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CHUYER DE: Ml o6 frbucong fihsdifs gidi frhutong biink nghim ngouyén

CHUYEN BE;

MIOT SO PEMUONG PEAR
GIAT PHUONG TRINEL NGEIIEN NG YEN

A. MO PAU

I. LY DO CHON CHUYEN DPE:
Trong chuong trinh toan THCS thi phuong trinh nghiém nguyén van luon 1a mot de tai hay

va kho doi v6i hoc sinh. Cac bai todn nghiém nguyén thuong xuyén cé mat tai cac ki thi 16n
nho trong nudc va ngoai nudce.
Tuy nhién lai khong c6 nhiéu tai liéu viét rieng vé noi dung nay, do vay dé phuc vu giang
day ctia ban than, dac biét 1a cong tac béi dudng hoc doi tuyén hoc sinh gidi va boi dudng
hoc sinh thi vao cac trudng chuyén 16p chon nén toi da viét chuyén dé nay.
Trong chuyén dé nay toi chi méi dé cap dén van dé nghiém nguyén ( cu thé 1a cdc dang va
phuong phép giai) chit khong di sau vi von hiéu biét con c¢6 han.
IL. PHAM VI VA MUC PICH CUA CHUYEN PE:
1. Pham vi cia chuyén dé:

- Ap dung vé6i déi tuong hoc sinh kha- gidi cac khoi 8- 9
2. Muc dich chuyeén de:

- Trao doi v6i dong nghiép va hoc sinh mot s6 phuong phap ciing nhu 1a mot s6 bai
toan giai phuong trinh nghiém nguyén trong chuong trinh boi dudng hoc sinh kha- gioi cac
16p 8,9

- Giup hoc sinh biét van dung cac phuong phap trén mot cach linh hoat trong viéc

giai quyét cdc bai todn vé nghiém nguyén tir dé dén kho.
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B- NOI DUNG.

PHUONG PHAP 1: AP DUNG TINH CHIA HET.

Céc tinh chit thwong dung :
~Néua:mvaa+h mthib: m.

—Néua:b, b:cthia:c.

— Néu ali ¢ maUCLN(b, c¢) = 1 thi ac.
—Néu & m, b n thi ah mn.

—~Néu a b, a ¢ v6i UCLN(b , c) = 1 thi abc.

— Trong m $ nguyén liéniép, baogio ciing BN tai Mot sd & bdi caa m.
1. Phuong trinh dang ax + by =c.

vi du 1: Giai phuong trinh nghiém nguyén sau:  2x + 25y =8 (1)
Giai:
C6 thé dé dang thay rang y chan. Dat y =2t phuong trinh (1) tr& thanh: x + 25t =4
Tur d6 ta c6 nghiém ctua phuong trinh.
X=4-28%
y=2t
tiz
Chii V: fa con c6 cdch thir hai dé tim nghiém cvia phuong trinh trén. Pé la phuong phdp
tim nghiém riéng dé gidi phuong trinh bdc nhdt hai an. Ta dua vao dinh ly sau:
Néu phuong trinh ax + by =c. vdi (a;b) = 1 c6 nghiém la ( x,; y,) thi moi nghiém nguyén
ctia phuong trinh nhdn tir cong thiic.
X=X, +bt
y=y,-at
tz
Dinh ly nay chitng minh khong kho ( bang cdch thé truc tiép vao phuong trinh) dua vao
dinh ly nay ta chi can tim mot nghiém riéng cua phuong trinh ax + by =c.
Doi vdi cdc phuong trinh co6 hé sé a,b,c nho thi viéc tim nghiém riéng khd don gidn
xong voi phuong trinh cé cdac hé so a,b,c lon thi khong dé dang chut nao, do do ta phai
dung dén thudt todn Oclit.

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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2.Pua vé phuong trinh uéc so:

Vi du2: Giai phuong trinh nghiém nguyén sau: 2x+5y+ 3xy = 8 (2)
Giai:

(2) = x(2+3y)+5/=18

~ 3[x(2+3y)+5y]|= 24

= 3x(2+3y)+15 = 24

= 3x(2+3y)+ 15+ 10= 34

= 3x(2+3y)+5(2+ 3 = 3¢

= (2+3y) (3x+ 5)= 34

Vi 34=17.2=34.1=(-17).(-2) = (-1).(-34) nén ta c6 bang két qua:

3x+5 -34 -1 2 17
2+3y -1 -34 17 2
X -13 -2 -1 4
y -1 -12 5 0
Vi du3: Giai phuong trinh nghiém nguyén sau: x> +2y°+3xy—2x-y =6 3)
Giai:

(3) = x¥*+x(3y-2)+2*~y+a= 6+a (ala mot sO chua biét duge xdc dinh sau).
Xét phuong trinh; x*+(3y-2) x+2y*-y+a=0
Co A:(Sy—2)2—4(2yz—y+a):y2—8y+4—4a

Chona=-3
Tacé A=y*-8y+16=(y- 4’
=>x=-y-1 x,=-2y+3 tudo6taco phuong trinh udc so:

(x+y+1)(x+2y-3 =3
Suy ra két qua: (xy)0{(-6:6).(0;2 (- 43 (- 10;}}
3.Tach gia tri nguyén.
Vi du 4: Giai phuong trinh nghiém nguyén sau:
Xy=X-y=2 “4)
Giai:
(4) = x(y-9=y+2
Ta c6 y = 1 khong phai 1a nghiém cua phuong trinh
_yt2

. pd 3
V61 yzltaco: x=="—- o x=1+—=vy-1U,.,={-3-1.1;
y y_l y_l y (3) { 3

- yO{-2,0,2:4 = (xy) 0{(0:-2) (-2 (43 ( 2}

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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PHUONG PHAP 2: PHUONG PHAP LUA CHON MODULO ( hay con goi la xét so du tirng vé)
Trudc tién ta co cdc tinh chdt co ban sau: Mot s6 chinh phuong khi chia cho 3 du 0;1.

chia cho 4 dw 0;1. chia cho 8 dw 0;1;4. vv..

