z) dat gia tri 16n nhat néi trén.

2. Bing cach 14ap luan hoan toan tudng tu, ta c6 két qua téng quat
sau: Véi n>2, thi '

max f(xl,x2,...,xn)=\>/n(n—1), g day

(X),Xg,...,%, )eD
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F(Xy,Xgyes Xp) = 4/1=%; +4/1-%p +.+1-x, V2

D ={(x;, Xg, ..., xn):xl >0, ., x, >0vax, +x, +..+x, =1}

Bai 13.
Tim gi4 tri 16n nhat va bé nhat cia ham sé
f(x, y, z) =xy + yz + zx ~ 2xyz
trén mién
D={(x,y,2):x20,y20,2z20, x+y+z=1}.

Bai gidi :
1. Ldy (x, y, z) iuy § € D. Theo bat ddng thitc Co-si, ta c6

Xy +yZ+2X 2 3\3/(xyz)2 . 1)

R6 rang 0 < xyz <1=> /(xyz)? > xyz. [¢))
~ Vithé tit (1) (2) c6 :
Xy + yz + zx — 2xyz 2 xyz hay
f(x,y,2)20, V(x,y,z)eD.
M3t khéc chdng han £(1, 0, 0) = 0 va do (1, 0, 0) € D nén

min f(x,y,z) =0.
(x,y,2)

2. Ly (x,y,z) tuy ¥ € D. Trudc hét ta cé thé thay ring
(x+y+z2)(x+z-y)Xy+2z-Xx)<Xxyz. 3)
Chitng minh (3) nhi sau : |
a) Né&u chi c6 mét thita s8 trong tich v& trai < 0 thi (3) hién nhién
ding
b) Gia st c6 hai thita s6 nao d6 trong tich vé trai <0, chdng han
X+y+z<0
{x +z-y<0
T @6, sau khi cdng ca hai v€& ctia hai bat ding thiic trén ta c6 x < 0.
Diéu v6 i nhan dugc ching té ring khong thé ¢ truong hop b).
c) Ca ba thita s6 ¢ v& trai déu > 0. Ap dung b4t ddng thac Co-si
X+YNY+Z)Z+X)>8XYZ néu X>0,Y>0,Z>0
ta suy.ngayra 3),saukhidait X=y+z-x;Y=x+2z-y;
Z=x+y-z
Vay (3) da dugc chitng minh véi V(x,y,z) € D.
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Do x +y+z =1, nén (3) c6 dang sau
1-2x)(1-2y)(1-22) < xyz
< 1-2(x+y+2)+4(Xy + 2x).8xyz < xyz

& 4f(x,y,2) <1+ xyz

 fx,y,2)s 31 +xy2),  V(xy.2)eD. @
Lai theo bat ding thic Co-si, ta c6
3
1 1 X+y+z 128 7
1+ <14 222 =2 2= 5
;12 4[ [ 3 ” 4727 27 ®)

T (4) va (5) ta di dén |
f(x,y,z) < -27—7 V(x,y,z) € D.

Laicé f l,l,l =—z— va do l,l,l €D nén
333 27 333

max f(x,y,z) =l.
(x,y,z)eD 27

Nhan xét :
1. Mudn tim hét cac gia tri cla bién s6 ctia mién D lam cho ham s&
f(x, y, z) dat gia tri bé nhat thi ta 1aAm nhu sau (néu dau bai yéu cau) :
Diéu d6 xay ra <> ddng thoi c6 ddu bing trong (1) va (2)
{xy =yzZz=2ZX *)

Yxyz)? =xyz (**)
Do x2>0;y20; 220 vaxyz<1néntu(**) suy ra xyz =0.
" Kéthopvéix+y+z=1,thi
x=1,y=2z=0 hoic
* (**)e=|y=1x=y=0 hoic
z=1,x=y=0.
Vay ham s6 f(x, y, z) dat gia tri bé nhat trén D tai ba phén td sau
(1,0,0);(0,1,0); (0,0, 1) cia mién D.
x , 1 < N 2, ’ ) ¢
2. Dé thay (%%’EJ 12 phan tu duy nhit caa D lam cho ham s6
f(x, y, z) dat gia tri 16n nh4t trén D. |
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Bai 14.
Tim gi4 tri bé nhat cia ham s§
2 2 2
+t3 +t—3
x3(y+z) yi(x+z) z°(x+y)

f(x,y,2)=

trén mién
D={(x,y,2):x>0,y>0,2>0; xyz=1}.

Bai gidi :
o PR 1 1 1 < 2z
Thuyc hién phép d6i bién X =—, Y==, Z=—. Khi d6
X y VA
2 2 2 2X°YZ  2Y°ZX  27°XY

: + + = + + .
2 (y+2) y@z+x) Z(x+y) Y+Z Z+X X+Y
Mat khac do xyz =1 nén XYZ = 1. Vi thé ta c6

min f(x,y,z) = min F(X,Y,Z), 6 day

(x,y,2)eD (X,Y,2)eD
2 2 2
FX,Y,2)=2| 2+ + 2|
Y+Z Z+X X+Y

D'={X,Y,2):X>0,Y>0, Z>0va XYZ=1}.
Ap dung bat ding thic Cé-si, ta c6 véi moi (X, Y, Z)e D’ thi

X2 +Y+Z
Y+Z 4

Y? +Z+X
Z+X 4

2

Z . X+Y 57
X+Y 4 :
Cong titng v& ba bt ding thitc trén ta c6

X+Y+Z
—

> X,

2Y,

%F(X,Y, 7)>

Lai theo b4t déng thic Co-si, thi
‘ X+Y+Z23¥XYZ =3.
Tu (1), (2) suy ra
FX,Y,Z2)=3, vX,Y,Z2)eD'.
Mait khac F(1, 1, 1) =3 nén
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min F(X,Y,Z)=3.
(X,Y,Z)eD

Do vay min f(x,y,z)=3.
(x,y,2)

Bai 15. _
Tim gia tri 16n nhit cia ham s6

X .y .. 2
x+1 y+1 z+1

f(x,y,z) =

trén mién
D={(x,y,2):x>0,y>0,2>0, x+y+z=1}.

