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MO DAU

Déi v6i phuong trinh elliptic tuyén tinh cap 2 thi nguoi ta dua vao xét
mot s6 loai nghieém. Nghiem ¢ dién la nhitmg ham s6 kha vi hai 1an lien
tuc va théa man phuong trinh khap noi. Nhung nghiém manh chi 14 nhitng
ham s6 c¢6 dao ham dén cap 2, binh phuong kha tich va thdéa man phuong
trinh hau khap noi.

Dua vao céac tai lieu [1], [2], [3] ludn van da trinh bay khai niém nghiém
manh clia phuong trinh elliptic tuyén tinh cap 2 va nghién citu tinh chat
tron ctia nghiém manbh.

Luan van dudgc chia lam 2 chuong:

Chuong 1 trinh bay cac khong gian Sobolev W 7 (Q), Wi (Q) va céc
dinh 1y nhing duge dua trén tai lieu [1], [2]

Chuong 2 dwa vao khai niém nghiém manh va nghién citu do tron cta
nghiém manh bén trong mién duge dya tren tai lieu [3].

Luan van da chi ra rang khi do tron ctia hé s6 va clia vé phai tang len thi
do tron clia nghiem manh ciing ting lén theo va né tré thanh nghiem co
dién ctia phuong trinh.

Do thoi gian va kién thic con han ché nén trong qua trinh viét luan
van ciing nhu trong xit 1§ vin ban chic chan khong tranh khoéi nhitng sai
s6t nhat dinh. Tac gid luan van rat mong nhan dude sy gép ¥ ciia cic thay
co va cac ban dong nghiép dé luan vin dude hoan thien hon.

Nhan dip nay, tac gid xin bay té long biét on sau sic dén thay huéng
dan PGS-TS Ha Tién Ngoan da tan tinh gitp dd trong sudt qua trinh lam

luan van.
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Tac gid xin tran trong cadm on céac thay, co gido Truong Dai hoc Khoa
hoc- Dai hoc Thai Nguyeén, Vien Toan hoc da gidng day va tao moi dicu
kién thuan lgi trong qua trinh tac gia hoc tap va nghién citu.

Tac gia ciing xin chan thanh cam on Ban Giam hiéu, Khoa Co ban
truong Cao dang Cong dong Hai Phong va tap thé ban bé dong nghiép
ciing gia dinh da quan tam gitp dd, dong vién tic gid hoan thanh tot luan
van nay.

Thai Nguyén, thang 08 nam 2012.
Ngudi thuc hién

Nguyén Thi Hoang Xa
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Chuong 1

KHONG GIAN SOBOLEV

Mot trong nhitng bai toan quan trong ciia phuong trinh dao ham riéng
la phuong trinh Poisson:

Au = f. (1.1)

Nghiém yéu u(x) ctia phuong trinh (1.1) théa man dong nhat thic tich

phan:
/DuDgpdx = —/fgpdx,
0 0
trong do: u (z) = u (1, .....,x,) 1a an ham, f (z) = f (z1,....., ;) 12 ham
, n 9
so duge cho trude, Au = 28_1;’ o(x) = o(r1, .y mp) € CHQ) 12
i=1 0T;

khong gian cac ham s6 kha vi lien tuc va c6 gia compact,

[ Ou ou & Ou Oy
Du = <a—xl, ..... 76_an> ,DUDQO—Z:ZlaxZaZCZ

Dat:
(u, ) = /Dchpda:. (1.2)
Q

Dé nghién ctu nghiém ctia phuong trinh Poisson ta xem xét mot cach tiép
can khac doi v6i phuong trinh nay.

Dang song tuyén tinh (u,p) = [DuDydx 1a mot tich trong ctia khong
QO

gian C} (2) vi bao déng ctia C} () theo metric cam sinh béi (1.2) 1a
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khong gian Hilbert ma ngusi ta ki hiéu la Wé’Q ().
Hon nita, phiém ham tuyén tinh F duge dinh nghia béi:

F(w)z—/fsodx

c6 thé duge mé rong dén mot phiém ham tuyén tinh bi chan trén khong
gian W, (Q). Theo dinh Iy Riesz ton tai mot phan tit u € Wy (Q) thoa
man (u, ) = F (), Ve € Gy (Q).

Dinh ly Riesz: Vdi moi phiém ham tuyén tinh bi chin F trong khong
gian Hilbert H luon ton tai mot phan tii zdc dinh duy nhat f € H sao cho
F(z)=(z,f) végi moi x € H va ||F|| = || f]-

Vi 7
@.0) = AT
P = sup ()
x#0 X
I = n = FW

Do d6 sy ton tai nghiém suy rong ctia bai toan Diriclet:
Au = f
v =0 trén 0f)

Van dé vé su ton tai nghiem co dién duge chuyén doi tuong tng thanh cac

thuc su duge thiét lap.

van dé vé tinh chinh quy ciia nghiém suy rong theo diéu kién bién tron
thich hop. Dinh 1y Lax-Milgram sé dugc ap dung dbi v6i phuong trinh el-
liptic tuyén tinh theo dang Div. Tuong tu nhu viéc 4p dung dinh 1y Riesz
4 trén bang cac li luan khac nhau duya trén dong nhat thic tich phan, két
quéd chinh quy sé dugdc thiét lap.

Tuy nhién truée khi thuc hien mot cach cu thé, ta di khao sat 16p cac
khong gian Sobolev, d6 1a W2 () vaWE? (Q) ma W2 (Q) 1a mot trudng
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hop riéng.

