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1. Tén d@ thi: | BN
PHUONG PHAP DAI §O TRONG GIAI ‘T{e1 BIEN DAL T
2. M3 58 : B93-0572 |
3. Cha trl 4% tdi: PGS TS Nguyén Vin Maa,
Chd nhidm BS mén Gidi tich, .
Khoa Todn-Co-Tin hoc, DHTH H ndi. E
Cac thinh vién:

Tran Huy 118, Nguy&n Thiy Thanh, Nguyén Vii Luorg,
Phem Quang Hung, Nguyén Minh Tudn.

A. Muc tién va ndi dung nghién ciu:

a) Nghién cu céc bai todn ngi suy iong quith

b) Phép tinh vi tich phén triru trgng trong khimg gian roi rec
c) Céc bai todn biéu trong Gidi tich - Dai 80,

d) Phuong phép gidt phuong trink tich phan ky 4y

e) Ung dung trong gidng day céc chuyén d@ cia gidi tich hién doi.
5. Tinh binh thyc hién A8 tii :

. .oy . e - Va4 .
Pharong rdng bidu didn nghitm cda cde bii todn trong Gidi tich ddng vai trd

trung 8 trong che nehién ciru gan dsy cda cde nhd clinyfn mon vée (1idi 1ich.
g g >
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Trong khodng 20 n¥m gan day, ugudsi tn bt da tdp trung nhidn troug viée khni
thic cdc pbwong phip dei s8. D6 I vide ngbidn cdu che v irde doi 88, cée thuil
tosn cor bdn va khaéi quit hén cde khai niém trang tdm cda Gidi tich nhi phép tinh
vi phiin, tich phin, todn t& bidn vi todn i ban diy, ... dwéi ngdn ngir cia gidi
tich bam 14 1y thuydi todn tif.

T @6 cho cde mé t3 18ng quit cde lop nghiém, gidi mon 88 1ap bai todn i8n
g ¢ L B
quit.

Ngodi ra, rdt nhidu bai todn nhin duoe tir thire 18 klidng cé nhitng mé hinh
todn hoc di duwge thidt Iap trude dé, chin thidt phéi cé nhirng cong cy sfc bén hon
A€ 4im cdch chuy&n héa ching v& nhitng dang chinh ide (‘{3 thadi todn hiu hidu va
tong quéat dé gidi. Vivay cde md hinh dai a8 di ¢6 uhﬁ'ng\hﬁng dung hiru hidn v
diic bigt )a xdt dom gidn, khéng chn vign trg dén cic khéi nidém sdu sfe cda (4}
tich nhw: Tinh héi tu, 15 pb, 46 do,... Nher vy qu ¢ thé giap cho nhitng nhi Ly
thnit va nhitu nguwdri 1un thye t& ciing nhv cic sinh.yién mau chéug nii.\m hit dwere
cic phwong phép cia Gidi tich hidn dai va i dyng cliing nhw méi cong cu dic hee
trong céc cong viée nghidn cire moét cich cé hiéu qia.

Cée k&L qlda nghidn oivu di dwge thé nghidm trong gitng day mét 86 chuyén
d® cho céc lép cao hoc vé chuyén nginh Phweong phip todn s¢ cdp, nlar:

- Phwong phdp yids tich dai 36
- Ly thuyel todn td tugén tink v phuong trink {odn i
- Dlfe trung ham cda cde hdm 56 va phuong trink ham.

Trong thoi gian qua, tir thing 4-1993 dén nay, 4% tai d3. ti€n hanh theo frinh
fu sau diy: e

- Hang tusn cé 2 seminar khoa hoe duwge tidn hinh tai
DH'TH Ha N&i (sing ilwr N#m)

vi tai
DHBK i N6 { sdng thé Sdu),

vi sy tham gin cda ddng ddo ci vhi chuyén mén trong vi ngoar trudmg.
Két qua:

-5 bdo cdo khoa hoc tai Hbi nghi khion hoc khoa Todn- -Clo-Tin hoe, DHTIL
Ha noi, 6/1994.
-8 bai bido khoa hoe d¥ng trong tap chi chuydu nganh Trwomg DHTH A ndh,

-Mgt bio cdo mdi tai héi nghi quée 18 vé gidi tich ing dung,
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-DA chi:
- Chi cho hoat déng seminnr:
B0.000 ddng): 4.200.000 ddng,
- Chi cho théng tin tir litz in 6,
viin bdn: 1.500.000 ‘dong,
- Chi cho 5 béo cdo khon hoc tai

140 budi thuy&i. trinl (mbi budi:

mun dia mém va theyé Eir may goan thdo

1 Nghi Khon Hoc 6/1994 ( méi bdo cdo :100.000 déng): K00.000 4 Sug.
- Chi cho 8 bai béo khoa hoc ( m&i bai: 200.000 ddng): 1.600.000 ddng.

- Nop Khos: 400.000 dong,.
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B. PHAN CHINH BAO CA0

I. Ly thuy&t cdc bai todn ndi suy tdng qu:it

Céc bai todn ndi suy c8 dién cdo Gidi tich d& xudt hién cdch diy hon mét
thé k3, khéi diu biing cdc cdng trinh khoa hoc cia céc nha todn hoc 15i lac nhw
Lagrange, Ilermite, Newton,:.. v da 1im thiy rdt nhiéu Gng dung trong 1y thuyét
cic bai todn bién va trong cic bai tod cda Vit Ly Todn va ~da K7 thudt.

Trong khodng hai mwoi n&m gin diy, cde nhd Gidi tich dd tim cich xdy dung
mot 1y thuy&t hodn chinh, nh&m théng nhét céc bai toén“‘\ﬁ_éng ré thanh mét 1y
thuy&t triru fwong tng quat, tir dé duwe ra cdc md hinh tc‘r’né quat v xdy dung
cée thudt todn hire hitu d€ md td 16p nghitm duéi dang biu thite dai ed. Hudng
ndy d& dwge phét trién mpnh mé & Balan, CHLB B c, Uc, M§ nhu D. Przeworska-
Rolewicz, S. Rolewicz, Z. Binderman, von Trotha, B. Tasche, .. Berg, - Lauch,...

D4 13 vide thay 1hE céc todn tir vi phéan, gid vi phéan, tich phéa v cde phép bitn
d8i him bdng cdc todn t& triru twgng kha nghich phéi Dsao cho ton ini I € Lo(X)
thér méan diéu kién DR = I trong mién domD). Khi d6 chc Phlr(mgr trinh truyén
théng &8 cé dang

} )
Y ADrz=y, yeX .
k=0

ciing v&i cdc digu kién ban ddu ki€u Cauchy
F;D*z = x5, =z, €kerD, je{l,..,m}, kefo, .,5}

Khi d6 bai todn ndi suy Lagrange dirge phét biéu nhir sau:

Thn nghiém u cda phwong trinh D*u = 0 thda min cdc digu kién san
Fiu=2;, j=12.,n

trong dé z; € kerD cho trude, F; 13 hé thdng cée Lodn tik ban diu cdin sinh béi D,

Twong tu ta ciing c¢d cdc dang mo hinh trivn tagng cho céde bal todn noi su
g W 4 ang Ing C Yy
kidu Hermite, Newton,...

Hiu hét cde bai todn truyén théng dang cd dién di dwge nghidn cim hodn
chinh va 1y thuy& khéi quét héa ching da dwoc xdy duns chit ché nhw 1a mol
chuyén nganh méi ddc 1ap vd cé tinh t8ng hop rét cao. Lj thuy&t ndy da dwoe
mang modt cdi tén méi 1 Gidi tich - Dai s6.
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Tuy nhién, con rat nhiéu bai todn cila Vit I§- Todn va cda K§ thudt clwra dwoc
bao quédt trong 1y thuyét da néu.

Téc gid Pham Quang Hung d& thinh cdng trong viée gidi quyét cde bai toidn
hén hop khéng <8 di€n dBu tién troug lép cdc bai todn ndi suy. D6 1A 1Gp cde b
todn ndi suy 18ng quét khong théa win didu kién c(R), thutmg vin dugc Ap dilt
trong 1&p cic bai todn truyén thing:

FiR*z=(3%);, v6i ReRp,z€kerD,cji €.

Hang loat bai viét cila Pham Quang Hung theo bwdng nn{ cho Lthiy ¢éng cu ma tic
gid thiét 13p da cé nhirng wu viét r6 rét, khong nhitng g)fh“&yo’c nhidu 1&p bai todn

m&i ma trede day chwa ¢6 thuit todn hiru hiéu, ma con mé td dwgc 16p nghiém
duéi deng hi€n. O
N

Lép céc todn ti Green di véi bai todn gid tri bidn tdng quat (llﬂUOt todn tir
trire twong khé nghich phdi da dwge xidy dwng trong céc trudmg, ho’p khi Jop che
todn tit ban diu chi thda mén tinh chét c(R) suy réng, md %hong d61 hoi cdc iidu
chufn mot chidu cda hach nhw da dwgc xét trwde ddy cia hiu hét cdc tic gid. Dya
trén cong thirc Green, d& bi€u dién dwgc 16p nghiém cﬁa ,ﬁn toan ot suy dudi
dang hién qua céc kit thire cila bai todn tdng quit da néu,

Trong trudrng hop tong quét, khi cdc rang bude 481 véi 1op cde todn ti ban
d3u cia bai todn ndi suy Lagrange khéug ddi héi thda mén , cic tiéu chuan déc 1ép
tuyén tinh manh cda hé cdc todn t van diu 43 dwge dwe ra nbim ching minh
tinh thidt 16p ddng d&n cda bai todn da néu va ddng thii chi ra ring cic tidu chudn
nhin dwge 13 cdc didu kién cin va dd, dieu d6 d¥c biét b ¥ nghia khoa hoc vé mit
1y thuy&t, né md t& dwoc cde mdi quan hé giita tidu chudn khd nghich cla ma trin
co bén cdm sinh tir bdi todn da nén véi cdc dir kién ban diu cda céc didu kién
Cauchy t8ng quit.

Céc tidu chudn t8ng quét d& néu & trén dwoc céc tic gid Nguyén VEn Miu
vd Pham Quang Hung ép dung d€ bidu dién nghiém cila bai todn ndi suy cd dién
i8ng quit, md céc trudng hop riéng 13 céc bai todn néi suy Lagrange, Hermite,
Newton,... Thudt todn da dwge nghién cdu hodn chinh khéng nhing vé mit 1y
thuy&t ma cd trong linh virc éng dung. O day ciing ¢ua ra duge cic didu kién chn
va dd 4€ bai todn ndi suy t8ng quit ¢é nghiém duy nhit va phwong phip xiy dung
nghiém duéi dang hién.

Ngoai ra chiing 161 con xdy dung dwrge cée dang hién ciz céng thire ndi suy cla
nhidu 16p bii toén hdn hop suy réng kiéu Lagrange-Newton, Lagrange-Hermite,. ..
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Céc két qia nhén du'o'c dé cho thiy bdc tranh todn cuc ciia cdc bai todn ndi
suy vi cdc m&i lién hé sdu sdc gifta chiing v&i cde dang khéc nhau cda bai todén
bién, bai todn ban diu ciing nhir 1&p cdc bai todn bién hén top. Thwe chit, tit cd
céc két qia nhan dugc tir céc bii todn ndi suy 88 cho ta co s& xay dung nghigdm
cda bai todn bién. Phuwong phép ndy d& dwoe mé 4 chi it trong [1].

M4t vai tmg dung trwc Liép cla bai toén ndi say Lagrange trong viée tinh cic
i8ng hirn han, di dugc ‘Irinh Dao Chién xiy dyng trong Ludn v&n Thac s§ (xem

5)

TAI LIEU TRICH DKN ]
-

[1] Pham Quang Hung, Béi todn gid irj bién t5'ng qudl ddi véi da thite cde
{odn 14 khd nghich phds, Tap chi KHOA HQC, No4 (1994), 9-16.

{2] Pham Quang Hung, On Lagrange inierpolzttion problem snduced by ripht
inverltble operators, Journal of Science-1993, Spgmal Issue on Mathemudt-
ics, Mechanics and Informatics, 15-20. P -

[3] Nguyén V#n Méu and Phem Quang Hwng, On a general clasvu:a! inter-
polation problem, Journal of Science-1993, special Issue on Mathematics,
Mechanics and Informatics, 2-6.

[4] Pham Quang Hung, Todn t# Green ddi véi bii tokn gid irs bién véi mol
todn td khd nghick phdi )V, Tap chf KHQA HOC, No7 (1994), 11-18.

[5] Trinh Dao Chién, M4t s6 vin 4 vE diy 56 , Lusn vin Thac s§ Todn Ly,
DHTH 1995,



. TOAN TU SAI PHAN SUY RONG

Mét trong nhitng hwéng quan irong cda gidi tich dai 88 1d md 18 14p cic todn
ti khd nghich phdi trong khéng gian ri rac, diic biét la cdc khdng ginn diy vé han.
Lép cdc todn tir sai phan 8 didn vd cde phuong trinh sai phin véi hé 88 hing 1a
cic d8i twgng quan trong trong céc phuong phip 88 dé gidi ghn diing cdc phuong
trinh vi tich phan ham véi cde didu kién bién ¢8 dién.

Cée d8e trung quan trong nhit cia cde todn i kha nghich phdi trong cdc
khéng gian r&i rac con dwge d ciip dudi céc dang riéng &, chwa diroc hé théng va
chura ¢6 mét rad hinh hodn chinh & thdng uhit cde thual tedn riéng ré& thinh mdot
co 8 1y thuyét hoan chinh. "k\}\

N

Trong lréng nady, Nguydn Vil Lwong d& ¢4 nhimg déug \gép déng k&, c¢b §
nghia khoa hoc khéng nhitng v& mit li,thuyé’t,\ﬁﬁé con md ra cdc khd nilng dng
dung hifu hiéu trong viéc gidi cde phuong trinh vi ¢4c bai tosn bidn phutp hop.

Gid st X 14 khong gizin céc diy 88 v6 han trén mdk trudmg F clio brode va
D € Lo(X) 13 mét todn t¥ khd nghich phéi véi dim kerD) < -+oo.

Trong [1], tdc gid d& mé td duwoe 1dp cée nghich ddo phdi Volierra B € R ciin
D. Nh& céc dic trung nady, & md 14 dby di tap hop cic nghich -'dgiiu phai cia mjt
todn tir sai phan suy réng thy § cho trwde. Ilon the nirn, tac gi& d& dung duwoe
deng hién cia cdc dang sai ];llﬁ,ll c6 hach 1& mdt tap hiru han chidu cho trde. N6
cho phép xét cdc phuong trinh sai phén quen bi&t nhir nhitng trudmg hop riéng, va
vl viy, d& cho durge thuit todn dyng nghiém tirdng minh cia cic phwong trinb sai
phén vdi hé 86 bién thién dang

-—

n
Zakzn.H, =y, k=01,..
k=0
vir dang trira twgng tGng quét
n
D AeDFe =y, De R(X), A€ Lo(X).

k=0

Chd ¥ rdng, cho d&n nay, céc dang phwong trinh ndy chi mén dwge dé cép riéng ré
nhy nhitng vf du déc lap, chua dwoc khéi quit héa vi chuwn cé duge mdt 1 thuyét
hodn chinh d& nghién céu ching.

Trong {3], dua ra céc didu kién chn va dd d& mét nghich ddo phéi cin todn bk
sai phin ¢ trong v6 hudng bién thién dang

'DP{z”‘} = {33n+1 =P :t.,,,}, e = {311} €X
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1a mét todn it Volterra. Trirmg hop riéng kbi trong 1a hidng 88 dd dwge mot =8
céc téc gid nhwr Kalfat, Przeworska-Rolewicz,... khdo sét. Céc két qia nhéan dwge &
diy cho thidy cdc luge d6 xdy dung cdc dang tudrng minh cda cdc nghich ddo phdi
kiéu Volterra. Tir 36 cho dugce cdu trd 1oi cho bai todn sau day: Khi ndo thi thi hé
cdc nghich ddo phdi Volterra 1a ddc 18p tuyén tinh.

Ciing theo phwong phép twong ty, ching t8i cling nhan duge mot 58 kéi quia
méi d8i véi cde todn tir cdm sinh bdi cédc dao ham c8 dién nhr:

Dp{an} = {p"?“}’ vd Dp{zn} = {znyr — 2n + Af{zn}}.

Dic biét, trong mét 88 trirong hop riéng, ta nhén (ﬁﬂe che cdng thic bidu
dién nghiém cia cde diy Fibonacci t8ng quit v&i hé 86 biér thién.

Céc két qia ndy di cé nhitng ¥ng dung cu \thé’ trong céc bai todn mo {d 8§
hang t8ng quit cla mot s8 1p diy 88, trong d6 c& nhitng diy s phi-fuyén (xem
Trinh Dao Chién [5]) va dwge dng dung trong phuong trinh hdm (xem' Lé Quang
Hoa [4]).