Bai giai :
LAy (x,y, z) tuy ¥ € D. Ta ¢c6
P A
x+1 y+1 z+1

=(1_$)+(1—y%)+(1‘z11)

1 1 1
=3- + + .
x+1 y+1 z+1

Ap dung bat ding thic Co-si c6

f(x, y, z)=

x+1 y+1 z+1

( 1 + 1 + 1 )[(X+1)+(y+1)+(z+l)]29-

Dox+y+z=1,néntlk(2)cd
1 1 1
+ +
x+1 y+1 z+1
Bay gid tit (1) va (3) suy ra

3 11
f(x,y,z)<—, vado | —,—,=
(x,v,2) 4va o( 33)

>9
4

max f(x,y,z) = E
(x,y,z)eD 4

Nhén xét :
1. Bing lap luan tuong tu, ta c6 két qua sau :

= ——, dday

max f(x;,%g,..0,Xp) Y

(X1,Xg.,Xp JED

)

)

3
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X X X .
f(x), X9,y X ) = —2— +——2 L
X+1 x,+2 x,+n
D={(x1, v Xp) 1%, >0 Vi=f,;véxl+x2+...+xn=l}.
Bai 16.
Cho ham s8§
X z +z Z+X X+
f(x,y,2) = +—2 4 AL + 22
y+z z+x XxX+y X Yy z

xét trén mién D={(x, y, 2):x>0, y >0, z>0}.

Tim gi4 tri bé nhat clia ham s6 f(x, y, z) trén mién D.

46

Bai gidi :
Lay (x,y, z) tuy ¥ € D. Tacé
X y Z2_ y+z Z+X X+y

f(x, y, z) = + +
y+z z+X X+y X y b/

=(x+y+z)[ ! + ! + 1 j—

y+z z+X X+Yy

S5 GM

Do(x+y+z)( 1 + 1 + 1 )z
y+z zZ+X X+Yy

y,z)
Z X

=l[(x+y)+(y+z)+(z+x)]( t ,t, 1! J,
2 ‘ X+y y+2 2Z+X

nén theo bat ddng thitc Co-si c6

1 1 1 9
(x+y+2) + + >—.
A\y+z z+x x+y) 2
VAn theo bat ddng thic Co-si, thi

E+122;§+£22;1+322.

y X zZ X z y

Vi th€ V(x,y,2) e D b4t ding thitc sau luén ding
f(x,y,z) 2 g -3+6 .hay f(x,y,z) > 1—25—
Mait khac chdng han



.

f1, 1, 1) = %, vido (1,1, 1) € D, nén ta di d&n két luan sau
min f(x,y,z) = 15 .
(x,y,z)eD 2

Nhan xét :
Néu trong bai toan trén ta 1am nhu sau :

L4y (x, y, z) tuy § € D. Theo bat ding thuc Co-si, ta c6

X y+z

+
y+z X

22,

Z+X
Y 4+

Z+X Yy

22,

Z X+
LXTY

X+y z
Tu d6 suy ra f(x,y,z) > 6.

>2.

D4u bing trong (1) xay ra < ﬁ =Y : Z o (x)? = (y +2)*

oSy+z=x(dox,y, z>0)
Tudng tu ddu bing trong (2) xdyra <> z+x=y
ddu bdng trong (3) xay ra <> x+y=z.

1)

)

3
4

®)
(6)
)

Vix,y, z>0 suy ra khéng ton tai (x, y, z) € D dong thdi thod man
(5), (6), (7). Diéu d6 c6 nghia 1a khong tén tai (x, y, z) € D dé ¢6

f(x, y, z) = 6. Vay khong thé két luan dugce

min f(x,y,z)=6
(x,y,2)eD

(va thuc t& khong c6 diéu d6 !) Qua day cac ban thay rd tim quan trong
cua phén 2 trong cac dinh nghia vé gia tri 16n nhat, nho nh4t cia ham

s6 trén mién D da cho.

Bai 17.
Cho ham sb f(x, y) = x%y(4 - x — y) xét trén mién
D={(x, y):x20, y20; x+y <6}
Tim gia tri 16n va nhd nhat caa f(x, y) trén mién D.

Bai giai :
1.Dat D, ={(x, y):x20,y20; 4<x+y <6}
Dy ={(x, ¥):x20, y20; x+y<4}
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Khi d6 dé& thdy D=D, UD,,
Theo tinh chdt 4 (nguyén li phén ri), ta c6
max f(x,y) =max{ max f(x,y); max f(x,y) } 1)
(x,y)eD (x,y)eD, (x,y)eD,
Liy (x,y) tuy § €D, thi 4-x-y<0, do vay
f(x,y)<0, V(xy)eD,.
Mit khae f(2,2)=0vado(2,2) €D;.

max f(x,y)=0. (2
(x,y)eD

Lé’y(x’}’) tu)?}" ED2, tic la XZO, yZO ; 4-—x—y20_
Khi d6 theo bat ding thitc Co-si, ta cé

4
X X

: y(4-x-y)
f(x,y) =422 y(a-x-y)<4| 22
(x,y) 2 zy( X-y) y
=>f(x,y)<4, V(xyeD,
Mat khacf(2,1)=4vado(2,1) €Dy, =
max f(x,y) = 4. 3

(x,y)eD,
Bay gid tu (1), (2), (8) suy ra

max f(x,y) = max{0,4} =4.
(x,y)eD

2. Van theo nguyén li phan ra (tinh chat 4), ta c6

min f(x,y) = min{ min f(x,y), min f(x,y) } 4)
(x,y)eD (x,y)eD, (x,y)eD,
Theo tinh chat 2
min f(x,y) = - max(-f(x,y)). 6))
(x,y)eD (x,y)eD

Ta c6 —f(x,y) = x2y(xy +y — 4).
VAan theo nguyén li phan ra (tinh chat 4), thi

max (—f(x,y)) = max{max (-f(x,y)); max (-f(x,y)) } (6)
(x,y)eD (x,y)eD, (x,y)eD,

Liy (x,y) tuy ¥ €D,, thi x+y-4<0,suyra
—f(X,Y)SO, V(X’Y)EDZ'
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Laic6 -f(2, 2)=0, valaivi (2, 2)e D, nén

max(-f(x,y))=0. (7N
(x,y)eD ’
L4y (x, y) tuy ¥ €D,, thi x+y-420, nén theo bat ddng thuc
Co-si
X X ¢
—.—y(x+y-4
5 2y( y-4)

X X
— =42 2 —4)<
f(x,y) 2 2y(X+y ) 2

4
= -f(x,y)s4(ﬁg—‘—2) .

