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Mo dau

1. Muc dich va ly do chon luan van

Nam 1926, Nevanlinna chiing minh Dinh 1y nam diém vé su x4c dinh
duy nhat cua cdc ham phan hinh: hai ham phan hinh f va g trén mat
phang phic C bang nhau tai nim diém phan biét thi f = g. Két qua cla
Nevanlinna cho thdy mot ham phan hinh dugc xdc dinh mot cach duy
nhat boi anh nguoc khong ké boi clia nam gid tri phan biét. Cong trinh
nay cua 6ng dugc xem la khdi nguon cho cic cong trinh nghién ctu vé
su xac dinh duy nhat cia ham hay 4nh xa phan hinh. Vé sau, hudng
nghién ctu nay thu hit dugc nhi€u nha todn hoc trong va ngoai nudc: M.
Ru, E Fujimoto, C. C. Yang, D. D. Thai, H. H. Khoai, T. T. H. An, ....

Thoi gian gan day, R. G. Halburd va R. J. Korhonen (2006, [10]), Y.
M. Chiang va S. J. Feng (2008, [13]) da nghién ctu 1y thuyét Nevanlinna
cho toan tur sai phan. Nhitng két qua ctia ho gitp chiing ta nghién ctu su
duy nhit cua ham phan hinh, ham nguyén véi da thic sai phan, nghién
ctu phuong trinh sai phan.... Nam 2011, K. Liu, X. Liu va T. B. Cao
([8, 7]) da ching minh mot s6 két qua vé su duy nhat ciia cac ham phan
hinh, ham nguyén va da thidc sai phan, vé nghiém cua phuong trinh sai
phan. Véi mong muon tiép can huéng nghién cttu nay to6i da chon luan
van: “Su duy nhat cua cac ham phan hinh vé6i da thitc sai phan”.
Muc dich chinh ctia luan van Ia ti€p tuc nghién cttu van dé cua K. Liu,
X. Liu va T. B. Cao.
2. Noi dung nghién ciru

Luan van nghién ctu su duy nhét cia cic ham phan hinh véi da thic

sai phan, nghién cdu su ton tai nghiém cta phuong trinh sai phan.
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3. Phuong phap nghién ciru

Phuong phap nghién ctiu co ban: Poc bai bdo cua cac tac gia theo
huéng nghién ctu, tir d6 tim ra nhitng y tuéng mdi dé€ nghién citu.

Luan van gom hai chuong:

Chuong 1: Kién thic co sd, trinh bay nhiing kién co sd, can thiét cho
chimg minh két qua trong chuong hai: 1y thuyét Nevanlinna, 1y thuyét
Nevanlinna cho toan tu sai phan.

Chuong 2: Su duy nhit cua cac ham phan hinh véi da thiic sai phan.
Trong chuong nay ching t6i chiing minh mot s6 két qua vé su duy nhat
ctia ham phan hinh véi da thic sai phan va su ton tai nghiém cta phuong
trinh sai phan.

Trong qué trinh hoc tap va thuc hién luan van, t61 da nhan duoc su day
bao tan tinh clia cac thay c6 gido & truong Pai hoc Su pham - DH Thai
Nguyén, DPHSP Ha Noi, Vién Toan hoc. Dac biét 1a su chi bao, huéng
dan tan tinh cta thay gido TS. Ha Tran Phuong. Toi xin bay to long biét
on sau sac t6i Thdy, t6i cac thdy co gido da gidp do toi trong sudt thoi
gian qua. Xin cam on gia dinh va cac ban bé dong nghiép da gidp da,

dong vién t6i hoan thanh ban luan van nay.

Thai Nguyén, thang 5 nam 2012
Nguyén Van Thin
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Chuong 1

Kién thirc chuan bi

Trong phan nay ching toi trinh bay mot s6 kién thic co s& trong Ly

thuy€t Nevanlinna cho cdc ham phan hinh.

1.1 Cac ham Nevanlinna

Véi mot 0 < R < oo, ta ki hiéu
D(R)={z€ C:|z| < R}.
Cho f 1a ham phan hinh trén dia D(R) va r < R, ky hiéu n(r, f) 1a s6

cuc diém ctia f ké ca boi trong dia déng D(r). Khi d6 ham dém tai cuc

diém cua f, ky hiéu N(r, f), dugc xdc dinh nhu sau:

r

N(r, f) = / n(t, ) — n(0, f)dt +n(0, f)log,

t
0

trong d6 n(0, f) = litm i{)lfn(t, f). Ham xdp xi m(r, f) cha ham f duoc
H

xac dinh nhu sau:
2

mirf) = 5= [ log™ |f(re")ldo,
0

trong d6 log™ (z) = max{logz, 0}, v6i z > 0. Ham ddc trung Nevanlinna
cua f, ky hiéu la T'(r, f), dugc xac dinh boi:

T(r, f) = m(r, f) + N(r, f).
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) 1
V6i moi a € C, ky hiéu n(r, 7

) 1a s6 céc a-diém cua f ké ca boi
a

trong dia déng D(r). Khi d6 ham dém tai cdc a-diém cha f, ky hiéu

N(r, 7 ), dugc xac dinh nhu sau:
—a
1 1
T n(ta ) _'n(07 )
1 f—a f—a 1
N = dt —)1
(T,f_a/) / t +n(07f_a) Ogr7

trong d6 n(0, ) = lim inf n(t,

). Ttr dinh nghia ham xap xi, ta

do

f—a t—0 f—a

co .

1 1

) = %/ 5 Tren) =l
0

va

1 1

T(r. =) = mir. =) + N

Mot so tinh chat cia cac ham Nevanlinna

f—a

).

