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Cho N, M 1a 2 s6 nguyéen duong va tap C, @ 1a hai tap 1oi khac rong clia
khong gian Ocolit RY va RM. Bai toan chap nhan phan ra dude gidi thieu
trong [3] 1a bai toan tim mot diém x* thda man tinh chat:

e C,Ax" € Q, (0.1)

trong d6 A la ma tran thuec M x N. Mot truong hgp déc biét cta (0.1) la
bai toan tuyén tinh c6 rang budc.

Ar =b,x € C.

Bai toan da dugc nghién cttu rong rai trong cac tai lieu cua Landweber gidi
thieu veé phuong phap lap va goi 1a phuong phap chiéu lap Landweber dugc
de xuat nam 1951.

Bai todn chap nhan phan ra da duge Elfving va Censor [3] ting dung
trong viéc tim ra phuong phap dé phuc hoi anh, tim ra phuong phap giai
cac bai toan va da thu duge nhitng thanh cong. Dé giai bai toan chap nhan
phan ra Byrne [1] gi6i thieu thuat toan lap CQ véi viéc xac dinh mot day
lap theo cong thiic:

Tni1 = Po (:(:n—vAT (I—PQ) A:Cn) : n=20,1,...,
6 day AT 1a ma tran chuyen vi ctia A, z, € C la gia tri ban dau va v > 0
la tham s6 duge chon mot cach thich hgp. Nhung cach gidi clia thuat toan

CQ la phitic tap va khong thong dung khi d6 doi hoi nhiing cach giai don
gian hon thong dung hon.
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Muc tiéu clia luan van la tim hiéu va trinh bay mot sé két qua va ching
minh don gian vé thuat toan CQ dong thoi va thuat toan CQ ndi 1ong dé
dua thuat toan trd nén thong dung hon.

Noi dung ctia luan van duge trinh bay trong hai chuong.

Chuong 1. Gidi thieu mot s6 kién co ban vé cac tap hop, cac khai niém
ve khong gian Hilbert, cac tinh chat ctia khong gian Hilbert va cac vi du
ciia khong gian Hilbert, gi6i thiéu vé ham 161 va dudi vi phan.

Chuong 2. Trinh bay thuat toan CQ, thuat toan CQ néi long.

Luan van nay dugc hoan thanh tai truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyen dudi sy hudng dan tan tinh ctia Gido su - Tién sy Nguyén
Buong. Tac gia xin bay t6 long biét on chan thanh va sau sic vé su tan tam
va chan thanh cua thay trong sudt qua trinh tac gia thuc hién luan van.

Trong qua trinh hoc tap va lam luan van, thong qua cac bai giang, tac
gia luon nhan duge sy quan tam giup dé cua cac giao su cong tac tai truong
Dai hoc Khoa hoc T nhién -Dai hoc Quoc gia Ha noi, Vien Toan hoc, Viéen
Cong nghé thong tin -Vién Khoa hoc va Cong nghé Viet Nam va Dai hoc
Thai Nguyen. Tu day long minh, tac gia xin bay t6 long biét on sau sac t6i
cac thay co.

Tac gia xin chan thanh cam on Ban giam hiéu, phong Dao tao Khoa hoc
va Quan hé Quobc té, Khoa Toan - Tin truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyén da quan tam va giap d6 tac gid trong suot thoi gian hoc tap
g truong.

Cudi ciing, to1 xin cam on gia dinh, ban be va dong nghiép da dong vién
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t6i vugt qua nhitng kho khan trong cude song dé toi co dicu kién t6t nhat
khi hoc tap nghién citu.

Do diéu kién thoi gian va trinh do con han ché, chac chan ban luan vin
khong thé tranh khoi nhimg thiéu sét. Vi vay, toi rat mong nhan dude su
chi bao tan tinh clia cac thay co va ban be dong nghiep dé luan vian dugc
hoan thién hon. Toi hy vong dudgc tiép tuc nghién citu deé tai trén trong thoi
gian t0i.

Toi xin chan thanh cam on.
Thai Nguyén, nam 2012
Tac gia

Leé van Hai
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Chuong 1
Mot s6 khai niém co ban

1.1 Tap 16i - Ham 16i

Dinh nghia 1.1. Tdp hop C C H (H la khong gian Hilbert) goi la 103
néu:

z,y€C,0<A<1 =M x+(1—NyeC. Tic la hé C chita 2 diém nao
dé thi né chia cd doan thang noi 2 diém aGy.

Vi du. Toan khong gian H, hinh vuéng hinh tron, cac ntta khong gian dong
{z:(a,z) <a}{z:{a,x) > a}, hay cac ntta khong gian mé {z : (a,z) < a},
{z:{(a,z) > a}

trong d6 o # 0, € H déu la nhimng tap 1oi.

Eoo .
Dinh nghia 1.2. Diém v € H ¢6 dang v = > Na® vdi o' € H,)\; >
=1

k
0, \i = 1 dugc goi la mot to hgp 10i ciia a',a?,...,a" € H.
i=1

Meénh dé 1.1. Giao cia mot ho bat ky cdc tap 1oi la loi. Néuw C, D la
cac tap o1 thi C+ D ={r+y:2€C,y € D}, aC = {ax:z € C} (do
dé ca C-D =C+(-1) D) la cdc tap loi.

Chitng minh. Néu {C,} 1a mot ho tap 161 va a,b € NC, thi véi moi « ta

(6
c6 a € Cy,b € Cy, Vi thé [a,b] C C, va do d6 [a,b] C NC,.
(6%
Néu C,Dlacactaploivaa = v 4+y,b =u+v véi z,u € C,y,v € D

thi (1—=XNa+X=[1-Nz+Au+[(1-Ny+ ] € C+ D v6i moi
A € [0,1] do d6 C+D la 16i. Tinh 16i ciia AC' chting minh tuong ti.
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Dinh nghia 1.3. Tap con M cia H duge goi la mot non (mii tai géc)
néuvx € M,A>0= Az € M. Non M goi la non loi néu tap M la tap loi.

Dinh nghia 1.4. Giao cia tat cd cdc tap 107 chita E goi la bao 10i cla
E va ki hiéu la convE. D6 la tap 101 nhé nhat chia E.

Pinh nghia 1.5. Diém a goi la diém trong cia C néu ton tai mot hinh
cau tam a
{rc H:|zv—a| <r},{z € H:|x—a| <r} nam hoan toan trong C.

Hé qua 1.1. Diém a cia tap loi C C H la diém trong cia C khi va chi
khi véi moi x € H ton tai s6 a > 0 sao cho a+ a(x—a) € C.

Dinh nghia 1.6. Tap C la compac néu moi day vo han {xk} C C deu
chia 1 day con {xkn} hoi tu tdi 1 phan ti ctia C.
Tap C' C H la compac < C' dong va gidi noi.