1. Xét so du hai vé.

Vidu 5: Tim nghiém nguyén cua phuong trinh: 9x+2=y*+y (%)

Giai:

Ta c6: VT =9x+2=2(mod3=VP=y’+y=2(mod3 = y(y+ = Z mod}

= y=1(mod3 ( vinéu y=3k hoacy = 3k+2 thi VP =0(mod3J).

= y=3k+1 (trong d6 k 0Z) thay vao pt(*) ta co :

Ox+2=(F+D +( X+ ) o x= @+ 8 - x=k?+k

x=k>+k
Vay {y=3k+1
kOZ
Vi du 6: Giai phuong trinh nghiém nguyén khong 4m sau:
(2X+1)(2‘+ 2)(Z+ 3( 2+ A)— 5= 1187
Giai:

Tacé 2,2+, 2+ 2,2+ 3;2+ <12 556 tu nhién lien ti€p 2* (2 +1)( 2+ J( 2+ 3 2+ ¥
Mat khdc UCLN(2;5) =1 nén (2+1)(2+2(2+3( 2+ 4 ¢

V6i y=1thi VT =(2"+1)(2+2)(2+ 3( 2+ 4~ & tcon VP=11879= 4 mod} suy ra phuong
trinh khong c6 nghiém.

V61 y=0tacé:

(2+0)(2+9(2+3( 2+ - 8= 12879 (2 ){ "> )p2 )2 )4 1Lt
= (2+1)(2+29(2+3( 2+ 4= 9101112 "2 4 9 *2 8 *2 °2 x=
Vay phuong trinh da cho c6 nghiém duy nhat (x;y)=(3;0)

Vidu 7: Tim X, y nguyén duong thoa man : 3X+1=(y+])2
Giai:
F+1=(y+1) = 3=y(y+ ()
Tac6 VT =3 =1(mod2 = VP = y(y+2)=1(mod 3
Suy ra y 1a s6 1¢ ma y va y+2 1a hai so 1€ lién ti€p
y=3"
Tu pt(**) =>{y+2=3
m+n=x

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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Tacoy+2>y = n>m =1
Néu m > 1 thiy vay+ 2 déu chiahétcho3 (voli vi(y, y+2)=2)
Vaym=1 =n=0 =x=1 = y=1

2.8u dung s6 du dé chi ra phuong trinh vo nghiém.

Vi du 8: Giai phuong trinh nghiém nguyén duong sau:
19"+ 5 +1890= 1975 + 201
Giai:
Ta c6 x ,y nguyén duong = 5':5; 1890 = VT =19"+5 +1890= 19( modf
Mat khéc: 19=-1 mod§= 19= { 1)( mod
Néu x chan thi 19* = 1( mod§; néu x 1& thi 19 =-1( modg= 4 modp
= VT =14(mod§ con VP =3(modg Do d6 phuong trinh vo nghiém.
Vidu 9: Tim cac sO nguyén duong X, y biét: x* +x-1=3"*"
Giai:
Tacé: VP=3""=0(mod3 (¥)
Néu x =3k ( kON") thi VT =x*+x-1=2(mod3J
Néux =3k +1 ( kON )thi VT =x’+x-1=1(modJ
Néu x =3k +2 ( kON) thi VT =x’+x-1=1(modJ
Vay v6i OxOZz" thi VT =x*+x-1=12(mod3 (*%)
Tir (*) va (**) suy ra khong ton tai cac s6 nguyén duong x, y thoa man bai toan.

Chu y: Nhiéu bai todn thi vo dich cdc nudc doi khi phdi xét dén Modulo khd lon
VD ( IMO nam 1999).
Vidu 10: Giai phuong trinh nghiém nguyén sau: m’=n°-4
Giai:
N’ =0;1;3;4;5; mod1)l con n°-4=6;7;8 mod1) suy ra phuong trinh vo6 nghiém.

Chu y: Pai vdi cdc phuong trinh nghiém nguyén co su tham gia cua cdc sé ldp phuong
thi Modulo thuong ding la Mod9 Vi x* =0;1;,8( mod9

Vi du 11: Giai phuong trinh nghiém nguyén sau: x* + y*+z°=2011 ( 8)
Giai:
Dua vao nhan xét trén: Tacé x*=0;1,8(mod9; y*=0;18( mod9 z° =0;1;8( mod 9
=SVT =x*+y*+2°=0;,1,2;3,6; 7,4 modP
Con VP =2011= 4 mod9 nén phuong trinh vo nghiém

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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PHUGNG PHAP 3: DUNG BAT PANG THUC.

1. Poi vé6i cac phuong trinh ma cac bién c6 vai tro nhu nhau thi nguoi ta thuong dung
phuong phap sap thit tu cac bién.

Vi du 12: Giai phuong trinh nghiém nguyén duong sau: x+y+z=3xyz
Giai.

Khong mét tinh téng quat ta c6 thé gia st 1S x<y<z
= 3Xyz=x+y+2<3z
=>xysl=x=1Ly=1=2z=1
Vay nghiém ctia phuong trinh l1a (x;y;z)= ( 1;1;1).
Cha y: Doi véi phuong trinh nghich ddo cdc bién ta ciing cé thé dung phuong phdp nay
( néu vai tro cdc bién ciing nhu nhau). Ta cé cdch gidi khdc ciia vi du 9:

1,1, 1

Chia ca hai v€ cua phuong trinh cho xyz ta c6: —+-—+-—=3
Xy 2 yz
Giai:
A A, s e 7 7 R <2 k3 1 1 1 3 2
Khong mat tinh tong quat ta ¢6 thé gia st 1sxsysz=—+—+—-=3<s - = x*<1=x=1

Xy zX yz X
Suyra:y=1;z=I.

