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MG dau

Ly thuyét cac dieu kién t6i wu 1d mot bo phan quan trong ctia Iy thuyét tdi wu hoa.
Nguoi ta thuong quan tam nghién cttu cac dieu kién t6i uu cap 1, cap 2 va cap cao.
Cac diéu kién toi uu cap 2 t6 ra rat hiéu qua trong viéc tim ra nghiém toi uu trong
tap cac diem dimg.

A. Baccari va A. Trad [4] da dan cac diéu kién can t6i uu cap 2 cho bai toan t6i uu
v6i rang buoc dang thitc va bat ding thic trong cac khong gian hitu han chiéu véi gia
thiét tap cac nhan tit Lagrange 1a mot doan thang bi chin cling véi cac diéu kien du
dam bao gid thiét nay dang. Mot diéu kién can t6i wu cap 2 véi dieu kién can chinh
quy Mangasarian-Fromovitz tang cuong (MMF) va diéu kién bt chit suy rong (GSCS)
ciing duge thiét lap.

A. Arutyunov va F. L. Pereira [3] da nghién citu cac diéu kién can t6i uu cap 2 cho
cyc tiéu dia phuong theo topo hitu han citia bai toan téi wu véi cac rang budc dang
thitc, bat déng thiic va rang budc tap trong cac khong gian véc to, va ap dung cho bai
toan toi wu véi rang buoc bao ham thic F(x) € C.

Luan van nay trinh bay cac diéu kién can t6i wu cap 2 cho bai toan tbi uu véi cac
rang buoc dang thitc va bat dang thic véi gia thiét tap cac nhan ti Lagrange 1a mot
doan thang bi chin va cac diéu kién can toi wu cip 2 cho cuc tiéu dia phuong theo
topo hitu han ctia bai toan t6i wu véi cac rang buoc déng thitc, bat ding thic va rang
buoc tap trong cac khong gian véc to va bai toan téi uu véi rang budc bao ham thiic
F(z) e C.

Luan vin bao gom phan mdé dau, hai chuong, két luan va danh muc cac tai liéu

tham khao.

Chuong 1 trinh bay cac diéu kién can t6i uu cap 2 ctia Baccari - Trad [4] cho bai

toan toi uu véi cac rang budc dang thiic vi bat dang thic v6i gia thiét tap cac nhan
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tt Lagrange 13 mot doan thing bi chin. Két qua chi ra rang diéu kién chinh quy
Mangasarian - Fromovitz va diéu kién s6 rang buoc tich ciyc nhiéu nhat la 2 14 mot
diéu kien du dé tap cac nhan tit Lagrange 1a mot doan thing bi chin. Didu kieén can
t6i uu cap 2 véi diéu kien chinh quy (MMF) va diéu kién bu chit suy rong (GSCS)
cling dugc trinh bay trong chuong 1.

Chuong 2 trinh bay cac diéu kién can t6i uu cap 2 ctia Arutyunov - Pereira [3] cho
cuc tidu dia phuong theo t6po6 hitu han ciia bai todn toi wu véi cac rang buoc déng
thiic, bat déng thitc va rang buoc trong cac khong gian véc to. Nguyen 1i cuc tri cap 2
d6 duge ap dung dé dan nguyeén 1i cyce tri cap 2 cho bai toan t6i wu v6i rang budc bao
ham thic F(x) € C.

Nhan dip nay, em xin gtii 10i cAm on sau sac t6i thay gido PGS. TS D& Van Luu -
Vién Toan hoc da giao dé tai va tan tinh huéng dan em trong sudt qua trinh nghien
cttu dé hoan thanh luan van nay. Ciing nhan dip nay em xin gt 10i cAm on chan thanh
t6i cac thay co giao Truong Dai hoc Khoa hoc, Khoa Cong nghé Thong tin - Dai hoc
Thai Nguyeén, cac thay gido cong tac tai Vien Toan hoc, Vien Cong nghé Thong tin da
tan tinh tham gia giang day Lép Cao hoc Toan K2 - Truong Dai hoc Khoa hoc Théi

Nguyén, gitip em hoan thanh chuwong trinh hoc tap tai truong.

Dong thoi, to6i xin cdm on t6i tat cac ban hoc vién ctia Lop Cao hoc Toan K2 da
nhiét tinh dong vién, giap dé toi trong qué trinh hoc tap. Toi xin cam on lanh dao
Truong THPT Chu Van An - TP Moéng Cai, lanh dao Sé Gido duc va Dao tao Quang
Ninh da tao diéu kién thuan 1¢i cho t6i hoan thanh khéa hoc nay.

Thai Nguyén, ngay 20 thang 9 nam 2010

Tac gia
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Chuong 1

Piéu kién can t6i vu cap 2 cho bai
toan c6 rang budc dang thitc va bat
dang thic

Chuong 1 trinh bay cac diéu kién can t6i wu cap 2 cho diém cuc tiéu dia phuong
z* ctia bai toan t6i uu véi cac rang buoc dang thitc va bat ding thic véi gia thiét
tap cdc nhan tit Lagrange A(z*) 1a mot doan thang bi chan ciing v6i cac didu kien di
dé A(x*) 1a mot doan thing bi chin. Dicu kién can t6i wu cap 2 véi diéu kién chinh
quy Mangasarian-Fromovitz tang cuong (MMF) va diéu kién bt chit suy rong (GSCS)
cling duge trinh bay trong chuong nay. Cac két qua trinh bay trong chuong nay 1a ctia
Baccari - Trad [4].

1.1. Phat biéu bai toan va cac két qua bo trg

1.1.1. Bai toan (P;) va diéu kién chinh quy

Xét bai toan toi uu khong 13i:
(P1) min{ f(z) [ g(z) <0, h(z) = 0}.

trong dé

fR" = R;g:R" - RP; h: R" —» R?
hai 1an kha vi lién tuc. Bai toan (P}) c6 thé khong c6 cac rang budc dang thitc hay bat
ding thitc. Sau day ta nhic lai cac ky hieu, dinh nghia va cac két qua sé dudce ding

trong chuong nay.

Ham Lagrange tong quat clia bai toan (Pp) xac dinh trén R™ x Rﬁ“ x R duge
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dinh nghia béi
q
L(w, o, A, 1) = Xof (x) + ZAzgz +3 pihy(x)

Ham Lagrange clia bai toan (P1) xac dinh tren R™ x RE x R? duge dinh nghia béi
L(z, A\ pu) = L(z, 1, A\, p)

Gradient va ma tran Hessian cia £ theo z, dugc ky hieu la V,L(z, A\, pu) va
V2, L(z, A\, p1). Gradient ctia f theo z 1a vécto cot Vf(z), va Vf(x)! 1a véc to chuyén

vi ctia n6. Tap chap nhan dugce 1
F = {a] g(x) < 0,h(x) = 0}.

Véi o € F, tap chi s6 tich cuc I(z), nén t6i han C(z), tap cac nhan tit Lagrange tong

quat Ag(z) va tap cac nhan tit Lagrange A(z) dude dinh nghia tuong ting nhu sau:

I(z) = {i| gi(x) = 0},
C(z) ={d | Vf(z)'d <0,Vg(x)'d <0,i € I(x),Vhj(z)'d=0,j=1,2,....q},
A()(ﬂ?) = {()\0, )\,u) 75 0 ‘ Vxﬁ(x, )\0,)\,#) = 0, ()\0, )\) € R{’Jl, )\igi(:c) = 0, Vi},

Alz) ={(A\, 1) [ Ao =1, (Ao, A, 1) € Ao(z)}-

Dang toan phuong @ trén R"™ duge dinh nghia béi Q(z) = B(x,x), 6 day B la mot

dang song tuyén tinh déi xing trén R”.

Dinh nghia 1.1. Cho @ la mot dang toan phuong trén R™, S 14 mot tap con cua R™.

Q dugc goi 1a ban xac dinh duong trén S néu
Q(s) > 0,Vs € S.
Ky hiéu la @ >~ 0 trén S.

Dinh nghia 1.2. Mot tap con khac rong L € R™ la mot doan thdng néu ton tai
X € R™Y € R™ va mot khoang J C R sao cho

L=X+JY={l=X+0Y |0e J}
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Nhan xét 1.1. Néu Y # 0 va L la dong va bi chén, thi J 1a déng va bi chan. Khi dé
ta c6 thé viét L = X + [a, b]Y v6i cac s6 thuc a < b. Hon nita, néu L khong 1a tap mot

diém thi L c¢6 ding 2 diém cyce bien 1a X + aY va X + bY.
Dinh nghia 1.3. Nén cap mot K 1a nén c6 dang K = F + R, d°, é day F 1a khong
gian con véc to trong R” va d° € R™.

Cha § rang, moi khong gian con véc to £ C R™ déu 1a nén cap mot. Sau day, ta
nhic lai cic diéu kién chinh quy ¢6 dién ma ta sé st dung.
Dinh nghia 1.4. Diém chap nhan dugc z* € F dugc goi la théa man diéu kien bu
chit (SCS) néu A(x*) khac rong va véi moi 4 € I(z*), ton tai (A, ) € A(z*) sao cho
)\i > 0.
Nhan xét 1.2. Néu z* € F, diéu kien (SCS) diing va p* 1a s6 cac rang buoc bat dang
thiic tich cuc, thi cac khang dinh sau la ding:

(i) V6i moi i € I(x*), ton tai (A, u’) € A(x*) sao cho AL > 0,

(Vo) = = 3 W) € Al

1el(x*)

va théa man AF > 0 v6i moi ¢ € I(z™).

(ii) Nén t6i han C(2*) 1a mot khong gian véc to. Dé thay diéu nay, cho d € C(z*) va
J=1{1,2,....,q}; Khi do,

(a) ViL(z* X, u*) =0 = V, L(z* \*, p*)'d = 0,
(b) Vgi(z*)'d < 0,XF > 0,Vi € I(z*), Vh;(z*)'d = 0,Vj € J,
(c) Vf(z*)ld <0 = Vg;(z*)ld = 0,Vi € I(z*).
Vi vay,
O(z*) = {d | Vgi(z*)'d = 0,i € I(z*), Vhj(z*) =0, € J}.

Dinh nghia 1.5. Diém chap nhan duge z* € F dugc goi la thoa méan diéu kien chinh

quy doc lap tuyén tinh (LICQ) néu céc véc to
Vgi(x™), Vi e I(z"),Vh;(z"),j =1,2,...,q,

1a doc lap tuyén tinh.
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Diéu kién chinh quy Mangasarian-Fromovitz (MFCQ) dugce dinh nghia nhu sau:

Dinh nghia 1.6. Ta néi ring diéu kién chinh quy (MFCQ) diting tai diém chap nhan

duge * € F, néu hai diéu kién sau day dung:
(i) ¢ véc to Vhj(z*) la doc lap tuyén tinh, va
(ii) ton tai mot véc to d* sao cho
Vgi(z*)d* < 0, Vi € I(z*); Vhj(z*)'d* = 0,7 =1,2,...q.

