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L.OI CAM ON

Luan vin nay dugc hoan thanh dudi sy huéng dan tan tinh va sy chi
bao nghiém khac ctia PGS.TS Ha Tién Ngoan. Toi xin giii 10i cAm on chan
thanh va sau sac dén thay giso.

Toi cling xin kinh giii 161 cAm on chan thanh dén dén cic thay gido, co
giao trong truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén ciing nhu cac
thay co gidao tham gia gidng day khoéa hoc cao hoc 2010-2012, nhitng ngudi
da dem hét tam huyét va su nhiét tinh dé giang day va trang bi cho chiing
toi nhiéu kién thic co sé.

Toi xin cdm on tap thé giao vién truong Dai hoc Hang Hai noi toi cong
tac da gitp d6, tao dieu kién thuan loi cho toi trong sudt khoa hoc ciing
nhu qua trinh lam luan van. Cudi cuing toi xin chan thanh cAm on gia
dinh, ban be than thiét nhitng nguoi luon dong vién chia sé, gitp toi trong

sudt qua trinh hoc tap va lam luan van.
Thai Nguyén, thang 07 nam 2012.

Tac gia
Hoang Kim Chi
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Bang ki hiéu.

N: tap sb tu nhien.

R"™: khong gian n chiéu.
‘H: khong gian Hilbert.
L: toan tl tuyén tinh.
I: 4nh xa dong nhat.

D%: dao ham bac a.
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MO DAU

Mot s6 phuong trinh elliptic cap hai thudng duge suy ra tit cac dinh
luat béo toan. Do dé, nghiém ctia phuong trinh nay c¢é thé duge mé rong,
khong nhat thiét thuoc 16p C2, ma chi can thudc 16p WH? va théa méan
mot dang thic tich phan véi moi ham thit v thuoc 16p Wol 2,

Dua trén cac tai licu [1], [2], luan van da trinh bay mot cach hé thong
ly thuyét 16p nghiém suy rong cho phuong trinh elliptic tuyén tinh cap hai
dang bao toan.

Luan van gom hai chuong I va II. Trong chuong I, luan vin trinh bay
cac khong gian Sobolev WP (Q) va W(f: 7 (Q) ciing cac dinh 1y nhing.

Chuong II 1a noi dung chinh ctia luan van, trong doé trinh bay khai niém
nghiém yéu cia phuong trinh, nghiém yéu ctia bai toan Dirichlet va dinh
1y vé su ton tai va duy nhat nghiém yéu. Luan van ciing trinh bay do tron
ciia nghiem yéu trong dé khang dinh: khi cac hé sé vé phai ctia phuong
trinh cho trude trén bien thuoc 16p C*° (9€2) thi nghiem yéu u(x) sé kha

vi vo han trong Q.
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Chuong 1

KHONG GIAN SOBOLEV

1.1 Mot sé kién thitc chuan bi.

Trong phan nay ta sé liet ké mot s6 dinh 1y va dinh nghia can thiét:

Dinh ly 1.1. (Dinh ly Riesz) Vdi moi phiém ham tuyén tinh bj chan
F trong khong gian Hilbert H luon ton tai mot phan ti zdc dinh duy nhat
f € H sao cho F (x) = (x, f) vdi méi x € H va ||F|| = || f|| va dong thoi

ta cung co:

@.0) = A
P = sup G
x#£0 X
17> = hhH = FU.

Dinh 1y 1.2. Gid st T la dnh za tuyén tinh compact cia khong gian tuyén
tinh dinh chudn V wvao chinh né. Khi dé hodc:

i) phuong trinh thuan nhat x —Tx = 0 c¢6 nghiém khong tam thuong x € V
hodc:

it) voi moiy € V phuong trinh x — Tx = y c¢6 nghiém dugc zdac dinh duy
nhat x € V.

Hon nita, trong truong hop i) toan ti (I — T)_1 ma su ton tai cia no da
duoc khing dinh la bi chan.

Dinh ly 1.3. (Dinh ly Lax-Milgram) Gid sit B la dang song tuyén tinh
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bic, bi chan trén khong gian Hilbert, tic la
)AM >0 |B(z,y)| < M |[=] Iyl ,Vz,y € H

it)3IN > 0: B (x,2) > \z?, Vo € H.

Khi dé, vdi moi phiém ham tuyén tinh bi chan F € H*, ton tai duy nhat
mot phan ti f € H sao cho:

B(x, f) =F(x) v6i moi x € H.

Dinh ly 1.4. Gid si H la khong gian Hilbert va T la anh xa compact tu
H wvao chinh né. Khi dé, ton tai mot tap dém duge A C R khong cé diém
gidi han tri ra c6 thé X = 0 sao cho: néu X\ # 0, \ & A phuong trinh

e —Tr=y, \ex—T'z=y (1.1)

c6 nghiém zdc dinh duy nhat v € H vdi moi y € H va cde dnh za ngugc
(M =T)"" (M =T*)"" bi chan. Néu X\ € A, cdc khong gian con khong
ctia dnh za \I — T, \I — T* ¢6 so chiéu duong va hitu han, con phuong
trinh (1.1) gidi duge néu va chi néu y truc giao vdi khong gian con khong
ctia NI — T* trong truong hop thi nhat va cia N\ — T trong truong hop
con lai.

Dinh 1y 1.5. Mot day bi chan trong khong gian Hilbert chiia mot day con
hoi tu yéu.

Dinh nghia 1.1. Toan tit vi phan dao ham riéng cap hai dang khong béo

toan c6 dang:
Lu = a" (z) Dyju + b" (x) Dju + ¢ (v)u;  a" = o'

trong d6 x = (1, ..., ¥,) ndm trong mién ) cia R" n > 2.
L 1a elliptic tai ditm = € Q néu théa méan ma tran [aij (x)] la xac dinh
duong. Vay néu A (z), A (z) lan lugt 1a gia tri cyc tiéu va cuc dai clia cac

gia tri rieng ctia [aV (z)] khi do:

0 < A(z) €] < a¥ (2) &6 < A ()€
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voi moi € = &4, ...,&, € R"\ {0}.
Néu A > 0 trong €2, khi d6 L Ia elliptic trong Q va elliptic ngit néu
A > Ao > 0 véi hang s6 \g > 0.
Dinh 1y 1.6. Cho L la elliptic ngdt trong mién Q bi chan, vdic < 0, f va
cic hé so ciua L thuoc vao C© (ﬁ) Gid st rang Q la mot mién cia C*®

va p € O (ﬁ) Khi do, bai toan Dirichlet
Lu = f trong ), u = ¢ trén 0f)

¢6 duy nhat nghiem nam trong C* (ﬁ)

Dinh ly 1.7. Cho Q la mot mien C*2 (k > 0) va ¢ € C*22(Q). Gid
stt w la mot ham thuoc C° (Q) N C? (L) théa man Lu = f trong Q. u = ¢
tren OS), trong do f va cdc hé s6 cia todn ti elliptic ngdt thuoe C* (ﬁ)
Khi dé u € C*2(Q).