1.1 Khéng gian W*? (Q) ;ng’p (22)
1.1.1 Khoéng gian W"? (Q):

Cho ©Q C R" 14 mien bi chin.

xr = (21, T2, X3, ..., Ty) € S
a. Khong gian L” (2);(1 < p < +00)

L? (Q) la khong gian Banach co dién gom cdc ham do dugc trén Q va p-khd
tich. Tc la

/\u(x)|pdx < +0.
Q
Chuan ciia phan ti trong LP (Q) dugc dinh nghia bdi:
U

full ey = | [ lulPde |
Q

trong do: |u (x)| 1a tri tuyét doi cta u(x).
Khi p = +o0; L™ (£2) la khong gian Banach cac ham bi chan trén Q véi

chuan:
il = oy = sup . (13)

Khi khong c6 su nhap nhang, ching ta sé dung |ul|, thay cho [ul|,q):
Bat ddang thic Young:

p bq
jab| < lal” u, (1.4)
p q
) o .11
trong do p,q € R;p > 0,q > 0 thoa man: — + — = 1.
P q

Khi p=q=2;(1.4) chinh la bat déng thitc Cauchy. Thay thé a béi £'/Pa, b
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béi e 1/Pb, v6i € > 0 khi d6 (1.4) tré thanh bat déng thiic noi suy:

p —a/p |p|4
japf < S S o e (1.5)
p q
Bat dang thic Holder:
[ uvldz < Jal o, (10
Q

1 1
vdi uw € LP(Q),v e L1(Q) va —+ — =1,
P q

(1.6) 1a hé qua clia bat dang thiic Young, khi p = ¢ = 2, bat dang thiic
Holder tré thanh bat dang thic Schwarz.
Bat dang thic Holder st dung trong truong hgp tong quéat déi véi m ham

Ui, Us, ..., Uy, nam trong khong gian LPt, LP2 ..., LPm nhu sau:

/\u1u2...um|daj < Juall, Nuzll,, - llwmll,,, (1.7)
Q
" 1 1
véi —+ —+ ...+ — =1
P P2 DPm

Bat dang thic Holder ciing dudc st dung dé nghién ctu chuan trong LP
khi coi do6 la cac ham cta p:
1/p

1 P du
by (1) = @Q/ud | (18)

V6i p > 0, ¢, (u) 1a ham khong gidm theo p, véi u ¢ dinh.

Khong gian L (£2) 1a kha li khi p < oo, C° (Q2) 1a khong gian con trit mat
trong L (£2).

Khong gian déi ngdu ctia LP () khi 1 < p < oo dang cau véi L7 (),
trong do6 ! +—=1. Vithé L?(Q) khi 1 < p < 400 duge coi la lien hop
clia LV (Q])). Do d6, L7 () 1a phén xa khi 1 < p < 00

Khi p =2, L? (Q) 14 khong gian Hilbert véi tich vo huéng:

(1, v) = / u (2) v (@)da.

Q
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() = ull* = [ fu (o)
Q

Dinh 1y 1.1: (dinh ly nhing L? (Q)) Gid si 2 la mién b chdn va
1 <py <po. Khi do, LP>(Q2) C LP* (Q) va dnh za nhing

LR (Q) s L (Q)

la liéen tuc.
Ching minh: Gid st u € LP2 () ta can ching minh u € L' () hay
f lul"'dx < 4o0.

Ap dung bat déng thic Holder véi p = P2 ,q = L , ta co:
b1 D2 —P1
1/p 1/q
[u|""de = [ |u]”*.1dx < (f\u\plpdx) <f 1qda:)
1/p '
= (mes)"/ <f \u\pzdaz>
Q
Vi Q bi chan va u € L () nén
1/p
(mesQ)’ /|u|p2dx < +o00.
Vay u € LP* (Q).
T (1.9) ta suy ra:
1/p1 1/pp1
<f\u\pdx> < (mesQ) "/ (f\u\mdx>
0
/e, 1.10
— (mesQ)l/qp1 <f |u|p2dx> (1.10)
0

1/gp1
& [l o ) < (mes) ™[] 1o e

(1.10) ching t6 anh xa j : LP2(Q) — LP*(Q) la lien tuc va ||j|| <

)1/qp1 )1/p1—1/p2.

(mes$ = (mes§)

b. Khong gian W*? (Q))
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Khong gian W*? () dugce dinh nghia:
VeikeN; 1 <p<+o

W (Q) = {u(z); D € L (Q) Vo : o] < k}. (1.11)

Trong d6 a = (a1, 2, ...,00) ;05 € Ny o) =g +as+ ... + o

o Oy
Khi do
1/p
o = el = | [ 3 107l | .
Q la[sk
lalginiy = S 1Dl (1.13)
o<k
Nhan xét: Néu k; < ko thi Wk2P ¢ Whop,
1.1.2 Vidu
Vi du 1: Cho k=0. Khi dé, ta co:
WO (Q) = LP (Q).
Vi du 2: Cho k=1. Khi do, ta co:
W (Q) = {u(z ) € LP(Q); D, u € LP (Q)Vj}
va
[ullfyin 0y = 1w (@) o) + Z [ Dajul[ 7
Vi du 3: Cho k=2. Khi do, ta co:
WP (Q) = {u(z ,Dyu, Dy yu € LP (Q)}
va
p
ey = e @)y + Z 1Da,ul [0y + D | Dasmetil

Jk=1
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1.1.3 Khong gian W;” (Q)

Khong gian Banach ng’p (©) phét sinh do viéc 1y bao déng ctia CF ()
trong W52 (Q). W*2 (Q) , Wi? (Q) khong tring nhau déi véi mién € bi
chan. Dc biet, p = 2, W2 (), WE? () (doi khi ki hicu 1a H* (), HE ()
la cac khong gian Hilbert vé6i tich vo huéng:

(u,v), = Z Dy Dydx (1.14)
O lal<k
Céac tinh chat giai tich ham ctia W*? (Q) ,ng’p duge suy ra khi xem xét
phép nhing tu nhién cac khong gian nay vao trong tich ctia N ban sao
ciia LP (), trong do, Ny 1a s6 céac chi s6 « théa man |a| < k. Dung su
kién tich hitu han va cac khong gian con déng ctia khong gian Banach tach
duge (phén xa) lai 1a cac khong gian Banach tach duge (phan xa) ta suy
ra khong gian W57 (Q) , Wi? () 1a tach duge véi 1 < p < oo (phén xa
néu 1 < p < 00).
a. Khong gian C{° (1) .
C Q) ={u(x) e C*(Q),u(x)=0

trong lan can cta bién 002}

(1.15)

b. Khéng gian ng’p Q).
Wg’p (Q) 1a khong gian sinh bdi bao dong ctia CF (Q) trong WP (Q).
Ki hieu: WP (Q) = Ck(Q)

