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L.OI CAM ON

Luan van nay dugc hoan thanh tai truong Dai hoc Khoa hoc - Dai
hoc Thai Nguyén. Téac gia xin bay té long biét on sau sic véi PGS. TS
Pham Ngoc Anh (Hoc vién Cong nghé Buu chinh Vién thong), ngusi
thay da truc tiép huéng dan tan tinh va dong vién tac gia trong sudt
thoi gian nghién cttu via qua.

Xin chan thanh cdm on cac thay, co gido trong Bo mon Toan - Tin,
Phong Dao tao Khoa hoc va Quan hé Qubc té, cac ban hoc viéen 16p Cao
hoc Toan K4C truong Dai hoc Khoa hoc - Dai Hoc Thai Nguyén va cac
ban dong nghiép da tao diéu kien thuan loi dé tac gid hoan thanh khoa
hoc cao hoc nay.

Tac gia cling xin bay té long biét on sau sic t6i gia dinh va nguoi
than luon khuyén khich, dong vién tac gid trong sudt qua trinh hoc tap
va lam luan van.

Msic dit ¢6 nhiéu c6 gang song luan van kho tranh khéi nhitng thiéu
s6t va han ché. Tac gid mong nhan duge nhiing ¥ kién déng gép quy bau
clia cac thay, c¢o giao va ban doc dé luan van duge hoan thién hon.

Xin chan thanh cam on!

Thai Nguyén, thang 10 nam 2012

Tac gia

Hoang Thi Ly
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Nhitng ky hiéu va chi viét tat

R : Tap hop s6 thuc.
R" : Khong gian véc to thuc n chiéu.
R? : Khong gian véc to thuc khong am n chiéu.

r €D :xthudc tap D.
x & D :x khong thudc tap D.

Vo : V61 moi x.

dz : Ton tai z.

%) : Tap hop rong.

N : Phép giao cac tap hop.

U : Phép hgp cac tap hop.
r:=y :z dugc dinh nghia bang y.
+00 : Duong vo6 cung.

—00 : Am vo cling.

C : Bao dong cua tap C.
(x,yy  : Tich vo huéng cia z va y.

Of (x) : Du6i vi phan cta f tai .

T, — x : Day {x,} hoi tu manh t6i z.
r, = x : Day {z,} hoi tu yéu t6i z.
d(z,y) :Khoang cach gita = va y.

I . Anh xa dong nhat.

H : Khong gian Hilbert thuec.
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MG dau

Bai toan can bang, bai toan bat dang thic bién phan va bai toan tim
diém bat dong ctia mot ho dém dudc cac anh xa khong gian 1a mot trong
cac linh vitc quan trong ctia giai tich hien dai va 1y thuyét t6i uu. Trong
nhitng nam gan day, viéc nghién citu thuat toan tim diém chung ctia tap
nghiém cac bai toan nay 1a mot dé tai hap dan déi véi rat nhiéu cac nha
khoa hoc trén thé gi6i. Trong luan van nay, ta sé trinh bay phuong phap
xap xi dudi dao ham cho bai toan can bang va cac anh xa khong gian.
Luan van gom hai phan chinh:

Phan th nhat trinh bay thuat toan tim diém chung ctia tap nghiém
bai toan can bang, bai toin bat dang thitc bién phan va tap cac diém
bat dong clia mot ho dém dugdc cac anh xa khong gian trong bai bio
ctia R. Wangkeeree (2008), "An Extragradient Approzimation Method for
Equilibrium Problems and Fized Points Problems of Countable Families
of Nonexpansive Mapping, Fized Point Theory and Applications, Vol.
2008, Art. ID 134148, 17 PP, Doi: 10.1155/2008/134148". Phwong phap
giai clia bai béo nay dai dién cho mot cach tiép can pho bién nhat hien
nay. Trong d6, moéi bude lap chinh ctia phuong phap lap nay 1a viéc giai
mot bai toan can bang phu don diéu manh, khi ma song ham cta bai
toan can biang tuong tng 1a don dieu.

Phan thit hai dé cap dén phuong phap lap trong bai bao cia P. N.
Anh, L. B. Long, N. V. Quy and L. Q. Thuy (2012), "Weak Conver-
gence Theorems for an Infinite Family of Nonexpansive Mappings and
Equilibrium Problems, JP Journal of Fixed Point Theory and Applica-
tions, Vol. 7, PP. 113-127". Trong bai bao nay, bang cach két hop gitta
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phuong phap duéi dao ham cho bai toan can bang va cac ki thuat diém
bat dong, cac tac gia da dé xuat mot thuat toan méi dé tim diem chung
clia tap nghiém bai toan can bing va tap cac diem bat dong ciia mot ho
vo han cac anh xa khong gian. O day, moi bu6e lap chinh trong thuat
toan dé xuat 1a viec gidi mot bai toan 16i manh véi gid thiét gid don dieu
va tinh lién tuc kicéu Lipschitz ciia ham gia.

Ngoai phan md dau, két luan va cic tai lieu tham khéo, cac két qua
nghién cttu trong luan van dugc trinh bay thanh ba chuong. Chuong 1
trinh bay mot s6 kién thic vé giai tich 16i, bai toin can bang, anh xa
khong gian va cac kién thic bd trg. Chuong 2 trinh bay thuat toan tim
nghiém chung ctia tap nghiém bai toan can bing, bai toan bat dang thiic
bién phan va tap cac diem bat dong clia mot ho dém dude cac 4nh xa
khong gian. Chuong 3 trinh bay so do lip tim nghiém chung ctiia tap
nghiém bai todn can bing va tap cac diem bat dong ctia mot ho vo han
cac anh xa khong gian dya trén phuong phap duéi dao ham va cac ki
thuat diém bat dong.
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Chuong 1
Mot s6 khai niém co ban

Trong luan van nay, ta xét bai toan can bang, bai toan bat ding thiic
bién phan va cac anh xa khong gian trong khong gian Hilbert thuc H.

V6i méi véc to x € H, chuan ctia z, ki hiéu 1a ||z||, dudc xac dinh béi:

[zl = v/, ).

Ki hi¢u R = [~00, +00] = RU {—00} U {+00} 1a tap s6 thuc md rong.
Sau day, ta nhic lai mot s6 khai niém va tinh chat co ban cla giai
tich 16i nhu: Tap 16i, ham 16i, dué6i vi phan,... Cac kién thitc nay dugc

lay chu yéu tur cac tai lieu [4], [5].
1.1. Tap loi

Dinh nghia 1.1. Cho C la mot tap con khdc rong cia H. Tap C dugc

goi la 10i néu
Va,be C, A€ [0,1]= (1—XN)a+ IbeC.

Vi du 1.1. Céc tap sau day la cdc tap loi:
1) Hinh cau B (a,7) ={z € R": ||a — z| < r}.
2) Cac nita khong gian déng

{z eR":(a,z) < a};{reR": (a,x) > a},
hay cdac nia khong gian mad
{r eR": (a,z) < a};{x e R": {(a,x) > a},

trong do a € R",a # 0 va o € R.
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Dinh nghia 1.2. Mot tap C C H dugc goi la non néu
VeeC, A>0= e (.

Mot nén dugc goi la nén loi néu né dong thoi la mot tap loi. Nhu vay,
mot tap con C C H la nén loi khi va chi khi né cé cdc tinh chat sau:
(1) \CCC, VA>0;
(7)) C+C cC.

Vi du 1.2. Céc tap sau day la cdac non 1oi:
2) M = {(a,y) € R xR: o] < y}.

Trong phan nay, tap C' C H luon gia thiét 1a mot tap 16i (néu khong
giai thich gi thém).

Dinh nghia 1.3. Cho 2" € C, nén phap tuyén ngodai (hay nén phdp
tuyén) cia C tai 20, ki hiéu la No (:L’O) , dugc dinh nghia boi

NC(:UO) = {tEH:<x—:1:0,t> <0, V:J:EC’}.
1.2. Ham loi

Dinh nghia 1.4. Cho ham f : C — R. Khi dé, mién hitu hiéu cia f, ki
hiéuw la domf, dugc xdac dinh boi

domf:={ze€C: f(xr)<+4o0}.
Ham f duogc goi la chinh thuong néu
domf# ¢ va f (z) > —o0, Vo € C.

Dinh nghia 1.5. Cho ham f: C — R U {+oc0}. Khi dé, ham [ duoc

goi la
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i) loi trén C néuVz,y € C, X\ € [0,1], ta 6

=Nz +Ay) <A =A)f(z)+Af(y);

i) loi chat tren C néuVz,y € C,x #y, A € (0,1), ta cd

FA=Nz+Ay) <A =N f(2)+ A (v);
i) tua loi trén C' néu Vo € R, tap mic dudi
Lo={ze€C: [f(x) <o}
la tap loi.
Vi du 1.3. Cho C la mot tap loi, khdc rong cia R™. Ham chi trén C
o (a) = {o khi z° € C,
+oo  khi 2% ¢ C,
la ham loi.
Pinh nghia 1.6. Cho 2° € C. Mot ham f : C — R duoc goi la

i) mita lien tuc dudi tai 2° néu

liminf f (z) > f (2°);

z—a0

i) nia liéen tuc trén tai 2° néu

limsup f (z) < f(2").
x—a0
Néu ham f vira nita lién tuc trén vita nita lien tuc duéi tai 2° thi né
lien tuc tai diém dé.
Ham f lien tuc (nia lién tuc trén, nita lien tuc dudi) trén C' néu no
lien tuc (tuong tng: nita lien tuc trén, nita lien tuc dudi) tai moi diém

thuoc C.
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Dinh nghia 1.7. Cho ham 10i, chinh thuong f : H — R, mot vécto
p € H dudgc goi la dudi dao ham cia f tai 2 € H néu

(pox—2") + f (") < f(z), Yz € H.