L. m(r, ka) < Zm(ra fk) + 1Ogn;
k=1

k=1

2. m(r, ka) < Zm(ra fi);
k=1 k=1

3. N(r,>  fi) ) _N(r, fi);
i |

4 N ] £ < DN fo);
k=1 k=1

5. T(r, ka) < ZT(T, fr) + logn;
k=1

k=1

6. T(r, [ [ fr) <D _T(r, fr).
k=1 k=1

S6 héa béi T rung tam Hoc lieu — Pai hoc Thai Nguyén

http.//www.lrc-tnu.edu.vn



1.2 Cac dinh ly co ban

Pinh ly 1.1 (Pinh ly co ban thi nhat). Cho f la ham phdn hinh khdc
héing trén D(r), khi dé ta cé

1
f—a
trong do O(1) la dai luong bi chdn.

T(r, ) =T(r, f) +0(1),

Pinh ly 1.2 (Pinh ly co ban thi hai). Cho f la ham phdn hinh khdc
hang trén C va ay, ..., a4 la cdc s6 phiic phdn biét, khi dé véi moi € > 0
ta c6 bdt dang thiic

q

(q_l)T( f)+Nram ZN

)+ N(r, f)

+ (1 +¢)log™ (logT( ,f)) +logT(r, f) + O(1)

ditng voi moi v > 0 du lén nam ngodi mot tdp ¢6 do do Lebesgue hitu

han. Trong do

Npaw(r ) = N(r. =) + 2N(r, f) — N(r, ')

i
Dé ching minh dugc N, (7, f) = 0.

Heé qua 1.3. Cho f la ham phdn hinh khdc hang trén C va ay, ...,a, la

cdc s6 phitc phdn biét, khi dé ta cé bdt dang thirc

(0= DT 1) < SN 5=) + N £) = Nolr ) + (. £)

ditng voi moi v > 0 di lén nam ngodi mot tdp ¢6 do do Lebesgue hitu
1
han, S(r,f) = o(T(r, f)) khi r — oo va Ny(r, ?) la ham dém tai

khong diém cua f' ma khong la khong diém cua H (f —aj).
j=1
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Ham phan hinh a(z) dugc goi 1a ham dii nhd ctia ham phan hinh f(z)
néu T(r,a) = S(r, f). Trong d6 S(r,f) = o(T(r, f)) khi r — o0,
ngoai mdt tap c¢6 do do hitu han.

Nam 2004, K. Yamanoi ([6]) di tong quat dinh 1y co ban thit hai cho

ham du nho. Két qua cta tac gia nhu sau:

Pinh 1y 1.4 ([6]). Cho [ la ham phdn hinh khdc hang trén C va
ai(2),...,a4(2) la cdc ham phan hinh du nho cua f. Khi dé ta cé

bdt ddng thiic sau

(q—2)T(r, f) <Y _N(r, )+ S(r, f).

= S

1.3 Ly thuyét Nevanlinna cho toan ti sai phan

Cho f 1a mot ham phan hinh, bdc cta f, ky hiéu la p(f), duge xac dinh

boi
p(f) = limsup M.

o0 logr

Néu p(f) < 4oo thi ta n6i f cé bac hitu han.
Ham phan hinh f(z) trén C dugc goi 1a fudn hoan vé6i chu ky ¢ € C
néu dang thic f(z +c) = f(z) ding v6i moi z € C. Cho f 1a ham phan

hinh, ¢ € C 1a hing s6, toan ti sai phan cua f ky hiéu la

Acf = fz+¢c) = f(2).

Gan day, R. G. Halburd, R. J. Korhonen, Y. M. Chang, S. J. Fang, ...
da nghién ctu 1y thuyét Nevanlinna cho toan tu sai phan va dat dugc mot

sO két qua sau:

Pinh 1y 1.5 ([10]). Cho f la ham phdn hinh khdc hang voi bdc hitu han,
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c € C. Khi dé ddng thiic
n(nf7) = s
dung voi r du lon ngoai mot tip E co do do logarithmic hitu han
fE% < +oo.
Luu y rang di€u kién f 12 ham phan hinh vé6i bac hitu han 1a khong
thé bd qua. Ta xét vi du sau ([12]): Xét ham g(z) = e véi ¢ = 1. Khi

) = (e=1)m(r,g) = (e = )T(r,g)

e’f‘

\V2m3r
Pinh 1y 1.6 ([13]). Cho [ la ham phdn hinh khdc hang voi bdc hitu han,
c e C. Khi do

~(e—1) = O(T(r,9)).

T(r,f(z+¢) =T(r f) +5(r, f).

Pinh 1y 1.7 ([10]). Cho [ la ham phdn hinh khdc hang vdi bdc hitu han
sao cho A.f #0, c € C. Cho q > 2, va a1(z),...,a4(2) la cdc phdn

hinh di nho tudan hoan véi chu ky c. Khi dé ta cé

mir, )+ 3 mr, =) < 20 ) = Nl )+ (5.,
k=1
trong do
N1, ) = 2V, 1) = N(r. A1) + N, 557

va bdt dang thicc trén ding véi v du lon ngoai mot tip E c¢6 do do

logarithmic hitu han.
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Chuong 2

Su duy nhat cua cac ham phan hinh
voi da thirc sai phan

2.1 Mot so6 khai niém

Trong phan nay ching t6i sé trinh bay mot s6 khdi niém can dung trong
ching minh cic két qua.

Cho f 12 ham phan hinh x4c dinh trén mat phang phitc C. Ky hiéu
S(r, f) la dai lugng thoa méan S(r, f) = o(T(r, f)) v6i r du 16n nam
ngoai mot tap c6 do do hitu han. Véi a € CU {oo}, ky hiéu E,,)(a; f)
1 tap tat ca cdc a- diém cua f v6i boi khong vuot qua m, mbi a- diém

dugc tinh véi s6 1an bang boi cua nd. Tic 1a
Ey(a; f) ={(z,n) € C x N* : ords_o(2) = n < m}.

Ta ciing ky hiéu Em)(a; f) 1a tap tét ca cdc a- diém phan biét ctia f véi

boi khong vuot qua m, tuc la
E.y(a; f) ={z € C:ordy_o(z) < m}.