1.2 Khong gian Wh? (Q): W7 (Q).

Mot trong nhitng bai todn quan trong ctia phuong trinh dao ham riéng la

phuong trinh Poisson:
Au=f (1.2)

Nghiém ctia phuong trinh (1.2) thoa man dong nhat thic tich phan:

/DuDgodx = —/fgod:c
Q

Q

trong do
u=u(xy,....,T,) 12 an ham,
f = f(x1,...,2,)1a ham s6 duge cho trudc,
0 = @ (x1,...,7,) € C}(Q) 1a khong gian cdc ham kha vi lien tuc va ¢6
gia compact,
n 0%

Bu=2 o

i=1
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ou ou
Du = <a—xl, ceey a—xn>,

n Oy Ou
DuDyp = 1:21 9w, 9r

Dat

(u, ) = /DuDgpdm. (1.3)
Q

Dé nghién cttu nghiém ctia phuong trinh Poisson ta xem xét mot cach tiép
can khac doi v6i phuong trinh nay.
Dang song tuyén tinh (u, ) = [DuDgdz 1a mot tich trong cta khong
gian C} (2) v& bao déng ciia C’i)lz (Q) theo metric cam sinh bdi (1.3) 1a
khong gian Hilbert ma ngusi ta ki hiéu 1a Wé’Q ().
Hon nita, phiém ham tuyén tinh F duge dinh nghia béi:

F(SO):—/fsodaf

c6 thé dude mé rong dén mot phiém ham tuyén tinh bi chan trén khong
gian Wé’2 (2). Theo Dinh 1y Riesz ton tai mot phan tit u € Wé’2 (Q) thoa
man (u,p) = F (p), Yo € C} ().
Do d6 sy ton tai nghiém suy rong ctia bai toan Dirichlet:

{ Au = f

u =0 trén 09

thuc su dugce thiét lap.
Van dé vé su ton tai nghiem co dién dude chuyén doi tuong tng thanh cac
van dé vé tinh chinh quy ciia nghiém suy rong theo diéu kién bién tron
thich hgp. Dinh 1y Lax-Milgram sé dudc ap dung ddi véi phuong trinh
elliptic tuyén tinh theo dang bao toan. Tuong tu nhu viéc 4p dung Dinh
Iy Riesz & trén bang cac li luan khac nhau dya trén dong nhat thic tich
phan, két qua chinh quy sé dugc thiét lap.
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Tuy nhién trude khi thie hien mot cach cu thé, ta di khao sat 16p cac khong
gian Sobolev, d6 1a W*? () va Wi () ma W2 (Q) 1a mot truong hop

riéng.

1.2.1 Khong gian W"? (Q).

Cho © C R" 1a mien bi chan,

xr = (21, T9, X3, ..., Ty) € L.

a. Khong gian 17 (2);(1 < p < +00).

LP (Q) la khong gian Banach co dién gom cdc ham do duoc trén § va p-khd
tich. Tc la:

/\u(x)|pdx < to0.
Q
Chuan ciia LP () dugc dinh nghia bdi:

by

full ooy = | [ fuda )
Q

trong d6 |u (z)| 1a gia tri tuyét d6i hodc modun cia u ().
Khi p = +o0; L™ (£2) la khong gian Banach cac ham bi chan trén Q véi

chuan:
[ull o0 = llull o) = Sup |ul . (1.4)

Khi khong c6 su nhap nhdng, ching ta sé dung [Juf|, thay cho [ul|,q):
Bat dang thic Young:

p bq
jab) < 1 1P (15)
p q
. , .1 1
trong d6 p,q € R;p > 0,q > 0 thoa man: — + — = 1.
p q

Khi p = ¢ = 2; (1.5) chinh la bat d&ng thic Cauchy. Thay thé a béi '/?a,
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b b6i e /Pb, véi e > 0 khi d6 (1.5) tré thanh bat ding thic noi suy:

p —a/p|p|4
ab| < S O e mamppe (1.6)
p q
Bat dang thic Holder:
[ uwds < ul, e, (1.7

Q

1 1
véiu e LP(Q),ve L1(Q) va —+ — =1,
p 9

(1.7) 1a hé qua clia bat dang thiic Young, khi p = ¢ = 2, bat dang thiic
Holder tré thanh bat dang thic Schwarz.
Bat dang thic Holder st dung trong truong hgp tong quéat déi véi m ham

Ui, Us, ..., Uy, nam trong khong gian LPL, LP2 ..., LPm nhu sau:

/\u1u2...um|daj < Juall, Nuzll,, - llwmll,,, (1.8)
Q
o L 1 1
véi —+ —+ ...+ —=1.
P P2 DPm

Bat dang thic Holder ciing dudc st dung dé nghién ctu chuan trong LP
khi coi do6 la cac ham cta p:
1/p

1 P du
%w—-@!ud | (1.9)

V6i p > 0, ¢, (u) 1a ham khong gidm theo p, véi u ¢ dinh.

Khong gian L (£2) 1a kha li khi p < oo, C° (Q2) 1a khong gian con trit mat
trong L (£2).

Khong gian déi ngdu ctia LP () khi 1 < p < oo dang cau véi L7 (),
trong do6 ! +—=1. Vithé L?(Q) khi 1 < p < 400 duge coi la lien hop
clia LV (Q])). Do d6, L7 () 1a phén xa khi 1 < p < 00

Khi p =2, L? (Q) 14 khong gian Hilbert véi tich vo huéng:

@mﬁz/u@ﬂ@ﬂx

Q
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() = ull* = [ fu (o)
Q

Dinh 1y 1.8. (dinh lyj nhing LP (Q)) Gid s 2 la mién bj chan va 1 <
p < po. Khi do, LP2 (Q2) C LP* () va anh za nhing

jLP(Q) > LM (Q)

la lien tuc.

Chiing minh: Gia st v € LP? () ta can chiing minh v € L' (Q2) hay
[ u'dx < +o0.

Q

Ap dung bat ding thitc Holder véi p = 12, q= b2
D1 P2 — 1

, ta co:

1/p 1/q
[ |u'dx = [ |u|.1dx < (f\u\plpda:) (f 1qda:)
Q Q Q Q 1 (1 10)
= (mes)"/ ( [ ]u]p2d:1:>
Q

Vi Q bi chan va u € LP? (2) nén
1/p

(mesQ)’ / lu|"*dx < +00

Vay u € LP* (Q).
Twu (1.10) ta suy ra:

1/p1 1/ppy
(f\u\pdx) < (meSQ)l/qpl.(f\u\pzdx)

Q Q

1 2
— (mesQ)l/qp1 <f|u|p2dx> ! (1.11)
0

1/gp1
& Jull o () < (mes) Y™ [ e

(1.11) chiing t6 anh xa j : LP2 () — LP* (2) 1a lién tuc

)1/qp1 )1/p1—1/p2_

va [[7]] < (mesS = (mes()
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*Khong gian L]  (Q).
Cho Q 13 tap md trong R”, k 1a s6 nguyén khong am. Khong gian Holder
Ch () (C** (£2)) duge dinh nghia nhu mot khong gian con clia khong
gian C* (©2) (C* (1)) gom c6 cac ham ma dao ham rieng bac k lien tuc
Holder déu (lien tuc Holder dia phuong) véi sé mit « trong €. Dé don gian
ta ki hiéu:

() =C*(Q), C"(Q)=C"(Q).
duge hiéu v6i 0 < a < 1 mdi khi ki hieu nay duge ding néu khong néi
ngugc lai.
Hon ntta, dat

CH(Q) =C"(Q), CH(Q)=Cr(Q).

Chiing ta c6 thé gop khong gian C* (Q) (C* (©2)) vao ho cac khong gian
C*(Q) (C*(Q)) v6i 0 < a < 1. Chiing ta ciing ki hieu khong gian Ci(Q)
ctia ham tréen C** () 1 gia compact trong €.

Céac khong gian C* (Q) & tren la khong gian dia phuong.

Cho p 13 mot ham khong am trong C'* (R™), triet tiéu bén ngoai hinh cau
B1 (0) va thoa man [ pdx = 1. Mot ham nhu vay thuong duge goi 1a mot
nhan trung binh héa. Mot vi du dién hinh 14 ham p dugc dua ra béi:

1 2
3 <
pl(x) = { CeXp(|x 1> vol |z <1

0 voi |z > 1

trong d6 ¢ duge chon dé [ pdx = 1 va c¢6 do thi 1a hinh quéi chudng quen
thuoc. Vi u € L () va h > 0, chuan ctia u bieu thi bdi uy, sau d6 dugce

loc

xéac dinh béi tich chap

uh<x>=h"9/p(x;y)u<y>dy

véi dieu kien 1a h < dist (x,09). Ro rang 1a uy, thuoec C* (Q') v6i moi
Q) CC Q véi dieu kien 1a h < dist (€, 09). Hon nita, néu v thuoc L' (Q),
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Q bi chan thi w, ndm trong C§° (R™) véi h > 0 tuy y. Khi A tién dén 0
ham y — h™"p (x — y/h) tién dén ham suy rong delta Dirac tai diém .
Bo dé 1.9. Cho u € C°(Q). Khi do, uy, hoi tu dén u trén bat ki mién
Q' cc.