Tap tat cd cdc dudi dao ham cia f tai 2° goi la dudi vi phan cia f tai

2 va duge ky hiéu la Of (:EO). Nhu vay
of (xo) D= {pe H: f(x)— f(2°) > <p,:c—:r:0>, Vo € H}
Ham f duogc goi la khd dudi vi phan tai 2° néu Of (xo) #+ J.

Vi du 1.4. Dudi vi phan cia ham f (z) = ||z|| trong R™ la

8f(x)_{{p:|p|<1} khi & =0,
{polpl =1, (px) = llzll}  Kkhiz#0.
Ching minh
Khiz=0thipe df(z) < (p,2) <|z||, Vz e R" & ||p]| < 1.
Khi z # 0, ta ching minh 0f (z) = {p: ||p|| = 1, (p,z) = ||=||} . That
vay, néu p € df (x) thi

(p,z —z) < |2 ==l , V2 € R™.

Cho z = 0, ta ducc
(p, —z) < — ||z,

tic la

(p,x) = =]
Cho 2z = 2z, ta dugc

(p,z) <=l
Suy ra

{p,z) = |||
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Hon nita
P, (z+ ) —z) <|lz+ x| =[],
hay
(p,2z) <zl
Do vay
Ipll = 1.

Ngudc lai, néu [|p|| = 1, {p, ) = ||z thi
<p,Z _$> - <p7 Z> T <p,33> < HZH T HIH ) Vz e R".

Vay p € 0f (z).

Pinh nghia 1.8. Cho ham f: H = R, C C H. Diém 2° € C Nndomf
dugc got la

(i) cuc tieu dia phuong cia f(z) trén C néu ton tai lan cin U (2°)
cia 2° sao cho —oco < f (2°) < f(z), Ve e CNU (2Y);

(it) cuc tieu toan cuc cia f(x) trén C' néu —oo < f (2°) < f(z),
Vo € C. Tap tat cd cdc cuc tiéu toan cuc cla f trén C duoc ki hiéu la

argmin{f (z) :z € C}.

Meénh dé 1.1. Cho C la mét tap con loi, khdc rong cia H va f : H — R
la mot ham 101 tren C. Khi dé, moi cuc tiéu dia phuong cua f trén C

cung la cuc tiéu toan cuc.

Ching minh

Gia st 2° € C' 1a cuc tiéu dia phuong ctia f. Khi d6, ton tai lan can
U (2°) ctia 2" sao cho —oo < f(2%) < f(z), Vo € CNU(2"). V6i moi
zeC, tacoxy:=(1-Na"+ Az eCnU (2, (A >0) da nho. Do d6
F (@) < flzy) <A =X)f(a)4+Nf (z). Vithé f (") < f (z), Vz € C.

Vay 2° 1 cie tiéu toan cuc cta f(z) trén C.
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Meénh dé 1.2. /5] Cho C la mét tap con 163, khdc rong ciia H va 2° € C.
Ham f: H — R [oi trén C. Khi dé

2’ € argmin {f () :x € C} < 0€ Of (:UO) + N¢ (:UO) :
1.3. Anh xa khéng gian

Dinh nghia 1.9. Cho C la tap con khdc rong cia H. Anhza S : C — H

duogc goi la dnh xa khong gian trén C' néu
[S(z) = S < llz—yll, Vo,yeC.
Ki hiéu F (S) la tap cac diém bat dong cia S.

Vi du 1.5. Cho C la tap con loi, déng, khdc rong cia H. Phép chiéu
truc giao cia H trén C tai x € H, ki hiéu la Po (x), duge dinh nghia bdi

Po () = argmin {z — || = y € C},
la mot anh xa khong gian cua H trén C.
Chua y 1.1. Anh za Po théa man cdc tinh chit sau:

(x — Po(z),y— Po(z)) <0, Ve e Hyy € C; (1.1)
o= Pe@ P+ ly— Pe@IP < lo -y, Vec HyeC;  (12)
(0 =y, Po @) — Pe () > |1Pe(0) — Pe@)l>, Yoy e B (L3)

Meénh dé 1.3. [1] Cho C la tdp con 10i, déng, khdc rong cia H wva
S : C — H la anh xza khong gian trén C. Khi dé, vdi moi u € C va
t € (0,1), ton tai duy nhat diem x; € C sao cho

rp=(1—t)u+ S(x).

Néu C bj chin thi xy — S(x;) — 0 khit — 1.
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Hé qua 1.1. Cho C la tap con loi, dong, khdc mong, bi chan cia H va
S :C — H la dnh za khong gian trén C. Khi dé, ton tai day {x,} trong
C' sao cho

lim ||z, — S(x,)| = 0.

n—oo

Dinh nghia 1.10. Cho C la tap con khac rong cia H. Khi do, anh za
S : C — H dugc goi la mia déng (demiclosed) tai v € H néu moi day

{x,} trong C, ta luon cé
r, ~ueC wva Sz, —v kéotheo S(u)=nw.
B6 dé 1.1. Néu mot day {x,} trong H hoi tu yéu tdi zg € H thi

liminf ||z, — x|| < liminf ||z, — x|, Yo € H,z # x.
n—o0 n—o0

Ching minh
Vi {x,} hoi tu yéu t6i xo nén né bi chan. Do d6, cac gidi han trén

déu ton tai. Khi d6, véi moi x € H,x # xg, ta c6

|20 = 2| = — 20 + 20 — |

= [l — zoll* + o — @[|” + 2 (2, — w0, 20 — ) -
Mat khéc, vi 2 (z, — x¢, 29 — ) — 0 khi n — oo nén

liminf ||z, — x| < liminf ||z, — ] .

Dinh 1y 1.1. Cho C la tap con loi, déng, khdc rong cia H va S : C — H
la anh xq khong gian trén C'. Khi do, dnh za I — S la nia dong trén C.

Ching minh

Lay {z,} C C sao cho x, — x va lim ||z, — S(z,) —y|| =0,Vy € H.

n—oo

Ta ching minh (I — 5) (z) = y. That vay, gid st (I —9) (z) #y. Vi

lzn = S(@) =yl <llzwn = S(n) =yl +1S(zn) = S(2)],
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nén suy ra

liminf ||z, — S(z) — y|| < liminf ||z, — z| .
n—oo n—oo

Theo bd dé (1.1), ta lai c6

liminf ||z, — z|| < hm 1nf|\xn — (S(x)+ )| -

n—00
Diéu nay dan t6i mau thuan, kéo theo (I — S) () = y. Vay anh xa I — S
nita dong.

Dinh 1y 1.2. Cho C la tap con bi chan, 103, dong, khdc rong cia H va
S :C — H la dnh xa khong gian trén C. Khi do (I — S) (C) la tap dong.

Ching minh

Gia st u € (I —S)(C). Khi d6, ton tai day {z,} trong C sao cho
x, — S(x,) — u khi n — oco. Vi C' bi chan trong H nén {z,} bi chan
trong C. Do d6, ta c6 thé gia st rang x, — = € C. Theo dinh ly (1.1),
ta co (I —9)(z) =u. Vay (I — S5) (C) la tap dong.
Dinh 1y 1.3. Cho C la tap con bi chan, loi, déng, khdc rong cia H va
S :C — H la dnh xa khong gian tréen C. Néu I — S déng thi S c6 diém
co dinh trong C.
Ching minh

Theo ménh de (1.3), véi ¢t € (0,1), ton tai duy nhat z; € C sao cho
x;—S(z;) = 0khit — 1. Dod6 0 € (I —S)(C). Vil—S dong nén ton
tai v € C sao cho (I —S) (v) =0. Vay S c6 diém cb dinh trong C.
Dinh 1y 1.4. (Dinh lyj Browder)
Cho C la tap con bi chan, loi, déng, khdc rong cia H. Khi dé, méi danh
za khong gian S trén C' c¢é mot diém bat dong trong C.
Ching minh

Theo dinh 1y (1.2), ta c¢6 (I — 5) (C) la tap déng. Khi do, tit dinh 1y
(1.3) suy ra S c6 diém bat dong trong C.
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Dinh nghia 1.11. Cho A: C — H. Khi do, anh xa A dugc goi la
(i) gid don diéu trén C' néu
(A(w),u—v) 20= (A(u),u—v) >0,Yu,v € C,
(ii) don diéu trén C néu
(A(u) — A(v),u —v) = 0,Yu,v € C,
(iii) don dieu manh trén C vdin > 0 néu
(A(u) — A(v), u —v) = nllu —v||*, Yu,v € C;
(iv) lien tuc Lipschitz tréen C vdi L > 0 néu
|A(u) — A(v)|| < L ||lu—v]|, Yu,v e C.
Dinh nghia 1.12. Anh za T : C — 2 duge goi la don diéu trén C néu
Ve,ye C.f€T(x),g€T(y) = (x—y,f—g) =2 0.

Anh za T - H — C cuc dai néu do thi G(T) cia T khong thuc sy chia

trong do thi cia bat ki dnh za don diéu nao khdc. Ta c6
Neuw (z,f) € Hx H,(xv —y, f—g) 20,¥(y,9) € G(T) thi f € T(x).

Vi du 1.6. Cho A : C — H don diéu va lién tuc L-Lipschitz trén C,
anh za T - H — 27 duge zdc dinh bdi

T A(w) + Ne(v)  khi v eC,
(U>_{@ khi v ¢ C,

la don diéu cuc daiva 0 € T(v) < (A(v),u —v) >0, Yu € C.

