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LOT NOI DAV

Phuong trinh va bai toan v&i nghiém nguyén 1a mot dé tai 1y thi ctia S6 hoc
va Dai s6, tir nhitng bai toan vé tinh mdi loai trdu Trdm trdu trdm cé dén céac
chuyén gia toan hoc 16n véi cac bai todn nhu dinh ly lon Fecma. Dugc nghién ciu
tir thoi Pidphang thé ki thir IT, phuong trinh nghiém nguyén van con 1a ddi tuong
nghién ctru cda toan hoc.

Phuong tr1nh nghlem nguyen vo cung da dang, Vl the no thuong khong co quy
phu hop.

Thoi gian qua, nhd sy huéng dan cua gido vién bd moén, chung em xin gidi
thiéu chuyén dé “Phwong trinh nghiém nguyén”. Chuyén dé nay 1a sy tap hop céac
phuong phap ciing nhu cac dang phuong trinh khac nhau cua phuong trinh nghiém
nguyén, do ching em suu tam tir cac nguon kién thtc khac nhau. Chung em mong
muon quyen chuyén dé s& gitip ich mot phan cho viéc tim hiéu ciia cac ban hoc sinh
vé van dé néu trén.

Quyén chuyén dé nay gém cé 3 phan chinh. PAu tién chiing em xin gidi thiéu
cac phuong phap thuong dung dé giai phuong trinh véi nghiém nguyén, sau do la
viéc tim hiéu cach giai cac dang phuong trinh khac nhau cua n6 va cudi cung 1a
phan bai tip. Trong qua trinh bién soan, suu tam va tap hop cac phuong phap cung
nhimg vi du, bai tap, tuy chung em di ¢ ging rat nhiéu nhung thiéu sot la diéu kho
tranh khoi. Vi vy, chiing em mong thay va cac ban khi xem xong quyén chuyén dé
nay hiy déng gop y kién dé gitip nhimg chuyén dé sau duoc hoan thanh tbt hon.
Xin chan thanh cam on!

Nhom bién tap
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1) PHUONG PHAP XET SO DU CUA TUNG VE

Vi du I: Ching minh cac phuong trinh sau khong c6 nghi¢m nguyén:
a) x> —y* =1998
b) x> +y* =1999
Giai:
a) D& chimg minh x?, y* chia cho 4 chi c6 s du 0 hodc 1 nén x* — y* chia cho 4 c6
s6 du 0, 1, 3. Con vé phai 1998 chia cho 4 du 2
Vay phuong trinh da cho khong c6 nghiém nguyén.
b) x2,y* chia cho 4 ¢6 s6 du 0, 1 nén x* + y* chia cho 4 ¢6 cac s6 du 0, 1, 2. Con
vé phai 1999 chia cho 4 du 3.
Vay phuong trinh khong cé nghiém nguyén.

Vi du 2: Tim cac nghiém nguyén cia phuong trinh

Ix+2=y"+y
Giai
Bién d6i phuong trinh: 9x+2 = y(y +1)
Ta thdy vé tréi ctia phuong trinh 14 s6 chia hét cho 3 du 2 nén y(y +1) chia cho 3
du 2.
Chi c6 thé: y =3k +1, y+1=3k+2 véik nguyén
Khi do: 9x+2 =3k +1)(3k +2)

S 9x=9%(k+1)
S x=k(k+1)

Thu lai, x =k(k+1), y =3k +1 théa man phuong trinh da cho.

Cx=k(k+1) )
Pap so y=3k+1 véi k 1a s6 nguyén tuy y

2) PHUONG PHAP DUA VE DANG TONG , |
Bién doi phuong trinh vé dang: vé trai la tong cua cdac binh phwong, vé phai la tong
cua cdc so chinh phuong.

Vi du 3: Tim cac nghiém nguyén ctia phuong trinh:
X +y —x—y=28 (1)

Giai:

(N 4x’ +4y° —dx—4y =32

S @ +a4x+1)+(4y° -4y +1)=34

S2x -1 +|2y-1=3"+5
Béng phuong phap thir chon ta thay 34 chi c6 duy nhat mot dang phan tich thanh
tong cua hai sb chinh phuong 32,5%. Do d6 phuong trinh théa méan chi trong hai kha

nang:
[2x—-1]=3 . |2x—-1]=5
hoac
|2y —-1=5 |2y —-1=3
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Giai cac hé trén = phuong trinh (1) ¢6 bdn nghiém nguyén 1a: (2 ; 3), 3 ; 2), (- 1
=2),(=2;-1)

3) PHUONG PHAP DUNG BAT PANG THUC

Trong khi giai cac phwong trinh nghiém nguyén rdt can danh gid cac mién gid
tri ciia cdc bién, néu so gia tri ma bién s6 cé thé nhéin khéng nhzeu c6 thé dung
phwong phdp thir tryc tiép dé kiém tra. Bé danh gia dwoc mién gid tri ciia bién sé
can vdn dung linh hoat cac tinh chat chia hét, dong duw, bat dang thirc ..

a) Phuong phap sip thir tu cac an
Vi du 4: Tim ba s nguyén duong sao cho tong ctia chung bang tich cta ching
Giai:

Cdch 1: Goi cac sb nguyén duong phai tim 13 x, y, z. Ta c6:
Xtytz=xyz (D)

Chu ¥ rang céac an x, ¥, z ¢0 vai tro binh dang trong phuong trinh nén c6 thé sap xép
thir tw gid tri ciia cac an, chang han: 1<x<y <z
Do d6: xyz=x+y+z<3z
Chia hai vé ciia bat dang thirc xyz <3z cho s6 duong z ta duge: xy <3
Do d6 xy e {1;2;3}
Voixy=1,tacéx=1,y=1. Thay vao (1) dugc 2 + z =z (loai)
Véixy=2,tacox=1,y=2. Thay vao (1) dugc z=13
Voixy=3,tacox=1,y=3. Thay vao (1)dugcz=2loaivi y<z
Vay ba sb phaitimla 1; 2; 3.
Cdch 2: Chia hai vé ctia (1) cho xyz =0 duoc:

L + i + L — 1

vz Xz Xy
Gidsou x>y=>z2>1 tacod

1 1 1 I 1 1 3
1:—+—+—S—2+—2+—2=—2
yZ Xz Xy z z z z

Suy ra 1sz—3’2 do d6 z> <3 nénz=1.Thay z= 1 vao (1):

x+y+l=xy
Sxy—-x—y=1
Sx(y-D-(y-D=2
Sx-D(y-1)=2

Taco x—1=2y—-120 nén x—1
y—1 1
Suy X 3 ra
y 2
Ba s6 phai tim 1a 1; 2; 3
ViduS:

Tim nghi¢m nguyén duong ctia phuong trinh sau :
Sx+y+z+t)+10=2xyzt.

www.vimath.com 6
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Giai
Vi vai tro cua X, y, z, t nhu nhau nén cé thé gia thiét
Xzyzz=>t
Khi d6 : 2xyzt=5(x+y+z+t)+10<20x + 10
= yzt<15=> 1 <15=1<2
Voit=1tacd:2xyz=5x+y+z)+15<15x+ 15
=2yz<30=22"<30=2z<3
Néu z=1 thi 2xy = 5(x + y) + 20 hay 4xy = 10(x + y) + 40 hay
(2x—=5)2y-5)=65.
D@ thay rang phuong trinh ndy c6 nghiém 1a
x=35y=3)va(x=9;y=)95).
Giai twong tu cho céc trudng con lai va truong hop t = 2. Cudi cung ta tim duoc
nghiém nguyén duong cua phuong trinh da cho 1a (x; y; z; t) = (35; 3; 1; 1); (9; 5; 1;
1) va cac hoan vi cta cac bd sb nay.

Vi du 6: Tim cac nghiém nguyén duong cta phuong trinh:
1 1 1

Xy 3
Giai:
Do vai tro binh dang cua x va y, gia st x > y . Dung bt dang thic dé gidi han
khoang gia tri ctia s6 nho hon (1a ).

Hién nhién ta c6 l<% nén y >3 (1)
y

1 1
Mat khacdo x> y>1 nén — <—. Do dé:
Xy

rr 1 1. 1.2 4 y<6  (2)

3 x y oy oy oy
Ta xac dinh dugc khoang gid trictiayla 4<y <6

Véiy =4 tadugc: l:l—l:i nénx =12
x 3 4 12
. I 1.1 2 . A1y X A
Véiy =5 ta dugc: —=———=— loai vi x khong 1a s6 nguyén
x 3 5 15
Voiy = 6 ta dugc: l=l—l:l nén x =6
x 3 6

Céc nghiém cua phuong trinh 1a: (4 ; 12), (12 ; 4), (6 ; 6)

Vi du 7: Tim cac sb tu nhién x sao cho:
2" +3°=5"
Giai:
Viét phuong trinh duoi dang:
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—| +|=| =1 1
) o

V6i x =0 thi vé tréi cua (1) bang 2, loai.
Vi x =1 thi vé trai cua (1) bang 1, ding

Véi x > 2 thi 2 <g,E <§nén:
5 5°\5 5

2Y (3} 2 3 .
—| +|=| <=+==1loai
5 5 5 5

Nghiém duy nhat cua phuong trinh la x = 1
d) Su dung di€u kién [1> 0 dé phuong trinh bac hai c6 nghiém
Vi du 8: Tim cac nghiém nguyén ctuia phuong trinh:

x+y+xy=x+y° (1)
Giai ’
Viét (1) thanh phuong trinh bac hai doi voi x:
X =(y+Dx+(y*=»)=0 (2)

Piéu kién can dé (2) c6 nghiém 1a 0> 0
D:(erl)2 —4(y2 —y)=—3y2 +6y+120
&3y°—6y-1<0

<S3(y-1)7<4

Do d6 <> (y—1) <1 suy ra:
y—1 -1 1
y 0 1 2

Véiy = 0 thay vao (2) dugc x* —x=0<x, =0;x, =1

Véiy = 1 thay vao (2) duge x* —2x=0< x, =0;x, =2

Véiy =2 thay vao (2) duge x* -3x+2=0< x, = 1;x, =2

Thur lai, cac gia tri trén nghiém ding voi phuong trinh (1)

Dap s6: (0; 0), (1 ;0), (0 1), (2 1), (1 2),(2;2)

4) PHUONG PHAP DUNG TINH CHIA HET, TINH PONG
DU

Khi giai cac phuwong trinh nghiem nguyén can véan dung linh hoat cdc tinh chat vé
chia hét, dong du, tinh chan 1é,... dé tim ra diém ddc biét ciia cdc bzen s6 ciing nhi
cdc biéu thire chira tr ong phwong trinh, ti do dwa phuwong trinh vé cdc dang ma ta
da biét cdach giai hodc dira vé nhitng phuong trinh don gian hon..

a) Phuong phap phat hién tinh chia hét cta an:

Vi du 9: Giai phuong trinh v41 nghiém nguyén:

3x+ 17y =159

Giai:
Gia sir x, y 1a cac s6 nguyén thoa man phuong trinh. Ta thay 159 va 2x déu chia hét
cho 3 nén 17y:3 do d6 y:3 (vi 17 va 3 nguyén t cing nhau)
baty =3t (¢ €ll ). Thay vao phuong trinh ta dugc:

www.vimath.com 8
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3x +17.3t=159
= x+17t=53

x=53-17¢
Do dé: tell
boy (D)
Do lai, thay cac biéu thuc cla X va y vao phuong trinh ta dugc nghiém dung.
Vay phuong trinh (1) c6 v6 s6 nghiém nguyéndugc xac dinh bang cong thirc:

x=53-17t .
(t 1a sO nguyén tuy )
y =3t
Vidu 10:
Chtrng minh rang phuong trinh : x* —5y* =27 (1) khong c6 nghiém 14 s6
nguyén.
Giai

Mot s6 nguyén x bat ki chi c6 thé biéu dién dudi dang x = 5k hodc x = 5k + 1 hoic
x =5k £2 trong d6 k €[]
o Néu x = 5k thi :
(1) & (5k)* =5y° =27 < 5(5k* = y*) =27
Diéu nay vo li, vi vé trai chia hét cho 5 véi moi k va y 1a s6 nguyén, con vé phai
khéng chia hét cho 5
o Néu x =5k + 1 thi :
() & (Sk+1)" =5y* =27
< 25k £10k +1-5y> =27
< 5(5k* 4k —y*) =23
Diéu nay ciing vo 1i, vé trai chia hét cho 5 vi moi k va y 1a s6 nguyén, con vé
phai khong chia hét cho 5
. Néux =Sk +2 thi:
(1) & (Sk+£2)* =5y*> =27
< 25k £20k +4-5y° =27
< 5(5k* 4k —y*) =23
Lap luan tuong tu nhu trén, diéu ndy ciing vo li
Vay phuong trinh da cho khong cé nghiém 13 s nguyén
Vidull:
Tim nghiém nguyén duong cta phuong trinh sau :
19x* + 28y* = 729.
Giai
Cdch 1. Viét phuong trinh di cho dué6i dang
(18x* + 27y + (x> + y*) = 729 (1)
Tir (1) suy ra x* + y* chia hét 3, do d6 x va y déu chia hét cho 3. Dit
x=3u,y=3v (u,vell)
Thay vao phuong trinh di cho ta dugc : 19u” +28v> =81.  (2)
Tt (2) 1ap luan tuong tu trén ta suy rau =3s, v= 23t (s, €ll)
Thay vao (2) ta c6 19s*+ 28t*=9. (3)
Tir (3) suy ra s, t khong dong thoi bang 0, do do
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195+ 28t > 19> 9.
Vay (3) v6 nghiém va do d6 phuong trinh da cho ciing vo nghiém.
Cach 2. Gia sir phuong trinh c6 nghiém

_ Tu phuong trinh dé cho ta suy ra x> = -1 (mod 4), diéu nay khong xay ra v6i moi
s0 nguyén X. Vay phuong trinh da cho v6 nghiém

Vi du 12: Tim cac nghiém nguyén cia phuong trinh:

Xy—x—-y=2
Giai:
Bién d6i phuong trinh thanh:
x(y—1)-y=2

<x(y-D-(y-1D=3

<@y-Dx-1)=3

Ta goi phuong trinh trén 12 phuwong trinh udc s6: vé trai 14 1 tich cac thira sd
nguyén, vé phai 1a mot hang s6. Taco x va y 1a cac sd nguyénnénx — 1 vay—11a
cac s6 nguyén va 1 ude cia 23.

