Phuwrong phdp doi bién s6

Chirng minh Bat dang thirc biang phwong phap d6i bién so

I Vi du:

1. Dy dodn dwoe didu kién ding thirc xay ra

Vidu 1: Cho a+b=2.Ching minhring: B=a’+b°>2.
e Nhdn xér: Dy doan dédng thirc xay rakhi a=b=1,
Do vay ta dat: a=1+X. Tur gia thi€t suy ra: b=1-X, (X € R).

Tach: B=a’+b°=(1+x)°+(1-x)°=10x*+20x* +2>2
Ding thirc xay ra<> x=0,haya=b=1.Vay B > 2.

Vi du 2: Cho a+b=3, a<1. Ching minh rang: C=b%-a®-6b°-a’+9b>0.

e Nhan xeét: Du doan déng thire xay rakhi a = 1;b=2.
Do vay ta dat a=1—x, voi X > 0. Tur gia thiet suy ra b=2+X.

Tacs: C=b’-a’>-6b%>—a’+9b = 2+x)°3-1-%)°-6(2+ X% —(1- X% +92+X)
= x3-2x%+x = x(x-1)?>0 (vix=0).
Ping thirc xay ra<> x=0hodc x=1tica=1,b=2hoica=0,b=3. Vay C > 0.

Vidu 3: Cho a+b+c=3. Ching minhring: A= a?+b?+c?+ab+bc+ca>6.
e Nhdn xét: Du doan rang dang thuc xay rakhi a=b=c =1
Do vay tadat: a=1+x,b=1+y, (X Yy € R). Tu gia thi€¢t suyra: c=1-X-y.

Taco: A= a®+b2+c?+ab+bc+ca
= (1+ %)% + (14 Y)? + A= X—Y)? + @+ X)L+ Y) + 1+ Y)L— X - Y) + (21— X— ) (1+ X)

1Y 3

= X2+ xy+y>+6 = (x+§yj +Zy2+626
Ding thirc xay ra<> y = 0va x+%y=0<:> x=y=0 haya=b=c=1. VayA > 6.
Viduy 4: Cho a+b=c+d. Ching minh ring: D = a®+b®+ab>3cd.
e Nhén xét: Dy doan dang thirc xay rakhi a=b=c=d.
Do vay dat: a=c+X, v6i X € R. Tir gia thiét suy ra b=d—x.
Tacs: D= (c+X)?+(d—x)2+(c+x)(d—x) = c® +d? + x® +cd +cx —dx

2
= (cz+d2+1x2—2cd+cx—dxj+3c:d +§x2 = [c—d+1xj +§x2+30d >3cd .
4 4 2 4

Déngthﬁ:cxéyracx:0vac—d+%x:0 <x=0vac=dhaya=b=c=d.

Vay D > 3cd.

Vi du 5: Cho a+b>2. Ching minh rang: a>+b<at+b?.
e Nhdn xét: Du doan dang thirc xay ra khia=b=1.
Do vay dat a=1+X, b=1+y. Tu gia thict suy ra X+y>0.
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Tact: al+b*<a’+b* o (1+x)3+1+y)° <@+x)*+@1+y)*
< (A+ x)4 +(1+ y)4 —(1+ x)3 —(1+ y)3 >0 < x(1+ x)3 +y(1+ y)3 >0

= x+y+3(x+y)(x2—xy+y2)+3(x2+y2)+x4+y4 >0 (bungvix+y > 0)
Ding thirc xay ra<> x=y = 0 hay a= b = 1. Vay bat dang thirc duoc chimg minh.

Vi du 6: Cho a < 4. Chimg minh rang: E= a2(2—a)+322 0.

e Nhdn xét: Du doan dang thirc xay rakhi a= 4.
Do vay dat a=4-—x. Tur gid thiét suy ra X > 0.

Tact: E= (4—x)%(2—4+x)=x>—10x? +32x = x[(x—S)2 +7] >0.
Ding thic xay rax=0haya=4. VayE > 0.

Vi du 7: Cho ab > 1. Chting minh rang: a?+b®>a+b.
e Nhén xét: Dy doan dang thic xay rakhi a=b = 1.