Giin diy ching 61 d& thu dwgc céc tidu chudn Volterra cho shitng 1dp todn
it ma cdc thanh pbin cda ching 13 nhitmg phin ti cda mdt khong gian tuyén tinh
t6ng quat. Tir 46 cho birc tranh toan cuc téng quit cda nhidu dﬁ.y"cﬁo; toAn ti¥ quen
biét cda gidi tich, nhu todn i Cauchy, Laplace, Fourie,... -

Dic biét 13 43 khdi quéit héa duge 1dp cdc ham lrgng gide triro tugng cho diy
todn tir va thiét lap dwge céc cdc ding thirc lugng gide. 1TRu hét cdc k&t trong
truwdng hop trong v6 huéng d& duge chitng minh va thigt lép cdc dic trwng tromg
tur cho todn t& véi trong dai 88 dang Mf

DP{mn} = {ann}; DA{zn} = {zn+1 = An*n}s
V(’ri Pn,An E LO(X),RE N, zn E X-
Ngoai ra, bng thuétodn tuyén tinh héa, mét loat cic iodn ik phi tuyén dang

ax, +b
V - = ee————
{en} = {2ns1h 2op1 ="
U{zn} = {3n+2}: Ty4o = Aty gy + ~/bz, 4 ¢
déu cé thd tuyén tinh héa dugc d€ dwa vE& cde dang sai phin tuy&n tinh ruy rong

md céng thire bi€u dién nghiém 48 dwoc thiét ap.
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Lé Quang Hoa, Phuong trink hdm, Luén vin ‘ ac 8§ Todn Ly, DIITH
Ha Noi 1995, .
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III. PHUONG TRINi' TICH PHAN KY D1 VI
ARGUMENT BIEN DOI

Lép céc phwonh trinh tich phén k¥ di 1a d8i twgng nghién ciru co bdn cda cde
bii todn bién clda hdm gidi tich. Mot 88 dang phuong trinh d¥e trimg ¢6 thé bidu
dién nghidm théng qua bai todn Rieman

Fr(t) = GQ)F~(t) + g(t), G,g€ H™(D).

Tuy nhign khi pheong irinh tich phén ky i
a(iya) + L [ ZO% e N
m Jp s —t 3

cé tham gia cdc todn tir dich chuyén (Wz)(t) = z\(ﬂét)) thi cdu tric nghiém khong
con nhu trude nita. Hau hét cdc dang phwong trioh Lrong dng dBu kbong <6 thuat
todn hiru hiéi d& gidi. Vi vy, viéc xdy dung Iép céc bai todn 13ng quét‘mci ngbiéia
duéi dang tudmg minh ¢6 mot ¥ nghia quan trong. Céc két qia co ban theo lnrdmg
nay, chid y&u tip trung vio viéc khdo rit cée diic trung-dai 86 cda lép céc todn &
tich phan ky di tdng quat.

Xéi cdc todn td tich phin sau diy:

(s2)0) = o [ 22,

8a—1

1 sktnml-—k
(Sn,luo!!)(t) = ;" ﬂ‘ W&B(B)dﬂ,ﬂr

1 a1k A (a2
(Mnp2)©) = 5 [ 2 0 sy,

trong d6 Mpg(s,1) 1a cdc hdm théc trién gidi tich dwoc theo timg bién vio mién
Dt ={zel: |z] =1}

Nhwr ta da biét, mot trong nhirng d¥c trung dui 58 quau trong nhit cin todn
t& tich phan ky di Cauchy 13 tinh ddi hop cda né (S? = I). Ciing nhw vay, ching
1 d& thigt 1ap dwoe cée ddng thite tuomg tir cho céc todn L S, v My, e

Sk =Suky MRi=Muk, S =SP, Muk=(5+ Ne)P,
vén Py 1A céc phép chifu sinh bdi todn t quay (Wz)(t) = z(et), ¢ = exp{ 5;’151 .
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Ap dung cic dic trung dai 88 uhy va thugt. todn dd bift cde 1y thuydt cde bai
todn bién ¢ dién, ta cé thé gidi dwoe it 88 1&p phiromg trinh tich phén ky di dang
day di c6 chia céc todn tik dich chuyén vi phin dbu trong hach cida tich phan:

3} () + B(E)(Sn,x2)(8) = clt)

vi
a(t)z(t) + bE) (M x)(t) = e(t).

Mot 88 dang phwong trinh t8ng quét véi dich chuyé&n thda min dign kidgn Carleman

béc n d8 dwge Nguy&n Minh Tudn xét trong [1]: \.\z
14 . S
LA,' Se=y S"=1, Az‘\s Lo(X).
k=0

\\._

.

Déc bigt khi trong phwong trinh khong chim todn ti tich phin ky di, ta uldn
duge phuong trinh hdm véi argument bidn d8i. D6 1 céc phuong trinh ham dong

n-1

S a4 =)(E) = (1), (Aw)(d) = 2(atl})

i=0
da dwgc Pham Diing Long nghién ciru trong [2).

Mot 88 cée diic trung khéc cda todn ti tuy&n tinh r&t dwge cde nha Gidi Lich
va vit 1§ 1y thuy&i quan tdm nghién chu. D6 1a cic diedrung hodn ti. Tir ede dic
trung d6 s& cho ta tidu chudn gino hodn cia mét c¥p todn L tuyén tinh.

Trong [3], Phan Khinh Tam d& mé t4 dwoc tép hop cde todn 44 giao hodn véi
céc todn ti tuyén tinh sinh bdi cc bi€n d8i trong gidi tich, nhir todn tik ban diu,
todn tir khé nghich mét phia vi lodn t& dai s8.

Lé&p phirong trinh hdm xdc dinh trén todn truc thwe hofe trén mot khodng cia
truc thyre d& duge Lé Quang Hoa khdo sdt trong [4]. Téc gid da mé i dwge hiu
hét cdc d¥c trung co bdn nhét cda cde ham so cdp nhir lép hium da thire, cin thiie,
mi va logarit ciing nhr 16p céc hdm lwong gide va lrgng gide nguroe.
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IV. KET LUAN

Phuong phéap gidi tich deai s8 nghy chng dwge xdy dung hodn chinh nhr mét
linh vue todn hoc de 18p vd da td ra cd nhitng hidu luc 1ét to 16n trong nhivu
chuyén nganh khéc nhau cia todn hoe. D¥c bigh, troag 1y thny&t gidi tich hidn dai,
khi 88 lugng cdc md hinh dua ra d& qia tdi, khéng dép dng dwge cha nhimg dug
dung truc ti€p, ma chi dimg lai trong cdc khudn khd thain tuy cida logic hinh thire
vGi cée cdu iridc va nhitng thudt todn dinh tinh nhir cdc fiéu chnitn gisi chuin,
tinh 8n dinh va wée lwgng 83 nghign, thi vide hé thdng héa, khéi quat hoa v thust
todn hitu hi¢u dé gidi cdc bai todn cé cing mdt cdi ngudn 1a y:hu ciu bire thidt trong

céc hoat ddng thue tién. \\\

D& tii udy da tiém cén duge mot s8 hitémg ciia todn hos hién dai, dit xdy dung
hodn chinh duge mét 86 md hinh phirp tap, thy, g{n dirge nliiéo efn driic khic ahan

trong cdc mé hinh t8ng quat. RO

V& mit 1y thuyét, di cé nhitng ddéng gép thidt thye, mang tiuﬁ\ﬁu‘ri rr v ed
¥ nghia khoa hoc. Nhitng két qida co bdn di durge tdng két dudi dang hoin chinh,
Mot 86 két qia khdc da duge gihi ding dang chér cicddnh gid cida cée nhi chuyén
mon trong vd ngodi mrde, Céc k&t qia ndy hién tai chwa duge igl ké chi Lidt & day.

V& mit dng dung ciing ¢ mot s8 k&t qia quan t.r()n;;. " :rong dé,phdi k€ dén
vide cdi ti€u cdc gido trinh cho céc 1ép san dai hoe. N6 cho phép v ;u(")t thiri gion
hop 1§ ¢6 thé day cho cdc hoe vién ndm bit dwoc nhidu tr urdng erte todn hoe Jiiin
dai s brude dn,v thwdomg phadi xé 1& thanh cic chuyén dé hep khac nhau. Die biél
cin nhin moanh rdng, ngay d&i véi cde gido vién phd théng ciing di i thily trong
dé tdi ndy nhimg &ng dung phong phi trong linh vue _chuyén mon cia minh mot
cdch hire hiéu. Nhirng ludn viin thac s¥ Todn - Ly v& todn so cip l1a nhitng minh
chirng dfy sirc thuyét phuc.

D2 tai da cd nhitng dnh hudmg sin sfc dén cic host ddng khoa hoc thwimg
xuyén cda céc thanh vién seminar khoa hoc cia hai trirgmg DIITI Ha Noi va DHBK
Hi Noi. Su tai trg v& mit kinh phi cia d@ thi d8 dem lai nhitng hidu qda thift
thye.
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ON A GENERAL CLASSICAL INTERPOLATION PROBLEM

NGUYEN VAN MAU, PBAM QUANG HUNG
Faculty of Mathematics, Hanoy University

The general interpelation problem induced by a right invertible operator with initial operators
possessing the property (c) was investigated by Praeworska - Rolewicr | | (ef. also [2-9)). In |3] we
found a general necessary and sufficient condition for this probiom to halea unigue solntion. Ly
the present note we give some other conditions tor the general classical inteipolation problen wo
be well-posed and then construct its unique solution in ait evident forna ‘

\ .

BN

L T IS

By a general classical interpolation problem with N condicions {shortly: (Gljn

- problem)
we mean the following problem: To find a polynomial x(t} of degree N - 1 such that

ey = arsy ek €C, 6y € R, te # by fore vy, - (£)
. s L
k=1,...,mi =1, se=0<s; < < Spelyrit A, = Norg = (0 (Naote,itiat here
we do not admit b # by, for k # m). .
This problem is said to be well-posed if has a unique solution for every ap;, & O (k =
Lecoimp 3 = L .0, r). IF edther there exist ary such that this problem has ne seluiions or

the corresponding problem with ax; = 0 (k = Lioooymy 2= 1,00, r,) haz ot Jeast one nonirivial
solution then (GI)y - problem iz said to be ill-posed.

Write: .
k+ 1) (N =10
= {1t ... tN-1 LK) = (0 RN ) -(—---———.-—-- ) e ey e e g R 2)
on(ty = {1,¢,..., boogn () \...’...\,..’....f'k’ 1! L (N -1 - K} ) (2)
. k .
4= (]C,j) if H=rg-+ -+ Yi—1 + ]., Gy = Ogy, !-,1 = tk} for 4 z= (kl J-)l
i (sp—1 + 1) (N 1) N S
IV = (0, N ETERR IR TR LY W sk“']‘j’!f;,,- * l) for =~ (k,7), (3)
Sk w1
IN.1
gn,1
gN .2 AN, -1 )
GN == . ' GN,,‘I{") = gN(t) s l,...,/\r, (4)
" OGN a1
“IN.N
. GN.N

Vi == det G, Vi, dt) = det Gp,ft) (=



Y '”"“"“:"""‘”’""‘

[t is easy to see that every Vi, {t) i3 a polynominal with deg Viy , < N — L.

In the sequel, by Vi, ,, we denote the mince determinant obtained by cancelling in Viy the
p-th colum and the N-th row (i = 1,..., N).The corresponding interpolation problem with ¥ —1

conditions (without the last condition: z{'s-1}(t,, ) = a,, ) is cailed by (GI)y_, - problem.

Similarly, for this problem we also have thg denotations as gy (t), Gy—-1, ...

Lemma 1. If u = (&, ) then

Vi ews) = Vi (6)
Proof is immediately follows {rom formulae (2} - (5).

Lemma 2. If g # (k,7) theu
V(""‘"‘)( ;) = 0. (7}

Proof. Let m = {k,j) then g“" 1’(tk]) = gn.m- ‘Hence, in ﬁ]:\?brrespondmg matrix of
V;,:‘ ‘](tk,] two rows are the same. Thus (7) is valid.

Theorem 1. A necessary and sutficient conchtlon for G}\)N - problem to be well-posed is
Vi # 0. I it is the case, a unique soluticn of (GI)y - problem ig glven by the form\rL‘L

N

I(t) = V,;l j amVN,n(t).

m=1

. (8)

Proof. Write: - . ' S

t) — L umt'" u o= [u. — 1,...,uN)T, ’

=1

a = {ag,...,an)T. The condition {1} imply that u is a solution of the system

Gyu=a el (9)

if and only if z(t) is a solution of (GI)y - problem. Obviously, (GI)y - problem is well-posed if
and only if the lincar system (9) has a unique solution for every g, i.e. Iff Vv # 0.

Formula (8) immediately follows from (6)-{7).

Corollary 1. The general boundary value problem

2 () = y(t), x["‘“)(tk,) =ag; (h=1,...,n; 7=1,...,r) (10)
is well-posed if and only if Viy # 0. If it is the case, a unique solution of the problem (10) is of the
form

N n rx
2(t) = Vit anVum(t) + BV y — VG Y S (RV -1y (1), (11)

m=1 k=17=1

t
where R = f
0



Indeed, if we put z = v+ RV y we get (GI)n - prohlem for u{t) with N conditions:

o= (1) = ag; — (RN e ry)(tey), K = oo,y J=1,..., 7%

To apply the formula (8) we find (11).

Lemma 3. A necessary condition for (G1)n - problem to be well - posed is that

. i
sy <min{N —rp rg + -t re—1)y k=1,...,m {12)

Proof. Let k € {1,...,n} be fixed. Suppose that re > N - sk—1. Since p{t) = zloe—1l (1}
is a polynomial of degree N — sp—y — 1 and teg,...,tkr, are different points on R, we conclude
that there is no polynomials p(t) satisfying the Lagrange conditions pfte;) = ax; for all ax; € R,
= 1,...,rk. Hence, rp <N = 85y, fe spg—y <N —ry. \\

On the other hand, so = ro = 0. U sk—1 > ro+ b k-1 for some k € {2,...,n} then
Vi = 0, i.e. (GI)y - problem is ill-posed. Thus, (12) is true.

A%
Remark 1. The condition se—1 S ro+ -+ Tk-1 (k=1, MW n) was found by Karwowski and
Przeworska - Rolewicz in |2]. : e

Y

Now we find some conditions for Vy # 0 by means of (GI)y - problet.

Lemma 4. Suppose that Vy_1 # 0, i.e. (GI)y—1 - problem is well - posed, Then there existe

3 tnr. € R such that (GI)y - problem is well - posed. 4

. P

Proof. Since Vy_1 # 0 the V]L',{}"‘) is a polynomial of degree N — . O the:/ oblber hand,

Vi = V};ﬁ‘“‘)(tm,‘) (Lemma 1), we conclude that if tnr, is nOt 2 root of f"]t,“ﬁ;”")(t)'_thcn Ve w3,
ie. (GI)p - problem is well - posed. g

Remark 2. It is easy to check that V#ﬁ.“‘)(t) has real roots only. So that (GI)x- problem is
ill - posed for at most N — 1 values of ¢,

L,emmma 5. Suppose that Vy 1 = 0. el

(i) If Vy-1,m # O for some m € {sn-1+ 1,8n-1+ 2,..., N} then there is a tnr, € R. such
that Vi # 0.

(i) if VN-1,m = O for all m = 8n—y + L, Sn1 + 2,0, Y, then Vy = 0 for every tn,, € R
Proof.

(1) From the assumptions we get VA,']{:"‘)(t) £ 0 and deg Vg,.’fs"",[t) < N — 1. Suppose that

mg is the most number from the set {sn-1+ Lsn-1+2,..4y N} such that Vv _1.ng # 0, then deg
V‘{,’]::"”(t) = mg — 1L < N — 1. Hence, if tnr, is not a root of the polynomial VI‘\,'J,G““]}(!‘.) then by

Lemma 1, VIS,"N"")(t,"“] = Vy # 0. (ii) Since Vy_1.n = 0 for all m = $ucq 4 4,801 + 2,0, ¥,
we conclude that V;‘,’}:‘r"”(t) = 0. Therefore Vy = 0 for all t,,, € R.

Corollary 2. I Vy-; = 0 then {(GI)n - problem is well - pesed for 2l t,,, € R if and only if

LrN—‘l.An_lwlrl :,‘J-' 0, vN—lAm =0 for m= 8.3+ A N.

*

Tndeed in that caee we have \"‘[.n_,'f'”‘)fﬂ = constant == .