Bo6 dé 1.1 ([8]). Dieu kien (MFCQ) diing néu va chi néu khong ton tai (\, ) # 0 sao
cho

\i >0, Vi€ I(a), (1.1)

> NV + > uVhi(a*) = 0. (1.2)
j=1

€l(x*)
Nhan xét 1.3. Cho z* € F va théa man mot trong cic dicu kién sau:
(a) Khong c6 cac rang budc bat dang thic tich cyc.

(b) Chi c6 mot rang bude bat dang thiic tich cuc.

Khi d6, sit dung (1.2), tut dieu kien (MFCQ) kéo theo diéu kién (LICQ).

Dinh nghia 1.7. Mot diém chap nhan duge 2* € F théa man céc diéu kien du t6i uu

cap 2 (SC2) néu A(z*) khéac rong va

sup  (d)'V2,L(z*, )\, p)d > 0, Vd € C(x*),d # 0. (1.3)
(An)EA(z*)

Két qua sau day dugc biét dén nhu cac diéu kién can téi wu Karush-Kuhn-Tucker:
Gia thiét x* 1a nghiém t6i wu dia phuong clia bai todn (P;) va théa man dieu kien
(LICQ). Khi d6, A(z*) 1a tap mot diém (tdce 1a, A(z*) = {(\,p)}) va thda man cac

X [N X L. A . 2 2
diéu kién can toi uwu cap hai co dién:

(CN2)  (d)'V2, L(z* X\, p)d >0, VYde Cz").
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(CN2) c¢6 tinh chat quan trong la nhan tit Lagrange (), 1) nhu nhau cho moi véc to
d € O(x*). Néu diéu kien (LICQ) khong ding, thi A(z*) sé khong 1a tap mot diem va
diéu kien (CN2) khong thoa man (xem [1]). Tuy nhien, diéu kien (CN2) sé ding néu

mot trong cac diéu kién sau day théa man (xem [5]):
(i) Cac ham rang budc g va h la affine.
(i) Cac ham f va g 16, h 1a affine va z* thoa méan diéu kien Slater.
(iii) Ton tai (A, p) € RE x R? sao cho (2%, A, 1) 1a diém yén ngua ctia ham Lagrange

cla bai toan (Pp).

Khong c6 diéu kién chinh quy ma nghiém t6i wu dia phuong clia bai toan (P;) thoa

man cac diéu kién can t6i uu cap 1 va cap 2 Fritz John sau (xem [5)):
hola®) £ 2, (1.4)

vd e C(z*) (Ao, A\ ) € Ag(z*) : (d)'V2,L(x*, Mo, A, p)d > 0. (1.5)

Dieu kién can t6i uu cap 2 (1.5) ¢6 hai mat han ché: Thanh phan tht nhat A\g clia A,
trong (1.5), c6 thé triet tieu va nhan ti (Mg, A, 1) trong (1.5) 1a khong nhat thiét nhu
nhau cho tat ca cac véc to t6i han.

Gia thiét nghiem t6i uu dia phuong z* clia bai toan (P;) thoéa man dieu kien
(MFCQ). Khi do6, theo [6] A(z*) khéac rdng va bi chin, 16i va compact. Moi (Ag, A, ) €

Ao(x*) thda man \g > 0. Diéu kien (1.5) c6 thé dugc viét

(GN2) max  (d)'V2, L(z*, A\, u)d >0 Vd e C(z*),
(Ap)EA(z*)

va diéu kien (GN2) khic phuc duge mat han ché thit nhat. Mt han ché thi hai, vi du
dugc dua ra trong [1], chi ra rang diéu kien (MFCQ) khong kéo theo dicu kien (C'N2).
Tuy nhién, trong mdi trudong hop sau, diéu kien (MFCQ) kéo theo diéu kien (C'N2):

(i) n < 2.

(ii) C6 nhiéu nhat hai rang buoc bat dang thic tich cuc.
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1.1.2. M3 rong két qua ctia Hestenes

Cho P va @ la hai dang toan phuong trén R", K 14 mot nén déng trong R™. Xét

cac phét biéu sau day:

de K, P(d)<0, Q(d)<0=—d=0; (1.6)

P>0 hoic Q=0 tren K; (1.7)
3(d',d?) e K x K:P(d") <0, Q(d* <0; (1.8)
30> 0: P(d)+0Q(d) >0, VdeK,d#0. (1.9)

Hestenes [8] da chi ra ring néu K 1a mot khong gian véc to thi
(i) (1.6) va (1.7) kéo theo (1.9), va
(ii) (1.6) va (1.8) kéo theo (1.9).

C6 thé thay rang, phat biéu (1.7) hosc (1.8) luon ding. Vi vay, véi mot khong gian
véc to K, (1.6) kéo theo (1.9). Baccari -Trad[4] md rong cac két qué ctia Hestenes nhu

sau:
Bb6 dé 1.2.
(a) Vdi moi non K dong trong R™, (1.6) va (1.7) kéo theo (1.9)
(b) Néu K la mot nén caip mot thy (1.6) kéo theo (1.9).

Chitng minh. Ta ching minh (a): Gia st Q = 0 trén K. Ta chiing minh biang phan
chitng réng ton tai s6 thyc ¢ > 0 sao cho véi moi 6 > ¢, (1.9) dang. Gia sit rang véi
moi ¢ = n € N* ton tai 6, > n va d, € K\{0} sao cho P(dy) + 0,Q(dy) < 0. T
d6 suy ra P(dn) < 0,yn = dn/ldn|| € K, (yn)n c6 mot day con (yn,)x hoi tu dén
de K, ||d|| =1,P(d) <0,6,, — 400, va

P(dn,;) 4 0n,Q(dn;,) < 0= Q(d) < 0.

Tu Q(d) < 0 va P(d) < 0, ta nhan duge d = 0 va diéu nay mau thuan véi ||d|| = 1.
Vay, ¢ ton tai va bat ky 6 > ¢ déu théa man (1.9). Lap luan tuong tu cho truong hop
P >0 trén K.
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Ta chitng minh (b): T (a) ta chi can chiing minh (b) trong truong hop (1.7) khong
ding, tic la (1.8) ding. Gid st £ la mot khong gian véc to va d® € R” sao cho
K = E+R,d°. Khi dé, khong gian con véc to E + Rd" théa man (1.6). Dé thay dicu
nay, gia sit d = do — rd’, v6i r > 0 va dy € E, théa man P(d) <0 va Q(d) < 0. Tit d6
suy ra

P(=d) < 0,Q(~d) < 0,—d € Kva —d = 0.
Vi vay, ta c6 thé gid st K = E + Rd°.

Véi d,z,y € R" va p € R, dat
J(d, p) = P(d) + pQ(d),

Iz, y,p) = (1/2)(J(z +y, p) = J(z, 1) = J(y, 1)),
BQ(z,y, 1) = (1/2)(Q(x +y, p) — Qz, 1) = Qy, 1))
§={de K|Q(d) <0}.
Ta ap dung phan (a) cho cap dang toan phuong (P, Q) trén nén déng S, va ton tai

mot s6 thuc 0 > 0 sao cho

J(d,0) = P(d) + 6Q(d) >0, VdeS,d+#0.

b=sup{f >0]|.J(d0) >0, VdeS,d+0}

Ta c6 Q(d?) < 0 va d?> € S. Vay, b 1a hitu han, va
J(d,b) >0, VdeS.

Theo dinh nghia ctia b suy ra, v6i moi n € N* ton tai d, € S,d, # 0, sao cho
J(dp, b+ 1) <0 va (dn/||d|])n c6 mot day con hoi tu dén d* € S sao cho ||d*|| = 1 va
J(d*,b) < 0. Vay, J(d*,b) = 0. Néu Q(d*) = 0 hozc b = 0 thi P(d*) = 0. Stt dung (1.6)
ta suy ra d* = 0. Diéu nay khong thé x4y ra. Do d6, ta nhan duge b > 0, Q(d*) < 0 va
P(d*) > 0.

Ta khang dinh réng

J(d,b) >0, VdeK;I(d db) =0 VdeK.
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That vay, ta lay d € K. V6it € R va

f| At nho, Q(d* + td) < 0,d* + td € S W
J(d* +td,b) > 0. Ham f dugc dinh nghia béi

f(t) = J(d* 4 td,b) = J(d*,b) + 2tI(d*,d,b) +t*J(d,b)

c6 cue tiéu dia phuong tait = 0. Vivay, f/(0) = 0 = 21(d*,d,b) va f"(0) = 2J(d,b) > 0.

Tt d6 ta két luan rang ton tai b > 0 va d* € K sao cho
(1) ||@*|| = 1, J(d*,b) = P(d*) + bQ(d*) = 0, P(d*) > 0 va Q(d*) < 0.
(2) J(d,b) >0 v6imoide K valI(d*,d,b)=0véimoideK.
Béang cach tuong ti, thay @ béi P trong S, ta tim ¢ > 0 va d** € K sao cho
(i) [|[d**]] = 1,cP(d*) + Q(d**) = 0, P(d**) < 0 va Q(d**) > 0.
(i) cP(d)+ Q(d) > 0,Vd € K va I(d**,d,1/c) =0, Vd € K.
Lay a = 1/c; Khi d6, a va d** théa man
(3) ||d**|| = 1, J(d**,a) = P(d*) + aQ(d™) = 0, P(d**) < 0 va Q(d**) > 0,
(4) J(d,a) >0,Vd € K va I(d**,d,a) =0, Vd € K.
Bdi vi Q(d*) < 0 va Q(d**) > 0, phuong trinh an ¢
Q(td* + d*) = t*Q(d*) + 2tBQ(d*,d**) + Q(d™) = 0

c6 nghiem thuc tg. Vi vay, dp = tod* + d** € K\{0} thoa man Q(dy) = 0 va J(dp,b) =
P(dp) > 0. T do6 suy ra

(iii) J(do,b) = 2J(d*,b) + 2teI (d*, ™, b) + J(d**,b) = J(d**,b).
(iv) 0 < P(do) = J(do,b) = P(d**) + bQ(d**).
Do J(d**,a) = 0 = P(d**) + aQ(d**) va (iv), ta nhan dugc

(b— a)Q(d™) > Ovaa < b,
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Léy 0 €]a, b va d € K. Khi do,

J(d,0) = J(d,a) + (0 — a)Q(d) = (0 — a)Q(d)

J(d,0) = J(d,b) + (0 — D)Q(d) > —(b— 0)Q(d).

Diéu nay kéo theo J(d,0) > 0. Néu J(d,0) = 0 thi Q(d) = 0,P(d) =0vad=0. Vi
vay,

J(d,0) >0, VYde K,d+#0. n

1.1.3. MJ3 rong bo dé ctia Yuan

Cho K la mot nén dong trong R™, cho P va @ 1a hai dang toan phuong trén R"™.

Xét cac phat bicu sau:

max(P(d),Q(d)) >0, Vde K; (1.10)
A(t1,t2) € RZ, ¢y + 1y = 1 sao cho t P(d) + t2Q(d) > 0, Vd € K; (1.11)
max(P(d),Q(d)) >0, Vde K,d# 0; (1.12)

3(751,252) € Rz_,tl + t9 = 1 sao cho tlp(d) + tQQ(d) >0,Vd e K,d+#0. (1.13)

Y. Yuan [12] da chi ra rang, véi K = R", (1.10) kéo theo (1.11). Thuec ra, véi K = R"
hai phat biéu nay 14 tuong duong. Mot két qua trong [9] da chi ra ring, véi n > 3 va
K =R" (1.12) va (1.13) 1a tuong tuong. Trong muc nay, ta trinh bay két qui trong
[4] chiing minh (1.12) va (1.13) 1a tuong tuong, trong trudng hop nén cap mot K.