Bay gio ta nhic lai mot s6 tinh chat ciia song ham trong khong gian
Hilbert thuc H.
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Dinh nghia 1.13. Cho C la tap con khdc rong cia H. Khi dé, song
ham f: C x C — R duogc goi la

i) don diéu trén C néu

fey)+ fyz) <0, Y,y e C
i) don diéu chat trén C néu
fley)+ fy,x) <0, Va,y e Cox # y;
iii) don dieu manh trén C vdi hé son > 0
f (@) + fy,x) < —nllz —yl*, Yo,y e C;
w) gid don diéu trén C néu
f(z,y) 2 0= f(y,x) <0, Va,y € C;
v) lién tuc kiéu Lipschitz tréen C vdi hé s ¢; > 0,c > 0 néu
fle,y)+ f(y.2) = fx,2) —ealle =yl = elly — 2" Va,y, 2 € C.
1.4. Bai toan can bang

Cho C' 1a tap con 16i, dong, khéac rong cia H va ¢ : C x C — R 1a
song ham théa man ¢ (z,x) = 0, V 2 € C. Khi d6, bai todn can bang
duge phat biéu nhu sau:

Tim z* € C sao cho ¢ (x*,y) 20, Vy e C.

Ki hiéu tap céc nghiém ctia bai todn can bang 1a EP ().
Chu y 1.2. Cho anh xza A : C — H. Ta dinh nghia
gp(xay) - = <A<l’),y—$>, vxay e C.

Khi do, bai toan can bing trd thanh bai todn bat dang thic bién phan:
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Tim z* € C sao cho (A(z*),y —x*) >0, Yy e C.
Ky hieu tap nghiém ctia bai toan bat déng thic bién phan nay la
VI(A,C). Ta thiy

ueVI(AC)<eu= Po(u—NAu), véi A > 0. (1.4)

Vi du 1.7. Bai todn can bang Nash
Gid st c6 n cong ty cung sin rudt mot loai sin pham va v; (i =
1,2...,n) la sdn lugng hang héa ma cong ty i san zudt. Gid cd p; clia moi
cong ty i phu thuoc vao tong sé luong sin pham cia tat cd cic cong ty
Op = Zn: x;. Ki hiéu h; (x;) la chi phi cia cong ty i khi san zudt hiong
i=1

hang hoa x;. Gid s ham lgi nhudn ciua hang @ dugc cho boi
fi(x1, @, .y xy) = xipi (02) — hi (z7), (1=1,2,...,n)

Goi Cy:={z; €eR|x>0},(i =1,2,...,n) la tap cdc chién lugc cia cong
ty i. Diem z* = (23,25, ...,2%) € C := C1 x Cy X ... x Cp, duoc goi la

diém can bang Nash néu
* * * * * * * %k *
fl (.I'l, ,xl_l,yz,xl_i_l, ,xn) < fZ (:L'l, ,xz_17x27x7/+1, ,xn) 3
Yy, € C}, (’L =1,2, ,n)

Vé mit kinh té, diem can bang Nash néi lén ring bat ky mot cong ty
nao c6 mic san luong hang héa chéch khéi diém can bing Nash, trong
khi cac cong ty khac vAn giit nguyén san luong tai diém can bang thi

déu khong dat dugc miic 1gi nhuan t6i da. Néu ta dat

n
9 (.T,y) = — ZfZ (.I'l, ey Li—1, Y5y Lit1, ...,Z’n),
=1

@(x7y) :9(.%’,3/) —Q(x,x)
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Khi d6, bai toan tim diém can bang Nash tré thanh bai toan can bing
sau:
Tim z* € C sao cho ¢ (x*,y) > 0,Vy € C.

Dinh Iy sau khang dinh su ton tai nghiém ctia bai toan can bang.

Dinh 1y 1.5. /3] Cho C la tap con, 10i, déng, khdc rong clia mot khong
gian Banach, ¢ : C x C — RU {+o00} la mot song ham sao cho ¢ (.,y)
nita lien tuc trén véi moiy € C va ¢ (x,.) la tva 107 véi moi x € C. Gid
st it nhat mot trong cac diéeu kién sau dude théa man:

(i) Tap C' dong, bi chan,

(11) Ton tai tap con M khdc rong, bi chan cia C sao cho Vx € C\M,
Jy € M dé ¢ (x,y) < 0.

Khi dé, bai todn can bang cé nghiém.
Meénh dé sau chi ra tinh chat tap nghiém ctia bai toan can bang.

Ménh dé 1.4. [3] Cho C la tdp con, 16i, dong, khdc rong ciia mot khong
gian Banach, song ham ¢ : C' x C' — R U {+o0}.

(1) Néu ¢ don diéu chat thi bai toan can bang cé nhiéu nhat mot
nghiém;

(ii) Néu o (.,y) nia lién tuc trén véi moi y € C, ¢ (x,.) l0i chdt,
nua lién tuc dudi vdi moi x € C va @ don diéu manh thi bai todn can
bang c6 duy nhat nghiém.

Ching minh

(1) Gia st z,y 1a hai nghiém clia bai toan can bang va x # y. Khi d6
p(x,y) 20, ¢(y,z) > 0.
Vi ¢ don diéu chat nén

o (r,y) +¢(y,z) <0.

Diéu ndy mau thuan. Vay bai toan can bang c6 nhiéu nhat mot nghiem.
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(ii) Lay € C bat ky. Vi ¢ (z,.) 101, nita lien tuc dudi nén ton tai

mot s6 S > —oo sao cho
o (x,w) =6, Yw e B(x,1)NC.

Cho y € C\B (z,1) tuy y, va dit
1

A= :
[l

Khi do
w=Ay+(1—-XNzeB(z,1)NnC.

Vi o (x,.) 161 nén ta c6

W < Py)
FRelEm ST

Stt dung tinh don diéu manh vé6i hé s6 7 > 0 cla ¢, ta nhan dudgc
2
¢ (y,2) < =Bllz =yl —7llz —yll
=~z =yl (B+7z—yl) <O,

voi ||z — y|| > —2. Khi d6, céc gia thiét ctia dinh 1y (1.5)—(4i) duge thoa
méan, trong d6 M = C N B (z,0'), f/ > max <1,—§> . Vay (ii) duge
chiing minh.

1.5. Mot sb bd dé co ban

Phan nay sé trinh bay mot s6 bo dé co ban (xem [2, 6]) lam co s6 dé
chitng minh dinh 1y hoi tu manh va dinh 1§ hoi tu yéu trong chuong 2
va chuong 3.

Bo dé 1.2. Véi moiz,y,2 € H va o, € [0,1],a+ B+~ =1, ta co

laz + By + 72" = allz|® + Bllyll* + |-
—aplle —ylI* = erllz — 2|° = Blly — ="
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Bo6 dé 1.3. Cho {wx,} va {2,} la cic day bj chan trong H va ddy
{8,} € [0,1] théa man 0 < liminf 8, < limsup 8, < 1. Gid st x,,1 =
n—oo

n—oo
(1 = Bn) zn + Bnn, Vo = 1 va limsup (||zns1 — 2nl| = [|Tns1 — x0|) < 0.
n—oo
Khi do lim ||z, — z,|| = 0.
n—oo

Bo dé 1.4. Gid st {a,} la mot day cic s6 thuc khong am sao cho
ani1 < (1 —ay) ay + 6,, Vo > 1,

vdi {a,} € (0,1), {6,} C R théa man cic dieu kién sau:

() 2oz o = 003

(i1) limsup 2= < 0hode > 07, [6,] < .

n—oo

Khi do lim a, = 0.

n—oo

B6 dé 1.5. Cho C la tap con loi, déng, khdc rong ciia H va {S,} la day

cac anh za tu C' vao chinh no. Gia st

anl sup ({|Sps1(2) = Su(2)|| @ z € C) < 0.
Khi dé, véi moéiy € C, day {S, (y)} hoi tu manh téi mot diem cia C.
Hon n@a, néu anh za S : C — C dudc xdc dinh bdi

S(y) = lim S,(y), Yy € C,

n—oo

thi limsup (||S(z) — Su(2)|| : 2z € C)=0.

n—oo

Bo6 dé 1.6. Cho {0,} la ddy cic s6 thuc sao cho {6,} C |a,B] C
(0,1),¢> 0 va {z,},{yn} la cic day trong H théa man

rlimsup |zn|| < c,
n—oo

limsup [l < c.
n—oo

7\

lim sup H(Snxn + (1 - 571) yn” =C

L\ Nn—00

Khi do lim ||z, — yu| = 0.
n—oo
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Bo6 dé 1.7. Cho C la tap con l6i, déng, khdc rong cia H va S : C — C
la dnh xa khong gian. Néu F (S) # @ thi anh za I — S nita dong; tic la,
néu day {x,} hoi tu yéu téi ¥ € C va day {(I — S) (z,)} hoi tu manh
toi y thi (I —S)(x) =y vdi I la dnh a dong nhat trong H.

Bé dé 1.8. Cho C la tap con 103, dong, khdc rong cia H. Gid st vdi

moi u € C, day {x,} thoa man
Hxn+1 - UH < HZUn — UH , Vn > 0.

Khi do, day {Pc (x,)} hoi tu manh tdi © € C.