Cho f, g 1a cac ham phan hinh va a € CU {oo}. Néu cdc nghiém cla
phuong trinh f —a =0 va g — a = 0 1a tring nhau ké ca boi (khong ké
boi) thi ta néi f va g chung nhau gid tri a-CM (tuong ttng a—IM).

Cho m la s6 nguyén duong, a € C, f va g la cdic ham phan hinh sao
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cho
Epy(a; ) = Eny(a; 9).
Ki hi¢u Eﬁg(a) 1 tap cdc a—diém chung phan biét ctia f va g, tifc 12
Eiya)={2€C: f(z) —a=g(z) —a =0}
Va ki hiéu
ni(r,a; f) = {z € Bpgla) : |2]
niL(r,a;9) = {z € Ezg(a) : |2]

r,ords_q(z) > ordy,_,(2) > m};

r,ordy_q(2) > ords_,(2) > m};

Tpomi1(r,a;9) = {2 € Epyla) : |2] < ryords_o(2) > ord, o(2) = m + 1};
):

Ngsmi1(r,a; f) ={z € Ef,g(a

NN

|z| <7 ord;_o(2) > ords_4(2) =m + 1},

Cac ham dém xac dinh nhu sau

r

Ni(r,a; f) = / ZUCH L f)dt +7(0,a; f)logr;

t
0

r

NL(T, a; g) — /nL(t7a‘7g) ; nL(O7a’; g)

0

dt +7m(0,a;9)logr;

Nysm+1(750;9) — Mp=m+1(0, ;5 9)
t

Niomyi(r,a;g) = dt + T pome1(0, a; g) log 7

o\“ﬁ

dt + Mg=m+1(0,a; f) logr.

T [7 m ; -n m Oa )
Ng>m+1(7’, a; f) _ / ng> _|_1(7", a, f) - ng> —I—I( a f)
0

trong d6 71, (0, a; f) = liminf 7y (¢, a; f), 7L (0, a; g) = liminf (¢, a; g).
t—0 t—0
Ta ciing ki hi¢u
) =Nalra: f); Wl
= r,a; f); r
) f _a L\, &, ) L\", g—a

1 — —
— a) = Npomt1(r,a;9); Ng=mia(r, m) = Ngom1(r, a5 f).

NL(T‘

N +1(7",
f>m q
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Ki hiéu
w05 1) = {2 € Brgla) : o] < ry0rdga(2) = ordg o(2) > m + 1}

N

va

" (m—|—1 (m+1 .
Nwﬂ(af)l/ (t“ﬁ;”E &“fhu— (0, a; f)log .

0
K{ hiéu
Nsmi1(r,a; flg #a) = {z € C: 2| <r,ords_(2) > m,ord,_q(2) = 0};
Ngsmt1(1, a5 9| f #a) ={z € C: |z| <r ordy_(2) > m,ords_,(2) = 0}

b

va
. " m t, : = . 07 7
N fzmi1(r, a; flg # a) =/nf> 1t a; flg # a) tnf> 10,4 flg # a) ,
0
+Nyomi1(0, a; flg # a)logr;
_ - " t, : = . O, ’
Ngzm1(r, a; 9|f # a) :/ng2 1t aiglf # a) t”g> +1(0,a Q‘f#a)dt

0
+ Ngom+1(0, a; 9| f # a) logr.

Cho f 12 mot ham phan hinh trén C, @ € C = C U {oo} va m 1a mot
s0 nguyén duong. Ky hiéu 72, (r, a; f) 12 s6 cic a—diém khong k€ boi
cia f trong dia {z € C: |z| < r} vé6i boi it nhdt bang m, 7y, (7, a; f) la
s6 cac a—diém khong ké boi cia f trong dia {z € C : |z| < r} vdi boi

khong vugt qua m. Cac ham d€m dugc xac dinh bai:

r

N(m(r,a;f):/n( m(r 4 f);n m(0, 0 f)dt—i—n m(0,a; f)logr

0
T

N (s ) :/ﬁm(r,a; f);ﬁm)(O,a; f)dt—i—ﬁm)(o,a; Plogr

0
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Ta ciing ki hiéu

1
f—a f—a
Khi a = oo, ta viét 7, (r, f), N(m(r, f)s oy (7, f), Nm)(r, f) lan lugt
thay cho 7, (r, 00; f), N(m(r, 00; f), Ty (7, 005 f), Nm)(r,oo; ).

) - N(m(ra a; f)a Nm)(ry ) = Nm)(T, a; )

Cho k£ > 2 la s06 nguyén duong, ky hiéu
1

1 — 1 — 1
T4 m)+N(2(T,f_a)+°"+N(k(T’,—

Nk(ra f) :N(T7f) +N(2(Ta f) + - +N(k(ra f)

Nk(r ) - N(Ta

Ta ki hiéu cac s6 khuyét

(oo, f) =1 - limsup Z(: JJ:)) + ©(0,f) =1 —limsup —Nj(,z;lg) :

O.(00, f) =1~ liggop N(T’ng fJ)r c)),

trong d6 ¢ € C la hdng s khac 0.

2.2 Su duy nhat cua cac ham phan hinh véi da thirc sai
phan

Trong phan nay ching to6i phat bi€u va chitng minh mot s6 két qua mdéi
vé su duy nhat clia cdc ham phan hinh vé6i da thic sai phan. Dé chiing
minh cdc dinh 1y, ta cAn mot s6 bo dé sau:
Bo dé 2.1 ([13]). Cho f la ham phdn hinh siéu viét véi bdc hitu han,
c € C la s6 phitc khdc khong. Khi dé ta co

T(r,f(z+¢)=T(r, f)+ S(r, f).