Vi du 13: Giai phuong trinh nghiém nguyén duong sau: ~+=+1=1
X y z
Giai:

A A, z R 7 7 R 2 9 1 1 1 3

Khong mat tinh tong quét ta c6 thé gia st 1sx<y<z=>=+=+==1<—=x<3
Xy z X
Lan luot thir x = 1 thi phuong trinh khong ¢6 nghiém nguyén.
Xétx=2tacé t+i+tzgo it 2 y<4
y 2 y z 2y

Mt khdc y=x=2= y0{2;3;4 tathir 1dn luot cic gid tri clia y:
y= 2 phuong trinh khong c6 nghiém nguyén.

y=3 =7=6

y=4 =z=4

xétx =3tacé: S+ tetogo Lyt 2o 2 y<3
y z y z 3y

Mait khac y>2x=3=y=3=2=3
Vay nghiém clia phuong trinh 1a: (x; y; z) 0{(2;3;6) ( 2:4:19 ( 3;3:}

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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Vi du 14: Giai phuong trinh nghiém nguyén duong sau: x!+y!=(x+y)! (%)
Giai:
Vi vai trd ciia x, y nhu nhau nén khong mat tinh tong quat ta gia st 1< x<y
Taco: (x+y)! =x! +y! < 2.y! = x<1lvin€ux>1thi 2.y! > (y+2)!
2.y! 2yl (y+1)(y+2) = 22 (y+1)(y+2) (voliviy=1)
Vay x =1 Thay vao PT (*) taco 1+y! = (y+1)! = 1+yl=yl(y+]) = yy!l=1=y=1
Vay phuong trinh c6 nghiem x =y =1

2.4p dung bat dang thic co dién.
Vi du 15 Tim céc § nguyén dong X, y théd man plrong trinh :(x* + 1)06¢ + ) =4xXy

Gidi :

Ap dung bit dang thrc Co-si ta c6 :
x? +1 > 2x, dau bang xdy ra khi x = 1.
x2 +y? = 2xy, diu bang xdy rakhi x = .
Vi x, y nguyén ¢ong nén nhan cacibdang thic trén \é theo \é taduoc :
0 +1)0¢ +y) = 4%y, diu bing cé khi va chkhi x =y = 1.
Vay phrong trinh ¢6 ngldim duy nhkitx =y = 1.
Vi du 16: Giai phuong trinh nghiém nguyén sau: (x+y+1)° = 3( X2 +y?+ ])

Giai:
ap dung BDT Bunhiacopski ta c6 (x+ y+1)2 <(1+1+ J)(x2 +y2+ j)
Dau bing x4y ra khi %z%:%:l hay x=y=1

Vay Phuong trinh c6 nghiém x =y =1
Vidu 17: Giai phuong trinh nghiém nguyén duong sau:
x®+2°-156x°z = 3x2y%—(y2+ 5)3
Giai:
x®+2°-15x°z= 3x2y22—(y2+ 5)3
- (X2)3 +(y2 +5)3+ 23 = 3x22(y2+ 5)
4p dung bat dang thiic cosi cho 3 s6 ta c6 : (xz)3 +(y2 +5)3 +2°> 3x22(y2+ 5) Dau = xay ra
khi x* =y?+5=2z Tu phuong trinh x* =y*+5=(x-y)(x+y)=5=>x=3)y=2=>2z=9
Vay nghiém ctia phuong trinh 1a ( x;y;z) = ( 3;2:9).
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Ghi chu:

Viéc dp dung bdt ddng thirc vao gidi phuong trinh nghiém nguyén rdt it ding vi dn y
diing bdt ddng thirc rdt dé bi 16 . Tuy nhién ciing cé mot vai truong hop ding bdt ding
thirc kha hay nhu vi du sau:

Vidu 18.1: Giai phuong trinh nghiém nguyén duong sau:
Xy X7 +y*+2)=2(¢ - x+ 1)y’ ~y+1)
Giai:
Taco  (x+1)°20- 2¢+ &+ 2> 0= :{x2+x+ ;szz—x+ |

Do x* +x2+1:(x2 +1)2 -x? :(x2+x+1)(x2 —x+1)2:%>(x2 —x+1)2 (*)
Tuong ty ta cling 6 y' +y’ +12%(y2 - y+1)2 (%)

Cong theo v€ cua (*) va (**) ta c6

x“+y“+x2+y2+22%(x2—x+1)2+§(y2—y+1)2

= x“+y“+x2+y2+22?1))[(x2—x+1)2+(y2—y+1)2}2%.2(x2—x+])(y2 —y+])
- 3(x4+y4+x2+y2+2)2 2(x2—x+])(y2—y+])
Dau “=” xdy rakhi x = y=1
Vay nghiém ctia phuong trinh la x = y= 1.
Vi du 18.2: Giai phuong trinh nghiém nguyén duong sau véi X, y, z la cac s6 doi mot khac
nhau. C+yi 2= (x+y+2)
Giai:

3 3 3 3
4p dung bat déng thite XY T2 [ XTy*2
3 3

3
:>X3+y3+z3=(x+y+z)22W3x+y+239

Vi x, y, z d61 moO khic nhau suy ra x+y+z>1+2+3= 6= x+y+ zD{6;7;E§
Lan luot thir cac gid tri cia x+ y+z ta tim dugc (x;y;z)= (1;2;3) va cdc hodn vi cua no.
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3. ap dung tinh don diéu cua tirng vé:

Ta chi ra mot hoac mot vai gia tri cua bién thoa man phuong trinh réi ching minh dé la
nghiém duy nhat.
Vi du 19: Giai phuong trinh nghiém nguyén duong sau: F+4=5

Giai:
Chia ca hai v€ cua phuong trinh cho 5* ta cé: (gj +(gj =1

Thir v6i x = 1 ta thady khong phai la nghiém nguyén cua phuong trinh.
Véix =2tacé VT =VP = 1 thoa man bai toan.

vaxea (3 (2] w (5] (] s (3 (3 <[ (3] -
Ol X23 =| - | <|—=| Vva|—-| <[=| suyra|—-| +|=| <|=| +|=]| =1
5 5 5 5 5 5 5 5
Vay Phuong trinh c¢6 nghiém duy nhat x = 2.
T vidu 19: suy ra cdch lam bai tdp sau: Tim s6 tu nhién x sao cho (\/§)X +(\/Z)X = (\/Ts)X

Dot voi phuong trinh trén ta con cé bai todn tong qudt hon.
Tim cdc so nguyén duong x; y; z thod mdan 3+4 =5,

dap s6: x =y =z=2 nhung cach giai trén vo tdc dung véGi bai nay.