Két luan chuong

Trong chuong nay, ching ta da nhic lai cic két qua quan trong cla
gidi tich 16i: Tap 10i, ham 161, duéi vi phan, cuc tri,.... Dong thoi, trinh
bay khai niém, cic tinh chat clia 4nh xa khong gian; khai niém, tinh
chat tap nghiém, sy ton tai nghiém ciia bai toan can bang va mot s6 bo

dé co ban.
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Chuong 2
Dinh ly hoi tu manh

Trong nhiing nam gan day, phuong phap dudi dao ham luon 14 mot
dé tai thu hat duge sy quan tam ctia rat nhiéu cac nha khoa hoc trong
va ngoai nude. Nam 2007, Yao cling mot nhom cac tac gid da dé xuat
thuat toan tim mot phan ti chung ctia tap nghiem bai toan bat ding
thiic bién phan va tap cac diém bat dong clia mot anh xa khong gian
VI(A,C)NF(S)(A:C — H don diéu va lién tuc Lipschitz,) trong "An
extragradient method for fized point problems and variational inequality
problems, Vol.2007, Art. ID38752, 12PP, (2007)":

T =uc Ca
Yn = PC (afn - )\nA(xn» )
Tpa1 = QU + BpnTyn + S Po (x, — MiA(yn)), Vn € N.

Cing trong thoi gian nay, S. Takahashi va W. Takahashi da gidi thiéu
so do lap tim mot phan t1t chung ctia tap nghiém bai toan can bang va tap
cac diém bat dong clia mot anh xa khong gian EP (0)NF (S) trong " Vis-
cosity approrimation method for equilibrium problems and fized points

in Hilbert spaces, Journal of Mathematical Analysis and Applications,
Vol.331, PP.506-515, (2007)":

xr=ux € C,
@(unay)+%ﬂ<y_umun_xn> = 0, VyEC,

Tp+1 = anf (xn) =+ (1 - an) S(Un), nec Na

trong do, f : C — C la anh xa co.
Tiép theo, Aoyama dua ra thuat toan tim diém bat dong clia mot
ho dém dugc cac anh xa khong gian N>, F (S,,) trong "Approzimation

of common fized points of a countable family of nonexpansive mappings
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in a Banach spaces, Nonlinear Analysis, Vol.67, PP.2350-2360, (2007)"

nhu sau:
r1=u € C,

Tpi1 = apTy + (1 — ay) Sy (z,), n€N.

Két hop ¥ tudng ciia Yao, S. Takahashi, W. Takahashi vd Aoyama,
R. Wangkeeree cing mot nhom cac tac gia da dé xuat so do lip tim mot
diém chung ctia N, F (S,) NVI(A,C)NEP (p) trong [6].

2.1. Thuat toan va su hoi tu
Trong chuong nay, ta luon gid thiét nhu sau:

Gia thiét 1. Song ham ¢ : C' x C' — R ludn dugc gia thiét 1a thoa

man cac dieu kién:

(A1) ¢ (x,2) =0, Vo €,

(A2) pdon diéu, tic la ¢ (z,y) + ¢ (y,2) <0, Va,y € C|
(A3) V6i méiz,y,z € C, hmgo(tz—l—(l—t)x y) < @(x,y);
(A4)

A4) V6i mdiz € C, y — ¢ (x,y)loi va nita lien tuc dudi.

Gia thiét 2. Anh xa f: C — R co.
Gia thiét 3. Anh xa A : C — H lien tuc L-Lipschitz, don dieu.

Sp:C—=C,n=1,2,...1a cac anh xa khong gian sao cho
N F(S,) NVI(AC)NEP(p) # 2.

Khi d6, so do lap tim mot diém chung ctia N>, F (S,) N VI (A,C) N
EP (¢) duge phét biéu trong [6] nhu sau:

Thuat toan 2.1.

Bude 0. Liy x1 € H, cic day {a,},{8.},{w} C [0,1],{\.} C (0,1)
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va{r,} C (0,00) théa man cdc diéu kién sau:

(C1)

€2 iy on=0 37 00=ox
(C3) 0 < hm mf Bn < limsup 8, < 1;
(C4)

(C5)

n—oo

lim A\, = 0;

n—oo

C5) liminfr, > 0, Z 71 — 1| < 00.

n—oo

Buvéc 1. Xac dinh uy,, y, sao cho

@ (Un, y) + 7o (Y = tn, up — ) 20, Yy €O,
Yn = Po (up, — \yA(uy)) .

Bwoc 2. Xac dinh

Tpr1 = o f (T0) + Bun + YSnPo (U — MA(yn)), n > 1.

Buwdc 3. Gan n:=n+ 1 va quay tro lai budc 1.
Dé chitng minh su hoi tu ctia thuat toan, ta nhic lai mot s6 bo deé

sau.

Bo6 dé 2.1. /6] Cho C la tap con loi, déng, khdc rong cia H va song
ham ¢ : C x C' — R théa man (A1) — (A4). Khi do, vdir >0 vax € H,
ton tai duy nhat z € C sao cho

1
w(z,y)+;<y—z,z—$>>0, Vy e C.

Bo dé 2.2. [6]Gid sit o : C x C — R théa man (Ay) — (Ay). Véir >0
vax € H, anh xa T, : H — C duoc dinh nghia bot

1
Tr(x):{zEC: gp(z,y)—i—;(y—z,z—@}(), VyEC}, Vz e H.
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Khi do, ta co

(2) T, don tri;

)
(i0) IT3(z) = T()|I* < (Tp(w) = Toy),x —y) , Y,y € H;
(iid) F(T,) = EP (¢);
) E

(iv) EP (p) déng va loi.

Dinh 1y sau day chiing minh sy hoi tu ctia thuat toan (2.1.)

Dinh ly 2.1. Cho C la tap con loi, déong ciia H. Song ham ¢ : CxC — R
thoa man (Ay) — (Ay), f: C — C la dnh za co, A : C — H la dnh za
lién tuc L-Lipschitz, don diéu va {S,} la day cdc anh xa khong gian tu
C vao chinh né sao cho N2 F (S,)NVI(A,C)NEP (p) # 2. Cac day
{z,}, {u,} va{y,} dugc sinh bdi

(xlszC tuy 1,

J @ (s y) 50 Cy =t —2a) >0, Vy € C,

yn = Pc (un - )\nA(un)) )
[ Tnt+l = an f (xn) + Bun + SnPo (Un - )\nA(yn)) , Vn 21,

tromg 46 {an} {6} () € [0,1], {0} € (0,1) v {1} C (0, 00) thia
man cac rang buoc (C1) — (CH).

Gia sty 2y sup (|[Spt1(2) — Sn(2)]| - 2 € B) < 0o wdi B la tap con bi
chan bt ki ciia C. Anh za S : C — C dinh nghia bdi S(y) = nh%rglo Sn(y),
Yy € C va F(S) = NS, F(S,). Khi do, cic day {x,},{u,} va {y,}

cung hoi tu manh téi mot diem q € F(S)NVI(A,C)N EP(p), vdi

q = Prx rs)nviacner)f (@) -

Ching minh
Dat @ = Phe  rs,)nvia.0)neP(p)- Vi @ la anh xa khong gian va f co vdi

hé 86 co a € [0,1), nén ta co

1QF () —Qf W < |If () = F Wl < elle =yl Vao,y el

2686 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



22

Do d6 Qf : C — C la anh xa co, nén ton tai duy nhat ¢ € C sao cho
¢=Qf(q).

Butde 1. Ching minh cic day (2.} (s} {(un} . {Sulta)} , {A(r)} , {A()}
va {f (z,)} bi chan. That vay, dat

tn = Po(u, — \iA(yn)), Vn > 1.
Lay
e F(S,) NVI(AC)NEP(p).
T (1.4), ta c¢6
e VI(AC)=a" = Po(z" — \A(z")).
Tit (1.2), ta ¢6

(tn = AnA(yn)) = Pe (un = M Aya)) I + ll2* = Po (un — A Aya)) |
< l(un = AnAlyn)) — 2|
Suy ra
1t = 2*I1* < llun = AaA(ya) = 2717 = lun = AuAYn) = tall”
= [l — 2|* = 20 (A(yn), i — &%) + Aol Alyn) ||
— [ln = tall* + 220 (Ayn), tn — ta) = X Awa) 1P (21)
= [un = &*|* + 270 (Alyn), &* = t) = [un — tu|”
— = 212 =t — a2+ 200 (A(g) — A7), 2" — )
+ 20, (A(x"), 2" — yn) + 2, (A(Yn), Yn — tn) -

Vi A don diéu nén
(Alyn) — A(27), 2" — yn) < 0. (2.2)
Mat khéc, do * € VI (A, C) nén ta c6

(A(x"), 2" — yn) < 0. (2.3)
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Tu (2.1), (2.2) va (2.3) suy ra

*[12 2
H - ”un_th + 2\, <A(yn)>yn_tn>
I

ltn = 21 < JJun — 2
= llun = 2" = [ (un — yn) + (g0 — tn)
+ 20 (A(Yn), Yo — tn)
= [Jun = 2> =l = yoll* = 2 (= Y Yo — t)
— Ny = tall” + 270 (A(Yn), Yo — tn)
= [Jn — 2 [* = [lun = gl = llgn = tall’
+ 2 (un = A A(Yn) = Yo tn — Yn) - (2.4)
Vi y, = Po (u, — A\yA(uy,)) nén theo (1.1), ta c6
((un = AA(un)) = Fo (un — MA(un)) , tn — Po (un — AnA(un))) <0,
hay
(un = AnA(un) = Yn, tn — yn) < 0. (2.5)
Stt dung tinh chat lien tuc L-Lipschitz cia A va (2.5), ta dugc
(tn = AnA(Yn) = Yns tn = Yn) = (tn = AnA(un) = Yn, tn — Yn)
+ (MA(un) = A AWYn), tn — Yn)
AnA(un) = MAYn)s tn = Yn)
A [[ACun) = Alyn)l| [tn — ynll
ML lun =yl Nltn =yl (2:6)