W2 (Q) = {u () ;u(x) € W (Q), Dy = 0, |a < k—1}.(1.16)
Truong hgp khi p = 400, khong gian Sobolev va khong gian Lipchitz c6
moi quan hé v6i nhau, cu theé la:

Wi (Q) =CFL1(Q)  véi Q tuy ¥

Whee () = CF 11 (Q) véi Q di tron
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Bat ding thitc Poincare: Gid st Q la mién bi chan va p > 1. Khi do,

ton tai so ¢ > 0 sao cho:

lull ooy < . Z IDjull gy Vu € G () (1.17)

Ching minh: Bai vi:

L7 (Q) = G~ ()
nén chi can ching minh (1.15) cho u € C§° (). Bao © bdi hinh hop chi
nhat D va xem u (z) = 0 ngoai .
Giast D = {x = (z1,...,2,) 1 a; <x; < b;,j=1,2,....n}.

Vi u(zy, ..., Tp-1,a,) = 0 nén theo cong thitc Newton - Leibniz cho ta:

u (1, T, ..., Tp) :/Dnu (1, ..., t)dt

bat 2’ = (xq, .., z,_1) suy ra:
a,
w2, x,)| < | Dyu (2,
! < [1.|D " )| dt
an
Tn p

= lu (@, 2P < /1. Dy (1) dt

n

Tp ]‘/p In 1/q p
< /\Dnu (2, t)|Pdt /1% (1.18)

2y — P / Dy (2, £)"dt
< (by — 0,70 / Dy (2!, )| dt
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Tich phan hai vé (1.17) trén D ta c6:

[u(e, z)lPde < / (b — a,)"'" / Dy (2, 8)[dt | da
D

D an
b _
— / p/q/\Dnu o' )| dt | da’
. _
— (bn—an)p/qﬂ/ /\Dnu (', t)|"dt | dz’
D lan |

— (b —ay)lr / Dy (2!, 6)Pde

(b=t / Dy (2)|dz

= [[ull o)

IA

(bn an)‘Dnu|Lp
< (b —a2) X IDsull i) (1.19)

j_
V6i moi ham u € Cf° (2) ta ¢6 |ul g, py = |uln(g) nen tir (1.19) ta suy ra
(1.17).
Hai chuan tuong duong trong Wol’p (Q):

lullyrrey = D 1D Ul (1.20)
la|<k
1wl sy = > D" ull| 1o (0 (1.21)
la|<k

Hai chuan trén la tuong duong tic 1a 3ey, ¢ € R sao cho:
e [Jull < [lull] < e lul (1.22)

Chiing minh: Dat N = card{a: |af <k}, aq = [[D%[ 1) = 0, ta sé
chiing minh ring (1.22) duge théa man véi ¢ = 1,¢p = NP=D/P,
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Thuec vay, truée hét ta ching minh bat dang thic:

p

dad <) aa (1.23)

(1.23) r6 rang ding néu a, = 0 Va. Néu trai lai thi vé phai (1.23) duong
va (1.23) tuong duong véi:

p
Qo
> <1
a
la| <k |0%§:k “
R6 rang 0 < <1 Va.
Z Aoy
la|<E
Suy ra ham khong tang theo p, Va.
|a\<k
Suy ra ham f (p) = Z da 13 khong tang theo p.
al<k > Ga
|| <k

Tacovip=1thi f(1)= >

Vay v6i p > 1 ta co:f (p) < 1, vay:

_ da <1(¥p>1
f(p) C%k s | < (Vp > 1)

loo|<k

va (1.23) dugce ching minh. Nhu vay, bat dang thitc bén trai clia (1.22)
ding véi moi p > 1 va ¢ = 1.
Tiép theo ta ching minh bat ding thiic:

1/p

S an < (NN ar (1.24)

la|<k | <k
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Ap dung bat ddng thic Holder ta co:
1/p
Y- Va0 Y
al<k || <k || <k
1 1 —1
trong d6 —=1—— = L Vay (1.24) dugce chiing minh.

p p
Nhu vay (1.22) ding v6i ¢; = 1, ¢ = NP~D/P_Néi cach khac:

1/p 1/p

Soab | =l <lllull =Y a0 < NEPL S ap

la|<k la|<k |la|<k

(=)

Do d6 cac chuan ||.|| va ||[.]]| tréen W*? (Q) 1a tuong duong.
Heé qua: Hai chudn sau la tuong duong trén Wy ():

lall = 1ol o +z 1Dull e
el = S5 11Dl o
trong dé Dju = Dy u.
Chiing minh: Goi ¢ 1a hing s6 trong bat dang thic Poincare ta co:
ulll < flull < (¢ + 1) [[[u]]

Suy ra diéu phai chiing minh.

1.2 Dinh ly nhing

Dinh 1y 1.2:
1p L) (Q) wdi p<n
Wo () { o (Q) vdi p>n
Hon, nita, ton tai mot hing sé6 ¢ = ¢ (n,p) sao cho vdi moi u € Wy (Q)
tha:

||| < c||[Du||, < c||[Dul[ vdi p < n (1.25)

np/(n—p)

11
sup |u| < ¢|Q| n /pHDquvo”z' p>n
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Chatng minh: Ching ta thiét lap danh gia (1.25) cho cac ham C} (Q)
Truong hop : p=1
R6 rang véi u bat ki thuoe CF (Q) va i bat ki: 1 <4 <n thi

Ly

]u(w)|§/|Dm|dwZ

—0o0

Do do:
1/n—1

n +o0
(@) < (] / Doulds | (1.26)
i:17oo

Bat dang thitc (1.26) bay gio dudc lay tich phan lién tuc véi mdi bién
rioi=1,....n

Sau d6 ap dung bat déng thic Holder tong quat: Cho m = p; = ... =
Pm =n — 1.

