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MG dau

Giai tich 16i 1 mot mon co ban clia gidi tich hién dai, nghién citu
ve tap 10i, ham 16i cling v6i nhitng van de lien quan. Bo mon nay ¢
val tro quan trong trong nhiéu linh viyc khac ctia toan hoc ting dung,
diic biet 1a trong t61 uu hoéa, bat ding thic bién phan, céc bai toan
can bang v.v..

Sau cac két qua dau tien cta H.Minkowski (1910) vé tap loi va
ham 161, 1y thuyét gidi tich 16i da thu hat sy quan tam nghién citu
ctia nhieéu nha toan hoc. Ly thuyét giai tich 16i duge nghién citu nhiéu
trong khoang bén chuc nam nay béi cac cong trinh noi tiéng ctia H.
Minkowski, C.Caratheodory, W.Fenchel, J.J.Moreau, R.T.Rockafellar,
L.Klee, A.Brondsted, W.V.Jensen, G.Choquet va nhiéu téc gia khéc.

Phép chiéu xubng mot tap 16i 1a mot dé tai quan trong trong gii
tich 16i v& c¢6 nhiéu tng dung trong cac linh viyc khac nhau, dac biét
trong toan hoc. Trong khong gian Hilbert, phép chiéu xudng tap 16
déng c6 nhiéu tinh chat quan trong. Viéc ton tai va tinh duy nhat cia
hinh chiéu len mot tap 16i déng 1a co s dé ching minh tinh ton tai
va duy nhat ctia nhiéu bai toan khac nhau trong giai tich ting dung
nhu 1y thuyét xap xi, téi uu hoa, bat dang thic bién phan va trong
cac van de khac.

Muc dich chinh ctia ban luan vdn nay la trinh bay nhing tinh
chat co ban clia phép chiéu xuéng mot tap 16i déng trong khong gian

Hilbert va mot s6 tng dung ctia phép chiéu. Cu thé 1a st dung phép
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chiéu dé chiing minh cac dinh If tach, tinh du6i dao ham, dic biét 1a
dé xay dung thuat toan chiéu giai bai toan can bing.

Luan van bao gom phan md dau, ba chuong, phan két luan va danh
muc tai lieu tham khao.

Chuong 1: Trinh bay cac kién thitc co ban vé khong gian Hilbert.
Cac kién thic nay sé dugce st dung trong cac chuong sau.

Chuong 2: Khai niém, tinh chat co ban cta tap 10i, phép chiéu
xuodng tap 16i dong trong khong gian Hilbert va mot s6 truong hop cu
thé.

Chuong 3: Trinh bay mot s6 tng dung ciia phép chiéu trong giai
tich 16i. Cu thé la st dung phép chiéu dé chiing minh cac dinh Ii tach,
tinh dusi dao ham, diic biéet 1a dé xay dung thuat toan chiéu giai bai

toan can bing.
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Chuong 1

Cac kién thitc co ban vé khong
gian Hilbert

Trong chuong nay ta nhic lai mot s6 két qua sé duge dung trong
cac chuong sau. D6 1a mot s6 khai niém, cac tinh chat co ban cla

khong gian Hilbert. Cac két qua nay c6 thé tim thay trong [1], [5].

1.1 Khai niém vé khong gian Hilbert

Dinh nghia 1.1. Cho H la mot khong gian trén truong K. Tich vo

hudng xac dinh trén H la mot anh xa xdc dinh nhu sau
(,,): HXH—->K

(z,y) — (z,9).

thoa man cac tién dée sau

i, (x,y) = (y,x) vdi moi x,y € H.
it, (x+y,2z) = (x,2) + (y, z) vdi moi x,y,z € H.

iti, (Az,y) = X(z,y) vdi moi x,y € H va A € K.
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iv, (x,x) >0 vdi moi x € H va (x,z) =0 khi va chi khi x = 0.

(x,y) dugc goi la tich vo hudng ctia hai vécto x va y. Cap
(H, (., .)) dugc goi la khong gian tien Hilbert (hay con goi 1a khong
gian Unita).
Tu dinh nghia ta nhan thay rang khi K 1& truong so6 thyc thi tich
vo hudéng 1a mot dang song tuyén tinh xac dinh trén H.
Vidu 1.1. Lay H = R"
v6i x = (21,2, .., Tn)y Y = (Y1, Y2, .-, Yn) € H va bicu thitc

(z,y) = inym
i=1

xac dinh mot tich vo huéng trén R".

Vi du 1.2. Lay H = Cjy) khong gian gom cac ham lien tuc trén
0, 1] nhan gid tri phitc, v6i z,y € H biéu thic

(@) = [atouiat,

xac dinh mot tich vo hudng trén Cpgqj. Khi d6 khong gian nay 1a mot
khong gian tien Hilbert va thuong ki hiéu C'[% 1)

Dinh 1li 1.1. Cho H la khong gian tien Hilbert vdi x,y € H ta luon

¢6 bat ddang thic sau |(x,y)|* < (x,2) . (y,y). Bdt ding thic nay con
goi la bat dang thic Schwarz.

Nhan xét 1.1. Trong bat dang thic Schwarz daw bing xdy ra khi va
chi khi x,y phu thuoc tuyén tinh.

Dinh 1i 1.2. Cho H la khong gian tien Hilbert. Khi dé ||z|| = (x, x}é X €
H zdc dinh mot chuan trén H.

Dinh nghia 1.2. Cho khong gian tien Hilbert H. Néu H la khong
gian day di thi ta goi H la khong gian Hilbert.
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1.2 Mot s6 tinh chat co ban

Dinh 1i 1.3. Cho H la mot khong gian tien Hilbert. Khi do
(V:HXH—=>C

la mot ham lién tuc.
Chiing minh.
Cho (x,), (y,) 1a hai day trong khong gian tién Hilbert H lan lugt

hoi tu vé xy va yp. Khi do, ta co

(T, Yn) — (20, ¥0) | < @05 Yn) — (T, Y0) | + [T, Y0) — (w0, Y0)]
= (T, Yn — Y0)| + [{zn — T0, v0)|

< [lzall lyn = woll + 10 = ol lwoll

Theo gid thiét (x,) hoi tu trong H nén né bi chin, nghia la ton tai
s6 M > 0 sao cho ||x,]| < M véi moi n € N.

Vi vay, ta co

{2, yn) — (@0, 50)| < M Jlyn — woll + ll2n — ol flvoll -

Chuyén qua giéi han ta duge

lim (@, yn) — (T0,v0)| = 0.

n—oo

Vay dinh 1y dugc chitng minh. O
Dinh 1i 1.4. Cho (X, || ||) la mot khong gian tuyén tinh dinh chuan
trén truong K. Gid st vdi moi x,y thuoc X théa man ||x + 3/”2 +
|z —y|* = 2 (HZL‘H2 + HyH2> Khi do tréen X ¢6 mot tich vo hudng
sao cho (x,x) = ||z|°.

Dinh 1i 1.5. Cho M la mét tap 1oi, dong va khac rong trong khong
gian Hilbert H. Khi dé moi x € H ton tai duy nhat mot phan ti y
thuoc M sao cho ||z —y| = d(z, M).
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Dinh nghia 1.3. Hai phan ti x,y trong khong gian tien Hilbert H
dugc goi la tryc giao néu (x,y) = 0, ki hieu x L y.

Dinh 1i 1.6. Gid st M la mot khong gian con dong cua khong gian
Hilbert H. Khi dé moi phan ti x € H duoc biéu dién mot cdach duy
nhat dudi dang x = y + 2z, trong dé y € M va z € M+ dugc goi la
hinh chiéu truc giao ctia x lén M.
Chiing minh.
Néuzr e Mthidity=x,2=0.
Néu x ¢ M thi M la 16i dong nén ton tai duy nhat y € M sao cho
|z =yl = d(z, M).
Dat 2 = x — y, ta c6 x = y + 2. Ta phai chitng minh z € M*.
That vay, v6i moi a € K, v € M ta c6
2]l = [lz = yll < llz = (y + ou)|
— |z - aul.