Dinh nghia 1.7. Ham f : S — H zdc dinh trén tap 10 thuoc H duge
goi la 1o trén S néu vdi Yo,y € S, VA € [0;1] ta co:

fPz+ 1=yl <Af(@)+(1=A)f(y)

Dinh nghia 1.8. Ham f (z) zdc dinh trén tap loi C C H dugc goi la
101 manh, néu ton tai hang s6 p > 0 di nhé (hang so 101 manh) sao cho
vdi moi z,y € C va moi A € [0,1] ta c6 bat dang thatc:

FRz+ @ =Ny SAf @)+ 1 =N)fy) —A1=Xplz -yl

Ménh dé 1.2. a ) Moi t6 hgp tuyén tinh duong cia cdac ham 10i la 10
va la ham 103 chdt néu it nhat mot trong cdac ham da cho la 1o chdt.

b ) Néu f(z),z € H, la ham loi thi f (Ax +b) cing la ham loi, trong
dé A la ma tran vuong cap n va b € H.

c) Can trén cia mot ho tuy ¢ cic ham loi la ham loi.
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Meénh dé 1.3. Cho D la mot tap loi trong H, G la mot tap loi trong H
va @ (x,y) la mot ham 1oi gid tri thuc tréen D x G. Khi dé ham:

f(x) = inf o (z,y).
yeG
la 107 trén D.
Chitng minh. Gia st 2!, 22 € D va z = (1 — \) 2! 4+ X2? véi A € [0, 1] véi
moéi i=1,2 lay day {y"*} C G sao cho:
") — inf :
o (a'y"™") = inf o (a',y)

Do ¢ 16i nén

f@) <oz =Ny + 255 < (1= (2", y"") + e (22, 577) .
Cho k — +oo ta nhan dugce:
Fla)<@=MN)Ff (') +Af (27).

Dinh nghia 1.9. Ham f : H — H got la Lipschitz dia phuong tar z € H
néu ton tai lan can U cia T va K>0 sao cho:

[f () = f W) | < Kllz =yl (Yo, yeU) (1.1)

ham f dudc goi la Lipschitz dia phuong trén tap C € H néu f Lipschitz
dia phuong tai moi diém x € C va f dugc goi la Lipschitz vdi hing so
Lipschitz K trén tap C € H néu (1.1) ding vdiVa,y € C.

Dinh nghia 1.10. Cho ham 1o chinh thuong f trén H, véc to p € H
goi la dudi grandient cia f tai 20 néu:

(p,w—a) + f (%) < f(2), Ve € H.

Tap tat cd cac dudi grandient cia f tai 2V dudc goi la dudi vi phan cia
f tai 2°. Kt hiéu la O f (2V).
Ham f goi la khd dudi vi phan tai z° néu of (z°) # 0.

Dinh 1y 1.1. Mot ham 10t chinh thuong f trén H c6 dudi vi phan khdc
rong tai moi diém x° € int (domf) va Of (z°) la mot tap loi dong.
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Chiing minh. Do 2° € int (domf) nén int (epif) # 0. Dinhien (27, f (2°)) ¢
int (epif), nén ta c6 mot sieu phang tach diem do véi int (epif), tic la ta
6 mot vée t0 (¢,tn41) € H\{0}. Sao cho (t, 2%) + ty1 f (2°) > (¢, z) +
atni1,V(z, a) € epif Vi (z,a) € epif. Kéo theo (z,8) € epif,V6 > «
cho nén ta clng co <t,x0> + tpe1f (2%) > (t,x) + tp+18,V68 > « cho
B — 400 =ty < 0.

Néu tp+1 = 0 thi bat dang thic nay tré thanh (t,2%) > (t,z)Vz €
domf, tic 1a 2V dat cyc dai cia ham tuyén tinh (¢, ) trén domf, ma
2V € int (domf). Diéu nay chi c6 the Xéy ra khi £ = 0 mau thuan véi
(t,th+1) # 0 vay tp41 < 0. Dat p = a = f(x) ta sé nhan dugc

(p.x —a) + f (2") < f(x),Vz € H.

t71+1

Chiing minh 0 f (xo) 161, lay bat ky pt, p? € Of (wo) ;A € [0,1] khi do
v6i Vx € H. Ta x¢t:

orhe <2 (s 1)

S (AT

</\p +( 2 x—x0>

%)

<f
Vay = Ap! + (1 — )p Eaf( = 0 ( ) I né 8f(x0) la tap dong,
lay p* € of (z )p—>pTu’<px )+ f(2%) < f(z),Vz € H =
€ df (ZL‘O) nén suy ra

(px —a) + [ (2") < f(2),Vo € H, ching t6 p
)\p1+(1—)\)p2€8f( )101 CthlgtOpE@f(

Meénh dé 1.4. Néu f la ham 167 chinh thuong, khd vi tai diém z¥ € domf
thy Of (:(:0) = {Vf (:co)}, nghia la V f (5(:0) la véc to dudi grandiet duy
nhat cia f tai 20,
Néu f khd vi tai 20 thy f' (2°,d) = (V[ (2") ,d) vi thé véc to p la dudi
grandient cia f tai z° khi va chi khi (p,d) < (V[ (2"),d) vdi moi d tu
do=p=Vf ( )

Néu f c6 tai 2° mot vée to dudi grandient duy nhat thi f khd vi tai 2°.
Dinh 1y 1.2. Gid st A: H — H la todn ti tuyén tinh va g la ham 106
chinh thuong tréen H. Khi doé vdi mot x € H

Al9g (Az) Cc d(go A) (z).
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Hon nita néu g lien tuc tai mot diém nao dé thuoc Im (A) (anh cia A)
thi:

AT9g (Ax) =9 (go A) (z) Vo € H.
Dinh nghia 1.11. Cho tap l6i C C H vay € H. Ta goi hinh chiéu cia
y trén C la diem 2° € C' -

2" = y|| = infrec ||z =yl = de (y).
Ki hieu: 2° = p (y) va de (y) goi la khodng cdach tit y téi C.

B6 dé 1.1. Mudn cho diém z* € C la hinh chiéu cia diém y trén tap
101 dong C dieu kién can va di la:

(x — 2"y —a™) <0. Ve e C (1.2)
Chitng minh. Gia st «* 1a hinh chiéu ctia y trén C lay diém tuy v z € C
va xét diem 2z = Az + (1 — \) 2*. C 16i nén véi moi A € [0,1] thi z € C ta
co:
2 2
Iz = yll* = Az — 2*|7 + 22X (z — 2%, 2" —y) + [|l2" — .

Do [l — yl2 > la* — yl> nen Az — 2|2 + 27 (& — 2%, 2% — ) > 0.