NN N

Do d6, tir (2.4) va (2.6) suy ra
tn — &*1* < N — 2°11° = lJm = gall® = [l — £
+ 20 L lun = yall ([t — ynll
< = 271 = [lun = yallI* = llgn — tall”
0L (Jln = gl + g — %)
< = @ + (L = 1) [y, =
+ (AL = 1) llyn — tall” (2.7)
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Vi), = 0(n — 00), nén IN; € N, Ny # 0 sao cho A\,L — 1 < —3 khi
n > Np. Vi thé, t (2.7), ta c6

* 12 %12
[t — 27" < flun — 27| (2.8)
Mat khac, vi T,, la anh xa khong gian nén
[un — 27| = T, (2n) = T, (@) | < [l — 27
va do do
%12 %112
[tn = 2" < fln — 277 (2.9)
Két hop (2.1), (C1), 2* € F (S) va (2.9), ta thu dugc

|Zps1 — 2| = |lonf (z0) + Bnon + ¥ Su(tn) — 27|

o |1 (@) = 27| + B |50 — 2|l + 9 [[Sa(tn) — 2]
o 1 (@) = 2]+ B 20 — 2| + 9 [0 — 2]

an If (20) = F @)+ an lIf (@) — 27

Bl — 2 + Al — 2 (2.10)

/N

NN

Vi f co véi he s6 co 1a a nén tir (2.10), ta co

[zni1 — 2" f|< (1 = (1= @) [lon — 27| + an [ f (27) — 27|

< (1= an(l—a)|lzn — 2% + an (1 — a) ”fgfz;)x I
Bang phép quy nap, ta suy ra
1z — 2] < max d [y — 2 ILEI =W s
(1—a)

Vay day {z,} bi chan. Do d6, céc day {t,},{u.},{Su(tn)},{A(u,)} va
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{f (z,)} ctng bi chan. Mat khéc, vi

lyn — 2*[I* = (| Pe (un — AnA(un)) — Po (93 — MA(z)|”
< Jlun = AnA(uy) = (27 = A A(z"))|)”
< Juy, — m*H — 20, (A(uy) — A(x™), up, — )

22 A(un) — A
< (T4+A2L) [Juy — )%,

T d6 suy ra {y,} bi chan, kéo theo {A(y,)} cting bi chan.
Buwdc 2. Chiing minh lim ||2,41 — @,|| = 0. That vay, v6i moi z,y € C,
ta co o
(7 = XA) (2) = (T = X A) W)II° = Iz = y) = Au (Al2) = A@))|*

= [lz = ylI* — 27\ (& —y, A(x) — A(y))

+ AllA(z) — Ay’

<l = yl* + X2 Lz — yl|*

= (L+A0L?) [lz =yl
kéo theo

I = AA) (2) = (1 = ) )] < (L4 M) o — ]

Do vay

[tnt1 = tall = [[Pe (unt1 = Ans1A(yns1)) — Po (un — A A(yn))||
< (a1 = A1 A(Ynt1)) — (un — AnA(ya))l
= [ (un1 = A1 A(unga)) = (un — Ang1A(un))
+ Anit (A(uns1) = A1) — Alun)) + AnA(yn) |
S (wng1 = A1 Aunin)) = (un = Anp1A(ua)) |
+Ans1 (1A )]+ AW )]+ [[AC)]]) + X [ ACyn) ]
< (L4 Aprr L) Junsr — unl| + An [[Ayn) |
+ A ([ACun )| + AW )l + [[Aun)) -
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Dat
tin = A [[A@YR) | + A1 (ACuns )] + | AR+ )+ [ ACun)]) -
Khi dé
[tns1 — tall < (14 A1 L) [[tngr — | + g (2.11)
Mat khac, vi
Up = Trn(xn)7
va
Up+1 = Trnﬂ (xn—i—l);
nén ta co

w1 — unl| = HTmH(an) - Trn(xn)H < [[@ns1 — zal| - (2.12)
T (2.11) va (2.12) suy ra
[tns1 — toll < (14 A1 L) [[2ng1 — 20| + pin- (2.13)

Do do

||Sn+1(tn+1) ( )H < HSnJrl( n+1) - Sn+1(tn)H + HSnJrl(tn) - Sn(tn)H
< [t = tall + [[Snra(tn) — Sultn) |l
<

(1 + )\n—|—1L) Hxn—&—l xn“ + Un

+ ||Sn+1(tn) - Sn(tn)H . (2-14)
Dat
_anf (Tn) + 1 Sultn)
Zp = .
1— Bn
Ta co

Ln+l = (1 - Bn) Zn + Butn, Vn €N
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Vi thé
[E|
_ Qpgrf (anrl) +7n+15n+1<tn+1) B an f (xn) +7nSn(tn) ‘
11— 6n+1 1— Bn
07| Yn+1
=||————f(xy1) + — |5, 1(t,, - S,(t,
1 — ﬁnJrlf( Jrl) 1 — 6n+1 [ +1< +1) ( )]
7% 679 Opt1
— Tn)— | 1— Sp(ty) + 11— ————1]5,(t,
o) = (1 12 ) Su) + (1= 22 )
On+1 n
g— Ly, _Sntn + — Sntn_ Tn
| ) = Su )]+ 7 [Sult) — S ()]
Sy (tagn) — Sulta)]- (2.15)
1 - Bn—kl
T (2.14) va (2.15) suy ra
Han - ZnH - Han - xn”
< 1 (@ns1) = Sulta) | + T [[Snltn) = £ ()]
\1_6714-1 n+1 n\n 1_671 n\tn n
+ L (1 A L) s =l = e —
- BnJrl
Yn+1 Yn+1
+—n+— Sn tn _Sntn
2 2 0) = St
Q41 Qn
< T 5 Ly, - Sn tn + Sn tn - Ln
1—6n+1Hf( 1) (n)ll 1—6nH (tn) — f (zn)ll
TYn+1 Yn+1
+ 1 N L |2 — || + —2E g,
1— Byt +1 H +1 H 1— 5n+1u
+ ﬂSup {HSnJrl(t) — Sn(t)H te {tn}} (2.16)
1— Bn+1

Két hop (2.16) véi (C1)-(C5) va
limsup {[|S,41(t) — Sp(t)| : t € {t.,}} =0,
n—oo

ta dugc

lim sup ([|zn41 = zall = |#0t1 = zal)) < 0.
n—oo
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Do dé, theo bo dé (1.3), ta ¢ ||z, — 2| — 0 khi n — oo.

Suy ra
nh_{go |01 — nl| = nh_{go (1= Bn) llzn — nl| = 0. (2.17)
Theo (2.12) va (2.13), ta ciing ¢6
lim |[t,1 — || = lm |Jupy1 — uy|| = 0. (2.18)
n—oo n—oo
Mat khac, vi
Hyn—H - ynH
= HPC (un—H - /\n—HA(un—f—l)) — Pe (un - AnA(un))H
Hun—i-l — Up — )\n+1A(un+1) + )\nA(un)”

<
< 1 = unll + [[= A1 A(uni1) + Anpr Aun) = Anpr A(un) + AnA(un)|
S i = unll + Anpr [AQun) = Auns )] + (A = Anga) [[A(un) [

nén theo (2.18) va (C4), ta suy ra ||yp+1 — ynl| = 0khi n — oo.

Bwdc 3. Ching mainh lim ||z, —u,| = lim ||y, —z,|| =
n—oo n—oo

lim ||t, —x,]| = 0 va lim ||S(¢,) —t,]| = 0. That vay, gid si

n—oo n—oo

¥ e N> F(S,) NVI(AC)NEP (p), ta co

*|2 *
= 2> = T3, (@) = T, (a")]
< (T, () =T, (), 2 — @) = (0, — 2", 2, — 2¥)
1 * |2 %2 2
<5 (lun = 2P+ llan = 1 = 1 = wal*)
Do doé

= 2*|* <l — (1 = [l — w1 (2.19)
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Két hop (2.8) va (2.19) véi bé dé (1.2), ta ¢6

|zs1 — 21" = llownf (2a) + Buttn + ySu(tn) — 2"
< anllf (za) = 21" + Bullwn — 2*|° + Yl Sultn) — 2"
< allf (@a) =2 1° + Bullza — 2| + ullun — 2|
< allf (@a) =2 I° + Ballwn — ||

va do vay
YollTn — )
< nllf (@) = 2+ llow = ) = s — 27
< aallf (@) =21+ 2 = nsa | (2 = 2°l| + s =" (220

T (C2), (2.17) va (2.20), ta suy ra

lim ||z, — u,| = 0. (2.21)

n—oo

Theo (1.2), ta c¢6
lun = M A(un) = Po (un = X A(w))|* + 2 = Pe (un = A A(un)) |
<t — MA(un) — ||
Suy ra
|20 = Po (un = M Aun))I* < [l = AnAun) —
tic la
[0 — Pe (un = AnA(un)) || < [lun = AnAun) — 20| -
Két hop dicu nay véi (2.21) va (C4), ta thu duge

Hyn - an = HPC (un — MA(uy)) — an
< Jup — xu|| + Ao [JA(wy) || — 0 khi n — oo, (2.22)
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Hon ntta, do