(Dégidi bai nay thi hitu hiéu nhdt la xét Modulo).
4. Dung diéu kién A >0 hoac A'>0dé phuong trinh bac hai c6 nghiém.
Vidu20:
Giai phuong trinh nghiém nguyén sau: x*+2y® = 2xy + 2x+ 3y
Giai:
X 42y =2xy+ X+ = X = X(y+ I+ 3 - ¥= (ta
5_2/29 <y<>t ;/?9

Co:A'=(y+1)" ~(2y° - 3y) = -y’ + 5y+ 1> 0=
Viy nguyén nén y D{O;l; 2;3;4;% Thay lan luot cc gid tri cua y vao phuong trinh va tim x
tuong tng ta dugc: (x; y) 0{(0;0) ;( 2; 0}

Nhan xét:Noi chung phuong phdp nay duoc dung khi f(x;y)co dang tam thirc
bdc hai f(z) = az’ + bz + c trong dé a <0 .

con khi a >0 thi dung phuong phdp dd néi trong vi du 3 dé dua vé phuong trinh uéc so
mot cach nhanh chong.

10
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PHUONG PHAP 4:PHUONG PHAP CHAN HAY CON GOI LA PHUONG PHAP PANH GIA.

Chu yéu dua vao hai nhan xét sau:
« Khong ton tai n0Z théa man a? <n’<(a+1)° v6i a 1a mot s6 nguyén.
e Néu a’<n*<(a+2)°v6i an0Z thin=a+ 1.

Ta c6 vi du sau:

Vi du 21: Giai phuong trinh nghiém nguyén sau: x*+x*+1=y?
Giai:

Xét hiéu (x2+1)2—y2:x220:>(x2+1)22y2
Xéthiéu y*-x'=x*+1>0=y*>x’
Suy ra: (xz)2 <y’< (x2 +1)2 =y’ = (x2 +1)2 Thé vao phuong trinh ban dau ta co:

x*=0 = x=0
Nhdn xét trén cé thé mé rong véi sé ldp phuong ta cé vi du sau:

Vi du 22: Giai phuong trinh nghiém nguyén sau: x* - y* =2y*+3y+1
Giai:
Bing cdch bién déi nhu vi du trén ta c6: (y-1)°<x<(y+1)’=x=y; x=y+L1.
Lan luot xét cac truong hop x =y va x =y +1 ta tim dugc nghiém ctia phuong trinh:
() 0 (-1-1) (0} .
PHUONG PHAP 5: DUNG TINH CHAT CUA SO CHINH PHUONG.
Céc tinh cfit thwong ding :
— S0 chinh plwrong khéng én cung ling 2, 3, 7, 8.

— S6 chinh plrong chia B8t cho $ nguyén & p thi chia it cho p?.

— S6 chinh plrong khi chia cho 3, cho 4 thé thé du 0 haic 1.

— S6 chinh plrong chia cho 5, cho 8 thd st chi ¢6 the 1a 0, 1 hdc 4.
— S6 chinh plrong k chia cho 4, 8 thidsdu déu 1a 1.

— Lap phrong aiamot sd nguyén chia cho 9 ¢leé the du 0, 1 hac 8.

11
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Dang 1: sit dung ménh dé 1 sau:
x =k?
VOi X, v, z nguyén va xy = 22 véi (x;y) = 1 thi {y=t>voi kt0Z
kt =2z
Thdt vady ta chitng minh bang phuong phdp phdn chiing:
Gid sit x, y khong la s6 chinh phuong nén trong phdn tich thanh so nguyén t6 ciia x hodc y
ton tai mot s6 chiia it nhdt mot s6 nguyén t6 p véi s6 mii lé.( s6 p voi s6 mil Ié trdi vdi diéu
kién z* la so chinh phuong) suy ra diéu phdi chitng minh.
Vi du 23:
Giai phuong trinh nghiém nguyén sau: 2x* +3x*+1-y*= 0
Giai:

X' +3+1-y?= 0= (20 + A(x*+ d=y
Tac6: (2 +Lx*+1) =1

Suy ra: {

X*+1=t?

, , Tuphuong trinh x*+1=t* « (x-t)(x+t)=-1=x=0=y=1
2X°+1=z
. ) . . |x=0

Vay nghiém cua phuong trinh la: {y 1
Dang 2: str dung ménh dé 2 sau:

Néu n; t la cdc s6 nguyén thod man n( n+1) = £ thi hodc n = 0 hodc n+1 =0.

Chitng minh:

Gid st n20; n+1£0=tz0

Vay

n?+n=f « 48 +4n=dt- (2+ )1 =2 a (> )1 t=(n2 -1)@n+1+2)=1
Vin, tla cdc s6 nguyén nén tir phuong trinh woc so'trén suy ra n=0 hodc n =-1= (Dpcm)

ap dung ménh dé trén dé gidi phuong trinh nghiém nguyén trong vi du sau:
Vi du 24: Giai phuong trinh nghiém nguyén sau: x° +2xy+y> +5x+ 5y = x°y* - 6
Giai:

X*+2xy + Y2 +Bx+ 5y =Xy? = 6= (X+y+ J(x+y+ J=xy?

= x+y+2=0 hoac x+y+3=0 tir d6 tim duoc nghiém nguyén ctia phuong trinh.
Phuong trinh nay van con ¢6 nhiing cach giai khac nhung viéc duing ménh dé trén gitp cho
101 giai bai todn trd nén ngan gon hon.
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PHUONG PHAP 6: PHUONG PHAP LUI VO HAN.
( HAY CON GOI LA PHUONG PHAP XUONG THANG).
Phuong phdp nay dung dé chitng minh mét phuong trinh f(x,y,z,...) nao dé ngoai
nghiém tam thuong x =y =z =0 thi khong con nghiém nao khdc.
Phuong phdp nay duoc dién gidi nhu sau:

Bt ddu béng viéc gid su (%,; Yy; 2,,.-) la nghiém ctia f(x,y,z,...). Nho nhitng bién doi, suy

ludn 50 hoc ta tim duoc mot bo nghiém khdc(x;y,; z;...) sao cho cdc nghiém quan hé voi

bo nghiém dau tién boi mot ty s6' k nao do. Vi du: x,=kx;y,=ky;z,=kz;...

Roi lai tir bo (x,;Y,,2,;...) sao cho cdc nghiém quan hé voi bo nghiém (x;y,; z;...) boi mot

ty 56 k nao do. Vidu: x =kx,;y, =ky,;z,=kz... Qud trinh tiép tuc dan dénx,,y,; z,,...chia

hét cho k* véi s la mot so tw nhién tuy ¥ diéu nay xdy ra khi va chi khix=y=z=...= 0.