Do vay dat a=1+x; b=1+y.

Tacd: ab>1< (1+xX)(1+y)21< x+y+xy=>0

Matkhac: a?+b?>a+be Q+X)2 +(1+y)2 > 1A+X)+A+Yy) < X2+ Y2+ X+y=0
Lai c6: X% +y? > 2xy, v6i moi X, y nén ta co:
x2+y2+x+y2%(x2+y2)+xy+x+yz0 (Pung vi xy +x+y > 0)

Diang thirc xay ra<> X =y =0hay a=b = 1. Vay BDT dugc chirg minh.

2. Dang cho biét diéu kién ciia tong cac bién nhung khong ( hoic khé) du doan
di€u kién cia bién de dang thirc xdy ra.
Dai1 véi loai nay ta cling ¢6 thé doi bién nhu trén.

Vidu 8: Choa < 1;a+b > 3. Chirng minh rang: F= 3a2+b2+3ab_%20

e Pita=1-xvaa+b=3+y. Tirgiathiétsuyrax,y > Onéntacd: b=2+x+y.

Tuwdoé:F= 3(1—x)2+ (2+x+y)2+ 3(1—x)(2+x+y)—27f7 = x2+y2—5x+7y—xy+%

Ping thiic xay ra< X = g vay=0hay a= —g vab= %

Vay bét dang thac F > 0 dugc chimg minh.

Vidu9: Choa, b, ¢ €[1;3] vaia+b+ c=6. Chirng minh rang:

a) a%+b?+c’<14 b) a®+b®+c3<36
ebData=x+1,b=y+1,c=z+1. Khidox,y,ze [0;2] va x+y+z=3
Giast x=max{x; y; z} suyra Xx+y+ z=3<3X=>1<x<2=(x-1)(x-2) <0
nén: X2+ Y2+ Z<x?+(y+2)° = X2 +(3=x)2=5+2(x=1)(x=2)<5
Tirc 1& X+ y2+ Z<5 (%). Tuong tu ta ching minh dugc X3+ y3+z3§9 (**)
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a) Tacd: a?+b?+c? =(x+D2+(y+D2+(z+1)% = X°+ Y+ Z+2(x+y+2)+3 (1)

Thay (*) véo (1) taco: a? +b? +c?<14 1a diéu phai chimg minh.
b) Tacd:

a3+b3+c3:(x+1)3+(y+1)3+(z+1)3:x3+y3+z3+3(x2+y2+22)+3(x+y+z)+9 2

Thay (*) va(**) vao (2) taco: a°+b3+c3< 36 1a didu phai ching minh.

2
Vi du 10: Cho céc sé thuc a, b vdia + b # 0. Chirng minh: a’ +b? +(l+ abj >2.

a+b
. 1+ab . N N pY , . 5 \
e Dit c=- 5 . Taco: ab+ bc+ ca=-1valuc nay BDT can chirng minh tr¢ thanh:
a+
2 h2 .2 2, 12, 2 2 A g
a+b“°+c°>22<a " +b"+c°>-2(ab+bc+ca) = (a+b+c) >0 (luén duang).

Vay bat dang thirc dugc chimg minh.

3. Dang bt ding thirc v6i diéu kién cho ba sb c6 tich bang 1
> X z .
Cachl: bat a=—; b:X; c=—,voixYy,z=0.
X

Yy V4
Sau day 1a mot s6 vi du 1am séng té didu nay.

Vidu 11: Cho a, b, ¢ 13 cac s6 thuc duong thoa man abc = 1. Chirg minh rang:
1 1 1 S 3

+ + >
alb+1) b(c+l) c(a+1)) 2

o Nhdn xét: a, b, ¢ 1a céac sd thuc duwong vaabc = 1 nén ta dat:

azz; b:X; CZE,Vé’i X, Y, Z la cac s6 thuc duong.
y z X
1 1 1
+ +
a(b+1) b(c+1) c(a+l)

>3t 1, 1 .3
2 2
+ +

X£y+1j y(zﬂ] Z(Xﬂj
y\ z z\ X X\y
=

Xy+2ZX YyzZ+Xy ZX+yz 2

Pay chinh 1a BDT Néb-sit cho ba sé duong Xy, yz, zx, suy ra diéu phai chimg minh.