Hyn - tn” = HPC (un - AnA(un)) — o (un - )‘nA(yn))”
<\ ||A(un) — A(yn)|| — 0 khi n — oo, (2.23)

tn — xnll < |ltn — ynll + |yn — 20l — 0 khi n — oc. (2.24)
Mt khac, vi

< [Sn(yn) = Su(ta)ll + 19n(tn) — Tl
< lyn = tall + cn 15n(tn) = f (@) | £+ Bn (150 (En) — 2
< Myn = tall + i [[Sn(tn) = f (2]
+ B [[Sn(tn) = Su(zn) || + Bn [|Sn(2n) = 2a]|
< Myn = tall 4 i [[Sn(tn) = f ()]
+ B lltn — @l 4 B [|Sn (@) — 2l - (2.25)

"Snyn - xn+1“

Tw do suy ra

190t — || < ||Sn(2n) = Sn(n)ll + 1S (¥n) = Togtll + |Tni1 — 20|
< 1w = yall + llyn — tall + cn [|Sn(tn) — f (20)]
+ Bu lltn — 2|l + B |Sn(@0) — 2ul| + [|Tns1 — 20| -
(2.26)
Vi thé

(1 - ﬁn) HSn(xn) - xn“ < Hxn - ynH + Hyn - tn” + oy, HSn(tn) —f (xﬂ)”

Két hop didu d6 véi (2.17), (2.22), (2.23), (2.24) va (C2), ta ¢6

lim |[S, () — @] = 0. (2.28)

n—oo
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Tu (2.24) va (2.28) suy ra

|Sntn — tall < ||Sn(tn) — Sn(zn)|| + [[Sn(2n) — 20| + [|20 — L]

<
< 2||tn — x| + [|Sn(zn) — 2| = 0 khin — oo, (2.29)

Ap dung bd dé (1.5) va (2.29), ta dugc

HS(tn) - tn” < HS(tn) - Sn(tn)H + HSn(tn) - tn”
<sup {||S(t) = Sp(®)| : t € {tn}} + [|Snltn) — ta
— 0 khi n — oo. (2.30)

Tit (2.24) va (2.30), ta c6
ln — S < 12 — tall + Itn — S(ta)]| — 0 khi n — oco.

Budc 4. Ching minh limsup ((f (¢) — ¢, x, — q) < 0). That vay, gid st

n—oo
{t,,} 1& mot day con cta {t,} sao cho

limsup (f (q) — ¢, 5(tn) — @) = lim (f (¢) —q,5(tn,) —q@) . (2.31)

n—00 i—00
Khong mat tinh tong quat, ta gid st {t,,} hoi tu yéu t6i 2 € C. Vi
1S (t,) — ta]| — 0 nén S(¢,,) cting hoi tu yéu t6i z. Ta sé chiing minh

2e F(S)NVI(A,C)NEP(p).
Trudc hét, ta ching minh z € EP (o). Vi
Up = Trn(xn)7

va

1
@ (Uns y) + — (Y — Un, up — ) =0, Vy € C.

T'n
T do, theo (A2), ta suy ra
1

- (y—un,un —Zlfn> > go(y,un),
'n
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kéo theo

Uy, — Ty,

T

Do [[uy — zn| = 0, |, — S(Ea)|| — 0 va [[S(t,) — tull = 0, nén w, — 2.
Khi do, tu (A4) suy ra

¢y, 2) <0, VyeC.

Vio<t<lvayeCtadity, =ty+(1—1t)z. Viye C, z€ C va
tap C 16i nén y; € C. Do vay ¢ (y;, 2) < 0. Khi d6, theo (A1) va (A4),

ta co

0= yny) <te(yny)+ (1 —t) oy, 2) <te(yny), (2.32)

kéo theo
¢ (ye,y) = 0.

Vi thé, tit (A3) suy ra ¢ (z,y) 20, Yy € C. Vay z € EP ().
Tiép theo, ta ching minh z € F(S). Giast 2z ¢ F(S) = 2 # S (2). Vi

t,, — z nén theo bo dé (1.1), ta c6
liminf ||¢,, — z|| < liminf||¢,, — S(z)]|
1— 00 1—00
= liminf||t,, — S(t,,) + S(t,.) — S(z)||

1—00 ‘
< liminf ([t — S () || + [[5(ta,) = S(2)])
< liminf [ S(t,) - S(2)|

< liminf [|t,, — z||.
1—00

Diéu nay mau thuan. Vay z € F (S).
Cudi cung, ta phdi chimg minh z € VI (A, C). Cho
A(v) + Neo(v) khi v € C,
T(v) =
%) khi v ¢ C.
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Khi d6 T don di¢u cuc dai. Lay (v,w) € G(T). Viw— A(v) € N¢ (v) va
t, € C, nén ta co
(v—tn, w—A(v)) = 0.

Mat khac, do
tn — PC (un - )\nA(yn)) )

nén theo (1.1), ta suy ra
<U —tn,ln — (un - )‘nA(yn)» > 0,

tic 1a

t, — Uy,
- <’U_t7747 nl)\ nl>
ng
tn

> (0t Alta) = Al) = (0 =1, ) 239

Mat khéc, Vi ||t,, — Yn,
Lipschitz nén tur (2.33) suy ra

— 0, ||tn, — un,|| = 0 khi n — oo va A lién tuc

(v—2z,w) >0,
Hon ntta, vi T" don diéu cuc dai nén

z € T7H0).
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Do dé
zeVI(AC).

Vay
2 e F(S)NVI(A,C)NEP (p).
Theo (1.1), ta c6
(f(@) —gq,2—q) <0.
Vi thé

limsup (f (¢) — ¢,z — q) = limsup (f (¢) — ¢, S(tn) — q)

= lim (f(¢) = ¢,5(tn) = )
=(f(q) —q,2—q)
<0.

Budc 5. Ching minh (lim |lxn —ql| = O) . That vay, vi
n—oo

||xn—|—1 - QHQ - <anf (xn) + ﬁnxn + ’Ynsn(tn) —q,Tp41 — C]>
= Qp <f (l‘n) —q,Tp+1 — Q> + ﬁn <xn —q,Tp+1 — C]>
+ In <Sn(tn> —q,Tp4+1 — Q>

1
< §Bn (Hxn - QHQ + Hxn+1 - Q||2>

1
+ 5 (It = @l + 201 — al*)

b (F (@) = 5 6) s — @)+ 0 (7 (@)= 01—
<50 = aw) (len = gl + s — al)
+ 30 (I @) = £ @I + s — )
+an (f(9) = ¢ Tni1 — )
< % (1—a, (1—a?) [z, —q|* + % (1 — o) 2041 — gl
+gtullznn —al + oo (F (@) — g —a), (230
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nén

erH—l - QHQ < (1 — Qp (1 - 042)) Hxn - QHQ + 2a, <f (Q) — 4, Tn+1 — Q> .
(2.35)

bat 6, = 2, (f (¢) — ¢, xpn+1 — q) . Khi d6
@041 — q”2 < <1 — G (1 - 042)) |20 — QH2 + On. (2.36)

Theo (C2), ta c6

i&” (1 —042) = (1 —042) ian = 00,
n=1 n=1

va
. On . 2(f(q) — ¢, xn41 — Q)
R e R

Stt dung bo dé (1.4) va (2.36), ta suy ra {x,} hoi tu manh t6i q. Do do,

< 0.

cac day {u,} va {y,} cting hoi tu manh t6i q.
T dinh 1y hoi tu manh trén, ta nhan duge mot s6 két qua quan trong

sau day.

2.2. Cac hé qua

Hé qua 2.1. Cho C la tap con loi, déng, khdac rong cia H. Song ham
¢ :CxC — R théa man (A1) —(A4), f: C x C — R la dnh za co, anh
za A:C — H don diéu, lién tuc L - Lipschitz va {ﬂffb} la mot ho cdc so

khong am vdin, k € Nva k < n sao cho

() Y. BE=1, WneN;

(43) lim 8% >0, vdi méi k € N;

n—oo

(i) Z; Z:Zl 185, — BY| < .
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Goi {T}} la day cic anh xa khong gian tu C vao chinh né théa man
N F (Tp)NVI(A,C)NEP () # @. Cac day {xn}, {un} va {y,} duoc
sinh bdi

(11 =2€C tuyy,

 (Un, ) + = (Y = tn, Uy — ) 2 0, Vy € C,

Tn

) Yn = PC’ (un - )\nA(un)) )
Tntl = a"f (aj”) + ann + Yn Z BSTkPC (un - /\nA(yn))a Vn > 1,
k=1

\

vdi {an}, {Bn}, {1} C [0,1],{\.} € (0,1) va {r,} C (0,00) théa man

cac dieu kién sau:

n—oo

lim A\, = 0;
C5) liminfr, > 0, Z Thi1 — 7| < 00.

Khi dé, cic day {z,},{u.} va {y,} cing hoi tu manh tdi mot diém
qeEM F(S,)NVI(AC)NEP (), trong do

q= Pm,;“;IF(Tk)mVI(A,C)mEP(w)f (Q) .

Trong dinh 1y (2.1), néu dat S, = S va f := u thi ta sé& thu dugc he

qua sau:

Hé qua 2.2. Cho C la tap con 101, déng cia H. Cho A: C — H la dnh
xa don diéu, lien tuc L-Lipschitz va S la dnh xa khong gian tu C' vao
chinh né sao cho F(S)NVI(A,C) # @. Cac day {x,} va {y,} duoc
sinh boi

r1=uecC tuyy,

Yn = Po (xn — MA(zn))

Tnt1 = antt + Bnn + WS Po (Tn — MA(yn)), Vn =1,
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trong d6{cn},{Bn},{m} va {A.} € [0,1] thda man

. o0
C2 nh—{go a, =0, anl a, = 00

n—oo

C4) lim A\, =0.

n—oo

Khi dé, day {x,} hoi tu manh tdi Ppsynviac) (w) .