Bo6 dé 1.10. Cho u € LP(Q), p < oo. Khi dé uy, hoi tu dén u trong 5
nghia cia LP ().

*Pao ham yéu.

Cho u kha tich dia phuong trong € va da chi s6 « bat ki. Khi d6 mot ham

v kha tich dia phuong goi 1a dao ham yéu bac « ciia u néu théa man

/cpvdx = (=1l /uDO‘gpdm véi moi ¢ € C(|)a| ().

Q Q
Ta ki hieu v = D% va cht ¥ rang D% 1a xac dinh duy nhat chinh xéac
dén mot tap c6 do do khong. Nhitng lien hé theo timg diém lién quan dén
dao ham yéu sé dudc hiéu la théa man hau khip noi. Ching ta goi mot
ham 1a kha vi yéu néu tat ca cac dao ham yéu bac nhat ctia né ton tai
va voi kha vi yéu bac k, néu tat cd cadc dao ham yéu bac nhé hon hodc
bang k ton tai. Ta ki hiéu khong gian tuyén tinh cac ham kha vi yéu bac
k1a WF(Q). Ro rang C* (Q) ¢ W¥(Q). Khai niém dao ham yéu la mot
md rong ciia khéai niem co dién ma phép lay tich phan ting phan van con
ding.
B6 dé 1.11. Cho u € L' (Q), a la mot da chi s6, va gid si rang ton tai
D%u. Khi dé néu d (x,0Q) > h, ta c6

Dfuy () = (D"u), (x).

Dinh ly 1.12. Cho u va v kha tich dia phuong trong 2. Khi dé v = D%u
néu va chi néu ton tai mot day ham {u,,} cia C™® (Q) hoi tu dén u trong
LY (Q) ma dao ham D%u,, hoi tu dén v trong L' ().

b. Khong gian W*? (Q).

Khong gian W*? () dugce dinh nghia:
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Véik €N; 1< p < +oo, dit

W (Q) = {u(z) € W"(Q); Du € LP (Q)Va : || < k}.

Trong d6 o = (a1, gy ..., ) ;
Q; 6N;|Oz‘ =01 +oe+ ...+ oy
0
D%y = DglngQ . Da" DIJ a—:[;j
Khi d6 chuan ctia u € W*? (Q) duge dinh nghia béi

1/p
fullep = lalhiroiey = | [ 3 1D"ul'da
Q o<k

Mot chuan tuong duong la:

oy = D 1D ullf

la|<E
Nhan xét: Néu k; < ko thi Wk2P ¢ Whop,
1.2.2 Vi du.
Vi du 1:
Cho k=0. Khi do, ta co:
W (Q) = LP ().
Vi du 2:
Cho k=1. Khi d6, ta cé:
W (Q) = {u(z);u(x) € L’ (Q); Dyu € LP () V5 }

va

lullf ) = llu (= +Z [ Dayul|7,
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Vi du 3:
Cho k=2. Khi do, ta co:

W22 (Q) = {u(z ,Dy.u, Dy yyu € LP (Q)}
va
el =l (2) a0y + Z 1D + ;1 1D
fym

1.2.3 Khong gian Wi (Q).

Khong gian Banach ng’p () phat sinh do viéc lay bao dong ctia CF ()
trong W2 (Q). WF? (Q) , WE? (Q) khong tring nhau déi véi mién € bi
chan.

Dac bict, p = 2, Wh2 (), WE? () (doi khi ki hicu 1a H* (Q), HF (Q)) 1a
cac khong gian Hilbert véi tich vo hudng:

(u,v), = Z Dy, Dy dx (1.15)
O lal<k
Céac tinh chat giai tich ham ctia W*? (Q) ,ng’p duge suy ra khi xem xét
phép nhing tu nhién cac khong gian nay vao trong tich ctia N ban sao
ciia L? (), trong d6, Ny 1a s6 céc chi s6 o thoa man|a| < k. Dung su
kién tich hitu han va cac khong gian con dong ctia khong gian Banach tach
duge (phan xa) 1a cac khong gian Banach tach duge (phén xa) ta suy ra
khong gian W* (Q), WE? (Q) 1a tach duge véi 1 < p < oo (phan xa néu
1 <p<o0).
a. Khong gian C{° (1) .
C Q) ={u(x) e C*(Q),u(x)=0
trong lan can cta bién 0Q2}. (1.16)

b. Khéng gian ng’p (Q).
W7 (Q) 1a khong gian sinh béi bao dong ciia C¥ () trong W2 (Q).

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



15

Ki hieu: WP (Q) = CF(Q).
Khi d6

Wi (Q) = {u(2);u(z) € WP (Q), D%y = 0, |a] <k —1}.(1.17)

Truong hgp khi p = +oo, khong gian Sobolev va Lipchitz c¢6 moi quan hé
v6i nhau, cu thé la:
W (Q) =CF11(Q)  v6i Qtay ¥

Wk (Q) = C*11(Q) véi Q di tron

Bit dang thitc Poincare: Gid st Q la mién bi chan va p > 1. Khi do,

ton tai so ¢ > 0 sao cho:
ull ey < e S IDjull gy V€ CFF (Q) (1.18)
j=1

Ching minh: Boi vi:

L7 () = G ()

nén chi can chimg minh (1.16) cho u € C§° (€2). Bao © béi hinh hop chi
nhat D va xem u (z) = 0 ngoai 2.
Giast D ={r=(21,....,2n) 1 a; <2; <bj,7=1,2,...,n}.

Vi u(xy, ..., Tp_1,a,) = 0 nén theo cong thicc Newton - Leibniz cho ta:

Ty
u (21,2, ..., Tp) :/Dnu (1,...,t)dt
an
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bat 2’ = (xq, .., x,-1) suy ra:
T

(2, )] < /1. Dy (/)] dt

Tn p
o @z < /1. Dy (/)] dt
p /&, 1/q P

< / |Dyu (2, t)|Pdt / 19dt (1.19)

an

|z — P / Dy (2, 1)t

by
< (by — )"t / Dy (o, 1)dt

Qnp
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Tich phan hai vé (1.18) trén D ta c6:

by,
[u(a, z)lPde < / (b — a,)"'" / Dy (2 1)["dt | da

D
D an,

n

b bn, 7]
_ / (b — ) / Dy (/) Pdt | da’
D/ Ay an i

by,
= (b — @) / / Do (2!, 4)"dt | da’

D lan _

— -’ [ D ol
D

_ (b — )P/ / Dy (2)|"dx
D

= llullpopy < (bn = an) [Dntt| o)

n (1.20)
< (bn — an) 231 HDJ'“HLp(D)
j:

V6i moi ham u € Cg° (2) ta ¢ [u|pp) = [u|pq) nén tit (1.20) ta suy ra
(1.18).
Hai chuan tuong duong trong Wol P(Q):

lalgeniy = S 1Dl (1.21)
la|<E

Hellwre@ = D I1Dull ooy (1.22)
la| <k

Hai chuan trén la tuong duong tiic 1a Jep, ¢y € R?% sao cho:

e [lull < [lfull] < e [Ju] (1.23)
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Chiing minh: Dat N = card{a: |af <k}, ao = [[Du| 1) = 0, ta sé
chiing minh rang (1.23) duge thoa man véi ¢; = 1,¢9 = N1/,
Thuec vay, truée hét ta chiing minh bat dang thic:

p

Z ab < Z Qo (1.24)

|a|<k |la|<k

(1.24) r6 rang dang néu a, = 0 Vo. Néu trai lai thi vé phéi (1.24) duong
va (1.24) tuong duong véi:

p

- %
R6 rang 0 < <1 Va.
> Uq

a|<k

Qo

> aa

|a|<k

Suy ra ham khong tang theo p Va.

b

a
Suy ra ham f (p) = > “
la| <k > da

B la|<E

la khong tang theo p.

a
Tacovéip=1thi f(1)= > = = 1.
la| <k > Qa

|al<k

Vay v6i p > 1 ta co:f (p) < 1, vay:

p

_ da <1(¥p>1
f (p) %k Sa | < (Vp > 1)

|a|<k

va (1.24) duge chiing minh. Nhu vay, bat dang thic ben tréi ctia (1.23)

dang v6i moi p > 1 va ¢; = 1.
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Tiép theo ta ching minh bat dang thiic:

1/p
D ag < NPUPLN " ap (1.25)
la|<k la|<k
Ap dung bat ddng thic Holder ta c6:
1/p
S o= Y a1 < Yo
al<k la|<k la|<k
1 L p—1 . :
trong d6 — =1 — — = ——. Vay (1.25) dugc ching minh.
q p p

Nhu vay (1.23) ding véi ¢; = 1,y = NP~D/P_ No6i cach khac:

1/p 1/p
Soah ] =l <l = > aa < NEIP S a
lol<k o<k lal<k
Do d6 cac chuan ||.|| va |||.||| tren WP (Q) la tuong duong.