Cho moi tich phan, ta co:

1/n
1l \Dm\dx)
Q

n

/Z |Djul|dz (1.27)
0

i=1

lull, < <H

=1

IA
S|

< ‘Diqu

1
%|
Do dé, bat dang thiic (1.25) duge thiét 1ap cho truong hop p = 1
Cac truong hop con lai c6 thé nhan dude bang cach thay thé u bing liy
thita ctia |u| . Theo céch nay ching ta nhan duge :

Véiy > 1
oy < = [ 1l Do da

1
ul ™! 1Dul],

< |l
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do bat dang thic Holder.

Bay gio véi p < n, ta c6 thé chon v théa man:
n —1 —1

mo_ (v )ptﬁclwz(n )p

n—1 p—1 n—op

Va do vay, ta dugc:

]

Y
np/(n—p) = %HDUHP
nhu can tim.
Truong hop: p >n
Véi p > n ta viét:

U=
| Dul,
va véi Q] = 1. Ta co:
~ry ~v—1 ! n /! p
I P L
Do do6
~ 1y (-1
il < s,
<AL, vl =1
/
Cho phép thay thé v bang tri s6 0¥, v = 1,2,... ma 0 = K/ > 1
p

Do do6 chung ta c6 dudgc:
J@llse < 8 Nllggos v = 1,2,
Lap lai v = 1 va dung (1.27) ta nhan dugc v bat ki:
[l < 0= =y
Do vay, néu v — oo ta dudgc:

sup i < x

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



16

va do doé

D& bd han ché |Q| = 1, ta xét phép bién ddi y; = Q" z;
Ta co:

sup Ju < VP Dl

\/—\Q!
nhu can tim.

D& mé rong danh gia (1.25) cho u tiy § thuoe W7 (Q), ta gid sit {u,,} 1a
mot day cac ham cta CJ (Q) tién dén u trong WP (Q). Ap dung danh gia
(1.14) cho hieu w,,, — Up,, ta thay rang day {u,,} sé 1a day Cauchy trong
L/(=p) () véi p < n va trong CV (Q2) v6i p > n. Do vay, ham gidi han
u s& nam trong khong gian mudn c¢6 va thdéa man (1.25).

Chu y: Hang s6 t6t nhat théa man (1.25) cho truong hop p < n la:

1 nll (n/2) Uy _np=1)
nﬁ<2F(n/p)F(n+1—n/p)> T T

Khi p=1, hing sb trén tré thanh hing sé déng chu néi tiéng n_l(wn)_l/n.

O = —

Mot khong gian Banach B; duge goi la nhung lién tuc trong khong gian
Banach By (ki hieu: By — Bs) néu ton tai mot anh xa bi chén lien tuc 1+1
: B] — B,. Dinh 1y 1.2 ¢6 thé dugc biéu dién 1a W7 (Q) — L™/(=2) (Q)
néu p < n, — C°(Q) néu p > n. Bing cach lap lai két qua ctia Dinh ly
1.2 k lan ching ta dat dugc md rong ctia khong gian W(l)’p ().

Hé qua 1.3:
/(L”p/(" kp) () VOI kp<n

Wi (@)
cm(Q) vOi 0<m<k—2
Truong hop thi hai 1a hé qué cia truong hgp thit nhat cling véi truong
hgp p > n trong Dinh ly 1.2.
Cac danh gia (1.25) v md rong ciia ching déi véi khong gian Wg’p (Q) chi
ra rang mot chuan trén ng’p () tuong duong vé6i (1.10) c6 thé duge xac
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dinh béi:
1/p

lullygsay = / S |Doulda (1.28)
Q lol=k
N6i chung, Wi? (Q) khong thé thay thé bsi W (Q) trong He qui 1.3,
Tuy nhién, thay thé nay c6 thé thuc hien cho mot 16p 16n cac mién  bao
gom, chang han cac mién vé6i bién lién tuc Lipchitz.
Téng quét hon, néu ) théa man diéu kién phan trong hinh nén déu (c6
nghia 1 ton tai mot hinh nén c¢6 dinh Kq sao cho Vo € 13 dinh ctia hinh

nén Kq (z) C Q va gibng nhu Kq ), va c¢6 mot phép nhing:

/(L"p/("_kp) (Q) VOikp<n

WP (Q) (1.29)

Cp(Q) VOI0<m<k—=1

trong do: CF (Q) = {u e C™(Q) |D € L™ (Q) |a| <m}.

1.3 Danh gia thé vi va cac dinh 1y nhiung

Cac két qua nhing ctia phan truée cé thé thu duge bang cach khac va
hoan thién thong qua viéc st dung danh gia thé vi nao d6. Cho p € (0; 1]
va dinh nghia toan tit V, trén L' () béng thé vi Riesz.

Vi) @) = [ le =yl f () dy (1.30)
Q

Toan tit V,, dugce xéc dinh t6t va anh xa L' (Q) vao chinh né sé xuét hién
nhu mot hé qua phu ciia bo dé tiép theo. Dau tién, ta nhan thay bing
cach dat f = 1 trong (1.30),

V1< p o HQpr. (1.31)
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Chon R > 0 dé || = |Bg (z)| = w,R". Khi do¢:

[z — y|"(“_1)dy < [ |z— y\”(“_l)dy
Q BR(.'E)
— M—lwanu
= pTlw Q]
Bo dé 1.4: Todn tit V,, dnh za lien tuc LP (Q) vao L7(Q) vdi q bat ki,
1 < g < oo théa man:
0<6=6(p.q)=p ' —q ' <p (1.32)
Hon nia, vdi moi f € LP (),