Tu do suy ra

I2° < (= - au, = — au)

2 _ 2
= [l2l” = au, 2) — a(z,u) + *|lu]".

Chon av = (z,u) va |Jul| = 1.

Ta duge 0 < —|(z,u)|*.

Suy ra (z,u) = 0 v6i moi u € M, ||u|| = 1.

Vay z € M+,

Bay gi¢ ta ching minh su biéu dién duy nhéat, gia st o = y; + 2 v6i
e M, z € M-+

Khidoy—vy1 =2 —znény—y € M vay —y € M+, suy ra
(Y= y1,y —y1) =0. Vay y = y1, do d6 z = 2.

T tinh duy nhat ctia biéu dién ta c6 thé viet X = M @ M.

Vay dinh 1y duge chiing minh. O
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Dinh nghia 1.4. Anh za P : H — M zdc dinh bdi P(z) =y trong
bieu dién cia dinh lyj trén duoc goi la phép chiéu truc giao tit H lén
M.

Dinh 1i 1.7. Phép chiéu truc giao P cia khong gian Hilbert H lén
khong gian con déong M # {0} la mot toan ti tuyén tinh lién tuc va
co ||P|| = 1.

Chting minh.

V6i moi 1,20 € H, a € K, theo dinh Iy trén ta c6

I = PSUl + 21, o = PSUQ—l—ZQ,
trong do6 21,20 € M.
Vi vay
T+ 2 :PCL‘1—|—P£L‘2+21+ZQ,
trong d6 Pxy + Pxo € M, 21 + 20 € M+
T tinh duy nhat ctia su biéu dién trong dinh 1y trén ta suy ra

P(SCl —|—£U2) = Pz + Puxs.

Tuong tu P(azi) = aP(x). Vay P tuyén tinh.
Mat khéc, véi x € H ta co

lzl* = [|1Pa|* + |12]° > || Pz

Suy ra P bi chan. Vay P lién tuc va ||P| < 1.

Hon nita, v6i © € M ta c¢6 ||Pz|| = ||z|.

Vivay ||P|| = 1.

Vay dinh 1y duge chiing minh. O
Dinh nghia 1.5. Mot tip hop S = {x;},.p trong khong gian tién
Hilbert H duoc goi la hé truc giao néu cdc phan ti thuoc S truc giao
vdi nhau tung doi mot. Néu moi phan ti cia S ¢6 chuan biang 1 tha

S dugc goi la hé truc chuan.
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Dinh 1i 1.8. Néu S la mot hé cac phan ti tric giao trong khong gian
Hilbert H thi S la hé doc lap tuyén tinh.

Dinh 1i 1.9. (Dang thiic Pythagore) Néu {x1,xs, ..., 2} la mot hé

n n 9
2wl =2 il
i=1 i=1

truc giao trong H thi

Dinh 1i 1.10. Gid st {e1,ea,...,e,} la mot hé gom n phan ti tric
chuan trong H. Khi dé moi phan tt x € H c6 hinh chiéu truc giao
n

len khong gian con H sinh bdi hé {e1, ea,...;ex} lay = > (x,€;) e;.
i=1
Chting minh.

Vi M 1a khong gian con hitu han chiéu nén M déng trong H.
Theo dinh 1 hinh chiéu truc giao, véi mdi x € H dude biéu dién dusi
dang

r=y+z,

trong d6 y € M, z € M.
Doy € M, ta co

n
y = Z%’@i-
i=1
V6imoi j =1,...,n ta co
n
(x,ej) =(y+z2,ej) = <Z1 oziei,ej>
Z:
= aj [lej]] = a;.
n
Vﬁyy: Z<w7€i> €;. 0
i=1

Dinh li 1.11. Gid st {xy}, . la hé truc giao trong khong gian Hilbert
o0 o0

H. Khi d6 chudi Y. x, hoi tu khi va chi khi chudi S ||z,||* hoi tu va
n=1

n=1

2 00 )
= 2 [lznll”
n=1

O
> T
n=1
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~ 2
Y ag.en|| =

n=1

Dic biét, néu {e,, }, . 12 hé truc chuan ta c6

> 2
> llawll”
n=1

Dinh 1i 1.12. Gid si {e,} la hé truc chuan trong khong gian
o0

Hilbert H. Khi dé vdi moi x € H chuoi Y (x,e,)e, hoi tu va

n=1

neN

o0 o
21 [z, e < |lz|, chudi 21 (x,e,) e, duge goi la chuoi Fourier
— n=

ctia x doi vdi hé {e,},y va bat dang thite trén dudce goi la bat ding
thiic Bessel.

Dinh nghia 1.6. H¢ truc chuan {e,}

dugc goi la mot co sé truc chuan néu khong gian con sinh bdi hé nay

trong khong gian Hilbert H

neN

la tra mat trong H.

Dinh 1i 1.13. (Dinh lj Riesz) Gid st {en},cy 1@ mot co sd truc

chudn trong khong gian Hilbert H. Néu day s6 (§,) théa man diéu
o0

kien > \§n|2 < 0o thi sé ton tai duy nhat x € H nhan &, lam hé so6
n=1

Fourier &, = (x,e,) va

Tr = Zgn-em ‘SUH Z "Sn
n=1

Chiing minh.
(0. ¢] (0. ¢]

Ta ¢6 chudi > |§n\2 hoi tu kéo theo chudi Y &,e, hoi tu.
n=1 n=1

Dat

(0.9
T = anen.
n=1

V6i moi m € N, ta ¢

Z’ em = <Z§nen76m> = gm-

Dieu nay c6 nghia x nhan céac so &, lam hé so Fourier.

Gia stt ¢6 y € H sao cho &, = (y, e,) v6i moi n € N.
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Khi do6 ta co

§n = (T, en) = (Y, €n) -
Do vay (x — y,e,) = 0 véi moi n € N.
Suy ra x — y truc giao v6i M la khong gian con sinh bdi hé {e,},,cy-
Vi tich vo huéng lien tuc nén o —y L M, md M = H.
Vay x = y. Vay dinh ly dugc chiing minh. O
Dinh nghia 1.7. Cho H la mot khong gian Hilbert. Day (x,) trong
H dugc goi la hoi tu yéu dén phan ti x trong H néu vdi moiy € H

ta c6 lim (z,,y) = (x,y). Ki hieu z, ~ .
n—oo

Dinh 1i 1.14. Gid si H la mot khong gian Hilbert
a) Néu day (x,) hoi tu yéu dén x € H va day (y,) hoi tu manh dén
y € H thi day s6 ({xy,yn)) hoi tu dén (x,y).
b) Néu day (xy,) hoi tu yéu dén x € H va day (||xn||) hoi tu dén ||z|]
thy day (xy,) hoi tu manh dén x € H.
Ching minh.
a) Theo gia thiét day (x,) hoi tu yéu dén x € H nén (x,,) bi chin, do
d6 ton tai M > 0 sao cho ||x,|| < M véi moi n € N.
Khi do6 ta co

(@, yn) = (& 9) | < s Yn) | = [, )]+ ({20, )| = [, )

< [lzall [1yn = yll + [{2n, y) = (2, )|

< Mllyn =yl + [(@n: y) = (2, 9)] -
Theo gia thiét a) nén khi cho n — oo, tit bat dang thic trén ta

duoc
nh_{go (T, yn) = (T, ) -
b) Ta c6
2y — z||* = (@0 — 2, 20 — 2) .