Taco:

yz 2 xy 3

Vi du 12: (Olimpic qudc té 2000) Cho a, b, ¢ 14 cac sb thuc duong thoa man abc = 1.
Chting minh rang: (a—1+lj(b—l+l)[0—l+lJél.
b c a
o Nhdn xét: a, b, ¢ 1a cac sb thuc duong thoa man abc = 1, nén ta dat:

X z . NI
a=—; b:X; C=—,Vvbi XY, zla cac so thuc duong.
y z X

Taco: (a—1+1)[b—1+1)(c—1+1j31@(X‘y”)(y‘z““x)(z‘x’“y)gl
b C a Xyz
< (X=Yy+2)(Yy-z+X)(z—X+Y) < Xyz *)

bat x=m+n; y=n+p; z= p+m. Khi d6 (*) < (m+n)(n+ p)(p+m)>8mp (**)

Ap dung BDT C6-si cho hai s6 duong ta c6: m+n=>2ymn; n+ p= 2\/np; p+m> 2«[ pm
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Ba bt dang thuc trén ¢ hai vé déu duong nén nhén vé theo vé ta ¢ bat dang thirc can
chirng minh.

Ch( y: Ta c6 thé ching minh (*) theo cach sau déy:

Do vai trd X, y, z ¢6 vai trd nhu nhau, khéng mat tinh tong quat nén gia st : x >y > z > 0.
Nhu vay X—y+z>0vay-z+x>0.

+Néu z— x+y < 0 thi (*) hién nhién ding.

+Néu z— x+y>0, ap dung BPT C6-si cho hai s duong ta co:

\/(x—y+ 2)(y—z+Xx) <X; \/(y—z+ X)(z—x+y) <y; \/(z— X+Y)(X-y+2) <z
Nhan vé theo vé cac bit dang thirc trén, suy ra (*).
Vay (*) dang cho moi X, Y, Z1a cac so thuc duong, suy ra bai toan dugc chung minh.

Phdt hi¢gn: Viéc dbi bién va van dung (**) mdt cach khéo léo ginp ta giai dwoc bai toin
& Vidu 13 sau day:

Vi du 13: (Olimpic qubc té 2001) Cho a, b, ¢ 13 ba sé dwong. Ching minh rang:

a b C 51
\/a +8bc \/b2+8ca \/c +8ab
a Lo b o C

e Dit X= Y= , 2= .
\/a2+8bc \/b2+8<:a \/cz+8ab
Ta thay X, y, zdéu duong va BDT can ching minh tr¢ thanh S = x+y+z>1.

2 2
a 2 a a 1 8bc
DO X=—— = X = = 1= _
a’ +8bc L\/ a’ + 8bcj a®+8c X &’

Tuong ty ta co: i—1:%1‘ i—1=@.

y2 b2 A c?

o (i o

Mit khacnéu S=x+y+z<1

(33 (g

—Tathdy (S—X)(S—Y)(S—2) =(x+V)(y+ 2)(z+ X) > 8xyz (theo (**)dvidul12) (2)
—Véibasdduong X+Y,y+2,z+X talai co (S+X)(S+Y)(S+2) > 64xyz (3

— Nhan (2) va(3) vé voi vé, taduoe: (S —x2) (S —y?* (S —2)=> 83 x%y?7

~ BT

Tir day suy ra: T > 8% mau thuan véi (1).
Vay S=x+Yy+2z > 1, tuc bai todn dugc chirng minh.

Nguoe lai, d6i véi mdt s6 bai toan chirng minh bét ding thirc ma cac biéu thire ( hoic

S N S z . C o aea
bién doi cua no) co chira cac biéu thirec c6 dang: —; X, —, voi X, Y, z #0. Lac nay viéc
zZ X