2. EXAMPLES
|

Example 1. Let be given ¢, ..., ¢, € R, t; # t; for1 # 7 and ¢ € N. Consider the following
problem: To find a condition for i,, € R such that ({7 [}, 4., - problem

x(ti) = ay; J. = 11 Ve, T I[”(ts:)) = Antl (13)

is well-posed.

By Lemma 3, a necessary condition for (GI},+,; - problem to be well - posed is s < n.

Write:
. —1 2 +1 L
1 Sty . ¢4 :;H t]
& a
1 t_...t.z 24 iy th
Gu+l = ' . ; . .
il a 1
| S A ( zn+)| lt;;
s+ 1) n!
¥ i A g8
0 0...0 3 T PN (n-—s)!t‘”’
The matrices Gnyy,n(t) are obtained from G4y if we change in Gy ™he m - th row by g(t) =
(1,6,...,t"). N

Since V4 1(¢}) 1= det G,y 1 nr1(t) has n different real foots, we conclude that V,E:_)l{') is a
polynomial of degree n — s and has n — 5 different real roots. \"Ebus, the {GJ),+1 - problem (13)

is well-posed if and only if t,,, is not a root of V,E_il( t}. In part.lcu{ar, if s = n then this problem is
well - posed for every t,, € R, .

Let t,, be not a root of V,L}l(t}. The solation of (13} is of the formn’
n+l T
I(t) = V,:+11 Z amvn+1,m (t), . -
m=1 : . AT .
wlhere Vn-{l == det G"+|, “r,,+l‘,1(t} = det Gn+l,m (t) g A -

Example 2. (generalized Lagrange - Newton interpolation problem). Let be given n systemns
of points on Rt (bey, .. ytir )y K= 1,00, nj bt F by fori# 3, 1y + - +r, = N and let ry = 0. -

By (L - N) - problem we mean the following problem: to find a polynomial of degree ¥ — 1
such that

ij._Dfn""-..—i-rk«-Lz = ag;, Or; € C, k= 1,
where (I, 5)(t) = z(ty), (Dz)t) = d/dt
Obviously, if r = 3 = -

on 3 =100,

= r, = 0 we get the Lagrange interpolation problem and if
Ty =rgp = -=r, = 1 we get the Newton interpolation prob'=m,
Ti is ensy to check that this problem is well - posed.

solution of (Ly) - problem in an evident form.

Write:

From formula {8) we can construct a

t

(Ra)e) = [\ oy = LT (e = ) e = o),

.l) iml,ax)
: ok -
w (t) = 2_‘ arywks (t); k= 1,...,m 7 =1,...,rk.
j=t
By the Lagrange formula, we get
Frojwr = apy,  Frojweg = 6any, & =1,...,n; J=1,..., rg.

5



We introduce the following sequence:

yn(t) = Rr‘"ﬁl ZanJ'wnJ'(t’):
=1
. ’ Frek
yn‘—k(t) = Rfn-k-3 Z (an—k_j - Fy k,jDr"'_k_lyn—-k+1}wn—k,j {k =1,...,n— 1)
F=1

zp(t) = ye(t) + -+ yalt), k=101 r=ro 4 b

It is easy to see thal deg yn-x < vl _,. Hence Dir=typp = 0(k=0,...,n~ 1). We show

that z,{t) is a solution’of (L -~ N} - problem.

Indeed, DV z; = © for deg z; < r,, = N and

Fn
Xl L i .
FoyDir-tzy = FroyDrn-r Rn2 g ani Wnilt) = anj, \1-\\

s=l "~
r.' : . el ) - N ’ .
Fn—ljD iz = n—lD'"':(yn-l -+ yn) = F,,-}_J‘DY“\'"_&,,,, LT In»]jj)'""nsu =
-1 T AT
N . o . .
= Fn—lj E (an-—-li - Fn-—liD' "“’yn)tl):*-\u + In—i;-‘-I-)rf'VQyn =
=1 . \\, .
Tn—1 ~ '
= Ap—1y — E (F.,_l,-D'""’yn)F,.—uwu—u + Fn—l;'Dr"""‘yn = Oy -dg
i=1 *
for FpijWn—1i = 6£J'~ P P
B re -
. : . .
Similarly, we find Fr_j ;D' n—k-12) = an—k, fork=2,...,n— L= L. . Th i

(5]

[

So that z (t) = y1(t) + -+ yn (t) is a solution of (L — N} - problemn.
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REMARKS ON FUNCTIONAL EQUATIONS WITH
TRANSFORMED ARGUMENT

PraM DANG LoONG
Faculty of Mathematics, Hanoi University

As we know, every linear operator A of a finite dimentional space X into itself is an algebraic
operator, because it always corresponds to a square matrix of finiite order, which has its characier-
istic P(t) such that P(4) = 0. (Theorem Cayley-Hamilton), With am ifinite dimentional space
X we can not examine general linear operators by means of infinite squaM.matrices. So thas just

now we often have examined only mappings possessing properties of an algebraic operator. Such
operators are a3 the trausformation of Fourier: R
N\

[~=]
1 . > .
Fx)(t :=w—/'c”'"zrdr z € Ly{R gt
(Fe)(t) o= = ()dr, =€ La(R) _
+00
or the cosin transformation: -
[ o]
1 S e
Foz)(t) := ~res cos(tr)z(r)dr, =& L(R).”™ . _
(et = e [ oster)atrtin, s Lam) s T
o1 the transformation of Cauchy on regular closed arc in the complex plane: 7

(Sp){t) = ﬁ [ (r - 1) to(r)dr.

irl=1
where w & #(T) (0 < u < 1), Ti i easy to check that aad
Fi=1, F)=F. and S%?=1]
(«f. (1]}

A natural generalization to a theory for the class of abstract equations has been exposed by

professor Danuta - Relewicz in her book: “Fquations with transformed argument. An algebraic
approach” 1.

i this report we deal with some applications of the general theory of algebraic operators in
soiving some functional eqiations with transformed argument. These equations appear in many
lnternational Olympiads on Mathematica,

1. SOME FUNDAMENTAL PROPERTIES OF ALGEBRAIC OPERATORS

Let X be a linear space over a field of scalars (F = R or F = C), L{X) be the space of
ali Hinear operators acting on X, L,{X) the set of all linear operators 4 with dom A = X, and
I'e Lo(X) be the indeatity operator on X



Lemma 1. (cf. |1]).

Suppose that A € Lo(X) 1s an algebraic operator of order N and the characteristic polynomial
P4(t) has single roots only i.e.

N

Fa (t) = H(t - tJ'): ty # ty for 2 73

i=1

Then there exist N operators P; € Lo(X} such that

FP;P. =0 forj#k, f}’f = Py,

N .
STPy=1 and AP;=t;F,

j=1
pammely ‘ \
N SN
-PJ' = Z (tj—tru)—l(A'_trnI]y I}}k‘—“l,,N)
m=1,mzy ) o ’ ~ )

- Y
And the space X is a divect sum of N eigenspaces X, of the operator A corresponding to the
eigenvalues t;,..., Ly respectively, i.e.

A=X16-9AXyN -

where X; 1= Ker (A —¢t;1),5=1,..., V. . - ,
Moreover, we have ‘ .
N .
A=Zta'Pf, AJPk=t§Pk'
i=1

and

N
A= P (kg1 N
k==

Definition 1. An operator 4 € Lo(X) is said tp be involution of order ¥ if AN = I and
A* % I for k:=1,...,Ny. I N = 2 we say briefly that A is an iavolution.

By definition, every involution of order N is an algebraic operator with the characteristic roots
ti, ...ty as following:

t, = exp(2mij/N}, (5=1,..., )

Debnition 2. Let X == C(R) or X = C(C). A functicn f € X is said to be moariant to an

A}

operator A € Lo{X} if

(Af)(e) = F(8),

for all t € I or t € C respectively.



Example 1. The reflection of functions
(Sz)(t) := z(—t), =€C{R)
is an involution becausa §2 = I. Every even function f(¢) i3 invariant to 5.
FExample 2. The operator A defined by the formula following:

AN = (Z20), sec\i-d),

ez - &t

kx| . .
where ad — bc = 1 and a + d = 2 cos Ww, is an involution of order N.

Example 3. The operator defined follows

(A1)(2) ==f(‘f—_3“-i‘?%), z € R\ {cotg )

1— ztg N,
is an involution of order N, Every function f(z) such that N
T+ tgy B
F(E72) = e )
1 - rtgy Y \
is invariant to A. : . T~

Y
Now, let X be a linear space of all functions with the domain and the range contained in F,
A & Lo(X) an involution of a given order N > 2, and a; € X invariant to A, g € X a given
arbitrary function. Consider the following func*ional equation:

N-1 _ o T
S ai(e) - (47 F)(e) = att) S (1)
J=0

we have:

Theorem 1. Suppose that the functions a,(t) are invariant to the operator A € Lo(X) which

is and involution of order N. Then the functional equation (1) has sclution if and only if for all
t ¥ and for every k:=1,... , N

pa—

be(t) # 0 (2)
or bi(t) and (Pig){t) vanish simultaneously, where

N~}
beft) = Z t{:a,-(t), ty = exp(2nki [N},
=0 .
N
Pir= > [t —tm) 7 (4= t5d).
m=1,m#%j

{Tuder the above condition the solutions of the equation (1) are of the form

, .
F&) =3 flt),
k=1

9



where f, are solutions of the system:

bk(t) : fk(t) = (.Pkg)(t(, k:=1,...,N. ( ) 1.e.

elt) = { blt)™!  (Peg)lt) i bk(lt) 20,

B ¢ € F, arbitrary for if b(t) = 0.

In particular, if bi(t) # 0Vt € F and k := 1,..., N, then the given equation has only one
unique solution:

HOE Zb, (ey~? g)(t). (3)

k=1

Proof. Necessity. Suppose the equation (1) has a solution /. We have AN = I, the character-
istic polynomial is Ps(t) = t¥ — 1 which has N single roots 1, "'\\’;t\N’ namely
\\

Ly 1= exp(.‘!mk ‘).

\

o N
From lemma 1, we have A = Z ty P, and A7 Py = t] Px ‘6K\AJ = 5"t Ps.
k=1 - k=1 —
Thus the functional equation {1} is equiva‘ent‘to -
N1 N -
S aitt) (30 HaPut)(6) = ult).
| -

=0 m=

But a, are invariant te 4, also from lemma 1. the equation (1)/will be equivalent to the system
following

N-1 N )

(P2 a5 3 Pt ) ) () = (Prg)0)
=0 tre==1 -

N-1 N )

(0 a5ty 3 G PePnf) () = (Peg)()

Ner o

(32 as 0 Per) (9) = (Peatt)

F=0

N-1

(32 Has(®) (Fn© = (Pra)(®)

be(t)  fult) = (Pro)(t), k=1,..., N ' (4

Clearly, if there exist to € F such that

bi(to) =0 and (Prg)lta) # 0,

then the last system has no solution. This contradicts to our assum piion. Thus (2} {3} must 1
satisfied. The solution of {1} is of the form:

10



X
f P= L fk:
k= |

because

N
fulf =3 Ff and fy=Pf.

buﬁwwncy Suppose the (2), (3) are satisfied and suppose that f, is a solution of the aystemn

~(4) and f = L fi. ¥/ have to prove that f satisfy (1), Indeed, by L we denote the left mermber
k=1

of 1, then we have

N—i

L= ) [A’f(ifk)](t) =N

=1

= Z J(t) Z,tm Zﬁkkpkg (t

m=1

(where Blt) ;:{ bi(t)™" - (Peg)(t) if bk\(‘t)#o,) >

s € F  arbitrary if by (t) = 0.

N—1 N N
pPITCI DO Sy AT T W N
=9 m=] k=1 P ,
N1 N .
= Z “J‘(t)( Z fmﬁm(t)ng)(t), (lemma 1) g
F=t) miz=1
N N-—-1
= 2 (Z 4a0) 2.0 (Pao)t)

il
)=

bm(t) 'ﬂm(t) ’ {ng)(t)

=

—

= ‘ (ng)(t)'

i

(because if b,,,(¢) 0 then b (t) B (t) = 1, and if

b (¢} = 0 then (Png)(t) must be equal to 0)

= [( }Nj p,,,)g] () = (IG)(t) = g(t), (from lemma 1).

m=1

SOME EXAMPLES OF APPLICATION

Example 4. Determine all function f 1R — R such that

11



2 fla) 4 (a)=a L

It iz easy to check that the operator A € Lo(X) X = C(R) defined by the formula following

(Af)(z) = /(=)

is involution with the characteristic polynomnl Palt) = t* — 1 and the characberistic roois ave
t; = 1, tz = —1. From lemma 1 we have Py 1= (I+ A), Py o= %(I — A). Then
1 ;
(Puf)(z) = LU() 4 f(=a)), and
1

(P2f)(z) = 5 (f(=) = f{==))

v2

It is clear that

(Pif + Paf)(z) = fl= '):‘(”f\f (=)
(t‘lplf+t2P2f)( z) = f(- ) ( fi=z).

we have ag{z) = %2, ay(z) = 1 are imvariant to the operalor A. So th

-
at from theorem 1, wr
calculate

by(t) = ao{z) + a1{5) = 2 + 1, AT

ba(z) = aglz) — aa(z) = =° ~ 1, L
bi{z). f1(z) = (Prg){z) where q('r) =z 1 o
= |z 14 (~2)+ 1]/2

I

3
1

=1, = f; {T) = }51—*—'*] , Vr& R,
ba(a). falz) = (Pa)(2) ,
= [z +1~(-2)~ 1)/2

== I => f’l(m) = ‘——’z—i:—i if Zrl 4 1.

At last
1 T

[ = Al + 0 = =g+ T
But with = = %1, bz(z) and (Pag)(z) are not equal to 0 sin

has determined on all R. It is easy te check that above fanctien f(z} = — ety

Yz # %1,

wmltancusly, so that the given equat

solutions for = # £1, satisfies the given equation.

Example 5. Let N 2 2 and let ¢ be an involution functizu of order N; a, be invani

functions with the domain and the value in C. Delermine all functions [ £ = Lol X ), wher( X =l
such that

N-1

Z ai(z)f(soj(z)) = ofz),

3=0

12



where g & X i3 given.

Consider the operator 4 az following

(41)(z) = J{e(2)).
Clearly, the operator A is an involution of order N, and the equation (2) becomes
N-1
(3 ate) 47) = ola).
=0

Apply theorem 1 we have the result following as a ;:ofollarv of the theorem:

Coro]lary 1. The functional equation (5} has solutmns if and only if for all z € C and for
every ki=1,..., N .

N1

Z tiaj(z) #0 or Z tra;{z) =0 and (Pké} & =0,
3=0 . N
where \\
ty, = exp{Zk®i/N), | LA .
N , >
(Pkf)(z) = H (tk '*tm)_l(ftp——t,,‘,j)(z], h fEX.
mz=l.mEk

Every solution of (5) is of the form

1(2) ~Lﬁ; Pe)(z) -

where
. -1 R N::l .
] (Sdet) 1 'L dasta £0
=t =
Bi(z) = - .
l g € C arbitrary if ) trasfzy=0.

J=1

Example 6. Determine all functions f € X = {(R) such that

N—-1

S ay(0)F(¢ + 2n5/N) = gft) (6)

J=n

{ fle+2n) = f(t)

where uy; € X, such that a;{¢t + 2x/N) = a,{t) and g € X are given, N > 2 is given.
The operator A € L;(X) such that

(AS)(t) = f(¢ + 2% /N)

is an involution of order N, a; are invariant to A. So that, we have:

Corollary 2. The system (6) has solutions if and only if for 2ll £ & R and for every k =
l., -y JN‘.

13



bk(i) =<0
or bp{t) = 0 and {Pig)(t} == 0, where

by (t) = }: tla;(t), ti = exp(2mki/N),

N

(Pea)(t) = D (te — tw) Mot +20/N) ~ tinglt)), k= 1,..., N

m=1mz#£k

if there exist solution f then it is of the form

Mz

B (t)(Feg)(t)

k=1 \
where

N ROT0) R O
Br (t) : {aeR arbitrary \‘_x bi{t) = 0.