T d6 ta c6 he qua: Hai chudn sau la tuong duong trén Wol’p (Q):
n
Jull = l[ull ooy + 2 1Djull 1o
j:
n
[|ull] = Zl I Djulll poy
]:

trong d6 Dju = Dy u
Chiing minh: Goi c 1a hing s6 trong bat dang thic Poicare ta co:

[l < full < (c+ 1) [[|ul]

Suy ra diéu phai chting minh.
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1.3 BDinh ly nhing

Dinh Iy 1.13.
1p L”p/(”_p_) (Q) v6i p<n
Wo () © { " (Q) véi p>n

Hon nita, ton tai mot hing s6 ¢ = ¢ (n, p) sao cho véi moi u € W, (Q)

thi:

||u| ) < c||Duf|, véip <n (1.26)

np/(n—p

1, 1
sup |u| < ¢|Q| ") Dul|,, véi p > n

Chaing minh: Chting ta thiét 1lap danh gia (1.26) cho cac ham C} (Q)
Truong hop : p=1
R6 rang véi u bat ki thuoe CF (Q) va i bat ki: 1 <4 <n thi
u (z)] < / | Dyulda.
Do do:
, T l/n—l
(@) < ] / Duldz | (1.27)
i=1_
Bat dang thitc (1.27) bay gis dudc lay tich phan lién tuc v6i moi bién
rit=1,...n
Sau d6 ap dung bat dang thiic Holder téng quat: Cho m = p; = ... =

pm = n — 1. Cho moéi tich phan, ta co6:
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n /n
lull, < (Hf\Diuux)
1=1Q
< l/i}D u|dx (1.28)
N n =1
<

1
%HDMM
Do d6, bat dang thitc (1.26) dugce thiét lap cho trusng hop p = 1
Céc trudng hop con lai ¢6 thé nhan duge bang cach thay thé v bang liy
thita clia |u| . Theo cach nay ching ta nhan duge :
Véiv>1:

Y v—1
T / [ | Dul da
Q

allr|
< — 1D
< 2l 10w
do bat dang thic Holder.
Bay gio véi p < n, ta c6 thé chon v théa man:
—1 —1
mo_ (v )melM: (n—1)p
n—1 p—1 n—op
Va do vay, ta dugc:
8
il [ Dull,

np/(n—p) = %
nhu can tim.

Truong hop: p >n

Véi p > n ta viét:

v |ul
[Dull,

U=
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= 1. Ta co:

va vii

W o P
p/7 _17 p_17

], < ~fla

Do do6

~ ~n1-1
lall,,, <"l

~n1—1 N
<M, v

Q=1

/
Cho phép thay the v bang tri so 0", v =1,2,.. mad=— >1
p
Do d6 chung ta c¢6 dugc:

@l < 87 Naalligs v = 1,2,
Lap lai v = 1 va dung (1.28) ta nhan dugc v bat ki:
lils < 6% = x.
Do vay, néu v — oo ta dugc:
supu < x
Q

va do doé

X
Sup jul < —=||Dul|,,.

NG
D& b han ché |Q| = 1, ta xét phép bién ddi y; = Q"
Ta co:

sup Jul < VIR Dl

\/—\Q\
nhu can tim.

Dé md rong dénh gia (1.26) cho u tiy ¥ thuoe Wy* (), ta gid st {u,, } 1a
mot day cac ham cta CJ () tién dén u trong WP (Q). Ap dung danh gia
(1.15) cho hiéu wu,,, — U, ta thay rang day {u,,} sé la day Cauchy trong
LmP/(=P) (Q)) véi p < n va trong C° (Q) v6i p > n. Do vay, ham gidi han
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u sé nam trong khong gian mudn c6 va thdéa man (1.26).
Chu y: Hang s6 t6t nhat thoa man (1.26) cho truong hop p < n la:

1 nIT (n/2) Uy np—1)
n\/77<2F(n/p)F(n+1—n/p)> T T T

Khi p=1, hing s6 trén trd thanh hing s6 ding chu ndi tiéng n~1(w,)

C =

—1/n

Mot khong gian Banach B; duge goi la nhiing lién tuc trong khong gian
Banach By (ki hieu: By — Bs) néu ton tai mot anh xa bi chin lien tuc 1+1
: By — B,. Dinh Iy 1.13 ¢6 thé duge biéu dién 1a W7 (Q) — L™/(=2) (Q)
néu p < n, — CY (ﬁ) néu p > n. Bang cach lap lai két qua ctia Dinh 1y
1.13 k 1an ching ta dat duge mé rong ciia khong gian Wy? (€).

Hé qua 1.14.
np/(n—kp 51
W’g’p (Q) <L /( >(/s.2) VOl kp<n
cm(Q) vOi 0<m<k—2
Truong hop thit hai la hé qud clia truong hop thit nhat cung vdi truong hop
p >n trong Dinh ly 1.13.
Cac danh gia (1.26) va md rong ciia chung déi v6i khong gian ng’p () chi
ra rang mot chuan trén ng’p () tuong duong véi (1.11) c6 thé duge xac
dinh béi:
1/p

gty = / S | D%ulda (1.29)

0 |O¢|:k‘

N6i chung, ng’p (€2) khong thé thay thé bsi WP (Q)trong He qua 1.14.
Tuy nhién, thay thé nay c6 thé thuc hien cho mot 16p 16n cac mién 2 bao
gdm, chang han cac mién vé6i bién lien tuc Lipchitz.

Téng quét hon, néu  théa man diéu kién phan trong hinh nén déu (c6
nghia 1 ton tai mot hinh nén ¢6 dinh Kq sao cho Vo € © 13 dinh ctia hinh
non Kq (x) C Q va gibng nhu Kq ), va c¢6 mot phép nhing:

L/ n—k0) (Q) V6 kp<n
WHEP (Q) 4 (1.30)

Cp(Q2) VOL 0<m<k—2
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trong do: C () = {u € C™(Q) |D*u € L>(Q) véi |of <m}.

1.4 Panh gia thé vi va cac dinh 1y nhiing

Cac két qua nhing ctia phan truée c¢é thé thu duge bing cach khac va
hoan thién thong qua viéc st dung danh gia thé vi nao d6. Cho u € (0; 1]
va dinh nghia toan tit V,, trén L' () béng thé vi Riesz.