Do vai tro binh ding ctia x va y trong phuong trinh nén c6 thé gia stir x>y, khi do

x—1>2y-1
Ta 1 3 1 co:
y—1 1 -3
Do do:
X 4 0
y 2 -2

Nghiém nguyén cia phuong trinh: (4 ; 2), (2 ;4), (0;-2), (-2 ; 0)
Vidu 13:
Tim nghiém nguyén ctia phuong trinh : x + xy +y =9.

Giai q ‘
Phuong trinh da cho c6 thé dua vé dang :
x+ )(y+1)=10. (1)

Tu (1) tasuy ra (x + 1) 1a uéc cua 10 hay (x +1) € {£1;+2;+5;+10}
Tir do ta tim dugc cac nghiém cua phuong trinh 1a :
(19 4)3 (4’ 1)5 (_39 -6)’ (-69 _3)9 (09 9)9 (99 0)7 ('29 -1 1)9 (_1 17 -2)

Vi du 14:
Xac dinh tit ca cac cip nguyén duong (x; n) thoa min phuong trinh sau
x*+3367=2"
Giai

Bé, str dung dugc hing ding thic a®— b’ = (a — b)(a® + ab + b?) ta ching minh n
chia hét cho 3 .
Tt phuong trinh dd cho ta suy ra x° = 2" (mod 7).

10
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Néu n khong chia hét cho 3 thi 2" khi chia cho 7 chi ¢6 thé cho sb du 14 2, 4 hodc 7,
trong khi d6 x* khi chia cho 7 chi c6 thé cho s6 du 14 0, 1, hodc 6 nén khong thé c6
dong du thie x* =2" (mod 7).

Vay n = 3m v4i m la mot sO nguyén duong nao d6. Thay vao phuong trinh da cho
ta duoc

x*+3367=2"
(2" - x)[(2m —x)* +3x.2"]=3367 (1)

Tu (1) ta suy ra 2" — x 1a wdc cua 3367
Hon nira, (2" —x)’ <2’ —x’ =3367 nén (2" —x) € {1;7;13}
Xét2" —x =1, thay vao (1) ta suy ra 2™(2™ — 1) =2 x 561, v6 nghiém.
Xét 2" — x =3, thay vao (1) ta suy ra 2"(2™ — 13) =2 x 15, v0 nghiém.
Xét 2" —x =7, thay vao (1) ta suy ra 2™(2™ — 7) =24 x 32. Tir d6 ta c6

m=4,n=3m=12,vax=09.
Vay (x;n) = (9; 12)

Vi du 15: Giai phuong trinh & vi du 2 bang cach khac

Giai:
Biéu thi x theo y:
X(y-1)=y+2
Ta thdy y# 1 ( vinéuy =1 thi ta c6 0x = 3 v nghiém)
Dod('):x=y+2=y 1+3=1+ 3
y=1 y-1 y-1

Do x 1a s0 nguyén nén

" 1a s6 nguyén, do d6 y — 1 1a u6c ciia 3. Lan luot cho y

-1 béng -1, 1, -3, 3 ta duoc cac dép s6 nhu & vi du 2.

5) PHUONG PHAP DUNG TINH CHAT CUA SO CHINH
PHUONG

Vi du 16: Tim cac sd nguyén x dé 9x + 5 1a tich cuia hai s6 nguyén lién tiép
Giai:
Cach 1: Gidi st 9x + 5 =n(n + 1) véi n nguyén thi:
36x +20 = 4n’ +4n
=36x+21=4n> +4n+1
=312x+7)=2n+1)’
S6 chinh phuong (21 +1)* chia hét cho 3 nén ciing chia hét cho 9. Ta lai c6 12x +

7 khong chia hét cho 3 nén 3(12x + 7) khong chi hét cho 9.
Mau thuan trén chimg t6 khong ton tai s nguyén x nao dé 9x + 5 =n(n + 1).
Cach 2: Gia st 9x + 5 =n(n + 1) véi n nguyén

Bién ddi n*+n-9x-5=0

11



www.VNMATH.com

Dé phuong trinh bac hai dbi v6i n c6 nghiém nguyén, diéu kién can 1a 11 1 sé
chinh phuong.

Nhung [=1+4(9x + 5) = 36x + 21 chi hét cho 3 nhung khong chia hét hco 9 nén
khong 1a sb chinh phuong.

Véy khong ton tai s6 nguyén n nao déox+5= n(n + 1), tac la khong ton tai sb
nguyén x dé 9x + 5 1a tich cua hai s6 nguyén lién tiép.

Vidu 17: Tim cac nghiém nguyén ctia phuong trinh:
2x> +4x=19-3y"

Gidi :

2x* +4x+2=21-3y"

S2x+1)7=3(7-y%)
Tathdy 3(7-))2=7-)y*2=ylé
Talai c6 7—y*> > 0nén chicothé y* =1
Khi d6 (2) ¢6 dang: 2(x+1)* =18
Ta dugc: x+ 1= +3,do do: x, =2;x, =—4

Caccapsd (2;1),(2;-1), (-4 ; 1), (-4 ; -1) thoa mén (2) nén 1a nghiém cua phuong
trinh da cho.

Vi du 18: Chiing minh rang véi moi s6 nguyén k cho trude, khong ton t5ai s6
nguyén duong x sao cho:
x(x+1)=k(k+2)

Giai:
Gid str x(x +1) =k(k +2) v6i k nguyén, x nguyén duong.
Ta co:

X’ +x=k>+2k
=X +x+1=k>+2k+1=(k+1)°

Dox>0nén x2<x*+x+1=(k+1) (1)
Ciing do x > 0 nén
(k+1)Y =x"+x+1<x’ +2x+1=(x+1)° (2)

Tu (1) va (2) suy ra:

X < (k+1) <(x+1)2 vo ly

Vay khong t6n tai s6 nguyén duong x déx(x +1)=k(k + 2)
Vi du 19: Tim céc s6 nguyén x dé biéu thtrc sau 1a mot s chinh phuong:

xt 20 427 +x+3

Giai:

DPit x* +2x° +2x° +x+3=y* (1) voi yell

Ta thiy:

Y =(x*+2x° + X))+ (x* +x +3)

Y =(x*+x)+(x*+x+3)

Ta s& chimg minh a” < y* <(a+2)* véia= x" +x

12
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That vay:
v -a’ :x2+x+3=(x+l)2+£>0
2 4
(@+2) =y = +x+2) =(x" +2xX° +2x* + x +3)
=3x"+3x+1

1 1
=3(x+=)+=>0
( 2) y
Do a’ < y*<(a+2) nén y* =(a+1)
Sx 22X +x+3=(x"+x+1)°
Sxi+x-2=0

[le
=
x=-2

Véi x = 1 hodc x = -2 biéu thtrc di cho bang 9 = 3’

Vi du 20: Giai phuong trinh véi nghi¢m nguyén duong:
xy =z’ (1)
Giai:
Trude hét ta c6 thé gid su (x,y,z)=1. That vay néu bo ba sb x,,»,,z, thoa man
(1) va c6 UCLN bang d, gia st x, = dx,,y, = dy,,z, =dz, thi x,,y,,z, ciing la
nghi¢m cua (1). ) ) )
Véi(x,y,z)=1thix,y, zd6i mot nguyén té cung nhau, vi néu hai trong ba so x,
y, z ¢6 uoc chung la d thi so con lai cling chia hét cho d.
Tacd z°=xy ma(x,y)=1nén x=a’>,y=>b" véia, b ell’
Suy ra: z> = xy = (ab)’ do d6, z=ab
x=ta’
Nhu vay: { v =1b* véit 1a s nguyén duong tily ¥.
z=tab
Do lai, hién nhién cac sd x, y, z ¢6 dang trén thoa man (1)
Cong thuec trén cho ta cac nghiém nguyén duong cua (1)

Vidu21: Tim cdc nghiém nguyén cia phuong trinh:
X +xy+yi=x"y° (1)
Giai: )
Thém xy vao hai vé:
X+ 2xy+ 1 =x"y  +xy
& (x+y) =xp(xy+1) (2)

13
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Ta thdy xy vaxy +11ahai sd nguyén lién tiép, co tich 1a mot sb chinh phuong nén
ton tai mdt s6 bang 0.
Xétxy=0.Tur(1)coé x*+y*=0nénx=y=0
Xétxy+1=0. Tapé xy=-1nén (x,y)= (1;-1) hoac (-1 ; 1)
Thtra lai, ba cap so (0 ; 0), (1 1) (-1; 1) déu 1a nghiém cua phuong trinh dé cho.
6) PHUO’NG PHAP LUI VO HAN, NGUYEN TAC cuc
HAN
Vi du 22: Tim cac nghiém nguyén cua phuong trinh:
X' +2y° =47

Giai:
Hién nhién x:2.Dit x = 2x, vo1 x, nguyén. Thay vao (1) r0i chia hai vé cho 2 ta
duoc:
4xl3 +y’ =27 2)
Do d6 y:2.Pat y =2y, véi y, nguyén. Thay vao (2) 1di chia hai vé cho 2 ta duoc:
2xl3 + 4y13 =2 3)
Do d6 z:2.Pat z =2z voi z; nguyén. Thay vao (3) ri chia hai vé cho 2 dugc:
xf + 4y13 = 4213 4)

Nhu vy néu (x , y , z) 1a nghiém cua (1) thi (x,,»,,2,) cling 1a nghiém cua (1)
trong d6 x =2x,,y=2y,,z=2z,.
Lap ludn tuong tu nhu trén, (x,,y,,z,) cling 1a nghiém cua (1) trong do
X, =2x,,y,=2y,,z,=2z,.
Cir tiép tuc nhu vay ta di dén: x, v, z chia hét cho 2* vé&i k 1a s6 tu nhién tuy .
Diéu nay chia xay rakhix =y =z=0.
D6 1a nghiém nguyén duy nhat cua (1)
Vidu 23:
Tim ba s6 nguyén duong d6i mot khac nhau x, y, z thoa mén :
Y+’ 4+ =(x+y+z)
Giai
Vi vai trd cta X, y, z nhu nhau nén c6 thé gia st x <y < z.
Ap dung bét dang thirc :
X +y +z >(x+y+zj3
3 B 3

Voimoix,y,z>0tasuyrax+y+z<9.
Dau bang khong xay ra vi x, y, z d6i mot khac nhau.
Vayx +y+z<8. (1)
Matkhac: x+y+z>1+2+3=6. 2)
Ta(l)va(2)tasuyra x+y+ze{6;7;8}
Tir day két hop véi phuong trinh ban dau ta tim dugc x, y, z
Vay (x, v, z) = (1, 2, 3) va cic hoan vi ctia b ba s6 nay

14
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7) PHUONG PHAP XET CHU SO TAN CUNG
Vi du 24: Tim nghiém nguyén duong cuia phuong trinh :
424 +xl =7 (1)
Giai: Cho x 1an luot bang 1; 2; 3; 4, ta ¢6 ngay2 nghiém nguyén duong (x ; y) cu
phuong trinh 1a (1 ; 1), (3 ; 3)
Néu x > 4 thi dé thay k! v6i k > 4 déu c6 chir s tan cliing bang 0
= 11421431 +41+ ... +x!=33+5!+ ... +x! c6 chir sd tAn cung bang 3.
Mit khac vé phai 13 sb chinh phwong nén khong thé tan cung 13 3.
Vay phuong trinh (1) chi ¢6 hai nghiém nguyén duong (x;y)la(l;1)va(3;3)
Vi du 25: Tim x, y nguyén duong thoa man phuong trinh:
x+x—-1=3"" (1)
Giai:

Cho x cac gia tri tir dén 9, d& dang xac dinh dugc chira s6 tan cung cua X +x-1
chi nhan cac giad tr1 1; 5; 9. Mat khac ta théy 32 13 Ity thtr bac 1€ ctia 3 nén chir )
tan cung cua né chi co thé 1a 3 hodc 7, khac véi 1; 5; 9.