2 2
= llzall™ = (en, ) = (2, 20) + |2
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T gid thiét
A28, () = {,0) = 10, {0}
lim [, | = [lo]
Chuyén qua gisi han dang thic trén ta dudgc
lim ||z, —z| = 0.
n—oo

Vay

lim z,, = z.
n—oo

Vay dinh ly dugc chiing minh.
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Chuong 2

Phép chiéu xudng tap 16i déng

Trong chuong nay, ta nhic lai mot s6 két qua sé duge ding 6 trong
chuong va chuong sau. D6 1a mot s6 két qua clia gidi tich 161 gom céac
khai niém, mot s6 tinh chat co ban ctia tap 10i va phép chiéu xudng
tap 1oi déng. Trong toan hoc tinh toan rat nhiéu phuong phap giai
dua trén viéc tim hinh chiéu ctia mot diém lén mot tap 16i. Trong
truong hop tong quat, day 1a mot bai toan kho giai. Tuy nhién khi
tap 1061 c6 nhitng cau tric rieng, nhu tap 16i da dién thi bai toan nay
c6 thé gidi mot cach hiéu qua béi nhing chuong trinh phan mém hién
nay da c6 sdn. Tham chi trong nhitng truong hop dic biét, khi tap 16i
14 hinh cau, siéu hop, don hinh, nita khong gian v.v... thi hinh chiéu
xubng cac tap nay cé thé tinh theo cong thiic tuong minh. Bai toan
tim hinh chiéu xudng tap 16i ¢6 vai trdo quan trong trong téi uu va
nhiéu linh vuc khac nhu bat ding thic bién phan, can bang, xap xi
v.v... Cac két qua nay c6 thé tim thay trong [2], [4], [5].

2.1 Tap loi

Gia st H 1a khong gian Hilbert trén truong sé6 thuc R.

Dinh nghia 2.1. Doan thing noéi hai diém a,b € H la tap cic véc to

x co dang

{reR":x=aa+pb;a>0;6>0,a+ =1}
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Tap 16i 14 mot khai niém co ban nhat cta giai tich 16i né duge dinh
nghia nhu sau.
Dinh nghia 2.2. Mot tap C C H dudc goi la mot tap loi, néu C

chita moi doan thang di qua hai diém bat ky cia né. Tic la C 10i khi
va chi khi

Ve,ye C; VA e [0,1] =Xz + (1 -y e C.
Vidu 2.1. e Tap rong la mot tap 1oi.
e Toan bo khong gian 13 tap 10i.
e Cac khong gian con 1a cac tap loi.
e Céc tam giac, hinh tron trong mat phang 1a cac tap 1oi.

e Qui cau C' = {z| ||z|| <1} 1a tap loi.

Dinh nghia 2.3. Ta néix la to hop i ciia cac diem (véc-to) xt, ..., xF

néu .
r=>Y Na? >0, N >0Vi=1.k Y \=L1
j=1 j=1
Meénh de 2.1. Tap hop C la 16i khi va chi khi né chia moi to hop

l01 ciia cac diem cua né. Tic la: C loi khi va chi khi

k k

VEEN, VA, .., A >0:> N=1Va! . aFeC =) Nalec.

j=1 j=1
Chiing minh.
Diéu kien du 1a hién nhién tit dinh nghia.
Ta chitng minh diéu kién can bang quy nap theo s6 diém. Véi k = 2,
diéu can ching minh suy ra ngay tit dinh nghia ctia tap 16i va t6 hop
16i. Gia st ménh dé ding v6i k — 1 diém. Ta can ching minh ménh

dé dang vé6i k diém. That vay:
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Gia stt « 1a t6 hop 161 clia k diém 2!, ..., 2% € C.
k k
r=> Na/, N >0Vi=1k »
j=1 j=1
bat
k-1
£=S"\,.
j=1

Khi d6 0 < & < 1

~

vay -
x—z/\x3+)\kx
-1
= Z?ij—i—)\kx
Do
k-1

a % >0 v6imoi j =1,....k — 1, nén theo gia thiét quy nap, diém

1
H Pﬂw

A
—eC
“ £

Ta co
T = &y + M
Do& >0, >0

BN

va

k
E+ A=) _N=1,
j=1

nén x 1a mot t& hop 16i ciia hai diém vy v ¥ déu thuoc C.

Vay z € C.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén

http://'www.lrc-tnu.edu.vn



15

L6p cac tap 1oi 1a déng véi cac phép giao, phép cong dai sd va phép
nhan tich Decastes. Cu thé ta c¢6 ménh dé sau:
Meénh dé 2.2. Néu A, B,C la cic tap 10 dong trong H, thi cdc tap
sau la 10i:
ANB:={z|lxz € A, z € B},
M+ BB :={z|lr=aa+pb, ac A, be B, o, € R},

AxC:={zxeH, Hlz=(a,c):ac A, ceC}.
Dinh nghia 2.4. Mot tap C duodc goi la mot tap loi da dién néu no
la giao clia mot so hitu han cdac nia khong gian déng.
Nhu vay, theo dinh nghia, tap 16i da dién 1a tap hop nghiém clia
moOt hé hitu han cac bat phuong trinh tuyén tinh. Dang tuong minh

ctia tap 1oi da dién dudce cho nhu sau:
C:={zeH| (d,z)<b;, j€I,|I| <+oc0}.
Trong d6 a/ € H* 1a khong gian d6i ngau clia H.

Meénh dé 2.3. Giao ciia mot ho bat ky cac tap loi la mot tap 10i.
Chiing minh.

Gid stt {Au},c; 12 ho céc tap 16i. Can ching minh A = () A, la

a€el

acl
mot tap 10i.

e V6i moi x1,x2 € Asuy raxy, 20 € A, (Va € 1).
e V6i moi o € I. Do A, 16i nén VA € [0;1] ta c6

Ary+ (1= M) xy € A.

Theo dinh nghia A = (] A, 1a mot tap 1oi. O

acl

Dinh nghia 2.5. Mot tap C C H dugc goi la non néu
Ve e C,VA>0= \r e C.

Mot nén dude goi 1a non 10i néu né 1a nén va 1a mot tap 1oi.
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Dinh nghia 2.6. Cho C C H,2° € C. Nén phdp tuyén ngodai cia
tap C' tai x° la tap hop

No (2°) == {w : (w,z —2°) <0; Yz € C}.

2.2 Phép chiéu xubng tap loi
2.2.1 Dinh nghia

Dinh nghia 2.7. Cho C khdc rong la mot tap loi dong thuoc khong
gian Hilbert H va y € ‘H, dat

do = Iinf — )
c ;relcl\x al

Ta néi de (y) la khodng cdch tiy dén C. Néu ton tai m € C sao
cho dc (y) = ||m —y||, thi ta néi 7 la hinh chiéu khodng cdch ciia y
trén C.

Ky hieu: 7 = pe (y) 14 hinh chiéu ctia y trén C.

2.2.2 Sy ton tai

Meénh dé 2.4. Cho C € H la tdp loi dong khdc rong. Khi do:
(i) Voiy € H,m € C hai tinh chat sau la tuong duong

a) ™= pc(y).

b) y —m € N¢ ().
(i1) V6i moiy € H, hinh chiéu pc (y) cia y tréen C luon ton tai va
duy nhat.
(iit) Néuy ¢ C, thi {pc (y) —y, * — pc (y)) = 0 la siéu phang tua
ciia C tai pc (y) va tach han y khéi C, tic la

(pc(y) —y, v —pc(y) >0 Vaed,
Va4

(pc (y) =y, vy —pc (y)) <0.
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(iv) Anh za y — po (y) c6 cdc tinh chit sau:
a) |lpc (x) —pe W)l < lle —yll - Va, Vy. (tinh khong gian)

b) (pc (x) = pe (y) & —y) > |lpo (x) — pe (W)|*. (tink dong bitc)
Chiing minh.

(i) e Gia st ¢c6 m = pc (y) can chiing minh y — 7 € N¢ (7) . Lay
r e Cvale (0;1). Dat

Ty = Ar+ (1 -\
Taco x,m € C vatap C 16i nén z) € C.
Do m = po (y) suy ra [|m —yl| < lly — =zl
I —yl* < lly —an”
I —ylI* < lly — Qe + (1= A)m)||*
I —ylI* < [IA(r —2) + (y — )|’
I —yll> < Mw— 2l + lly — 7ll* + 2\ (7 — 2,y — )
22| — ||+ 2\ (r — z,y — ) > 0.

Do A > 0 néen A7 —z||* + 2(r —z,y — ) > 0 ding Va2 € C va
A€ (0;1).

Dodé A — 0 thi (m —y,x —m) >0, Vzredl.

Suy ray —m € N¢ ().

e C6y—m € N¢ (m). Chitng minh m = p¢ (y).