Vi) @) = [Jo=y"V5 ) dy. (131)
Q

Toan tit V,, dugce xéc dinh t6t va anh xa L' (Q) vao chinh né sé xuét hién
nhu mot hé qua phu ciia bo dé tiép theo. Dau tién, ta nhan thay bing
cach dat f = 1 trong (1.31),

V1< p o HQr. (1.32)

Chon R > 0 dé || = |Bg (z)| = w,R". Khi dé:

[le—y"* Vdy < [ Jo—y"" Dy
Q BR(JI)

= ptw, R

= p e Q]
Bo dé 1.15. Todn ti V,, dnh za lién tuc LP () vao L7 (Q) vdi q bat ki,
1 < g < oo théa man:

0<d=0(p,q)=p "' —q ' <p (1.33)

Hon nia, vdi moi f € LP (Q),
1—6\""° 5
Vafl, < (=) st vIer I, (134

Ching minh: Chon r > 1 sao cho:

rl=14¢'—pl=1-0.
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Khi d6 h(z —y) = |z — y|"" Y € L? (Q), va tit (1.32) ta thu dugc
1-0\"" _
ol < (3=5)  wiior
w—0

Danh gia (1.34) c6 thé thu dudc bang cach phéng theo chiing minh thong
thuong ctia bat dang thitc Young véi phép nhan chap trong R™. Viét:
DL = B e g,

Ta c6 thé danh gia bing bat dang thitc Holder

Vi (2)] <
0

{({ W (z—y)|f (y)!pdy}l/q{ghr (v —y) dy}l_l/p{g |f (y)lpdy} :

do do y
IVufll, < sgp{fhr (x —y)dy}y "IIfIl,

1—6\""’ .
< (m) wi QP £,

Bo6 dé 1.16. Cho f € LP () va g = Vi, f. Khi dé ton tai cdc hing s6 ¢

va ¢y chi phu thudc vao n va p sao cho:

/

Q/eXp Llf}u] dr < e |Q|,p"=p/(p—1). (1.35)

Ching minh: Tt B6 dé 1.15, ta nhan duge véi moi ¢ > p

1-1/p+1/q, 1-1/p11/4
lgll, < q wy, I L,

do d6
[ gtz < o joy 151
Q

va hon ntta v6i ¢ > p — 1

’ AN
191" < pa(waralf1) " 190
Q
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Do do

el ) P\ K
— dz < p'|Q - , Ny =
/%zc!(cnﬂp) <y IZ((;; ) RS
o Mo

Chudi & vé phai hoi tu véi didu kien ¢ > ew,p/, tit Dinh 1y hoi tu don
diéu ta c6 danh gia (1.35).

Cac bo dé tiép theo nham lam ré méi lien hé giita dao ham yéu va cac thé

vi & trén.
B dé 1.17. Cho u € W' (Q). Khi do:
1 i — i) Di
u(x) = /(x Y) nu (y)dy (1.36)
nwny, ‘SU - y|

Chaing minh: Gia st rang v € C} () vA mé rong u bang cach cho u = 0
ben ngoai 2. Khi d6 véi vecto w bat ki ¢6 |w| =1,

oo

u(z) = —/Dru (2 + rw) dr-

Tich phan déi véi w, ta c6 dudc:

u(zr) = — 1n7/Dru(x+rw)drdw

nw
|wl=1

va (1.36) c6 duge tit Bo dé 1.15 va su kién rang C} () 1a trit mat trong
W, (Q). Ngoai ra, ta con ¢6 duge véi u € Wi (Q)
1

ul <
nwy,

Két hop Bo dé 1.15 va bat dang thiic (1.37) ching ta c6 ngay phép nhing
WP (Q) = LP(Q) véip ' — ¢~ < n', didu nay gin nhu da la két luan
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ctia Dinh Iy 1.13. Trén thyc té, phién ban yéu hon sé phit hop cho muc
dich ctia phan nay. Khi két hop Bo dé 1.16 véi (1.37) ta c6 duge mot két
qua chinh xac hon ciia trudng hop p = n dugce thé hién trong dinh 1y sau
day:

Dinh 1y 1.18. Cho u € Wy" (Q). Khi dé ton tai cdc hing sé c1, ¢y chi
phu thudc vao n, sao cho:

| n/(n—1)
/exp ( ) dr < co |9 (1.38)
QO

e[ Dull,

Cht y: Danh gia (1.37) dé dang tong quat cho cac dao ham yéu bac cao
hon. Ta ¢6: cho u € ng’l (),

ul < o Vigu | Dl (1.30)

(k—1)n

va diing Bo dé 1.16 ta c6 dugc mot mé rong ctia Dinh 1 1.18. Cu thé 14, ton
tai cac hang sb ci, ¢z chi phu thuoc vao n va k, sao cho néu u € ng’p (Q)

véi n = kp, thi

e[| D*ull,,

| p/(p=1)
/eXp (—) dr < c2|9Q. (1.40)
Q

Truong hop p > n ctia Dinh 1y nhing Sobolev ¢6 thé dude chinh xac héa
thong qua bo dé sau:
Bo dé 1.19. Cho Q 16i va u € WH (Q). Khi do:

"
n|S|

u(@) ~us| < o [ o= 9" |Du )] dy. (141
Q
hau khdp noi trén ,

trong do:

1 .
us = — | udx,d = diamf) la duong kinh cia miéen )
51
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va S la tap con do duoc bat ki cia €.
Chatng minh: Cho u € C1 (Q), z,y € Q:

[z—y|
u@) —u(y) =~ [ Dulr+radrw= 22
ly — |

0
Tich phan theo y trén S, ta dugc:
[z—y|
S| (u(z) —ug) = —/dy / D,u(x + rw)dr.
S 0

Ki hiéu

Do do, ta co:

u(x) —ug| < / dy/OOV(:UJrTw)dr

lz—y|<d

s

I
o“\g

lw]=1

d
/ V (z + rw) p" tdpdwdr
0

V (z + rw) dwdr

4" .
— - " Dr d .
n|S|/\x y|" " |1 Dyu (y)] dy
Q

Ta c6 thé chiing minh Dinh 1y nhing ctia Morrey.
Dinh 1y 1.20. Cho u € Wé’p (Q), p>n, khi dé uw € C7 (ﬁ), trong do
v =1—n/p. Hon nita, vdi hinh cau bat ki B = By - hinh cau ban kinh R,

< CR|D 1.42
(25¢ u < CR||Dull, (1.42)

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



29

trong do C' = C (n,p), oscu = sup |u(z) —u(y)|.

ZT,YEWw

Chaing minh: Két hop danh gia (1.41) va (1.34), cho S = Q = B,q = o0
va u=n"1, ta co:
u (z) — up| < C(n,p) RY||Dul|,, (hau khip noi (2N B)).
T d6 suy ra két qua vi:
u(z) —u(y)] < |u(z)—up|+|u(y) — usl

< 2C (n,p) R7|| Dul|, (hau khip noi (2N B)) .
Két hop Dinh 1y 1.13 va Dinh 1§ 1.20, véi u € WA? (Q) va p > n ta 6
dénh gia:

uly, < C[1+ (diamQ)"] || Dul|,, (1.43)

Hon nita, két qua ciia cac Dinh 1y 1.13, 1.18, 1.20 c6 thé tom ludc theo so

do sau day:
/‘ an/(n—p) (Q) , D <n
W (@) = 1 (), 2 =exp (Jt/" V) — 1Lp=n
\1 C)\(Q)7/\: _%7 p>n

trong d6 L¥ (€2) 1a ki hiéu ctia khong gian Orlicz véi ham ¢ xéac dinh.
Tt B6 dé 1.15 va 1.17 ta c6 : Véiu € Wy? () ,1 < p < .

1 1/n
full, < (- 191)  1Dul, (1.44)
Trong khi ma tit Bd dé 1.15 va 1.19 ta c6: véi u € WP (Q) va Q 15i:
w 1-1/n
lo-usl, < (i) @lDul, (1.45)

d = diam(Q 1a dudong kinh ctia mién €.

Dinh ly 1.21. Cdc khong gian Wé’p (Q) duge nhing compact
i) vao trong cdic khong gian L () vdi moi ¢ < np/(n —p) néu p < n va
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i) vao trong C° (ﬁ) néup > n.
B6 dé 1.22. Gia sttu € W (Q). Khi dé AMu € LP () vdi moi ¥ CC Q
théa man h < dist (2',00) va ta co:

”AhuHLP(Q’) < [1Diul| o

B6 dé 1.23. Chou € LP(Q), 1 < p < o0 wa gid si ton tai hing s6 K
sao cho AMu € LP () va HAhuHLP(Q,) < K vdi moi h > 0 va Q CcC Q
théa man h < dist (', 09Q). Khi dé dao ham yéu D;u ton tai va théa man
| Diul| o) < K.
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Chuong 2

NGHIEM YEU CUA PHUONG
TRINH ELLIPTIC

2.1 Khai niém nghiém yéu.
2.1.1 Céng thiic tich phan ting phan.

a. Ham mot bién.

b
/f’ (2)g(x)do = () g(x)| ! —/f(a:)g' (x)dz  (21)
b. Ham nhiéu bién.