Do dang thiic nay dang v6i moi A € [0,1] nén (z — 2*, 2% —y) > 0 tir d6
suy ra (1.2). Nguoge lai gid st ¢6 (1.2) khi d6 v6i moi x € C ta co:

2 * * 2
[z =yl” = ll(z —27) + (@ = y)||
= ||z — &*|*+2 (z — %, 2" —y)+ =" — y|”
x 2
> [lz" =yl

Dieu do6 chitng t6 z* 1a hinh chiéu cia y trén C.
Meénh dé 1.5. Mudn cho diém z* cia tap 10i dong C la diém cuc tiéu
ctia ham 101 khd vi f (x) trén C, dieu kién can va di la 2* = p (y*) trong
dé y* = 2* — aV f (z*) vdi a > 0 la mot so bat ky.

Chiing minh. Dl: Gia st 2* = p (y*) . Do p (y*) 1a hinh chiéu cta diem y*
trén C nén ta co:

(x —a"y"—2") <0 Ve e C.

Viy* =a* —aVf(z*) vaa > 0 tasuy ra (Vf (z%), 2 —2*) >0,V € C
nén x* la diem cyce tieu ctia ham f (2) tren C.
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Can: Gia st 2* 1a diém cuc tiéu cna f tren C khi dé v6i moi z € C ta
cO:

(Vf(x"),x—2")>0. hay —a(Vf(@),z—2") <0,(a>0).

Nhung —aVf (z*) = y* — 2" do d6 (y* — 2*,x — 2*) < 0 suy ra z* la hinh
chiéu ctia diem y* trén C nghia la z* = p (y*) .

Meénh dé 1.6. Néu f (z) la ham loi manh va khd vi trén tap 10 dong
C. thi:

a) (Vf(x)=Vfy),z—y) > ple—yl* vdi moiz,y € C.

b) Véi bat ky 2° € C tap maic dudi C’o—{wEC f(x ( )} bi

chan.
c) Ton tai duy nhat diém z* € C sao cho f (z*) = min {f (z): 2 € C}.

Chitng minh. a) Do ham £ 161 Va,y € C thi f (2) — f (y) < (Vf(z), 2 —y)
hon nita do f 16i manh nén véi A = % ta co:

ip”x—yHQ < % [f(a:) —f (%H%y)] +% [f(y) —f (%H%y)}
<L V@), s —y)+1(Vfy),y—a)

1
f(x)—f(y):bf<Vf[y+A(flf—y)],fv—y>dA

1
/<Vf[y+A<x— W) = Vi (y) .o — ) dn.

0

Két hop vé6i bat dang thiic 6 phan a ta dugc:

F) = £ ) 2 (V1 (2) = ) + 5plle — ol

1186 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



12

Nén ta 6 0> f(x) = f(z*) = (Vf(2*), 2 —2*) + 3p|lz — 2*|°

* 2 * * 2 * *
= |lv —a*|* < > (V[ (@), — o) < SIVAEDI e =27

Tu do suy ra ||z — 2*|| < % |V f (*)|| v6i Vo € Cp nghia la Cy bi chan.
¢) Do f (x) lien tuc trén tap com pac Cy C C nén ton tai z* € Cy sao cho:

f (@) =min{f(z) 2 € Co} =min{f(z): 2 € C}.

Vi ham 16i manh ciing 16i chiit nén z* la diém cuc ticu duy nhat.
Ménh dé 1.7. Gid st f (x) loi manh trén tap loi dong C va z* la diem
cuc tiéu cla ftren C. Khi do vdi moi x € C ta co:
|z — 27| S;[f(fﬂ)—f(fﬂ )]-
Hon nita néu f khd vi tha

o — 2| < % IV/ @)l (1.3)

Va4

0< f(x)— (") < %I\Vf ()2

Chiing minh. Tt dinh nghia ham 16i manh véi A = £ nen:

1 1 1 1 1
5o+ 50 ) < 3 @+ 57 @) = ol =)

Tt do ta c6 f(@*) < f (32 + 32%)
= llo —2*|> < 2[f (2) = f (@")].

Tai diem cyc tieu o* cia f tréen C suy ra (Vf (2*),2 — 2*) > 0 véi moi
x € C. Mat khac ta lai co:

plz —2*|> <(Vf(x) - Vf(z"),z— %)

<(Vf(z),z—a2%) <[[Vf(@)] |l —2"].
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Nghia la ta c6 bat dang thitc (1.3).
Cudi cling ta suy ra:

0< flo)—f(a7) <({Vf(z),z—a")

<NV @)l x Jlz =2 < IV ()]

1.2 Khong gian Hilbert

Dinh nghia 1.12. Khong gian tuyén tinh (khong gian véc to) X cung
vdi 1 tich vo hudng sau

(x,z) >0 Vo e X,

(x,2) =02 =0.

(o) =Tpa)  VayeX,

Az +ny,2) = Az, 2) + 1y, 2), Va,y,z € X, VA€ K.
Goi la 1 khong gian tién Hilbert. Khong gian tien Hilbert X day du duoc
got la 1 khong gian Hilbert.

Vi du 1
Trong CN Vél L = (gln 7571) 7y - (7717 77771) ta dét

=1

Khi d6 CV 1a 1 khong gian Hilbert.

Vi du 2
Trong C'[a, b] ta xét tich vo hudng:
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Khi do

b 3
o]l = / 202 .

Khong gian C'[a, b] véi chuan trén la khong day di do dé khong 1a khong
gian Hilbert. Nhung véi chuan

]|y = max |z (2)]
a<t<b

thi C [a, b] lai day du.

Vi du 3
Trong khong gian [ ta dua vao tich vo hudng:

<37: y> = Z EnTin.-
n=1

(z = (51,52,...,) € lo,y = (m,n2,...,) €l2).

]l = (Z |€n2> :
n=1

Khong gian lo day di véi chuan do. Vay Io 1a khong gian Hilbert.

Khi do

Vi du 4
Trong Lo [a, b] ta dua vao tich vo hudng:

b
(e,y) = / c(Oy@dt. (. € Ly[a,b)

la 1 khong gian Hilbert.
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Vidud
Xét khong gian Lo® [a,b] gom tat ci cac ham z () ¢6 cac dao ham
) (t) € Loy la,b], (k=0,1,...,p), véi tich vo hudng:

D b
gy =3 / o (O9F (.
k=0 s

Khi d6 Ly [a,b] 1a 1 khong gian Hilbert.

Meénh dé 1.8. (Bat dding thitc cauchy- schwartz).