Dé ro rang hon ta xét vi du sau:

Vi du 25: Giai phuong trinh nghiém nguyén sau:  x* +y*=32°

Giai:
Goi (% Yo; Zo) 12 moOt nghiém cua phuong trinh trén. Xét theo mod3 ta chiing minh x;; y,
chia hét cho 3. That vay: ro rang v€ phai chia hét cho 3 suy ra: x> +yZ:3 taco:
x; =0;1(mod3 y; = 0;{ modfdo d6: X} +y2i3=>%,i3; Y,:i3
dat x, =3x.;y, = 3y,;2,= 3z, th€ vao va rit ron ta dugc 3()(12 + yf) =22 = 7,:3=2,= 3z,
Thé vao va rit gon ta dugc. x? +y7 =3z do d6 néu (x,; Y,; Z,) 14 mot nghiém ctia phuong
trinh trén thi (x;y,;;z) ciing 1a nghiém cta phuong trinh trén. ti€p tuc qua trinh suy luan
trén dan dén x;y,;z,:3¢ diéu d6 chi xay ra khi. x,=y,=z,=0.
Vi du 26: Giai phuong trinh nghiém nguyén sau: x° +y*+2z° =2xyz
Giai:

Gia st (X, Y o) 12 moOt nghiém cuia phuong trinh trén. x” +y,> +z,” = 2X,y Z,

= x,2+y,’+2,2 chdn ( do 2x,y,z, chdn) nén c6 hai trudng hop x4y ra.
Truong hop 1: C6 hai s6 1&, mot s6 chdn. Khong mat tinh tong quat ta gia st x,,y, 1€;
z, chan. Xét theo mod4 ta c6: x,” +y,’ +2z,°=2(mod4 con 2x,y,z,:4 ( do z, chan)= vo ly
Truong hop 2: ca3 s6 déu chan. Dat x, =2x;;y, = 2y,;z,= 2z, thé vao va rit gon ta c6:
x® +y,>+27?=4xyz, 1ap luan nhu trén ta dugc x;y,;z chan
Qua trinh lai ti€p tuc dén x, ;y,;z,:2“ v6i kON" diéu d6 xdy rakhi x, =y,=2,=0

Tém lai nghiém ctia phuong trinh 1a (x,; y,; z,) =(0;0;0)

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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PHUONG PHAP 7: NGUYEN TAC CUC HAN
( HAY CON GOI LA NGUYEN LI KHOI PAU CUC TRI)

Vé mat hinh thic thi phuong phdp nay khéc véi phuong phép 1ui vo han nhung vé y tudng
str dung thi nhu nhau. déu ching minh phuong trinh ngoai nghiém tam thudng khong c6
nghiém nao khac.

Phuong phdp bat dau bang viéc gia st (X,; Yo; Zy,--) 12 nghiém cua f(x;y;z;...) véi diéu kién
rang budc v6i bo (%; Yo; Zo,-.) . Vi du nhu x, nho nhét hoac x,+y,+z,+...nho nhat...

Bing nhiing phép bién ddi s6 hoc ta tim dugc mot bo nghiém khdc (x;y,; z;;...) trdi véi diéu
kién rang bugc trén. Vi du khi chon bo (x,; Yo; Z,..) V6i %, nho nhit ta lai tim dugc bo

(% Vi 2;..) thod man x < x, tir d6 dan dén phuong trinh da cho c6 nghiém

(% ¥0i 2) =(0:0:0)..

Ta xét vi du sau:

Vi du 27: Giai phuong trinh nghiém nguyén sau: 8x* +4y* + 2z* =t*.
Giai:

Gia st (X, Yo Zorto) 12 nghiém cuia 8x* +4y* + 2z* =t* véi diéu kién x, nho nhat

Tur phuong trinh suy ra t chan. Pat t = 2.t, thé vao va rat gon ta dugc: 4x,* +2y,* +z,* = &,*
RG rang z, chan. Dat z,=2.z = 2x] +y,; +82' = 4] = y,chan. Dat y,=2.y,

= X3 +8y; +4z} =2} = x,chan. Dat x,=2x = 8x +4y; + 2z =t} =(x;y,z;t,) cling 1a
nghiém cua phuong trinh trén va dé thdy x <x, (v0 1y do ta chon x, nhd nhat). Do d6
phuong trinh trén c6 nghiém duy nhat. (x;y; zt) =(0;0;0;0).

Chii y trong vi du trén ta ciing cé thé chon x,+Yy, + z, nhd nhdt ly ludn nhu trén ta ciing ddn
dén x +y,+2,<X,* Y, +2z, 1ttt do cling dan dén két ludn ciia bai todn.

14
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PHUONG PHAP 8: SUDUNG MENH PE CO BAN CUA SO HOC.
Trudce tién ta dén véi bai toan nho sau.
Cho p 1a s6 nguyén t6 ¢6 dang p=k.2 +1 vGi t nguyén duong; k 1a s6 tu nhién 1é. CMR néu

x> +y?ip thi xXip; yip.
Chirng minh.
Gia st x: p= y: p. theo Ferma nho x"* =1(modp) ;y** = { modp) p=k.2 +1 nén

{xk'zt =1(modp)

y*? =1(modp) = X" +y* =2(modp)

Mait khdc do k 1€ nén theo hing dang thiic a®*'+b?** ta c6: x*? +y*? = (x2 +y? ).A