Example 7. For the system . ’ =

f(th) = f(t)! N

2 ﬂj(t)f_(q"t) = g(t), S

e
s=0

where f &€ X = C{R*) is unknowm function, g& R, g€ X, ay are given such that
' 4 y @ J

a;(t) = as{qt).
After check that the operator A € Lo(X) such that

(AN)(t) = flgt). feX

is an involution of order N, a; are invariant to A and applying the theorem 1, it iz easy to solve
the above system. ‘

REFERENCES

Przeworska - Rolewicz D., Equations with transformed argument. An algebraic approach. Amster-
dam-Warsaw 1973,

2. Przeworski - Rolewicz S., Equations in linear epoces. Warszawa 143§,

Nguyen Van Mau, Generalized algebraic elements and linear singular integral with transformed
argument. Wararawa 1989,

14



JOURNAL OF SCIENCE - 1993
Special lasue on Mathematics, Mechanics and Informaties

- ON LAGRANGE INTERPOLATION PROBLEM INDUCED BY
RIGHT INVERTIBLE OPERATORS

PHAM QUANG HUNG
facully of Mathematics, Hanoy Untversity

The general interpolation problems induced by right invertible operators were investigated by
Przeworska - Rolewics in i1}. A necessary and sufficient condition for the general interpolation
problems was given by Nguyen Van Mau in [2]. All results on inl.er\p%tion problems of those
authors based on the property (¢} of a given system of initial operators. “However, not all initial
operators possess the property (c). In this remark we deal with Lagrange interpolation problem
induced by right invertible operators without the property (61‘ We give a necessary and sufficient

_condition for Lagrange inierpolation problem to have a _uniq}«" solution and present a general

formula of its unique solution. . ~ ~

L. CHARACTERIZATION OF INITIAL OPERATORS

Let X be a linear space over a field 7 of scalars (where 7 = R or 7 =.C). Denote by R(X)
the set of all right invertible operators acting in.X. For. D € R(X) we write ce

>

Rp ={Re Ly(X) : DR =1},

fo={Fedom D : Fldom D) =ker D, F? = Fand 3 FR - 0}.
[o] . ReERD

In the sequel we assume that dim ker D # 0, i.e. D ia not invertible.
Definjtion 1. Every operator F' & 7p is said to be initial operator corresponding to R € Rp.

Elements of the form

2o+ Rzy + -+ R™z,, where z;, € ker 2, k=0,1,...,m

1

are called D-polynomials.

Definition 2. Let D R(X). An initial operator Fy for D has the property c{R) for R e Rp
if there exisy scalars ¢ such thag

FoR*z = (cp/k!)z forall zeker D, ke N,

Write:
Pny(R) =lin {R*z, z€%er D, k=0,1,..., N — 1}.

W is easy to see that Py(R) < ker D¥ . In general, Py(R) # k.er D¥ | However, we have

15



Lemma 1. Py(R) =ker D" if and only if dim ker D = 1.
N — 1), we get T = zo + Rz + -+

Proof. Indeed, for any zx € ker D {k = 0,1,...,
.o By-1 € F such

RN-1lgn_, € ker DV . So that Iy (R) = ker DV iff there are z € ker D, f,
that 2 = Bgz + A1 Rz + cood B RV Ttz 16 s the case iff 2 = Brzfork=01,...,N— 1 1e

ker D = lin{z}.
The following result has been obtained by Przeworska - Relewicz in {1].

Theorem 1. The set 75 of all initial operat or has the property {c) if and only if

dim ker D = 1.
Now we characterize the condition for a given initial operator to possess the property c(R).

L.emmma 2. Let D € A(X) and dim ker D = s < +oco. Then an initial operator F;, has
property ¢(R) for # € Rp if and only if there is a basic (€1, .+ <, €a) of ker D such that

F(ﬁRkeJ-=dkej, dre ¥, keN, 5= 1,\

Indeed, if (1) is satisfied, then for any element z = Bye; -+ fuez + - + facs € ker D, we find

(1)

o O
FoRFz= i FoRFer + -+ 5.1"10‘&5, = dr=z,

e, Fo € c(R).

Definition 3.
(i) The system of initial operators (Fy, Fa, ..., Fy) is said to be lincaly independent on Prn()

s -

i

>

-

N
S BiFu=0 forall u€Py(R) .

im=l .

follows By = fBp = -~ = ffy = 0. ‘
{ii) The system (Fi, Fayoeosy Fy) is said to be strongly linearly independent on Py (R) if

-

N
S BiFiu; =0 forall u; € Py;(R):=Tin {R¥e; k=0,...,N — 1}
follows By = = --- = fn = 0.

Lemma 8. ker DV = _élPN,-(R).
J:’:

Proof. Let u € PNJ'(R) N Pux(R) for j # k. Hence, there are constants @, by 8uch that

N1 N-—1
g ajm R ey = E brm R e,
m=0C

m=0

Since D™ R™ = I, it follows a;pm = bge = Oy m = 0,..., N,

On the other hand, Py ;(R) T ker DV forj=1,..., s, it is enough to prove

ker DY ETB Pri{ ).

3=1

16



But the last inclusion iinmediately follows from definitions of the sets Py,;{R) and the formula

N-1
ker DV = R’z;, 2jE€ker D are arbitrary}.
3 j

y=0

Corollary 1.

Pu{R)C & Py;{R)
2

. The equality takes place if and only if dim ker I = 1.

2. LAGRANGE INTERPOLATION PROBLEM

The Lagrange interpolation problem (L-IP) is to ind a D-polynomial of degree n — 1 which
admits for given different initial operators Fy, Fa,..., F,, the given valwes

Fiu = u;, where wu; € ker D' are given,
determide
w=zy+ Rzy +- -+ B 'z,.1, 2 & ker D are to be determ,.l.‘ d. .

~
Suppose that dim ker D = 3 < co, R € Rp and (ey,...,¢e,) is a basic of ker D By, definition
of F; & Fp we have - '

m=1

FiRkeJ' = L ﬂ(kjruann ﬁikjm € 7: 3 e 1,.._.,1’!; J.z Loy s k=0,1,... (2)

Lemma 4. Write:

F! = (F, F:R,..., F;R"1), (3)
Then the system {F\,f2,..., F,) is linearly independent on P,(R) if and only if the system
(F{,F},..., F}) is linearly independent on ker D.

Proof. Suppose that (F|, F,,..., F,) is linearly independent onﬁr\.ﬁu(R) and

n ,
Za.-F{z=0, a; €F, z&ker D.
[E=N

This follows

"

Za.‘F,-sz::O for k=0,1,...,n— 1.
s=1

Hence,

-

. .
Zﬂksz)=0 foralle € 7, k=0,1,...,n— 1.
k=0 .

iaiFi(

1=l

Since every element of P,(R)} is of the form fyz + f1Fiz + -+ + Brn-1 B~ 1z, we find a; = 0,
i== 1,...,n, e (F[,..., ) is a lincarly independent system on ker D.

17



Conversely, if (F{, F},..., F4} is linearly independent on ker £2 and

Y biFiu=0, b €F, uePy(R).

=1
Hence
n n-—1
Lb,‘F“ Z,@ksz =0 forall Bre€ 7, =z¢&kerD.
i=1 k=0

This implies

Zb;F;sz=0, k=0,1,...,n—1, z&ker D,
s=1

i.e. \\.

b.‘I"‘:-.‘—‘:OHV‘
L WFE=0 oy

Wu
Y

~
and by = .- = b,, == 0, which was to be proved. : . D~
Write:
Biksm = Bli-1)stm.kntss Bik;m are of the fli[}ﬂ (2}; (4)
Uy = Z ur(i—l)e+p¢cll! 2 = Z z:a-ﬂuell) o (5}
p=k p=1 =
E = (Bi)%ms. ()

Theorem 1. The system of initial operators (Fy, Fa,.
on P,(R) if and only if det E # 0.

The proof is based on the following additional lemmas.

.., F.}) is strongly linearly independent

-

Lemima 5. The system (Fy,..., F,) is strongly linearly independent if and only if the system
(F!,..., F!) of the form (3} is linearly independent on every subspace Z; := lin {51 7=1,...,s

The proof is going by the same way as the proof of lemma 4.

Lemnma 6. The system (Fy, Fy, ..., F,) is strongly independent if and only if the systemn of
vectors

du == (ﬁnl)ﬂu?r"wﬁuN): V‘=1,21---;N» (T)
is linearly independent. ‘

Proof. Suppose that {d}, dz,...,dn) is linearly independent and
Z Zaﬁﬂmi =0 forall z;€ P, (R).
1=l =1

18



Hence

Ll

n n--1
Z Z Z aiJ'Fichz‘kch =0 forall cjx€ 7.

1i=15=1 k=0

By {2), we can rewrite this equality in the form

s n—1 »

Z E: Z Z aijikPikjucu =0 for all ek € F.

tszl =1 k=0 p=1

This follows

ZZa;,-ﬁ;k,-‘,:O; k=0,...,n—1; u=1,...,s.

=] =1
Using the notations {4)-(6) we find , \\
N . .. ) B
Z a:nﬂmt =0, ET-'“ 1,.‘\,.,N, '
a1 . \"‘
. ‘.‘ ~
1Le ~
N
a’:'n dy = 0, -
m=.

m = 0, de a;; =0(G =1,...,n; j = 1,...,5). Eonvefsely, if the system
(F1, Fa,..., F,) is strongly independent on P, (R) and -

which implies a

> 4

N ' 4
!
z apdm =0, al, €7,
m=1

Then we form a;; (i = 1,...,n; 7 = 1,...,3) by the same way as {4):

-

i — !
Qi = Qi i)ats

and we find

Z Z aiyFyz; = 0 for all z; € P,,(R).

i=1 jy=1
(413

Thus, a;; = 0,1e. a}, =0 (m=1,..., N).

Proof of Theorem 1 imumediately follows from the fact det £ # 0 if and only if the system of
vectors d,, of the form (7) is linearly independent.

Now we can forinulate the main result of Lagrange interpolation problem.

Theorem 2. The Lagrange interpolation problem has unique solution for all u; € ker D

( = 1,...,n) if and only if the system of initial operators for D is strongly linearly independent
on Py (). , '

If it i3 ihe case, a unique sclution is given by the formula
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u=zg+ Rz + -+ Rnrlzn—-h

a

E : :
©y = Ziegnlus

=1

{zi,-.-,2N), N = ns, ie » unique solution of the following linear system

Bz, 2T = ()T,

L
_ E : '
Ui = Ui ayatnbp

p=1

where

. n-1 N
Proof. Let u,, z; be of the forms (5) and u= 3 RFzy bea requi}Nemem in ker D™,
k=0 . :

Formula (2} implies R
\\
“\1.
n—-1 2 n-1 PR
. + pk —~
Fiu= E E gy PRy = E Y Z ZhoqyBikjmen - B
k=0 =1 k=0 j=1p=1 o
Hence, equalities Fiu = u; (t=1,...,n) are equivalent to the following system

N
Zﬁtmz:ﬂ‘:u'c, £=1,2,...,N; N :=ns S (8)
m=1 ’

)

The cdrrespond'mg matrix of system {8} is E of the form (6). So that the proof is an immediate
sequence of Theorem 1. '
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Let X be a linear space of all infinite sequences of complex numbers over a field of scalars. Let
Xy © X be a subspace of X. Every right invertible operator D € Ly(X) possessing the property
ker D = Xy will called a generalized difference operaror over Xj.

In this note we give the answer to the following question: Is there a generalized difference
operator over any given ﬁmte dimensional subspace Xo € X7 e

We give the positive answer to this question and present. a general method to construct right
inverses and corresponding initial operators.
NG
X
N

1. ALGEBRAIC PROPERTIES OF DIFFERENCE OPERATFORS
The algebraic theory of right invertible operators was introduced and applied by Przeworska
- Rolewiez (cf. (1]} ' -

Let X be a linear space over a field 7 of scalars {(where ¥ = C or ¥ = R). An operator
D € L(X) is said to be right invertible if there is B € Ly(X) such tHat R = I. By R{X) we

denote the set of all right invertible operators acting in X. By Rp we denote the -set of all right
inverses of 1), Write:

Fr={F & Lo{X): FX=kerD, F?=F, RC’:’iQ FR = 0}.

Every F is called an initial operator for I corresponding to R. Every right inverse R of D is given
by formula: B = Ry — Fod, A € Lo{X), Fo € ¥, Ro € Rp. Conyersely, every initial operator for
D e R(X) is given by the formula /' = [ — RD on dom D, where R € Rp.

Let X = (c) be a space of all infinite sequences of complex numbers ever C. Consider a
Aifference operator of order.one:

D(In) = (In+1 _IH)) n=0,1,... (1-1)
It is well-known that D € R(X) and ker [} = {fe, 8 € C}, where ¢ = (1,1,...). Write:
R(z.) = (0,30, Zo + Ty, To + Ty + T3,... ). (1.2)

It 1s easy to check that R is a Volterra right inverse of D. The iniiial operator for D correspending
to R is of the form

F(z,) = zoe. - (1.3)

Hence, every right inverse of D is given by the formula
R1 =R - FA, AELq)(X) (14)
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Similarly, if we choose an initial operator I}, in the form
F};(:L'u) = LpE,
We can find the corresponding right inverse of I by formula

R, =R - FR.

Now we consider the case of generalized difference operators of order one.

Let eo = (Bo. B, ... ) # (0,0,...) be given. The linear space induéed by €q is denoted by Xo,
Le.

X() = lin{eg} = {580, ,G = C}
Since eg # (0,0,...), there is j such that f; # 0, Write:

X1={:c=($o.$1,---)15j=0}- \\

It is easy to check that X = X, & Xo. Let F' be an operator defined by Iormu‘i\a :
Fl(za) = (zi/B)eo. N
N

Then F'(X) = Xo and (F')? = F'. U we choose a left invertible operatoy by the following rule
R'{zp) = (yn) where T

(Fger F Tja A Hza), A =015
Yn = 0 ) f n=7j s
T; 4+ Tyttt Xuo f n=741,7+ 2,’,'., A7
Then one can check that R' is a Volterra operator. Moreover, F'R' =0.

Now we construct a right invertible operator I such that R is a right inverse of 1)’ and F”
is an initial operator for D' corresponding to R'.

Write:

D,’(I") = (In+l - Ty — (IJ'/ﬁJ')(ﬂrl+1 - ﬁn)) (1.5)

Lemma 1. Operator D' of the form {1.5) is right invertible and ker D' = Xq.
Proof. From (1.5) we conclude that {z,.) € ker D' if and buly if 2pe1 — 20 = (2:/85)(Busr —

fn)=0,n=0,1,2,... By an introduction, it follows

{ Zy+n " F; T (z;/8:)(Bjen — By), n=012,..
T; — Tj—k (z; /BBy = Bi-k)y k=0,1,... '3
Hence, z, = (z,/8;)Pn, 1-e. ker D' = Xo. On the other hand, also by {1.5) we find

D'R'[l‘n) = (yn-l-l = Yn (yj/ﬁj}(ﬁn-ﬁ-l - ﬁn)) = (yn+1 - yu) = (xﬂ)l
i.e. D' is right invertible and F' is an initial operator for D.

Since superposition of a right invertible operator and invertible operator is again a righs
invertible operator, then for every pair operators A, B € Lo{X) which arz both invertible and X
is an invariant subspace of B, the operator

D= AD'B

22



is right invertible operator and ker D = Xj.

2. GENERALIZED DIFFERENCE OPERATORS

Let X = (c) be a linear space of ail infinite sequences of complex numbers and let X, be a
finite dimensional subspace of X.

Definition 1. An operator B € Lg(X)} in sald to be a'generalized difference operator over
Xo if B 13 right invertible and ker D = Xj.

In this section we describe a method to construct a generalized difference operator.

Let
ek——-(ako,akl,...,ak,,,...), {k=1,2,...,s)

be a basic of Xy. Hence Xy = lin{ey, ¢,

...,es}. Tt is easy to check that there are s indeces
kl,k-g,“.,]\:, (0 Lhky < kg <o

< k, < co) such that the system of a vectors

-
(C,[ = (alk“alkqj ey alk.) LR 6: = (_a'!kl yQakyy R 10’-”’5“))
is linearly independent. . \\
Write: ' \,““\
a“‘.l a\k.‘ DR alk, “\\_,‘
2k, A2k, ... dgg, T :
QE =
Qoky Bokg .-  Qag, )
Then det Qg # 0 and there exists QEL: ._,,. o
dk;l dk.2 v dk“ ’ R
-1 dk-;l dk:Z e quo =
Qe = . . .
dk.l dk.z e dk.o
Lemma 2. -
X=X,9 X, (2.2)

where

X, ={z=1{z,): e, =0 for r=1,2,...,3s}.
Proof. Indeed, if {z,) € X N X, then

4

. (In) = Z ﬁ\'ei-

i=1
It follows

4
i, = E ﬂ;a;kr, T=1,2,...,3.

irzl
Since (zn) € X, we find 2, =0 and ), Siai, =0, forr =1,2,..., s. Therefore (z,) = (0,0,...).
(=1

On the other hand, let be given {z,) € X. For n =k, r = 1,2,..., s, the system
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A
-2 aik. Bi = Tk, v L8

i=1

has a unigue solution :
: 0 o OyT -1 . T
(BY. B2,  P)) =Qr (ﬁik.,mk,,---.zk.)