Cho f va g 1a hai ham phan hinh khdc hang. Dat
f/l f/ g/l g/
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Bo dé 2.2. Néu H # 0 va f, g chung nhau 1—CM khi do

T@ﬁ<%@ﬁ+%(>+mmw+mm§+am

f
T@@<M@ﬁ+%@%+mmm+%m5+am
)

Q

trong do S(r) = S(r, f)+ S(r,g

Chitng minh. Theo Dinh 1y co ban thi hai ta c6:
1 — 1

_ — 1
T(r, f) <N(T7f)+N(T,?)+N(T7ﬁ)—NO(T,?%LS(T) (2.1)
Diéu kién f, g chung nhau 1—CM kéo theo
— 1 — 1 — 1
N =Ny (r ——) + N (r, ——
(T7f_1) 1)(T7f_1)+ (2(T7f_1)
— 1 — 1
:Nl)(r,ﬁ)—f—N(z(T,g_l) (22)
Ta biét rang néu z; 12 khong diém don clia f —1 va g — 1 thi H(z) = 0.
Do vay
1 1 1
Nl)(ﬂﬁ) = Ny(r, F) < N(r, E) <T(r,H)+0(1)

S N(r, H) +5(r, f) + 5(r, 9). (2.3)

Chung ta thdy cuc diém ctia H chi ¢6 thé xdy ra tai:
i. Khong diém boi cta f va g;
i1. Cuc di€ém boi cta f va g;
ii1. Khong diém ctia f’ ma khong 1a khong diém ctia f(f — 1), khong
diém cta ¢’ ma khong la khong diém cta g(g — 1).
Do d6 tat ca cdc cuc diém cua H déu 12 cuc diém don, nén ta cé
— — 1

N(T7 H) < N(Z(T7 f) + N(2(T7 ?) + N(2(T7 g)
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T 1 - 2 . . .2 P N
trong d6 Ny(r, F) la ham dém khong ké boi tai khong diém cta f’ ma

2 9 NT ]' N N g 2 .
khong 1a khong diém cua f(f — 1), No(r, ?) la ham dém khong ké boi
tai khong diém ctia ¢’ ma khong 1a khong diém cua g(g — 1).

Két hop céc bit ding thic (2.1), (2.2), (2.3) va (2.4), ta c6

T, 1) € Na(r, ) + Mol )+ Nialrs ) + Nl ) + Nl —)
+ Ny (r, ;) + S(r, f) + S(r, g). (2.5)

— 1
Tir dinh nghia ctia No(r, —), ta c¢6
g

— 1 —
NO(Ta ?) + N(2(T7

g—1 g g g
Theo dinh 1y co ban tha nhat, ta c6
1 1 —, 1 g g
N(r,—)—N(r,—)+ N(r,—) =N(r,=) <T(r,=
( g,) ( g) ( g) ( g,) ( g,)

/ /

—T(r, %) +0(1) = N(r, %) +S(r, 9)

— — 1
< N(T7g)+N(T7§)+S(T7g)7

kéo theo
1 — 1
N(ﬁ?) < N(T)g) +N(T7 5) + S(T7g)'

Boi vay

Nolr, )+ Nl =) < Nirg) + K1) + S(rg). - 29
Két hop (2.5) va (2.6), ching ta c6

T(r. ) < Nalr. )+ Nalr, )+ Nl ) + Nalr, ) + 5(0).
Tuong tu chung ta c6

T(r.g) < N £) + Nar, )+ Nl ) + Nafr. ) + S(r).

B6 dé duoc ching minh. O
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Bo dé 2.3 ([1]). Néu H #0, f va g chung nhau gid tri 1 — IM, khi dé

T(r, ) <(Na(r, f) + No(r, ?) + Na(r, g) + No(r

+2(N(r, f) + N(r, %)) + N, g) + N,
+ S(r, f)+ S(r,

T(r,g) <(Nao(r, f) + No(r, =) + No(r, g) + No(r,

bl'—‘

)

)
1
g

9);
1

kﬁ
QI'—‘

))
+2(N(r,9) + N(r,é)) + N(r, f) +N(r ,%
+ S(r, f)+ S(r, 9).

)

Bo dé 2.4. Néu H # 0, Ey(1; f) = Ey(1;g) khi dé

T(r, f) <(Nao(r, f) + No(r, =) + Na(r, g) + No(r, é))
20, )+ N, 5)) +50.1) + S, 9)
>+Mmm+Mm§)

+2(N(r,g) + N(r, é)) + S(r, f) + S(r,g).

I ==

T(Ta g) <(‘]\[2(7n7 f) =+ NQ(T7

] =

Chitng minh. Theo Dinh 1y co ban thi hai ta co6:

T(r.f) < N, £) + (6, 5)+ Nr.57) = Nolr. 5) + (1)
T(r.9) < Nr.g) + N(r, ) + Nlr,—) = Nr, =) + (). 2.7

Dé thay cuc di€ém cua H chi c6 thé xdy ra tai:
i. Khong diém boi ctia f va g;
i1. Cuc di€ém boi cta f va g;
it3. Khong diém clia f — 1 va g — 1 vd6i boi khdc nhau;
iv. Khong diém cta f — 1 nhung khong 13 khong diém clia g — 1 va

nguoc lai;
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v. Khong di€ém cta f’ ma khong 1a khong diém cta f(f — 1), khong
diém cua ¢’ ma khong 1a khong diém cta g(g — 1).

Do do6 tat ca cac cuc di€ém cua H déu 1a cuc diém don. Piéu do kéo theo

— — 1 — — 1
N(Ta H) < N(Z(Ta f) + N(Z(Ta ?) + N(Z(T7 g) + N(Z(T7 5)
— 1 — 1 —
+NL(Taf_1)+NL(Tag_1)+Ng>2(rv )
— 1 — 1 — 1
+Nf>2(ram|g7é1)+N0(T7F)+NO(T7?)' (2.8)
Bay gio ta chitng minh bat ding thic
JE— JE— _2 JE—
ONL(r,1; f) +2N1(r, 159) + Ny (r, 15 f) + Nysa(r, Liglf # 1)
— Npoalr, 1g) < N(r,1;9) = N(r, 1;g). (2.9)