( A la mot s6 nao do).
R& rang x*? +y*? =0(modp) (do gia thiét x* +y?ip)
Do d6 theo vi du 20, vi du 21 thi ta c6 di€u phai ching minh.
Xét truong hop nho cua bai todn trén:
Khit=1; vik 1é nén k = 2s+1 = p = 4s+3 liic d6 ta c6 ménh dé sau:
P 1a s6 nguyén t6 ¢6 dang p = 4s+3. Khi d6 néu x* +y?:p thi xip; yip.
Ménh dé hét stic don gian nay lai 1a mot cong cu vo cling hiéu qua véi nhiéu bai todn kho.
Vidu28: Giai phuong trinh nghiém nguyén sau: x?-y®=7 ( ddy la phuong trinh nho
ctia phuong trinh Mordell) phuong trinh Mordell 1a phuong trinh c6 dang ¥+k=y* (kxy(z)
Giai:
Trudc tién ta ¢6 bo dé sau:
Moi s6 nguyén t6 dang A = 4t+ 3 déu ¢6 it nhat mot uéc nguyén t6 dang p = 4s +3.
Chirng minh:
Gia str A khong c6 udc s6 nao ¢6 dang p = 4s +3
A=(4t, +1)(4,+ 1) = 4 4t,+t,+t,)+1=4h+1(vo ly) Do d6 A c6 mot uSc dang 4t, +3;
Néu 4t, +3 thi bo dé dugc chitng minh.
Néu 4t, +3 1a hgp so 1y luan tuwong tu ta lai c6 4t; +3 ¢6 mdt udc so dang 4t, +3.
Neéu 4t, +3 1a hop s6 ta lai ti€p tuc. Vi qud trinh trén 1a hitu han nén ta c6 diéu phai chiing
minh.
Quay lai bai todn. x* =y*+7
xéty chan = y*+7=7(mod§= x*= { mod§ vo ly do x* =0;1;4( mod§)
xét y 1€ viét lai phuong trinh duéi dang x*+1=y*+8 = x*+1=(y+ 2)(y2 -2y + 4)
néu y=4k+1=> y+2= &+ 3
néu y=4k+3=y*-2y+4=(4&+ 3 - 2( &+ P+ & B+ dod6y luon c6 mot uéc dang
4n + 3 va theo b6 dé trén thi 4n + 3 ludn ¢6 it nhat mot uGc nguyén t6 p = 4s +3
= x*+1: p=4s+ 3 theo ménh dé trén x:p; y:p. (v li ) Do d6 phuong trinh trén vo nghiém.
15

2

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae



www.VNMATH.com

CHUYER DE: Ml o6 frbucong fihsdifs gidi frhutong biink nghim ngouyén

Vi du 29: Giai phuong trinh nghiém nguyén sau: ¥ +5=y’
Giai

Xéty chan = y*=0(mod§ = x*+5=0(modg = x*= § modp Vo 1y vi x* =0;1,4( mod§.
Xétylénéuy=4k+3 = y*=3(mod4= x’+ 5= § mod¥= x*= £ mod)

(voli vi x*=0;1(mod4)
Néu y = 4k+1 viét phuong trinh dang x* +4=y°-1= x* + 4=(y- J)(y2 +y+ :I)
RO rang y? +y+1=(4k+1)" +( &+ )+ 1= 4+

Do d6 y* -1 c6 it nhat mot uGc nguyén to p = 4s +3.

= x*+4ip=4s+3= 4p=p= 2(voly do dd phuong trén vo nghiéi cudi cing dé thay
thém su hiéu qua cua ménh dé nay ta dén véi bai toan Euler.

Vi du 30: Giai phuong trinh nghiém nguyén sau: 4xy-x-y=2°
Giai:

Cach 1: Loi gidi cua Euler

Gia st phuong trinh c6 tap nghiém (x;y; z) =(a;b;c) v6i ¢ la gid tri nho nhit cla z.
Suy ra: 4ab-a-b=c’=16ab-4a- b= £’ = (16b- 4)-( b- - £ & ()
Cong vao hai vé clia (*) 4(4a-1)"-¢g 4a-Jc taco:

(4a-1)(d-1-(b-)- ¥ [4(4- B- 8@~ B.3 €+ [4@ 1y 8& @) ]
= (sa-9[ 4o+ -+ 2)- 1= fo-(a- ) ()
Vay néu phuong trinh (*) ¢6 nghiém la (a;b;c) thi phuong trinh (*) cling ¢6 nghiém la
(a;b+4a-1-2c;c-4a+1)
Vi c la gid tri nho nhat cua z suy ra z:|c—(4a—1)|2 >c’ =
de-(4a-)] =(@-9[ o- ¥ {a- }- 8]> &=(a- ){ b+ )t
=4b-1+ 4 a-1)-&>( H- )
=[4b-1+4(a-)-&]|>( -]
=>4(4a-)-&>0=>4-2> 2 (D)
Viavab cé vai tro nhu nhau nén ta cé 4b-1>2 (2)
Tu (1) va(2)suyra:da-1>x+1;, bh-1 2+
PT (*): 4c’ =(4a-1)(d-12(2+ ) - & 4> 6+ d=c< voli
Suy ra phuong trinh vo nghiém.

Cach 2: diing ménh dé trén.

Neuci Yuge hisn: Ta Oan Pie — TIOS Yén Lae
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Axy-x-y=7" = 4(4xy-x-y) =47 = 16xy~- &~ = &’
o (x-D(4y-J=4"+1- (&= N 4-)=( 2+ 2
R6 rang 4x-1;4y-1déu c¢6 dang 4t + 3
That vay: 4x-1 = 4(x-1)43; 4y-1 = 4(y-1)+3.
Do d6 (4x-1)(4y-1) c6 it nhat mot uGe nguyén t0 p =4s +3.= 22 +1ip=4s+3

=1:p vO ly do d6 phuong trinh trén vo nghiém.

Cac dang co ban ctia phuong trinh vo dinh nghiém nguyén da gidi thiéu véi cac ban & trén.
Viéc sap xép cac dang, phuong phap 1a chu ¥ clia toi nén it nhiéu sé sai s6t. Sau day 1a phan
ndi thém vé mot s6 phuong trinh nghiém nguyén khac.

MOT SO DANG BAI TAP KHAC.

1)Phuong trinh dang mii:
( thuong st dung phuong phap xét modulo nhung khong phai 1a luén luon).
Vi du 31: Giai phuong trinh nghiém nguyén sau: 2*+7=y* (x,y02Z)

Giai:
x = 0 phuong trinh khong c6 nghiém nguyén
X=1=y=4%3
xét x22=2=0(mod4= 2+ E § mod)4:> y’ =
vay nghiém ctia phuong trinh (x;y)0{(13) (-3} .