Dinh 1i 1.1. Vdi K la mét nén cap mot, (1.12) va (1.13) la tuong tuong.

Chitng minh. Ta chi can ching minh (1.12) kéo theo (1.13). Bat dang thic (1.12)
14 tuong duong véi diéu kién (1.6) va, tit phan (b) ctia Bo dé 1.2, (1.9) diang. Vi vay,
(1.13) théa man véi t; = 1/(1 +0) vata =0/(1 +6). 0

Hé qua 1.1.1. Vi K la mot nén cap mot, (1.10) va (1.11) la tuong tuong.
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Chitng minh. Dé chitng minh (1.10) kéo theo (1.11), ta lay n € N*. Cac dang toan
phuong P,(d) = P(d)+(1/n)||d||? v& Q. (d) = Q(d)+(1/n)||d||* théa man (1.12). Theo

Dinh i 1.1, ton tai ¢} > 0 va t§ > 0 sao cho ] +¢§ =1 va
Py (d) + t5Q,(d) = t7 P(d) + t5Q(d) + (1/n)||d||* > 0, Vd e K,d # 0.

(¢, ¢9)n c6 mot day con (¢7%,t5%); hoi tu dén (t1,t2),t1 > 0,12 > 0,¢1 +t2 = 1 va véi
moi d ¢6 dinh thuoc K, d # 0, ta c6
tP(d) + t2Q(d) + (1/n)||d||* > 0 = t; P(d) + t2Q(d) > 0. O

1.2. Diéu kién can téi vu cap 2

Dinh 1 1.1 va Hé qua ctia né duge st dung dé ching minh két qua sau:

Dinh i 1.2. Gid si 2* la nghiém toi wu dia phuong ciia bai toan (Py), sao cho A(z*)
la mot doan thcfng bi chin. Khi dé, vdi moi nén cap mot K bao ham trong non tdi han

C(x*), ton tai (NS, uf) € A(z*) sao cho
(d)'V2 L(z* N 1iB)d >0, VdeK. (1.14)
Hon nita, néu x* théa man dieu kién di (SC2) thi c¢6 thé chon (X, u) sao cho

(d)'V2, L(z* N 1B)d >0, Vde K, d+#0. (1.15)

Chitng minh. Ta bat dau chiing minh (1.14): z* 14 nghiém t6i uu dia phuong cta
bai toan (P;) va thda man dieéu kien (MFCQ) va diéu kien (GN2) dung. Néu A(z*) 1a
tap mot diem thi diéu kien (GN2) kéo theo (1.14). Gid sit doan thang dong va bi chin
A(z*) khong la tap mot diém thi A(z*) c6 ding hai diém cyc bien (A}, ) € A(z*) va
(A2, %) € A(z*). Dat

P(d) = (d)'V2, L(z*, A\, 51 d; Q(d) = (d)'V2, L(z*, N2, p?)d.

(d)!V2L(z*, A\, u)d 1a tuyén tinh theo (A, i) v& "max" trong diéu kien (GN2) dat dugc

tai mot diém cuc bien. Nhu vay, ta co

0< max (d)'V2,L(z* )\ p)d = max(P(d),Q(d), Vdéec K,
(Am)EA(z*)
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va (1.10) dang. T He qué 1.1.1, (1.10) kéo theo (1.11), ttic 1a ton tai t1 > 0 vata >0
sao cho t1 + 19 =1,
t1P(d) + t2Q(d) > 0, Vd € K,

A1) =t ) + 8207, 1) € A(Y),
t1P(d) + t2Q(d) = () V3, L(x*, N, p*)d > 0, Vde K.
Dé chiing minh (1.15), ta sit dung Dinh 1i 1.1 va cac lap luan tuong ty nhu tren. [
Diéu kién can tdi wu cap 2 c¢d dién (C'N2), khi khong gia thiét diéu kien (LICQ),
cac gia thiét 10i hay diéu kien (SCS), 1a khong dé dang nhan duge. Trude hét ta xét cac
bai toan t6i uu ma trong dé nén téi han 1a nén cap mot va tap cac nhan tit Lagrange

la mot doan thang bi chin.

Dinh 1i 1.3. Gid st z* la nghiém toi wu dia phuong cia bai todn (Py) va théa mdn

cac dieu kién sau:
(i) Tap cdc cic nhan ti Lagrange A(x*) la mot dogn thang bi chin.
(ii) Ton tai nhieu nhat chi mot chi so ig € I(x*) sao cho
(A, ) € A(z™) = N\, = 0. (1.16)
Khi dé, ton tai mot nhan ti Lagrange (X*, u*) € A(z*) sao cho
()2, L(z*, X\, 1*)d >0, Vd e Cz*).

Hon nita, néu x* théa man diéu kién di toi wu cap hai (SC2) thi (\*, u*) c6 thé dugc
chon sao cho

(d)IV2, L(z*, N, 1")d >0, Vde C(z*),d#0.

Chitng minh. Trude tien ta ching minh C(2*) 1a mot nén cap mot. Ta ¢6 hai truong

hop sau:

(1) Khong c6 chi s6 ig € I(x*) sao cho (1.16) dtung. Diéu nay nghia la z* théa man
diéu kien (SCS) va C(z*) 1a mot khong gian con véc to (Nhan xét 1.2 (ii)).
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(2) Ton tai chi mot chi s6 ig € I(z*) sao cho (1.16) ding. T d6 suy ra d € C(z*)

néu va chi néu
Vgi(z*)ld =0, Vie I(z*)\{io}, Vgi,(z*)'d <0,

Vhi(d)'d=0,j=1,2,..,q.

Néu C(x*) khong 1a khong gian con thi ton tai d° € C(z*) sao cho Vg;, (z*)!d® < 0 va

v6i moi d khac thuoe C(z*), ton tai r > 0 sao cho
Vi, (2*)'d = 1V giy (z7)d°, Vi, (2*)(d — rd") = 0,
Vgi(e)'(d —rd’) =0, Vie I(@")\{io};
Vhj(z*)(d—rd’) = 0,5 =1,2,...,q,
va w = d — rd’ nam trong khong gian véc to
E={w|Vg(z*)w=0,i € I(z*); Vhj(z")'w=0,7=1,2,...,¢} C C(z*).

Vay, C(z*) = E + R.d".

T d6 ta di dén két luan (ii) kéo theo C'(z*) 1a nén cap mot va tit Dinh 1f 1.2, ta

suy ra két quia mong mudn. O
Nhan xét 1.4.

(i) Dinh I 1.3 ¢6 thé chiing minh tryec tiép véi cac két qua clia Hestenes, nhung stt dung

b6 dé Yuan md rong (Dinh 1i 1.1 va Dinh 1i 1.2) lam cho viéc chiing minh r6 rang hon.

(i) Néu (1.16) dang véi nhiéu chi s6 tich cyc ¢ € I(z*) thi nén t6i han C(z*) khong
12 nén cap mot va Dinh 1f 1.2 khong thé sit dung dude dé ching minh Dinh 1i 1.3. Dé
thay dugc diéu nay, ta gid thiét chang han 1 € I(2*) va 2 € I(2*) 1a céc chi s6 tich cuc

théa man (1.5), va gia st ton tai d' € C(z*) va d? € C(z*) sao cho
Vg (a*)'d < 0,Vga(z*)d" =0,
Vao(z*)ld? < 0,V (z*)!d? = 0.

V6i bat ky d € C(x*), ta c6 11 > 0 va rg > 0 sao cho

Vi (z*)(d — rdt — r2d2) = Va1 (") (d - rldl) = Va1 (z*)(d) — T1Vg1(x*)t(d1) =0,
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Vo () (d — rid' — rod?) = Vga(z*)!(d — r9d?) = Vga(2*)!(d) — roVga(z*)!(d?) = 0.
Diéu nay c6 nghia la w = d — r1d' — red? ndm trong khong gian véc to
E={w|Vg(z*)w=0,i€ I(z*); Vhj(z*)'w=0,j =1,2,....¢} C C(z*),
C(z*)=E+Rd" +R.d?
va C(z*) khong 14 nén cap mot.
Vi du 1.1. Xét bai toan t6i wu khong 16i trong R*:
min{—z1 | gi(z) <0,i=1,2,3},
trong do,
g1(x) = 223 — 23 + 223 + 11, go(x) = —23 + 21 — 214,
g3(x) = =% + x5 — 23 + 11 + 74
Vé6i diém chap nhan dudc z,
91(z) + g2(x) + 2g3(x) = 4x1 < 0.
Diém z* = (0,0, 0,0) 1a nghiém t&i wtu toan cuc,
Ale*) = {01, A2, A3) = 0| AL+ Ag + Az = 1,209 = Ag)
2 mot doan thang bi chan, z* théa man didu kien (SCS), va C(z*) = {d =

(d1,dg,ds3,ds)t | di = dy = 0}. X\ = (1/4,1/4,1/2) 1a nhan t duy nhat thda man
didu kien (CN2).

Mot diéu kién don gian dé A(z*) 1d mot doan thang bi chan dudc cho trong bo dé
satl.
Bo dé 1.3. Gid st x* la nghiem t6i wu toan cuc clia bai toan (Py), théa man diéu kién
(MFCQ) va s6 cdc rang budc bat dang thitc tich cuc nhiéu nhat la 2. Khi dé, A(z*) la

mot doan thcfng bi chan.

Chitng minh. Gia sit p+ 14 s6 cac rang buoc bat déng thic tich cuc. Néu py+ < 1 thi
diéu kien (LICQ) ding va A(z*) 1a tap mot diém. Néu p,+ = 2, khong mét tinh tong
quét, ta c6 thé gid st I(z*) = {1,2}.

Gia thiét mot trong cac diéu kién sau dung:
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(i) Ton tai (A%, u¥) € A(2*) sao cho A} =0 = AJ.
(i) Tat cd (A, p) € A(x*) théa man \; > 0,7 =1, 2.
(iii) Tat ca (A, u) € A(x*) théa man \; = 0.
(iv) Tat ca (A, p) € A(z*) théa man Ay = 0.

Ta khang dinh duge rang A(z*) 1a tap mot diem: Gid sit (i) ding; Khi do,
)+ ZMOWL
va voi bat ky (A, u) € A(z*) ta ¢6
V(") + A Vg1 (z*) + A Vga(z*) + Zu]w

Sy khac nhau giita hai ding thiic nay va Bo dé 1.1 cho ta
)\1 ZOZAQ,[L:[LO.

Lap luan tuong tir cho cac truong hgp con lai.