Vay (1) khong thé xay ra. Néi cac khac phuong trinh (1) khong c6 nghiém
nguyén duong.

8) PHUONG PHAP TIM NGHIEM RIENG

Xét phuong trinh ax+by +c=0 (1)

trong d6 a,b,cell , a#0,b+#0

Khong mat tinh tong quat, gia thiét rang (a, b, ¢) = 1. That vy, néu

(a, b, ¢) = d #1 thita chia hai vé ciia phuong trinh cho d.

Ta c6 hai dinh ly:

Dinh Iy 1: Néu phuong trinh (1) c6 nghi€ém nguyén thi (a, b) =1 (*)

Chung minh: Gia str (x,,y,) la nghiém nguyén cua (1) thi ax, + by, =c

Néu avab coude chungla d #1 thi ¢id , trai véi gia thiét (a, b, ¢) = 1.

Vay (a,b)=1

Pinh Iy 2: Néu (x,,»,) 1a mot nghiém cua phuong trinh (1) thi phuong trinh (1) ¢6
v6 s6 nghiém nguyén va moi nghiém nguyén ctia n6 déu c6 thé biéu dién dudi

dang:

x=x,6+bt
trong d6 t 1a mot s6 nguyén tuy ¥ (¢ =0,£1,+2,...).
Chting minh:

Budc 1: Moi cip sd (x, +bt;y, —at) déu 1a nghiém nguyén cua (1). That vay
(x,,»,) langhiém cua (1) nén ax, +by, =c
Tacod: ax+by =a(x,+bt)+b(y,—at)=ax,+ by, =c
Do do6 (x, +bt;y, —at) 1a nghiém cua (1)
Budc 2: Moi nghiém (x, y) cua (1) déu c6 dang (x,+bt;y, —at) voi teZ
That vdy, do (x,,»,) va(x,y) la nghiém cta (1) nén
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ax+by=c
ax,+by, =c
Trir timg vé; 20 %) T O 7 20)=0 @)
= a(x—x,)=b(y,~y)
Tacod a(x—x,):b ma(a,b)=1(theo dinhly 1) nén x—x, :b
Vay ton tai s6 nguyén t sao cho:
x—x,=bt
Tacla: x=x, +bt.
Thay vao (2):
abt =b(y, - )
—a=y,~y
> y=y,—at
Vay ton tai sb nguyén t sao cho:
x=ux,+bt

Vi du 26: Tim moi nghiém nguyén ctuia phuong trinh:
3x-2y=5
Giai:
Cdch 1: Ta thay x, =3;y, =2 la mot nghiém riéng.
Theo dinh ly 2, moi nghiém nguyén cia phuong trinh la:

y=2-3t
Cdch 2: Ta thdy x, =1;y, =—1 1a mot nghiém riéng

x=3-2¢ A N
(t1a sO nguyén tuy y)

Theo dinh ly 2, moi nghiém nguyén cua phuong trinh la:

x=1-2¢ s A A
y=1-3 (t 1a s6 nguyén tuy y)

Chii y: Qua hai cach giai trén, ta thiy c6 nhiéu cong thirc biéu thi tdp hop cac

nghi¢m nguyén cua cung mot phuong trinh.

Dé tim mot nghiém nguyén riéng ciia phuong trinh ax + by = ¢, ta c6 thé ding
phuong phap thir chon: 1an luot cho x bang s ¢o gia gia tri tuyét d6i nho

(0;£1;+2...) rdi tim gié tri twong Gmg cua y.

9) PHUONG PHAP HA BAC
Vidu 27:
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Tim nghiém nguyén ctia phuong trinh :
X +2y° =472’ =0 (1)
Giai
(1) ox’=42 -2y (2)
R rang vé phai cua (2) chia hét cho 2 nén x>: 2 do d6 x : 2. Pt x = 2x; (x;€ Z).
Thay vao (2) ta co :
Q) © 8x°=4x" -2y’ @y’ =22 -4x" (3)
Lap ludn tuong twtacoy : 2, daty =2yl (yle Z). Bién d6i tuong tu, ta dugc:
3_ 403 3
7Z = 4}’1 + 2X1 (4)
Lap luan tuong tu ta c6 z : 2, dat z =2z, (z1€ Z). Bién dbi tuong tu, ta lai co:

(4) < 8z =4y’ +2x;° < x>+ 2y’ —4z° =0 (5)
~ X A A \ ‘A 5 s oA A xO.yO.ZO ~ \
RO rang néu bd so (Xo; Yo; Zo) 1a nghiém cuia (1) thi bd s6 (?,?,?) cling la
. N coxgs X Yo Z0 ,
nghiém cua (1), hon nita xo, yo, Zo 1 s0 chan va 7,7,7 cling 1a so chan. Qua
\ R K ar A g Axo-yO-ZO VA4S . T
trinh nay c6 the tiép tuc mai va cac so 2_,, ) 2_" ’ 2_n la s6 chan v&1 moi n 1a so

nguyén duong.
Viyx=y=z=0

17
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1) PHUONG TRI‘NHBACNHATHAIAN
Vidu 1: Tim c4ac nghiém nguyén cia phuong trinh:
11x+ 18y =120
Giai:
Ta thay 11x:6 nén x:6. Pit x = 6k (k nguyén). Thay vao (1) va rat gon ta dugc:
11k +3y =20

Biéu thi 4n ma hé s6 cua nd cod gia tri tuyét dbi nho (lay) theo k ta dugc:
_20-11k
3 9
Tach riéng gié tri nguyén cua bi€u thirc nay:

y=T- 4k+%

1
Lai dat k-1 t véi t nguyén suy ra k =3t + 1. Do do:

3
y=T7-4CGt+1)+t=3-11¢
x=6k=63t+1)=18t+6
Thay cac biéu thirc ctia x va y vao (1), phuong trinh dugc nghiém dung.
Vay cac nghiém nguyén cua (10 dugc bicu thi bdi cong thirc:

x=18t+6 1
vO1 t 1a s6 nguyén tuy y
y=3-11¢ guy Yy
Cach giai:

- Rat gon phuong trinh, chu y dén tinh chia hét cua cac an

Biéu thi 4n ma hé sé cia n6 c6 gia tri tuyét ddi nho (ching han x) theo an kia.
Tach riéng gia tri nguyén ¢ biéu thirc ctia x

Dit diéu kién dé phan b trong biéu thirc ciia x bang mot sé nguyén ¢, , ta

dugc mot phuong trinh bac nhat hai 4n y va ¢,
- Cu tiép tuc nhu trén cho dén khi cac an déu duoc biéu thi dudi dang mot da
thirc v6i cac hé sd nguyén )
2) PHUONG TRINH BAC HAI HAI AN
Vi du 2: Tim cac nghiém nguyén cua phuong trinh:
S5x -3y =2xy-11
Giai: Biéu thi y theo x:
2x+3)y=5x+11
D& thay 2x + 3 # 0 ( vi x nguyén ) do do:
_Sx+11 x+5
2x+3 2x+3
Dé y el phaicod x+5:2x+3
=2(x+5):2x+3
=2x+3+7:2x+3
=7:2x+3
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Ta co:
2x +3 1 -1 7 -7
X -1 2 2 -5
y 6 -1 3 2

Thir lai cac cap gid tri trén cta (x , y) déu thoa mén phuong trinh di cho.
Vi du 3: Tim cac nghiém nguyén ctuia phuong trinh:
x'=2x-11=y"
Giai: . )
Céch 1: PBua vé phuong trinh udc so:
X' =2x+1-12=y7
S (x-17 -y =12
Sx-1+y)(x-1-y)=12
Ta c6 cac nhan xét:
a) Vi (1) chia y c6 s6 mil chin nén co thé gia thiét rang y > 0. Thé thi
x=14+y2x-1-y

b) (x—1+y)—(x—=1-»)=2y nén x—1+yva x—1—y cung tinh chan 1&.

Tich cua ching bang 12 nén ching cuing chan.
Véi cac nhan xét trén ta co6 hai truong hop:

x—1+y 6 -2
x—1-y 2 -6
Do do:
x-1 4 -4
y 2 2
X 5 -3
Piap s6: (5;2), (5:-2),(-3;2),(-3;-2)
Cach 2:

Viét thanh phuong trinh bac hai d6i véi x:
¥ =2x—(11+y*)=0
I'=1+11+y* =12+’
Diéu kién can dé (2) c6 nghiém nguyén:
(' 14 s6 chinh phuong < 12+ y* =k*(kell)
Skl-y' =12 (k+y)k-y)=12
Giast y>0 thik+y>k—-yvak+y >0
(k+y)—(k—y)=2ynénk +y vak—y clng tinh chin 1é va phai cing chan.
Tt cac nhan xét trén ta co:
k+y=6

{k —y=2

Do dé:y=2
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Thay vao (2): x*—2x—-15=0
=x =5x,=-3
Ta c6 bon nghiém: (5 ;2), (5;-2), (-3 ;-2), (-3 ;2)
Vi du 4: Tim cac nghiém nguyén cua phuong trinh:

X +2y*+3xy—x—y+3=0 (D)
Giai: ’
Viét thanh phuong trinh bac hai doi véi x:

¥ +By-Dx+(2y*-=y+3)=0 )

I=By-1-4Q2y’ -y +3)=y" -2y -11
Diéu kién can va di dé (2) c6 nghiém nguyén 1a U 1 s6 chinh phuong
oy =2y-11=k*(kel) 3)
Giai (3) v6i nghiém nguyén ta dugc y, =5,y, =-3
Véiy =5 thay vao (2) dugc x> +14x+48=0.Tacéd: x, =-8,x, =—6
Véiy = -3 thay vao (2) dugc x* —10x+24=0.Tacod x,=6,x, =4
Dép s6: (-8 ; 5), (-6 ; 5), (6 ; -3), (4 ; -3) )
3) PHUONG TRINH BAC BA TRO LEN CO HAI AN:
Vidu 5: Tim cac nghiém nguyén cia phuong trinh:
x(x+D)(x+2)(x+3)=)" (1)
Giai:
Néu y théa man phuong trinh thi — y ciing théa man, do d6 ta gia sit y >0
(1) (x> +3x)(x* +3x+2) = )*
bit x> +3x+2+1=a, ta dugc:
(a-Da+)=y'=a*-1=)°
S(a+y)a-y)=1
Suyraa+y=a-y,dodoy=0
Thay vao (1) duoc: x, =0;x, ==L x; =-2;x, =3
Dap s6: (0 ; 0), (-1 ;0), (-2 ; 0), (-3; 0)
Vi du 6: Tim cac nghiém nguyén cia phuong trinh:
X =y =xy+8 (1)
Giai:
Cach 1: |x—y|.|x* +xy+y° = xy+8|
D@ thdy x # y, vi néu x =y thi (1) tr¢ thanh 0= x* +8, loai.
Do x, ynguyénnén |x—y > 1
Suy ra: | x” +xy+ y” [<|xy + 8]
Do d6: x> + xy + y> <[ xy + 8| 2)
Xét hai truong hop:
a) xy + 8 <0.Khi do (2) tr¢ thanh:
¥ Hxy+y<—xy-8& (x+y) <-8, loai
b) xy+82>0.Khidé (2) trd thanh:
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Y Hxy+y <xy+8ox’+y° <8 3)
Do d6: x*,y* €{0;1;4}
Néux=0thitr(1)co y*=-8 nény= -2
Néuy=0thitr(l)co) x> =—8 nénx =2
Néu x, y khac 0 thi x?,y” € {1;4}. Do x # y nén chi co:

x' =1 . x’ =4
hoiac
y2:4 y2=1

Nhu véy trong hai~sé X va 'y ¢6 mot s6 chin, mot s6 1&. Khi d6 vé trai cua (1) 1é con
ve phai cua (1) chan, khong xay ra.
bap s6: (0;-2),(2;0)
Cach2: x’ =y’ —xy =38 (1)

& 27x° =27y —27xy =216

&27x° =27y —1-27xy =215 (2)
Ta thiy g7x3 =27 ¥y, —1 1a lap phuong cita 3x, — 3y, —1 con 27xy la ba ban tich
cua ba so ay. Ap dung hang dang thirc:
(a—-b)* +(b-c) +(c—a)