[z, 9)]* < (2, 2) (y,9) (Vo,y € X). (1.4)
Chitng minh. Néu (z,y) = 0 thi (1.4) dung. Gia thiét (z,y) # 0, v6i moi
r,y € X, € K, ta co:
0 < (z+ Xy, z+ Ny) = (,2) + Az, y) + Mo, y) + A (4, 9).
Lay A =t {x,y), trong do6 t 1a s6 thyc tuy ¥, ta nhan dugc:
0 < (z, ) + 2t {x, ) |* + [z, ) *. (. v)

nén ta = (y,y) > 0, vi néu (y,y) < 0, khi ¢ < 0 v6i |¢| khé 16n, thi tam
thitc doi véi t ¢ vé phai sé nho hon 0.
Vi vay

A" = [(z, )" = [, )] (z,2) (y,y) <0

nén ta suy ra (1.4)

Nhan zét:
Khong gian tien Hilbert X 1a 1 khong gian dinh chuan véi chuan:

N =

]l = (z, 2)2 (2 € X).

Khi d6 bat dang thitc Cauchy - Schawartz tré thanh:

[z, y) | < [l Tyl
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Ta c6 dang thic hinh binh hanh sau:

o+ 91 + e = I = 2 (Jl2l* + lyl?)

Ching minh.
lz+yl>+llz—yl>= (@ +y,z+y)+ (& —y2—y)
= (@, z) + (z,y) + (v, 2) + (y,y) + (z, 2)

—{z,y) — (v, ) + (¥, ).

2 2
=2 (|l + Ilyll?).

Dinh nghia 1.13. Todn ti tuyén tinh lién tuc A trong khong gian
Hilbert X dugc goi la duong, néu:

(Az,z) >0 (Ve e X).
K7 hieuw : A > 0.

Tinh chat 1.1. Gid st A la todan ti duong trong khong gian Hilbert X.
Khi do,
[(Az, y)| < (Az, z) (Ay,y) (V,y € X).
Tinh chat 1.2. Gid st A la todan ti duong trong khong gian Hilbert X.
Khi do,
lAz|* < [|A] . (A, ) (Vo € X).

Tinh chat 1.3. Gid st A la todn tié duong trong khong gian Hilbert X,
day {xn} C X théa man (Axy,x,) — 0. khi do, Az, — 0.

Tinh chat 1.4. Gid st X la khong gian Hilbert, A la todn té duong
trong X. Dat

m= inf (Az,x), M =sup (Az,zx.).
z€X,|l2ll=1 zeX,|z|=1
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Khi do :
a) [A]] = M.
b) meo(A),Meo(A) vao(A) C[m,M].

Dinh 1y 1.3. Gia su X la khong gian Hilbert, M la khong gian con déong
ctia X. Khi dé, X la tong truc tiép cia M va ML, tic la moi véc to
z € X déu biéu dién duy nhat dudi dang:

T=y+=z (yEM,ZEML). (1.5)

Chitng minh. Néu x € M thi lay y=x, z=0, va (1.5) dung.
Néu z ¢ M, ta co:

d=d(z,M)= inf ||z —y| >0,
yeM

bdi vi M déng. Khi d6, ton tai day {y,} C M sao cho:
|z — ynl| — d.

Tit dang thite hinh binh hanh, ta co:
2 (Il = yall® + 1 = ymll?) = l(& = ) + (@ = g

(@ = ya) = (@ = ym)II

+ 2
— 4Hx _ WH 4 [yn — ym)?

> 4d” + |lyn — yml> > 4d>.
(V\l %(yn‘Fym) € M)

= A2 > 42 + lim  ||yn — ym||* > 4d2, (n — o)
,MM—00

)

= lim ||y, —ym| =0, tic la {y,} 1a day cau chy trong M.
—00

9

B6i vi X 1a day du va M 1a dong, cho nén M day du. Do do, ton tai
lim y, =y € M. Hon nita,

n—0o0

lz =yl = lim [z =y, = d.
n—oo
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Dit z = & — y. Ta chitng minh z € M.
Do y € M, v6i moi sO A v moi v € M, ta céy — v € M.

= d* < lz = (y = 2)|* = ||z + ol
= (z + v,z + A\v)
= [I211* + A (2, 0) + A(z,0) + A o]

= 2+ X {(z,0) + Xz, 0) + [N ||

= X (z,0) + Xz, 0) + |A%|v)? > 0.

Z

Lay A =t (z,v), trong do6 t 1a mot s6 thuc tuy ¥, nén ta suy ra:
(2 0) 2 (2 + o]} > 0.

Néu (z,v #0) talay 0 > ¢ > —#, thi

(2, v) |2 <2 + t\|v|]2> < 0.

Vay, (z,v) = 0 véi Vo € M, tic la 2 € M+
Nhu vay ta co:

rT=y+z (yEM,zEML).
Ta chiing minh cach phan tinh 1a duy nhat
Gia su ta co:

=19y +2 y’EM,z/EML.
Khido, y—y =2 —z2véiy—y € M,z —ze M+

2

=0=(y—-vy.7—2)=@W—v.y—v)=lv-¥I"
Sy=y,z=272\
Dinh nghia 1.14. Véc toy € M dugc goi la hinh chiéu cia z lén khong
gian con dong M. Khi dé P : X — X 1ng vdi moi x € X vdi hinh chiéu
y ctia x léen M. P goi la todn tit chiéu hay phép chiéu cia khong gian X
lén khong gian con dong M cua X.
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Nhan zét:
+ P lién tuc va ||P|| = 1.

+ I -P 1a toan ti chié¢u lén khong gian con déng M-+,

Dinh 1y 1.4. Gid st P la todn ti tuyén tinh lién tuc trong khong gian
Hilbert X. Khi do,

P la todn tii chiéu < P = P*, P?> = P.

Dong thoi, P la todn ti chiéu lén khong gian con déng M = R (P).
Chatng minh. Dicu kién can: Gia si P 1a toan ti chiéu len khong gian con
dong M. Ta chiing minh P = P*, P2 = P.
Lay x, y bat ki thuoc X. Gia st
x:u+v,y:z+w(u,z e M;v,we ML).
= (Pz,y) = (u,z +w) = (u, z) = (u+ v, 2) = (z, Py) .
= P = P*.
V6i moi x € X, ta co:

P’z =P(Pr)=Pu=u=Pxr=P>=P

Diéu kien du: Gid sit P? = P, P = P*. Ta chting minh khong gian con tuyén
tinh M = R (P) cua X la dong.

Lay u € M. Khi do, ton tai day {u,} € M hoi tu dén u. Do u,, € R (P),
nén u, = Pv, vy € X. = uy = Pv, = P?v, = P (Pvy) = Puy,.

= u = Pu,(n — 00) = u € R(P)= M. suy ra M dong.