That vay, vi Ey(1; f) = Ey)(1;g) nén 1-diém don cta f va g 1a tring
nhau. Goi 2y 12 1-diém cta f vé6i boi p va 1a 1-diém cla g véi boi q.
Néu g = 2 thi p ¢6 thé nhan cdc gia tri: (1) p = 2, (13) p > 3, (i13) p = 0.
Khi p = 2 thi 2y duoc tinh 1 1an trong 2N (r, 1; f) + 2Nr(r, 1;9) +
Ng(r, 1 f) 4+ Nysa(r, 1;g|f # 1) — Ny=a(r, 1;g) va 2 ciing dugc tinh 1
lan trong N(r,1;g) — N(r,1;g). Do d6 bat dang thic ding trong trudng
hop nay.
Khi p > 3 thi 2, dugc tinh 1 1an trong 2N (r, 1; f) + 2N (r, 1; 9) +
Ng(r, 1 f)+Ngsa(r, L; gl f #1)—Ny=a(r, 1;g), 20 dugc tinh 1 14n trong
N(r,1;9) — N(r,1; g). Do d6 bat ding thitc diing trong trudng hop nay.
Khi p = 0 thi 2y dugc tinh 1 lan trong 2N (r,1; f) +2N(r,1;9) +
Ng(r, 1 f)+Ngsa(r, L g|f #1)—Ny=a(r, 1;g), 20 dugc tinh 1 14n trong
N(r,1;9) — N(r,1; g). Do d6 bat ding thitc diing trong trudng hop nay.
Néu ¢ = 3 thi p ¢6 thé nhan cdc gid tri: (i) p = 2, (i1) p = 3, (i14)
p =>4, (iv) p=0. Khi p = 2 thi 2 duoc tinh 2 1an trong 2N (r, 1; f) +
2N (r,1;9) +N(E(r, L f)+ Nysa(r, 1; g|f # 1) — Nysa(r, 15 9), 2o duge
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tinh 2 lan trong N(r,1;g) — N(r,1;g). Do dé bat ding thic ding trong
truong hop nay.
Khi p = 3 thi 2y duoc tinh 1 lan trong 2N (r,1; f) +2N(r,1;9) +
Ng(r, 1 f)+Ngsa(r, L g|f #1)—Ny=a(r, 1; g), 20 dugc tinh 2 14n trong
N(r,1;9) — N(r,1; g). Do d6 bat ding thitc diing trong trudng hop nay.
Khi p > 4 thi 2 dugc tinh 2 1an trong 2N (r, 1; f) +2N(r, 1;9) +
N%(r 1 f)+Ngsa(r, 1;g|f # 1) =N s=a(r, 1;g), 2o dugc tinh 2 14n trong
N(r,1;g) — N(r,1; g). Do dé bat ding thic ding trong truong hop nay.
Khi p = 0 thi 2y duoc tinh 1 lan trong 2N (r, 1; f) +2N(r,1;9) +
N%(r L f)+Nysa(r, 1;g|f # 1) =N s=a(r, 1;g), 29 dugc tinh 2 14n trong
N(r,1;g) — N(r,1; g). Do dé bat ding thic ding trong truong hop nay.
Tuong tu ta cling c6 bat ding thitic véi ¢ > 4. Do dé bat dang thiic
(2.9) dung trong moi truong hop. Hon nita, chitng minh tuong tu ta cling

cO:

INL(r,1;9) + 2N(r, 15 f) + Na(r, 15 ) + Nysa(r, 1; flg # 1)

_Ng>2(ral;f) < (T717f) (T717f) (210)
Tir cdc bat dang thic (2.9) va (2.10) ta ¢
— — 1
N N
(/r" _1)+ (/r’f_l)
1 —(2 1 — 1
< Ny (r, Npg(r, Np(r,
1)(Tf_1)+ E(Tf_1)+ L(Tf—].)
_ 1 — — 1
+ N p=o(r, )+ Np(r, _1)+Nf>2(r,f )
— 1 — 1
+N(Ta )_QNL(T7 — )_ZNL(T7f_1)
—(2 1 —
—NE(r,f_l) N = ). (2.11)
Do khong diém don cua f — 1 va g — 1 1a khong diém ctia H nén ta c6
1 1 1
Nl)(r7 ﬁ) < N(nﬁ) < T(Ta E) < N(T7H) +S(Taf) +S(Tag)
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Nén (2.11) tré thanh

N(T7 _1)+N(T7f_1)
— — 1 — — 1
< Na(r, f) + Na(r, ?) + No(r, g) + No(r, 5)
— 1 — 1
+ 2N p2a(r, ﬁ‘g # 1) 4+ Nysalr, F) +T(r,9)
1 — 1 — 1
—mlr,—=) + Nolr, ) + No(r, ) + 80). 212)
Két hop (2.7) va (2.12) ta ¢6
T(r, f)+T(r,9)
— — 1 — — 1
< N(r, f) + N(r, ?) + Na(r, 9) + Na(r, 5)
— 1 — 1
+ 2N p59(r, ﬁ|g # 1) + N poo(r, g— 1)
1
+T(r,g) —m(r,g_ 1)+S(r). (2.13)
Ta c6 bat dang thitc sau di duoc chitng minh trong [2]:
— 1 — 1
2N p2o(r, ﬁm # 1) 4+ Nyalr, P 1)

gmwwjyyﬁm§»+sij

Do d6 (2.13) tr6é thanh

T(r, f) < Na(r, f) +N2(7”al) No(r, g) +N2(7”a§)

f
+o(N(r, f) + N(r, %)) +5(r).
Tuong tu ta chiing minh duoc bat dang thitc con lai. O
Bo dé 2.5 ([5)). Néu H # 0, Es(1; f) = Ey)(1;9) th
T(r, )+ T(r,9) < 2(Nalr, ) + Nalr, 7) + Nalryg) + Nalr, 1)
+ %(W(r, f)+ N(r, %) + N(r,g) + N(r, é)) +S(r)
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B6 dé 2.6 ([4]). Néu H =0 va

y N(r,f)+N(r,1/f) + N(r,g) + N(r,1/g)
e T(r)

<1,

trong dé T(r) = max{T(r, ), T(r,g)}, thi f = g hodc fg = 1. I la

mot tdp co do do hitu han.