Vi(x,y) €eD,,nén x+y-2<4 = —f(x,y)<64, V(xy)eD,.
Lai c6 —f(4, 2)=64 véi (4, 2)eD,;, nén

max (-f(x,y)) = 64. 8)
(x,y)eD ,
Bay gid tit (6), (7), (8) ¢6 max(-f(x,y)) =max{0, 64} =64.
(x,y)eD

Do vay min f(x,y)=-64.
(x,y)eD

Tém lai ta di d&n két qua sau :
max f(x,y)=4 va min f(x,y)=-64.

(x,y)eD (x,y)eD
Bai 18. ;
Tim gia tri nho nhat clia cac ham s6
4
f(x,y)=x+ ;gxy)=xt ——————
y(x-y) x -y + 1)
h(x,y)=x+ 5 va k(x,y)=x+

y(x-y) xy(x-y)’
trén cing mién D ={(x,y):x >y >0}.

Bai gidi :
L&y (x,y) tuy ¥ € D. Khi d6 theo b4t ding thitc Co-si ta c6
=y+(x-y)+

23 - ,
y(x-y) y(x-y) :Q/Y(x ") y(x-y)
= f(x,y)23, V(x,y)eD. (1)

X+
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4 y+1 y+1, 4

prETT R A TR

(x-y)y+1)?

y+1Y 4
24‘;/(“)( 2 J (x-y)(y+1)?

= g(x,y)23, V(xy)eD , @
1 X-y X-Yy 1
X+ =y+ + +
y(x -y) 2 2 (x-y?
2
244y(x_yj 1
R 2 ) (x-y)?
= h(x,y)22v2, Vxy)eD. 3)
2 2
y+(x-y)| _x
—-y) | —2" 20 =
y(x-y) [ 2 J .
4
= x+y(X-y)2x+—. 4)
X
Lai theo b4t ding thitc Co-si, ta c6
x+i=5+3{—+5+1244’5+§+§+i
x> 3 3 38 ° 3 3 3 x°
4 _4,
hay x+—32—\/]3. 5)
x° 3
T (4) va (5) suy ra
k(x,y)2 3412, vexy)eD. ®)

VAn theo bat ding thic Co-si, thi
- D&u bing trong (1) xay ra

y=x-y x =2y

ye—r— & {y=- @{
y(x-y) ol =

x>y>0 x>y>0

- D4au bing trong (2) xay ra
y+1
x-y=2—=
Y 2 {y +1=2(x-y)
4 Q

-4 x-y=1
Y ko) + 17

<
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- D4u bing trong (3) xay ra
X—-y

y= _3
& 2 =N x-y={2 =2 ) 1/-3-
x—y= 1 x=3y y=——§[2_
2 (x-yf
- D&u bang trong (4) xay ra
x_4 x= 1412
<3z x3 < 14
y=x-y y==v12.
Nhu vay ta c6
f(2,1) =3,
g(2,1) =3,

| h(%,gw}m
va b 12,2432 |- 3412,

R rang céc phn tit (2, 1), (%/5%%) va (3/1_2%%5) déu thudce D.
Vi 1& d6 két hgp véi (1), (2), (3), (4) suy ra

min f(x,y)=3;  min gx,y) =3;

(x,y)eD x,y)eD

min h(x,y)=2v2 v3 min k(x,y) =§-é/ﬁ.

(x,y)eD x,y)eD
Bai 19.
Tim gia tri nho nhat cia ham s§
X y z
f(x,y,2)=——5+ 5+

y 422 z24x? x%4yl

trén mién D={(x,y,z):x>0,y>0,z>0 vax? +y% +22= 1}

{

Bai gidi :
Liy (x,y,z2)tuyy e D.Dox>0,y>0,z>0va x?+y% +2z% =1 nén
0<x<1;0<y<1;0<z<l. '
Ap dung bat d&ng thitc Cé-si cho ba s8 2x2, 1 - x2, 1 - x2, ta c6
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2x?2 +(1-x2)+(Q- x2)v2 \3/2x2(1 -x2)?

= x2(1-x?%)? <—4—

27
= x(1-x2 S——
( ) 33
— X 23_@){2
1-x2 2
x Z~£
y2+22 2
Lap luan tuong tu c6
zZ2+x2 2 ’
z_ .33
x2+y? 2
Cong ting v& (1), (2), B) vachu y 1a x2 +y2 +22 =1 suyra
f(x,y,z)z%g-. ;
Mat khc do [ Y2, Y3 Y3 p va [¥3 V8 ¥8)_3V8
3 3 3 3 3 3 2
nén suy ra

33

min f(x,y,z)= —.
(x,y,z)eD 2

)

@)

3

Bai 20.
1. Cho ham s6 f(x,y,z) = x% + y? + 2%, xét trén mién
D= {(x,y,z):x >0,y >0, z>0 v x202 4 y2002 4 ;2002 _ 3}

Tim gid trj 16n nh4t cda f(x,y,z) trén mién D.

xzo g g2
2. Tim gia tri nhé nh4t cia ham f(x,y,z) =~ Tt

AL
trén mién D ={(x,y,2):x>0, y>0, z>0 vax +y + z = 2001.