Mit khéc, toan tit tuyén tinh lien tuc Q = I — P ciing thda man céac diéu

kien Q = Q*,Q* = Q.
That vay, Q =1 — P*=1— P = Q*,

Q?=(I—-P?=I-2P+P*=]—-2P+P=Q.
Do do, N = R (Q) la khong gian con dong ctia X.
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Véi moi x,y € X, ta co:

(Pz,Qy) = (QPz,y) = ((I - P) Pz,y).
— <(P—P2) z,y) = ((P—P)z,y) =0.

B6i vi khi x,y chay khap X, thi Pz, Qy chay khap M, N cho nén suy ra
M _LN. Hon nita, véi moi z € X,

r=Pxr+ (I —P)x=Pr+Qx,(Pre M,Qr € N).
Do d6 X = M @ N va P, Q la cac toan t1t chiéu len M, N tuong ting.

Dinh 1y 1.5. Gid si My, Ms la cac khong gian con dong ciua khong gian
Hilbert X, Py, Py la cdc todn ti chiéu lén My, Mo (tuong ing). Khi do
cdc meénh dé sau la tuong duong:

a) MlJ_MQ.

b) PPy, =0 hoac PP, = 0.

c) P+ Py la todn ti chiéu.

Dong thoi Pi + Py la todn tid chiéu len My @ Ms.

Chitng minh. a = b : Gia stt M1 LMs. Lay x € X. Do Pix € My, nén Pix
c6 hinh chiéu bang 0 trén Mo,

PoPix =0= PP =0= PP = Pl*PQ* = (PQPl)* = 0.
b= a:Gidst PP, =0. Lay u € My,v € Ms. Khi do:
u = Piu,v = Pyv.

= (u,v) = (Pru, Pyv) = (PoPru,v) = (0,v) = 0.
suy ra My L Mo
b= c: Giasu PP = 0. Khi do:

PPy = P*Py* = (P,Py)* = 0.

= (P4 P))* = P\’ + PIP, + PyP; + P>
=P’+P*=P + P
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suy ra Pp + Py 1a toan tii chiéu.
c=b:Gia st P, + P, 1a toan tu chiéu. Do d6

PP+ PP =0 (1.6)
Nhan Py vé bén trai véi hai vé (1.6), ta nhan dugc:
PP+ PPP=0 (1.7)

Nhan P; vé bén phai v6i hai vé (1.7) ta nhan duge:
P1P2P1 =0 sSuy ra PQPl = 0.

Bay gio ta gid st ¢c6 mot trong ba diéu kién a,b,c, chang han ML Ms.
Diat M = My @ Ms. Goi P 1a toan t1t chiéu len M. Khi d6, v6i moi z € X,
ta co:

t=Px+ (I —P)ux.

Bdi vi Px €, cho nén:

Pr=u+uv(ue Mp,ve M).
=zc=u+v+ (I —-P)z.

Vivl My, (I — P)zL M, nén v+ (I — P)zLMi. Do do, u la hinh chiéu
cua x lén My, tic la:
U = PlfL‘.

Tuong tu, ta co:
v = Pyx.

V1 vay,
Px = Pix + Pox Vo € X.

suy ra P = P + Py, ttic 1a P + P, 1a toan ti chiéu len My @ M.

Dinh 1y 1.6. Gid si My, Ms la cac khong gian con dong ciua khong gian
Hilbert X, Py, Py la cdc todn ti chiéu lén My, My (tuong tng). Khi do,
cac ménh dé sau la tuong duong:

a) My C Ms.
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b) P1P2 = P1 hOdC P2P1 = Pl.
c) PL < Py tic la Py — Py. la mot toan ti duong.

d) Py — Py la mot todn tii chiéu.

Dong thoi, Py — Py la todn té chiéu lén My ® Ms la phan bu truc giao
cua My trong M.

Ching minh. a = b : Gia st My C Ms. Ki hieu M = My & M. Goi P la
toan ti chiéu len M. Do M 1 Mj, My = M & M nén theo dinh 1y 1.5, ta co:

PiP=0,P,=P+ Py.

suy ra Pi\P,=P (P+P)=PP+P%=P.
Do d6 P1 = Pl* = (Plpg)* = P2P1.
b= c: Giasu PP, = P;. Khi do, véi moi = € X,

(Pia,x) = (P\%z, Piz) = (Pix, Piz) = || P
= | PP ||* < || A || Poc]®
— || Poz||* = (Poz, z) .
= P < P

c=a:Giast = P <P. Lay x € My, taco Pz =z, va
|z))* = || Prl|® < [|Pe]) < l®
= [|=[|* = || Pax*
vay Qox = 0, trong d6 Qo = I — P 1a toan tit chiéu len My,

suy ra x € Mo = My C Mo.

a=c:TacoP=P,— P latoan tu chiéu len M = My & M.
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c=0b:Gidst P = P,— P la toan tit chiéu do P, + P = P, la toan
ti chiéu ta co: PP = 0. Vivay,
P\Py=P (P, +P)=P?%+PP=P.

1.3 Mot sé anh xa co ban

Mot cong cu co ban de giai (0.1) 1a khai niem ctia hinh chiéu. Cho H la
khong gian Hilbert véi tich vo hudng < ., .> va chuan || . ||. Gid stt K 1a tap
con loi dong khac rong ciia H.

Dinh nghia 1.15. Cho € H. Hinh chiéu cia z trén tip K duoc zdc
dinh la diém ki hiéu Pxx, nghia la gan x tu K noi cich khdic Pz ld
diém duy nhat trong K théa man tinh chat:

|z — Pgz| < ||z — z|| Vz e K.

Sau day 1a 1 ddc trung ctia hinh chiéu st dung trong sudt phan con lai
cua luan van.

Ménh dé 1.9. Choz € H vay € K.Ta ¢6 Pxx =y néu va chi néu:

(x —y,z—y) <0 Vz e K.

Mot hé qua ctia Meénh dé 1.9 1 tinh chat don diéu ctia hinh chiéu.
Meénh dé 1.10. Vdi moi z,y € H ta co
(z — y, Pxx — Pry) > || Pxx — Pgyl*.

(tinh chat nay dugc goi la thac trién on dinh claPy. )
Lién quan tdi hinh chiéu la dnh za thdc trién va dnh za trung binh.
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Dinh nghia 1.16. Cho T : H — H la 1 anh za.
(i) T la thdc trien néu |Tx — Ty|| < ||z — y|| vdi Va,y € H.

(ii) T la thac trién on dinh néu (Tx — Ty, —y) > |Tx — Ty|* vdi
Ve,y € H.