Doy —m € N¢ (m); Vo € C ta ¢6

(y—m)' (z—m) <0
sy-m (@—y+y-m <0

Slly—nl+@y-m"(z—y) <0
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Theo bat ding thiic Cauchy-Schwarz ta co:
2 T
ly—7ll" < (y—m) (@—y) <y ==l lly — =l
Suy ra |ly — 7|| < [ly —z||,Vz € C. Do d6 7 = pc (y).
py) =y

de(y) =0

Néu y ¢ C, ta ¢6 de (y) = ||r — y||. Nén theo dinh nghia can duéi

(ii) Néu y € C' thi {

ding, ton tai mot day {z*} € C sao cho

lim [|z% — y|| = de (y) < +o0.

k—o00
Vi day {xk} bi chan nén ton tai mot diy con {Cl)kj} hoi tu yéu dén

diém 7 nao dé. Do C déng va 16i nén C' dong yéu, suy ra m € C. Vay

Im —yll = lim ||2" —y|| = lim []2" —y|| = dc (y).
j—o0 k—oo

Suy ra 7 13 hinh chiéu cta y trén C.

Ta chiitng minh tinh duy nhat. Gia s ton tai hai diem 7! va 72 1a
hinh chiéu ctia y trén C' thi y — 7' € N¢ (7'); y — 7% € Ne (7?) .
Suy ra

<7T1 —y, —7T2> >0
<772—y,772—771> >0 |
Cong vé v6i vé H7r1 — 7T2” <0=nl=nr2

Vay hinh chiéu pe (y) ctia y trén C' luon ton tai va duy nhat.
(737) Do y — ™ € N¢ (7) nén

(m—y,x —m) >0, Vo € C.

Vay (m — y,x) = (7 — y,7) 1A mot siéu phang tya ctia C tai 7. Sieu

phang nay tach han khoi y nén

(r—y,x—7 =—|r—y|* <0.
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(iv)

a) Theo (i) * — p (z) xac dinh kh&p noi. Do

z—p(2) € Ne(p(z)), V=

Suy ra
(z=p(2),p(x) —p(2) <0, (2.1)
(z=p(2),p(y) —p(2) <0 (2.2)
Ap dung z = y vi 2z = = vho (2.1) va (2.2), ta c6

Cong vé hai bat dang thiic ta duge

(p(y) —p(z),p(y) —p(r)+r—y) <0.

Theo bat dang thitc Cauchy-Schwarz ta cé: ||p (z) —p (y)|| < |z — y]|
b) Theo tinh chat (i7) ap dung lan lugt véi p(z) va p(y), ta co:

(p(z) —z,p(x) —p(y)) <0,

(y—p(y),p(x) —p(y) <0

Cong hai bat dang thic nay ta duge
(p(r)—py)+y—z,p@) —py) <0
Slp@) —pW°+ @@ -ply),y—2)<0

& (p@)—ply),z—y) > llp) —p W)™

Vay ta c6 diéu can chiing minh. O
Cha y. Phép chiéu khoadng cach con mot tinh chat manh hon tinh
khong gian la

lp (@) =pWI* < llz =yl = llp(2) =p(y) —z+y|*  Va,y.
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2.2.3 Mot sb trudng hgp cu thé

Trong mot s6 truong hop thuong gap, tap chiéu 1a hinh hop chit
nhat, hinh cau déng hay khong gian con thi diém chiéu cé thé tinh

dugc mot cach tuong minh.
e Chiéu xubéng hinh hép chit nhat
Khi C' la mot hinh hop, dinh nghia béi
C .= {x = (21,29, ..., 2n) € R a; <ax; <b;, i=1,2, ,n} ,
trong d6 a = (ay, as, ..., an)T, b= (by,bo,..., bn)T e R".

Khi d6, hinh chiéu ctia z len C' duge xac dinh nhu sau:
a;, khi ZT; S a;

(Pk (), = ¢ xi, khi z; € [a;,b;]
bi, khi z; > b;
e Chiéu xudng hinh cau déng
Khi C' 13 hinh cau ban kinh R tam a € H dinh nghia béi
C:={zeH:||z—a|] <R*}.

Khi d6, hinh chiéu y = Pg(x) clia z len C duge xac dinh nhu
sau:

Néuz e C thiy=ux.

Néu x ¢ C thi hinh chiéu ctia x lén C 14 giao diém clia duong
thing néi z va tam A ctia C, ki hieu 1a A v6i mat cau

C:={zeH:|z—ad| <R*}.

Ta co
A={zeHlz=a+tx—a), t>0}.
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Thay z = a + t(x — a) ta dugc
)|z —al* = R~

Do dé6
R

= —0o.
|z — a
e Chiéu xudng khoéng gian con

Khi C' C H 1a khong gian con k chiéu v6i mot co s6
B = {77177727 7nk‘} :

k
Gidstx € Hvay =3 y;n; € C trong dé y; la cac he sd thuc
j=1

sao cho w = x — y théa man (w,n;) =0, Vj=1,2,..,k (ta sé
tim y théa man diéu kién nay sau).

Khi d6 y 1 hinh chiéu ctia z len C. That vay, vi w tryc giao véi
moi véc-to trong co sé ctia C' nén nod cung truc giao véi moi véc-to

cua C. Do d6 vii z € L ta co:
le =z =(@—y+y—za—y+y—2)
=@—yr—y)+{Yy—2zy—2+2(wy—=z)
=z =yl + ly — 2|
> ||z —yl*.

Vi vay y 1a hinh chiéu ctia x len C.
Bay gio ta tim véc-to y nhu vay. V6i moi 2 = 1,2, ..., k ta ¢

(x —y,m) =0.
Hay

k
> (i) ys = (x,m5). (2.3)
j=1
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V6i 1 <i,j <k dat
ai; = (i, 1;) ,

b; = <$, nj> .
Khi do, tir (2.3) ta thu duge mot hé tuyén tinh k& phuong trinh k&
an
Ayt =y,
trong do A = (al-j) va b= (bl, bQ, ceey bk)T

Hon nita, theo dinh nghia A 1&4 ma tran xac dinh duong nghia la
det(A) # 0, do d6 hé nay c6 ding mot nghiém.
Vi

k
y=> Y
=1
Vay khi biét y; ta sé xac dinh duge y.

Néu B dugc chon la mot co sé truc chuan ciia C' nghia la:

0, 1 #
<771777]>: . o
1, 1=

thi A 14 ma tran don vi.

Do dé6 ta tinh dugc
Y; = bz = <£I),77j>, 1= 1,2, ,k‘

Ménh dé 2.5. Cho C la khong gian con trong H, pc(z) la hinh

chiéu cua x néu va chi néu

(x —pc(z),y) =0, Vy e C.
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Chtng minh.
Do C' 1a khong gian con va y € C, po(x) € C nén po(z) + y va
po(r) — y déu thuge C véi moi y € C.

Nén ta co
(y,x —pc(y)) =0, VyeC,
va
(—y,x —pcly)) >0, Vy e C.
T do ta suy ra diéu phai ching minh. 0
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Chuong 3

Mot s6 ting dung

Trong chuong nay, ta xét mot s6 ing dung ciia phép chiéu gom:
chitng minh dinh i tach, ching minh sy ton tai va ggi ¥ cach tich
duéi dao ham va dac biet 1a viec xay dung thuat toan chiéu gidi bai
toan can bang. Day 1a mot cong cu sic bén va khéa don gidn dé chiing
minh nhiéu dinh li quan trong nhu dinh 1i tach, cac dinh 1i vé sy ton
tai nghiem ctia nhiéu van dé khac nhau trong toan ting dung. Céc két

qua nay c6 thé tim thay trong [3], [9].