Cho x € 9Q; v, = (v1, 9, ..., V) 1& vecto phap tuyén ngoai don vi. Khi do:

/ D, f (@) g(z)de = / £ (@) g (2) v; () dS— / £ (2) Dag () dz (2.2)
Q o0 0

2.1.2 Dinh nghia.

Chuong nay ta xem xét cac toan ti tuyén tinh elliptic ¢6 phan chinh dang

bao toan, cac hé so vdi gid thiét tron, yéu tuong déi. Xét toan tit L dang:
Lu = D; (a" (x) Dju+b" (v)u) + ¢ (¥) Dyu+ d (x) u (2.3)
trong d6: a¥, 0, ¢, d(i,j =1,...,n) 1a cAc ham do dugc trén mot mién

QcCR™
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Gia stt, ham u 14 kha vi yéu, cac ham aVDju + b'u, ' Diu,i = 1,...,n la
kha tich dia phuong, khi d6 véi nghia yéu ho#ic suy rong ham u dude goi
14 thda man Lu = 0 trong mién ) néu dang thiic tich phan sau dudc thoa

man:

L (u,v) = / {(a"Dju+ b'u) Div — (' Dyu+ du) v} de =0  (2.4)
0

v6i moi ham v € C} ().

a. Nghiém yéu ctia phuong trinh.

Cho f' g,i = 1,..,n la cac ham kha tich dia phuong trong Q. Ham u €
W2 (Q) duge goi 1a nghiém yéu hay nghiém suy rong ciia phuong trinh
khong thuan nhat

Lu= g+ D,f (2.5)
trong ) néu ding thic tich phan sau dugc thdo méan:

L(u,v) = / (f'Djv — gv) dz Vv € Cj (). (2.6)
Q
Nghiém cb dién clia (2.5) ciing 1a nghiém suy rong va mot nghiém suy rong
C? () ciing 1a mot nghiem c6 dién khi he s6 ctia L 13 di tron.
b. Nghiém yéu ctia bai toan.
Xét bai todn Dirichlet cho phuong trinh (2.5), gid st L la elliptic ngit

trong €2, tic 1a ton tai mot s6 duong A sao cho:
a’ (z) && > NEP, Yo € Q, € €R™. (2.7)

Ta cling gid st L c¢6 hé s6 gidi noi, tic la: ddi v6i cac hiang s6 A, v >
0 nao do, Vx € (2 thi:

>l @) < A% 223 ([F @) + [ @) ) + 27 d (@)] < 02 (28)

Mot ham u thudc vao khong gian Sobolev W2 (Q) duge goi 1a nghiém
suy rong clia bai toan Dirichlet : Lu = g + D; f?, u = ¢ trén 00, néu u la
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nghiem suy rong clia phuong trinh (2.5), o € W2 (Q) vau—p € W* (Q).
Cac ham v € C} () xuat hién trong cong thitc (2.4) va (2.6) duge goi la
ham thu.
Chu y bang dieu kien (2.8) ta co:
|L(u,v)] < [{|a"DjuD;v|+ [b'uD;v| + |c'vDsu| + |duv|} dx
¢ (2.9)
< Cllullwrz@ollvllwizq

do bat dang thic Schwarz.
Do d6, v6i u ¢6 dinh thuoe W2 (Q), anh xa: v — £ (u,v) 1a mot phiém
ham tuyén tinh bi chin tren Wy (Q). Do d6 tinh ding d&n ciia cac he thitc
(2.4) véi v € C} () kéo theo tinh ding dén ciia ching véi v € Wi (Q).

2.1.3 Su ton tai va duy nhit ctia nghiém yéu.
Gia st
/ [dv® + (¢ = V') vDw] dx <0, Vv € Cj () (2.10)
Q
trong do: b, ¢', d la gi6i noi. Bat dang thic (2.10) vin con ding v6i moi
ham v € W' (Q).
Dinh 1y 2.1. Cho todn ti L théa man diéeu kien (2.7), (2.8) va (2.10).
Voi p € WH2(Q) va g, f1 € L?(Q),i = 1,...,n, bai todn Dirichlet, Lu =
g+ D;if? trong Q, u = ¢ trén O c6 lvi gidi duy nhat.
Chatng minh: Trudc hét, ta quy veé bai toan Dirichlet véi truong hop gia
tri bien bang 0. Dat w = u — ¢, tut (2.5) ta co:
Lw = Lu — Ly

= g—c'Dyp—dp+ D; (f' —a'Djp — bo)

= g+ Dif
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Tt cac didu kien tren L va ¢, 16 rang: g, f* € L2 (Q); i =1,...,n va
w € Wé’2 (). Bdi vay chi can chiing minh dinh 1y trén ding véi truong

hop o = 0.

Dit H = Wy* (Q), 9= (g, f', f2 ., f*) va F (v) = — [ (gv — fiDpw) dx
Q

vl v € ‘H. Vi:

[F ()] < [lgllaollvllwrzgoy
ta c6 F' € H*. Néu dang song tuyén tinh L dugce dinh nghia béi (2.4) 1a
cudng bic trén H cling nhu giéi ndi , ta co6 thé két luan ngay kha ning
gidi dugc duy nhat ciia bai toan Dirichlet v6i L tit Dinh 1y 1.3.
Lién quan dén tinh cudng biic clia L ta c6 bo dé sau day:
Bo dé 2.2. Cho L théa man diéu kien (2.7) va (2.8), khi dé Iv > 0 sao

cho:

A
L(u,u) > §/|Du\2dx — )\I/Q/UQdI., Ve e W7 (Q). (211
0 0
Ching minh:
L(u,u) = [(a"DuDju+ (b'— ¢')uDju — du?) dx
Q

> 1l <)\|Du|2 — %|Du|2 — )\VZUQ) dx (bat dang thitc Schawarz)
0

A
= §/|Du|2dx—)\u2/u2d:c.
QO

Q
V6i 0 € R chiing ta dinh nghia toan t& L, b6i L,u = Lu — ou. Theo Bo
dé 2.2 ta thay dang lien hop £, bi cudng bitc néu o la du lén hozc || 1a
da nhd. Tiép theo, ta c6 thé dinh nghia phép nhing I : H — H* béi:

Tu(v) = /uvdx, veH. (2.12)
Q
Khi do6 ta co:
B6 dé 2.3. Anh za I la compact.
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Chatng minh: Dat : I = 115 trong do: I : H — L? () 1a phép nhiing tu
nhién va I : L? (Q) — H* cho béi (2.12). Theo Dinh Iy 1.21 I5 1 compact
(néu p =n = 2), vi I 1o rang lién tuc ta c6 duge I 1a compact.
Tiép theo, ta chon oy dé dang L,, 1 gi6i noi va cudng bitc trén khong gian
Hilbert H. Phuong trinh Lu = F v6i u € ‘H, F' € ‘H* 1a tuong duong véi
phuong trinh:

L, u+ oplu = F

Bang Dinh Iy 1.3, Lgol la lién tuc, anh xa 1:1 cua H* 1én H va ap dung
Lgol cho phuong trinh & trén, ta c6 duge phuong trinh tuwong duong:

u+ oL, Tu=L,'F (2.13)

g0

Anh xa T = —ooL,! la compact bdi Bé dé 2.3 va do d6 theo Dinh ly
1.2, sy ton tai mot ham u € H théa man phuong trinh (2.13) 13 mot he
qua ciia tinh duy nhat trong H ctia nghiém tam thuong ctia phuong trinh
Lu = 0.

Mot mo ta clia dang diéu pho clia toan ti L suy ra tit Dinh 1y 1.4, ching
ta dinh nghia dang lién hgp hinh thic L* ctia L bdéi:

L*u = D; (aiiju — ciu) — b'Dyu + du. (2.14)

Vi L*(u,v) = L(v,u) véi u,v € H = Wy” (Q), L* ciing la lien hop clia
L trong khong gian Hilbert . Béang cach thay thé L bdi L, trong 1i luan
4 trén, ta thay rang phuong trinh L,u = F sé tuong duong véi phuong
trinh u + (09 — o) L' fu = L_'F va lien hgp T clia dnh xa compact
T, = (09— 0) LI duge cho béi T} = (00 — o) (L(ﬁo)_ll. Chiing ta c6
thé ap dung Dinh 1y 1.4 dé c6 dudc két qui sau day.