2

a’+b’ +c’—3abc=(a+b+c).
Véia=3x,b=-3y, c= -1, ta bién d6i (2) thanh:
(3x-3y —1).{(3’”3”2 ult _23”2 +Gx+ ) } 215 (3)
Dit biéu thire trong ddu méc cua (3) 14 A. Ta thdy A >0nén A va 3x—-3y—1 1a
udc tu nhién cua 215. Phan tich ra thira s0 nguyén t0: 215 = 5.43 nen 215 ¢d bon

udc tu nhién: 1, 5, 43, 215.
Do 3x—-3y—1 chicho3 du2nén 3x—-3y—1¢€{5;215}

Xét hai truong hop:
3x-3y—-1=54) . 3x-3y—-1=215
va
A=43(5) A=1

Truong hop 1: tir (4) suy rax —y = 2. Thay y = x — 2 vao (5) duogc:
[Bx+3(x-2) +[1-3(x-2) +(Bx+1)’ =86
Rut gon duge: x(x—2)=0 & x, =0,x, =2
V6ix=0thiy=2. Véix =2 thiy =0
Truong hop 2: T A = 1 suy ra:
Gx+3y) +(1-3y) +(Bx+1)> =2
Téng clia ba sb chinh phuong bang 2 nén c6 mot s6 bang 0, hai s6 bang s6 1. S6
bang 0 khong the 1a 1 — 3y hodc 3x + 1, do d6 3x + 3y = 0. Nghiém nguyén cua hé:
3x+3y=0
(1-3y)’ =1 lax=y=0, khong thoa min 3x — 3y — 1 =215.
GBx+1) =1
Pap s6: (0 ; -0), (2 ; 0)
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Cach 3: x’ =y’ =xy+8
S (x—y)Y +3xp(x—y) =xy +8
batx—y=a, xy =b ta co:
a’+3ab=b+8
oa’-8=-b3a-1)
Suyra: a’ —8:3a—1
= 27(a’ —8):3a -1
=27a’ —1-215:3a -1
Do 27a3—1§3a—1’nén 215§§a—1
Phan tich ra thira s6 nguyén t6: 215 = 5.43
Do d6 3a—1e{£1;+5;+43;£215}
Do 3a—1 chia cho 3 du 2 nén 3a—-1e {-1;5;-43;215}

Ta co:
3a—1 -1 5 —-43 215
a 0 2 - 14 72
b_a3_8 -8 0 - 64 - 1736
1-3a

Chu ¥ rang (x— )’ +4xy >0 nén a’ +4b >0, do d6 trong bdn truong hop trén chi
coa=2;b=0.Taduoc: x—y=2;xy=0
Dap s6: (0 ;-2) va (2 ; 0) )
4) PHUONG TRINH PA THUC CO BA AN TRO LEN
Vi du 7: Tim cac nghi¢m nguyén cua phuong trinh:
6x+15y+10z=3

Giai:
Ta thay10z:3 nén z:3. Pat z = 3k ta duoc:

6x+15y+10.3k =3
& 2x+5y+10k=1
Dua vé phuong trinh hai 4n x, y v6i cac hé sb twong ing 2 va 5 1a hai s6 nguyén td
cung nhau.

2x+5y=1-10k

bat 1—2y =t vdi t nguyén. Ta co:

y=1-2t
x==5k-2(1-2¢)+t=5t-5k-2
z=3k
Nghiém ctia phuong trinh: (5¢ — 5k —2;1—21;3k) véi t, k 1a cac s6 nguyén tuy ¥.
Vi du 8: Chirg minh rdng phuong trinh sau khong cé nghiém nguyén:
x>+ y*+2z>=1999 (1)

23



www.VNMATH.com

Giai:
Ta biét rang s chinh phwong chin thi chia hét cho 4, con sb chinh phuong 1¢ thi
chia cho 4 du 1 va chia cho 8§ du 1.
Téng x* + y* +z* 14 56 1é nén trong ba s& x*; y*;z* phai c6: hodc c6 mot s6 1¢, hai
s6 chin; hodc ca ba sb 1é.
Trudng hop trong ba s6 x7;y*;z° ¢6 mot s6 1é, hai s6 chin thi vé trai cta (1) chia
cho 4 du 1, con vé phai 1a 1999chia cho 4 du 3, loai.
Trong truong hop ba sé x?; y*;z> déu 1é thi vé trai cta (1) chia cho 8 du 3, con vé
phai 1a 1999 chia cho 8 du 7, loai.
Vay phuong trinh (1) khong c6 nghi¢m nguyén.

5) PHUONG TRINH DANG PHAN THUC

Vi du 9: Tim cac nghei65m nguyén duong cua phuong trinh:

1 1 1 1
=
x y 6xy 6
Giai: ’
Nhan hai vé ctia phuong trinh véi 6xy:
6y+6x+1=xy

Pua vé phuong trinh udc so:
x(y—6)—6(y—6)=37
S (x-6)(y—6)=37
Do vai tro binh dang ciax va 'y, gia st x> y>1,théthi x—6> y—6>-5.
Chi ¢6 mdt truong hop:
{x—6:37 {x=43
&
y—6=1 y=7

Dap s6: (43 ;7), (7 ; 43)
x—17

Vi du 10: Tim céac s6 nguyén x sao cho 5 1a binh phuong ctia mot phan s6
x —

Giai:

x—
Xéta=0thix=17
Xét a #0. Khong mét tinh téng quat, gia str (a, b)= 1. Do (a”,b*) =1 nén:
x—17=a’k (1)
x—9=>b%k (2) k nguyén
Tur (1) va (2) suy ra:
(x=9)—(x—17)=(b*—a’)k
8=(b+a)b-a)k
Tathiy b+avab—alaudc cia 8. Chi y ring (b +a)—(b—a)=2anénb+avab
—acung tinh chan 1é. Talaicob+a>b—-avab+a>0. Co cac truong hop:

e .o x—=17 aY . .
Giai su = 3 voiaell,bell .
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b+a b—a k b a x=b*%+9
4 2 1 3 1 18
4 -2 -1 1 3 8
2 -2 -2 0, loai
2 -4 -1 —1, loai
C6 ba dép sb:
x=17thi - 9 _ ¢
17-9 8
2
x=18thi o171 _f1
18—=9 9 3
x=8thi o=/ _g_7

6) PHUONG TRINH DANG MU
Vidu 11: Tim céc s0 tu nhién x va cac sO nguyén y sao cho:
2°+3= y2

Giai:
Lan lugt xét cac gia tri tu nhién cua x:
Néux=0thi y> =4 nén y =42
Néu x = 1 thi y* =5, khong c6 nghiém nguyén
Néu x >2 thi 2*:4, do d6 vé trai chia cho 4 du 3, con y 1¢ nén vé phai chia cho 4
du 1. Mau thuan.
Keét luan: Nghiém cia phuong trinh 1a (0 ; 2), (0; —2)

Vi du 12: Giai phuong trinh véi nghi¢m nguyén duong:

2" +57=y7 (1)

Giai:
Xét hai truong hop:

a) xlé.batx=2n+1 (nell). Taco:
2" =2""1=24"=2(3+1)" =2(BS3+1)=BS3+2
Khi d6 vé trai cta (1) 12 s6 chia cho 3 du 2, con vé phai 1a s chinh phuong chia cho
3 khong du 2, loai.

b) x chan. Patx=2n (nell’). Ta co:

y? =2 =57
S (+2")(y-2")=3.19

Tathdy y+2">0nén y—2">0va y+2" > y-2"
Do d6 ¢6 cac truong hop:
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y+2" 57 19
y=2" 1 3
o 28, loai 8
n 3
y 11
X =2n 6

Taco: 2°+57 =11"
Keét luan: nghiém cua phuong trinh 1a (6 ; 11)
Vi du 13: Giai phuong trinh véi nghiém tu nhién:
2°+27+2°=1024 (1) véix<y<:z
Giai:
Chia hai vé cta (1) cho 2* # 0 ta dugc:
142777 4257 =210 (2)

Do 2" >1nén 2" 1a bdi cua 2. Talai cd z>x, vinéu z=x thi x =y = z, khi d6

(2) tré thanh 1+2° +2° = BS2 , loai. Do d6 2"~ 1a boi ctia 2.
Suyra 1+2"" labdicia2. Dodo 27" =1, vayy=x.
Thay vao (2):

141427 =2

& 2427 =210
& 2(1+2 ) =210

o 1 + 2zfx71 — 297,\6

Do 2’ >1nén 2" labdicia2. Dodé 2°"' =1va2=2"". Tudoéx=8;y=

9;z2=09.
7) PHUONG TRINH VO TI

Vi du 14: Tim cac nghiém nguyén cua phuong trinh:

y=\/x+2m+\/x—2\/ﬁ
Giai:

Diéu kién: x >1

== D+1+2x— T +J(x =D +1-2x—1
x—1+1|+|x-1-1]
=Jx—1+1+]Jx=1-1]

Xét hai truong hop:
a) Voix=1thiy=2.

b) V6i x>2 thi y=+vx—-1+1++4Jx-1-1=2+x—-1

Do d6: y> =4(x—1). Do x >2nén c6 thé dat x — 1 = #* v&i t nguyén duong.
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=1 +1
Taco: |
y =2t
Kétt luan: nghiém ctia phwong trinh 1a: (1 ;2), ( 2 +1 ; 2t) véi t 1a s6 nguyén
duong tuy y.
Vi du 15: Tim cac nghiém nguyén ctia phuong trinh:

\/x+\/x+\/x+\/_ =y
Giai:
Taco: x=20,y=0
Binh phuong hai vé réi chuyén vé:

Vx+yx+x =y —x=k(kel)

Binh phuong hai vé roi chuyén vé:

x+x =k —x=m(mell)
Binh phuong hai vé:
x+x =m’
Ta biét rang voi x nguyén thi Jx hodc 1a sb nguyén hoic 13 s6 vo ti. Do
x+~/x =m® (m el )nén vx khong 1a sb v ti. Do d6 vx 1a sé nguyén va 1a sb tu
nhién.
Ta co: \/;(\/; +1)=m’

Hai s6 tu nhién lién tiép Jx va +/x +1 ¢6 tich 1a sé chinh phuong nén sb nho bang

0:
Jx =0
Suy ra: x = 0; y = 0 théa man phuong trinh da cho.
Nghiém cua phuong trinh 1a (0 ; 0)
Vi du 16: Tim cac nghei65m nguyén cua phuong trinh:

Jx +.fy =+/1980 (1)
Jx =+/1980 - [y )

Véi diéu kién 0< x,y <1980:
(2) < x =1980+y —2,/1980y
& x=1980+y—12,/55y
Do x, y nguyén nén 12\/5 nguyén. Ta biét rang vdi y nguyén thi./55y hoic 1a

Giai:

s6 nguyén hoic 1a s6 vo ti. Do do \/5 1a s6 nguyén, tirc 1a 55y 13 s6 chinh
phuong:

11.5.y=k*. Do d6: y=11.5.a° =55a> v6i a el

Tuong tu: x = 55b° véi b el

Thay vao (1):
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a 55 + b55 = 6455

<a+b=6
Giast y<x thi a<b. Taco:

a b x =55a° y =55b°
0 6 0 1980
1 5 55 1375
2 4 220 880
3 3 495 495

C6 7 dap s6: (0 ; 1980), (1980 ; 0), (55 ; 1375), (1375 ; 55), (220 ; 880), (880 ; 220),
(495 ; 495)
8) HE PHUONG TRINH VOI NGHIEM NGUYEN
Vidu 17: Tim cac nghiém nguyén cua hé phuong trinh:
x+y+z=3
{xS +y' +2°=3

Giai: i

Ta c6 hang dang thtrc:

(x+y+2) (X + Y’ +2)=3(x+y)(y+2)(z+x)

Nén: 27-3=3(x+y)(y+z)(z+x)

S8=(x+y)(y+z)(x+2)

bitx+y=c,ytz=a,z+x=b.

Taco:abc=8 = a,b,c e {£1,+2,+4,£8}

Gidst x<y<zthiazb>c.

Taco:a+tb+c=2(x+y+z)=6nén a>2

) b+c=4

a) Vdéia=2taco { o
Suyra:b=c=2
Tadugc:x=y=z=1
b+c=2
bc=2
Khong c6 nghiém nguyén.
b+c=-2

bc=1

b) V(yia=4tac(){

C) V(’)ria=8tacc'){

Suyra:b=c= -1
Tadugc:x=y=4;z= -5
Dapso: (1;1:1),(4:4;-5),(4;-5;4),(-5;4:4)
9) PHUONG TRINH PYTAGO
Vi du 19: Tim nghiém nguyén cia phuong trinh:
x>y =2z (1)
Giai:
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Trude hét ta gia sir x, y, z nguyén t6 cing nhau. That viy néu bo ba sd X,V,,Z,
thoa man (1) va ¢c6 UCLN la d, gia st x, =dx,,y, =dy,,z, = dz, thi(x;y,;z,) clng
la nghiém cua (1)

Véix, y, znguyén t6 cung nhau thi chung d6i mot nguyén t6 cung nhau, vi néu

hai trong ba s6 ay c6 udc chung 1a d thi s6 con lai cling chia hét cho d. 7
Ta thay x va y khong thé cing chin (vi chiing nguyén t6 cting nhau, khong thé
cung 1é (vi néu x va y cung 1€ thi z chin, khi d6 x* + »* chia cho 4 du 2, con z*:4).
Nhu vay trong hai s6 x va y ¢6 mot sO chacln2 mot sd 1é.
Cach 1: Gia su x 1€, y chan thi z 1&. Ta viét (1) duoi dang:
X' =(z+y)(z- ) ,
Tacod z+yvaz—ylacac so 1é. Ching nguyén to cung nhau. That vay, gia su
z+yid,z—y:d (d1é) thi:
(z+y)+(z-y)=2zid
(z+y) —(z-y) =2y :d
Do (2,d)=1nén zid;y:d
Do (y,z)=1nénd=1 Vay(z+y,z-y)=1
Hai so nguyen duong z+yvaz—ynguyén to cung nhau, c6 tich 1a s6 chinh
phuong x* nén mdi sé z +y va z —y ciing 1a s6 chinh phuong.
2
Dt z4+y= n12
z—y=n
V6im, n 1a cac s6 1¢, nguyén td cing nhau, m > n.
Ta dugc:

Véim van 1a cac s6 18, nguyén t6 cung nhau, m > n.
Do lai, dé thiy bo ba sd (x, v, z) noi trén thoa man (1)
Cach 2: G1a str x chén, y 1¢ thi z 1a sd 1é.