2.3. Mot sb vi du ap dung

(C1)
(C2)
(C3) 0 < lirll’riglf B, < limsup 8, < 1;
(C4)

cac dieu kién sau:

Trong phan nay, ta sé dua ra mot s6 vi du dé minh hoa cu thé cho

dinh 1y hoi tu manh (2.1) v6i gid thiét cac 4nh xa khong gian 1a anh xa

dong nhat.

Vidu 2.1. Liy H =R, C = [-1,6], f(z) =2, A(z) =2z va

1 o 1 _ 2 1
{O‘n = Toon> Pn =To0m T3 = Toom T 3

. n _ 1
,rn_rH—l’ )\n_ﬁ

Dit o (z,y) = y* + zy — 22*. Ta 6

1

4256 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén

®y2+uy—2u2+%(y—u)(u—:c)20, VyeC
sryf+irutu—2)y—2rv’ —u(u—1z) =0, VyeC
@A(y):(ru+u—x)2—4r(—2ru2—u2+u:c) <0
& 2% —2Bru+u)z+ (3r+1)°u? <0

S x=3r+1)u.
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Khi do, thudt toan (2.1) trd thanh

(
Ty = —1,

T, __ n+l
3rn,+1 — 4n+1

yn:argmm{’(l—%)un—y} :yEC},
tn:argmin{‘un—zyn—t‘ :tGC},
\Tntl = (20%n+ l)xN"' (%"'%) tn—i—ﬁﬁn > 1

Up = T,

7\

Z va

Vidu 2.2. Lay H =R, C=10,6], A(z) =2z +1, f(z) =3

_ 1 __n+7 __ 3n+l
{O‘n = i3 Do = Int3) In = I(nt3)

1
/r.n: )\n:%.

n
n+2’
Dat ¢ (z,y) =y? — 2% Ta ¢

1
gp(u,y)Jr;(y—u,u—a:)}O, Vy e C

1
<:)y2—u2—|—;(y—u)(u—x)>0, Yy e C

2

sSryt+(u—a)y —ru* —u’+ux, YyeC

@A(y):(u—x)2+4r(ru2—|—u2—ua:) <0

et =20 (1+2r)u+ (1+2r)u? <0
2

Slr—2r+1)u”"<0

sr=2r+1u

Khi do, thudt todn (2.1) trd thanh
(
Ty = 1,

T, _ nt+2
2rp,+1 = 3n+2

< yn:argminﬂ(l—%)un—%—y}:yEC’},

tn:argmin{}un—%yn—%—t‘ :tEC’},

Up = HI

_ nt9 3n+1
Tntl = Ini3)Tn + (n+3)t

Két luan chuong
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Trong chuong nay, bang phuong phap xap xi du6i dao ham, ta da
chiing minh duge céc day liap sinh béi thuat toan (2.1.) cung hoi tu
manh t6i mot diém chung clia tap nghiém bai toan can bing véi ham
gia don diéu, tap nghiém ciia bai toan bat dang thic bién phan don dicu
va lien tuc Lipschitz, va tap cac diém bat dong ctia mot ho dém duge

cac anh xa khong gian trong khong gian Hilbert thuc.
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Chuong 3
Cac dinh 1y hoéi tu yéu

Trong phan nay, ta sé trinh bay so do lap dé tim mot phan ti chung
clia tap nghiem bai todn can bang véi song ham f lién tuc kiéu Lipchitz,
gid don diéu va tap cac diem bat dong ctia mot ho vo han cac anh xa

khong gian (xem [2]). Bai todn dugc phat biéu nhu sau:
Tim 2" € ()" F($) N EP(f), (3.1)

trong do, song ham f : C'x C' — R va cac anh xa khong gian S, : C' — C
(n=1,2,...) théa man cac dicu kién sau:

(A1) f lien tuc kiéu Lipchitz trén C;

(A2) f gia don diéu trén C

(A3) f lien tuc yéu trén C;

(Ad) N2, F (S) NEP(f) # 2;

(A5) f}l sup {|Sus1 () — S (2)]| : 2 € D} < o0 v6i D la mt
tap con bi chan bat ky trong C.

RAt nhiéu cac nha nghién ctu da dua ra cac phuong phap dé giai bai
toan (3.1). Nhitng phuong phap nay doi hoi phai giai bai toan can bang
v6i song ham don diéu manh hoéc don diéu va lién tuc kiéu Lipchitz. Dé
gidm b6t gid thiét cho song ham, P. N. Anh ctiing mot nhém céc tac gia

da dé xuat mot thuat toan mdi trong [2] duge trinh bay sau day.
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3.1. Thuat toan va su hoi tu

Thuat toan 3.1.

Buwédc 0. Cho 2° € C, cdc day N\, va o, théa man cic dieu kién sau:

{{an} C [e,d] C (0,1),

{\} Cla,b] vdia,be (0,1),trong dé L := max {2c1,2¢o} .
Buwéce 1. Gidi bai toan quy hoach bac hai loi manh:

Up : = argmin{knf (@0, y) + 2lly — @] y € C} :

| (32)
t, 1= arg min {/\nf (Yn> ) + 5lly — zl?: y e C’} :

Buoc 2. Tinh
Tpi1 = Qpxy + (1 — ) Sy () - (3.3)
Buoc 3. Gann :=n+ 1 va quay trd lai budc 1.
Dé ching minh su hoi tu ctia thuat toan, ta nhic lai cac bo dé sau:

Bo6 dé 3.1. [2/ Cho C la tap con 1oi, dong, khdc rong cia H, song
ham f : C x C — R la gid don diéu va lién tuc kiéu Lipchitz. Vdi
méi x € C, ham f (x,.) 16i va khd dudi vi phan tréen C. Gid st cac day
{2} {yn}, {t,} duoc sinh bdi (3.2) va diem x* € EP (f). Khi dé

It = &** < flam = 2** = (1= 22ne1) |20 = all”

- (1 - 2)‘n02) Hyn - th2, Vn > 0.

Ki thuat st dung dé giai bai toan (3.1) 14 su két hop ctia phuong phap
duéi dao ham va phuong phap diem bat dong. Ta sé chi ra rang cac day
1ap sinh bdi thuat toan (3.1) cing hoi tu yéu t6i mot phan tit chung ctia
tap nghiém bai toan can bang va tap cac diem bat dong ciia mot ho vo

han cac anh xa khong gian trong khong gian Hilbert thyc H.
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Dinh 1y 3.1. Gid st cdic gid thiét (A1) - (A5) dugc théa man va
{\}, {an} la hai day sao cho

fon} C levd] € (0,1).

{\} Cla,b] vdia,be (0,1),trong dé L := max {2c1,2¢o} .
Khi do, cic day {z,},{yn} va {t,} sinh bdi (3.2) va (3.3) cung hoi tu
yéu tdi * € (o) F (S;) N EP (f), trong dé

Tt = nlgglo Pﬂfil F(S;)NEP(f) (@)

Ching minh
Gid st z* € (2, F (S;)) N EP (f). T (3.3), ta co
[#n41 — 27| = lonzn + (1 = an) Sn (tn) — ana™ — (1 — ap) Sp (27)|]
< oy ljog — 2| + (1 — an) |55 (8n) — Su (@)

< ap |z — 2| + (1 — ) [[tn — 27| -

Suy ra
[zni1 =27 = llwn — 27| < (1 = ) ([ltn — 27| = fl2n — 27[])
< o = 2| = [l — 27|
Do do6
[zni1 = 27| < fltn — 27 (3.4)
Tit bo dé (3.1) suy ra
[tn = 27| <l — 27| (3.5)
Tu (3.4) va (3.5), ta thu dugc
s — 2 < it — 2°1 < llom — 271, (36)
va do do ton tai
CZJLH;OH:U"_x |- (3.7)
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Vi vay {z,} bi chan. Khi do, ton tai day con {a:n]} cia {z,} sao cho
Tp, — T khi j — oo.

Budc 1

Chitng minh T € (= F (S;).

Két hop bo dé (3.1) véi (3.6) va (3.7), ta ¢

(1 —d) (1= 2bc1) [[n = yall* < (1 = d) (1 = 220c1) [|2 = yall”
<l = 2 = [t — 27
<l = 2 = [l — 27|

— 0 khi n — oc.
Khi do
lim ||, — yu|| = 0. (3.8)
n—o0
Mot cach tuong tu, ta ciing co
lim |y, —t,|| = 0.
n—0o0
Mat khac, vi
20 = tall < Nl = ynll + lyn — tall

lim ||z, — t, = 0. (3.9)

n—oo

Via* e N2, F(S;)) NEP(f), nén theo (3.6) suy ra

150 () — 2*|| = (S0 (tn) = 5 (27|
< [t — 27|

~
< e — 27
va do do, tit (3.7), ta c6

limsup ||.S,, (t,) — 2*]| < ¢

n—oo
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Tu (3.3) va (3.7) suy ra

Tim e, (2 = 27) + (1 = ) (S (tn) — 27)

:Jggo H&nmn + (1 - O‘n) Sn (tn) - (Oénm* + (1 - O‘n) Sn (x*))H

= lim ||z, — 27| = ¢
n—oo
Theo bd dé (1.6), ta co
h_>m HSn (tn) - 3771” = 0. (310)

Két hop (3.7) vé6i (3.9) suy ra day {t,} bi chan. Theo gia thiét (A5), ta

pe

CcO

(0.9]

S sup {[[Suet (2) = o (@) £ @ € {ta}} < 0.

n=1

Gia st anh xa S : ' = ' duge dinh nghia béi

S(z) = lim S, (), Vee Cva F(S)=() F(S). (3.11)

n—00 =1

Khi d6, st dung bo dé (1.5), (3.9) va (3.10), ta dugc

15 (zn) = wnl]

S lzn = tall +sup {5 (2) = S ()| = 2 € {tn}} + [[Sn () —

— 0 khi n — oo.
Khi d6, theo bo dé (1.7) va do day {z,, } hoi tu yéu t6i z nén z € F(S),
tic la

T e ﬂizl F (S).