Bo dé 2.7 ([11]). Néu f la ham phdn hinh khdc hdng va k la s6 nguyén

duong thi
Nlr 577) < Nusalr, 5) + KN )+ (7. )
Nof(r, ﬁ) < Nigalr %) +T(r, f9) = T(r, ) + S(r, f).

Bo dé 2.8 ([9)). Cho f la ham phdn hinh khdc hdng, k,p la cdc sé
nguyén duong, khi do

N, (r, ﬁ) < Ny, %) KR (r, £) + S(r, £
1 — 1
Nl(T‘, m) = Nl(T’, W)

Bo dé 2.9 ([12]). Cho f la ham phdn hinh khdc hdng, k la sé” nguyén
duong va c la s6 phiic khdac khong. Khi doé

— 1 1 1
T(T,f)gN(T,f)—f—N(T,?)—f—N(T,f(k)_C)—N(T,f(k+l))+5(7“,f)
— 1, — 1 1
<N(T,f)+Nk+1(T,?)+N(T7m)—No( f(’f+1))+s( 1),

trong do Ny(r la ham dém tai khong diém ciia f*+Y = 0, nhung

1
) W)
khong la khong diém cua f(f*) — c).

Nam 2011, K. Liu, X. L. Liu va T. B. Cao ([8]) da ching minh nhitng

két qua sau:
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Dinh 1y 2.10 ([8]). Cho f va g la cac ham phdn hinh siéu viét voi bdc
hitu han, ¢ € C la s6 phiic khdc khong va n € N. Néu n > 14,
fM"(2)f(z + ¢) va ¢g"(2)g(z + ¢) chung nhau gid tri 1 — CM, khi do
f =tg hodc fg =t, trong dé t"™! = 1.

Pinh 1y 2.11 ([8]). Vi cdc diéu kién nhu Pinh ly 2.10 va néu n > 26,
f"(2)f(z +c¢) va ¢g"(2)g(z + ¢) chung nhau gia tri 1 — IM, thi ta cé
f =tg hodc fg =t, trong dé t"! = 1.

Ciac két qua sau cta ching t6i 13 téng quat cta hai dinh 1y trén

Pinh 1y 2.12. Cho f and g la cac ham phdn hinh siéu viét voi bdc hitu
han, ¢ € C la hang s6 khdc khong, m,n € N*. Néu f"(z)f™(z + ¢) va
g"(2)g™(z + ¢) chung nhau 1—CM. Khi dé cé cdc khdng dinh sau:

1. Néum =1, n > max{9,13 — 2(0(c0, f) + O(oc0, g) + O(0, f) +
0(0,9))} thi f =tg hodc fg=t, trong dé t"™! = 1.

2. Néum > 2, n > max{8+ m,16 + m — 2(0(oo, f) + O(00, g) +
©(0, f) + ©(0,9) + O.(0, f) + Oc(00,9))} thi f = tg hodc fg =t,

trong do t"t™ = 1.

Chitng minh. Dat

F// F/ G// G/
h=——2 — L 42 .
FOF—1 @ G-

Ta xem xét cic truong hop sau

Truong hop 1: m = 1.
Néu h # 0, theo Bo dé 2.2 ta c6
1
T(r, F) < Na(r, F') + No(r, F) + No(r,G)
1
+ No(r, E)—FS(T,F)—FS(T,G); (2.14)
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)%) + NZ(T7 G)

+ No(r, é) +S(r, F) + S(r,G). (2.15)

T(T, G) < NQ(T, F) -+ NQ(T

Bdi cdch xac dinh F and G, ta ¢6
T(r,F) 2 (n—m)T(r, f)+S(r f);
T(r,G) = (n—m)T(r,g) + 5(r, 9);
T(r,F) < (n+m)T(r, f)+ S(r, f);
T(r,G) < (n+m)T(r,g) +S(r,g).

Khi do
S(r,F) = S(r, f),S(r,G) = S(r, g).
Dé thay
Ny(r, f*(2)f(z+¢)) < 2N(r, f) + N(r, f(z + ¢)); (2.16)
1 — 1
No(r, eI c)) < 2N(r,=) + N(r, e c)) (2.17)
Tuong tu
Ny(r, g"(2)g(z + ¢)) < 2N(r,g) + N(r,g(z + ¢)); (2.18)
No(r ) <2N(r )+ N(r——). (.19

"g"(2)9(z +¢) g 9(z +¢c)
Két hop cac bat dang thitc (2.14)-(2.19) ta ¢6
(n=1T(r, f) < T(r, F) + S(r, f)
< 2N(r, f) +2N(r, %) +2N(r,g) + 2N(r, ;)
+2(T(r, ) +T(r,9)) + S(r, f) + S(r, 9)
< (6 —2(6(00, f) +6(0, /)))T'(r, f)
+ (6 —2(6(00,9) +6(0,9)))T(r,g) + S(r).
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Do vay
+S(r). (2.20)
Trong d6
T(r) = max(T(r, f),T(r,g)), S(r)=o(T(r)).
Tuong tu ta cling co
(n - 1)T(T7 g) <(12 - 2(@(007 f) + @(Ooag) + @(07 f) + @(07 g)))T(T‘)
+S(r). (2.21)
Két hop (2.20) va (2.21) ta c6
(n - 1)T(T) <(12 - 2(@(007 f) + 6(007 g) + @(07 f) + @(0,9)))T(T’)
+ S(r).
Mau thuan véi
n > max{9, 13 — 2(0(o0, f) + O(0, f) + O(c0,g9) + 6(0,9))}.
Tur B6 dé 2.6, ta cé

N(r,F)+ N(r, %) + N(r,G) + N(r, é)

SAT(r, f) +T(r, g9)) + 5(r) < 8T(r) + S(r).