X V4
dat a= ;; b =%; c = voi abc = 1 1a m¢t phwong phap hiru hiéu, sau day la cac vi du

minh chirng di€éu nay:

trang 4




Phuwrong phdp doi bién s6

Vi du 14: Cho céc s6 thyc duong a, b, c. Chtrng minh rang:

b C a a b c
1) + + <1 2) + + >1.
a+2b b+2c c+2a a+2b b+2c c+2a
1) BT < 1 +b1 + 1 <1l
—+2 —+2 —+42
c
. a b Cc . \ £ s
bat X:E; y:E; ZZE. Taco X, Y, z 1a cac so thuc duong c6 tich xyz = 1.
Suy ra 1 +b1 + 1 <l 12+ 12+ 1231
8,20 242 %40 Xre Yyre 2+
b C a

S X+2(y+2+(y+2(z+2)+(z+2Y(x+2) < (x+2)(y +2)(z+2)

< (Xy+yz+ ) HAX+ Y+ 2+ 12 <xyz+2(Xy+yz+ 2) +4(X+y+ 2) +8
SASXyzZ+H Xy+yz+ X & 3 <Xy + yz+ ZX

Pay la bat dang thic ding vi ap dung bat dang thirc Co-si cho ba s6 duong ta cé:

Xy +YZ+ 272X > &3/(xyz)2 = 3. Suy ra diéu phai chimg minh.
2) Céch 1: Ching minh twong tu cau 1).
Céach 2: Taco: 2( b PSR j+( a_, b R j:B
a+2b b+2c c+2a a+2b b+2c c+2a
Ap dung két qua bai toan 1), tasuy rabat dang thirc can chimg minh.

1 Ngoai cach dat a=

taxét vi du sau:

VA 2o o1 e & , 2
b= X; C=— nhu trén ta con c6 cach doi bién khac. Cu thé
Z X

X
y
Vi du 15: Cho ba s6 duong a, b, ¢ thoa méan abc = 1.Ching minh:

a b c 4 1

+ + - <=

(a+1)? (b+1)? (c+1? (a+D(b+DH(c+) 4
l-a. 1-b. 1-c 1-x. 1-vy. 1-z
) y: ] Z= f b= f Cc= .
l+a 1+b 1+c 1+ X 1+y 1+z

Trabc=1= 1-X)2A-y)(1-2=1+x(L+y)(1+2)=>x+y+z+ xyz=0.

*)

e bat: x= = -1<x,y,z<lvaa=

Mt khac: B 1y 2 14y
(a+1)? a+1

Tuong tu: 4b2: —yz;i:1+y va 4C2=1—22;i:1+z
(b+1) b+1 (c+1) c+1

. 4a 4b 4c 2 2 2

nén:. (*)< <

+ + <1+2. . .
(a+1)?> (b+1)? (c+1)? (a+1) (b+1) (c+1)
o 1-x% +1- y2 +1-Z <1+ 20+ x)1+y)1+2)

= x2+y2+22+2(xy+yz+zx)+2(x+y+z+xyz)20 = (x+y+z)2 >0.
Daiy la bat dang thtrc ludn dung nén bai toan duoc chirng minh.
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2 p s X z X
Phat hién: Viéc doi bien bang cach dat a=—; b= X; C=— & day con ap dung dwoc rat
y z X
hay ¢ bai toan ching minh dﬁqg thirc, vi du 16; 17 sau diy cho thdy diéu nay. (Viéc
dua ra hai vi du sau nham nhan manh thém tinh da dang va hiru hiéu cia phwong
phap doi bien trong giii toan néi chung).

Vi du 16: Cho a, b, ¢ 14 ba s6 thyc thoa méin abc = 1. Chirng minh rang:
1 1 1

+ + =1
l+a+ab 1+b+bc 1l+c+ca
o Nhdn xér: Vi abc = 1 néntacé thé dat a=>; b=Y:c=2, voix y,z #0.
y z X
Khi d6 vé trai cia dang thirc trén duoc bién ddi thanh:
1 + 1 + 1 = yz + x + Xy =1 (dpcm).
1+§+§ 1+X+X 1+E+E Xy+Yz+2zX Xy+YzZ+2zX Xy +YzZ+2ZX
y z zZ X X Yy

Vidu 17: Choa, b, cla ba s6 thuc thoa mén abc = 1. Ching minh rﬁng:

Gy

X
e Nhdn xét: Tuong tu trén ta dat a=—; b= X;
Yy V4
Khi d6 vé trai cua déng thae (*) duogc bién d6i thanh:

(5—1+EJ[X—1+KJ(E_1+XJZ X“Yy+z y—2+X Z-X+Yy
y y/)\z yJ\X X y z X

z .
c=—,voixYy,z=0.
X

_oyraly-zen@xsy) g
Xyz
Tuong tu ta ciing bién doi dugc vé phai cua (*) vé biéu thire (1), suy radpem.