Tacéd: x* =(z+y)(z—y)

+ )
yva

= (gj = HTy% Do z, y 1a cac s 1é nguyén té ciing nhau nén z
Z —
2

Vg

. . : +y.
Y 14 cac s6 nguyén va nguyén to cung nhau (that vy, gia su z 5 Y d ,
Y 2 Vy
2 2

Z+y_Z—y:d
2 2

zid
thi :>{ ..o =>d=1)
y:d
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. A A + . Z— A LA s oY s A 1
Hai s0 nguyén duong z 5 Y vy Z 5 4 nguyén to cung nhau c6 tich 1a s6 chinh

2
phuong (%) nén mdi s6 1 sé chinh phuong.

Pt 22— Z=Y 2 (myn e0) thi:
2 2
z=m*+n>; y=m’—n’.
Doy, z 1¢ nén m, n chan 1& khac nhau.
Do (m*,n”) =1nén (m,n)=1

Nhu vay:
x=2mn
2 2
y=m"—n
z=m>+n’

Véim van 1a cac sd nguyén t6 cung nhau, chin 1¢ khac nhau, m > n.

Pao lai, dé thay ba bd s0 (X, y, z) noi trén thoa man (1)

Ta goi ba bd s0 (X, y, z) ndi trén 1a bg ba 56 Pitago goc. Nhan bg ba s6 ndy véi
moi s6 nguyén duong, ta duoc tat ca cac bd ba sd Pitago, d6 1a tit ca cic nghiém

nguyén duong cua phuong trinh x° + y* = z°.

10) PHUONG TRINH PEL

Phuong trinh x* — Py? =1 véi P 1 s6 nguyén duong khong chinh phuong goi 1a
phuong trinh Pel, mang tén nha todn hoc Anh Ia Pel (Pell)

Thuc ra nha toan hoc Phép Lagring, cung thoi véi Pel, 13 nguoi dau tién cong bd
16i giai day du cta phuong trinh trén nam 1766.

Phuong trinh Pel ¢6 v6 nghiém nguyén. Ngoai nghiém tam thuong x =+1;y =0,
dé tim cac nghiém nguyén cta phuong trinh, ta chi can tim nghiém nguyén duong
cua no.

Ta goi (x,,y,) 1a nghiém nguyén duong nho nhit cta phuong trinh Pel néu né 1a
nghiém khong tim thuong va X, + ylx/; 1a s6 nho nhat trong tap hop:

{x+y\/ﬁlx,ye[l*,x2—Py2 :l}

Béng sau cho ta cic nghiém nguyén duong nho nhat (x,,y,) ctia mot sé phuong
trinh Pel:
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p x> =Py’ =1 X, "
2 x' -2y’ =1 3 2
3 x?-3y*=1 2 1
5 x> -5y°=1 9 4
6 xP -6y’ =1 5 2
7 xP=-7y =1 4 3
8 x2—8y2=1 3 1
10 xX-10y2=1 19 6
11 XP-11y’ =1 10 3
12 x?-12y* =1 7 2
13 P -13y2 =1 649 180

Ngudi ta chimg minh dugc rang: néu (x,,»,) 1a nghiém nguyén duong nho nhat
ctua phuong trinh (x,,y,) cua phuong trinh duoc xac dinh béi:
X, + yk\/F =(x, + yI\/F)k voik=1,2,3...
Vi du 20: Cho phuong trinh: x*—2y* =1 (1)
a) Kiém tra rang: (3 ; 2) 1a mot nghiém cua (1).
b) Khai trién (3+2+2)" duge a+532 (a,bell). Ching minh ring (a, b) 1a
nghiém cua (1)
c) Bang nhan xét ¢ cau b, hay tim thém hai nghiém nguyén duong khéc cua (1)
Giai
a) 3° =22 =1. Vay (3, 2) 1a mot nghiém ctia (1)
b) Ta c6: (3+242)(3-2v2) =1
= (3+2v2) (3-22) =1
Ta biét rang néu (3+ 2\/5)" =a+by2 thi
(3-2v2)" =a— b2 . Do dé:
(a+bv2)a-b2)=1
=a’-2b" =1
Vay (a, b) 1a nghiém cua (1)
¢) Ta tinh:
(3+2v2) =9+8+124/2 =17+124/2
(3+242)° = (17 +1242)(3+ 24/2)
=51+34/2 +36v/2 +48
=99+ 7072
Vay: (17; 12), (99; 70) ciing 1a nghiém cua (1).
Vi du 21: Tim nghiém nguyén duong nho nhat roi tim thém hai nghiém nguyén
duong khéc cua phuong trinh sau:
x’—15y* =1
Giai
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Kiém tra ta duoc (4; 1) 1a nghiém nguyén duong nhé nhit.

(4+15) =31+8J15
(4++/15)° =244+ 63415
Hai nghi€ém nguyén duong khac (31; 8) va (244; 63)

11) DPIEU KIEN PE PHUONG TRINH CO NGHIEM
NGUYEN

Vi du 18: Tim céc so thuc a dé cac nghiém ctia phuong trinh sau déu 1a s6
nguyén:

x'—ax+(a+2)=0 (1)
Giai:

Got x,,x, 1a nghiém nguyén cta (1). Theo dinh ly Viete:
X +x,=a
{xlx2 =a+2
Do doé:
XX, = (X +x,)=2

< x(x, =) —(x,-1)=3
< (x—D(x,-2)=3

x,—1vax,—2laudccua3d. Gidst x, > x, thi x, -1 > x, —2. Ta co hai truong
hop:

) x,—-1=3 x, =4
a =
x,—1=1 X, =2

Khidoa=16
x—1=-1 x,=0
b) &
x,—1=-3 x,=-2
Khidoa= -2
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Bai 1: Tim tit ca cac cap nghiém nguyén (x, y) théa min :
yx—1)=x"+2.
Huémg dan:
x*+2 3
=x+1+——
x—1 x—1
Vi x, y nguyén nén x — 1 1a udc cua 3
Véy (Xa Y) = (45 6) ; (29 6) ; ('25 -2 ) ; (09 '2)
Bai 2: Timx,y el théaman :
2X2—2xy= S5x—-y—19.
Huéng dan:
(x,y)=1(0,-19);(1,16); (9, 8) va (-8, -11)
Bai 3: Tim nghiém nguyén duong cua phuong trinh:
xy” +2xy — 243y + x =0
Huéng dan:
Tacoxy” +2xy—243y+x=0 < x(y+ 1)* =243y (1)
Tir (1) v6i cha ¥ rang (y + 1; y) = 1 ta suy ra (y + 1)* 1a udc cta 243.
Viy (x,y) = (54,2) ; (24, 8)
Bai 4: Tim nghiém cta phuong trinh:
2 -3 =65y
Huéng dan:
Ta chirng t6 phwong trinh da cho khéng c¢6 nghiém nguyén. Gia sir phuong trinh 2 — 3
= 65y c6 nghiém nguyén ta suy ra
2% =3 (mod 5) va 2" =3 (mod 13)
Tu2*=3 (mod 5)suyrax=3 (mod4) (1)
Tur 2" =3 (mod 13) ta suy ra x =4 (mod 12), trai vdi (1)
Bai 5: Tim nghiém nguyén cua cic phuong trinh sau :
a) 15x°—7y*=9
b) 29x*— 28y’ =2000
¢) 1999x* —2000y* = 2001
d) x> -2000.y*"" =2003
e) 19x* - 84y*=198
Huéng dan:
a) Tu phuong trinh da cho ta suy ra y chia hét cho 3. Pt y = 3y,. Ta co
5x7—21yl1*=3 (1)
Tir (1) suy ra x chia hét cho 3. Pat x = 3x1. Ta c6
15x1° = 7y1*=1 (2)
Tir (2) suy ra y;* = -1 (mod 3), v6 nghiém
b) Tir phuong trinh di cho ta suy ra x> = 5 (mod 7). Vay phuong trinh da cho vo
nghiém
¢) Tir phuong trinh di cho ta suy ra x*= -1 (mod 4). Vay phuong trinh di cho vo
nghiém
d) Tir phuong trinh da cho ta suy ra x 1& va x*°” = 1 (mod 4)
Suy ra 2003 = 1 (mod 4), v6 li. Vay phuong trinh da cho vO nghiém.
e) Gia sur phuong trinh da cho co nghiém. Khi d6: y* + 1 =0 (mod 19). Vi 19 1a s6
nguyén t6 c6 dang 4k + 3 nén y*+ 1 =0 (mod 19) ta suy ra 19\ 1, vo li

Tacoy(x—1)=x"+2 = y=
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Bai 6: Tim céac s6 nguyén duong thoa mén :
X<y <zva5 +25+ 5 =4500.
Huong dan:
Néu z <5 thi 5% +2.5% + 5% < 4500.
Néu z > 5 thi 5%+ 2.5 + 5> 4500.
Vayx=3,y=4,z=5.
Bai 7: Tim cac sb tu nhién x, y, x thoa méan:
a) 2002* —-2001" =1
by 5T =1+2
) 5T +1=2"
d) 2x.3~y =1+5
Huong dan:
a) Tac62002" =2001" +1=2(mod4), suyrax=1vay=1.
b) Néu x chédn thi 5° =1(mod3) suy ra 2’ = 0(mod3) : loai
Néu x 1¢ thi 5" =5(mod 8) suy ra 2” =4(mod8) . Suyray =2
Pap s6 : (x;y)=(1;2)
¢) Néux 1¢éthi 5°+1 chia hét cho 3 con 2”khong chia hét cho 3: loai
Néu x chén thi 5* +1=2(mod4) suyra 2’ =2(mod4). Suyray=1vax=0
Pap s6 : (x;y) =(0; 1)
d) Taco 1+5 =2(mod4)suyra 2°.3" =2(mod4)do dox=1.
Khidotaco 2.3"=1+5°
Neéuy=0thiz=0.Néuy=1thiz=1.
Néuy > 1 thi 2.3" =0(mod9) nén 5° =—1(mod9).
Suy ra z chia hét cho 3 va z 1¢é.
Vay z ¢6 dang z = 6k +3(k €[1). Nhung khi do,
2.3" =1+125"" =0(mod 7) : loai
Vay phuong trinh c6 2 nghiém tu nhién la: (1; 0; 0) va (1; 1; 1)
Bai 8: Tim cac s6 nguyén duong X, y, z thoa mén:
a) 1424 .. +x!=)"
b) x+y!=10z+9
Huéng dan: ) ) )
~a) Day la bai toan lién quan deén chir s6 tan cung cua mot s chinh phuong.
Neéu x >4 thi 11+2!+...+x! tan cung boi 3 va khong c6 s6 nguyén duong y nao thda
man.
bap sé:xlzyz lhoacx=y=3.
~b) Neéux,y> I thix!+y! chia hét cho 2; loai
Néuy=1 thi x! =10z + 8 = 8§(mod10), suy ra x <4.
Pép s6 : vo nghiém .
Bai 9: Tim cac s6 nguyén td x, y, z thoa mén :
X'+ 1=z
Huong dan:
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Vi x, y nguyén t nén x, y > 2. Tir phwong trinh d cho ta suy raz> 5 va z 1¢ (do z
nguyén t0). Vi z 1é nén x chin hay x =2. Khi d6,z=1 + 2.
Néu y 1é thi z chia hét cho 3 (loai). Vay y = 2.
Pépsd:x=y=2vaz=5.
Bai 10: Tim tat ca cac cip sb tu nhién (n, z) thoa min phuong trinh :
2"+ 122=7"-3°
Hudng dan:
Néu n 1é thi 2" = -1 (mod 3). Tir phuong trinh di cho ta suy ra z* = -1 (mod 3), loai.
Néu n chén thi n = 2m (m € N) va phuong trinh d3 cho tré thanh:
z?—2"=153 hay (z—2™)(z + 2™) = 153.
Cho z+ 2" vaz—2"1a cac udc cua 153 ta tim dugc m =2, z = 13.
Papsd:n=4,z=13.
Bai 11: Timx, y nguyén thoa mén :
xzy2 —x’— 8y2 =2Xy

Hudng dan:
Viét lai phuong trinh da cho dudi dang:
2 2
Y =7)=(x+y)” (1)

Phuong trinh di cho c6 nghiém x =y = 0. Xét x, y # 0. Tir (1) suy ra x> — 7 1a mot sd
chinh phuong. Pat x> — 7 = a’, ta co
x—a)(x+a)=7
Tu d6 tim duoc x
Dap s0: (0,0); (4,-1); (4,2) ; (-4, 1) ; (-4, -2)
Bai 12: Tim nghiém nguyén duong cta phuong trinh :