Thus, if we choose

]
yn=zr1_z:ﬁ?aivn for n’r&km r=1,2,...,8
=l
N I
= Y fle;. The

=1

and yy, = 0forr=1,2,...,8, then (v.) € X1 and {zn) = (yn) + {zn), where {zn)
|

proof is complete.

Lemma 8. There is a projection operator F € Lo(X) such that F&Vt Xo.

Proof. We construct operator F by the following rule
. SN
. n ’ \}\\
F(zrt) = ZE dkréxk,i‘:{- ~—
is=1r=1 T ~
f

Obviously, FX ¢ Xg. Since for every given system (b3, b2, ..., b,), the system of equations

r

de,i%, =b;, 1=12,...,8 AT

r=1 p S

has @ unique solution, we conclude that FX = Xo.
On the other hand,
a a o &
Fe; = ZZ di itk e = Z (Z ij,dk,i)rﬂi =
i=1r=1 j=1 =1 o
A
=265i“'e“?=ejs J=12,...,8
1=1 b

Hence, F2e; = ¢; and it follows F?d = Fz for all z € X, which was to be proved.
To construct a generalized difference operator over Xo, we deal with the following involution

r=1,...,% T = T1Ts... Ty,

&

Tl‘ (mﬂ) = (yr.n})

operators:
where
Tn for n#Ek, n#EFr— L
Yrn = § Fr-1 for n=k,
Tg for n=r-1

r

It is easy to see that
T, T, = T.1%, T?=1; 1,r.. s

So that T2 =T, ie. Tl =T.
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Lemma 4. TX, = X,, where

Xy = {z == (0,0,...,0,1:0,1:1,...)}.
e, o as”

Proof follows immediately {rom definitions of X, and T;{(5 = 1,...,s), T.

Lemmas 5. There is a left invertible operator R’ such that R'X = X,,.
Proof. Let (z,) € X. Write:

R‘{In) = (0,0,...,0,!50,230 + L), g + T +Ig,...).
It is easy to check that dim ker B' = ¢ and R'X = X,.

Define operator D'(z,) = (Zy4n+1 — Ts4n). Then we find
DR (zn) = D'(0,0,...,0,29, 70 + Ty, g + £1 + Tz, .. ) = (zn),
e. ' is left invertible and D' is its left inverse. ’ \

Corrolary 1. Operator R := TR’ is left invertible and RX = X,.

Now we construct a right invertible operator I € Ly{X) Qt\}h that DR’ = [ and ker D = T'X,.

Since T is an invertible operator, T'X, is a subspace of X and t.he system {Tey, i’lcg, o, Ten}
forms a basic of T'Xj. So we can get

5(37") = ((Ie-l-n+l - Ia+n - Z de,:mk ﬂt s+n+1181 o+n))

i=1lr=tl ¥

Hence, if we choose .
D=DT, R=TR -7
we find D€ R(X), Re€ Rp, Fe 7p, PR =1 and ker D = X,.

Now we can formulate the main result

Theorem 1.

For any finite dimensional space X, < X, there is a generalized difference
aoperator such that

-

ker D = X,.

It is easy to check that the right inverse R = TR' is a Volterra operator.

By the same argnment as in {1] -

{4], we can construct an infinite number of Volterra right
inverses for D.
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Let X be a linear space over a field of scalars. We consider a linealgperator A defined in a
linear subset dom A, called the domain of A4, and mapping dom A inte . Denoie by L{X) the
aet of all such operators. Write: Lo{X) = {A € L(X) : dom A = X1, An operator 1) € L{X) s
said to be right invertible if there exists'an operator R € L(,(Xl\ilich that RX < dom D, DR = 1.
The operator R is called a right inverse of D and R is called lefd invertible. Denote by R(X) the

set of all right invertible operators. The set of all .ight inverses for an operator D € Rlz() will be
denoted by Rp. ; ' ~

An operator F € L{X) is said to be an initial operator for D & R(X) coiresponding to R € Rp
if dom D < dom F, F{dom D)) =ker D, F*=F, FR = Q. -

The definition immediately implies that DF = 0.

It is well-known the following facts (cf. |1]): A

(1) F & L{X) is an initial operator for D € R(X) corresponding to B € Rp. il-dnd only if
F=1-RD ondom D.

-

{2} Suppose that we are given D & R(X) and an operator F € L{X) such that dom D < dom

F, F? = F, F{dom D) = ker D. Thea F is an initial operator for D corresponding to the right
inverse R = R' — FR', where R is uniquely defined independently of the choice of right inverses

R' of D.
(3) Let D € R{X) and let R, R' € Rp which are commutative then R = R'.
{4) Let D € R(X) and let F, F' be two commutative initial eperators for I} then F = F"

The following theorems were given by Przeworska - Rolewicz in 12).

Theorem 1. Suppose that Dy, Dy € R(X), Ry € Rp,, Rz € Rp,, Ly Dy = D2 Dy on Xy 2=

dom D;N dom Dy. A necessary and sufficient condition for RyR; = F,Ily is that there exists

A € Lo{X)} such that F{A =0, F;D;A = 0, where F; is an initial operator for I); corresponding
to Ry (1=1,2).

Theorem 2. Suppose that A € L{X). If there exists B € Lo{X) such that BX © dom A, {i)
ker B = {0}, (ii) the operator P = I —~ BA is a projection inta ker 4, (i) P.B =0, then A is right
invertible, B is a right inverse of 4 and P is an initial operator for B corresponding to R.

In this report, we give some new characterizations for conunutators induced by one-sided
invertible operators and by tneir initial and co-initial operators, Moreover, we also give the answer

the following question posed by Przeworskz - Rolewicz in {2}: will conditions (i), {ii) and (iii) be
all essential for the proof of Thearem 27 -

In the sequel, we will denote by 7 the set of all initial operators for 17 which belang to Lo(X).

26
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Lemma 1. Let D € R(X} and let F € Fp. Then every operator A € Lp(X) that commutes
with F is of the form '

A= Fdg+ AgF — Ao, Ao & Lo(X) is arbitrary. (1)
Proaf. Indeed. If A is of the form {1) then
AF = FA = (Fdo + AoF — 40)F — "(FAq + AoF — Ay) = FAgF — FAGF = 0.

Conversely, if 4% = F'4 then we choice Ag = [2F — [)A. Since FZ = F, we find
FAdg+ ApF — Ag = F(2F —IJA + (2F = [)AF - (2F - A =
= (2F - FYA+ [2F - FJA - 2FA + A = A,

which was to be proved.

Corollary 1. If V € Ly(X) is left invertible and G is a co-initial operator for V' then every
operator B € Ly(X) which commutes with G must be of the form \\

B = VBO + BOV —xBD,
where By € Lo(X) is arbitrary. o \\:\

~ .
Lemma 2. Let Dy, Dz € R{X) and let F| € Fp, {r = 1,2}. Then a necessaﬁ"mxd sufficient
condition for A € Ly(X) to be commute with Fy, Fy is that there éxist 43, Az € Ly(X) such that

A= F; A, ‘P'A{F,'-—A,', 1= 1,2.

Proof is going by the same way as the proef of lemma 1. A

e

Corollary 2. Lot Dy, Dy € R{(X)andlet F; € 7p, (1 = 1,2) Then a neceség.ry and sufficient
condition for F: to be commute with ¥ 1s that

Fse {F\B+ BF - B, Be L(X)}. (2)

Remark 1. Tt follows from Lemma 1 that we can put B = (ZF'T!— INF; provided F\F; = Fa F.
Now we give a condition for a given operator A to be stationary, i.e. A commutes with both

operator D € R(X) and R ¢ Rp.

Lemma 3. Let D& R(X), R € Rp and F be an initial operator for D corresponding to R.
Suppose that 4 € Ly(X) and DA = AD on dom A commutes with R if and only if

FAR=0.

Proof. Indeed, if AR = RA then FAR = FRA = 0. Conversely, if FAR = 0 then it follows
AR = RDAR = RADR = RA.

Similarly we also have the following result.

Lemma 4. Let D € R(X), R € Rp and let F € 7p be an initial operator for D corresponding
to R. Let be given 4 € Ly(X) and AR = RA. Then a necessary and sufficient condition for
DA = AD on dom [ is A{ker D) < ker D. ‘
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Proof. Since for every z @ ker D, Az € ker D, it follows DAz = 0. hence, DAF = 0. By the
assumption, AR = RA, we ind DAR = A and AD = DARD ~ DA(J - F):- DDA - DA = DA

Conversely, if AD = DA then for 2 € ker D we find DAz = ADz = 0, i.e. D(Az) =0, which
‘implies that Az € ker 12,

Corollary 3. If A € Lo{X) is stationary then

FAR=0, DAF=0. (4)

Now we can formulate an other condition for commutator induced by a given initial operator

F.

Lemma 5. Let D € R(X), R € Rp and F is an initial operator for D corresponding te R.
Then A € Lo(X) commutes with F if and only if the conditions (4) are satisfied.

Proof. Indeed, if AF = FA then FAR= AFR =10 and DAF :“ﬂ\\'f’FA = 0. Conversely, if {4)
) e

is satisfied then we find FPARD = 0, i.e. FA = FAF and RDAF =0 AF = FAF. So that
FA= AF. SN :

L Ve
Corollary 4. If A € Lo{X) is stationary then A is co.tnnlp\ative with the initial operator F.
Lemmas 4 and 5 together imply the following A ~—

Theorem 3. Operaor A € Lo(X) is stationary if and only if A commutes with F and
DAR = A .

Proof. Indeed, if A is stationary, i.e. A4 is commutative with both D and R. then by lemas
4 and 5, it follows FAR =0, DAF =0 and AF = FA. Hence F comutiites with A and DAR =
ADR = A. Conservely, if FA = AF and DAR = A then we find-ARD"= RDA and RA
RDAR = ARDR = AR, AD = DARD = DRDA = DA, which was to be proved.

Now we give an other characterization of right invertible operators.

Theorem 4. Suppose that A € L(X) and Im A = X. If there exists an operator B € Lo(X)
such that ker B = 0 and BA is a projection, then A is right invertible and P = I — BA is an initial
operator for A corresponding to the right inverse B of A.

i

Proof. By the assumption BABA = BA we find ADA = A. Since Im A = X, it follows
AB = I. Hence H is aright inverse of A and P = I — BA ia an initial operator for 4 correspounding

to B.
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The theory of singular integral equations started with works of Noether and Carleman from
1921 and has been developed by many mathematicians as Muskhelisvili, Gakhov, Vekua, ...

A natural generalization is the Noetherian theory of abstract sjng_ula.r)pix;ators and equations,
Halilov was the first who gavei a theory of regularization and solvability of Bnear equations with
involutions in unitary rings. Cherski generalized Halilov’s results to Banach spaces. Since 1960
Przeworska - Rolewicz inverstigated general equations of the hyRe\

u:.-ﬁlL ‘ ) ] “\\,.
Km::LAJ'S-':cﬂ-T:z::y - _

=0

in general linear spaces with algebraic operator S. Note that in the cited works, it is assumed that
S commutes or commutes moduto a two-sided ideal with all coefficients of the polynomial under
consideration. In 1984, Nguyen Van Mau generalized those results for the gewéral tase when S does
not comnmute with coefficients of K. All the abo re results were obtained tnder Lhe assymptions
that the corresponding simbols are invertible or ¢ ne-sided invertible.

In this veport we deal with operator polynomials when their simbols are generalized invertible

only. Moreover, we also give some effective formulae of generalized inverses for other operators
induced by nilpovent and impotent elements. !

§1.

Let X be a linear space over a field * of scalars (where F = C or 7 = R). Denote by L{X)

the set of all linear operators acting in X and by Lo(X) the set of all operators A & L{X) wicth
dom A = X, Lut A be an agebra in Lo (X)) with unit [

Definition 1 (1] - {2]. We say that an element $ € A is algebraic if there exists a polynomial

P(C)“—:tu -+-(lltu—l‘i‘““+aﬂ; aJ-EC1 j:'[,,”‘n
satisfying uhe condition P(&) =0,
If 5 is an algebraic eclement then we denote by P;(t) its characteristic (minimal) polynomial.

Definition 2 [5]. Au element 4 € A is said to be generalized invertible if there is B £ A such
that ABA = A. :

Let 8 be an algebraic element with characteristic pelynomial
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n
Pe(ty = [Jt= 1,07, ridbra= Nttty i iy
=1 ‘ _

Let Pi,..., P, are disjoint projection operators induced by §, ie. Py + P+ -+ P, = 1,
PPi=6,P, (S—t,I)7"P;=0,1{=1,...,n. Then every operator polynomial

N-~1
AlS) = > 4,8 (1)

F=0
. can be represented in the form
n ry—1 ri—1 k
A(S) = Z Z Tqu;‘, Tj.u = Z (p) t::m“ _4;(.. (‘2)
y=1 =0 k=pn

In the sequel, we suppose that there exists A;; € /; such that
S A, = ApSY G5=01,. M L (3)
TN

§2.

Consider the following operator

B=Y B;P;, BjPici (4)

y=1
where P Pj = §;;P;, Py + Py + -+ Pa = 1.

Suppose that there exists element By, and Rki; for which

PBj= Bk, BiPi=) PcRi; (L,7=4r..,n) (5)
k=1 k=1

Denote by B;; and Ry; elements By;; and Ry, respectively. By |B;;| and [H;] we will denote
(n % n) - matrices associated with B;; and Hy;,, respectively,
Lemma 1. If matrix |B;;] is generalized invertible then B s generalized invertibie.

Proof. Note that

n

n n - -
B=3 RE=3 ) PaP=) (3 85}
i=1

=1 j=1 =1 =1

Denote by 8g the matrix [B;;) and by B} its peneralized inverse, ie. fg EuBp = Bp, By = [Mi,l.
Write

M= iB;P;.

=)

Then we find
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BMB =S (Z B ) P ZB Py Z BiPy =
vax |
55 b -
imlj=i k=1 =1

"

Z (Z (ZZBﬁM‘J'BJ'k))Pk =

k=1 ¢=1 i=1j3=1

"

Z (i ng)Pk = B, thcli was to be proved.

k=1 =1

li

Similarly, we also have

Lemma 2. If matrix [Rk;] is generalized invertible then operator

of the form (4) is gener-
alized invertible. X

§3. a \\

~
Now we consider ths following operator induced nilpotent elements

n o rg—lL

Z Z Tie Qs

: (6)

where Q;Q; = 6;;Q%, Q?QY = 6,QY, Q7 + Qe+ +Q%=1Qr=0 .7

Assume that

n Fm—1l
Ty =y, »_ T (1)
m=1 pu=0

Denote by X the v-*ct.or with coordinates (Xio, Nicts
Lc.ordma.tes (X;, Xa,..

s Xir, —1] pnd by X the vector with
X.). Denote by [T the matrix of eiement.s TOmk) (m, k= 1,...,n) and
by T”rl we denote matrices of elements T‘&f’; k) (p=0,1,...,r;m—1, 7=0,1,...,7 ~ 1).
If we choose

WKL) (£.3-3)
’Iia L Tﬁcd; I )
where T{ ‘ ¢} 4re defined by (7), then X is called the simbol of T and denote it by SBr

Lemma 3. For every operator T of the form (6}, the following equality hoids

n rg—1 n
>y (ni)a-r )
k=1 =0 I=c

Proof. From (7) we lind
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) rk—l no orx=-1

ZZZQTHQk: |

k=1 t=( F=1 k=1 i=0

-3
I
M
1]
}-.
r”
i‘:’

n orp—1 n re~1 n o (re=1)r,-1

Z ::kﬂ.lQ Qp = Z Z Z Z T;((')ck: ,_“ -

[
]

Jmlk=1 i=0 €=1 2=0 f=1k=1 1=0 a=0
n n n rep—1
— {kyp =1} - s kl
—;_,ZZ(ZTM ST e
J=1k=1 =0 f=1k=1 p=0

which was Lo be proved.

Now we can prove the main result

Theorem 1. If simbol B7 of T is generallized invertible then operator T is generalized

invertible. e
Proof. Let fipyr = (M:L"; k)) be a matrix such that Brfias Br = Br. Let: M be of the form
n rr—1% o \1 ;
) - L)
M=3"5%" M;Q, M;="3 M5
&=1 j=0 =1 . ~ . "
Write:
= k) ’
— 1
= Tk
7=1i . -
By Lemma 3, we find - T )
nore—1 n ore—1 L
TMT =5 5 AaQi 5. 5 M@l S Z T, Q% =
k=1 «=0 =1 y=0 mz=1l =0
L " n rk—lrc—lrm—l 1
— (4] L] ) R
SN H 3 Ml 0 QT 2 =
k=L.f=1m=1 i=0 5=0 p=0 pe=1 a=0
n rp—lr;—lr,-—-1 re—1
£. <+
= Lv Z{ Z v Z Ak' y A{}LE;]Q; JTIH;:Q,“ —
kg =) m=1 {=0 3-0 u=0 £2=0)
n n n o rg~lrg,~1 re—=lre—
- N (lia)} ~ats _
e T (ST Mper ) naen -
k=1é=1m=1 1=0 p=0 a=0 5y=0
fl n n o rg—tkrg -1 re—1
k.t 1
=2.2.2. 2 2 Aw iy MEOQITLQL =
k=1l &=l =l =0 p=0 =)

rp=lre=lry,—1

- }: Z Z Ay M‘(k.NTa[("ml ::i; -

k!rn—l f==t a=0 pu=0

n org—lr¢—

Y (SRS T g o -

m=1 pg=20 y5=1 =1 £ ] =0 a=0

n m=—1 T
-5 S (Cmen e

mee=1 =0 =1
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The proof i3 complete.