3.1 Ap dung ching minh dinh 1i tach

Trong gidi tich 16i va nhiéu linh vitc khac nhu gidi tich ham, giai
tich khong tron va giai tich phi tuyén v.v..., cac dinh 1i tach hai tap
16i c6 mot vai tro trung tam. Vé ban chat, dinh 1i tach tra 16i cau hoi
rang mot phan ti c6 thuoc mot tap 16i khong, néu khong thuoc thi
no sé c¢6 tinh chat gi? Day la cau hoi ve lien thuoc (membership), mot
van dé co ban clia toan hoc. Ta c6 thé hinh dung tap 16i do 1a tap hop
nghiém ctia mot hé phuong trinh dai s6, tap cac diém bat dong cia
mot anh xa, hay 13 tap nghiém ctia mot bai toan t6i uu v.v... DI nhién
néu cau tra 1oi 1a c6 thi van deé lien thuoc da duge gidi quyét. Trai
lai, néu cau tra 16i 1a khong thi sé xay ra diéu gi? Diéu nay giai thich

tai sao cac dinh 1f tach 1a cong cu rat manh va thuong dude dung dé
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chitng minh sy ton tai clia mot déi tuong trong nhiéu van dé thuoc
nhitng linh viyc khac nhau. Ngudi ta chiing minh duge su tuong duong
gitta dinh 1f tdch v dinh 1i Hahn - Banach rat quen thuoc trong giai
tich ham. Sy mé rong cac dinh li tach va nhiing ing dung da dang
clia chiing tit 1y thuyét dén cac van dé thuec té (chan doan u lanh, u ac
trong v hoc, hoic du doan su thanh bai hay phét trién ctia cac doanh
nghiép v.v...) hién van 13 mot dé tai nghién citu thu hat sy quan tam
ctia nhiéu nguoi.

Pinh nghia 3.1. Cho hai tap C va D khdc rong, ta néi siéu phding

alr =« tach C va D néu

o'z <a<aly, YereC, VyeD.
Ta noi siéu phang a*x = « tach chat C va D néu

o'z <a<aly, Ve, YyeD.
Ta noi siéu ph(fng atx = « tach manh C va D néu

supa’z < a < inf a’y.
zeC yeD

Dinh 1i 3.1. (Dinh li Tach 1). Cho C va D la hai tap loi khdc rong
trong H sao cho CND = 0. Khi dé cé6 mot siéu phang tach C va D.
Dinh Ii tach vita néu c6 thé suy ra ngay tit bo dé duéi day, chinh la

dinh If tdch mot tap 16i v mot phan tit khong thuodc né.

B6 dé 3.1. (Bo deé lién thuoc). Cho C' C H la mot tap 10i khdc rong.
Gid st 2° ¢ C. Khi dé ton tait € H, t # 0 théa man

(t,x) > (t,2a") VaeC.

Ching minh.
Ap dung (iii) ctia ménh dé 2.4 v6i Po(y) = 2° vat = Po(y) — y.

Do ' ¢ riC, nén ton tai siéu phang tach trong bo dé.
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Chitng minh dinh Ii.

Do C va D 14 16i, nén C' — D ciing 1oi.

Hon nita 0 ¢ (C'— D), vi C N D = (. Theo bd dé trén ap dung v6i
2? = 0, ton tai véc-to t € H, t # 0 v6i moi z € C' — D.
Viz=x—yvéixe(C,ye D, neén tacod

(t,x)y > (t,y) Ve e C,y € D.

Lay a : = sup (t,y), khi d6 sieu phang (t,z) = « tach C va D. O
yeD

Chu y. Chting minh b dé lien thuoc 6 trén goi ¥ cho viéc xac dinh siéu
phang tach. Theo chttng minh ménh dé trén, viéc xac dinh siéu phang
tach diém 2° va tap C chinh la viéc tim diém chiéu cia 2° trén C.

- 2 N e N PN ? N Pe . 2 -
Diém nay chinh la nghiém ctia bai toan min { Haz — CL‘OH ‘ S C’}.

Dinh li 3.2. (Dinh li tich 2 - Dinh li noi vé viéc tach manh hai
tap 101). Cho C wva D la hai tdap loi déng khdc rong trong H sao cho
CND =0. Gid st cé it nhat mot tap com-pdc. Khi dé hai tap nay

c6 thé tach manh duge bdi mot siéu phang.

Bo6 dé 3.2. Cho C C H la mot tap 1oi déng khdc rong sao cho 0 ¢ C.
Khi dé ton tai mot véc-tot € H, t #0 va o > 0 sao cho

(t,z) > a >0, Vx e C.

Theo bo dé nay, thi C' va diém gbc toa do co thé tach manh, vi du

_
=4

Chitng minh bd dé.

Do C déng va 0 ¢ C, nén ton tai qua cau B tam & goc, ban kinh
r > 0 sao cho C N B = 0.

Ap dung dinh i tach 1 cho hai tap C va B, ta c6 t € H\ {0} va

a € R, sao cho

bdi siéu phang (¢, x)

(t,z) > a > (t,y) VxeC, Yy € B.
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Bing cach chuan hoa ta c6 thé xem ||t|| = 1 va do d6 khodng cach tit
gbc dén sieu phang it nhat 1a bang o > r.
Vay

(t,xy > a>r>0.
Chting minh dinh li tach 2.
Gia st C' la tap compact. Ta chi ra tap C' — D dong.
That vay, gia st 2¥ € C — D va 28 — 2.
Ta c6 2F =28 —y*¥ véi 2F € C, y* € D.
Vi C' compact, nén c6 mot day con 2% — x khi j — + oo.
Vay z =x —y € C'— D. Ching t6 C — D la tap dong.
Do 0 ¢ C' — D, nén theo bo dé trén ton tai ¢t # 0, sao cho
(t,x—y) >a>0véimoiz e C,yeD.

Vay
o o
inf (t,x) — = >sup(t,y) + —.
Chitng t6 C' va D c6 thé tach manh. O

Chu y. Diéu kién mot trong hai tap 1a compact trong dinh 1i 1a

khong thé bé duge. Hay xét vi du trong dé

C:={(z,t) R’ ©>0, t =0},
D::{(m,t)ERQItzi,t>O,x>O}.

R6 rang hai tap nay 15i, déng khong cé diém chung, nhung ching
khong thé tach manh dugc.

Bo dé 3.3. (Bo dé Farkas) Cho A la mot ma tran thuce cap m X n va
a € H. Khi dé trong hai hé dudi day c6 mot hé va chi duy nhat mot
hé co nghiém:

Axr >0, a"x < 0 vdi mot x € H,

Aly =a, y> 0 vdi moty € H.
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Chitng minh bo dé Farkas.

Gia st ATy = a, y > 0 v6i mot y € H c¢6 mot nghiem y nao do.
Néu nhu Az > 0, thi tit ATy = a, nhan tich vo huéng véi x va do
Ar >0, y>0,tacoa’s =y Az > 0.

Vay Az >0, a’x < 0 v6i mot € H khong thé c6 nghiem.

Bay gio ta gid st ATy = a, y > 0 v6i mot y € H khong c6 nghiem.
Lay tap C = {z] 3y >0: ATy = z}.

Hién nhien C' 1a tap 16i dong va 0 € C.

Do ATy =a, y > 0 v6i mot y € H khong c6 nghiém, nén a ¢ C.
Theo dinh li tdch manh, ton tai p # 0 vA mot s6 o € R sao cho
pla<a<plzvéimoizeC.

Do 0 € C nén a < 0. Thay = = ATy, v6i y > 0, ta viét dugc
a < pl ATy = yT Ap. O

Cht ¥ ring néu ¢ € C thi (x € C véimoi ¢ > 0, vitit z = ATy
c6 Cx = ATCy. Vay cac toa do ctia y c6 thé 16n tity ¥, nén tit bat
déng thic a < pT ATy = yT Ap, suy ra Ap > 0. Vay ta da chi ra su
ton tai clia mot véc-to p sao cho Ap > 0 va a’p < 0. Chimg t6 he
Ax >0, a’z < 0 v6i mot z € H c6 nghiem.

3.2 Tinh dudi dao ham (subgradient )

Phép tinh vi phan 1a mot trong nhitng dé tai co ban nhat cia gii
tich co dién. Trong giai tich 15i, I thuyét nay lai cang tréd nén phong
pht nhd nhitng tinh chat dic biét clia tap 16i va ham 16i. Trude hét,
ta dinh nghia vé dao ham theo huéng, duéi vi phan, ching minh su

ton tai va cac tinh chat co ban ctia né.