Jx+23 :\/;+\/;

Huéng dan:
Vi vai tro ctia x, y, z nhu nhau nén c6 thé gia st y > z. Tir phuong trinh da cho ta suy ra
x+2\/§:y+z+2\/;.8uy ra
(x—y—z)2+4\/§(x—y—z):4yz—12. (1)
Vi /3 12 s6 v6 ti nén tir (1)tasuyra:
X-y—z=4yz—-12=0=yz=3 =>y=3,z=1vax=y+z=4
Pap s6 : phuong trinh ¢6 2 nghiém 1a (4; 3; 1) va (4; 1; 3)
Bai 13: Tim tat ca cac s6 nguyén duong a, b, ¢ d6i mot khac nhau sao cho biéu thirc :
1 1 1 1 1 1 N A
A=—+—+—+—+—+— nhan gia tri nguyén duong.
Huéng dan:
Taco A.abc=ab+bct+catatb+c (1)
Tur (1) ta CM duoc a, b, ¢ cung tinh chan 1é. Vi vau trd ciia a, b, c nhu nhau va a, b, ¢
d6i mot khac nhau nén co thé gia thiéta<b <c.
Néu a>3thi b>5,c>7 vaA<1,loai. Suyraa=1hoica=2
Néua=1thi b>3,¢>5 doddo1<A<3 suyra A=2.Thaya=1, A =2 tadugc:
2(b+c)+ 1=bchay (b-2)(c—2)=5.Tirdotadugcb=3,c=7. Truong hopa=2
x¢ét tuong tu.
Dép s6 : (2; 4; 14), (1; 3; 7) va cac hoan vi ctia 2 bd sb nay
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Bai 14: Tim tit ca cac bo ba sb tu nhién khong nho hon 1 sao cho tich cta hai sb bat
ki cong véi 1 chia hét cho s6 con lai
Huémg dan:
Giasirbasddichola a>b>c>1. Taco
c a b
ab+1 bc+1"ac+1
Suy ra

abc

(ab+1)(ac+1)(bc+1)
—ab+bc+ca+1: abc
—ab+bc+ca+1=kabc, kel". (1)
Viab+bc+ca+1 < 4abecnénk < 4
Neéuk=4thia=b=c=1 (thoa man)
Néu k =3 thi tur (1) ta suy ra 3abc < 4absuyrac < 1
Doddc=1=a=2,b=1
Truong hop k =2, k =1 duoc xét twong ty nhu trudong hop k=3
Papso: (1,151, (2 11D, (3525 1),(7:3;2)
Bai 15: Tim ba s6 nguyén duong d6i mot khac nhau x, y, z thda man :

Y+’ +z2 =(x+y+z)
Huéng dan: i
Vi vai tro cua x, y, z nhu nhau nén ¢6 thé gia st x <y <z
Ap dung bat dang thirc
X4y 4z >(x+y+zj3
3 3
Vx,y,z20 tasuyrax+y+z <9
Dau bang khong xay ra vi x, y, z d6i mot khac nhau
Vayx+y+z <8 (1)
Matkhicx+y+z>1+2+3=6 (2)
Tur(l),(2)tasuyrax e {6,7,8}
Tu day két hop v6i phuong trinh ban dau ta tim dugc X, y, z
bép s6 : (1, 2, 3) va cac hodn vi ciia bg ba so nay
Bai 16: Tim tat ca nghiém nguyén (x; y) ciia phuong trinh :
@)y = (=)
Hudng ddan: .
Bién d6i phuong trinh vé dang
Y2y* +(x* =3x)y+(x+3x7)]=0 (D)

TH1:y=0
TH2:y #0.Khido

(1) ©2y° +(x* =3x)y+(x+3x)=0 (2)
Xem (2) 14 phuong trinh bac 2 di véi bién y. Dé (2) c6 nghiém nguyén thi
A = (x+1)? x(x —8) phai 1a mét sé chinh phuong, tirc 12

x(x-8)=da’(acll)= (x—4-a)x—4+a)=16
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T&dé}aﬁnlduqcx
bapso: (x;y)=(9;-6),(9;-21),(8;-10), (-1;-1) va (m; 0) véi me[]
Bai 17: Tim cac s6 nguyén khoéng am x, y sao cho :
¥ =y +y+1

Huong dan:
Néuy=0thix=1
Néuy > 1 thi tor phuong trinh da chotasuyray <x<y+ 1, vo li
Bai 18: Tim cac sb nguyén x, v, z, t sao cho :

a) X’ +y* +2z° =x"y’

b) x>+’ +2° =2xyz

c) x>+ y 42" +1° =2xyzt
Huéng dan: )
Str dung phuong phap xuong thang
a) Phuong trinh di cho : x* +y* +z° =x*y> (1)
Néu ca x va y déu 18 thi tir (1) suy ra z chan. Khi 6, x> + y* +z> = 2(mod 4) con
x’y* =1(mod 4): vo li
Vay 1 trong 2 bién x, y phai chin
Gia str x chén, tir (1) suy ra y”* +z”:4 do d6 ca y va z déu phai chan
Dat x=2x,,y=2y,,z=2z/(x,y,,z, €ll).
Thay vao (1) tacé x; +y; +z, =4x].y}. ()
Tt (2) lai 14p ludn nhu trén ta suy ra x,,y,,z, déu chin
Ctr tiép tuc nhu vay s& dan dén x:2F, yi2*, 212" vk ell.
Diéu nay chi xdy rakhix=y=2z=0
b), ¢) tuong tu
Bai 19: Tim cac s6 nguyén x, y, z, t thoa man:

xy—3zt=1
xz+yt=2.

Huéng dan:
Ta 6 {xy—Szt =1 . {(xy—?szt)2 =1
xz+yt=2 3(xz+yt)* =12
Cong theo timg vé ta c6 (x* +3¢°)(y”* +3z°) =13
Pap s6: (x;y;2: )= (15 1:2; 0), (-15-1;-2;0), (1; 1, 0; 2) , (-1; -15 0; -2)
Bai 20: Tim cac nghiém nguyén duong ctia hé phuong trinh :

xX+y=z
N I
Huéng dan:
Khir z dwa dén phuong trinh : 1> —(x+1)y+x*—x=0
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Xem day 1a phuong trinh béc 2, bién y, tir didu kién ton tai nghiém ta suy ra x = 1 hodc
x=2
Pap s : (x;y;2)=(152;3), (2, 133), (22 4)
Bai 21: Tim nghiém nguyén cta phuong trinh :
T(x+y)=3(x —xy +y’)
Huéng dan:
Dép s6 : (x, y) = (4, 5) hoic (5.4)
Céch 1: Ddi bién u=x +y, v=x —y ta dua vé phuong trinh:
28u=3(u2 + 3v2). (*)
Tir (*) chimg minh duoc u chia hét cho 9 va0 <u<9suyrau=0hoicu=9
Céach 2: Xem phuong trinh d4 cho 12 phuong trinh bac hai dbi véi x.
32-QCBy+7)x+3y2-T7y=0 (1)
Dé (1) c6 nghiém thi biét thirc A phai 1a s6 chinh phuong
Twr d6 tim dugc y
Bai 22: Tim tit ca cac cap sd nguyén (x, y) thoa min
12x% + 6xy + 3y*=28(x + )
Huéng dan:
Pip 56 (x,y) = (0,0) 5 (1, 8) ; (-1, 10)
Phuong trinh : 12x* + 6xy + 3y’ =28(x +y)  (¥)
Céch 1
Ta s& danh gia mién gia trj cla x :
T (*) suy ra

2 2
9x” =-3(x+y)* +28(x+ ) =%—3[(x+y)—%} < %
=x' <7=x"€{0,1,4}
Céch 2 : tuong tu Bai 24
Bai 23: Timx,y €Z" thoa man :
K 2000 2000 _ 032000 (1)
Huéng dan:
Dap s6: phuong trinh v6 nghiém
Giasux>y. Tu (1) suyrax <2003 vax + 1 <2003
Ta co
2003200 > (x + 1)2°% > 5290 + 2000.x'**°
= y*">2000.x"""° >2000.y"""° = 2003 > x >y > 2000
Vay x =2002, y =2001
Thtr 1ai khong thdéa man (1)

Bai 24: Tim xell :\/x+2\/x+...+2\/x+2\/§ =X

Huéng dan:

Dap s6 : x = 0 hodc x =3

Xét cac truong hop cia x va danh gia hai vé

Bai 25: Tim x,y,zeZ:(2x’ -7x" +8x-2=y

2y =7y +8y-2=z
22 —72°+8z-2=x
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Hudng dan:
bapso:x=y=z=lhodacx=y=z=2
Dit f(t) = 26 —7¢* + 8t —2 va sir dung tinh chat f(a) — f(b) :(a—b)Va #b
Bai 26: Timx,yeZ:x/;+\/;=x/m *)
Huong dan:
bicu kién x,y>0
Tt (*) suy ra \/; =+/2001 —+/x . Binh phuong hai vé ta duoc
y=2001+x-2+/2001.x = /2001 .x €[]
Vi 2001 =3 x 667, ta lai c6 3 va 667 1a cac sd nguyén t6 nén
X =3 x 667 x a>=2001.a* (trong 46 a ell)
Lap luin tuong tw ta c6 y = 2001.6°(bel])
Thay x =2001a’,y =2001bh> vao (*) carit gontasuyra:a+b =1
Ttr d6 c¢6 hai nghiém : (x; y) =(2001; 0) hodc (0; 2001)

2

Bai 27: Tim tat ca cac cip s nguyén duong (a, b) sao cho a =2 1a s6 nguyén
Huong dd}a:
Tur gia thict suy ra

2a+b)i(ab+2)= 2a+b)=k(ab+2) )

Tu (1) chingto k=1suyraa=4,b=3
Pép s6 : (a; b) = (4; 3)
Bai 28: Tim n nguyén duong sao cho phuong trinh x° + y* + 2’ = nx’y’z* ¢6 nghiém
nguyén duong. Vi cac gia tri vira tim dugc cua n, hdy giai phuong trinh trén.
Huéng dan:
Pap s6:n=1hodcn=3
Bai 29: Cho phuong trinh : x* — 3xy* +y° =n

a) Gia sir phuong trinh da cho c6 mot nghiém nguyén (x, y). Chimg minh rang

phuong trinh dé cho c6 it nhit ba nghiém nguyén

b) Gidi phuong trinh tim nghi¢m nguyén vdi n = 2002

Huéng dan:
a) Tacod
X =307+’ = (=2 =3y = 0)x7 +(=x)” = (=) =3P - y) + (- p)
b) Tu phuong trinh da cho ta suy ra x° + 3’ =1(mod 3).

Suy ra x =1(mod3)va y = 0(mod3) hodc x =0(mod3)vay=1(mod3)
Ca hai truong hop ta déu c6 x* —3xy? + y° =1(mod9) . Do d6 phuong trinh d3 cho
khong co nghiém khi n = 2002.
Bai 30: Ching minh Vnell”, phuong trinh x, + X, +...+x, = X,.X,...x, luén cd
nghiém trong [ .
Huéng dan:
Cho x, =x, =..=x,_, =1 ta di dén phuong trinh

(. ~D0x, ~D=n-1. (D)
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Dé thay x, =nvax, , =2 thoa man (1)
Vay phuong trinh da cho c6 it nhat mot nghiém nguyén duong 13

(xl;xz;...;xn )=(;1;...;2;n)
Bai 31: Chung minh ring phwong trinh x> + y° + z° — 3xyz = 2001" luén c6 nghiém
nguyén voi moin =2
Huong dan:
Pit 2001" =9m . B ba sb (m; m — 1; m + 1) 1a mot nghiém cua phuong trinh da cho
Bai 32: Ching minh rdng phuong trinh x> + y° = z° ¢6 v6 s6 nghiém nguyén (x, y, z)
thoa man Xyz 0
Hudng dan:
D¢ thay bo cac b ba sau la nghiém ctia phuong trinh da cho

(3;-1;2) va (105 3;7)
Ta thay néu (x; y; z) 1a nghiém cta phuong trinh da cho thi

(klsx,k6y,k102)

ciing 14 nghiém ctia phuong trinh di cho. Tir @6 ¢6 diéu phai chirng minh
Bai 33: Chung minh cic phuong trinh sau khong ¢6 nghiém nguyén?:

a)3x’ —4y° =13

b)19x* +28y* =2001

c)x*=2y" -8y +3

d)x’ —5x> +4x =245y +1)

e)3x’ —x’ +6x> —18x =2001
Huréng dan: dung phuong phap xét sé du cua tung vé. Tir d6 ta thay sb du cua hai vé
phuong trinh s& khong bang nhau. Diéu d6 dan téi cac phuong trinh vo nghiém.
Bai 34: Tim cac nghiém nguyén duong ctia phwong trinh:

L
x y 4
, PP L1
Huong dan: Giast 1<x<y thi —>—
Xy
l=l+lg%:>xgg
4 x y x
l<l:>x>4
X