Dinh 1y 2.4. Cho todn ti L théa man dieu kién (2.7) va (2.8). Khi dé
ton tai mot tap hop roi rac, dém dudc ¥ C R sao cho néu o ¢ X, bai toan
Dirichlet, Lyu, L*u = g+ D;f',u = ¢ tréen 0Q, la duy nhdt nghiém vdi
g tuy g, e L* () va o € WH(Q). Néu o € 3, khi dé khong gian con
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cac nghiém cia bai todn thuan nhat, Lyu, Liu = 0,u = 0 trén 0 c6 so
chiéu la duong va hitu han va bai todn Liu = g+ D;f',u = @ trén 0Q la

giai dugc neu va chi neu:

/ {(g — ' Dy — do + Ugo) v — (fZ — aiijgp — bigo) Div} dr = 0(2.15)
9)

vdi moi v théa man Lv = 0,v = 0 trén 0. Hon niia, diéu kién (2.10)
dugc théa man, ¥ C (—o0,0).

Toan tit Gy : H* — H cho bdi G, = L, v6i o ¢ ¥ goi 1a toan tit Green
ctia bai toan Dirichlet v6i L,. Theo Dinh 1y 1.2, G, 1a mot toan ti tuyén
tinh gidi noi trén H*. Do do, ta c6 danh gia tién nghiém sau.

Hé qua 2.5. Cho u € W2 (Q) théa man Lyu = g+ D;f',u = @ trén 09
vdi o ¢ X. Khi dé chi ton tai mot hang s6 C' chi phu thuoc L, o va Q :

lullwiay < € (lglls + 1€ lhwiogey ) - (2.16)

T Dinh 1y 2.4 suy ra Dinh Iy 2.1 con hiéu luc néu ta thay thé o' bing
—c' trong diéu kien (2.10).

2.2 Do tron ctia nghiém yéu.

2.2.1 Do tron bén trong mién.

Dinh 1y 2.6. Cho u € W42 (Q) la nghiém yéu ciia phuong trinh Lu = f
trong Q, L la elliptic ngat trong Q, cic hé s6 a¥,b',i,5 = 1,...,n la lién

tuc Lipchitz déu trong Q, cdc hé s6 ¢',d,i = 1,...,n hau bi chan trong 2 va

ham f € L? (). Khi dé, vdi mién con bat ki Q) CC ), ta c6 u € W2 ()

N

va

lulhwesry < € (el + 112 (2.17)

vdi C'=C (n,\, K,d"), \ zdc dinh bdi (2.7),

K = max { [ o ) 165l gy | Ve d' = dist (€2,00)
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Hon nta, u thoa man phuong trinh
Lu = a"Dyu + (Djaji + b Ci) Dju + (Dibi +d)u=f (2.18)

hav khdp noi trong Q.
Ching minh: Tt dong nhat thic tich phan (2.6), ta co:

/aiijuDivda: = /gvdaz, Yo € Cy (), (2.19)
Q 0

trong d6 g € L? (Q) xac dinh béi:
g=(b'+¢) Du+ (Db +d)u— f. (2.20)

V6i [2h| < dist (sup v, 0S2), ta thay v béi ti sai phan A~ = A v véi k
nao do thoa 1 < k < n. Ta dugc:

[ A" (a"Dju) Dwde = — [ a"DjuD; A" vdx
0 0
= — [ gA "vdx.
0
Vi
A" (d"Dju) (z) = a" (z + hey) A"Dju () + Aa" (z) Dju (2)
ta co:

/aij (z + hey,) AMuDjvde = —/ (9.Dv + gA™ ") da
0 0

trong d6 g = (g',....,g") va g’ = A"a¥Dju. Ding (2.20) va B dé 1.22,

ching ta c¢6 danh gia:

({aij (z + hey) DjAhuDivdx < ([[glly + llglly) [1Dv]l,

< (C) Klullwraoy + 171) 1D,
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Tiép theo lay n € CL(Q) théa man 0 < 5 < 1 va dit v = n?Au. Ding
(2.7) v& Bat dang thiic Schawarz, ta co:

)\f ‘nDAhu] dr < f772 V(2 + hey) A"DiuA" Djudx

= [aV (x + hey) D;AM ( 2Ahu77Dm) dx
)

< (€ ) K ullygraoy + 17112) (InDA ]|, +2(A"uDn]l,)
) KaDatl | M,
V6i sy trg gitp clia Bat dang thitc Young (1.6), ta co:

Ina"Duf| < € (llullra + 171l + [|A"uDn],)

< C (1 + SUPS\ZDU|> (HU||W1=2(Q) + HfH2)

theo Bo dé 1.22, v6i C' = C (n, A\, K). Ham 7 c6 thé Iia chon nhu mot ham
chat saochon = 1tren Q' CC Qva |Dn| < 2/d', trong d6 d' = dist (02, V).
Theo Bb dé 1.23 ching ta c6Du € WH2 (Q') vé6i ' CC Q bat ki, do vay

u € W?(Q) va c6 danh gia (2.17). Cudi cling, ching ta c6 Lu € L?  (Q)
va dong nhat thic tich phan (2.6) kéo theo Lu = f hau khap noi trong 2.
Chi y rang ( xem bai toan (2.4)) trong dénh gia (2.17), 80 ||ullyy.(q) dugc
thay the bang [|ul|pz

Két qua ton tai tong quat sau cho bai toan Dirichlet déi v6i phuong trinh
elliptic dang:

Lu = a" (z) Dyju + V' () Dju+c(v)u = f (2.21)

c6 thé rat ra két tit Dinh 1y 2.1 va 2.6.

Dinh 1y 2.7. Cho todn ti L la elliptic ngat trong 0 va cé cdc hé so
al e (Q),0,c e L*(Q),c < 0. Khi dé vdi [ tuy § thuoc vao L? ()
va p € WH2(Q), ton tai duy nhit mot ham v € W2 (Q) "W, (Q) théa
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mén Lu = f trong Q va u— ¢ € Wi* (Q).

Dinh Iy 2.7 vAn con ding véi 9 du tron véi ¢ € W2 (Q) néu ta chi gia
thiét ring he sb chinh ¢ nim trong C" (Q). Tuy nhién, két qua duy nhat
khong con ding néu gia thiét tiép tuc bi yéu di dé cho a’ € L™ () khong
lien tuc, nhu dudce thay 16 trong phuong trinh:

Au + b%Duu —0, b=—1+ % 0< A<l (2.22)
. -

Néu n > 2(2 — A) > 2 phuong trinh trén c¢6 hai nghiem w(z) = 1,
up (z) = |z|* € W22 (B) va phit hop trén dB, trong d6 B la hinh cu don
vi, B1(0).

Hon nita, tinh kha vi cia nghiém yéu c6 thé dé dang suy ra tit chiing minh
ctia Dinh 1y 2.6. Gi4 st ring ta lam manh tinh tron trén cac hé s6 bang
cach gia st a¥ b € O (Q),d.,d € c”' (Q) cing véi f € W2 (Q). Khi
do, thay thé v béi Dyv véi 1 < k < n, trong dong nhat thic (2.19), ta c6
(sau khi tinh tich phan ting phan):

/aiijkuDivda: = /Dkgvdx Vo e C) (), (2.23)
) Q

vaviu € W2 (), ta co Dyg € L2, (Q). Hon nita, Dyu € W7, (Q). Bing
phép quy nap don gian, ta c6 thé két luan ma rong sau ciia Dinh 1y 2.6.
Dinh 1y 2.8. Cho u € W2(Q) la mot nghiém yéu cia phuong trinh
Lu = f trong Q ma L la elliptic ngdt trong S0, cdc hé s6 a’, b € o (ﬁ),
cic he s6 ¢, de C (Q) va ham f € WE2(Q),k > 1. Khi dé vdi mién
con bat ki Q' CC Q, ching ta c6 u € W22 (Q) va

lulhwessaeny < € (Ilullwroy + 1 s (2.24

voi C' = C(TL,/\,K, d/,k), K = max{”aij,biﬂck,l(g), Ci,dHck—l,l(Q)} .