Dinh nghia 3.2. Cho [ : H — RU {+o0}. Ta ndi z* € H la dudi
dao ham cia f tai x néu (z*,z —z) + f(x) < f(2) V.
Tuong tu d6i véi ham 16i kha vi thong thuong, biéu thic nay cé
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nghia 1a phuong trinh tiép tuyén nam duéi do thi cia ham s6. Tuy
nhién khéc véi truong hop kha vi, tiép tuyén 6 day co thé khong ton
tai duy nhat.

Dinh nghia 3.3. Tap tat cd cic dudi dao ham cia f tai v duge goi
la dudi vi phan cia f tai x.

Ki hiéu tap hogp tat ca cac dudi dao ham cia f tai z 1a 9f(z).

Khi 0f(x) # (0, thi ta n6i ham f kha dudi vi phan tai . Theo dinh
nghia, mot diem x* € 9 f(x) khi va chi khi né théa man mot hé vo
han cac bat dang thitc tuyén tinh. Nhu vay f(x) 1a giao clia cac nita
khong gian déng. Vay Of () luon 1a mot tap 16i dong (c6 thé rong).
Nhu trong 1y thuyét toan ti da tri, ta sé ki hiéu

dom (0f ) := {x|0f (x) # O} .

Vidu 3.1. 1. f(z) = ||z||, € H. Tai diém = = 0 ham nay khong
kha vi, nhung n6 kha dudi vi phan va

01(0) = {o™| (a",2) < |la]] ¥z},
2. f = 0c 1a ham chi ctia mot tap 16i C' # 0. Khi dé véi 2° € C,
0oc(x {x <x*,az —x > < oz Va:}
Vé6i x ¢ C' thi 50(:1:) = 400 nén bat dang thitc nay luén ding. Vay
96c (%) = {a*| (2", — 2") <0 Vz € C} = No(2°).

Vay duéi vi phan ctia ham chi ctia tap 16i C' khac réng tai mot diem
0

2¥ € C chinh la nén phap tuyén ngoai ciia C tai zV.
Dinh nghia 3.4. Cho ham f : H — R U {+oo} la l0i néu

fAz+ (1 =Ny) SAf(x)+ (1 =A)f(y), Vo,yeH,Ael0,1].
Ta n6i f 1a 16i chinh thuong khi

domf:={x € H: f(zr) < +oo} # 0.
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Meénh dé dudi day cho mot dinh nghia khac tuong duong ctia dudi
vi phan.
Ménh dé 3.1. Cho f : H — RU {+ oo} 16i, chinh thuong.
(i) x* € Of (x) khiva chi khi f'(x,y) > (x*,y) Vy. Néux € ri(domf),
tht vdi moi y ta co

fl(z,y) = sup (a",y).
x*€df(x)

(ii) Néu f la ham loi chinh thuong trén H, thi vdi moi x € dom(Df),
ta c6 f(x) = f(x) va Of(x) = df ().

Dinh 1i 3.3. Cho f: H — RU {400} 10i, chinh thuong. Khi do:

(i) Néu x & domf, thy Of (z) = 0.

(ii) Néu x € int(domf), thi Of (x) # 0 va compact. Ngugc lai, néu
df (x) # 0 va compact thi x € ri(domf).

Ching minh.

(i) Cho z € domf, thi f(z) < +00. Vay néu x ¢ domf thi f(z) =

+o00 va do d6 khong thé ton tai z* théa méan
(2 —x) + f(z) < f(2) < 4o0.

Vay d0f (x) = 0.
(ii) Trudc hét gid st # € int(domf). Ta c6 diem (x, f(z)) ndm trén
bién ctia epif.
Do f 16i, chinh thudng, nén ton tai siéu phang tua ciia bao déng ctia
epif di qua (x, f(x)), tiic 1a ton tai p € H, t € R khong dong thoi
bang 0 théa man

(p,x) +tf(x) < (py) +tp Yy, p) € epif. (3.1)

Tacot #0, vinéut =0 thi

(p,x) < (p,y) Yy € domf.
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Nhung do z € int(domf), nén diéu nay kéo theo p = 0. Vay t # 0.
Hon nita ¢t > 0, vi néu t < 0 thi trong bat dang thic (3.1), khi cho
[t — 00 ta suy ra mau thuan vi vé trai c6 dinh.

Chia hai vé cta (3.1) cho t > 0, dong thoi thay u = f(y) va dat

r* = —F ta dugc
(%, 2) + f(x) < (2", y) + f(y) Yy € domf,

Hay la (z*,y — ) + f(2) < f(y) Vy € domf.
Néw y ¢ domf thi f(y) = oo, do d6 (a*,y — ) + [(z) < f(y) V.
Chung t6 z* € df(x).

Cach chitng minh trén cho thiy dudi dao ham ctia f tai x chinh
14 véc-to phap tuyén clia situ phang tua clia bao dong ciia epif tai
(z, f(z)). Thyc ra f kha dudi vi phan tai moi diem z € ri(domf).
Diéu nay c6 thé chitng minh ngin gon nhu sau:
Do x € ri(domf) nén theo ménh dé 3.1 c6

fl(z,y) = maxecop() (2", y)

va f'(x,y) hitu han, nén 0f(x) # 0.
Bay gio ta chi ra tap df(x) compact.
Do x € ri(domf) nén theo ménh dé 3.1, 2* € df(x) khi va chi khi

f(x,d) > (z*,d) Vd. (3.2)

Lay €' véc-to don vi thit i (i = 1,...,n) cia H (toa do thit i clia ¢
bang 1 va moi toa do khac bang 0).
Ap dung (3.2) 1an luot véi d = ¢’ v6ii (i = 1,...,n) ta c6

zi < f'(x,e).
Tuong tu ap dung v6i d = —e’ véii (i = 1,...,n), ta co

—x; < fl(x, —ei).
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Hay x> —f'(z, —€').

Toéom lai
—fl(z,—e") < af < —f(x,+e') Vi=1,..,n.

Do x € ri(domf) nén f'(z,y) hitu han v6i moi y.
Noi rieng f'(x, —e'), f'(x,e') hitu han v6i moi i (i = 1,...,n).
Vay Of(z) bi chan va do tinh déng nén n6 compact.

Ngugc lai, gid st rang 0 f (x) khéac rong va compact. Ta chi ra rang
x € ri(domf).
Do Of(x) # () nén = € dom f. Néu trai lai x ¢ ri(domf) thi x § tren
bien tuong doéi ciia domf.
Do dom f 15i, theo ménh dé vé siéu phang tua, ton tai mot siéu phing
tura ctia bao déng ctia dom f tai x, tic 13 ton tai mot siéu phang tua
ctia bao déng ctia dom f tai x, tiic 1a ton tai véc-to p € H,p # 0 sao
cho

ple>plz Yz € domf.
Lay x* € 0f(z). T day va theo dinh nghia dudi vi phan ta co:
f(z) = f(z) > (a2 —x) > (" + Ap,z —x) VA>0, Vz.

Chiing t6 2* + A\p € df(x) v6i moi A > 0. Diéu nay mau thuin véi
tinh bi chan cta df(x). Vay x € ri(domf). O

Vi du 3.2. Vi du sau day cho thay néu x ¢ int(dom f) thi tap df (x)
c6 thé bang réng.

Cho ham mot bién

—2z2 (2 >0)
+00 (x <0) |
0.

Khi dé f(0)
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That vay, gia st df(0) # (). Khi d6 ta co:

N[

(x*,2) < =222 Vz.

Lay z = z* th (z*, 2*) < —2(z*)2. Didu nay mau thuin véi gia thiét.
Vay 0f(0) = 0. -

3.3 Giai bai toan can bang

Trong muc nay ta xét dén viec 4p dung phép chiéu dé giai bai toan
can bang. Cac khai niém va két qua trinh bay trong muc nady dugc
lay tur tai lieu [3], [9].

Cho C' la tap 16i, déng khac réng thuoc R”, lay f : R" x R" —
(—00, +00] sao cho f(x,z) = 0 véi moi x € C va C' x C' chita trong
mién xac dinh cta f.