) Viay 4 < x <8, thtr chon dé tim nghiém.
bép s6: (5;20),(20;5),(6;12),(12;6),(8;8)
Bai 35: _Tim ba s6 nguyén duong sao cho tich ctia chiing gip déi tong ciia ching.
Huong dan: xyz=2(x+y+2z)
Gidist x<y<z.Tacd xyz=2(x+y+z)<23z=6z
Suy ra xy <6, thir chon lan luot xy = 1; 2; 3; 4; 5; 6.
bap $6: (1;3;8),(1;4;5),(2;2;4) vacac hoan vi.
Bai 36: Tim bén sé nguyén duong sao cho tong ciia chiing bang tich cta chung.
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Huéng dan: x+y+z+t=xyzt
Gidst z>t>2z>2y>x.Tacd xyzt=x+y+z+t<4f nén xyz<4.
Thu cl}on lan luot xy = 1; 2; 3; 4.
bapso:1;1;2;4.
Bai 37: Tim céac nghiém nguyén duong cua cac phuong trinh:
a)x> +xy+y>=2x+y
D)X’ +xy+y =x+y
c)x’ =3xy+3y> =3y
d)x* —2xy+5y> =y +1
Huéng dan: dua cac phuong trinh vé dang phuong trinh bac hai theo an x, tim diéu
kién cua A d€ phuong trinh c6 nghiém nguyén.
bap s0: ) (1;-1),(2;-1),(0;0),(2;0),(0; 1), (1;1)
b) (0;0),(1;0),(0;1)
¢)(0:0),(0:1),3:1),(3:3),(6:3),(6:4)
d) (1;0),(-1;0)
Bai 38: _Tim céc s6 tu nhién x sao cho: 2 +3* =35
Huong dan: The x =0, 1, 2, 3 vao phuong trinh.
Vi x > 3, phuong trinh v6 nghiém.
bap so6: x=3
Bai 39: Tim cac s6 nguyén x va y sao cho:
X +xiEx+1=y°
Huéng dan: Chimg minh y > x roi xét hai trudng hop:
y=x+1vay>x+1
Bai 40: Tim cac nghiém nguyén duong ctia phwong trinh:
3 x!+yl=(x+y)!
Huong dan: Gid sit x > y thi x!> y!. Do do
(x+y)=x+py!<2x!
S22 (x+1)(x+2)..(x+y)
Chicox=1,y=1 thoa man.
Papso(1;1)

Bai 41: Chimg minh ring phuong trinh sau khéng cé nghiém nguyén duong:
xl7 +y17 — 1917
Huéng dan: giasa x'7 +y"7=19" va1<x<y<19
Ta co:
197 > (y+1)"

=19" > " +17y'°
Vay x > 17, chi c6 thé x =y = 18.
Thur lai, x =y = 18 khong thoa.
Vay phuong trinh da cho khong c6 nghiém nguyén duong.
Bai 42: Tim cac nghiém nguyén duong ctia phuong trinh:
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3x° +4y° =6x+13
Huéng dan: bién d6i 3x* —6x+3=16-4)"
3 —1)2 =4(4— %)

Pap s6: (33 1), (35 -1), (-151), (-1;-1),(1;2),(1;-2)
Bai 43: €6 ton tai hay khong hai sb nguyén duong x va y sao cho x> + y va
y* + x déu 1a s6 chinh phuong?
Huéng dan: gia st y < x . Ta co:

X<t +y<xi+x<(x+1)
Vay khong ton tai hai s6 thoa méan dé bai.
Bai 44: Chung minh rang c6 vo sb s6 nguyén x dé biéu thirc sau 1a s chinh
phuong:

(1424344 4. +x) (1P +2° +3+4> + .. +x)

Huéng dan: Dat (142 +3+4+...+x) (1P +2° +3* +4° +...+x%) = )?

Ta co: x(x+1) . x(x+ 1);2)6 +1) _ yz

2
@[x(x+1)} .2x+1 .
2 3
Phuong trinh ndy c6 v6 s6 nghiém nguyén:
x=6n+6n+1
Bai 45: Tim cac sd nguyén x dé biéu thirc sau 1a sd chinh phuong:
X x +x+1
Huéng dan: gia st x* +x° + x> +x+1= )’
Bién dbi vé dang:
(2y)° =(2x" +x)* +2x> +(x +2)* > (2x* + x)?

Nén (2y)* > Qx> +x+1)°

=-1<x<3.
Xétx=-1;0;1; 2; 3.
Papsd: x=-1;x=0;x=3
Bai 46: Tim nghiém nguyén cua phuong trinh :

a) X —3y’—92°=0

b) 8x*—4y*+2z' =14
Huéng dan:

a) D@ thdy x, y, z déu chia hét cho 3.
batx=x;,y=yi1, 2=z (X1, y1, 1 € Z), ta dugc :
X13 + 3}’13 — 9Z13 =0
Suyrax=y=z=0
b)Pépsd:x=y=z=t=0

Bai 47: Tim ndm sinh ciia Nguyén Du, biét rang vao nim 1786 tudi ciia nha tho
bang tong cac chir s6 nim 6ng sinh ra.

Huéng dan:

Goi ndm sinh cua nha tho 17xy
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Taco: 1786 -17xy=1+7+x+y(0<x<8,0<y<9)

= 1Ix+2y =78

Pap s6: 1766

Bai 48: Banguoi di cau duoc mot sd ca. Troi da tdi va moi nguoi déu mét 13, ho
Vit ¢4 trén bo song, moi nguoi tim mot noi 1an ra ng. Ngudi thir nhat thic day,

A A s A . <\ \ , A A \ , 1 A \
deém so ca thay chia 3 thira 1 con, bén vut 1 con xudng song va xach 3 ve nha.
Nguoi thtr hai thue ddy, tudng hai ban minh con ngu, d€m so6 ca vt 1 con xudng

1 oy 1A X . Ao IO
song va xéach 3 v€ nha. Nguoi thtr 3 thirc ddy , tudng minh ddy sdém nhat, lai vut 1

. 1
con xuong song va mang 3 veé nha.

Tinh sO cé4 3 chang trai cu dugc? biét rang ho cdu rat toi.....
Huong dan:

%{%[%(x—l)—l}—l}:y

8x-27y=38(x,y € N)
x=-2+27t,y=-2+8t
Chot=1=x=25,y=6

Bai 49: giai cac phuong triinh nghiém nguyén:

a) X -4y*=1

b) x*-y*=091

) 2X+xy=7

d) x*+y'=27

e) x>+ 2y2 =7

f) x+y'=z+1

g) 2x’+3y*=7

h) x*-y*+x=0

) xX+7y=y +7x

i) 3x*+ 10xy + 8y* =96

k)  19x*+28y* =729

) xy+3x-5y=-3

m) X+y=Xxy

n) x+y-+l=xyz

0) x -2y -42=0

P) y2 =x>+7

q) Xty +z'=2xyz

1) xX*+y +7° +u’=2xyzu
s)  8x'+4yt+27 =t

0 x(x+ D+ +8) =y
W (x+2)-xt=y’

V) oxt et A xt =1599

Huéng dan
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b) (x+ y)( X-y)=91,magl= (£ 1)(x91)=(x 13)x7)
¢) x(2x* +y) =7 = (£1)(*7)
d) x vay phai ciing chin hoic 1¢, suy ra X +y Va X-y cung chéin
Ditx +y =2u, X -y =2v, c6 4u’+ 4y’ = 2( x*+ y?). giai phuong trinh u*+ v*=

Z2,r6iléyx=u+v,y=u-v

e)x=2m’- 1,y =2m, z=2m"+ 1.

) C6 thé ap dung pp giai phuong trinh x* + y* =z dé giai phuong trinh ax’ + y* =
z (a>0)

f) Dung hang dang thirc ( n’+n - 1)2 + (Zn +1)2 = ( n’+ n +1)2 +1

hogic [2n(4n +1)F + (16n° — 1) = (16n° ~1) =(16n° + 2n) +1

g) C6 thé gia thuyét ( x, y,z) = vi néu x = dx’, y =dy’, z= dz’( d> 1) thi cling c6
2x°% + 3y’? =2’%. x va z khong thé 1a bdi cua 3( néu x = 3u, z =3v thi y =3t). Ta co
2x* =7 _ 3y?, ching t6 2x* va z” ¢ ciing s6 du (# 0) khi chia cho 3, diéu nay
khong thé xay ra. Phuong trinh vo nghiém

h) x(x +1) = yz,mél x,xtl)=1

j)x =y hodc x> +xy + y* = 7( voi x # y)

(x - y)* =7 - 3xy suy ra xy < %(x=1,y=2)vé(x=2,y=l)

(x + 2y)(3x + 4y) = 96. Chua ¥ rang (x +2y ) +( 3x +4y ) = 2( 2x +3y) , ching t6
rang X + 2y va 3x + 4y déu chin

k) (18x*+ 27y?) + ( x>+ y*) =3243 suy ra x° + y* chia hét cho 3 suy ra x = 3u,
y =3v suy ra 19u” + 28q° = 81. Tuong tu u =3s, v =3r suy ra 19s>+ 28r°=9

s =3p, r =3q suy ra 19q°+ 28p” = 1. Phuong trinh v6 nghiém.

1) Gidsux<y

x =y thi 2x +1 + x*z khi va chi khi x(xz - 2) =1 (x=y=1,z=3)

x <y thi xyz <2y + 1 khi va chi khi xyz < 2y khi va chi khi xz <2

Ps:x=1y=2z=2,x=2y=2z=1

m,n) tu:ong tu

0) X = 2(y +27° ) suy ra x> chin. Do d6 x chin: x = 2x’, suy ra 8x* = 2(y° +
27°) hay y =4x-27 . DoPoy=2y’,z=22". Viy x> = 2(y’3 +227%). Qu4 trinh
nay cé the t1ep tuc mai, phuong trinh chi c6 nghiém nguyén (0,0,0).

p) y*= 2+ 7, ching minh x 1¢

v+ 1=X3+8=(x+2)(x2—2x+4)=(x-1)2+3 c6 dang 4k +3. Suy ra y* + 1
khong phai 1a bdi ciia 9. Vay phuong trinh vé nghiém

q.r,8 ) trong tu p

t) y2 = (x> + 8x)( X’ +8x + 7) =2 +7z (V6i z=x*+8x)

Chtrng minh néu z > 9 khong c6 y thoa

Suy ra x* + 8x <9 = -9 < x < 1. thir tryc tiép chon gia trj cia y

u) Y’ =8(x’ + 3x>+4x + 2). Paty =2z, ¢b 2’ = x> + 3x*+ 4x + 2. Thay ngay :
x = -1, y =0 1a nghiém . Chémg minh rang phuong trinh khong c¢6 nghiém nao khac.

v)V6in = 2k, n* = 16k” chia hét 16

Véin=2k +1,n* -1 = (n -1)(n +1)(n® +1)chia hét cho 16.
Nhu vay khi chia x + x +....+ x cho 16,c6 s6 du bang cac so 1é trong diy x,
) S ,X, tire 1a khong vuot qué 14. con 1599 = 1600 -1, chia 16 du -1, tic 1a 15
phuong trinh vo nghiém.
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Bai 50: Tim diéu kién can va du cho sd k dé phuong trinh c6 nghiém nguyén.