Bang Dinh 1y nhing Sobolev, He qua 1.9, ching ta c6 duge Dinh 1y 2.8.
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Hé qua 2.9. Cho u € W2 (Q) la mot nghiém yéu ciia phuong trinh el-
liptic ngit Lu = f € Q wva gid sit cdc ham aV,b", ¢, d, f la trong C*> (Q).
Khi do, u € C= (Q).

2.2.2 Do tron trén toan mieén.

Duéi diéu kién tinh tron thich hgp & trén bien 09 két qua tinh déu 6 phan
trong trude day co thé maé rong ra cho tat ca €, dau tién ching ta suy ra
su tuong tu toan cuc cua Dinh 1y 2.6.

Dinh 1y 2.10. Gid st théem vao gid thiét cia Dinh lij 2.6 la OQ thuoce I6p
C? wa ton tai mot ham ¢ € W22(Q) sao cho u — ¢ € Wi (Q). Khi dé
ta c6 u € W»2(Q) va

lullwey < € (lullzey + Il + lolhwazey) — (225)

trong dé C' = C(n, A\, K,090).

Ching minh: Thé u bang u — ¢, ta thay rang khong mat tinh tong quat
c6 thé gia sit ¢ = 0, va do d6 u € Wy” (). Ngoai ra, theo B6 dé 2.2 ta
c6 thé danh gia:

lullwiz) < C (llully + 11712 (2.26)

trong d6 C' = C(n, X\, K). Khi 9Q € C? véi mdi diem xy € 99 ton tai
mot hinh cau B = B(xg) va anh xa 1:1 ¢ tu B len tap mé D C R"
sao cho ¥ (BN Q) C R} = {z € Rz, > 0},¢ (BNIN) C IR va ¢ €
C?*(B),¢y! € C*(D). Cho Bg (x¢) CC Bva tap BT = By (10)NQ), D' =
Y (Bgr (x9)), D™ =4 (B™). Duéi anh xa ¢ phuong trinh Lu = f trong B
trd thanh phuong trinh cting dang Dt. Cac hing sé A\, K vé6i phuong trinh
da bién doi c6 thé duge danh gia qua anh xa 1 va tri sé cho phuong trinh
gbc.Hon nita, vi u € Wy (Q), nghiem bién déi v = wop~' € Wh2 (D7)
va théa man nv € W,y” (D) véi moi n € CL (D). Tuong tng, ta gia st
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ring u € W2 (D) théa man Lu = f trong Dt va nu € Wy? (D) véi g
bat ki n € C} (D). Khi dé, véi |h| < dist (supp.n,d0D")val <k <n-—1,
ta c6 7 Aly e Wé’Q (D). Vi vay ap dung chiing minh ctia Dinh 1y 2.5
sé dugc ap dung va ching ta c6 thé két luan ring Dyu € L? (¢ (B, N Q))
véi p < R v6i dieu kieén 13 ¢ hodc j # n. Dao ham cap hai D,,,u con lai
c6 thé duge danh gia tryc tiép tit phuong trinh (2.18). Do d6, quay lai
mién Q goc véi anh xa ! € C? ta ¢6 u € W% (B, N Q). Khi z, la mot
"2 (Q)), bang Dinh Iy 2.5 ching ta két luan

diém tuy ¥ clia 9Q va u € W,
rang u € W22 (Q). Cudi cing bing cach chon mot s6 hitu han cac diém
2z € 90 sao cho cac hinh cau B, (x(i)) pht 0€2, ching ta c¢6 duge danh
gia (2.25) tit (2.17) va (2.26).

Chu ¥ ring céc didu kien, u € W22 (D), nu € Wy* (D¥) véin € C} (D)
kéo theo nDyu € Wy? (DF) néu 1 < k < n — 1. N6i rieng, theo B8 dé
1.22 ching ta c6 nAlu € Wy? (DF) va

InDyullwiz ey < Inllor o lullwee oy

v6i h di nhd. Theo Dinh 1y 1.5, suy ra rang ton tai mot day {nAZju}
hoi tu yéu trong khong gian Hilbert W(l)’2 (D). Gi6i han clia day nay ro
rang la ham nDju. Tinh chinh quy toan cuc ctia nghiém ctia phuong trinh
Lu = f dugc suy ra theo cung kiéu nhu Dinh 1y 2.8 tit Dinh 1y 2.6.
Dinh 1y 2.11. Gid st ching ta thém vao gid thiét cia Dinh ly 2.8 rang
OQ € C*2 i ton tai mot ham @ € W22 (Q) ma u— ¢ € Wy (Q). Khi
dé co6 u € W22 (Q) va

lulhwerzaey < € (lull gy + Illwerea)) (2.27)

trong d6 C = C (n,\, K, k,0Q). Néu cic ham a",b",c',d, f va ¢ thudc
lop C* (ﬁ) va OS2 la mot Idp cia C* (ﬁ) Khi do, nghiém u ciung thudc
o (@).

Két hop Dinh 1y 2.1 va 2.11 ching ta c6 mot dinh 1y ton tai cho bai toan
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Dirichlet ¢6 dién véi phuong trinh (2.21) da c6 tit Dinh Iy 1.6 va 1.7.
Dinh 1y 2.12. Cho todn ti L ( dua bdi (2.21)) la elliptic ngat trong §2 va
co C* (ﬁ) hé so théa man ¢ < 0 trong Q. Khi dé, néu 002 € C™ ton tai
mot nghiem duy nhat u € C™ (ﬁ) cua bai toan Dirichlet, Lu = f,u = ¢
tren Q) vdi f tuy 4, o € C (Q).

2.2.3 Nghiém yéu ctia phudng trinh elliptic tong quat.

Dinh 1y 2.13. Cho Q € R" la mién vdi bién cia lop C®. Gid st cic ham
a (i,5 =1,...,n) va c la mot ldp ciia O trong Q0 va théa man gid thiét
* tinh doi xing : aV (z) = o' (x) vdi moi i, va x € Q.

* tinh khong am : ¢ (x) > 0 vdi moi x € Q.

va gid st f € C*(Q), g € C* () da cho. Khi dé bai todn Dirichlet:

52 2 (0 ) gu ) ) —c(ohule) = F (o) tromg

ij=1
u () = ¢ (x)trén 012,
c6 mot nghiem (duy nhat) thuoc lép C™ (ﬁ) :

Bay gio ta xét diéu gi xdy ra néu ta xém xét phuong trinh dao ham yéu:
/Du.Dv - /fv =0 (feL*) (2.28)
QO Q

v6i moi v € W12 (Q). Dac biét chiing ta c6 két qua sau day:

Dinh 1y 2.14. Cho (2.28) théa man Yv € W12 (Q), trén mién Q thuoc
lop C*, u—g € Wy?(Q) va ham f € O (Q), g € C*(9Q). Khi dé:

ue C® (ﬁ) :
Xét phuong trinh:

/DU.DU + ,u/u.v =0 (peER), YveW-(Q) (2.29)
QO QO
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Hé qua 2.15. Cho u la nghiém cia phuong trinh (2.29), vdi moi v €
W2 (Q). Néu mién Q thuoc l6p ciia C*, u—g € T/Vol’2 (Q), g € C™(09).
Khi d6: u € C™ ().
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KET LUAN

Trong luan van da trinh bay cac van dé sau:

-Khéi niem khong gian Sobolev WHP (Q) va Wf () va cac dinh 1y
nhing.

- Khai niém nghiém yéu ctia phuong trinh elliptic tuyén tinh cap hai
dang bao toan, dinh Iy vé sir ton tai vi duy nhat nghiém yéu ctia bai toan
Dirichlet déi véi cac phuong trinh nay va dinh 1§ mo ta do tron clia cac

nghiém yéu.
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