. Baigidi:
L4y (x,y,z) tuy y € D.
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Ap dung bat ding thitc Cé-si cho 2000 s8 1 va 2 s§ x?°%2, ta c6

1+...+1 +x2002 52002
———

2000 88 > 2002/, 2002 | 2002

2002
2002
hay M—Z x2. (1)
2002
Lap luan tuong ty c6
2002
2000 + 2y > y2 @
2002
2002
2000 + 2z 5 52 @)
2002
Céng titng vé (1), (2), (3) va cb
2001 , 2002 , 2002
3.2000+2(X +y +Z )2x2+y2+z2. (4)
2002
W(&m@eD:«mm+mem”m=&n&mﬂﬂné
f(x,y,2) < 3.

Nhu thé f(x,y,z) <3, V(x,y,z)eD.
Mait khacf(1,1,1)=3vado (1, 1,1) € D, nén suyra

max f(x,y,z)=3.
(x,y,2)eD

2. L4y (x,y,2) tuy thudc D. Ap dung bét ding thitc Co-si cho 20 s&

sau .
20
11s0y, 8 s6 667, va s6 , taco
y ytle678
X20 . x20 1 8
———— +11y +8.667 > 2020/—————.y*1.667% = 20x. (1)
y'l6678 Y yle678 y
Hoan toan tuong tu c6
: yZO
— _ +11y +8.867 > 20y, 2
Tiggrs y y 2
z20
—— +11x +8.667 > 20z. 3)
x'16678 .
Cong titng v€ (1), (2), (3), suy ra
66178 £(x,y,2)+11(x +y +7) + 24.667 2 20(x +y +2).  (4)
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N
.

Vix+y+z=2001, nén tu (4) cé

ﬁl"_xé.?l +16008 > 18009
667

= f(x,y,2) > 2001.667° = 3.667°
Vay f(x,y,z) 2 3.667%, Vv(x,y,z) € D.
Lai thay (667, 667, 667) € D va (667, 667, 667) = 3.6679, nén di
dén két qua sau :

min f(x,y,z)=3.6679.
(x,y,z)eD .

Bai 21.
Tim gia tri 16n nhat ciia ham s6 ,
f(x,y, 2)= x3y + ysz +2°x trén mién

D={(x, y,2):x20,y20,2z20; x+y+z=1}.

Bai gidi :
Ldy (x,y,2) tuy § € D. Ludn c6 thé cho rdng x = max{x, ¥,z}
(do d6 suy ra y3z < x%yz, z°x <z°x%). Vi vay

f(x, y, 2 =x’y +y’z+ 2°x < x’y + x’yz + %Z3x + %Zg'x

<x3y+ x2yz+—;—zx3 +%z2x2 =x2(x —z)(y+-z—).
Té6m lai
f(x,y,z)sz(x+z)(y+§]. a
Chi y 1a
x2(x+z)(y+§)=33[

Cod-sitacé.

i.i.x‘*‘z(waE , vi th& theo bt ddng thitc
33 3 2

xx
33 3

VF(1) <33
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Dox+y+z=1,nén tld (1), (2) di d&n
3
f(xy,2) <27, V(ya)eD.

3

Mat khac ta c6 (E,l,OJGD va f(g,l,0)=§—. Do d6 ta di dén
44 44 44
két luan sau day :
27
max f(x,y,z)= —.
(x,y,2)eD 81
Nhan xét :
1. Ta giai thich vi sao lai chon diém (%,i,OJ nhu trén

Dé trong (2) c6 d&u bing ta cin c6

N
]

o

g

”
I

Alm sl @

"
I

Cha y 1a véi x=§-, y= i, z=0 lam cho trong (1) cling ¢6 diu

béng Ngoéu ra, qua cach g1a1 thich trén ta thdy chi ¢6 cac diém sau day
ctia mién D

(319) (103)-(:39)-(:33) (re3)- (2
4 4 4 4 4 4 4 4 4 4 4

lam cho f(x,y,z) dat gia tri 16n nhat trén D.

Bai 22.
Tim gia tri nhé nhat cua cac ham s6

v 2

f(x,y,2)=x+—+—,

(%,y,2) 23
h(X y,Z) yz ZzX Xy ’
z (y+Z) y (y+X) 2% (x +y)

1 1 3

vég(x,y,z)=—1—+-——+—+—
Xy Yz 2ZX X+y+z

xét cing trén mién D={(x,y,2z):x>0, y>0, z>0 va xyz = 1}.
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Bai gidi :

a) Ly (x,y,2) € D tuy §. Theo bat ddng thitc Co-si, ta cb
2 .3
z

y
f(x,y,z) =x+—+—
(%,,2) R
2 2 2 3 3 6.6_6
{ihd£}~L+L+L.+z+£.auﬁy2.
6 6 6 6 6 6 6 6!
6 s6

Do xyz =1, nén ta c6 f(x,y,z)2 1—61, V(x,y,z)eD
Mt khac £(1,1,1) = 1—61, vado(1,1,1) e D, nén

min f(x,y,z) = }—1—
(x,y,z)eD 6

1 1 1
VYT
Nhu vay s& c6 X>0,Y >0, Z >0 va XYZ = 1. Khi d6 ta c6

X? Y? A

b) Lay (x,y,z) € D, sau d6 dit x =

h b ’ =
R TV AL TV AL %
2 2 2
X HX(¥+7) Y'+Y(Z+X) Z +Z(X+Y)_(X+Y+z)
Y+Z Z+X X+Y
=(X+Y+Z)( SR S —1) (1)
Y+7Z Z+X Y+Z

Theo bt d¢dng thitc Cé-si thi
X+Y+2Z2>3YXYZ =3,
X Y Z 3 1
+ -1[2=-1==
(Y+Z Z+X+Y+Z ) 2 2
Vi thé tit (1) suy ra

h(x,y,z) 2 g V(x,y,z) € D.
Mat khac h(1,1,1) = g valai(l,1,1) e D nén

min h(x,y,z) =
(x,y,z)eD

ro | co



3
©) Ta ¢6 g(X,¥,2) = + b o — >
Xy VzZ ZX X+y+z

_Xty+z 3 -
Xyz X+y+z
Lay (x,y,z) € D, khi d6 do xyz = 1, nén
gxX,y,z)=x+y+z2+4+—.
X+y+z
Theo bat déng thitc Cé-si ta c6 x +y +z > 33xyz
= x+y+z23.
R6 rang V(x,y,2z) €D, thi
g(x,y,z)=4. .
That vay
“ < (x+y+z)+——3——24
(x+y+2z)
o (x+y+2)? —4(x+y+2)+320
< (x+y+z-1)(x+y+z-3)20.
Theo (3), thi (5) ding, vi thé (4) ddng.
Mit khaec (1,1,1) e Dvag(l, 1, 1) = 4, nén ti (4) suy ra