Ta xét bai toan can bang EP(f,C)
Tim
xz* € Csaocho f(x*,y) >0 Yy € C. (3.3)
Tap 101 gidi ctia bai toan (3.3) duge ki hieu béi S(f, C).

Cac trudng hdp riéng ciia bai toan can biang

1. Bai toan t6i wu
Xét bai toan
(OP) : {Mm o(x).

zeC
Néu ta dit
f(z,y) = o(y) —¢(z), v,y € C,
thi hién nhién

p(r) < py) Yy el
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Suy ra
flz,y) >0 Vy e C.

Khi d6 hai tap nghiém trung nhau.
Vay bai toan t6i wu trén 1a mot truong hop riéng ctia bai toan (EP).

2. Bai toan bat dang thic bién phan
Xét bai toan
rreC: (F(z¥),y—a") >0 Vy € C,

trong do F 14 mot anh xa tit C vao R™. Néu ta dat

f(xay) = <F(x),y—x>, z,y € C,

thi ta suy ra ngay rang f(z,y) >0 Yy € C.
Vay bai toan bat dang thic bién phan trén 1a mot trudng hop riéng
cla bai toan (EP).

3. Bai toan diém bat dong Brouwer
Xét bai toan
e C: ¢(x") =a",
trong d6 ¢ : C' — C.
Néu ta dat

f(a:ay) = <£L’—gb(£€),y—5€>, x,yeC,

thi ta c6 f(z,y) >0 Yy € C.
Ngugc lai, néu z* 14 nghiem ctia (3.3) thi f(z*,y) >0 Vy € C.
Ta lay y = ¢(z*) € C thi f(z*, ¢(z*)) > 0.
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f@®, o(x7)) <0,

f(l’*, ¢(ZL‘*)) =0,

= 2" = ¢(x).
Vay bai toan diém bat dong Brouwer 14 mot truong hop riéng ciia bai
toan (EP).

4. Bai toan can biang Nash trong tro choi khéng hop tac.

Xét mot tro choi c6 p ngusi choi (dau thi). Gid st C; C R 1a
tap phuong an ma dau thi thit j ¢ thé Iga chon trong do (goi la tap
chién luge). Dat C' := C; x Cy X ... x C), va goi ¢; : C' — R la ham
lgi ich ctia dau thu tht j. Gid st (21, .25, ..., ) 12 1o ich clia dau
thi j khi dau thi nay chon phuong an choi z; € C;, con cac dau thu
k khac chon phuong an choi la x;, € Cy v6i moi k # j. Lé tu nhién
14 mdi déi thi déu mudn chon trong tap chién luge clia minh mot

phuong an sao cho lgi ich & t6t nhét.

Dinh nghia 3.5. (Diém can bing Nash) Ta goi x* = (a7}, ..., x}) la
diém can biang cia ¢ = (¢1,...,p) tréen tip C = Cy x Cy x ... X C,

new vdi moi j va mot y; € Cj, ta co

* * * *
(5 ooy T 15 Y Ty s Tp)

* * * % *

Dinh nghia nay cho thay rang néu mot dau thi j nao dé roi khoi
phuong an can bang, trong khi cac dau thi khac van gitt phuong an
can bang thi dau thii 5 sé bi thua thiet. Day chinh 1a i do ma khai
niém can bang nay duge chap nhan trong thuc té. Diém can bang nay
dudce goi 1a diém can bing Nash vi khéi niém nay do nha kinh té hoc

F. Nash dua ra dau tién. Dué6i day bai toan can bang Nash sé duoc
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hiéu 13 bai todn tim mot diém can bang (Nash) ciia ¢ trén C. Ta sé
ky higu bai toan nay 1a N(¢, C). Bai toan can bang Nash c6 thé mo
ta dudi dang bai toan can bang (EP) nhu sau

Dat

b
E , — ¥ xln"'nxj—laijxj-l-la"'733]9)]'
J=1

Hién nhién néu z* 14 diém can bang Nash thi f(z*,y) > 0 Vy € C.
Ngugc lai, gid stt 2* € C la nghiém ctia bai toan (EP), tic la f(x*,y) >
0 Vy € C. Ta sé ching t6 x* = (7, ...,x;) véi zj € C; la mot diém
can bang Nash.

That vay, néu trai lai, sé ton tai j va mot y; € Cj sao cho
i (T]5 s TG 15 T35 Ty g5 e Tp) < PG5 oy TG0 Yy Thygsees Tp)
Khi d6 véi phuong an y = @;(x7, ..., T5_1,Yj, Tj41, -5 Tp), theo dinh
nghia ctia ham f, ta c6
(&% y) = pi(at, s @1, Y, T, -0 @) — 0(27) <0

Mau thuan véi viec * 1a nghiém cta (EP).
Vay bai toan can bang Nash 13 mot truong hop riéng ciia bai toan
(EP).

Duéi day, ta sé trinh bay mot phuong phap xap xi dé giai bai toan
can bang. Trudc hét ta nhac lai mot s6 khai niem sé duge dung trong

thuat toan va trong chiitng minh sy hoi tu ctia no.

Dinh nghia 3.6. Liy £ > 0 va v € R™. Diém p, € C dugc goi la

phép chieu & - xap zi cia x trén C' néu p, la loi gidi & - xap i cla

ind Lz —y)?

bat toan
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nghia la
1 o _ 1 2
Sle=pall” = Sllz = Pe()|” + &,
trong dé Po(x) la phép chiéu tric giao cia x trén C.
Ta chi ra duge rang phép chiéu £ - xap xi cia x trén C duge dac
trung bai
<fl? — PxyPx — y> > _f Vy eC. (34)
Dinh nghia 3.7. ¢ - dudi vi phan duong chéo O5f (x,x) cia song
ham f tai x € C cho bdi

O f(z,x) ={geR": f(z,y) +e > f(v,2) +(9,y —x) Yy € R"},

=19 eR": f(z,y) +e=>(gy —x) VycR"}.
(3.5)
Meénh dé 3.2. Liy {v.} va {6} la cdc day sb thuc khong am théa

+00
man vgr1 < Uk + 0 vdi Y O < +o00. Khi dé day {v} hoi tu.
=1

Meénh dé 3.3. Lay 0,5 va € la nhitng so thuc khong am théa man
6? — B0 — £ < 0. Khi do

B0 < B2 +E. (3.6)
Chiing minh.
Xét ham bac hai s (0) = 6% — 30 — . Khi dé s (0) < 0.
Ma
g < P VB +A
_— 2 Y
véi 6 > 0.

Nhan hai vé bat ding thic v6i 8 va st dung tinh chat ab < # ta

co
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B9 <2782+ By/F+ 4|

—1 | p2 | B*+B%44€
-

271 [B% + 52 + 2¢]
=7 +¢
Vay ménh dé dugc chiing minh. O

3.3.1 Mo ta thuat toan

Lay p la tham s6 duong va {pr}, {6k}, {ex}, {&} xac dinh béi céc

dieu kien:

Pe>D, B >0, 6,20, § >0Vk €N, (3.7)
00 ﬁk B 00 )
Y E=too, Y B < 4o, (3.8)
1 Pk 1
= Brer -
Z———I—oo, Z§k<—|—oo. (3.9)
1 Pk 1

3.3.2 Cac budc giai.

Budc 0: Chon 2' € C. Cho k = 0.

Buéc 1: Lay o € C. Tinh ¢* € 05" f (21, 11,). Xéac dinh oy, = %,

trong do
Y = max {pr, [|grll} - (3.10)

Buéc 2: Tim 2F! € C sao cho

(apgh + 2" — ¥z — M) > ¢, Va e C (3.11)
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F+1 13 phép chiéu &, ctia x, — oyg" trén C. Cu thé,

néu & = 0 thi 2! = Po(a% — aggh).
Néu thuat toan chinh xac (tiic la & = g, = 0 Vk) va néu ¢F = 0
hogic #¥t1 = 2% thi 2* 1a nghiem ctia bai toan EP(f,C).

Cha ¥ rang x

Bo dé 3.4. Néu thuat toan ISPM chinh zdc tao nén mot day hitu han
thy diém cudi ciia day la 167 gidi cia bai toan EP(f,C).