Buédc 2
Gid s x,, — T (j — 00), ta chiing minh T € EP (f).

That vay, vi v, 14 nghiém duy nhat ctia bai toan 16i manh

(1
mm{il\y —pll” + Mof (20,9) - y € C},
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nén theo ménh de (1.2) ¢6

0.€ 00 (MF 00e0) + glly =l ) () + Ne ().

Diéu do6 suy ra

0=M\w-+y, —x,+w,
trong d6 w € Oof (xp,yn) va W € N¢ (y,). Theo dinh nghia ciia nén
phéap tuyén Ng, ta suy ra

(Un = Ty ¥ = Yn) = Mo (W, 90 —y), Yy € C. (3.12)

Mat khac, vi f (z,, .) kha dudi vi phan trén C nén ton tai w € Oof (T, Yn)
sao cho
f($nay) - f(xnayn) Z <w,y - yn> , Vy e C.

Két hop dieu nay véi (3.12), ta thu duge

An (f (ZUn,y) - f (gjn;yn)) Z <yn — Tp, Yn — y) , \V/y e C.

Do vay

)‘”j (f (:an,y) —f (:an,ynj)) 2 <y"j — Ty Yn; — y>7 Vy e C.

Khi d6, theo gia thiét {\,} C [a,b] C [0,1], (3.8), zn, = T khi j — o0
va tinh lién tuc yéu cta f, ta co6 f(z,y) >0, Yy € C. Vay z € EP (f).
Buéc 3

Chiing minh cdc day {z,},{y.} va {t,} cing hoi tu yéu téi x*, trong
do

v = lim Preg)npp(s) (Tn) -

O bude 1 va 2, ta da chi ra duge ring mdi diém tu yéu z ctia day {z,}
déu théa man z € F(S) N EP (f). Ta sé ching minh day {x,} hoi tu
yéu t6i 7. Bay gio, gia st {zy, } 1a mot day con khac {z,,} cta {z,} sao

cho z;, — 2 khi n — oo, ta nhan dugc

Te F(S)NEP(f),
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trong d6 S dugce dinh nghia béi (3.11). Ta can ching t6 # = Z. That
vay, néu 7 # z, stt dung bo dé (1.1) va (3.7), ta c6

¢ = lim |z, — z|| = liminf ||z,, — Z||
n—oo n—oo
< limianxnj - iH = liminf ||z, — Z|| = im inf ||z, — Z||
n—oo n—oo n—oo
< liminf ||z, — Z|| = liminf||z, — Z|| = c.
n—oo n—oo

Diéu nay mau thuan. Suy ra 7 = z. Vay
r, =T € F(S)NEP(f) khin — oo.
Két hop diéu nay vdéi (3.8) va (3.9) suy ra y, — Z,t, — T khi n — oo.
Dt
Zn = PF(S)OEP( f) (7).

Khi dé6, vi z € F(S) N EP (f) nén theo (1.1), ta c¢6
(T — zpy2n — Ty 20, Yn > 0.

T (3.6) suy ra

21 = 2l < [l — 2.

Két hop diéu nay véi bo dé (1.8), ta thu duge day {2z, = Prsynpp(r) (z2) }
hoi tu manh t6i z € F (S)N EP(f). Do do

(x—2z,z—x) =2 0.

Vay x = z, tiic la = lim PF(S)OEP(f) (:En) .
n—o0 .

Nhu vay, trong moi vong ldp, ta chi phai giai bai todn 16i manh bac
hai (3.2) v6i song ham f gid don diéu, lién tuc kiéu Lipchitz va tinh toén
diém lap tiép theo biang so do lap ctia Mann (3.3). Tt d6, ta sé tim dudgc
mot phan tit chung clia tap cac diem bat dong clia mot ho vo han céc

dnh xa khong gian va tap nghiém ctia bai toan can bang (3.1).
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3.2. Phuong phap tim diém chung ctia tap nghiém bai toan
bat ding thic bién phan va tap cic diém bat dong cia
mot ho cac anh xa khong gian

Cho C 1a tap con 10i, déng, khac rong cia H va ham F : C — H. Ta
xét bai toan bat dang thic bién phan:
Tim z* € C sao cho (F (z*),x —x*) >0, Vx € C.
Ki hiéu tap nghiém ctia bai toan nay la VI(F,C). Giast f: CxC — R
duge xac dinh béi f (z,y) = (F (z),y — z). Khi do, bai toan (3.1) tré
thanh:

Tim z* € ﬂr (S))NVI(F,C), (3.13)

trong d6, ham F va cac anh xa khong gian S, : C — C (n = 1,2,...)
thoa méan cac dieu kién sau:

(B1) F lién tuc L-Lipchitz trén C;

(B2) F gia don diéu tren C;

(B3) N2  F(S) NVI(F,C) # &;

(B4) >0 sup {||Spt1 () — Sy (2)|| - = € D} < oo, trong d6 D
14 mot tap con bi chan bat ky cta C.

V6i cac gid thiét trén, sau day ta sé dua ra mot thuat todn mdi tim
diem chung ciia tap nghiem bai toan bat dang thic bién phan va tap
cac diém bat dong ctia mot ho vo han cac anh xa khong gian.

Thuat toan 3.2.
Buwédc 0. Cho xy = u € C, cic day o, va \, théa man cdc dieu kién sau:
{{an} Cle,d € (0,1),
{\} Cla,b] vdia,be (0,1),trong dé L := max {2c1,2¢o} .
Budc 1. Giar bai toan
{yn = Pe (a0 = MF ().

(3.14)
th = Po(xn — N F (yn)) -
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Bude 2. Tinh x,11 = apx, + (1 — ) Sy, (L) .
Budc 3. Gan n :=n+ 1 va quay trd lai budc 1.

Dinh Iy sau day sé chiing minh sy héi tu ctia thuat toan.

Dinh 1y 3.2. Gid st cdc gid thiét (B1)-(B4) dugc théa man va {a,},
{\.} la hai day sao cho

{an} Cle,d] C (0,1),
{\} Cla,b] voia, be (0,1).

Khi do, cic day {x,},{yn} va {t,} dugc sinh bdi

Yn = PC’ (xn - )\nF (xn)) )
tn — PC’ (xn - >\nF (yn)) )
Lp+1 = Oy + (1 - O‘n) Sn (tn) )

cung hoi tu yéu tdi x* € (ioy F (S;) N VI (F,C), trong dé
z* = lim Prx psynviee) (Tn) -

n—oo

Ching minh

Ta co

. 1
Y, = arg min {/\nf (Tn,y) + §||y — x|’y e C}

1
—argunin {0, (F (@) .y~ 2) + 3y -5 y e €}
= Po (2 — AF (23,))
Mot cach tuong tu, ta ciing co
tn = Po (x, — M F (yn))

Khi do, theo dinh Iy (3.1), ta suy ra cac day {x,},{y,} va {t,} cing hoi
tu téi z* € oy F(S) NVI(F,C).
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Két luan chuong

Trong chuong nay, ta da trinh bay cach két hgp gitta phuong phap
dudi dao ham cho bai toan can bang véi cac ki thuat diém bat dong dé
giai bai toan tim diém chung clia tap nghiém bai toan can bang va tap
cac diem bat dong clia cac anh xa khong gian. Tai mdi budc lip chinh,
ta chi phai gidi cac bai toan 16i manh véi gia thiét gid don dieu va tinh
lien tuc kieu Lipchitz ctia ham gia. Tiép theo d6, bang cach st dung
ki thuat duong tim kiéu Armijo, phuong phap dudi dao ham va cac k§
thuat diém bat dong, cac tinh chat hoi tu duge thiét lap ma khong can

t6i tinh lien tuc kiéu Lipchitz clia song ham.
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Két luan

Bai toan can bing la mot bai toan kha tong quat va cé thé duogce tiép
can theo nhiéu huéng khac nhau. Luan van nay trinh bay phuong phap
dudi dao ham dé tim mot phan tit chung ctia bai toan can bang, bai toan
bat dang thiic bién phan va mot ho dém dugc cac anh xa khong gian
trong khong gian Hilbert thuc. N6i dung chinh da dugc trinh bay trong

luan van bao gom:

1. Nhac lai mot s6 khai niém va tinh chat trong gidi tich 16i nhu: Tap

16i, ham 101, dudi vi phan, cuc tri,...

2. Phat biéu bai toan can bang, vi du minh hoa va tinh chat tap nghiém
clia bai toan can bang.

3. Dinh nghia 4nh xa khong gian, vi du va mot s6 tinh chat ctia anh xa
khong gian.

4. Trinh bay phuong phap dudéi dao ham tim nghiém chung ctua tap
nghiém bai toan can bing, bai toin bat dang thic bién phan va tap cac
diém bat dong ctia mot ho dém duge cac anh xa khong gian véi dinh Iy
hoi tu manh.

5. Trinh bay su hoi tu yéu ctia thuat toan tim nghiém chung ctia tap
nghiém bai toan can bing va tap cac diem bat dong ciia mot ho dém
dugc cac anh xa khong gian.

6. Trinh bay su hoi tu yéu ctia thuat toan tim nghiém chung ctia tap
nghiém bai toan bat dang thic bién phan va tap cac diem bat dong cla

mot ho vo han cac anh xa khong gian.
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