4. Poi voi mot s6 bai toan chirng minh bat ding thirc chira ba bién a, b, ¢ khéng am c6
vai tro nhw nhau ta c6 thé sir dung phwong phap doi bién nhu sau:

bat x=a+b+c; y=ab+bc+ca; z=abc.

Taco cac dang thic sau:
xy—z=(a+b)(b+c)(c+a) D
X2 + y=(a+b)(b+c)+(b+c)(c+a)+(c+a)(a+b) 2
x2—2y:a2+b2+c2 3
X2 —3xy+3z=a>+b3+c3 )

Cung véi viée ap dung cac bat dang thic sau:
X% > 3y )
x3 > 27z (6)
y2 > 3xz @)
Xy > 9z 8)
X3 —4xy+9z>0 (9)

(Ban doc ty ching minh céc bat dang thirc trén).
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Sau day 1a mot s6 vi du dé lam sang té van dé nay:

Vi du 18: Cho ba sé duong a, b, ¢ thoa man diéu kién abc = 1. Chtrng minh:
(a+b)(b+c)(c+a)>2(1+a+b+c)
e Dit x=a+b+c; y=ab+bc+ca; z=abc.
Theo (1) thi bat dang thirc cin chimg minh twong duong voi:
Xy—z22(1+x) < xy—-1>2(1+x) < x(y—2)=>3.
Doz= abc=1néntheo (6) va(7) suyra x > 3;y > 3suy ra x(y—2) > 31aBDT dung.
Ding thire xay ra<> x =y = 3hay a=b = ¢ =1. Suy rabai toan duoc chirng minh.

Vi du 19: Cho ba sb duong a, b, ¢ thoa man: a+ b + ¢ = 3. Chimg minh:

abct— 2>
ab+bc+ca
e Dit x=a+b+c; y=ab+bc+ca; z=abc.
Khi d6 bat dang thiic can chimg minh twong duong véi bat dang thirc sau:
243255 *)
y

Theo (9) két hop véi x=a+ b+ c=3 tacd: 27-12y+9z>0.
4y_9 +Ez4y_9+g

Suy ra z> = 7 **)
y 3 'y
Mt khéc: 4y—9+%25© 4y? -9y +36>15y < (y—3) >0 (dung véi moi y).

Tu (*) va (**) suy ra bai toan dugc chirng minh.
DPang thirc xay ra khi va chi khi: a=b=c=1.

Vi du 20: Cho ba sb khong am a, b, ¢, thoa man: ab+bc+ca+abc=4. Chung minh:
a2 +b%+c?)+abc=10  (*)
e Dit x=a+b+c; y=ab+bc+ca; z=abc.
Do y+z=ab+bc+ca+abc=4, nén theo (3) bit ding thirc (*) trg thanh:
(X% —2y)+2210 < 3X2—6>7y.
Mit khac, theo (9) suy ra:
X3 +36
4x+9
x3 +36
4x+9

X2 —Axy+9(y+2) 29y = X°+36>9y+4xy = Y <

Vay dé hoan thanh bai toan ta can chimg minh: 32 -6<7.

That vay, tr (5) va (6) suy ra:
2 3
4=y+zs%+% = x3+9x2-108>0 = (x—3)(x2+12x+36)>0 = x> 3.

x3 +36
4x+9

Tu do ta co: 3x°-6<7. & 12X3 — 24X+ 27x% — 54> 7x3 + 252

& (x=3)(5x%+42x+102)>0
Day la bat dang thic dang. Pang thirc xay ra khi va chi khi:a=b=c=1.
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Vi du 21: Cho ba sb duong a, b, ¢ thoa mén diéu kién ab + bc + ca = 3. Ching minh:

1 1 1 a+b+c 3
+ + > +
a+b b+c c+a 6 a+b+c
e bit x=a+b+c; y=ab+bc+ca=3; z=abc.
A 1 1 1 a+b+c 3
Taco: + + > +
a+b b+c c+a 6 a+b+c
(a+b)(b+c)+(b+c)(c+a)+(c+a)(a+b)>a+b+c+ 3 *)
(a+Db)(b+c)(c+a) 6 a+b+c
Theo (1) va (2) thi (*) tr¢é thanh:
2
X +y2§+§ = (x2+3)6x—(x2+18)(3x—z)20
Xy—z 6 X
& 6X° +18X — 3X° —BaAX+ X°z+182> 0 < 3x° — 36X+ X°z+182>0
& 3(x3—12x+92)+x22—9220 & 3(x3—4xy+92)+z(x2—9)20

Doy =3 nén tir (5) suy ra x> >9, két hop (9) ta c6 bat ding thirc trén dung, suy rabai toan
dugc ching minh. Pang thie xay ra<>a=b=c=1.

Vi du 22: Cho ba s6 a, b, ¢ thudc (0; 1) thoa méan abc = (1—a)(1—b)(1—c). Chirg minh:
a>+b°+c3+5abc>1

e Tacd: abc=(1—-a)(1-b)(1—c) = 1—(a+b-+c)+(ab+bc+ca)—abc.

Do vy, néu dit x=a+b+c; y=ab+bc+ca=3; z=abc thitacd: 2z=1-x+y.

Theo (9) thi ta c6 bat dang thic can chirng minh tré thanh:

x3—3xy+3z+5221 = x3—3xy+8221 o X —4x+32 y(3x—4)
2
Chu y rang: 1-x+y=2z>0 va x223y suy ra Xx—-1< y<%.

Ta xét ba truong hop sau:
Truong hop 1: Néu x < 1 thi x° —4x+3=(1—-x)(3—x—X%) > 0> y(3x—4).

Truong hop 2: Néu 1<x<g thi: 3x—4<0va0< x— 1<y, suy ra
(G —4x+3)—y(3x—4) > (x® - 4x+3) — (x—1)(3x—4) = (x—1)° > 0
Truong hop 3: Néu XZ% thi:

2 2
(x3—4x+3)—y(3x—4)>(x3—4x+3)_%(3X_4)= (ZX;3) 50

Nhu vay trong moi trudng hop ta déu co X3 —4x+3> Y(3Xx—4) luon dung, suy ra bai toan
dugc chimg minh.

. 1
Pang thuc xdy ra khi va chi khi: a=b=c= >
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II. Cac bai tap ap dung:
Bai 1: Chirng minh cac bat dang thirc sau:

a)Choa,b>Othoém€1na+b=1.Ch1'1’ngminh:£+ 3 >14.
ab a2+ p?

b) Choa+ b+ c+d=1. Chirng minh: (a+c)(b+d)+2(ac+bd) < % .

c) Choa+b+c¢ > 3. Ching minh: a*+b*+c*>a®+b%+c3.
d) Choa+ b >8vab> 3. Ching minh: 27a +10b° > 945.
1 1

+ +
’ a+l b+1 c+1
Bai 3: Cho ba so duong a, b, ¢ thoa méan abc = 1. Chirng minh:
(@a+b)(b+c)(c+a) =5@+b+c)-7
Bai 4: Cho céc so duong a, b, ¢ sao cho abc = 1. Chitng minh:
a+3 b+3 c+3 >3

(a+1)? ' (b+1) ’ (c+1?

Bai 2: Cho a, b, ¢ 1a cac s6 duong va =2. Ching minh: 8abc < 1

Bai 5: Cho cac s dwong a, b, ¢ sao cho abc = 1. Chirng minh: %+9+Ezg(a+ b+c-1).
cC a

Bai 6: Cho ba sb a, b, ¢ khong 4m thoa mén: a + b + ¢ = 1. Chirng minh:
0<27(ab+bc+ca)—54abc<7
Bai 7: Cho ba s6 duong a, b, ¢c. Chirng minh:

\/2(1+ a%)(1+b?)(1+¢?) = 1+ a)(1+b)(1+c)—2(1+ abc)
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