Vay, néu A(z*) khong la tap mot diém thi ton tai (AL, p') € A(z*) va (A2, 4?) €
A(x*) sao cho
M>0,M=0 M=0 >0,

V(") + MV (2* +Zu;wl (1.17)

V(@) + A3V (a*) + Z;ﬁw (1.18)
Ta c6 z* théa man dieu kien (MFCQ), cac véc to clia he

{Vgi(z*),Vhj(z*),j =1,2,..q}

la doc lap tuyén tinh va (AL, 4! 1a duy nhat. (A2, 2) ciing 1a duy nhat. Cho (\, u) €
A(z*). Khi do,

V(@) + MVai(z") + A2Vga(z™) + ZMJVh (1.19)
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Néu A1 = 0 hodic A2 = 0 thi (A, u) = (A, u!) hosic (A, i) = (A%, p?). Gia st Ay > 0 va
A2 > 0. Véi t = A\ /AL lay (1.19) trit ddng thiie (1.17) sau khi nhan véi ¢ ta duge

(1— )V f(2") + AaVga(x +Z — tu})Vh;(z*) = 0. (1.20)

Néu t =1 thi .
MaVga(a™) + > (1 — p}) Vhi(a™) =0,
7=1

Ao = 0, diéu nay khong thé xay ra. Néu t > 1, chia hai vé cia (1.20) cho 1 — ¢ ta dugc
q
V@) + (Ao/(1 = )Vaa(a®) + Y [y — tn))/(1 = 1)) Vh(x®) =0.  (1.21)
7=1
A2 = X/(1 —t) <0, dieu nay cling khong thé xay ra. Vay 0 < ¢t < 1,73 = Xo/(1 —
t)?ﬂ? = (MJ - W;)/(l - t)a (>\2>,U2) = [()‘nu) o t()‘la,ul)]/(l - t) va
(A p) =t ) 4+ (1= 6)(W%, ).

Diéu nay c6 nghia 1a méi (A, ) € A(z*) 1a mot t6 hop 16i ctia (AL, ) va (A2, p?) va
A(2*) 1a mot doan thang bi chan. L]

Vi du sau day chi ra rang diéu kien (i) ctia Dinh 1i 1.3 khong thé thay bdi diéu kien
(MFCQ)

Vi du 1.2. Xét bai toan tdi uu trong R3:
min{zs | g;(z) <0,i=1,2,3},

trong do
g1(x) = 2V3z129 — 203 — 23, ga(x) = 25 — 327 — w3,

93(x) = =2v/3z 29 — 223 — 3.

Ta c6 2* = (0,0,0) 1a nghiém t6i vu toan cuc va thoa man diéu kien (MFCQ). Tap

hop cac nhan tit Lagrange

Az ) ={AeR¥ | XN >0,i=1,23 \+ XA+ A3 =1}
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khong 1a mot doan thang. Nén t6i han
C(x*) = {d = (dy,ds,ds)" | d3 = 0}

13 mot khong gian véc to. V6i cac véc to téi han d' = (1,0,0)" va d? = (0, 1,0)!, khong

ton tai A € A(z*) sao cho
(dMYV2 Lz* Nd >0 va (d®)'V2,L(z* \)d? > 0.

1.3. Cac diéu kién chinh quy (MMF) va (GSCS) va diéu kién
t6i uu cap 2

Gia st * 1a mot diém chdp nhan duge. Khong mat tinh tong quat, ta gia sit ring

ton tai s6 nguyén p* < p sao cho
gi(z*)=0,1=1,2,....p" va gi(z*)<0,i=p"+1...p.

Dinh nghia 1.8. Ta néi rang mot diém chap nhan dude z* théa man diéu kién hang

(RC) néu cac véc to ctia he
{Vgi(z*),i=1,2,..,p"; Vh;(z"),7 =1,2,..q}
c6 p* + q — 1 véc to doc lap tuyén tinh.
B6 dé 1.4. Gid st x* la mot diém chap nhan duge sao cho
(i) A(z*) khdc rong, va
(ii) z* théa man dieu kién (RC).
Khi dé, A(x*) la mot doan thang dong.

Chatng minh. Ta chi can chitng minh bo dé trong truong hgp A(z*) khong 1 tap mot
diem va p = p*. Lay (\*, pu*) € A(z*). Khi d6,

p q
Vi) + Y NVa(a)+ > wiVhi(a*) =0. (1.22)
i=1 j=1
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V6i bat ky (), ) khac thuoc A(z*), ta c6

V@) + Y AVa(a) + > pVhia®) =0; (1.23)
i=1 j=1
p q
D i = X)Vaile) + Y (5 = 115) V() = 0. (1.24)
i=1 j=1

Dang thitc (1.24) c6 nghia 1d ma tran Jacobi, De(z*), clia cic rang bude tich cuc
c= (91,92, Gp; P1, h2, ..., hy)
thoa man
D) (A ) — (V% 15%)) = 0; (A, ) — (X, 1%) € Ker(De(a™)),
trong d6 Dc(x*)! 1a ma tran chuyén vi ctia De(z*). Ta da biét ring
Ker(De(z*)") = (R(De(x")))

& day (R(Dc(z*)))* 1a khong gian truc giao déi véi mieén gia tri ctia De(z*). S6 chiéu
cia R(Dc(x*)) 1a p* +q — 1, (R(Dc(z*)))* 1a khong gian mot chiéu, va ton tai z €

RPT4_ » £ (), sao cho
Ker(De(z*)!) = (R(De(x*)))* = Rz
va bat ky (A, p) € A(z*) déu thoa man (A, u) — (A*, u*) € Rz. Vi vay,
A(z™) C (A", 1") + Re.

Dat J={a e R | (\*, u*) + az € A(z*)}. A(z*) 1a dong va 161, J cling 14 dong va 10i.
Vi vay, n6 1a mot khodng dong va A(x*) = (\*, u*) + Jz 13 mot doan thang dong. [

dé 1.5. Gid st * la mot diém chap nhan dugc cia bai todn (Py), sao cho

(@)X

B
(i) A(x*) khdc rong va bi chan, va
(i) z* théa man diéu kiéen (RC).

Khi dé, ton tai b > 0,z € RPY va mot diém cuc bien (\*, u*) € A(x*) sao cho

A(z™) = (A", 1*) + [0, D]=.
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Chitng minh. A(x*) 14 16i v compact va c6 it nhat mot diém cyc bien (\*, u*). T
Bo6 dé 1.4 va Nhan xét 1.1, c6 thé thay rang A(z*) = (\*, u*) + [a, b]z v6i véc to z ndo
do thuoc RPT va cac s6 thuc a < b nao dé. Gid st a < b. Ta khang dinh réng 0 ¢]a, b:

Trong trudng hop ngugce lai, véi € €]0,b[,e < —a, ta c6
AL ph) = OV 1) + ez € A(x*); (02, 1%) = (W, 1¥) — ez € A(z™),
va
(X, 1) = (AL 1) + (2, 1%)] /2.
Diéu nay mau thuin véi (A*, *) 1a mot diém cye bién ctia A(z*). Tit d6 suy ra 0 ¢]a, b|.

(A*, 11*) € A(z*) via = 0 hodic b = 0. Thay 2 bdi —2 néu can, ta c6 thé gia thiét a = 0.
O

Dinh nghia 1.9. Ta néi rang diém chap nhan duge * théa man diéu kien bu chit

suy rong (GSCS) néu ton tai nhiéu nhat mot chi s6 ig € I(z*) sao cho
(A, ) € A(z™) = N\, = 0.

Dinh nghia 1.10. Ta néi ring diém chap nhan duge 2* théa man diéu kién chinh quy
(MMF) néu z* théa man cac diéu kien (RC) va (MFCQ).

Nhan xét 1.5. Sé rat hitu ich néu c6 mot s6 dang tuong duong ciia diéu kien (MMF).

Cht ¥ ring cac khing dinh sau ding.

(i) z* théa man diéu kien (LICQ) néu va chi néu khong ton tai (A, ) # 0 sao cho
(1.2) ding.

(ii) z* théa man diéu kien (MFCQ) néu va chi néu khong ton tai (A, p) # 0 sao cho
(1.1) va (1.2) ding.

(iii) Ta tim mot tieu chuan giéng nhu (1.1) hosic (1.2), dac trung cho diéu kien (MMF).

Gia stt 2* € F va {i1,i2} C I(x*). Khi d6, 2* 14 diém chap nhan dugc clia bai toan toi

uu sau:

() min{f(z) | gi(x) <0,i=11,i2,9i(x) = 0,i € I(z),i # i1, i3, h(x) = O}.
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Trong bai toan (P,), tat cic bat dang thiic tich cic ctia bai toan (Py), trit i1 va ig, dudc
chuyén thanh dang thiic. Bo dé sau day chi ra rang o* théa man diéu kien (MMF) néu
va chi néu ton tai {i1,i2} C I(z*) sao cho z* thoa man diéu kien (MFCQ) d6i véi bai
toan (P).

B6 dé 1.6. Gid st x* la mot diém chap nhan dugc vdi nhiéu hon mot rang budc bat

ding thic tich cuc. Khi do, cdc diéu kién sau la tuong duong:
(i) x* théa man diéu kien (MMF).
(ii) Ton tai iy va ig thuoc I(x*) sao cho khong ton tai (N, p) # 0 théa man
iy >0, A, >0, (1.25)

va

Z A Vgi(z —I—Z/LJVh = 0. (1.26)

€l(x

(iii) Ton tai iy va io thudc I(z*) sao cho cic véc to:
Vgi(x*),i € I(z*)\{i1,i2}, Vhji(z"), Vj,
la doc lap tuyén tinh va ton tai véc to d* sao cho
Vi, (2*)d* <0, Vg, (z*)d* <0, (1.27)
Vi, (z*)'d* = 0,i € I(x*)\{i1,i2}, Vhj(z*)'d* =0, Vj. (1.28)
Chitng minh. Ta bat dau chi ra (i) kéo theo (ii): Néu cac véc to ctia he
C={Vygi(z"),i € I(z"), Vhi(z*) j=1,2,..q}

1a doc 1ap tuyén tinh, thi bat k¥ 41 va is thuoc I(z*) déu thda man (ii). Gia st cac véc
to ctia C' khong doc 1ap tuyén tinh. Khi do, ton tai i1 € I(z*) sao cho

Vi, (2%) = Z A Vgi(z™) + Zlu] Vh,(
il (z)\{i1}
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Néu tat cd i € I(x*)\{i1} théa man A <0, thi
q
Vi, (%) — Z A Vgi(x®) — Z,u}thj(a:*) =0.
el (z*)\{i1} Jj=1

Do diéu kign (MFCQ) va Bo dé 1.1, ta c6
N=0, Viel(x®); p;=0,7=12 .4

Diéu nay mau thudn véi A7 = 1. Vi vay, ton tai iz € I(z*)\{i1} sao cho A}, > 0. Do

diéu kien (RC), cac véc to ciia he
B ={Vygi(z*),i € I(z*)\{i1}, Vh;(z"), j=1,2,..q}

la doc lap tuyén tinh va cac thanh phan (\*, 4*) ctia Vg;(z*) trong B 1a duy nhat. Gia
st (A, pr) thoa man (1.25) va (1.26). Néu Aj > 0 thi —A;,/A;; < 0 va déng thitc phai
xdy ra v6i \j, > 0. Didu nay la khong thé xay ra. Vi vay, A, = 0 va tat ca cac thanh
phan khéac ctia (A, p) triet tieu.