(n—1T(r)+ S(r) < max(T(r, F),T(r,Q)),
va S(r) = o(T'(r)), khi r — oo ngoai mot tap c6 do do hitu han nén ta
co
lim sup N(r,F)+ N(r,1/F) + N(r,G) + N(r,1/G)

rél, r—o0 maX( (7 )7 ( ))

| To)+ S0 8
<rilffnfipoo<n—1>:r’<r> S R
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n > max{9, 13 — 2(0(oo, f) + (0, f) + O(oc0,g9) + 0(0,9))}.

Nén theo Bo dé 2.6, F' = G, hoic FG = 1.

Néu F = G, khi d6 f"(2)f(z+¢c) = ¢"(2)g(z + ¢). Dat h = i, néu
g
h khong 1a ham hang, ta c6
1
h"(z) = :
G) =150

Theo B6 dé 2.1 ta ¢6
nT(r,h) =T(r,h) + S(r, h),
mau thuan véi
n > max{ 9,13 — 2(0(o0, f) + O(0, f) + O(c0,9) + ©(0,9))} .

Do d6 h phai l1a ham hing, suy ra f = tg, t"*! = 1. Néu FG = 1, khi
dé f"(2)f(z+c¢).g"(2)g9(z + ¢) =1, dat H = fg. Ta thu dugc

1

ST

Ly luan tuong tu nhu trén, ta co
fg=t, t" =1

Truong hop 2. m > 2, Baoi cach xac dinh cua F,G, ta nhan duoc
1

Ny(r, T C)) < 2N(r, ?) + 2N(r, e ); (2.22)
No(r, f"(2)f™(z +¢)) < 2N(r, f) + 2N(r, f(z + ¢)). (2.23)
Tuong tu
Ny(r = ) < 2N(r 1) + 2N (r = ) (2.24)
' g"(2)g™(z + ¢) " g "g(z+¢)”
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No(r, g"(2)g™ (= + ¢)) < 2N(r,g) + 2N(r, g(z + ¢)). (2.25)
Tir (2.14), (2.15), két hop véi céc bat ding thic (2.22)-(2.25), ta c6

(n—m)T(r, f) <T(r,F) + S(r, f)
<mﬁmﬁ+ﬁm%+ﬁmm+ﬁm
4 2(N(r, f(2 + ) + N(r, g(z +¢)))
+2T(r, )+ 2T(r, g) + S(r, f) + S(r, 9)
< (8 =2(0(co, f) +O(0, f) + Oc(00, £)))T(r, f)

+ (8 = 2(0(00, g) + 6(0,9) + Oc(00,9)))T(r,g) + S(r).

)

|~

Do vay

(2.26)

Tuong tu

(n —m)T(r,g) < (16 = 2(6(co, f) + O(0, f) + (00, f)))T'(r)

—2(0(00, g) + (0, g) + O.(00,9))T'(r) + S(r).
(2.27)

Suy ra

(n —m)T'(r) < (16 — 2(0(o0, f) + O(0, f) + Oc(o0, £)))T'(r)
—2(0(00,9) + ©(0,9) + Oc(c0, g))T'(r) + S(r).

Mau thuan véi

n > max{8 + m,16 + m — 2(0(oo, f) + 0(0, f) + O.(c0, f) + O(c0, g)
+0(0,9) + ©c(00,9))}-
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Nén h = 0, theo B6 dé 2.6, ta cé

N(r, )+ N(r,G) + N(r, )

N(r,F) +
<AT(r, f)+T(r,9) + S(r, f) + S(r,g9) < 8T(r) + S(r).

Vi
(n —m)maxT(r)+ S(r) < max{T(r, F),T(r,G)},
lim su N(r,F)+ N(r,1/F)+ N(r,G) + N(r,1/G)
rél, 7"—>poo maX(T(Ta F)? ( ))
_ 8T (r) + S(r) 8
i A R O R BT
Vi

n > max{8 + m,16 + m — 2(0(co, f) + (0, f) + O.(c0, f)
+0(00,9) +0(0,9) + Oc(c0,9))}-
Suy ra F' = G, hoac FFG = 1. Néu F = G, khi d6
" (2)f"™(z +¢) = g"(2)g" (2 + ©),
do d6 f =tg, t""™ = 1. Néu F'G = 1, ta nhan duoc
"2 "z +¢).g"(2)g" (2 +¢) = L.
bat H = fg, ta co )

H™(z+c¢)
Ly luan tuong tu nhu Truong hop 1, ta nhan duoc

H"(2) =

fg=tt"m =1.

Dinh 1y duoc chitng minh. [J
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Pinh 1y 2.13. Cho f and g la cdac ham phdn hinh siéu viét voi bdc hitu

han, ¢ € C la hang s6 khdc khong, m,n € N*. Néu f"(z)f™(z + ¢) va
g"(2)g"™(z + ¢) chung nhau 1—IM. Dadit:

@Lfag(OO? 0, C) :3(@(007 f) + G(Ooag) + @(07 f) + 6(079))
+ O¢(00, f) + Oc(00, g) + min{O(c0, ), O(c0, 9)}
+ min{O(0, f), ©(0,9)} + min{Oc(c0, f), Oc(c0, g) }-

O2.14(00,0,¢) =3(B(o0, f) + (0, g) + (0, f) + ©(0,9)
+0.(00, f) + Oc(00,9)) + min{O(c0, f), O(c0,9)}
+min{6(0, f),0(0, )} + min{Oc(c0, f), Oc(c0, g)}.
Khi dé ta c¢é cdc khdng dinh sau
1. Néu m =1 va n > max{9,25 — O ,(00,0,¢)} thi f = tg hodc
fg=t, trong dé t"! = 1.
2. Néum > 2van > max{8+m,284+m—0,;,(00,0,c)} thi f =tg
hodc fg =t, trong dé t"T™ = 1.