(iii) T la trung binh néu ton tai 1 dnh za thdc trien S - H — H va 1
so thuc v € (0,1) théa man:

T =(1 -1 +~8, (1.8)

d day I la dnh za dong nhat. Trong truong hop dé, T la v -trung binh.
Ta stt dung ki hieu Fix(T) dé ky hiéu tap cac diém c6 dinh ctia T, Fiz(T) =
{r € H:Tx =z}.Tlatrung binh, thi Fix(T)=Fix(S) v6i S la anh xa trong
(1.8).

Nhu vay 1 4nh xa thac trien on dinh 13 thac trien. Mot hinh chiéu Pgx 1a
théac trién on dinh va do do thac trién.

Cac khai niem khéac nhau ve tinh don diéu.

Dinh nghia 1.17. Cho T : H — H la 1 anh za.

(i) T la don diéu néu
(Te —Ty,x —y) >0 Vr,y € H.

(ii) T la don diéu manh néu ton tai 1 s6 thuc 8 = 0 théa man

(Tw —Ty,x—y) > Ble—yl|>  Vo,yeH

(Trong truong hop doé goi T la 8 - don diéu manh. )
(iii) T la nguoe don diéu manh (ism ) néu ton tai 1 so thyc v = 0
thoa man

(Tx —Ty,x —y) > v|Tx - Ty|* Va,y € H.

(Trong truong hop do goi T la v ngugc don diéu manh , v-ism (cho
ngdn gon) )
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Sau day 14 ménh dé veé tinh chat tap trung ciia thac trien trung binh va
anh xa don diéu.

Meénh dé 1.11. Cho toin t4 S, T,V : H — H.

(i) T la thac trien néu va chi néu phan bu I-T la 5 - ism.

(ii) T la thdc trién on dinh néu va chi néu phan bu I - T la thdc trién
on dinh.

(iii) Hop ciia dnh xa trung binh la trung binh. Néu Ty, Ty la trung
binh, thi hop ThTo = Ty o Ty la trung binh. Néu Ty la oq - trung
binh va Ty la ag, ¢ day ai, a0 € (0,1), thy T1Ts la o - trung binh, vdi
a=a]+ar — a1.09.

(iv) Néu Ty va Ty la trung binh va c6 1 diém chung c6 dinh, thi
Fix (Tl) N Fix (TQ) = Fix (TlTQ) .

(v) Néu T la v-ism, thi vdi vy >0, ~T la = - ism.

(vi) T la trung binh néu va chi néu phan ba I-T la v - ism vdiv > 5.
Thuc vay, vi o € (0,1), T la o - trung binh néu va chi néu I - T la %
-18m.

Dinh 1i sau day dugce stt dung trong cac chiing minh tiép theo.

Dinh ly 1.7. Cho T : H — H la dnh za trung binh cé Fix (T) # 0. Thé
thi, vdi moi o € H, day {T"xo} hoi tu tdi 1 diém co dinh cia T.

St dung ham 101 dugc xac dinh tu tap 161 dong C va Q trong (0.1). Goi
| ham o : H — R Ia ham 13i néu

Az + (1= Ny) < Ap(@) + (1= Ne(y)
vol moi A € [0, 1] va moi z,y € H.
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Cho zg € H, ¢ 13 kha vi duéi tai zo néu ton tai & € H sao cho
p(y) = p(zo) +(&y—x0)  Vy € H. (1.9)

Dudi vi phan clia o tai zo ki hieu 1a dp(xg) gom tat cd cac € thda man he
thite (1.9). Thé thi, ¢ la kha vi dudi tai x¢ néu va chi néu dp(zg) # 0. Cha
y dang thiic (1.9) da biét la dang thiic dudi vi phan

Tu ham 161 thoa man diéu kién Lipschitz dia phuong lién tuc tai 1 s6
diem trong ctia mién xac dinh, tit d6 gia thiét ham 16i ¢ duge xac dinh
trong toan bo khong gian H, ta c6 ¢ la Lipschitz dia phuong lién tuc véi
moi diém ctia H. Mot he qua ctia n6 1a néu {z,} 1a 1 day bi chan trong H
va néu &, € dp(x,) véi moi n, thi day {z,} bi chan.

Xét bai toan toi uu hoa sau day
min {p(x) : z € K} (1.10)

¢ day K la tap con 161 déng khéac rong ciia H va
@ H — R 13101 v 1a ham muc tieu kha vi lién tuc.

Thuat toan hinh chiéu grandient dugc stt dung dé giai (1.10). Thuat toan
xuat phat tu day {z,} sau:
Tn+1 :PK(:UH_’YVQO(LEH)% n:()ala"'a (111)

V6i gia tri ban dau zg € K dude chon tuy ¥ va v > 0 1a 1 tham s6. Duéi
day 1a 1 két qua ve tinh hoi tu bat dau bdi (1.11).

Dinh 1y 1.8. Gid st bai todn cuc tiéu (1.10) c6 nghiém. Gid sit gradient
ctia ¢ théa man dieu kién lién tuc Lipschitz:

IVe(z) = Ve(y)|l < Lz -y Va,y € H,

d day L > 0 la hing s6. Thé thi néu v la tham so dudc chon vdi
0<~y< %, day {z,} bat dau tw (1.11) hoi tu tdi nghiém cia bai todn
cue tieu (1.10).
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Chuong 2

Thuat toan CQ va thuat toan CQ
néi long

2.1  Thuat toan CQ

Thuat toan CQ dugc gi6i thieu béi Byrne nhu sau. Bat dau véi x¢ € C,
thuat toan bat dau tu day{z,} bang cach lap sau:

Tny1 = Pol(z, — fyAT(] — Pg)Azxy,), n=0,1,..,
6 day AT 13 ma tran chuyén vi clia A vay € (O, ﬁ) voi p(ATA) = || A2

Ia ban kinh pho ctia ma tran AT A, nghia la gia tri 16n nhat ctia AT A.

Thuat toan CQ la thuat toan duge stt dung dé giai bai toan (0.1). Thuat
toan nay lan dau duge gidi thieu trong [3] gid thiét tinh nghich déo dugc
clia toan tt A va nang lén lity thita véi tinh toan cia A~! va do vay no tré
nén khong thong dung.

Bay gio ta xét thuat toan CQ tir 2 hudng sau: T6i wu hoa va diém co dinh.

Tt hudng Toi uu hoa, chi ¥ z* 1a nghiém cta (0.1) néu va chi néu z* € C
va
Az — PoAx™ = 0.
Ta xéc dinh ham f nhu sau:
f(z) = %HAJ: — PQAa:Hz, x € Hy = RN,

Xét bai toan cue ticu 16i sau day:

: 1 2
frin := minf(z) = min §HA93 — PQAZEH : (2.1)

zeC
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O day z* la nghiem ctia (0.1) néu va chi néu z* 1a nghiem ciia bai toan cuc
ticu (2.1) va fiin := 0.