\ min g(x,y,z)=4.
(x,y,2)eD

2)

3

4

5

Bai 23.
Tim gia tri nhé nhat cia ham s6

f(x,y,z) =(2+l)(2 +l)(2 +_1_J
X y Z

va gia tri 16n nh4t cha cac ham s
g(x,y,z) =X +16xyz,

h(x,y,z) =x+ \/E + ¥Yxyz,

D={(x,y,2):x>0,y>0,z>0vax+y+z=1}.

trén mién

Bai gidi :

a) LAy (x,y,2) tuy § thudc D. Ap dung bat ding thitc Co-si, ta c6

2+l=1+1+3{—+—Y+—Z-=1+1+1+X+£255Jy—:.
X X X X X
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Tu0ng tu

2+— 1 2 55{2(-,
y y

2+l 55/%.
z z

Nhan titng v& ba bt ddng thiic trén va thay
f(x,y,z) 2125, V(x,y,z)eD.

Mait khac do —ll,l,l)eD va f(l,l 1) 125, nén
333 333

min f(x,y,z)=125.
(x,y,z)eD
b)Ldy (x,y,2) e D,tacé (d yringx+y+z=1)
g(x,y,2) =x +16xyz

=1-(y+2)+16yz(1-y-2)

=1+16yz-(y+z)(1+16yz). 1)
Theo bat ding thic Co-si, ta c6
y+z2 2\/y_,
1+16yz > 8.fyz.
Vi thé ta di dén
(y+2)(16yz +1) 216yz. 2)
T (1), (2) suy ra
g(x,y,z) <1, V(x,y,z)eD. 3)
D4u bing trong (3) xay ra <> dau bing trong (2) xay ra
y=2 <= 1
o 16yz =1 - 2
X+y+z=1 y=z=l.
x>0,y>0,z>0 4

Vi g(g % %) 1, nén két hop véi (3) ta thu duge két qua sau

max g(x,y,z)=1.
(x,y,z)eD

c) Lay (x,y,z) € D. Ta cé

h(x,y,z) = X + /Xy +J/x.4y.16z.
=X +% x.4y + i\3/x.4y.162. 4)



Ap dung b4t déng thic Co-si, ta c6

Jx.4y < x+4y’ 5)
2
3x.4y.16z < 3iy3~16_z 6)

Ti (4), (5), (6) suy ra
x+4y+ X+4y +16z
4 12

h(x,y,z) <x +

= h(xy,2) £ (x,3,2).

Vix+y+z=1,nén

hx,y,) <3, Vxy.2)eD. )
| = 16
X =4y 21
N ” 4y =16
D4u bing xay ra trong (7) < y z o J,y= 4
x+y+z=1 21
x>0,y>0,z>0 ° z.____l__.
21
Vi h(—lé 4 —1—)-3 va do (16 4 1 e D nén c¢6
21 21°21) 3 - 21’21’21 ,
max h(x,y,z)=£.
(x,y,z)eD 3
Bai 24.
Cho ham s& f(x,y)=x2+3x+y2+3y+2——2———.
x“+y°+1
Tim gia tri nho nhat caa f(x,y) trén mién
={(x,y):x>0, y>0 vaxy=1}.
Bai gidi :
Léy (x,y) tuy y thude D. Ta cé
f(x,y)= (x +y +1)+3x+3y+—-2——9-2———1.
. X“+y°+1
Theo bat ding thitc Co-si, thi
f(x, y)>4iﬁc3y(x +y +1). 92 -1 hay
x2 +y“+1
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f(x,y)24481xy - 1.
Doxy=1,néncé f(x,y)211, V(x,y)eD.

Lai thay f(1,1)=11vido (1, 1) € D, nén suyra min f(x,y)=11.

| Bai 25.

(x,y)eD
Tim gi4 tri bé nhit cia ham s
2z + 1 +t+ %
f(x,y,z,t) = —2——%
X2 4y’

trén mién

D={(x,y,2,t):0<y<x<4;x+y<7;2<z<3<t}.

60

Bai gidi :
Lay (x,y,z,t) tuy ¥ € D.
Do x<4 va x~-y20=>x(x-y)<4(x-y).
D&u biing trong (1) xay ra <> x =4 hodcx =y.
Doy>0va x+y<7nény(x+y)<7y.
Dau bing trong (2) xdyra < x+ys7.
T (1) va (2) sau khi cong titng v& clia chiing ta dugc

x2+y?<4x+3y=x+3(x+y)<4+21=25.

D4u béng trong (3) xay ra <> x=4; y=3.
Ap dung bat ding thic Co-si ta c6
1 z 7z 1z 7z

2z+l=~+—+—22 ——+—.
z z 4 4 z 4 4

Vi z22 nén 2z+lzg.
z
1 2
Diubdngtrong (4) xayra <>{z 4 < z=2.
z=2

Lai 1ap luan tuong tu ta ¢6 '

g+t;=gt+g+zktz2,/—2—tz+Zt.
t 9 t 9 9t 9

Vi t>3 nén
2,1
t 3

@

@)

3

(4)

®)



2,2
t

Diu bing trong (5) xay ra <19 o t=38.
t=3
Tu (3), (4), (5) cb
o 1
' 2 3
f t] 2 ’t
(%,5,z,t) 2 25

hay f(x,y,z,t) 2> % v(x,y,z,t) € D.