2 2_
X"-y =k

Huong dan:
Néu x* -y*=k ¢6 nghiém nguyén thi k # 4t +2
Xét truong hop k chan k 1¢

Bai 51: Chung minh rang phuong trinh :

1 + 1 + 1 = 1 chi ¢ mot sé hitu han nghiém nguyén duong.

x y z 1991
Huéng dan:

., , 11 1 1 1 3 .
Giast0<x<y<z. TacO —+—+—+-=——=<—suyra 1991 <x<3.1991 nén

x y z t 1991 «x
x ¢6 hiru han gia tri
2.1991x

<2%.1991 suy ra gié tri twong ng cua z voi
x—1991

Véi mdi gid tri ciax coy <
modi gia tri cia X,y
Bai 52: Tim nghiém nguyén duong cta phwong trinh:

I 1 1
a)—+—=—
x y 14
plyl 1
X y z
Huréng dan:

a) Xét 1 +l = 1 (anguyén duong) Véi x # 0, y # 0, phuong trinh tuong duong
X y a

ax + ay = xy hay (x - a)(y - a) =a”. C6 tit ca 2m -1 nghiém, v6i m la cac udc s 16n
hon 0 ctia a°.
Véia=14, a> =196 C6 9 udc sé dwong va phuong trinh ¢6 17 nghiém.
Bai 53: Tim nghiém nguyén duong ctia phuong trinh
1420+ +x!=y?
Huréng dan:
Thir truc tiép, thdy x < 5, Phuong trinh c6 nghiém, tim nghiém
Ching minh véi x > 5 phuong trinh v nghiém
Bai 54: Tim nghiém nguyén cua phuong trinh :
xy +3x—-Sy=-3
2x* —2xy—-5x+5y=-19
Huéng dan:
aA)xy+3x-5y=-3< (x-5)(y+3)=-18
Diap 50 : (x;y) =(4;15), (-13;-2), (3;6), ( 14:-5), (2;3), (11,-6), (8;-9), (23 -4), (6;-21), (-

b) tuong tu
Bai 55: Tim nghiém nguyén cta phuong trinh :
4x + 11y = 4xy
x> — 656xy — 657y* = 1983
Huéng dan:
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dx+1ly=4xy < @x-1)(y-1)=1
Xet 4 h¢ phuong trinh
Bap s6 (x;y) (0,0), (3;12)
b)z(z+7) =y 2z+7+2y)(2z+7-2y)=49
x” —656xy—657y> =1983 < (x+ y)(x—657y) =1983
Dap 50 : (xiy )i(-4; 1), (4; 1) , (-660 :-1), (660;1)
Bai 56: Tim cac cip sd nguyén duong (x ; y) théa man phuong trinh :

Tx—xy—3y=0
y =x"+12x - 1923
Huong dan:

TIx-3y—-xy=0 (x+3)(7-y)=21
Chuy yéng x € Z nén x +3 >4, do d6 chi c6 hai phuong trinh
Dap s6:(4:4), (8, 16)

Bai 57: Tim nghiém nguyén cta phuong trinh

a) X(x+ D(x+7)(x+8) =y’

b) yy+ Dy +2(y+3)=x"

Huéng dan:

x(x+D)(x+7)(x+8) =y’ & (x> +8x+7) =y’

Pitx™+ 8x =z (z€Z)

Taco: z(z+7) =y 2z+7+2y)2z+7-2y)=49

Dap 56 : (0;0), (-150), (1;12), (1;-12), (-9;12), (-9; -12),( -8; 0), (-7;0), (-4;12), (-4; 12)
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P RON TRIMNY FE52 =M

1) Dinh ly 16n Fecma:

Ta biét c6 vo s bd ba s6 nguyén duong thoa man phuong trinh x* + y* = 2%,
Puong nhién xuat hién mot cau hoi: co ba sé nguyén duong nao théa man phuong
trinh x° +y° = z° khong?

Vao nam 1637, nha toan hoc Phap Fecma (Pierre de Fermat, 1601 — 1665) da
néu 1én mang dé sau, duoc goi 1 dinh Iy I6n Fecma:

Phuong trinh x" + y" = z" (v&in 1 s6 nguyén 16n hon 2) khong c6 nghiém
nguyén duong.

Fecma da viét vao 18 cudn Sé hoc ciia Pidphing, & canh muyc giai phuong trinh
x* + y? = z°: “Khong thé phan tich duoc mot 1ap phuong dang thanh tong cta hai
1ap phuong, khong thé phan tich dwoc mot tring phuwong thanh tong ciia hai tring
phuong, va noi chung vé6i bt ctr lily thira nao 16n hon 2 thanh tong cta hai lity thira
cung bac. Toi da tim duge cach chimg minh ki diéu ménh dé nay, nhung 18 sach nay
qua chat nén khong thé ghi lai duoc.”

Nim 1670, nim nam sau khi Fecma mét, con trai ong di cong bd ménh dé nay.

2) Lich sir vé chimg minh dinh 1y 16n Fecma:

Nguoi ta da tim thay ching minh cua Fecma v6i n = 4, nhung khong biét dugc
ong da giai bai toan tong quat nhu thé nao? Liéu 10 giai cua éng c6 sai 1am hay
khong?

Chi biét rang phai dén mot thé ky sau, Ole méi chirng minh duoc bai toan voi n
=3 ndm 1753 trong thu giri Génbach. Nam 1825, bang nhiing phat minh méi vé ly
thuyét sd, Pirichlé va Logidngdro ching minh dugc véin = 5. Nam 1839 Lamé
ching minh dugc véin = 7. Sau d6 khoang nam 1850 Kume chirng minh dugc voi
moi 7 <100. Nam 1978, nho may tinh dién tor nguoi ta da ching minh dugc bai
toan v&i moi n nho hon 125000.

Phuong trinh x" + y" =z" dugc goi la phwong trinh Fecma. N6 d4 16i cudn cac
nha toan hoc chuyén nghiép va nghiép du sudt hon ba thé ky. Trén con dudng tim
cach giai phuong trinh do, nhiéu 1y thuyét toan hoc méi da duoc sang tao ra. Trong
bbn chuc nam gan day, nhiéu nha toan hoc di dat duoc nhiing két qua quan trong.
Va de chu’ng minh dinh 1y 16n Fecma, chi con chimg minh gia thuyét do Taniyama
néu ra: moi dudng cong elliptic deu la duong cong Weil.

Chung ta tim hiéu d6i chut vé diéu nay.

Ta xem mdi nghiém nguyén ctia phuong trinh 1a mot dién c6 toa d6 nguyén cua
mot duong cong. Pudng cong elliptic dugc Taniyama dua ra ndm 1955 trong mot
hoi nghi quéc té & Nhat Ban, d6 1a duong cong cho béi phuong trinh
y? =x* + mx® +nx + p théa min diéu kién “khong c6 diém ki di”.

Nha toan hoc Puc Frey 1a ngudi dau tién gan viéc chimg minh dinh 1y 16n
Fecma véi cac dudng cong elliptic: gia st dinh 1y 16n Fecma khong dung thi ton tai
céc s6 nguyén a, b, ¢ khac 0 va sd tu nhién n sao cho a” +5" = ¢". Khi d6 ton tai
mét duong cong elliptic ddc biét dang Frey.

Nim 1986, Ribet ching minh dugc rang: dudng cong elliptic dang Frey néu ton
tai thi n6 khong phai 1a dudng cong Weil.
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Nhu thé, néu dinh 1y 16n Fecma khong dung thi t6n tai mot duong cong elliptic
ma khong phai la duong cong Weil, trai voi gia thuey61t Taniyama. Diéu d6 co
nghia 1a néu chimg minh dugc gia thuyét Taniyama thi ciing chimg min hdugc dinh
1i 16n Fecma.

Théng 6 nam 1993, trong mot hdi nghi toan hoc quéc té & Anh, nha toan hoc
Anh Andrew Wiles (Endriu Oailo), sinh nim 1953, cong bd chimg minh gia thuyét
Taniyama cho cac duong cong elliptic dang Frey day 200 trang, tirc 1a da chung
minh dugc ding 1y 16n Fecma.

Théng 12 ndm Ay, nguoi ta tim thdy mot “15 hong” trong chimg minh ciia Wiles.
Tuy nhién cac chuyén gia trong linh vire nay cho rang con dudng di cua Wiles 1a
hop 1y, sai 1am ctia Wiles 1a c6 thé khac phuc duoc.

bung nhu vay, mot nam sau, thang 10 nam 1994, A.Wiles cung véi R. Taylor
cong bd mot bai bao dai 25 trang hoan thién cac chimg minh ciia Wiles trudc day.

Viéc chung minh dugc dinh 1y 16n Fecma cho théy bo 6c cua con nguoi that ky
diéu: bat cir dinh cao tri tué ndo con nguoi ciing ¢ thé vuon t6i. Khong co bai toan
nao ma con nguoi khong giai dugce, chi c6 sém hay muon.

3) Chtng minh dinh 1y 16n Fecma véin = 4

Dé chimg minh dinh 1y 16n Fecma véi n = 4 tiic 1a chimg minh téng cua hai
trung phuong khong bang mot trung phuong, ta chi can ching minh téng ctia hai
trung phuong khong bang mot sé chinh phuong, tirc 1a chi can chimg minh phuong
trinh sau khong c6 nghiém nguyén duong:

xtyt=27

Huéng dan: dung nguyén tic cuc han

Gia st (x,,y,,2,) la nghiém cta phuong trinh da cho c6 x! + y? nho nhit. Hay
chimg minh ton tai nghiém cia phuong trinh 13 (x,,y,,2,) ma x; + y! <x*+y!

Str dung b6 dé: dé cac sé nguyén té cung nhau x, v, z 1a nghiém nguyén duong
ctia phuong trinh Pitago x* + y* = z*, diéu kién can va du la:

x=2mn; y=m’—n®, z=m"+n*(gia st x chin, y 1) trong d6 m va n 14 hai s6
nguyén duong tlly ¥, nguyén t cing nhau, chin 1é khac nhau, m > n.
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P TAZ0

Pytago sinh khoang nim 580 va mat khoang nim 500 trudc Cong nguyén. Ong
sinh truong trong mot gia dinh quy tdc & dao Xa- mot, mot dao gidu co ¢ ven bién E
- gié thudc dia trung hai.

MGi 16 tudi , cau bé Pytago d ndi tiéng vé tri thong minh khac thuong. Cau
theo hoc mét nha toan hoc ndi tiéng Talét va chinh Talét cling phai kinh ngac vi tri
thong minh, tai nang cua cau.

Pé tim hiéu khoa hoc cua nén van hoc céc dan tdc, Pytago da danh nhiéu nam
dén An Do, Babilon, Ai Cap va tré nén uyén bac trong hau hét cac linh vuc quan
trong: s6 hoc, hinh hoc, thién van, dia ly &m nhac, y hoc, triét hoc.

Vao tudi 50, 6ng mai tro vé to qudc ctia minh. Ong thanh 1ap mot ngdi truong o
mién nam Y, nhan hang trdm mon sinh, ké ca phu nit, véi thoi gian hoc 5 ndm gom
4 b mon: hinh hoc, toan hoc, thién van, &m nhac. Chi nhiing hoc sinh gidi vao cubi
nam thir 3 moi dugce 6ng truc tlep day. Truong phai Pytago da dong mot vai tro
quan trong trong su phat trién nén khoa hoc ctia thé gidi co dai, dic biét vé sé hoc
va hinh hoc.

Pytago chirng minh h¢ thirc gitra d¢ dai cac canh ctia mt tam giac vuong . H¢
thirc nay da duoc nguoi Ai Cap, ngudi Babilon, Trung Qudc, Nguoi An Do biét dén
tir trude, nhung Pytago 14 ngudi dau tién chimg minh hé thic ay.

Truong phai Pytago khao sat hinh vuéng c6 canh dai 1 don vi va nhan ra rang
khong thé biéu thi do dai duong chéo ctia né bang mot sb nguyén hay phan so, tirc
1 ton tai cac doan thang khong biéu thi dugc theo doan thang don vi boi mot s6
hitu ti. Su kién 4y duoc so sanh voi viéc tim ra hinh hoc Oclit ¢ thé ki XIX.

Trudng phai Pytago ciing nghién ctru vé 4m nhac. Ho giai thich rang do cao cta
am thanh ti 18 nghich véi chiéu dai cta day va ba soi day dan c6 chiéu dai ti 18 voi
6, 4, 3 s¢ cho mot hgp am ém tai.

Pytago con nghién ciru ca kién trc va thién vin. Ong cho rang trai dat c6 hinh
cu va & tim cia vii tru.

Pytago va cic mon dé cila 6ng ton thy cic con sd va gan cho mdi con s6 mot y
nghia than bi : ho cho rang sé 1 1a ngudn gde ctia moi s6, sb 1¢ 1a s6 nam, sd chin 1a
s6 nit, s6 5 biéu thi viéc xay dung gai dinh, s6 7 mang tinh chét cta suc khoe, sb 8
biéu thi cho tinh yéu... Trudc luc vao nghe giang, cac hoc tro cuia Pytago doc
nhiing c4u kinh nhu: “Hay ban on cho chiing t6i, h&i nhitng con s6 than linh da
sang tao ra loai nguoi”

Pytago ciing ¢ nhiing c4u tho va néu 1én nhitng phuong cham xtr thé:

Hay song gian di, khong xa hoa.

Hay ton trong cha me.

Hay tap chién thing sy doi khat, sy ludi biéng va sy gidn di.

Ch¢ coi thuong stc khoe. Hay cung cip cho co thé ding lic nhimg do an thic
ubng va su luyén tap can thiét.

Chua nhim mit néu chwa soat lai nhimg viéc di 1am trong ngay.

Ding thiy cai bong tro ctia minh trén tudng ma tudng minh vi dai.
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Trong qua trinh bién soan quyén chuyén dé nay, chung em da tham khao va
trich dan tir nhiéu ngudn sach, bao va tai liéu khac nhau.

- Phuong trinh va bai toan véi nghiém nguyén, tac gia Vi Hiru Binh.

- Mot s6 chuyén d& mén toan trung hoc co so, tac gia Vi Duong Thuy va

Nguyen Ngoc Dam.

- Mot sb chuyén dé sb hoc, céc tac gia & Ha Noi.

- Tap chi bao Toan Tudi Tho 2, do nha xuat ban gido dyc.

- Mt sb tai liéu tir mang.

Cam on cac tac gia sach, bao noi trén da co nhimng quyén sach hay gitip ching
em hoan thanh tot chuyén dé nay.

Chan thanh cam on thiy va cac ban dd danh thoi gian xem chuyén dé&. Nhom
bién tap han hanh dé6n nhan nhitng déng gdp tir thay va cac ban./.

Nhom bién tap

Nguyén Hoang Anh Thu
Truong Thanh Thu
L& Thi Thu Thao
Pham Ngoc Xuan Pao
Nguyén Thi My Huyén
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