Ta chting minh rang (ii) kéo theo (iii): Theo B6 dé 1.1, (ii) c6 nghia la v6i bai toan
(P3), 2* thoa man diéu kien (MFCQ) , day chinh 1a (iii). Nhu vay, (i) va (iii) 1a tuong
duong.

Dé chiing minh (ii) kéo theo (i) ta chid ¥ rang theo B dé 1.1, 2* théa man diéu
kien (MFCQ) cho bai toan (Pp). T (1.26) ta suy ra cac véc to ciia hé

B ={Vaia"),i € e\ i}), Vhi(a™) j=1.2...q}

la doc lap tuyén tinh va diéu kien (RC) dung. U]

Do d6, két qua chinh (Dinh Ii 1.3) clia chuong nay c6 thé phat biéu véi diéu kien
(MMF) va diéu kien (GSCS) nhu sau:

Dinh 1i 1.4. Gid st z* la nghiém toi wu dja phuong cia bai toan (Py) sao cho
(i) x* théa man diéu kien (MMF),

(ii) z* théa man dieu kien (GSCS).
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Khi dé, ton tai (\*, u*) € A(z*) sao cho
(d)'V2, L(z*, \*, p*)d >0, Vd e C(z*).
Hon nita, néu x* théa man diéu kién di (SC2) thi (\*, u*) c6 thé dugc chon sao cho

(d)!V2, L(z*, N, 1")d >0, Vde C(z*), d#0.
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Chuong 2

Piéu kién can t6i vu cap 2 cho bai
toan c6 cac rang budc dang thiic,
bat dang thitc va rang budc tap

Chuong 2 trinh bay céc diéu kién can t6i uu cap 2 cho cuc tiéu dia phuong theo
topo hitu han ctia bai toan t6i wu véi cac rang buoc déng thitc, bat ding thic va rang
buoc tap, va bai toan t6i uu véi rang buoc dang bao ham thic F(x) € C. Cac két qua

dugc trinh bay trong chuong nay la ctia Arutyunov - Pereira [3].

2.1. Cac khai niém va cac ket qua co6 lién quan

Gia st X la mot khong gian véc to, tap C' C X, cac anh xa F; : X — Rkl,Fg :

X — R* va ham f: X — R. Xét bai toan tdi wu sau:

(Ps) min{f(z) |z € C, Fi(z) <0, Fy(z) =0} (2.1)

Muc tiéu chinh ciia ching ta 14 dan cac diéu kién can cuc tri cap 1 va 2 cho bai
toan nay vii mot s6 gid thiét vé tinh tron va cac tinh chat ctia tap C. Sau day la mot
s6 ky hiéu va cac gia thiét duge dung ve sau.

Chok=ki+kyvaF=(F,F):X—->Y= R”. Ta xét topo hitu han trong khong
gian véc to X. Ky hieu M 1a tap hop tat cd cic khong gian con tuyén tinh hitu han
chieu M C X. Mot tap la md theo topo hitu han néu va chi néu giao clia né véi bat
ky M € M la mé theo topd véc to Hausdorff duy nhét cia M.! Ta ky hiéu topo hitu
han 1a 7. Néu khong gian véc to X 1a vo han chiéu thi khi trang bi né topo hitu han 7,
n6i chung, khong bién né thanh mot khong gian véc to topo bdi vi phép cong khong

lien tuc (xem [1]). Mt khéc, topo hitu han 14 topo manh hon tat cd cac to6po ma bién

1Chu § ring bat ky mot khong gian véc to hitu han chiéu déu dugc trang bi mot tépd véc to
Hausdorff duy nhét.
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X thanh mot khong gian véc to topo. Do d6, mot cuc tiéu dia phuong theo topo hitu
han 1a cuc tiéu yéu nhat trong tat ca cac loai cuc tieu duge xét.

C6 dinh mot diém zg € X. Ta gia thiét ring cdc ham f va F 14 hai lan kha vi lien
tuc trong mot 1an can clia zg theo topo hitu han 7. Diéu ngay c6 nghia 1a v6i bat ky
M € M chita xg, han ché ciia f va F trén M 1a hai lan kha vi lien tuc trong mot
lan can nao do6 (phu thugc vao M) clia xg. Do d6, ton tai mot phiém ham tuyén tinh
a € X* (X* 1a khong gian d6i ngau dai s6 ctia X), mot toan tit tuyén tinh A : X — Y,
mot dang song tuyén tinh ¢ : X x X — R, mot anh xa song tuyén tinh Q : X x X — Y,
vacac danh xa ap: X - R, a: X — Y sao cho Vx € X,

() = flzo) + {2 = 20) + Sale = 2] + ao(z — z0),

1
F(r) = F(zo) + A(x — x0) + §Q[CL’ — :L‘o}2 + a(x — x9),
va v6i bat ky M € M, sao cho x € M,

ao(z — x0) 0 la(z — o)

lz = @oll3, lz = @oll3,

N

— 0 khi z— xo,

§ day |[.||as 1a mot chuan hitu han chiéu trong M.

Ky hi¢u mot 4nh xa song tuyén tinh B béi B[z, z] hosc Blr]?. Cac anh xa a va q
duge ky hiéu tuong ting 1a (9f /0x)(zo) va (9% f/0x2)(z0), goi 1a cac dao ham cap mot
va cap hai cia f.

Ta gia thiét tap C' déng theo topo hitu han.

Céc dieu kién can cap 1 cho bai toan (Ps) duge sit dung duéi day 1a dya trén co s6
n6n phap tuyén Mordukhovich ctia tap C' tai xg € C. Lay bat ky khong gian con tuyén
tinh M € M sao cho xyp € C' N M. Nén phap tuyén Mordukhovich ctia tap C N M
tai zo duge ky hieu 1a NM(zg,C). Véi x € M, ta dat W(z, M NC) = {w e M NC :
|z — w||ar = distar(z,C)}, 6 day distys(z, C) = infeconm{||{ — #||a} ky hicu ham
khoang céch.

Ta ky hiéu cone A va cl A 1a bao nén va bao déng cua tap A. Xét bao nia lién tuc
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trén ctia tap cone(z —W(z, MNC)) = J,-o{r(x—W(z, MNC))} khi z — xq,2 € M:

NM(zo,C) = ﬂcl U cone(z — W(z, M N C))

e>0 zeM

lz—zgllpr <e
:= lim sup cone(x — W(zx, M N (C)).
zeM
T—rT()
Ta dat
N(zo,C U NM(zo,C
MeM

No6n phép tuyén Mordukhovich cone N (zg, C') 14 nhé nhat va tit nhien nhat dé dan dén
cac diéu kién can t6i wu. That vay, NM({E, C) la ntra lien tuc trén trén CNM va néu g 1a
nghiém ctia bai toan cic tiéu mot ham tron f trén tap C, thi (0f/0x)(zg) € —N(z0, O)
(xem [11]). Hon nita, N(zg,C) la déng nhung c6 thé khong 16i. Dong thai, bao déng

ctia bao 161 cia n6 trung véi nén phéap tuyén Clarke (xem [11]).

Ta xét cac bién phan cap 2 ctia tap C tai diem = € C' theo phuong d:
1
Tgva(ZL‘,d) ={w € X : disty (v +ed + 58210, C) = o(e?),e > 0},

O as(x,d) = {z € X : e} | 0sao chodistys (v + e,d + %6%11], C) = o(2)},
4 day M € M 1a mot khong gian con tuyén tinh httu han chiéu bat ky chita x va d.
Cac tap TgmM(x, d) va O%QM(x,d) duge goi, tuong ting, 1a cac tap tiép tuyén
cap 2 trong va ngoai. C4 hai tap nay déu la tap dong, T3, (z,d) € 0%, (z, d), va
0% (x,d) # @ chi néu d € Tonp (), trong d6

Tonm(z) ={d € M : Jey, | 0,distps(z 4+ €,d, CN M) = 0(ey,)}

14 nén tiép lien cia tap C' N M tai diém z. Hon nita, néu tap C 16i thi tap tiép tuyén
trong T2, (x,d) 161, nhung tap tiép tuyén ngoai 0% ,,(x,d) c6 thé khong 10i (xem
6]). Dit

Té(x,d) U Tern(z,d), Of(w,d)= U O (. d),
MeM MeM

U Tonm ()

MeM
Néu tap C' 16i thi tap tiép tuyén trong Tg(x, d) ciing 1i.
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Dinh nghia 2.1. Mot khong gian con tuyén tinh Z € X théamén 2+Z C C, Vz € C,
duge goi 1a khong gian con tuyén tinh bat bién (ILS) d6i véi C.

Vé6i C 1a mot tap dong, néi chung mot khong gian con bat bién khong 14 duy nhat.
R6 rang, bat ky khong gian con tuyén tinh ctia mot khong gian con bat bién ciing 1a
mot khong gian con tuyén tinh bat bién. Chang han, {0} 14 khong gian con bat bién
d6i véi bat ky tap dong C.

Véi bat ky =z € C, dat Zo(z) = [, 7(C — z), 6 day giao lay voi tat ca sb thue
reRr#0.

Meénh dé 2.1. Gid sit C la mot tap loi. Khi dé, vdi méi x € C, Io(x) la khong gian

con bat bién cuc dai doi voi C, tic la, Zo(x) la mot khong gian con bat bién, va moi

khong gian con bat bién déu nam trong Zo(x) (do dé, Io(x) khong phu thudc vao x).
Chitng minh. Lay diém 7 € C. Ta chting minh ring
Z+heC, VheIo(a). (2.2)

That vay, v6i bat ky 6 € (0,1),h € To(x), ta dit 2(6) = 67 + (1 — ) (z + (1 — 5)~Lh).
Khi d6, z(§) € C,¥§ € (0,1), béi vi z + (1 — §)"th € C va C 15i. Hon nita, ta c6
z(0) >T+hkhid 11, vadods, T+h € C, bdivitap C dong. Ta nhan duge (2.2) va
do d6, Ze(x) 1a mot khong gian con bat bién. Dong thoi, bat ky khong gian con bat
bién ddi véi C hién nhién nam trong Zo(z). Ménh dé da duge ching minh. U

Chu ¥ rang, néu C' 1a mot nén 16i thi Z = C'N (—C') 1a khong gian con bat bién cic
dai déi véi C.

Xét non K := K(xg) duge dinh nghia béi

0 OF.
K(zo) = {h € Te (o) 1<8—£(I0), h> <0, 8—;(xo)h =0va
F .
%(xo)h <0, Vjsao cho Fy j(zg) = 0}.

O day, F1; 1a cdc toa do clia ham véc to Fy. Nén K hién nhien 1a khac rong (vi né
chita phan tt 0) va 16i néu C' 16i. Non K(xg) duge goi 1a nén t6i han ctia bai toan (Ps3)

tai diém zg
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Cho A = (Ao, A1, \2) v6i Ao € R\ € R¥1 Ny € R*2 va xé6t ham Lagrange tong
quat
L(x,\) = Mof(z) + (A1, Fi(z)) + (A2, F2(x)).
Ta ky hieu A = A(xg) la tap cac nhan tit Lagrange tong quat A tuong ting véi diém zq

theo quy tdc nhan tit Lagrange (xem [11])

{ a—ﬁ(fljo, A) € =N(z0,0) (2.3)

or .
A >0, A =>0, (A, Fi(wo)) =0, [[A=1 }
Dé cho thuan tién, ta gia thiét ring Fy(x) = 0. Didu nay luon c6 thé lam duge bing
cach bo di cac thanh phan khong tich cyc cia cac rang buoc bat dang thic.