Mit khac £(4, 323)_4?90 v (4,3,2,3) € D nén ta di dén két qua
49
min f(x,y,z,t) = —
(xyzt)eD( y ) 150

Bai 26.
1. Tim gia tri 16n nh4t va nho nh4t cia ham s6

xy\/E—l +yzx -2 +zx,/y—3

f(x’ y’ z) = xyZ b

trén mién D ={(x,y,2):x22, y23, z21}.
2. Tim gia tri 16n nhat cia ham s6
f(x)= 13\&2 -xt+ 9\/){2 +x*

trén mién D={x:0<x<1}.

Bai gidi :
1. * Lay (x,y,z) € D tuy y. Ta cé
f(x,y,2)20

Mat khac (2, 3,1) =0, vado (2, 3, 1) e D nén

min f(x,y,z)=0
(x;y,z)D

* Ta dua f(x,y,z) vé dang sau

Vx-2 Jy-3 Vz-1
X

f(x,y,z) =

' y Z
Theo b4t ding thitc Co-si, thi
Je-pi<isy2zt 1
z 2
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Sy Wt
< %
€y,

Tu d6 sau khi céng titng v& ba bat déng thic trén, ta di dén

O e,

. 1 1 1
Lai thay f(4,6,2)=={1+—=+—|.
: y £( ) 2[ 7 )

Tu d6 suy ra maxf(x,y,z) S%(l +——1—— —l—]

&

xeD \/é \[g
2.Ldy xeD tuy y, ticla 0<x<1.
Ap dung b4t ddng thitc Co-si, ta cé

2 _q.2
\/m 4(1 x%) + x2 4 3x

2 2

00wl
=13 x2—x45%. 1)

Lai theo b4t ding thitc Co-si, thi

,_——9x2.4(1 ) < 9x?% +4(1 + x?) _ 13x% + 4

2 2

2
= 9Vx? +x* SM. (2)

Cong ting vé (1), (2) vaco
f(x)<16, vxeD. 3)
D4u bing trong (3) xay ra <> ddng thdi c6 ddu bing trong (1) (2)
4(1 - x%) =x*
SN (1-x)=x © x= &
9x? = 4(1 + x?) 5
Nhu thé ta c6 %w va f(%}:

Két hdp véi (8) suy ra maxf(x)=16.
xeD



Bai 27,
1. Tim gia tri nho nh4t ca ham s6
y-2 z-2 x-2

f(x,y,z)= -+ +
x? y2 R

trén mién D={(x,y,2):x>1, y>1,z>1; x+y+z=xyz}.
2. Tim gia tri nhé nhat va 16n nhat cia ham s6
f(x,y,2z) = xyz
trén mién D = {(x,y,z) :x2 +2y2 +2x%2% + y%2? + 3x%y?2® = 9}.

Bai gidi :
1. Lay (x,y,z) tuy ¥ € D, ta cé
x>1,y>1,z>1vax+y+z=xyz
T d6 suy ra
—+—+—=1. (1)
y- 2+Z~22+X';2
x? y z

=y—2+x+z—2+y+x—2+y__(1 1 l)

Ta c6 f(x,y,z) =

—+—+
) R > Xy z

B B
x2 y2 . z2 X y z

1 1 1 1 1 1 1 1 1
_(X—l)(—2—‘+;§)+(y—1)(—2— x ]+(Z 1)[;—+sz (;4‘;4‘;)

Theo b4t ddng thic Co-si va chi 7 1a X >1,y>1,z>1,ta thu duge
bat ding thitc sau

_E-D+-1) G-D+G-D @-D+E-1) (1 1 1)

f(x,y,z)z2(x_1)+2(y_1)+2(z"1)—(l+l+l]. 2)
XZ yX zy X Yy &z
Tu (1), (2) suy ra )
f(x,y,z)2—1—+—1—+1—2. 3)
X y z

R ‘A P
Hién nhién ta cé

; ‘
(_1.+_1_+.1_J 23(——1—+—1—+—1—). 4)

X y 2z Xy yz 2zX
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€y,

Bay gio tir (1), (3), (4) c6
f(x,y,z) 2 J3 - 2, V(x,y,z)eD.
Do (\/5,\[5,\/5) <D, va f(\/g,\/g,\/g)= JV3-2, nén
min f(x,y,z)= J3-2.
(x,y,2)D
2. Ldy (x,y,z) € D tuy y. Theo dinh nghia ctia D ta c6
x? + 2y2 +2x%2% + y2z2 + 3x2y2z2 =9
& x2 +y? +y? +x%2% + x%22 + y22? + xPy%2? + x%y%2? + X%yt =9 (%)
Ap dung b4t ding thitc Cé-si ta c6
VI 2 9852y %2,
Vi thé tit (*) suy ra [xyz| <1, hay
-1<f(x,y,2) <1, v(x,y,z) € D.
Do (-1, 1, 1)eD va f(-1, 1, 1) =~1
1,1, 1)eDvaf,1,1)=1, nén

max f(x,y,z)=1; min f(x,y,z)=-1.
(x,y,z)eD (x,y,z)eD

‘Bai 28.
Tim gia tri 16n nhat cia ham s§
£(x,y) =Vx + 2\[)7 trén mién

Bai gidi :
Dt
1 2%
1+2%2° ' B_1+2§/§'
Gia st (%, y) 1a diém tuy ¥ ctia D. Khi d6 theo bat ddng thic Co-si,
ta c6

a=

Sta+a+a+a+a>6dxial

= x% +5a 2 6vx. Yo

3
5a »
o X

x3 +5a = x

= VX £

Tuong tu ta c6
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- WA XY

2y < 22 (2

3J—
Cong ting vé (1) va (2) ta cb
f(x,y)<x +y° +5(a+B) 3)

6%a’

Vi x3+y3=1 vaia+f=1, néntif(3) suy ra V(x, y)eD ta cb

f(x,y)<—-J1+2\/_ )

D4u bing trong (4) xay ra < he sau thod mén
3

a=x

3
[}:y3 o X—\/—
x20,y20 y = 3/B.
L+yd=1

Nhu vay ta cbé
(¥a,4/B) e D ma £(¥a,3B) = ,6/(1+2£’/§)5.