(3 mod vo li vi y*=0;1( mod4

Vi du 32: Giai phuong trinh nghiém nguyén sau: 2*+21=y* (x,y0Z)

Giai:
Xétx 1é,dat x=2k +1 =2 =2.4= A 3+ 1)k = 4 modp= 2+ 2% (2 mog
=y*=2(mod3 (Vo li) vi y*=0;1(mod 3
Xét x chan, dat x=2k =2*+21=y?* = y*-2%* = 21:>(y Z)(y+ 2‘) = 2:1a phuong trinh
udc s6 nén ta dé dang tim duoc  (x;y)0{(2;5);( 2:-5)

Vi du 33: Giai phuong trinh nghiém nguyén duong sau: 2*+2'+ 2 =2336 v6i x<y<z.
Gidi:
2+2+2=2336 - 2( ¥ 2"+ 2¥)= 2336 2.1taco1+27+ 2> las61é
Vay {2 =2 (1)
1+ 27+ 27 =73 (2
Tu(l)suyrax=>5 thay vao 2)tacd 1+ 2P+ 2° =73 27°+ 2°= 7.
e 242 =290 2°( 1 2V)= 2.
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1427V =9 7V=72 z-y=3 (y=8
=2 2y 5 =28 y-5=3 |z=11
Vay (xy;2)=(5:8:1]
Chui y: Vi cdch gidi trén ta cé thé gidi duoc bai todn sau: tim nghiém nguyén ciia phuong
trinh 2+2+2=2  (x<sys<znOZ)
KQ: (xy;2)=(n-2;n-2n-1)
Vi du 34: Giai phuong trinh nghiém nguyén duong sau 5x° =3 + 317
Giai:
Trong phuong trinh nay c6 su tham gia ctia s6 1ap phuong va nhu da néi & phan phuong
phép lua chon modulo thi trong bai nay ta luva chon mod9
Taco: véiy =1 suyrax =4.
V6i y=22=3 =0(mod9= 5 = 3+ 31%  mod vo ly vi 5x* = 0;4;5 mod9
Suy ra phuong trinh cé nghiém duy nhat ( x;y) = (4;1).
Ta dén véi bai toan kho hon.
Vi du 35: Giai phuong trinh nghiém nguyén duong sau x’ =y
Giai:

RO rang x =y 1a mot nghiém.

y
xét x# y khong mat tinh téng quat ta gid st x<y =/x’ =y - x* =y do y nguyén nén
y
x*nguyén = yix dat y =tx thé vao ta dugc: x' =tx= x"* =t ro rang t>2 vi dagia suxzy
tacod t=2=>x=2;y=4vli t=3= x> 2 taching minh x>t do x>2 nén ta chi viéc
chiing minh 2'* >t ta ching minh bang quy nap theo t.
ta co: t = 3 ding.
Gia stt khang dinh ding vé6i t =k tifc 1a 2°* >k ta chitng minh khang dinh ding véi t = k+1
Tacla 2¢-k+1
That vay: theo gia thiét quy nap ta cé: 2 >k = 2> %k >k+1(vik >I)
Do d6 phuong trinh vo nghiém véi t >3
Vay nghiém clia phuong trinh trén 1a: (xy)O{(a;a);(2:4) (42} véia DZ.
Vi du 36: Giai phuong trinh nghiém nguyén khong am sau: 2* -3 =1
Gidi:
Xét theo mod3
Taco: 2°-1=3 xétvéiy=0suyrax =1.
xét y21=3=0(mod3= 2- E ¢ mod)

mit khac2* -1=(3-19"-1=(- 3" - { mod}= x chédn vi x chan thi (-1)"-1= 0 mod 3
bitx=2ktac6 2*-1=3 = (2-9(2+31=3

18
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2“+1=3
2-1=3=(2+9-(2-1= 2 3- 3= 3+ 2 %
u+tv=y
Néu u=0suyra 3'=-1voly.
. =1
Néuuz1=3'=0(mod3d= 3+ = ¢ mod)E:sz:uzl:{);_z
Vay phuong trinh c6 nghiém la: (x;y) D{(l; 0)( 2;])}
2)Bai toan voi cac nghiém nguyén to:
Vidu 37: Tim nON dé:
a) n*+n’+1 laso nguyén to. b) n°+n+1 lasd nguyéntd c¢) n*+4" la so nguyén td
Giai:
a) taco n4+n2+1:(n2+n+1)(n2—n+1) la s0 nguyén t6 khi n*-n+1=1=n=1

b) n5+n+1:(n2+n+1)(n3—n2+1) la sO nguyén t6 khi n®-n*+1=1=n=1

n+l n+l
c) Chiylanlé =>n+12 =n"+4" =(n2+2”+22 j(n% 2-22 j la sO6 nguyén t6 khi

n+l

n+2"-22 =1= n=]
Vi du 38: Tim céc s6 nguyén to x ;y ;z thoa man x’ +1= 2
Giai
Vé6i x 1é= x’ +1=27° chan = z chan ma lai 1 s6 nguyén t6 nén z = 2
= x’ =3 ( khong ton tai x; y thoa man).
Xétx chan: = x=2 vy X' +1=2" = 2 +1=7"

Néuylé daty =2k + 1:=2' =24 =2 mod3= 2+ £ 0 mod3>7* 3z= 3y=
Néu y chin = y=2 = 5=7* vo ly vay phuong trinh da cho c6 nghiem: (x;y,z)=(2;3;3
Véi cdach lam tuong tu ta ¢é thé gidi quyét dicgc bai todn sau: Tim cdc s6 nguyén t0'x ;y ;z
thod man x¥ +1=z.
3)Cac phuong trinh chiing minh ¢6 vo s6 nghiém:

Vi du 39: Ching minh rang phuong trinh x* +y® =z* ¢6 vo s6 nghiém.

Giai:
X 3 3
Ta xay dung nghiém cta phuong trinh nay. x*+y*=z7* « (—J +(Xj =z
z z
dat X=a Y=p=x=az y =bz th€ vao phuong trinh ta dugc
z z

23(a3+b3):z4:> z:a3+b3:x:az:a(a3+b3);y:bz:b(a3+b3)

Vay phuong trinh c6 v6 s6 nghiém dang: (x;y; z) = (a(a3 +b3);b(a3+b3);a3+b3),

19
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Chii ¥ cong thiic trén chua chdc da quét hét nghiém cua bai todn xong ta chi can nhu
vdy dé gidi quyét bai todn nay.
Vi du 40: Ching minh rang phuong trinh x* +y® =z’ ¢6 vo s6 nghiém.