Lay khong gian con tuyén tinh bat ky M C X va xét tap tat cd cac nhan ti
Lagrange A € A ma ton tai mot khong gian con tuyén tinh IT C X (phu thugc vao \)

sao cho

F 2
codimpyIT <k, IIC Kerg—x(:ﬁo), 276<x0’ Nz, x] >0, Vzell, (2.4)

trong dé6 codimjs 1a s6 ddi chiéu ciia khong gian con M. Ta ky hiéu tap cac nhan tit

Lagrange nhu vay 1a A(zg, M). Méi tap A(xg, M) la compact (nhung c6 thé rdng).

Vé6i T'C X 1a mot tap hop cho trude, ta ky hiéu o(-,T) 1a ham tya cta no, tic la,

o(z*,T) = supger(z*, z), 2" € X*.
2.2. Nguyén li cuc tri

Dinh Ii 2.1 (Nguyén li cue tri). Gid st z¢ la diém cuc tiéu dia phuong theo topo hitu

han T cia bai toan (Ps).

Khi dé, véi moi khong gian con bat bién T doi vdi C, tap A(xo,I) la khdc rong.
Hon nita, véi méi h € K(zg) va bat ky tap 16i T (h) C OZ(xo, h),

max (gz—g(xo, N[h,h] — 0o (‘%(xO’A)’T(hO) > 0. (2.5)

AEA, T
9] day, Ay = conv A(xg,Z) va conv ky hiéu bao 101 ciia mot tap hop.

Nhan xét 2.1. Truong hgp C' = X, Dinh i 2.1 ¢6 trong [2].
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Nhan xét 2.2. Cho h thuoc khong gian con bat bién nao dé déi véi C. Khi do,
0 € O%(x0,h), va do d6, béng céch lay T (h) = {0} va sit dung (2.5), ta nhan dugc

maXaQ—L(m M[h,h] >0 (2.6)
Aedy 022 T '

Nhan xét 2.3. Cho C 1a tap 1o6i. Khi do,

o <_8_x<x0’ /\),T(h)) <0, VAeA. (2.7)

That vay, do h € K(xg), ta c6 ((OL/0x)(xp,N),h) < 0. Do tinh chat 16i cta tap C
suy ra —N(z,C) = (To(z))*, Vo € C, va do do6, theo (2.3), ta c6

(0L/0z)(x0, A) € (Tc(x0))"™
O day, K* 1a ky hieu nén déi ngéu (lien hop) duong ctia néon K C X
K ={¢eX":({z)>0,Vee K}

Véi mdi w € O% (o, h), ta ¢ eph + 32w + o(e2) € C — zy. Do dé, bing cach s

dung bat dang thitc nhan duge ¢ trén va bao ham thitc C — zg C T (1) ta c6
e2((0L)0z) (w0, N), w) + o(e2) > 0.
Vi vay, do tinh tuy § clia w ta suy ra (2.7). Ta cling ching minh dugc, néu tap C' 16i
thi diéu kién (2.6) trd nén manh hon (2.5).
Vi du sau day chi ra rang, néu tap C khong 16i thi s6 hang o (—%(azo, A, T(h))
c6 thé duong chat.
Vi du 2.1. Dat
C = {z = (21,29) € R? : 2} > 2'}.

O day, | va m la cac s6 nguyen duong va [ < 2m. Lay h = (1,0). D& dang théy ring
tap tiép tuyén ngoai cap 2 OZ(0, h) chita mot hinh cau 6B, B = {w € R? : |Jw|| < 1},
v6i 6 > 0. Ro rang, o(¢,0B) > 0, V¢ # 0.

Hién nhién, véi tap C va véc to h xay dung & trén, didu kien (2.5) 13 manh hon
diéu kién (2.6) néu (0L/0x)(xo, \) # 0.
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Nhan xét 2.4. Cho C la mot nén 16i. Gia thiét rang it nhat mot trong cac quan he

sau day dung:

e h e C+span{zo} (ndi rieng néu zo = 0).
e Non C ¢6 mot sd dién hitu han.
Khi d6, bang cach stt dung Nhan xét 2.3, ta c6
o(x*, T¢ (0, h)) = 0, Va* € Ng (o).
Chitng minh Dinh 1f 2.1 béng cach bd di cdc rang buoc Fi(z) < 0 va Fy(z) = 0

bing phuong phap ham phat. Vai tro trung tam trong chting minh la khang dinh sau
day cho phép ta chuyén qua gi6i han.

Dinh li 2.2. Gid st X la mot khong gian Banach va {I1,} la mot day cac khong gian

con tuyén tinh déng cia X sao cho codimIl, < k, Vn.

Khi dé, ton tai mot khong gian con tuyén tinh déng I1 C X sao cho

codimII < k, IT C Ls{II,,}.

T day va vé sau, ta ky hiéu Ls la ¢idi han topo trén cia mot day cdc tap hop.?

Dinh li 2.3. Gid stt A, : X — R la mot day cdc todn ti tuyén tinh lien tuc, hoi tu
theo chudan dén mot todn ti tuyén tinh A. Khi dé, ton tai mot khong gian con tuyén

tinh dong 11 C X sao cho

codimII < k, IT C Ls{Ker A,}, IT C Ker A.

Dinh i 2.3 chiing minh bang cach dit II,, = Ker A,, trong Dinh 1 2.2.
Ching minh (Dinh 1i 2.1).

Ta chia viéc chitng minh Dinh 1f 2.1 ra lam 4 budc. Trude hét, trong Bude 1, ta

chting minh rang tap A, khac rong trong truong hgp khong gian X hitu han chiéu.

2Cht y ring, gisi han topo trén ciia mot day cac tap hgp {II,,} 1a tap hop tat ca cic diém gisi han
cua day {x,} sao cho z, € II,, Vn.
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Sau d6, bang cach st dung cac két qua c6 dude & trén, ta chi ra rang trong truong
hop X 1a khong gian hitu han chiéu, v6i mdi h € K(zo) va w € O%(zo, h), IX € A, sao
cho

2
%(Io, Mk, h] + <%(zo, )\),w> > 0. (2.8)

Trong Budc 3, ta chitng minh (2.8) mot cach tong quat va day da, tic la, ta bd gia
thiét dim X < co. Cudi cling, trong Budc 4, ta chiing minh (2.5)

Buéc 1.

Ta gia thiét rang X 1a khong gian hitu han chiéu. Ta dinh nghia tich vo huéng
trong X va bién n6 thanh mot khong gian Euclide. Ta sé b di cic rang buoc Fi(z) <
0, F5(x) = 0 trong bai toan dang xét bang phuong phap ham phat. V6i méi sd nguyéen
duong ¢, ta dat

k1
filz) = f(z) +i (Z(Ffj(iﬁ))4 + F2(96)4> + [ — o[,

j=1

trong d6, a™ = max{a, 0}. Xét ho cac bai toan cic ticu sau, goi la cac i-bai toan,

fi(x) — min, reC, |r—uzo <0

O day, § > 0 duoc chon sao cho o 1a mot cuc tiéu déi v6i bai toan ban dau trong
mot J-1an can clia diém g (nhic lai ring khong gian X dugc gia thiét 1a khong gian
hitu han chiéu & bude nay, va do do, ¢ 1a ton tai). Nghiém ctia i-bai toan duge ky higu
l1a ZTi.

Ta chitng minh rang x; — o, khi ¢ — oo. That vay, bang cach sit dung X 13 khong
gian hitu han chiéu va bang cach trich ra mot day con (néu can thiét), ta c¢6 duge sy
hoi tu ctia day {z;} dén T nao do.

Bay gio, ta chi ra ring T = x¢. That vay, ttt f;(x;) < fi(zo) = f(z0), Vi, ta suy ra

lim Fy () <0, Vj  va  Fy(z;) =0, khi i— oo. (2.9)
1—00
Tit day suy ra F1(Z) < 0 vi F(T) = 0. Hon nita, bat dang thitc dau tién trong (2.9)
kéo theo
f@) + |z = xo|* < f(x0), Vi.
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Do do,
f@) + |7 — ol < f20) < (7).
Nhu vay, T = zg.
Ta c6 |z; — xo| < 0§, cho nén rang budc |z — zg| < § la rang budc khong tich cuc.
N6i cach khéc, i-bai toan la bai toan hitu han chiéu dia phuong véi rang buoc = € C.
Diéu kién can cap 1 (xem [10]) cho bai toan nay c6 dang

Ofi

55 (i) € =N(zi, C). (2.10)

Ta sé chiing minh diéu kién can cap 2 cho bai toan nay:

0*fi

W(xl)[x,x] >0, Vrel. (2.11)

That vay, theo dinh nghia ctia khong gian con bat bién, ta c6

vi+exeC, Vrel, Ve (2.12)

Dinh nghia ham v6 hudéng ¢ nhu sau: ¢(e) = fi(x; + ex). Ham ¢ nay la tron va, do
(2.12), n6 dat cyc tiéu dia phuong tai e = 0. Vi vay, gzﬁ//(O) > (. Tinh dao ham cap 2
cua ¢ ta duge

¢ (0) = (0 fi/0a®)(wi)[, 2] > 0.
Do d6, (2.11) dugc ching minh.

Bay gio, ta dién giai cac diéu kien (2.10), (2.11) dudi ngon ngit ctia diit kien bai toan.
Cho X, ; = 4iF ()| Fjfy (20)[2, A = (Ao oo M3)s Ao = 4iFs(a:)| Pa(ei)|2, hoy =
(1 + [ Al + [Aeil )71/2, A = XN0iMi, A2 = Aoidai, va A = (o, ALi, A2i)-

Khi d6, cac diéu kien (2.10) va (2.11) ¢6 dang

oL

%([Ei,/\i)—%l(i) € —N(IL‘Z’,O), (2.13)
2 2
o°L , OF aF
o (0 M) 2]+ 1200, (Ffr(:vz) ()| + R (i) ) 2.1
+1() >0,VeeZ véi |z| <1
O day, 1(:) 1a day hoi tu vé 0. Theo cach xay dung,
Nl=1,  Xi>0,  A;i>0, Vi (2.15)
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Béng cach trich ra mot day con, ta c6 duge A = (Mg, A1, A2) sao cho \; — A, khi i — co.
Chuyén qua gidi han trong (2.13) va (2.15) va st dung tinh nita lien tuc trén trén tap
C' clia dnh xa da tri N(-,C), ta rat ra A € A.

Ta sé& chiing minh ton tai mot khong gian con tuyén tinh IT, théa man (2.4). Véi muc
dich d6, ta dinh nghia cac toan tit tuyén tinh A; : Z — R¥ béi cong thiic A;z = F'(z;)x.
Theo Dinh 1{ 2.3, ton tai mot khong gian con tuyén tinh IT C Z sao cho

II C Ker F'(z9), IT C Ls{Ker 4}, codimz IT < k.
Lay bat ky mot véc to h € II. Theo dinh nghia gidi han topo trén, ton tai day {h;},
véi h; € TN Ker F'(z;), sao cho, bang cach trich ra mot day con , ta c6 duge h; — h,
khi i — oco. Thay x = h; vao (2.14) va qua giéi han ta nhan duge (2.4). Do d6, A € A,.
Vi vay, A, # .