Ung dung phuong phap hinh chiéu gradient dé giai (2.1). Day la phuong
phap duge xuat phat bdi day {z,,} qua cong thic:
Tpy1 = Po(l =~V )z, n >0,

trong d6 v > 0 1a tham s6 dude chon va xg € Hy 1a gia tri ban dau tuy v.
Tu gradient cua f duge cho bdi

Vf(z) = AN(I - Py)Ax,
dudi day ta phuc hoi thuat toan CQ ctia Byrne [1,2] nhu sau:
2ni1 = Po(I — yAT(I — Pg)A)zp, n > 0. (2.2)

Tit d6 ta c6 thuat toan hinh chiéu gradient tit bai toan cuc tiéu 16i (2.1),
va tim duogce két qua ve tinh hoi tu tur thuat toan CQ nhu sau.

Pinh 1y 2.1. Néu 0 < v < ﬁ thy day {x,} dugc bat dau tu thudt

todn CQ (2.2) hoi tu tdi nghiém cia bai todn (0.1).
Chitng minh. Xét bai toan cye tieu (2.1). T

Vf(z) = AT(I - Py)Ax,
thuat toan CQ (2.2) viét lai 1a 1 thuat toan hinh chiéu gradient sau day:
Tny1 = Po(rn — 4V f(x)), n=0,1,...

Tu I — Py la théc trién on dinh, ta thay Vf thoa man diéu kien lien tuc
Lipschitz:

IVf () = Vf @)l < [|AT| A1 = A7 = p (AT A).

Két thuc ctia dinh 1i duoc suy ra ttt Dinh 1i 1.8.
Tir bai toan diem bat dong ta c6 cong thitc (0.1).
Ta thay Axz* € Q néu va chi néu:

(I — Pg)Axz™ = 0.
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Day 1a mot phuong trinh trong Hs, thoa man véi moi v > 0,
yAT(I — Pg)Az* =0,
va phuong trinh trong Hi, phuong trinh diém bat dong
(I — yAT(I — Pg)A)z* = a*,

Phia trai khong can 6 trong C. Stt dung hinh chiéu va xét phuong trinh diém
bat dong ta c6
Po(I — yAT(I — Pg)A)z* = o*. (2.3)

Meénh dé 2.1. z* la nghiém cia (0.1) néu va chi néu x* la nghiém
clia phuwong trinh diém bat dong (2.3).

Chitng minh. Néu x* 13 nghiém cta (0.1), thi né 1a nghiém ctia phuong
trinh diém bat dong (2.3). Bay gio ta gid sit #* 1a nghiém ciia phuong trinh
diém bat dong (2.3). Theo tinh chat ctia hinh chiéu, ta c6

(I - YAT(I — Pg)A)z* — a*, 2 — z*) <0, z e C.
Noi cach khac,
<AT([ — Pg)Ax™, 2 — x*> >0, zeC.

Tu do,

(Az* — PoAs*, Az* — Az) <0, z € C.
Noi cach khac ta co,

<Ax* — PoAz™, v — Ax*> <0, veEQ.
Cong 2 bat dang cudi cling ta c6

<Ax* — PoAz™, v — Az> <0, veQ, zeC.
Dit z = o* viv v = PgAz* dam bdo rang Az* = PoAz* € Q.
Loai trit nhau, ta dua dén phuong trinh diem bat dong (2.3)
Po(I — yAT(I — Pg)A)a* = o*.

Chu v dicu kién t6i wu ctia bai toan cuc tieu

o1
gggﬂ’Ax — PQA:EH2.
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z* € C la nghiém clia bai toan cuc tieu néu va chi néu
<7AT(I — Pp)Az*,z — 2*) > 0, x e CVy>0.

Diéu nay tuong duong véi phuong trinh diém bat dong (2.3):

Po(I —yAT(I — Pg)A)a* = o™
Tu d6 nghiém cia (0.1) la tuong duong véi nghiém ciia phuong trinh
diém bat dong (2.3), nhu vay ta c6 thé sit dung thuat toan diem bat dong
dé giai (0.1).
Do d6 Thuat toan CQ duge phuc hoi lai nhu sau.

Dinh 1y 2.2. Néu 0 < v < HALH thi day {x,} zudt phdt bdi thuat todn
CQ (2.2) hoi tu tdi 1 nghiem cia (0.1).

Chiing mainh. Dat
T = Po(I — yAT(I — Pg)A).
Viét lai day {z;,} xuat phat bdi thuat todn thuat todn CQ (2.2) nhu sau
Tnt1 =Ty (n>0)

hodc
xy =T"z9 (n>0).
Tu Dinh 1i 1.7 ta ching minh T - 1a trung binh. Dau tién ta phéi chiing
minh, AT(I — Pg)A la W - ngugc don diéu manbh.
Cha y I — P thac trién on dinh va tu

|AT(I — Pg)Ax — AT(I — Po)Ay|| < ||A(I — Pg)Ax — A(I — Pg)Ay

9

ta suy ra
(AT(I — Po)Az — AT(I — Pg)Ay,z — y)
= <([ — Pg)Ax — (I — Pg)Ay, Ax — Ay>

> ||(I = Po)Ax — (I — Pg)Ay||’
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2
Trong d6 AT(I — Pg)A la —— HAH nglmc don diéu manh.

Tt Ménh de 1.11 7AT(I PQ)A la. —— - ngugc don diéu manh, ngoai ra

HAH
vi chon

0<~v< ||j||2’ phan bu I — yAT (I — Pg)A la trung binh. Nhu vay hop

ctia anh xa trung binh,

T = Po(I — yAT(I — Pg)A)
la trung binh.

2.2 Thuat toan CQ ndéi long

Xét truong hgp dac biét sau goi Hy = RN va Hy = RM .
C={reH:c(x) <0}, Q={ye€ Hy:q(y) <0},

¢ day c va q 1a ham 161 tit H; va tuong ung Ho cia R. Ham c va q la kha
vi duéi, gid thiét dudi vi phan

de(z)={z€Hy:c(u)>c(x)+(u—x,2),uc H}#0 Ve e C
aq():{wEHzi(J(v)ZCJ(y)Jr(v—y,w),veHz}#@ Vy € Q.

Giast 0 <y < —=5 va xg € Hy. Dinh nghia 1 day {z,} bdi thuat toan

HAH
lap nhu sau

Tpy1 = Po,(I —vA* (I — Py, )A)xn, n >0 (2.4)
§ day C,, va @Q, la tap loi dong duge xay dung nhu sau:
Cn={z € Hy:c(xp)+ ({n,x — xp) <0}

Vel &, € Oc (),
va
Qn = {y € Hy: Q(Axn) + <77n73/ - A$n> < 0}
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VOl ny, € 0q (Axy,) .
Trong d6 C € C,, va Q € Q,, véi Vn. Chuy C), va @, la 1 nita khong

gian, va hinh chiéu P va Py ¢6 dang dong.