Giai:
a a an
Taco 22+22=2"  Pat x=24; y=23tacod: x*+y*=2"+22=2" chon z=27 dox;y;z
a:3
nguyén nén Ja:4 - a=84+ 48 (t0Z) Vay phuong trinh da cho c¢6 vo s6 nghiém
a+l:7

dang (x y;z) = (22412, 2728, 212 )

CAC BAI TAP VAN DUNG:
Giai cac phuong trinh sau trén Z.
1) X+7y=9
2) 25x+ 7y = 1€
3) X+3qy-y'+2X-3F=E
4) 2+ +xy-X-3=y
5) X +X +Xi+.+X,=159¢
6) X +y°=16z+6
7) xtyl=2
8) xMHyl=(x+y)
9) 19¢-1%°= 5(
10)  5¢+1°+ 13°= (
11)  x*=y’+16
12) x2+y2=6(22+t2)
13) xy-2y-X+x°=:2
14) 5(x2+y2+xy)=7(x+2y)
15) x*-y’-xy=15
16) X*+xy+y* =x+y
17) 1 x+x2+x3=y? (GVG tinhVP nam 2001)
18)  X+y’=(x+y)
19)  y*-x*=2x+1
20) X'+x*+4=y’-y
21)  XP+y*=7z7°
22) x*=y’+16 (HSG 9 tinh Thanh Héa 2009)
23) XP+y*+zP=xy?
20
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24) 66+ 3°+2°)= 5’
25)  19¢ + 2872 = 200
26) X H+Xy+Yy =2x+y
27) x2.y2=22(22—x2—y2)
28) n'+ 2+ N’+ h+ 1=y
29) x322+(y3—2xy)z+x(x—y)=0 (AM- 2005)
30) Xx'+x*-y?’+y+10=0
31)  2(x+y+2z)+9=3xyz
Cac bai toan véi so nguyén to.
33) tim xON;  x*+4*1a sO nguyén to.

34) 1+_1:_§ (x,yOZz;pOP)

Xy
35) (p-1)4+1=p" (nON,p las6 nguyén td)

36) p(p+1)+q(q+)=n(n+1) (p;q;n)la cac s6 nguyen to)
37) p®’=8g+1 (p;qlacac songuyén to).
Cac bai toan kho.
38) (APMO) Tim n nguyén duong dé phicong trinh sau cé nghiém.
X" +(2-x)" +(2+x)"
39) (BRAZIL 1990) Chiing minh rang phuong trinh sau cé vo sé nghiém
a’+199m° =¢*
40) Tim x; y nguyén duong dé : 11+ 24+ 34 ..+ x1= y*
41)Tim cdc s6 nguyén duong x,y,z biét:  2x*=y'+z" (NGA 2008)
42) (IMO 2006). Tim cdc s6 nguyén duong x; y dé: 1+ 2+ 2 = y?
43) Tim cdc s6 nguyén x,y,;z thod man 28 =19 + 87
44) Tim cdc s6 nguyén duong n va k thod man k =n+1-+n-1

45) Tim x,y,z biét x* +y*=1z" (x; Y, zDZ*)
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C. KET LUAN.

Téng hop céc dang todn va phuong phdp giai cho mot noi dung toan hoc nao dé 1a
mot viéc lam rét can thiét trong cong viéc day hoc toan néi chung, day hoc va boi dudng
hoc sinh gidi ndi riéng. N6 gitp cho cac em tu tin hon khi lam cac dang bai tap trong mot
chu dé do, dac biét 1a khi tham gia cac ki thi chon hoc sinh gioi.

Trong chuyén dé nay toi chi méi dé cap dén van dé nghiém nguyén ( cu thé 1a céic
dang va phuong phdp giai) chi khong di sau vi von hi€u biét con ¢6 han.
Trén day 12 suy nghi va téng hop cia ban than vé mot s6 phuong phép giai phuong trinh
nghiém nguyén, xin dugc trao d6i cing cic ban dong nghiép. Rat mong nhan duoc su gép ¥
clia céc ban dong nghiép dé chuyén dé duoc hoan thién hon.

Chdn thanh cam on!

Ki DUYET CUA TO TRUONG NGUOI VIET CHUYEN PR
Ta Oan Pie
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PHU LUC
TAI LIEU THAM KHAO.

1) Nang cao va phat trién toan 6,7,8,9 - Vii Hitu Binh — NXB GD

2) 1001 bai toan so cap BD HSG toan THCS - Lé Hong Piic - Pao Thién Khadi.
3) Tong hop toan tudi tho nam 2009- NXB GD

4) Tuyén chon cac bai thi HSG Toan THCS - Lé Hong Piic.

5) Phuong trinh nghiém nguyén - Vi Hitu Binh.

6) Tap chi Toan hoc tuéi tré. - NXB GD

7) Cac dé thi vao truong chuyén 16p chon trong va ngoai tinh.

8) Cac chuyén dé boi duong hoc sinh gidi toan THCS — Lé Pirc Thinh.

Xin chdn thanh cam on cdc tdc gid.
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MUC LUC.
. Trang
A- MO PAU
- Ly do chon chuyén deé.
- Pham vi va muc dich cua chuyén deé.
2
B- NOI DUNG.
Phuong phip 1: dp dung tinl clica leéf 3
Phucng phip 2: Plicwong plidp lua ceon Hodulo
( hay con goi la xét sé du ting vé) 5
Dhuong phip 3: Diirneg bt ding tie 7
Phucng phip 4: Phuong phap chan hay o goi la phuong
phip danh gid. 11
Phucng phip 5: Driing Tirnle clidf cia 16 cletnle pleccong 11
Phucng phdap 6. Phuong phip lii vé han.
( hay con goi la phuong phdap xuéng thang).
13
Phucng phip 7: Fguyéin tic cue legr
[ty con gof la ngeyén li lkeleoi diw ew ()
14
Phucng phip 8: sii dung ménh dé co ban cia 56 hoe. 15
17
’ 20
C.KET LUAN. 22
PHU LUC
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