§4¢. GENERALIZED [NVERTIBILITY OF OPERATOR
POLYNOMIALS IN ALGEBRAIC OPERATORS

‘Now consider the polynomial A(S) of the form (1). We need the following representation
formula for A(S) {cf. [4]-[5l)

Lemma 4. The polynomial A(S) can be represented in the following form
n rj—1

AS) =35 TnQs,

=1l a=0

{10)

where T3, are of ithe form (2) and

n rm—1

PR W NN Iy |
QL &y = Z_, L lk:"ej“ ::u
m:=) ez VN
ri—1 s ‘E
{rm.0) -3 pli.k) ‘
Teiey = Z (j)t; TR A tm), N
a== | : -~
re—1 s
{mpy _ ™ =7 plik) —
T = Y ()R A k=1t
szl

3o that we can form the corresponding simbol for A(S) as in §3.

-

Definition 3. Simbel 8,45y of operator A(S) of the form (10) is said to be the formal simbol

of polynomial {1).

Theorem 1 immediately follows

Theorem 2. If the formal simbol of A{S) of the form (1) is generalized invertible then A(S)
is generallized invertible and its generalized inverses can be obtained in a“closed form.

Now we deal with the case when § has one characteristic root only, i.e.

P t) = {t - ty)™.

Setting 8 — tyd == @, we obtain

ro—1 ro—1
~ a m n—a
Q° =0 and A(S)= Z_“) B,Q*, B, = Z (3)_4mr;) . (11)
Lemima 5. For every index ¢ (¢ = 1,2,...,rg ~ 1), the following equalities hold
ro—1 )
QA(S) = Y B,Q, By= Y Biu, (12)
=0 k=g
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where -
"= : 3 ) f— e mti—p—k .
_ IRED I 4 (16 IS D RnEARM WP ,
Bi,u.k - mm=p =1 ! (]‘j)
0 k>

Proof follows immediately fromn the assumptions (3). Write:
Boj = By, PBagsy = Bi,. (14)

Definition 4. f4(g; defined by (14) is said to be the formal simbol of A(S).

Theorem 3. If the formal simbol B4(s) is generalized invertible then A(S) is generalized
invertible.

Proof. Let Sy be a generahzed inverse of ﬂ_“q, and fp == |Mi;]). Arcording Lemm 5, we find

ro- &

Z Mo, " and \‘
a=0

ro=lrp—1rg—1
A(S) = Z Z Z B(hQ MO«Q BUHQ\;\

i=0 ax=0 p=0 n=
ro—1lrg-~1 ro—1 s

= § E By, § MI-Q BOUQ‘
=0 pe=x0 N
rn*lro—l rp--1

= E E BOle E Ba;n()“ o (j
=0 a=l E .
ro—1rg—1ra—1 g -7

= Z Z Z BQIMIJBU[L)Q = E— BUHQ” == A(SY,
=

t=0 a=0 p=0 24

which was to be proved.
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TAP CHI KHOA HOC No 4 - 1994

BAI TOAN GIA TRI BIEN TONG QUAT DOI VOI
DA THUC CUA CAC TOAN TU KHA NGHICH PHAI

Pham Quang Hung
Khoa Todn Co - Tin hoe, Dai hoc Tong hop Hd Ny

Tinh chit ¢(R) cda cdc todn ti ban diu sinh bdi mét toin td kha nghich phii di dwec D.
Przeworska - Rolewic. dwa ra vh dp dung gili cac bai todn gid tri bién trong [1], {2], (3], {4].

W. 7. Karwowski va D, Przeworska - Rolewicz di 4p dung gidi cdc bai todn gid tri bién téng
qudt trong [9].

Trong bai bio nay ching t8i dua ra khii niém tinh chit c(R) - suy rdng va dp dung gidi bai
toAn gid tri bién téng quat:

S

N .
ZQkD',“a: =y, FjDkz-‘ Tk,

k=0 Y
TN

. L~
trong 46 Fy (7 = 0,1,...,n - 1) 1a céc todn . ¥ ban diu cb tinh cliit ¢(R) - suy rofig, T, € ker D
(kely, 5= 0,1,...,nJ. : ‘

1.

o

Gih st X 12 mdt khong gian tuyén tinh trén trwdmg 7 (& diy F =R h'oic_?'_: C. LX) 1a
tap tit cd cdc todn ti tuyén tinh tic déng trong khong gian tuyén tinh X. Ky higu:

Lo(X) = {4 € L(X) : dom A = X}.

Mt todn td D € L{X) dwece goi 13 kha nghich phdi néu 3R € L(X}, sao cho Im R € domD
va DR = [ trén dom 1. —

Néu todn td D ia khd nzhich phai thi ta viét D € R{X). Né&u tdn tai mét nghich ddo phii
R € Ly(X) thi ta vige D € Ry(X), R € Rp.
Ky hiéu:
Fo={Fe€ LolX) : FX=kerD, F?=F vi ne?’;z FR =0}

M3i mét todn i F € 7 sao cho FR = 0 48i véi mot R € Rp dwge goi 1a todn tik ban diu
cda D twong dug voi R

Ta cé:
’ -1

ker D' = { }_: Bz © zg,20,..., 201 € ker D}, neMN
S k=0 .

Ky higa:
F.(R) = lim{R*z : z&kerD, k=20,1,...,n—1}, n€&EN.
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[a dd biét P, (R) = ker D" ¢ dim ker D = 1.
N6t chung trong trudmg hop tong quit thi _P,L(R) g ker D™,

Dinh nghia 1. [2]. Cho D & Ry(X) vi R € Rp. M8t toin td ban diu M, € Fp duwoe goi 1a
1h chit ¢(R) néu tdn tai hing 88 ¢4 sao cho:

FoR*z = ¢z, d8ivéimoizckerD, ke N.

Mt tip 7 © Fp cb tinh chit ¢(R) néu mdi mét F € 7 cb tinh chit c(R).
Dinh 1y 1. [2]. F4(R) = 7p ¢ dim ker D = 1
T'a di biét, néu dim ker D > 1 thi khéng phii moi todn tit ban diu d8u <6 tinh chit (7).

Dinh nghia 2. Cho D € Ry(X) va R € Rp(X). Mt todn ti¥ ban diu Fy) € 7p duge goi 1d
wh chit c{R) - suy rong néu nhu tdn tai cdec khong gian con Zy,..., Z, cda ker I sac cho:

i/ kaD=@P2Z; Z;#{0} ZnZ ={0}, i#j ii= 1"\\3 (1)
=1 SN :
N
i/ Ton tai hing s8 ¢y € F, IR AN
FoRFz; = cpj2; dBivéititcdz; €2y, keN ~ (2)

Nén F, € Fp ¢6 tinh chit () - suy réng thi ta viét F, &€ C;(R)

B8 38 1. Fy € Ce{R) c6 tinh chat c(R) khi vd chi khi d8i véi Z; ¢ Ker B_.r(l:&'t, k¥ (1 =
.., 8) thda man (1), t8n tai hing 8 ¢x € 7 sao cho : o

=

WRNzp = crzy, V2 € 2,0 (= 1,2,...,3) (3}

Chirng minh:
VzekerD, z,€2Z; {(j=12,...,3),

s

ho: z =2z; + -+ 2z,. Khi dé&:

a

a ! T a
k v ok N e N
F,RFfz = Z PR :(E:_,- |!= }J ck:z_,- = Ck }_{ 2y = Cp2.
7=1 o=t i=1
NN
T b6 d¢ 1 ta thiy ring Fo € Fp. ¢b tinh chit c(R) thl Fy cé tinh chat ¢(R) - suy 1dng.

V{ dy dwéi diy chira ring ton tai Fy € 7p c6 tinh chit ¢(R) - suy rong, nhung khong cé tinh
c{R).

d2

Vidy 1. Cho X = C*(R), D= 25 ;

t o '

(RX)(t) = f/x(a)dadf, ker D == {aey + feal);
0o n

er=1, ey=1, Zy= tin{ey}, 2z =1lin{e}.
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(Fug)(8) = =(0) + 5|=(1) + a(-1)] € 7,

(F,2)(t) = '(0) -—-[z(])_ z(~1)] € 7.

D% dang thiy ring: F2 = F; J R

t
R=R%, &day (Roz)(t)= /:z:(t)dt,
0
D= D2 & day Dy = % . PyX =XerDy, F X =kerD,,
(Foz)(t) = (Foz)(t).er + (Fiz)(t).e2i €2 = Roey.

Xét z; € Z,, 2, € Z,, khi d6 ta cd: 2; = ae); 22 = Pea.
Ta cé:

FoR*z, = Rz, = a(ﬁ},ffﬁ"el) e1 + a(ﬁ',R?,"el) €3 =
3 . (1)'21: + (____1)2k . o (1)2k _ ( 1)2k

“ 2 (2h)! aty (210)' 5\%)' !

WY 2 = FoR AR ﬂ(i})ﬁgk+le1) € +19(F1E12)h{%€:)-32 -

AX
_ _(1)‘“‘“ g Cud Y N3 9 it Gt ) AU S
T2 (2k + 1)t ‘T @k+ 1)l 2T e+
Tir dé ta cé:
F()R z = (2’6)' Vzy S 2y "_,{_.‘ B )— .
FoR*z; = ___1“__ Va3 € Z / 7
folf"22 = ™ e .

Nhw viy: Fo cé tink chit c{R) - suy réng nhwng khéng cé tinh chét (R}, (v1 (2k)! # (2k+1)!
vi theo b3 dé 1). ‘

a——

2. BAI TOAN GIA TRI BIEN TONG QUAT

Gid st D € R(X), Fy, Fy,..., F_y cb tinh chdt ¢(R) - suy rong twong dng voi cic khéng
gian con Zj,...,Z, cla ker D {F; # Fy véi 5 # k).

Cho n tip hiru han J; cda cdc khodng khéng dm véi #ly =rjiro +ry 1y = N.
Xét todn ti:

Q)= 3 @ur*

k=0
trong 46 Qu,...,Qn-1 € Lo(X), Qv = 1. :
Bii todn gid tri bién t8ng quit d3i v&i todn tik Q(D) la: Tim t3t c¢d nghiém cﬁa ph\m'ng trinh

QPz=y, yeX (4)

11



thda min digu kién:

FyD*z = wp, zpe€kerD (ke l, 7=0,1,...,n-- 1) (%)

Theo gid thidt F,, ..., F,,_, ¢é tfnh chit e[} - suy rdng, ta cd:

FiR¥2, = ¢jp, Vo, € Z, v=12...,3
ke N
].ZOrla"wn" 11

tir dé d8i véi mdi zx € ker D (k= 0,1,...,n — 1), ta cé:

FJ‘szk = F,-Rk Z Zop = Z F,‘szku = Z CikyZke Vg, € 2,
v=1 v=1

vl

Viét:

AN
N

bjk = (Cj'klycjk'}.‘s-“tcjkn) R ) —;\‘_-’,

Zy 1= {2k1,y .-y 250} T -

Wy = (bjx) 5 k=0,1,...,N—-1 "
Vi i=detWy.

e
. -

Gih sit bai todn gis tri bién d3i véi todn tik Q(D) = DN1a thife Iap ddng din, tire’lx bii todn:
DNz =y
FJ'Dk.’IZ =z (kel; 7=0/1,...,n - 1)
¢é nghiém duy nhit d6i véi moi y € X vi 2,4 € ker D,

—

Ta di biét (xem trong [8} bai toin (6) cé nghiém duy nhit dAi véi moiy € X viz,, € ker D
véi gih thidt
Vi = det Wy # 0 (7)

B,-sz =buz, =z¢&kerD

k,m
Br‘.+---+r,_.+m = FJD !
m=1...7,

1=0,1,...,n~ 1,

(8)

Nghiém cia bii todn (6) vift dwdi dang:
$=UN'(:E“,...,2:N<.1) (%)

trong dé:

Trodobry_gtm = Tjkms (M= Lo,y 7=0,1,...,n 1) {10)

12
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-

Un{zo,...,zn-1) = Z Vi (R)z;

=0

Tl : (11)
VNJ (5 = L 1)":—'-J VNJ'kt’»c
=)

(1“—*»'01... N-1)

va VN,;c li dinh thic con sinh bé&i dinh thie Vi gach di cdt thtr k& vi hang the 7, (7,k =
0,1,. - 1).

Dinh nghia 3. Gid s D € R(X), cdc todn ti ban diu Fo, Fy, ..., F._; c6 tinh chit o(R) -
suy réng vd Viy # 0, cho By,..., B, -, xdc dinh béi (8), todn t Gy xdc dinh nhir sau:

Gnu=Uy(Bou,...,By_u) d8ivéiue dom DV -1 (12)

trong dé Uy xdc dinh b¥ (11).

Todn td Gy dwoc goi 1 todn tik Green d&° véi todn td DV véi diku kién (5).

B3 ds 2. Gihsk F,,..., Fy_, ¢6 tinh chit c¢(R) - suy réng, khi dé mB% phin tt z € dom DV

-théa min didu kién (5) khi vi chi khi nd cé dang:

z= (I~ GN)RY u+ Uy(zo,. ., zay) ‘ (13)
NN _
- ~ ~.
Chérag minh bd d@ ndy gidng nhwr chimg minh hé qua 3.3 trong (8] .

Dinh 1y 2. [9]. Gi s tdt cd cic diBu kién cda dinh nghia (3) dwgc thda min,
Ky hiéu:

N-1 . # T .
Qft,p) = Z Qit* s 5, Qu,...,Qn_; € Lo(X) ' ’_‘ (14)
k=t -
Q(t,p) =t -+ Q(t, p)
CD)=Q(D,I); Q"(R)= {1, R) (15)
Khi d6 bai todn gid trj bién (4), (5) twong dwong véi phwong trink~
7+ GY{R)|u = zn {(16)
trong dé:
GN(R) = Q,R) - Q(D)Gn RN o (17)
Xn =y - Q(D)UN (zo,...,@n—1) che truéde (18)

Hé qua 1. Gil sk tdt cd cdc didu kign cda dinh nghia (3} thda min:

(i} Néu — 112 mét gid tri chinh quy cda todn td G ~ (R) thl bii todn (4), (5) 13 thid 13p ding
din vi nghim duy nhit cda bii todn la:

2= (I = GN)RP[I + Q% (R)| 'z

i3




(if) N&u —1 14 gid trj riéng cda todn t& G} (R) thl bai todn (4), (5) 14 thi€t 1ip khéng diing
ddn, hay bai todn khéng cé nghiém holc 6 nlneu hon 1 nghiém. Baii todn (4), (5) cé nghidm khi
va chi khi:

f'ﬂ‘ zn G |1+ ("" v(rNx.

L)

Né&u digu kién trén thda min thi céc nghigm cida bai todn (4), (5) c6 dang:
¥ :B=(I"‘C:N)RN(‘!U+U),

trong dé w & ker[I + G (R)] bit ky vi v 13 mdt phin ti ¢8 dinh bat ky cda nghich 4nh cda phiin
tik 2y bdi dnh xa I+ G” (R).