15\ 1 )
Vafll, < (=5) w1, (133
Ching minh: Chon r > 1 sao cho:
rli=1+q¢'—-plt=1-4

Khi d6 h(z —y) = |z — y|"" Y € LP (Q), va tit (1.31) ta thu dugc:
1—

1—6\""
ol < (3=5)  wiior
-

Danh gia (1.33) c6 thé thu dudc bang cach phéng theo chiing minh thong
thudng cia bat dang thitc Young v6i phép nhan chap trong R™. Viét:

BIfL= B P £

Ta c6 thé danh gia bang bat dang thiic Holder

Vi @< {1 o) \f(y)\pdy}l/q{ghr (e ) dy}“/p{f e |pdy}5

do do y
IVufll, < sgp{fhr (z —y)dy} " || ],

1—6\"" .
(m) wi QI £,

IA
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B6 dé 1.5: Cho f € LP (Q) va g = Vijpf. Khi dé ton tai cic hang so ¢

va ¢y chi phu thuoc vao n va p sao cho:

/

/eXp[ J ]dw<02lﬂlap'=p/(p1)- (1.34)
Q

allfll,
Chiing minh: Tt Bo dé 1.4, ta nhan dudc véi moi ¢ > p
lgll, < ¢*~PHal=p Q) e £

do do
[lalaz < g 51
Q

va hon ntta v6i ¢ > p — 1
’ N\ 4
191 < pa(wartalfiz) 100
Q
Do doé
N P’k k
1 9| , pwy K"
— de <p |Q : , Ny =
/;k!<cl|f|p> =PI\ ) G Mo =
QO 0

Chudi & vé phai hoi tu véi didu kien ¢ > ew,p/, tit Dinh 1y hoi tu don
diéu ta c6 danh gia (1.34).

Cac bo de tiép theo nham lam ro mdi lién hé gitta dao ham yéu va cac thé

vi § trén.
Bo dé 1.6: Cho u € WL (Q). Khi do:
1 i — i) D;
u(x) = / (i = 9:) nu (y)dy (1.35)
nwy |z —y]

Ching minh: Gid stt rang u € C} () vi mé rong u bang cach cho u = 0

ben ngoai . Khi d6 véi vecto w bat ki ¢6 |w| =1,

u(r)=— 7Dru (x 4+ rw) dr.
0
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Tich phan déi véi w, ta c¢6 dude:

) drdw

u(r) =

r

_ 1/ leu()dy
Q

lz —y|"

va (1.35) ¢6 duge tit Bo dé 1.4 va su kien rang Cj () 1a tri mat trong
W, (Q). Ngoai ra, ta con ¢6 duge véi u € Wi (Q)

lu| < | Du . (1.36)

Két hop Bo dé 1.4 va bat dang thiic (1.36) chiing ta c6 ngay phép nhiing
W(l)’p () = LP(Q) v6i pt — ¢~ < n~!, didu nay gan nhu da la két luan
ctia Dinh 1y 1.2. Trén thuec té, phién ban yéu hon sé phit hgp cho muc dich
ctia phan nay. Khi két hop Bo dé 1.5 véi (1.36) ta c6 duge mot két qua
chinh xac hon ctia truong hgp p = n duge thé hién trong dinh 1y sau day:
Dinh ly 1.7: Chou € W(l)’n (). Khi dé ton tai cdc hang so ¢y, ¢z chi phu
thuoc vao n, sao cho:

/ ( 4 )n/(n_l)d Q] (137
ex _— r<c 1.37
J “F\ei[Dull, -

Cht y: Danh gia (1.36) dé dang tong quat cho cac dao ham yéu bac cao
hon. Ta ¢6: cho u € ng’l (),

ul < Vie/n (1.38)

1
(k — 1)lnwy,
va duing Bo dé 1.5 ta c¢6 dugc mot mé rong ciia Dinh 1y 1.7. Cu thé la, ton
tai cac hang sb ¢, ¢o chi phu thuoc vao n va k, sao cho néu u € ng’p (Q)

v6i n = kp, thi

| p/(p—1)
M dz < ¢y |9, 1.39
Q/ o (Gipea)  dr <l 9

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



21

Trudng hop p > n cua dinh 1y nhing Sobolev ¢6 thé duge chinh xac hoa
thong qua bo dé sau:
Bo dé 1.8: Cho Q loi va u € WH (Q). Khi dé:
"
n|S|
Q

lu(x) —ug| < lz —y|' " |Du (y)| dy, hau khdp noi trén 1.40)

trong do:

1
Ug = E/udx, d = diamf?,
S

va S la tap con do duoc bat ki cia SQ.
Chimg minh: Cho u € C1 (Q), z,y € Q:

|[z—y|
u(z) —u(y) =— / Dyu(z + rw)dr,w = =t
ly — |

0
Tich phan theo y trén S, ta dugc:
z—y|
S| (u(x) —ug) = —/dy / D,u(x + rw)dr.
9 0

Ki hiéu

Do do, ta co:

1 o0
lu(x) —ug| < 5 / dy/V(:U+7"w)dr
lz—y|<d 0
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n

dr .
57/ = ol Dl dy
Q

Ta c6 thé ching minh dinh 1y nhing cia Morrey.
Dinh ly 1.9: Cho u € W(l)’p (Q), p > n, khi d6 u € C7(Q), trong dé
v =1—n/p. Hon nita, vdi hinh cau bat ki B = Bp,

< CR|D 1.41
ose u < CRY|| Dufl,, (1.41)

trong d6 C = C (n,p), osc = sup |u(z) — u(y)|.

T, Yew

Chaing minh: Két hgp danh gia (1.40) va (1.33), cho S = Q = B,q = o0
va i =n"1, ta co:
u(x) —up| < C(n,p) RY||Dul, (hau khip noi (2N B)).
Tt d6 suy ra két qua vi:
u(z) —u(y)| < |u(x) —up| + |u(y) — up|
< 2C (n,p) R"||Dul|, (hau khip nci (2N B)).