Ching minh.

Véi g, = 0 ta c6 gi € Oof (2%, 2%). Theo cach xay dung, thuat toan sé
dimg lai 6 bude 1 néu g, = 0.

Bay gio ta gia st thuat toan dimg lai  bude 2, nghia la 2% = zF 1.
Gia st phan chimg 2% ¢ S (f,C). Khi d6 ton tai x € C sao cho
f (xk, :z:) < 0.

Khi do6 ta co

0>f (azk,x) > <gk,a: — xk> (3.12)

Do z¥+! = 2% nen (3.11) véi & = 0, ta thu duge két qua

<ozkgk, x — :zsk> > 0. (3.13)
Tu (3.12) va (3.13) ta thay duge sy mau thuan béi vi ap > 0, vay
oF e S(f,C). O
Ménh dé 3.4. Vdi méi k, ta cé bat ding thic sau:
(i) ar||9"|| < Br-

(i) B || 2"+ — 2¥|| < 67 + &
Chting minh.
(i) Tu (3.10) ta c6
Be |lg"]
max {py [|g

oy, ||g*|| = T < Bk (3.14)
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(ii) Thay = = z* vao (3.11) ta thu dugc

||$k+1 . kaQ < <Odkgk7xk . $k+1> &
<ap ot o+t -t 6 (39)

< B || — 2| + &
Véi 0 = ||zF — 2|, 8 = Bk, & = & ta suy ra diéu phéi ching
minh v6i moi k € N.
Ta can gia thiét sau
A1l. S(f,C) khac rong.
Bo dé 3.5. Gid sit rang Al ton tai. Khi dé vdi moi z* € S (f,C) va
vdi moi k ta cé

ot

? < ka P+ 200 f (2%, 2%) + 0. (3.16)

trong do 0y, = 2ayey, + 25]% + 4&p.
Ching minh.
Bing bién doi dai s6 ta co

o1 =

. 2 kaﬂ_kaQ_'_Q@k_ka’x*_xk+1>

S

< ka _ x*H2 +9 <xk R xk+1> .

(3.17)
Két hop véi (3.11) tai z = x* ta ¢6
ket =[P ot =+ 2 = )+ 2
= H.CUk —a2t|P 42 {agg", x* — 2*) (3.18)

+ 2 {agg", a* — M) + 2¢;..
Ap dung bét ding thitc Cauchy-Schwarz va ménh dé 3.4 (i) ta thu
dugce

ot = | <l — 2| + 200 (g, 7 — o)
(3.19)
+20 [|F — M| + 2¢;.
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Két hop (3.19) va ménh de 3.4 (ii) ta ¢ két qua

o+t —

<ot - 2|+ 20 (g, 27— 2F) + 267 + 46 (3.20)

Mat khéc, ta cé g* € 05 f(z*, 2*) nen
(gF x" —a2") < f(a* 27) + &

Do do6, v6i ag > 0 ta ¢

20 (g%, 2" — 2¥) < 204 f(2F, 2%) + 204 (3.21)
Tu (3.20), (3.21) ta thu dugc dieu phai chiing minh. O

Ta can gia thiét sau

Dinh 1i 3.4. Gid st ta c6 gid thiét A1, A2, thi:
(i) {Hx’f e 2} hoi tu vdi moi a* € S (f,C).

(ii) {x*} bi chan.

Chting minh.

(i) Lay z* € S(f,C),k € N.

Theo A2 ta c6 f(zF, 2*) <0, két hgp véi bo dé 3.5 thu dugc

kaH — 2| < ka — z*||” + & (3.22)
trong d6 0 = 2aer, + 207 + 4&k.
Do d6, két hop véi (3.8), (3.9), (3.10) ta c6
+00
D 6k < +oo. (3.23)
k=0

K&t hop céc két qua (3.22), (3.23) va menh dé 3.4 thi { [J2* — 27"}
la day hoi tu.
(ii) Tu (i) ta dé dang suy ra dugce (ii). O
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Ta can cac gia thiét sau
A3. ¢ duéi vi phan duong chéo la tap bi chan trén moi tap bi chan
cua C.
A3’. Day {g"} bi chan.

Dinh 1i 3.5. Gid st c6 gid thiét Al va A2. Vi gia thiét A3 hodc A3’
ta co

lim sup f(z%,2%) =0 Va* e S(f,C).

k—4o00
Chiing minh.
Lay z* € S(f,C). Theo bo dé 3.5 va A2 ta thu dugc két qua

0 < 2ay, [—f(2",2")] < ||o" — 2* g |2 — 2 4 6y (3.24)
Hon ntta .
0<23 ay [~ f(z, a")]
k=0
<Jlo 2~ o 2P+ S8 (325)
k=0
<[l — 2|+ 32 6
k=0
Khi m — oo ta co
400 400
0<2Y o [-f (@h )] < [l —a”[P+ D00 (3:20)
k=0 k=0
Két hop vdi (3.23) ta ¢
+00
0< Zozk [—f (2%, 2%)] < +o0. (3.27)
k=0

Mat khac theo A3 va A3’ ta ¢6 {||gk||} bi chan.
Ma ta lai c6 {z*} bi chan. Do d6 tit (3.7), (3.10) ta chi ra ring ton
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tai L > p: Hng <L, VkeN.

Nén ta suy ra

Tk 1|k L
— =max {1, g <— VkeN.
0 s {1, o) < -
Do do
ap= s PO ey (3.28)
Y~ L px
Vay tit (3.27) va (3.28) ta co
+00 Bk
Z = [=f (2" 2")] < +o0. (3.29)
o Pk
Tt d6 ta suy ra diéu phai ching minh. O

Ta can cic gia thiét sau
Ad. Lay =5 € S(f,C) vaT € C. Néu f(z,z*) = f(«*,7) = 0 thi
zeS(f,0).
A5. f(.,y) la nita lién tuc trén v6i moi y € C.

Dinh 1i 3.6. Gid st cdc dieu kien A1, A2, A3 hodc A3’, A4, A5 théa
mdn. Khi dé day {xk} hoi tu dén nghiém cia EP(f,C).
Chiing minh.

Lay z* € S(f,C). Theo dinh li 3.5, ton tai mot day con {z"} cta
{xk} sao cho

lim sup f(2%,2*) = lim f(zM,2%). (3.30)

k—+00 J—r+00
Theo dinh 1y 3.4, ta c6 day {xkﬂ} bi chan.

Do d6, ton tai T € C va day con {z*/} sao cho

=T (3.31)
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Két hop gia thiét A5 véi dinh i 3.5 ta c6
f(@,z*) > lim sup f (:Ukj,a:*)

J—+oo

. k;j
= lim f (5, 27)

(3.32)
= lim sup f (xkﬂ',x*)
k—+o00
= 0.
Tu gia thiét A2 ta c6 f(T,2*) < 0 nén:
f(z,x%) =0. (3.33)
T A4 tacoT € S(f,C).
Mt khac theo dinh 1f 3.4 ta c6 day {ka - EHQ} hoi tu.
Két hop (3.31), v6i T € S(f,C) ta duge
lim z* = 7.
k—+o00
d

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



45

Két luan chung

Luan van nghién cttu vé phép chiéu xudng tap 10i déng trong khong

gian Hilbert thuc va mot s6 ing dung. Nhitng két qua cia luan vin

la:

1.

Chiting minh sy ton tai va tinh duy nhat ctia phép chiéu xudng
tap 1oi dong trong khong gian Hilbert thuc. Khao sat cac tinh
chat co ban clia toan ti chiéu nay va tinh dudce cu thé tap chiéu

trong cac truong hop dac biét.

. Duing phép chiéu vuong goc ching minh sy ton tai nghiem va

phuong phap giadi bai toan can bang trong khong gian hitu han
chiéu.

Stt dung phép chiéu ching minh dinh 1i tach va chiing minh nay
da goi v cho viéc tinh siéu phang tach.

. St dung phép chiéu ching minh sy ton tai nghiém va goi ¥ cach

tinh dudi vi phan ctia ham 16i.

. St dung phép chiéu dé xay dung thuat toan chiéu gidi bai toan

can bang.
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