5
Do d6 max f(x,y) =9 (1 + 2{’/5) .
(x,y)eD

Bai 29.
Cho ham s§

f(X,y,Z)=§+2\/1+X +3§[1+E_
y z

X
Tim gia tri nhé nhat cia ham s6 da cho trén mién
D= {(x,y,z) :x>0,y>0,z>0vax > max{y,z}}.

Bai gidi :
Lay (x,y,2z) tuy § € D. Nhu véy tac6x>0,y>0.z2>0va
2{—21;0 <—Z—sl. ‘ 1
y X

5A-GTLN&NNHS 65
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Ap dung b4t ding thic Co-si, ta c6

1+122\/- 1+ 2 >2\f.
VA Y/ X X

£(x,y,2) 2 = + 2\/5{/2 + 3§/§§/z. @)
y z X

Thuc hién phép bién déi cin thie, ta c6

VF(2)=§[§+4§/%+6<\5/%J+[1-3§J§+3(§/§—\/5)3/%. 3)

Lai 4p dung bat ding thitc Co-si, c6

5+4‘{/z+6<</—;—=§+ ‘{/§+...+‘{[i + 6\5/z+...+<\5/Z
y z X Yy Z VA X X
S—— —_—

4 lan 11 ldn

>11.% .22 4)
\jy z X

Tir (1) va dé § riing 1 -g >0 con ¥2 -2 <0, nén tit (2), (3), (4)
di dén

Do d6

f(x,y, 11\/— [1—£] (\/_ \/—) hay

f(x,y,2)>1 +2J§ +3¥2 vixy2eD. (5)
Mzt khac, ching han (1,1,1) e Dva
£(1,1,1)=1+2v2 + 3%2.
Vi thé tit (5) suy ra '
min f(x,y,z)=1 + 22 +33/2.

(x,y,2)eD
Bai 30.
Tim gia tri nhé nhat cia ham s§
fx,y) = L
\/1

trén mién D={(x,y):x>0, y>0;x+y=1}.
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Bai gidi :
Lay (x,y) tuy ¥ € D, thix>0,y>0véx+y= 1. Do vay

f(x y)— y =_§_+L. » (1)
iy W ¥x o
Ap dung b4t d&ng thic Co-si, thi

Xy 220k, (@)
Jy |
Yy
—— +Vx 22yy. 3)
xz2ly | (

Tit (2), (8) di dén
f(x,y)+\/—§+\/—§ 22(\/;+\/;), hay

£(x,y) 2 Vx +4[y. (4)
Ta lai c6 thé viét
fxy) =L + 125 = (Vx +4F)- ®)
\/S" Jx X 4y
Bay gio tit (4), (5), ta c
1 1
2f(x,y)2— ,
T
f(x,y)2 - (6)
[\/— Jy J
T (6) va lai theo bat déng thitc Co-si suy ra

1

f(x,y)2 \/— \/— (7
2

Dox+y=1,vivaytu (7) tacéd
f(x,y)2V2, V(xy)eD. ®)

R6 rang (% EJGD va f (— EJ J2. Két hgp véi (8) ta thu duge

két qua sau :

min f(x,y)=+2.

(x,y)eD
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Nhéan xét :
Dé thay (%,—;—] 12 phén ti duy nhat cha D lam cho ham sé f(x,y)
nhan gia tri bé nhit.
Bai 31.

Tim gi4 tri 16n nhat ctia ham s6

f(x)=325+«/1—x-2x2

trén mién Dz{x:—lsxs%}.

Bai gidi :
. Nhan xét ring D chinh 14 mién xac dinh ctia ham s& f(x). Theo bat
dang thic Co-si, ta c6

1+{1-x-2x>
\/l—x—2x2=\/f(1—x—2x2)s ( 7 ), vxeD.
Vi thé
1+(1-x-x?
f(x)si+_(————)
2 2
hay f(x)<1-x2, vxeD. ‘ (¢))
. Tt (1) suyra f(x)<1, VxeD. 2)
Chi y hé phuong trinh '
1=1-x-x2
1-x%=
~-1<x<— 4

6 nghiém (va c6 nghiém duy nh4t x* =0). »
Nhu thé, tit 0 € D va f(0) = 1, cung véi (2) ta di d&n

max f(x) = 1.
xeD

Nhan xét : v

1. Né&u 6 bai trén ta khong ding bat déng thic Co-si, ma dung bét
d‘éng thizc Bu-nhi-a-cop-ski thi sao ? Cu thé 1a véi x € D va theo bat
ddng thitc Bu-nhi-a-c8p-ski, thi
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f(x) =%x+1.m s,&+1.\/x2(1 _x? - 2x%)

5 1V 5 5
hay f(x)s\/;.\/—(—x+§) +Z SZ. ' 2)

D4u bing trong (2) xay ra khi va chi khi hé sau thod mén

1
1-x-2x2 =2x2 X=3
<X+—1—~=0_ <:><x=—l (*)
2 2
—ISxSl. —ISxSl.
2 L 2

Vi hé (*) v6 nghiém, nén khong chi ra dugc ddu bing trong (2).
Nghia 1a cach giai nay khéng ching nhan duge. Vay st dung bat ding
thic Cé-si la phuong phap hgp li.

2. Bay gio lai xét bai toan sau :

Tim gia tri 16n nhat cia ham s6

f(x)=8-2x+V5-x° +4x
trén mién D={x:-1<x<5}.

Ta nhan thay D ciing chinh 12 mién xac dinh ctia ham s§ f(x). Vé
mit hinh thidc thi bai todn nay “gidng hét” bai toan trén. Ta thi dung
phuong phap véi bat ding thitc Co-si xem sao. Goi x € D 1a phén ti tuy
. Theo bat ddng thitc Co-si, thi

. 2
\/5—X2+4x=\/1(5_x2+4x)51+(5 X +4X)‘

2
Vi thé
2
f(x)s3—2x+1+(5 X +4x),hay

2

f(x) < 6-=—

(%) 2

= f(x)<6, VxeD. 3

M3t khac xét hé phuong trinh sau
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1=5-x2+4x x=2-2J2 hoticx=2+2V2
x=0 P x=0 (**)
-1<x<56 -1<x<5.