Két hgp Dinh Iy 1.2 va Dinh Iy 1.9, véi u € Wi* () va p > n ta ¢6 danh

gia:
uly, < C[1+ (diamQ)"] || Dul|,, (1.42)

Hon nita, két qua clia cac Dinh 1y 1.2, 1.7, 1.9 ¢6 thé tém lugce theo so do

sau day:
/( an/(n_p) (Q) , p <n
W (Q) = L7 (), 9 =exp (|t 7Y) = 1,p=n
\1 C)\(Q)7/\:1_%7 p>n

trong d6 L¥ (€2) 1a ki hiéu ctia khong gian Orlicz v6i ham ¢ xéc dinh.
Tt B6 dé 1.4 va 1.6 ta 6 : Vi u € WP (Q),1 < p < oo,

1 1/n
Jull, < (- 191) " 10ull (L3
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Trong khi ma tu B dé 1.4 va 1.8 ta ¢6: v6i v € WLP (Q) va Q) 1oi:
W 1-1/n
e — us]l, < <E> || D], (1.44)

d = diamf) 1a duong kinh ctia mién €.
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Chuong 2

NGHIEM MANH CUA PHUONG
TRINH ELLIPTIC

2.1 Khai niém nghiém manh
2.1.1 Thé vi Newton

Xét phuong trinh Laplace c6 dang:
" 0%
—.
j=1 8%’

Cho €2 13 mién bi chan trong R", f € L*(Q2). Thé vi Newton ctia f dudc

Ay = (2.1)

dinh nghia 1& ham w (x):
o) = [T@o)f ) dy, (2
Q
trong d6 I' (x, y) 1a nghiém co ban ctia phuong trinh Laplace duge cho béi

cong thiec:

O T (23)

trong do w, 1a thé tich hinh cau don vi trong R™. Ta c6 cong thiic:

ol ou
- ) - I ) dSJ? + I ’ A d
u (y) 8{2 <ua7 (z,y) =T (z,9) 87> g{ (z,y)Audzx (2.4)
véi oy € (),
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N = (71’ V2, , fy”) 1a vecto phap tuyén ngoai don vi tai z € 9N

Khi 99 du tron c6 thé coi mot ham thuoc C? (ﬁ) nhu 1 tong ctia ham
diéu hoa va thé vi Newton ctia phuong trinh Laplace ctia n6. Chinh vi vay
viéc nghién cttu phuong trinh Poisson Au = f phan 16n thé hién thong

qua nghién cttu thé vi Newton.

2.1.2 Khai niém nghiém manh

Dinh nghia 2.1: Xét phuong trinh:

Au = f.

Ham s6 u € W2 (Q) duoc goi la nghiém manh ctia phuong trinh néu né
théa man phuong trinh hau khdp noi trén Q.

Dinh 1y 2.1: Cho f € L?(Q),Q € R", w la thé vi Newton ciia f .

Khi dé w (x) € W22 (Q), Aw = f hdau khdp nai trong Q va

HDQWHLz(Rn) = 1/l 220 - (2.5)

Chiing minh: Gid st : f € C§° (), w € C* (R"), Q CC Qq, Q : bi chdn
v6i mien bién tron.

Vé6i x € ) ta co:

82 82
Smian” ) = | goal (@y) (F(y) = f(2)) dy
Qo 5 (26)
+f (@) | 550 (2,y) Ydo(y),
0, 9L
trong do: v = (v, 72, oo ,7"): phap tuyén ngoai don vi, do(y): 1a do do

cam sinh trén 0€).
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Trén day 1a hé qua ctia biéu thiic:

0? 1
8a:i8xjr (z,y) (f (y) = f(2))] < const‘x 7 If (y) — f(x)]

< constj | fllen -

Néi khac di, diem ky di dudi dau tich phan 1a kha tich. Diéu d6 c6 nghia

la:

0
ve (2) = [ 55T (2. y)m: (y) f (y) dy
Trong do:

2
| Dne| < -
£

Djv.: hoi tu t6i biéu thitc bén phai ctia (2.6) khi e — 0
Chu y: Phuong trinh (2.6) van dung d6i v6i ham lien tuc Holder f. B6i vi
trong truong hgp nay ta cé thé uée luong ham duéi tich phan béi biéu thiec:

1
const————— || fllca (0<a<1).

|a: . ‘n—a

Béi vi: Al (z,y) =0 Vo #y
doi véi Qy = B (x, R), v6i R du 16n, tit (2.6) ta nhan dugc :

n

Mo(e) = gl @) [ S0 G doy =1 @) (7

- n—1
dw, R =

Vi vay néu f c6 gia compact thi Aw ciing vay. Gia st gia ctia f chita trong
phan trong ctia B (0, R). Khi do:
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o\ a0
fB(O,R) '221 3xi8xjw - fB(O,R) 2 %waxzf

9
+ Jono.r) Dw.aDwdoy

- fB(o,R) (AW)Q

0
+ faB(o,R) Dw.%Dwdoy.

Khi R — 0o, Dw c6 dang dieu nhu R'™", D?*w c6 dang dieu nhu R~". Vi
vay tich phan trén mién 9B (0, R) hoi tu t6i khong khi R — oo. T (2.7)
va (2.8) suy ra (2.5)

Dé nghién cttu truong hop tong quat f € L?(Q) ta nhan thiy rang ti
Dinh 1y v& bat dang thitc Poincare déi véi f € C$° (€) thi chuan trong
W12 clia ham w ¢6 thé danh gid qua chudn trong L? ciia ham f. Ap dung
(2.5) ddi véi hieu s6 (w, — wy,) cla thé vi Newton w, cia f, ta thay rang
day w, la day Cauchy trong W22 (). Giéi han w mot lan nita lai thoa
man (2.5) vd vi cAc ham thuoc L? xac dinh hau khép noi nén Aw = f

cling ding hau khap nai.