Buéc 2.

Ciing nhu trong budc trude, ta xét X 1a khong gian hitu han chiéu. Dé thuan tien,
ta gia thiét rang f(x¢) = 0. C6 dinh mot véc to tuy ¥ h € K(zg) véi |h| = 1 va lay bat
ky w € O%(zo, h). Ta sé ching minh (2.8).

Theo dinh nghia ton tai day {e,} | 0 sao cho
1
Tp =x0+enh + Esﬁw + o(si) eC, Ve (2.16)
Xét ham duge dinh nghia bdéi
_J 0 Vx <1,
1) = { (x — 1)4, Yy > 1.
V6i méi s6 nguyén duong n, xét bai toan cic tiéu sau day theo cac bién (z,y) € X xR:
v6i dieu kien:  (z,y) € C x R,
Fi(z) — xFi(x,) <0, (2.17)
Fy(z) — xFo(xy) =0,
0<x va |:c—:1:0|2 < 2

Bai toan nay dugc goi la n-bai toan. O day, 0 > 0 dugc dinh nghia nhu trén va

fu(@,x) = f(x) = xf(2n) +7(X),
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~

trong d6, F(z) = f(x) + |z — wol*.
Véi n di 16, ta c6 |e,h + (€2 /2)w| < §. Lay bat ky mot gia tri n nhu vay. Ton tai
mot nghiem clia n-bai toan, béi vi diem (x,x) duge xac dinh bdi z = x,, va x = 1 thoa

man tat ca cac rang buoc clia bai toan nay, hinh cau {z : |z| < 0} 1a compact va
y(x)x ' = 0o khiy — co. (2.18)

Ta chi ra ring, trong s6 cidc nghiém ctia n-bai toan, ton tai it nhat mot nghiem
(%1, Xn) sao cho x, > 0. That vay, cho (Z,, x») 13 mot nghiém ctia n-bai toan. Néu
Xn > 0, thi ta dit 2, = Zn, Xn = Xn. Gid sit x, = 0. Khi dé, 7,, 1a diém chap nhan

duge ctia bai toan (P3). Néu z,, # xg, thi
Fa(@n,0) = f(@n) + [Tn — x0l* > f(w0) + [Tn — w0|* > f(z0) = 0.

Mit khéc, ta c6 fn(Tn,0) < fu(Tn,1) = 0 = f(xp). Diéu mau thudn nay ching t6
Tn = T0.

Trong truong hop nay,

~

fu(@n, Xn) = flz0) =0,
va do do, gia tri cuc tiéu clia n-bai toan sé biang 0. Vi vay, diém (2, Xn) = (Tn, 1) ciing
12 mot nghiém clia n-bai toan vi diém nay théa man tat cd cac rang buoc ciia n-bai
toan va f,(7,,1) = 0. Hon nita, toa do cudi ciing ctia diém nay la duong. Do do, véi
n bat ky, ton tai mot nghiém (i, ¥n) clia n-bai toan sao cho Y, > 0. Sau day, ta chi

xét nhitng nghiém nhu vay.

Tu (2.18), ta két luan rang day {x,} bi chin. Diéu nay cung véi fr (%, Xn) < 0,
kéo theo f(2,) < const|f(2n)]. Do f(zn) — f(zo) = 0 khi n — oo, ta két luan ring
v6i bat ki didm gidi han & clia day {2,}, ta c6 f(2) <0, & € C, Fy(2) < 0, Fy(2) = 0.
Tuy nhién, do f(z) > 0, ta c6 & = xg. Vi vay, T, — o khi n — oo.

Ta sé ap dung cac diéu kién can di nhan dugc trong Buée 1 ddi véi nghiem clia
n-bai todn. Theo nhan xét G trén, v6i n du 16n, ta chon mot nghiém (2, x,,) clia n-bai
toan sao cho tat ca cac bat dang thic trong (2.17) 1a chat. Do d6, do ta phai dé cap
dén cac dicu kién can mang tinh dac trung dia phuong nén ta sé bé qua cic rang budc

trong (2.17). Vi vay, ta c6 the xay dung ham Lagrange cho n-bai toan nhu sau:

Loz, x,A) = Aofulw, X) + (A1, Fi(e) = xFi(wn)) + (A2, Fa(2) — xFa(wn)).
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Theo cac két qua da nhan dude 6 Bude 1, ton tai )\, va mot khong gian con tuyén tinh
II,, € 7 sao cho

Al =1, Xop =0,  Aip>0, (2.19)
)\O,n}v<xn) + <)\1,n7 F (xn» + <)\2,n7 FQ(xn» = )‘O,n’}//()%n)a (2‘20)
oL
Tns Xn, An) € —N(Zn, C), 2.21
2 (s M) € ~N (2, O) (221)
I1,, C Ker g—i(in), (2.22)
2L, . .
W(xn,xn, )€, €] >0, V€ ell,, codimzIl,, < k. (2.23)

Chi ¥ réng, (2.20) tuong duong v6i ding thiic 8Zn/8x = 0. Hon nita, ta bé qua bién
phan cap 2 theo x trong (2.23), vi ta khong can dén no.

Bang céach trich ra mot day con, ta c6 dude véc to don vi A nao dé la gisi han cla
day {\,}. Béng cach 14y giéi han khi n — oo trong (2.19) va (2.21), ta két luan A € A
(lai st dung tinh nita lién tuc trén ctia anh xa da tri N(-,C)).

Ta sé chiing minh rang A € A,. Theo Dinh 1i 2.2, ton tai mot khong gian con I1 C T
sao cho codimz IT < k, IT C Ls{II,}. Lay b € II. Ton tai mot day {b,} sao cho, bang

cach trich ra mot day con, ta nhan dugc
b, €1l,,, VYn, va b, —0b khi n— occ.
Do (2.22), ta ¢6 (0F/0x)(&y)b, = 0, VYn. Nhu vay, (0F/0z)(x9)b = 0. Do do, II C
Ker(0F/0z)(xo).
Tuong ty, tit (2.23) ta c6 (92L£/0x2) (g, A)[b,b] > 0, Vb € T1. Nhu vay, A € A,.
Trd lai bat dang thitc (2.20), ta c6 h € K kéo theo
0F} 0Fy 0
— < —_— = — < 0.
63: (xo)h < 0, 891: (.CEo)h O, <ax (.To), h> < 0
Do dé, bang cach khai trien anh xa Fb tai diem zg dén s6 hang cap 2 va st dung (2.16),
ta nhan dugce
Fa(zy) = Fo(xy) — Fa(xo)

0Py 10°F, 2 2
= %(JJO)(% —x0) + 5@@0)[(% — 20)]" + o(|xy — x0[7)
En 5 (xo)h + 2€n pe (xo)w + 2€n 92 (xo)[h, h] + o(eZ).
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Vi vay,

(Ao, Fo(zp)) = %6,% <<)\2,n, %(l‘g)[h,h]> + <)\2,n, %(xg)w>> + 0(6,%).

Khai trién tuong tu v6i 4nh xa Fy (st dung (A1, (0F1/0x)(x0)h) < 0), ta nhan dugce

s Fi () < %gg <<A1,n, %(IO)W h]> + </\17n, %(Io)w» +o(e2).

Tuong tu, v6i ham f (st dung ((0f/0z)(xg), h) < 0), ta nhan duge

(
2
</\O,na f(xn» < %5% (<)\0,n7 %(‘TO)[}L’ h]> + <)‘0,n’ g_i(xo)w>> + 0(5721)'

Thay ba quan hé nay vao vao bat ding thitc (2.20), chia hai vé cho €2, sau d6, chuyén
qua giéi han khi n — oo, ta nhan duge (2.8). Vi vay, véi moéi w € O%(xo, h), ta ching
minh dugc (2.8).

Buéce 3.

Bay gio ta chitng minh (2.8) trong trusng hop tong quat (tic la, véi dim X = oo).
C6 dinh mot véc to tiy § h € K(xo) va lay bat ki w € O (o, h). Ta ky hieu M la tap
hgp tat ca cac khong gian con hitu han chiéu M € M sao cho h € M, F'(xy)(M) =
Im F'(z0) va w € O, (20, h). Ta lay bat ky M € M va xét bai toan nhan duge tit
bai toan ban dau bang cach thay X bdéi M. Véi bai toan hitu han chiéu nay, theo ching

minh ¢ Budce 2, ton tai caAc nhan tit Lagrange \y; = ()\(])W, A1, A2,0m) sao cho

Ay >0, Aty >0, Aum| =1,
oL M
7= N
o (o, A\nr) € (xo,C),
0L , JocC
i = >
52 (w0, Anr)[R]* + <8m (1307>\M),w> >0,

va chi s6 ctia dang toan phuong (92£/0x)(z, Apr) trén khong gian con
M N Ker F'(z9) khong 16n hon codimz (Im F'(x)).

Tap hop cac véc to A\py nhu vay duge ky hieu 1a A, (M, b, w). Theo chiing minh trén,
tap hop nay khac rong va déng véi moi M € M. Hon nita, véi bat ky My, Ms, ..., M, €

—~

M, 16 rang ta co
n
mAa(Mi,h,w) O Ag(Mi + -+ -+ My, hyw) # .
=1
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Vi vay, hé cac tap hop Aq (M, h,w), M € M, la ¢6 tam. Do d6, theo tinh compact ctia
mit cau don vi trong R¥1 tap hop ﬂMeMv Ao(M, h,w) khac rong.

Ta lay tiy ¥ mot véc to A € (), o7 Aa(M, h, w). RO rang, céc quan he

0*L 9 oL
a o= it >
AeAN VA 92 (20, A)[h]” + <0$ (xo,)\),w> >0

ding v6i véc to nay. Bay gio, dé chi ra ring A € A,, ta chi can chiing minh sy ton tai
ctia khong gian con IT théa mén (2.4).

That vay, s6 chiéu ciyc dai ctia khong gian con trong ZNKer F’(xg), ma trén d6 dang
toan phuong (0?L/0z%)(wg, ) xac dinh am, khong vugt qué s6 (k — dim(Im F'(xg))).
Di¢u khéng dinh nay dugc suy ra bdi A € Aq(M, h, w) v6i moi khong con gian hitu han
chidu M € M. Sy ton tai clia khong gian con IT théa man (2.4) bay gio duge suy ra
tit bo dé sau (Bo dé 3.1, Chuong 1 trong [2]):

B6 dé 2.1 ([2]). Cho q la mot dang toan phuong hitu han duge dinh nghia trén khong
gian véc to X. Khi dé, chi so ciia q bing so doi chiéu ciia khong gian con cé doi chicu

nhé nhat ma trén dé dang toan phuong nay la xdc dinh khong am.

Vi vay, (2.8) dugc ching minh.

Buéc 4.