Dinh 1y 3. [9]. Gid st tit cd cdc didu kién cda dinh nghia (3) thda min vi todn t& Q(J, R)
khd nghich. N&u todn t&

A=T-GyRYQU, R)]“CZ)(D}‘

ker D77 \

kha nghich trén ker DV thi todn td J -+ G (17} khi nghich trén X. )

Hé qud 2. Gid st tdt cd cic didu kign cda dinh nghia (3) tmn min vy toin tor Q(J, 1) khid

nghich. Nghiém cda bii todn gid tri bién (4), (5) c6 dang sau: ~ -~

z=RY|Q(I,R)] 2y + UnZo,..., 2N -1-
_ Dinh 1y 4. (9] . Gil st tit cd c4c difu kién cda dinh nghia (3) dwec thda mén, khi 44 todn
» ti¥ A kha nghich trén ker D¥ khi v chi khi hé : -7 -’_.J
N-1

Z {bix] — BiRV|Q(I, R))"'Q(D)R*}s = 2 — B;RYN QUL R) ™'y, (i =0, 1,....N-1) (19)

k=1
¢6 nghiém duy nhit (z0,...,25-1), & day zo,...,en—1 € ker I,

Dinh 1y 5. Gid st tit cd cdc ditu kién cda dinh nghia (3} duoc thda man, khi d6 hé (19} <6
nghiém duy nhat khi vi chi khi cic todn td

®; = B{I- RY[QU,R)"'Q(D)}, (=0,1,...,N —1)

déc 13p tuyén tinh trén ker DV,
Chitng mink. Tir {8) ta ¢b: bixz = B;R*z, z € ker D, (i, k = 0,1,..., Ny}, khi dé h¢ {(19) <6

thé viét lai dwéi dang

-

N-1
f > Bi{I-RYQU R QD) Rr 2 =y (20)
[ ) k=0
& diy
w =1z — BRV{Q(I,R)] 'y € ker D, (:=0,1,..., N~ 1}
ta cé:

L
e = Z ko ly, Yk = 5_4 Buke,

[ZE=

14




Viét:

Xp 5= (Qkh...,ak,)
k z(ﬂkl:-'-:ﬁkn) (kzoill"‘lN_l)

e:=(e1,...e,)7

Tir 46 hé (20) 6 dang:

N1

> ap®i(R¥e) = Bie (i=0,1,...,N - 1), (21)

k=0

trong d6 0 # e € ker D, ap,...,an—1, Bo,...,Bn—1 12 chc hing s8.

Xét v € ker DV, khi d6 v = I apR¥e, tir (21) ta c6 ®;v = Bie, do d6 &; 1a 4nh xa tir
k=0
ker DV vio ker D. Digu nay chirng td ring t5n tai'cdc him tuyén tinh-p; sao cho

(R e) = pi{R*e)e (t,k=0,1,. N\“i{

Viét diy, = p; (R¥e), (i,k =0,1,..., N ~ 1), khi d6 tir Wta c6 hé N phuong trinh véi N an
BN S

Qgy -, AN
S

N-1 ‘ . ~ -
Zdikak=ﬂ;‘ (f=0,1,....,.N~-1} . ! (22)
C k=0 :
trong dé By, ..., Bn-1 14 cic hing s8 43 cho.
Ta da biét hé (22} ¢5 nghiém duy nhit khi va chi khi . _,'_"f :
det (dik}ik=a,.. . N1 # 0. i
Gid sir ®y,..., Py, 12 phuy thudc tuy&n trén ker DV, 3i8u niy c6 nghia 13 tBn tai cdc hing

58 Y0,...,YN—1 khéng dbng thoi bing 0, sac cho:

—

N-1 -1
D = Z Yin P Z Yn P Z L‘thke = z Yon Z ak(I)m(R g =

m=0 =0 k=i} m=0 k=0

Z T L dprag L Yo On-

=1 k=0 ‘m=0

I

il

Tir 46 ta ¢6: det (dig)ik=01,.. .5, = 0, do d6 hé (22) khdng c¢6 nghidm duy nhit hay hé (19)
khdng c¢é nghiém duy nhit.

Ngwoc lai, gid sit hé {19) khéng cé nghiém duy nhit. Pidu d6 c6 nghiala det (dix )i k=0, . N-1 =

0, tire 14 ton tai cdc hdng s8 vo,...,tv—1 khong ddng thoi bing 0 sao cho:
N-1
}_4 VP =0

i=0

15



Khi dé:

N-1 N-1 N-1

= ( > ')'.‘ﬁ.')e= ( dow . dikak)e =
im0 i=0° k=0
N-1 N-1

[Z'T* Z arpi(R* f-’)]ﬂ_ (Z % .)v

i=0 [E(]
trong 46 v € ker DV

Tir d6 ta ¢é ®o,...,Py_1 1A phy thudc tuyén tinh trén ker DV,
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QuD*z =y, FiD*z =z, (kel;, 7=0,...,n-1).
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TAP CHI KHOA HOC No 7 - 1994

TOAN TU GREEN DOI VGT BAI TOAN GIA TRI BIEN
VOT MOT TOAN TU KHA NGHICH PHAI D~

Pham Quang Hung
Khoa Todn - Cor - Tin hoc, DHTH Ha Nai

Todn i Green déi véi bai todn gid tri bién véi mdt toan ti khd nghich phdi DV di dwoc
W. 7. Karwowski v D, Preeworska- Rolewicz dira ra va nghién céru trong [8]. K&t qud trén duri
vdo gid thift hi cic todn td ban d5u Fy, .. -3 Fp-y cla todn ti D twong tng véi R cb tinh chit
(). Tuy nhidn khdng phdi L3t ¢ cde todn td ban diu d&u ¢é tinh chit c(R).

Trong bai bio nay chiing t8i dua ra khai niém tinh chit ¢(f}-suy réng v xiy dung toan ti
Green 461 véi toidn ¢t DY trong trudmg hop ditnker D = s < +co. \\
N

1.

14 s X 13 mét khong gian tuyén tink trén trudmg 7 (6'\(;331 F=Rhojc F=C), L(X) 14
tip ¢db cd cdc todn ti tuydn tinh téc dong trong khdng gian tuyén tinh X. Ki hidu:>> -

La(X) = {aeLx) dgmA:X}. .

Mt todn wd 1Y o LX) dwee goi 1a khd nghich phii néa IR & L(X),8a0 ’(J;O ImP < dom D
va DR = I trén dom R. - z

N&w todn 4 0t kI nghich phai thi ta vidt D e R(X). N&u t8n tai mdt nghich ddo phai
R Lo(X) thi ta vidl D € Ry(X), R€ Rp. -
K higdu:
Fp= | F e Ly(X): b = F, FX = ker D vi IFR = o}
~ RER

M38i todn t& F € F; suo cho FR = 0 v&i mat R € Rp dwoc gol 1a todn td ban dBu cda D
bwony dng voi R,

Ta cé:
ol
ker D™ = { L RF gz - 20,201,000y By € kerD}, Vrne Nt
LTt

Ki higu:

PR = 1;.;{1.'% 2 ker D, k - 0,1,...,n-—1}, nc Nt

Ta biét P (R) = ker D™ ¢ dim ker D = 1.
N6 clauly Lrong tradmyg hop tOng quit thi P (R) & ker D™,
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Dinh nghia 1 [2] Cho D € Ro(}{) vA R € Rn. Mat todn tit ban d3u Fy € Fp dwoe goi 1A
tfnh chit c(R) néu tdn tai hing s8¢, sao cho:

FoR¥z = cyz, Vzeker D, keN.

Mot tap FO(R) < Fp <6 tinh chit c(R) ndu mdi F € 7§ d&u c6 tinh chit o(R).
Dinh Iy 1 [2}. 75(R) = 7p # dim ker D = 1.
Ta di bidt, néu dimker D > 1 thi khdng phdi moi todn Lk ban d3u dBu cd tinh chiit «{R).

Dinh nghia 2. Che D € Ro(X) va R € Rp. M{t todn td ban dau Fy, € Fp dwoc goi i cd B
chat c(R)-suy rong n&u nhw tén tai bd cdc khdng gian con (Z1,...,2Z,) clia ker D sao cho:

i) kerD = @123-; Z;#{0}, ZinZ;=0, i#547=12...,9
i=
ii) T6n tai hing 88 cx; € ¥ sao cho
FoRFzj = ceyzy, Vo € %5, k@ NN
Néu Fo € Fp <6 tinh chit o(R)-suy réng thi ta vidt Fy & e (R)

B8 d 1. Fy € eg(R) cb tinh chit c(R) khi vi chi kln (Pm\vm Z; C ker D bAL ky (7= 1,
thda min (1), ton tai hing 88 cx € 7 sao cho: . >

~

F()sz’,- = ¢z, Vz; € Zj, (5= 1,'. ., 8)

Chéng minh: VzekerD, 2; € Z;(F=1,...,8), saocho z =z 4 4 z,, khi do
) " a - R ,
FoRFz = ZFoszJ- = Lckzj = ¢k Zz,- = crz.
Cog=1 F=1 ge=1 g

Tir bd 4% 1 ta thdy Fy € 7p <6 tinh chit ¢(R) thi Fy ¢b tinh chit ¢(R)-suy rdng.

Vi du dwéi diy chi ra ring ton tai Fo € Fp ¢ tinh chit ¢(R)-suy tdng, nhung khong ch !
chdt ¢(R). -

Vi dy 1. Cho

. d2 t r y .
X=0C (R) ; D= Te2 (Rz)(¢t) = [ [ z(o)dodr ; Do = i
(Fkx) (£) = =(k) ; (ﬁox) (t) = f (r)dr.
Dit
(Frz)(t (Fox) (¢) + (Fk+ j )Dax(t) + [ a [JC — :.D] f(8).t, (k= 1,2).

d3 dang thiy ring: Foefp, Frefpvikal =2 Zy, & diy Zy = lin{e)}, Zy == lin!
€] = 1, (22 =1,
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T dim ker Do = 1, dim Zy = dim Z; = 1 ta c6 céc F c6 tinh chilt ¢(Ro).

Fk Rﬁ L= 'JT,“C.I 7 ez = ﬂoex‘

Véi k = 1,2 ta cb:

FeRie, = F R3er = [Fo+ m(Fk+F.k)D]Rg’cl+{[F'oDo+ LB - P)D|R¥ier) ea=
= E(Fk + PR e [_(m ~ PR e =
B ,1,,[ k2:’—2 ( k)ZJ 2] {1[ k2j-—2 ( k)2j 2] } _ k2j—2‘

ATEDIRECED] slgroy " @- T -

FyRey = F}c.ﬁg’l"']el = [F'o + l(ﬁ'k + ﬁ'_k)D] Rg’.*’lcl + {[ﬁbDo + %(ﬁ'k'- F'_K] Rg""'l.el‘} - eg

~ 1 k2j—1 ( k 27—-1 1 kﬁj-—-l ( k)?: 1 _ k23‘-1
2 [(23' - 1): (27 - 1)!] [(23’ - 1)! (25 — 1]‘] 27 (25~ 1)!62

Tir d6 ta cé:

k 252 . k 25— . .
-E(‘Z_}_—z)!el' FkRJezz—('—)_"—"\_‘”‘ﬂ J=112:-"

F.Rie¢, =
k el (ZJ . 1)!\‘ -\i

S
>~

. Nhw viy hé { F1, Fa} c6 tinh chit c¢(R)-suy rong, nhirng khang cé tinh chit ¢(R) (vx (27 -2)! #
(27 — 1)1, Ba de 1). ‘ . '

5. BAI TOAN GIA TRI BIEN VA TOAN TU GREEN poL VGI DV
Gidsk D € R(X), Fo,Fi,..., Fa_1 c6 tinh chit c(R)-suy rong twomg ing ir/év'i_ bd cée khéﬁg
gian con (21,...,2%,) ca ker D (F, # P, véi 7 # k). .
Cho n tap hiru han I; cda céc 88 nguyén khéng &m voi i =rjrotrnit+ ot = N. -
Bai todn gid tri bién téng quit a8i v&i todn t& DY 1a: Tim tdt cd cée nghidm cda phuong

trinh —
’ DNI =Y, y € X (4)
thda min ditu kién:
F D% = xjx, zjxckerD (k€lj, 1=01...,n~ 1). (5)
Theo gii thidt Fu, ..., Fn-1 cé tinh chit ¢(R)-suy réng, ta cé:

'F‘.,-R"zu:c;g.,z,,, Yz, € 2, v=1,...,8 keN; j=0,1,...,n—-—1),

tir 6 Adi véi mBi zx € ker 2 (b =0,1,...,n— 1), ta cé:

) L] 8
F,-R""zk = F,-R" Z Zgy = Z F,'R"Zku = Z Ciku ke (8)
v=1 vl ’

v=1
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‘~Vzku €Z, v=1,...,8% ki=01..,n-1
K{ higu: :

~

S . i

—

o e
<

. P

M i

bjk += (Cik1)Cik2, - -1 Cike )y - (7)
Zg = (zklv re )zka)Ts - (8)
Wy = (bji)sk=01,..N\_ Vy = detWy (9)

Dinh 1§ 2. Néu Vi # 0 thl bai toén gid tri bién

DNu=0 (N 22), ‘ (10)
. F;iDFu = ujk, ujx € ker D, (kel;, j=0,...,n—1) (11)
13 thiét 14p ding din vi nghiém duy nh&t cida bii todn cé dang:
UZUN(U(),---,UN#I) . \ (12)
.6' day ' =
Upgtoodryptm = Ujk;m (m=1,...,r5 7=0,...,n~ 1) \:\ (13)
N1 p Nl oW
Uy (uo, wrey uN»—l) = E VNJ'(R)UJ', VN,"t) = V_N- L (:—l)k+1 - VN;‘ktk (J- == Os'Il_y-"- y -1-)
J‘mU k=0 -~ X (]4)

vi Vyjik 13 dinh thic con ginh béi Vn bing cich gach di ¢dt th k vi hing tho ; (7,k =
0,1,...,N —1). :
Chéng minh: Nghiém cda bii todn (10) viét duéi dang:

- e
-

N~—1
u = E ‘R‘Z,‘, ZQ,...,ZN_IGRBI‘.D.
=0

Ta phii x4c dinh céc zo,...,2n-1. Tl (6), (7) va (11) ta cé:

g

. N-1 N-1 [
FiD*u=F,D* > Rz = F;D* )_ I > 2w

=0 §=0 v=1
N-1 » ’ N—-1
— S E k pi —_ E : E :
=2, F,D R Ziy = Cyke Ziv
=0 v=1 =0 v=1

N—-1
= Z bj,s'-kzi = Ujk (kEIj, j=0,1,...,n-—1).
i=k

0 néui < k= k;m .
m=1,...,r5 _1=0,...,n—-1).

DRz =b; c o =
(v FyD* Rz = by {b,v'.-_.,c. nfai> k= kom
Theo gih thidt Viy # 0, khi 46 h# trén cé nghiém duy nhit Zo,..., 21 voimoi vy (k €
Ii; 3=0,...,n—1). Di%u ndy cé ¥ nghia 12 bai todn (10)-(11) 13 thidt 14p ding din. Theo cHng
thirc Cramer d8i v&i hé phwong trinh trén ta dwee nghiém cda bii todn c¢é dang {12). O
Ki higu:
Uy = BJ' UN (u(,, ey uN_lj
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& diy ’
Beyyotrsotm = F; D™ (m=1,...,r57=0,...,n—1). (15)
Dinh nghia 8. Gid s¢ D € R(X), céc todn t& ban diu Fy, Fy,..., Fa_, ¢6 tinh chit c(R}-suy
réng vi Vy # 0, cho By,..., By_; xéc dinh bdi (15), todn t¥ Gy x4c dinh nhir sau:
Cyu=Uy(Bou,...,By_14) d8i véiu € dom DV -1 (16)
N
& l’lﬁy UN Xéc dil’l}l bd’i (14)

Todn td Gaedwoc goi 12 todn ti Green d8i véi todn tik DN véi digu kién (11) (hay d6i véi
biii todn (10)-(11)).

Dinh 1y 8. Gil s ¢dt ¢4 céc &iBu kién cda dinh nghia 3 dwoc thda man, Khi 46 todn t¥ Green
Gy 4nh xa dom DV ™! v3o dom DV va 6 céc tinh chit sau diy: Néu u € dom DV -1 thi:

DVNGyu=0 (17)

B;Gnu= Bju, (j=0,...,n—1) (18)

G¥4u=Gnu - \\ (19)

Chéng minh: Cho uedomDV! bit ky, khi &6 tir dinh nghia ta cé:
v e

W
LN,

, Mol D~
Gynu = “'f"" L( 1)‘+’VNJ‘HB e
=0 =0
1 ""';‘ n=r ‘
= v_ Z 1)t+JVNJ.‘.BJ.u P B
tir d6 ta ¢6 Gyu i t8 hop tuyén tinh cda cdc phin tik dang Rv;, & dz‘;y -7
1 o .
vi= = > (=1 VyyBijuekerD, (i=0,1,,..,N 1),
;:N =0
Tir (15} te c6 cdc lodn ¢k B, (7 = 0,. — 1) ¢6 4nh trong ker D. Khi dé Gyu € ker DV <

dom DV va do u bdt ki thudc DV =% ¢a c6 G‘N(dom D¥-1) ¢ dom DY va DN Gyu = 0 48i véi
u & dom DV -1

Cho 0 € 5 € N ~— 1 ¢& dink bét ky, khi dé

B;l'z = bz d8ivél zekerD (i,7=0,...,N—1).
Ta cé:

N-IN-—1

ByGru= 5= 5 Y (~1)**VuB, R Beu

v k=0 =0

1 N_‘IN 1 )

= ‘7- L Z (-—1)'+kVNk,'bJ-,'Bku

N \Zo i=0
N-1 '
Z( 1) '+3VNJ.b,.B u= B U

i=0

1

15.