2.2 Do tron L’ ctia nghiém manh bén trong mién
2.2.1 Do tron L? bén trong mién
Dinh ly 2.2: Cho v € W12 (Q) la nghiém yéu ciia phuong trinh: Au =
f trong do f € L*(Q),
Khi do:
u e W2 ()
vQ Q' ccQ
va

leallyaqery < const (l1ull gy + 1fll 2y ) (2.9
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Hon nita, Au = f & hau khap moi noi trong
Chatng minh: Xét truong hop u € C3(Q). Cho B (z,R) C Q,0 € (0,1) va
cho n € C3 (B (z, R)) 1a mot ham cit voi:

0<n(y) <1

n(y)=1 véi ye€ B(z.0R)
. 1+o
n(y)=0 véi ye R"\B (x, .R)

2
4
Dpl < —-—
Dl < (1—0)R
Dol < — 0
(1—0)" R?

Dit v = nu. Khi d6 v € CF (B (z, R)) va tit biéu thrc:

HDQUHQL2 f Z Ugigi Ugigd = _f Z Ugigi iUy
Q i,5=1 Q i,j=1
fz Ugigi Z Ugigi = HAUHB
Q=1 j=1
suy ra:
HD2UHL2(B(;E,R)) = 1Al 2B,y - (2.10)
Ta c6: Av = nAu + 2DuDn + uAn.
Do do:
”D2UHL2(B(Q:,0R)) < ”D2UHL2(B(Q:,R))
< const | /] b | Dul
< con 2(B(s ———||Du
L2B@m) T (1 —6)R L (B(m, 1 —12— O'R)) (2.11)

1
+m [ull 2B, r)

Cho £ € C} (B (x, R)) 1a ham cit véi:

0<&(y) <1

E(y) =1 véiyEB(x,l_gaR)
4

|Df|§m
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Dit w = £2u véi u 1a nghiém yéu ciia phuong trinh Au = f ta nhan duge:
.y Du-D (80) = = [p(, ) FEu
fB(x,R) % ’Duf — 9 fB(%R) EuDuDE— fB(%R) FE2

1
s—/ 52\Du|2+2/ o | Def’
2 JB(.R) B(z,R)

1
2
+(1=0) R [pp P+ -0l R Jo (.m0

Do d6 ta c6 dude danh gia doi véi [|EDull 2 p(, gy

| Du| l4+o < HfDUHL?(B(a:,R))
2 (2.12)

1
< const m HUHL2(B(:U,R)) + (1 - 0) R HfHL2(B(w7R)>> '

Tit (2.11) va (2.12) cho ta bat dang thitc sau:

1

m HUHLQ(B(.%',R))

(2.13)
1 p N
Trong (2.13) dat o = 3 va phu ' bdi mot s6 hitu han cta hinh cau

1 D?u]| 20 omy) < cOBSE <|f 2 (Ba.ry) +

B (:c, g) v6i R < d (€, 00) va ta duge danh gia (2.9) déi véi u € C? ().
Trong trudng hgp tong quat u € W2 (Q) .

Ta xét uy, v6i up duge dinh nghia:

Cho uy, € LP (2) ;h > 0:

w o) = [ o (55 Jutdy

1
C.ex <1
p(z) = p<x21> !

0 x| > 1

trong do:
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¢ duoc chon dé sao cho fpdzz: =1
dat u(y) = 0 vdi y € R"\Q khi do uy, € C° (R")
Cho 0 < h < d(£2,00). Khi do:

[y Du,Dv=— [ frv Vo € Hy? ()

Do up € C* () nén Auy, = f
Ta dung bd dé sau:
Chou € LP(Q), 1 <p<oowvdih—0 ta c:

[ = un| oy = 0

Hon nia up, hot tu tdi u theo tung diém hau khdp noi (dat u = 0 bén ngoai
Neén:

[un = ull 1o = fll 2 = 0
. Trong truong hop cu thé u, va fj, théa man tieu chuan Cauchy trong
L*(9)
Ap dung (2.9) cho up, — up, ta dugc:

[un, — thﬂww(sz/) < const (Hufn - uh2HL2(Q) + 1 — fh2HL2(Q)> :

Do d6: uy thdéa man tiéu chuan Cauchy trong W22 (Q). Cubi cliing gidi
han u 1 trong W22 (V') va théa man (2.9).

Dinh 1y 2.3: Cho u € W12 (Q) la nghiém yéu clia phuong trinh Au = f,
feWr2(Q). Khi dé u € W22 (Qq) vdi Qo CC Q va:

lellysezaqey < const (lullzzay + 1 lweze)

vdi hang so chi phu thuoc vao k,n, 2, Q
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2.2.2 Do tron L? () bén trong mién

Bang cac k¥ thuat nhu trong Muc 2.2.1, ta c6 thé ching minh cac dinh
Iy sau:
Dinh 1y 2.4: Cho 1 <p < oo, f € LP (), Q C R™ la tap md va bi chan,
w la thé vi Newton ctia f dugc Tdc dinh bdi cong thic (2.2).
Khi d6 w € WP (Q), Aw = f hau khdp moi noi trong  va :

D] ooy < () (1 f1], g - (2.14)

trong dé: hang so c(n,p) chi phu thudc vao sé chiéu n va s6 mi p
Dinh 1y 2.5: Cho u € W2 (Q) la nghiem yéu cia phuong trinh :Au = f,
fel’(Q),l1<p<o

/Du.Dgo = —/fgo, p e Cy° (). (2.15)
Véiu € WP () va vdi moi Q' CC Q va:
lellyzagery < const (J1ull ey + 1f1lzrey) (2.16)
vdi hang so chi phu thuoc vao p, n, Q, Q' va:
Au = f. (2.17)
Trong phan nay, biéu thiic (2.10) duge thay thé bsi bat dang thiic:

1Dy oy < comst (HUHL,,(B(I,T))) . (2.18)

Tit (2.14) ctia Dinh ly 2.4 ta nhan duge bat dang thic sau:

1
2
1020y < ot (1 Moy + 77— 57 10 (o))

+m el Lo ()
(2.19)

voi: 0 <o <1, B(z,R) C Q.
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2.2.3 D6 tron ciia nghiém phuong trinh elliptic phi tuyén
Xét phuong trinh :
Au+T (u)|Dul* =0, (2.20)

trong d6 I" (u): tron va bi chin hay u 14 nghiém bi chan.
Khi d6 phuong trinh (2.20) giong nhu phuong trinh Euler - Largrange ctia
bai toan bién phan:
I(u) = /g(u (2)) | Du (2)[? dz — min (2.21)
Q

v6i g 1a ham tron théa man bat dang thiic:
0<A<gw)<A<oo, ¢ W) <k< oo, (2.22)

trong do6: ¢’ 14 dao ham clia g véi cac hang s6 A\, A, k, v
Dé dan ra phuong trinh Euler - Largrange (2.21), v6i ¢ € H&’z (Q),teR

ta co:

I (u+ty) zg{g(qutgo)\D(qutgo)Fdx.

Khi doé:
d
E[ (u+t) |1=0 = / {29 (u) ZDiUDiSO + ¢ (u)|Dul? gO}d%

_f( Au—2Zng( )Diu+ ¢ (u)|Du!2>gpdx

=/ ( u) Au — ¢’ (u) |Du\2) odz.

O day ta sit dung phép tich phan timg phan va tam gid thiét u € C? |
Phuong trinh Euler - Largrange xuat hién tit yéu cau tich phan cudi cing
bing khong véi méi ¢ € Hy” (Q). Vi du néu u giam téi I(u) tuong ing
v6i gia tri bi chan c6 dinh. Khi d6 phuong trinh 1a:

g (u) 2
Au + 2 (a) |Du|” =0, (2.23)
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/
Ze* g (u) Z
voi: I' (u) = ta ¢ (2.20)
9 29 (u) . /
Dé ap dung ly thuyet L”, ching ta gia thuyet rang u la nghiém yeéu cua

phuong trinh (2.20) v6i

u e Whr (Q)
{ 0 c R (2.24)

v6i : p1 > n, n 1a s6 chiéu clia khong gian

Gia thiét (2.24) c6 thé xuit hien mot cach ty ¥. N6 1a mot gia thiét dién
hinh cho phuong trinh vi phan phi tuyén. Tuy nhién gid thiét nhu thé 1a
can thiét mac dit diéu nay c6 thé chi ra trong nhitng trusng hop cu thé la
nghiem yéu v € W12 (Q) ciing duge chita trong khong gian W (Q) véi
moi p.

Trong truong hop u la gia tri vecto thay vi gia tri vo huéng thi diéu trén
la khong ding nén can gia thiét (2.24).

Dé ap dung ly thuyét L? cho nghiém ctia phuong trinh (2.20) ta dat:

f(2) = ~T (u(2)) | Du (2) . (2.25)

Vi diéu kién (2.24) va tinh bi chén ctia I’ (u) nén :

fe P2 (2.26)
va u théa man trong €
Au = f (2.27)
Do Dinh Iy 2.5 nén:
P
Q' cc .

Do Dinh 1y nhing cho khong gian Sobolev nén:
u € Whe (QY)
O ccQ,

(2.29)
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P
15
_ DN

2

trong do: po = > p1 béi vi p; > n nén:
n

P2
felLz2(Q)

Q' cc

(2.30)

va chiing ta c6 thé ap dung Dinh 1y 2.5 va dinh 1y nhing cho khong gian

Sobolev mdt lan nita va nhan dude két qua:

( 212
weW 2 NnWhe(Q)
4 iz (2.31)
p3 = o = P25
0 )

trong d6 Q' cc Q'

Lap di lap lai qua trinh nay cudi ciing ta nhan dugc:
ue W (Q),vq. (2.32)
Bay gio ta lay vi phan phuong trinh (2.20) khi d6 nhan dugc phuong trinh
déi v6i Diu,i=1,....,n
ADju + I (u) Dyu | Dul?* + 2T (u) Z DiuD;;u = 0. (2.33)
Lan nay ta dat:
f = —TI"(u) Dyu|Du)* — 2T (u) Z D;uD;ju. (2.34)
Khi do:
|f| < const (\Du\?’ + |Du| ‘DQUD :

Do (2.32) nén f € LP () v6i moi p. Dieu nay c6 nghia la: v = D;u thoa

Av=f
{ (2.35)
feLr (), vp

man:
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Do Dinh 1y 2.5 ta suy ra dugc:

ve WP (Q),Vp
(2.36)
{ u € W3 (Q),Vp
Ta lai tiép tuc lay vi phan phuong trinh mot lan nita va nhan duge phuong
trinh d6i véi Djju, i,j = 1,...,n sau d6 ap dung Dinh ly 2.5 suy ra
u € WP (). Lap lai qua trinh nay (d6 la viéc lay dao ham cao hon thay
vi lay s6 mii cao hon) va ap dung dinh 1§ nhing cho khong gian Sobolev.
Ta nhan dugc két qua duge viét trong dinh 1y sau:
Dinh 1y 2.6: Cho u € W' (Q), p1 > n (Q CR") la nghiém yéu cia
phuong trinh:
Au+T (u)|Dul* =0

trong dé: I (u) la tron va bi chan. Khi dé: uw € C* (Q).
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Két luan

Trong luan van trinh bay néi dung sau:

- Trinh bay khai niém khong gian Sobolev, cac dinh 1y nhing.

- Khai niém nghiém manh ciing cac Iy thuyét do tron ctia nghiém manh.
Nghiém manh 1 cac ham thuoc W22 (Q) thda man phuong trinh Au = f
hau khap noi. Luan vin da chi ra rang khi do tron ciia ciac hé s6 va clia vé
phai thi phuong trinh tang thi do tron ctia nghiém manh ciing tang theo

va tré thanh nghiem co dién clia phuong trinh.
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