R& 12 hé (**) v6 nghiém, vi th& bing phuong phap nay khong chi ra
duge lic nao thi ddu bing trong (3) xay ra.

Néi cach khac phuong phap bat ddng thitc Co-si lai khéng thich
hgp cho thi du nay ! Ta lai thit 4p dung bat ddng thitc Bu-nhi-a-c6p-ski.
Ta cé VxeD, thi

f(x)=-1+(-2)(x-2)+ \/1.(5 -x? +4x)

<1+ A+ 1./(x% - 4x +4) +(5-x% + 4x) , hay

f(x)<-1+3V5,  vxeD. )
Xét hé phuong trinh '

{—2 5-x2+4x=x-2

ta c6 nghiém
-1<x<5

6V5

X=2-—-.
5

Nhut vay 2—-6§€D va f(2—§§]=3\/5—1.

K&t hop véi (4) ¢6 max f(x) = 35~ 1.
xeD

B4t ding thttc Bu-nhi-a-c6p-ski té ra cé ich trong thf du nay !

Bai 32.
Cho ham sé
f(x,y,z,t) = (x + z)(y + 1),
xét trén mién
D={(x,y,z,t):a(x2 +y?) +b(z? +t2)=1}, 5 day a va b 1a hai s6
duong cho trudc. Tim gia tri 16n nhét cta ham s6 d6.

Bai gidi:
L&y (x,y,z,t) tuy ¥ thudc D. Ta thay
f(x,y,z,t) = (x + z)(y + t)

=xy + zt + xt + zy. Q) -
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Theo b4t ddng thic Cé-si, ta c6 o
X+y2 2|xy| 2 2xy.

Via>0,b>0,néncé

b 2ab
a+b(x2+y2)2a+bxy. | @
Li luan tuong tu cé
b 2ab ‘
——aa+ - (x% +t2) 2 —a | ®3)

Ngoai ra ap dung lf luan trén lai cé
2 2
a X2 + b 2 > 2ab
a+b a+b a+b
2 2
a 2 b 2 2ab
+ 2
a+b y a+b g a+b ye
Cong ting vé (2), (3), (4), (5) ta du0c

a(x? + y2) + b(z? +t2)> R (f(x ¥,2,t)). (6)

xt, 4)

5

Do (x,y,2,t) € D nén ti (6) suy ra

f(x,y,2,t) < 32;: ,  V&y,zt)eD. %)

D#u bing trong (7) xay ra < ddng thdi c6 dau béng trong (2) (3) 4) (5)
(x=y

|z=t

o {ax=Dbt

ay = bz

‘a(xz + y2) +b(z% +t?) =1

X=y
=N z=t=%
2ax? +2b a::2{2 =1
=2 _~ hosc

z=t= |—2 | z=t=— |—0—
\ \2ba +5) T T \2p@+b)
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Nhu v4y ta thiy

(x*yfz,t,)=\/ b \/ b \/ a a <D
T 2a(a+b)’ V2a(a+b)’ V2b(a+b)’ \2b(a+Db)

va f(x*,y*,z*,’t*) = azz;).

Két hgp véi (7) va theo dinh nghia clia gia tri 16n nhat cta ham s6
ta suy ra

a+b

max f(x,y,z,t)=
(xyzt)eD 2ab

Bai 33. |
Tim gia tri 16n nh4t cta ham s6 f(x,y,z)=x"y+y"z+2"x,
trén mién
D={(x,y,2):x20,y 20,220 vax +y + z = 1}, § day n 14 8 tut nhién.

Bai gidi :
1.Néun=0,thifix,y,z)=x+y+z=1, V(x,y,2) € D.
Do vay '

max f(x,y,z) =1.
(x,y,2)eD

2. Néun = 1, thi f(x,y,2) = xy + yz + zx.

Dé thay xy+yz+zxs%(x+y+z)2. Vi thé

f(x,y,2) < % V(x,y,2) D.

| al cé f - == |==, mé —,—,= l) n'\n

max f(x,y,z) =l
(x,y,z)eD 3

3. Néu n > 1, 14y (x,y,2) tuy ¥ € D. C6 thé gia sit ma khong hé 1am
giam tong quat réng X = max(x,y,z). v
Do y<x=y"z<x"yz

Do y <x = z"x <zx" va z"x < z%x™!

-1
>—ha ilz>E NhUVéytaco
2 n 2

Vin>1nén 2
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f(x, y, z) = xny + y“z +2zx < Xny + xn_lyz +%an + _;_znx <

n z2 n-1

<xPy+x"lyz 4 B ZX e lxaz) y+ 2 <
yrxTyzd— 3 (x+2)|y 2

SX“'I(X+Z)(Y+n_1z)=n“ i.i...i-x-*-z(}"*'n‘lzj . )
n nn '

Theo bat déng thitc Co-si, thi

i qn+l
X X+2 n-1

(n-1)—+ +y+ Z

3‘-."”( +n—lz)s n_n n )
y

n n n+1l

n-1 thia 8§ - ]

X
n

X
n

|

Thay (2) vao (1) va rit gon, ta di d&€n bat d&ng thic sau

n

n (x’ y’ Z)n+1 - n 3
(n +1)n+1 (n +1)n+1 ' @)

D4u bing trong (3) xay ra chi khi

f(x,y,z)<n

X+y+z=1
z=0 ’ & {y=

X - X+2 n-1
= z=0.

—— _y 2

n n

n
Nhuvayf( B ool=—" _ Dods
| n+l’'n+1 (n+1)"1

max f(x,y,z)=

(x,y,z)eD (n + 1)n+1 )

Tém lai ta cé két qua sau

1, néun=0

1 -
max f(x,y,z)=<-=, néfun=1
(xy,z)eD 3

= néfun=2,3, ..
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