Dinh ly 2.3. Gid st diéu kién cia bai todn (0.1) la thich hop. Thé thi,
néu tham s6 v dudc chon vdi 0 < v < %, day {x,} dugc bat dau bdi
thuat toan (2.4) hoi tu toi nghiém cia (0.1).

Chiing manh. Néu viét

To = Pe, (I —vA" (I — Pg,)A),

thi T), 1a théc trién va T,z* = 2* véi Vo* € T. (Goi T a tap nghiém ctia
(0.1).) Sau day, véi moi z* € T,

lznsr — 27| = ([T — 27| < [lan — 27
Tu do, {||z, — 2*||} 1a day gidm, truong hop dic biet ton tai,
lim {||x, — 2"} Vatel. (2.5)
n—oo
Ta wéc lugng chinh xac trén ||z, — 2*|| nhu sau. St dung thac trien cta
hinh chiéu, ta c6
2
|21 — 2| < [|(I = vAT(I = Pg,) A)an — 2|
2
= H(ajn — ) — AT (I — PQ)Aan
« 2
= |lzn — =¥ + 72| AT(I - Pg,)Aw,||
—27 <xn — " AT(I — PQn)Axn>

< ln — 22+ 22| AI2|| (1 = Po,) Az

—27y (Azy, — Az*, (I — Pg,)Axy,) . (2.6)
Tu Az* € Q C Qp, taco
((I = Py,)Axy, Az* — Py, Azy) < 0.
Kéo theo

<(I — Py, Axy, Az, — Aa:*> = <([ — Py, Axy, Axy, — PQnAzcn>
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+ <([ — Py, )Azy, Pg,xn — Ax*>

> ||(1 = Py,) Az . (2.7)
Két hop (2.6) va (2.7) ta ¢o

2 2 2 2
|zt — 217 < flon — 217 = 92 = Y| AI%)||(I — Po,)Aznl|”.
Trong truong hop dac biét,

lim ||(I — Pg,)Az,| = 0.

n—oo

Tap hop
u, = A*(I — Py ) Az, — 0.

Ta di chtmg minh:
|Tnt1 — xnl] — 0. (2.8)

Tiép tuc lam nhu sau ta dugc:

|zns1 = 2*|° = | (21 = 2a) + (2 — 2|

= [|Zpt1 — m71”2 + |lzn — 55*H2 +2(Tpt1 — Tn, Ty — SU*>

= zns1 = zall* + |20 — 2*|

+2 (Tpt1 — Tn, T — Tpt1) + 2 (Tl — T, Tl — TF)

Tu do
2 *112 %112 *
[Zn1 = 2nll” = llzn — 277 = [[2p1 — 277 + 2 (2ns1 — 2, Tpg1 — 27)
(2.9)
TU zpt1 = Po (xn — yup),
((xn — Yup) — Tpy1, @ — Tpy1) <0, x € C,.
Do z* € C),,

<$n — Tn+l, z* — 517n+1> <7 <Un, " — fEn+1> — 0.

Do do tut (2.9) = ||xps1 — zp]] — 0.
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Vi {z,} bi chin, kéo theo day {&,} bi chan, tap hop nhitng diem gidi
han cua {z,} w(z,) ta khac rong.

Diéu kién can: w(x,) CT.
Thuyc vay, gia thict TEw (zn) va {zn,} 1a1day con cta {z,} hoi tu
PRA N
toi x. Tu xy,,, € Cp,, ta thu dugc
¢ (x"%) + <€”j’x”j+1 o xnj> < 0.

Suy ra
¢ (‘Tnj) < - <€“ﬁxny‘+1 - 'Tnj> << Hxnﬁl o anH

G day € thoa man ||&,|| < & Vn. Do tinh lién tuc cta c, ta co (2.8).

c (9:) = lim ¢ (:cnj) < 0.

j—o0
Trong do, z € C.

Tiép theo AL e Q. Tap y, = Az, — Pg, Az, — 0 gid st thoa man
[7ll < ¥n. The thi, tit Az, — yy, = PanAxnj € Qn,, ta co

q (Ax”j) + <77”j’ (Ax”j - ynj) - Ax”j> < 0.

Do do,
q (Ax”j) < <77”j’y”j> <7 Hy”JH — 0.

. \ . A
Do tinh lien tuc cua q va do Az, — A,
nén ta di dén két luan

q (A%) = lim ¢ (A:z:nj) < 0.

Jj—00

Nghia la, A% € Q.

Do & € . Nen day {x,} hoi tu hoan toan, gid thiét & 1a 1 diém gioi
han khac cua day {z,} va {xmj} la 1 day con cta {x,} cing hoi tu t6i
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x, vay suyrax € I'.
Cha y tit (2.5) ta tiép tuc nhu sau:

lim |z, — &[] = lim ||zp, — %+ (2 — 2)

‘2
n—00 Jj—0o0

— lim ||z, — 2| + |17 - &
J—00

. N N |12 ~ N
= lim |lom, — &+ (@ — D)||” + |7 — 2|
J—00
. ~ 112 ~ N
= lim ||.1Jm] —:CH +2Ha:—x|]2
J—00

= lim |z, —2||* + 2|z — ||
n—oo

Suy ra & = &. T do, {z,} c6 ding 1 diém gidi han va nhiéu diem hoi tu.
Chai thich (2.4).

Thuat toan CQ ndi long (2.4) duge gidi thiéu trong [7] ¢ day ta ching
minh bang mot cich. Cé nhiéu cdch chitng minh don gidn vé tinh hoi tu
ciia no bat dau tuw Dinh li 2.3,
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KET LUAN

Luan van trinh bay cac khai niem vé tap 1oi ham 16i. Khong gian Hilbert
cac vi du cac tinh chat ctia khong gian Hilbert. Luan van ciing da trinh bay
cac khéai niem vé anh xa thac trién, anh xa trung binh la cong cu chi yéu
dé chimg minh thuat toan CQ va thuat toan CQ ndi long dé dua thuat toan
c6 nhieu ting dung thong dung hon.

Luan van ciing da trinh bay cu thé cach ching minh vé thuat toan CQ,
thuat toan CQ ndi 1ong va ching minh tinh hoi tu ctia thuat toan.

Do diéu kién thoi gian va trinh do con han ché, chac chan ban luan vin
khong thé tranh khoi nhitng thiéu sét. Toi kinh mong nhan duge su chi bao
tan tinh ctia cac thay co va dong nghiép dé luan van duge hoan thién hon.
Toi hy vong dudc tiép tuc nghién citu dé tai trén trong thoi gian tdi.
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