GNU= UN(Bou,...,BNulu) = UN(BQGNU,...,BN_]_GNU)
= Gn(CGnu)= G},u. |

Dinh Iy 4. Gik s t8t cd c4c difu kign cda dinh nghia 3 dwoe thda min v u € dom D¥ 1, khi
dé: '

DGpyuekee DN % (k=0,...,N~1) (20)
N—-1 v
FDFGru= Y ()" 25 Bju, (21)
N
=0

Chéng minh: Tir dinh nghia cda todn t& Green ta cé:

N-1 1%
D"G’Nu——D"ZR'Z( IR REEL ”"
=0
YRy 1)'“"”" v N
i=k F=0 .
N-—-1-—-

N1 V
SV e tams g

=0 ¥ ~
tir 46 ta cé D*Gpyu c6 dang - '
N-1-k .
Z Rz, &diy =zo,...,2nN—1-k € ker D.
m=0 - o
hay (20) dwoc chimg minh. )
Ta cé: -
N-1-k N—1—k
FD*Gyu=F Y R"z,= 3 FR™zp, =z =
m=0
N-1
Vi
= +kINik g e
=y (-1 v Biu- D

F=n

'H$ qua 1. Gid st b4t cA cdc di¥u kitn cda dinh nghia 3 dugc thda min, khi d6:

. N-1
Gnu= Y RFFD*Gyu d8ivéi ue dom DN 1
k=0

Hé qua 2. Gid st tdt c& cdc di%u kién cda dinh nghia 3 dwoc thda min, khi d6: Néu u € ker DV
thi Gyu = u. .

Hé qud 3. Gid st 5t cd cdc ditu kidn cia dmh nghia 3 dwot thda m3n, thl bai todn gid tri biér
(4) (5) 12 thidt 13p ding din v3 nghiém duy nhat cia né cé dang:

$=(I-—GN)RNy-I" UN(ZO,...,SEN‘__I) * (22‘

C 16



& diy Trytodrjogtm = Tik,m (m =1 S =0,00,0 - 1)- )
Chitng minh: Vist u=a2— RVy thi DNu=DNx-—DNRNy= DNz — y=0vado

(15) ta cé: ‘- .

tpss Bju s Bie ~ RN y) == Bio ByRNy = 2y — DRV

Theo dinh ly 2, bai todn (10)-(11) cé nghigm duy nhit Ja:

U = UN (‘l.‘.(], ey uN_l).

Do dé:

%= Uy (ug, ..., uy—1)+ RVy
w [y (g - BU}?.Ny,...,:r:N_'l - BN—1RN!I) + RNy
= Un (2o, ..., 2n-1) — Un(BoRY y,..., By _1RNy) + RV y
= (- GN)RNy 4 Uy (30, 2_1). 0

Dinh 1§ 2 da chi ra ring bai todn (10)-(11) ¢6 nghiém duy nhit n{u Vy # 0, khi dé ta di xiy
dyug duge toda tik Green d38i visi bai todn nay. Diéu kién dé Vy # 0 vdwoc Nguyén Vin Miau
dici ra dwéi dang (digu kign cin va dd) sau: :

Biakh 1y 5[5} Dién kida cin va dd a8 Vy £ 0 1a céc todn \t.{\BU, oy By (xdc dinh bédi céng
§ W

thire (18)) déc 1ap tuydn tinh trén her DV, T " e

. . >

Hé qud 4. Gilisd D& R(X); By, ..., Fluy b Uinh chit c(R)-suy r&ng, khi d6 c4c disu kign sau

day 13 twong duong

L Vi £ 0.
2. Bai todn gid tri bign (4)-(5) 1a thigt 1ap ddng din. AT

4

3. Cic todn td By, ..., By_) déc l:_'i[x: tuy&n tinh irén ker DV,
4. Todn 4k Green Gu dB8i véi bai todn (10)-(11) 1a xdc dinh dwoc vi tén tai duy nhit

w & dom DV =1 sao cho ({ -Gy )u = 0 va diku kign (11) thda min (téc1a Byju = u;,j =0, .. S VN—1,
u; duge xiac dinh bdi (13)).
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GREEN OPERATOR FOR BOUNDARY VALUE PROBLIEM
INDUCED BY RIGHT INVERTIBLE OPERATOR DV

Pham Quang Hung

Faculty of Mathematics, Mechanics and Informatics ITnnoi Untversity

Green operator for linear boundary value problems with a right invertible operator DY was found Iy
Karwowski and Przeworska-Rolewicz in 1991, The authors baged on the vroperty o) of a given systen.
of Initial operators. In this paper we construct Green operator for thagase of joneralized property e(It)
and show that the general solution of boundary value problem induced b:J® can be oblained by mean:
of Green operator,

.
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I TIBU CIIUAN VOLTERRA DOI VG NGHICH DAO PHAIL

w k = v g A . A >

“{ CUA MOT LOP TOAN TU TRONG KHONG GIAN ROT RAC
' Nguyén Vi Luong, Nguyén Vdin Mdu

. Khoa Todn, Co, Tin hoc - PHTH Hd No1

'

o Trong bii nay, dwa ra tiéu chudn 48 nghich ddo phdi clda cdc todn ¢t dang

Doz = {(ntns1) vd Dpz = (Tpyy — p2n)

i mét todn b Valterra. Tir dé mé t4 twdng minh 1&p nghich ddo phdi Volterra trong khéng gian

cOL T

1. Ky hién X = (¢} 1a khang gian cdc diy s8 & = (z,)| _, teén tredmg ¥ (7 = C hofc 7 = R)
" cdi cac phép cang va nhin véi dai lwgug vo hrdng theo dinh nghia théng thdng. Goi L{X) latap
sop LAt cd céc todn tid tuy@n tink tic dong trong X va Lo(X) = {A € L{X), do mA = X}. Tap
Jit ¢4 cde toan L¥ khi nghich phai thude L{X) dwgc k¥ higu I R(X). Néu tdn tai Ry € Lo(X)
a0 cho DR o= 1 tht ta vidt D e Ro(X). Tip tat ¢d cdc nghic]\f‘mo shdi cda D € R(X) ky hiéu

. Dl f‘\’;). o b

. e .
Ung véi mdi K e Rp oba D e R(X), ky hidu Fp 1a tdp hop LAt ¢4 céc todn tid Ban diu cda
1va By Fipodd todn td ban din swong dng véi R E Rp. '

O N&u B¢ Lo(X) sao cho 3(1 4 AB)TE YA F thi B dwoe goi 1a todn ti Volterra. Tap tit cd
Cn e todn UF Volterra trong Lo {X) dwee ky Bidu bui V(X).
Gihosd o o (oo, aq, e, ) 1 diy 86 rong cho trwde, ap £ 0 V) = U,'ITFZ,-:_.',

el todn td D, 2 X+ X xde dinb theo cdng thive: —

Doz y; oy, ~uptyey; n=012.. (1)

r

Khi dd Dy o Lo(X) vi ker D = line véi e = (1,0,0,...).
WéL toiin b Ky 0 X o+ X xde dinh bdi:
Iy x) -

R = (n, oI (2)

gy )

D& ding kidm chmg 16, € Ly(X) va D, Ry = I, trong d6 I 13 todn ik don vi.
Vi dim ker £, - 1 nln D, ¢ By(X) va D, khing kL nghich

B3 Ae 1 N 1 tedn bl Volleria.
Colodong oo b Thiae vay, vad iy dang (3) thi pheong trinh:

(I - ARz =y, yeX

- ~ - RN - - A - o
juon ton ¢ nghidm duy ahit xdc dinh theo Lé thire truy ho

Ty = Yo

. Ly -1
Ly = A'-' R o yrl; n = }" 2’ U
[SITRE



Viy Ro € V(X).
B8 a2 2 [1] {xem [2] - [3]). Moi nghich ddo phii cda D, d8u bidu dién dirge dudi dang
Ra = Ry + FoA, A€ Ly(X) {3}
trong 6 Fg = I — RyD, € 7p.
B3 ds 8. Véi mbi c € 7, ky hidu
X, = {(C,il,:ﬂz,...); z;eF; = 1,2,...}

Khi 46 VA € Lo(X) sao cho Im A < X, thi Ra = Bq -+ Fy A 1A toin tir Volterra,

Chdang minh: Thit vy, khilmA ¢ X, thivz € X, Jy = (c,y1,y2,...) € X, sao cho
Az = y. Khi d6

FOA$ = (I— R()D )y =
= (C:yuyz.-- ) - Rn(aoynalyz,aoya;

== (C:ylsyQ:"')“ (0 Yi:¥2,-- = (C 0! i~
Suy ra
e
Raz = RoX +(c,0,0,...) = (c, "‘? N 2 )
ap N .
":\i -
Phwong trinh S '
(I-ARp)z=v, velX
luén ludn ¢é nghigém duy nhit xdc dinh theoc cdng thic
o = up + ¢ : -
Ty~ ’ -
Ty = Uy + /\—~—+~, n= 1,2 ... :
n—1 ) -

Viy Ra € V(X).

Bd dg 4. Gid st 7 = C vd A € Ly(X) sao cho Ju, v e X dé A(u — v) ¢ Im Ry thl B, xic dinh
theo céng thirc (3) khéng ] todn t Volterra.

Chirng minh: Theo gi thidt, Im €N, ¢, fo, b1, ., fm € C sa0 cho Yz & X:

Az = (yfh Yi,¥2,. .- ); Yo =c¢+ Z ﬁjxj'; B 5 0.
=0

_ ;
Khi 46 FyAz = (c 3 ﬁ,-n:J—,O,O,...) va
=0

r)

Raz = (Ho — FoA)z = (HZﬁ,;,, T2 )

Qy g

Xét phwong trinh
(I+ARs)x=v, veEX.

m ‘
A To 1
— (ID +c+ R ﬁjmjl c:‘ +xy, '{;’" + zg, .. ) = ("Os'-’!; v2,y- --)
. 3] 1
§=0



So sinh m toa d4 diu tién, ta dwge hé tuyén thih:

m

zg + )\Zﬁ,-ﬂ:,- =vyy—¢

7==0
AL
aomu L= ’ (4)

............

Ma trin cda hé (4) cé dang:

1 +1ﬁ0)\ ﬁl) Bah ... ﬂm_A\
— 1, 0 0

Ky higu P{A} := det B. Khi dé

m o M e

P()\} - _i___‘_ll_ﬁl_)‘m+-l +:-\\+ 1 (5)

Do viy, trong C, P(A) ¢4 @ nhit madt nghidm. Nédu P(Xy) = 0 thl hé (4) khéng <6 nghigm

holic ¢6 nghidm khong duy nhit, Ung véi A = Ao phuong trinh ([ + AR4)z = v khdng cé nghiém
holic ¢6 nghi¢gm khong duy nhit. Viy

Ra ¢ V(X)

Ta cé thd phét tridn cic két quid cda BS d8 3 vi 4 dwéi dang sau:

Dinh 1y 1. a) Vs F =Cvi A€ Lo(X) thi R4 dang (3) 1a todn tik Volterra khivid chikhidece C
sao cho Tm A ¢ X, vé :
Xu={:c€X : :1:0=c}

.~ b) V&i F = R thi Ka dang (3) 12 todn tit Volterra khi va chl khi hofc Im A € X, hojc da
thive P()) 3= det B (B 13 ma trin cia hé (4)) khdng cé ngiu@m thie.

2. Bay gid, ta chuydn sang xét 1ép todn td sai phan cé trong p€ 7, p # O
D,z = {241 — PZy).
Xét todn L R, : X — X xdc dinh theo céng thirc
Ryz 1= (0,24, 21 + pzo, 22 + plzy + pry,---) (6)
D& dang kidm tra wanre ti€p cde hé thive saw:

DR, =1
Ker D, =line; e= (1,p,p%, 0%, ...) (7)

Viy D, € Ry(X) vi R, € Rp,.



Goi Fp, € D, 14 todn ti ban diu &ng véi R,. Khi d6
Fox =_(:r.o,'pxo,p2:r:o, N N
B3 d& 5. Todn ti R, dang (6) 1 todn td Volterra.
Chwng minh. Thit viy, phuong trinh
| (I'—iRp]xzy, ve X
luén luén c6 nghiém duy nhit x4 di‘nh theo cdng thirc truy hai

Zo = Yo .
n = Yn +)‘(-7:n—l +P$n—2+"‘+Pn_1$0) n=127...

Viy R, € V(X).
Véimic € 7, k§ hisu

Xc={mEX::z"—*(c,zl,xg,...)j\“g&: {

Bdde s, VéimdiAe Lo (X) sao CllO ImA < X, v(n c é F cho trude, thi todn ti Ry = R,, + F
14 todn tir Volterra. \
Chéng mlnh:Vérice?chotru'érc_vb.VA_:ct;a‘c&: —~

FpAz = (c Y1, ¥2,. ) = (c,.cp,cp2,. )

Rpz = Ryx + FobAz= .
0, %0, Z1 + pTo, T2 + pT1 + P2z, ... ) + (¢, cp, coz‘,.. )=
c:$0+CPJmI+PxO+Cp21"') - _/r’-)'

el
— g

Xét phrong trinh: | ‘ .
(I—ARa)z=v, veX

—(z0, T3, T2, ... ) — Ale, To + cp, z1 + pzo + ep?, ... ) = (vo, v1, vz, .. )

{ To = Ac+ vg .
b
Tn = = MZp-1 + pTp-2 +- p "tz +pteY+ v, n=1,2,3,...

Viy Ra EV(X)
B de 7. Xét 7 = C. Véi A € Lo(X) sao cho Ju,v € X de A(u—v) & Xo thl Ry := Ry, + F. A
V(X). .

Chténg minh: Tir gid thi€s, suy ra Vz € X, 3¢, fo, 1, - & C sao cho

Az = (c+iﬁ,~x4,y1,yz,...); Bm # 0.

J=0

m
Fpr= (!Ju:Pyo,szOs---); Yo =C+Zﬂ-j$j

Xé bl}lttmg trinh (7 -+ ARy )z = v, ‘v (:'X Vi Ry = R+ F, A nén

Rz = (yo, %o + po, 71 + pzo + p*yon . . -)



i vo o 5 fixy. Vi
; £
(I+ARp)z=v, veX

A (T-n + Ay, Ty + )\(-’Eu + Pyu), e ) = (UO, Vi, )

So sanh m b L toa 4§ dBu 1ién, ta duge hé tuyén tinh:
17
2D Bimy = vo — A
zg A ‘ﬁjmj = Yp c
=0
i

zy + A (a;u +p Zﬁ,‘xg') = v = Apc ‘ (9)

F=0

tre

Ly | /\(mm-—l 4 pITyy-z + 0 b Pm*lx() + Pm Z -BJ'IJ') == VU — )\p"‘c

=0
Ma trin cda hé {9) 6 dang
! 1+ ABL e AP
M = A1+ pBo) 1+ Apfs ce Apfm 1)
DA™ 14 pBe) AR ApB). - L4 AP B

K¢ hidu 2{A) = det M thi deg Q(A) = m + 1 v&i hé 38 ‘cao \ bing p"‘('""*'l)/gﬁ,n.# 0.
Do dé g & C a8 Q(As) = 0, tive 1 R,y ¢ V(X). b

. -
Ta ¢6 thd phii bide kft qui cda b8 d8 6 v 7 dwéi dang san day.

Dinhly 2. a) Véi 7 - Cvi A Lo(X) thi 124 14 todn ti Volterra klu va chi khi 3e € F sao cho
ImA < XC, trong d6 X, xic dinh theo (8).

b) Véi 7 == R vi A € Lo(X) thi R4 € V(X)) khi va chi khi hodc 3c € Rde ImA c X, hodc
‘da thive Q(A) = det M, trong 46 M xdc dinh theo (10), khéng cé nghigm.

A
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CONDIFTTONS ¥OR HIGHT INVERSES OF A CLASS OF RIGHT
INVERTIBLE OPERATORS IN DISCRETE SPACES TO BE VOLTERRA

Nguyen Vu Luong, Nguyen Van Mau

Fucuity of Mathematics, Mechanics and Informatics Hanot University
The paper deal with ¢perator. of the forms
Dyt = (aptup1) and Dpz = (Zpgy — ETu).

Operators [J, and L)), ave considered in space X of all infinite sequences over a field ¥ of scalars.

We find a general form of ail right inverses and give a necessary and sufficiert condition for a right
inverse of D, and [y, to be Volterva in the cases F=Rand F=C. .
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