Ta sé chiing minh (2.5). C6 dinh tuy y mot véc to h € K(zg), va lay bat ky mot
tap 16i 7(h) € O%(zo,h). Cht ¥ ring, néu 7(h) = @ thi o(-, T(h)) = —oc, va (2.5)
ding mot cach tam thuong. Do d6, ta gia thiét rang tap hop T (h) khéac réng. Do cac
két qua nhan duge ¢ Bude 3, nén (2.8) ding v6i mdi w € T (h). Vi vay, ta c6 bat dang
thitc sau: )

weigl'f(h) max (%(mo, N[k, h] + <g—§(9&o, )\),w>> > 0.
Vi T(h) € X 16i, A, € R*! 16i va compact va ham (92L£/0x?)(xo, \)[h, h] +
<(8£/8x) (w0, N), w> la song tuyén tinh theo cac bién w € X va A € R¥! st dung BS
dé 2.2 dudi day ta két luan dugc ring, bat dang thic tren dang khi vé trai ctia duge

thay bdai

: 9*L oL
Ay welr7l’f(h) (W(xo’k)[h’ Al + <%(x0’)\)’w>> '
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B& dé 2.2 ([3]). Xét khong gian Euclide hitu han chiéu Z, tap compact 16i Z C Z, véc
toa € Z, tap loi T C X va dnh za tuyén tinh A: X — Z. Gid st

inf max(Aw +a,z) >0

weT ez
Khi dé,
max inf (Aw + a, z) > 0.
2c7 WET
Vi vay,
0L oL
— Alh, h inf — A > 0.
e (Gt vt + g ((GEon)) ) 20
Tt d6 va do h tuy ¥, ta suy ra (2.5). Dinh li duge ching minh. U

2.3. Bai toan c6 rang budc F(x) € C

Xét bai toan cuc tidu
(Q) f(z) — min, F(z) e C,

§ day, C' la mot tap dong cho trude trong Y = RF. Duéi day, ta trinh bay cac diéu
kién can toi wu cho bai toan nay.

C6 dinh diém x¢ € X. Ta gia thiét ring cdc ham f va F 1a hai lan kha vi lién tuc
trong mot lan can cua xg theo topd hitu han.

Ky hieu A9 = A9(z) 1a tap cac nhan ti Lagrange \ cila bai toan @ tuong ting véi
diém zg theo quy tic nhan tit Lagrange, tic la,

oL? -
%(1'0,)\) =0, XA>0, M€ N(F(x0),C), [N=1L1.

trong d6, A = (A, A) v6i A\g € R, X € Y*, va LO(2,\) = Mo f(z) + (N, F(x)).
Lay mot khong gian con tuyén tinh M bat k¥ nam trong Y va xét tap tat ca cac
nhan tit Lagrange A € A9 ma v6i mdi nhan tit d6, ton tai mot khong gian con tuyén

tinh IT C X (phu thudc vao A) sao cho

-1 2 ,Q
oF ) 1), ZE (wo, Mfa,a] > 0, Vo € IL

codimIl <k, IIC (a—(x()) 02

Xz

(6 day, codim = codimy). Ta ky hiéu tap cac nhan tit Lagrange nay la A% (zq, M).
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Dinh 1i 2.4 (Nguyen i cuc tri). Gid st xg la diém cuc tiéu dia phuong theo topo hiu
han T cia bai toan (Q) .
Khi dé, vdi méi khong gian con bit bién T theo C, tip A% (xg,T) la khdc rong. Hon

nita, vdi moi
OF 0
he K - {h O (woph € To(P (o), <a—£<xo>,h> < 0},

va véi moi tap 16i T(h) C O4(F(x0), (0F/dx)(x0)h), diéu kién sau day ding:

2 rQ N
i (aafz (20, \)[h, h] — o(A,T(h))) > 0. (2.24)

trong dé A = conv A®(z0,T).
Chitng minh. Ta sé dua bai toan (Q) vé dang bai toan (Ps) da xét ¢ tren:
f(z) = min, F(x)—y=0, yeC, (2.25)

trong dé cuc ticu 1a theo cac bién (x,y) € X x Y. Diém (xg, F(x0)) 1a cuc ticu dia
phuong clia (2.25).
Bay gio ta sé ap dung Dinh 1i 2.1 cho bai toan nay. Ham Lagrange ctia bai toan
(2.25) ¢6 dang
L(z,y,A) = Xof () + (X, F(z) —y),

va cac diéu kien (2.3) ¢6 dang

%(xo,F(xo),)\) =-\¢c —N(F(x0),C).

Béng cach st dung bao ham thic trén day, cac cong thic (2.3), (2.5) va dinh nghia
cta tap A9, ta nhan duge két qua mong mudn.

Ta chi § ring bao ham thic II C ((0F/0z)(zo))~ (M) (dang 1& la II C
Ker(0F/0z)(xp) nhu trong phat biéu ctia Dinh If 2.1) suy ra ngay tit viéc phat biéu lai
bai toén (Q) nhu truong hgp diic biet ctia bai toan (Ps): Néu ta dat F(z,y) = F(x)—y,
thi Vh € ((0F/0x)(x0))~ (M), 3h € M sao cho (h, h) € Ker(9F /9(x,y))(z0, yo).

Dinh Ii da duge chiing minh. [l
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Nhan xét 2.5. Bai toan (Q) dude nghién citu trong [6] véi gia thiét tap C 161 va diéu
kién chinh quy Robinson déi v6i mot khong gian Banach Y bat ky. Véi diéu kién chinh

quy Robinson, cac tac gid da nhan duge diéu kién t6i wu sau:

o2Le -
max ( (w0, \)[h. ] — a(A,T(h))) >0, VYhek@. (2.26)
S

Déng thdi, véi didu kien chinh quy Robinson, trong Dinh 1f 2.4 ta c6 A\g > 0, VA € A9,

Dinh 1i 2.4 ciing chi ra rang v6i Y hitu han chiéu, tham chi khong c6 diéu kien
chinh quy Robinson va gia thiét 16i ctia tap C, két qua ctia Bonnans and Shapiro [5]
van ding cho trudng hgp ham Lagrange tong quét. Trong truong hop tong quat, (2.24)
manh hon (2.26), bdi vi AY C conv A?. Cha ¥ riing néu C la nén 18i nhon (tdc la
C N [-C] = {0}) va dong, thi khong gian con bat bién cyc dai Ze bang {0} va bao

ham thtc & trén tré thanh dang thic.

Nhan xét 2.6. Cac diéu kién can t6i uu (2.26) cho bai toan khong gia thiét dieu kien

chinh quy Robinson va tap 16i C' ¢6 phan trong khac rong da nhan duge trong [5].

Vi du 2.2 (Bai toan quy hoach ban xac dinh). Cho X = R™ Y = &P x RF2 C =
S? x {0}, 6 day SP 1a khong gian clia cac p x p -ma tran ddi xing, S” 1a nén ciia céc

ma tran ban xic dinh am, va n, p, ks 1a cic s6 nguyén duong.

Xét cac anh xa Fy : X — SP va Fh : X — R*2 duge dinh nghia béi

File) = Y aiiSis +n(e) v Fe) = 2Q) + v(a).

,J
O day, z; 1a cac toa do clia véc to x, S; ; la cadc ma tran do6i xing, ¢y, | = 1,2 1a céc

anh xa tron, sao cho
$i(0) = 0, (9ey/0x)(0) = 0, (8% /02*)(0) =0, 1 = 1,2

va Q(ZE) = ((le,$>, P <Qk2x7$>>7

trong d6 Q; 1a cdc ma tran do6i xing. Trang bi cho khong gian SP tich vo hudng
A B = trace(AB). Khi d6, nén doi ngau ciia S” 1a nén 8% gom tat ca cac ma tran

ban xac dinh duong.
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Xét bai toan cuc tiéu
f(z) — min, Fy(z) € S, Fy(z) =0,

trong d6 f 1a mot ham tron. Dé cho don gian, ta sé gia thiét rang (9f/0x)(0) # 0.

Cho k:=p(p+1)/2+ ko, va F = (F1, F3).

Xét diém z = 0. Vi (0F/0x)(0) = 0 nén diéu kién chinh quy Robinson khong théa
man. Do d6, cac dicu kien t6i wu ctia Bonnans and Shapiro [5], khong thé ap dung
dugc.

Mat khac, 4p dung Dinh li 2.4, ta nhan dudc cac diéu kién can téi uu sau: Néu
z = 0 1 cyc tiéu dia phuong ctia bai toan dang xét, thi \g = 0 (do (0F/dx)(0) = 0).
Do d6, Vh € R, 3\ € S¥, Ay € R*2, sa0 cho

ind (Z hih]'SZ"j A+ <Q(h), )\2)) <k, ()\1, )\2) # 0, (2.27)

Y]

Z hih;Si ;- A+ (Q(h), A2) >0,
1,J

trong d6 ind ¢ 1a ky hiéu chi s6 ctia dang toan phuong ¢ trén mot khong gian da cho.?

(O day, ta da st dung sy kien 1a néu h & K9, thi —h € K9 va o(A\(, T

5(0,0)) =0

vOl moi A\ € Sﬁ. )

Do d6, ta két luan rang, néu ton tai h € R™ sao cho

Z hihjSij - A4 (Q(h), A2) <0
Y]

voi bat ky (A1, A2) thoa ~ man (2.27) (dac  biet, néu
ind (EijhihjSM-/\1+<Q(h),/\2)) > kYA A2) #£ 0 sao cho A, € S7), thi

x = 0 khong thé 13 cuec tiéu dia phuong ctia bai toan dang xét.

3Chi s6 ctia dang toan phuong ¢ trén khong gian V' duge dinh nghia 13 s6 chiéu ctia ctia mot khong
gian con ciia V ¢6 s chiéu cye dai ma trén dé dang toan phuong ¢ 1a xac dinh am
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Két luan

Luan van da trinh bay cac diéu kién can t6i wu cap 2 cho bai toan téi wu vdi cac
rang buoc dang thitc va bat dang thic trong cac khong gian hitu han chiéu véi gia thiét
tap cac nhan tit Lagrange 1a mot doan thing bi chin. Két qua chi ra rang véi diéu
kien Mangasarian-Fromovitz va diéu kien s6 rang buoc bat dang thic tich cuc nhiéu
nhat 1a 2, ta c6 tap cac nhan ti Lagrange 1a mot doan thing bi chin. Véi diéu kien
chinh quy Mangasarian-Fromovitz tang cuong (MMF) va diéu kién bu chat suy rong
(GSCS) ta ciing nhan duge mot diéu kien t6i wu cap 2. Luan vén ciing trinh bay cac
diéu kien can t6i wu cap 2 cho cuc tiéu dia phuong theo t6po hitu han ciia bai toan t6i
uu c6 cac rang buoc ding thic, bat ding thic va rang buoc tap trong cac khong gian
vée to. Ap dung nguyen li cue tri cAp 2 d6 ta ciing nhan duge nguyen li cue tri cip 2

cho bai toan tbi wu vé6i rang buoc bao ham thic F(x) € C.

Diéu kién can t6i wu cap 2 cho cac 16p bai toan tdi wu c6 rang buoc khac nhau 1a

dé tai duge nhiéu tac gid quan tam nghién citu.
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