Chiing minh. Dat

F(z) = f"(2)["(z+¢), G(z) =g"(2)9"(z +¢)

Néu h # 0. Ching ta xét cic truong hgp sau
Truong hop 1. m = 1, Theo Bo dé 2.3, ta c6
1 1 —
T(r,F) < Ny(r, F) + No(r, F) + No(r, G) + Ny(r, 5) +2N(r, F)

+ 2N (r, %) + N(r,G) + N(r, é) + S(r, )+ S(r, 9);
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1 1 —
T(r,G) < Ny(r, F) + No(r, =T No(r, G) + Ny(r, 5) +2N(r,G)
— 1 — — 1
+2N(T,5)+N(T,F)—f—N(T,F)—f—S(T,f)—f—S(T,g)

Ly luan nhu Dinh ly 2.12, ta nhan dugc

N
=
=
=
=
_|_
=
=
2
+
[\)
=
g
[\
+
uJ
+
N
g
=

+3(N(r,g) + N(r, é)) + N(r,g(z+¢)) + 3T(r,g) + S(r).
Do vay

(n=1)T(r, f) < T(r, F) + 5(r, f)
<(14 = 4(6(00, f) + (0, f)) = 26(c0, f))T(r, f)
+ (10 = 3(6(c0, 9) + ©(0,9)) — Oc(00, 9))T'(r, 9) + S(r)
<(14 = 4(6(00, f) + (0, f)) = 26.(c0, f))T(r)
+ (10 = 3(8(00, 9) + ©(0,9)) — Oc(00,9))T(r) + 5(r)
<(24 = 3(6(c0, f) + O(0, f) + O(00,9) +6(0,9)))T'(r)
= (©c(00, f) + ©.(00,9))T(r) — min{O(o0, f), O(c0, 9)} T(r)
— (min{©(0, f), ©(0, g)} + min{O.(c0, f), Oc(c0, 9)})T(r) + S(r).
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Tuong tu
(n=1)T(r, g)
<(24 = 3(6(o0, f) + O(0, f) + ©(c0, g) + ©(0, 9)))T'(r)
T (90(007 f) + @C(Ooa g))T(T) o mln{@(oo, f)? @(OO, g)}T(T)
— (min{©(0, £),0(0, 9)} + min{O.(oc0, f), Oc(00, 9)})T'(r) + S(r).
Do doé
(n—1)T(r)
<(24 = 3(O(o0, f) + O(0, f) + (o0, g) + ©(0,9)))T'(r)
= (Oc(00, f) + Oc(00, 9))T'(r) — min{O(o0, f), ©(c0, g)}T(r)
— (min{O(0, f), ©(0, g)} + min{Oc(c0, f), Oc(00, 9) NT'(r) + S(r).
Mau thuan véi
n > max{9,25 — 3(0(oco, f) + O(0, f) + O(c0, g) + (0, g))
T (96(007 f) + @c(OO, g)) o mln{@(oo, f)? @(OO, g)}
T mln{@(oa f)a @(07 g)} T min{@c(oo, f)7 @c(OO, g)}}
Nén h = 0, 1y luan tuwong tu nhu Dinh 1y 2.12, ta nhan dugc diéu can

chiing minh.

Truong hop 2. m > 2. Ly luan nhu Truong hop 2 cua Dinh 1y 2.12, ta

co
T(r,F) < 2N(r, f) +2N(r, f(z +¢c)) + 2N (r, %) + 2N (r, 7 (Z1+ C))
+2N(r, f) +2N(r, f(z +¢)) + 2N(r, %) + 2N(r, f(zl—i— C))
+2N(r,g) +2N(r,g(z +¢)) + 2N (r, é) + 2N(r, p (Zi C))
1. — 1
+ N(r,g) + N(r, g(z + ¢)) —|—N(r,§) + N(r, g(z—i—c))
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S AWN(r, ) + N(r, <) + N(r, f(2 + ¢))) +4T(r, f)

1
f

+3(N(r,g) + N(r, 5) + N(r,g(z+¢))) + 3T (r, g) + S(r).
Nhu vay ta nhan duogc

(n—m)T'(r, f) <T(r,F) + S(r, f)
< (16 — 4(O(00, f) +O(0, ) + O.(c0, ))T(r, f)
+ (12 = 3(6(o0, g) + ©6(0, g) + O.(00, 9)))T(r, g) + S(r).

Tuong tu

(n—m)T(r, g) < T(T7 G) + S(Ta g)
< (16 — 4(O(c0, g) + O(0, g) + O.(00, 9)))T (1, g)
+ (12 = 3(8(00, f) +©(0, f) + O.(00, /)T (r, f) + S(r).

T d6 suy ra
(n—m)T(r)
<(28 — 3(O(o0, f) + O(0, f) + O(c0,g) + (0, 9) + O.(o0, f)
+ 90(007 g)) _ mln{@(ooa f)? 9(007 g)} _ mln{@(07 f)? @(07 g)}
— min{©.(co, f), Oc(c0, g)})T(r) + S(r).
Mau thuan véi
n > max{8 + m,28 + m — 3(0(c0, f) + O(0, f) + O(oc0, g) + ©(0, 9)
+ Oc(00, f) + O.(00, g)) — min{O(c0, f), O(c0, g)}

o mln{@(07 f)a G(Oa g)} o min{@c(oo, f)a @C(Ooa g)}}

Do vay h = 0. Ly luan tuong tu nhu Dinh 1y 2.12 ta nhan dugc diéu can

chiing minh. ]
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Nhan xét. Chd y ring, khi f hodac g 1a ham phan hinh thuc su (cé cuc
diém) va ©(oo, f) > 0 hodc ©(oo, g) > 0. Nén trong trudng hop m = 1,
Dinh ly 2.12 cua ching t6i manh hon Dinh 1y 2.10. Hon nira, Dinh ly
2.12 giai quyét thém truong hop m > 2. Tuong tu, Dinh 1y 2.13 cia
ching t6i manh hon Dinh 1y 2.11.

Nam 2011, K. Liu, X. L. Liu va T. B. Cao chitng minh

Dinh 1y 2.14 ([7]). Cho f va g la cdac ham nguyén siéu viét voi bdc hitu
han, ¢ € C la hdang so khdc khong, n € N, k la cdc s6 nguyén duong,
n > 2k+6. Néu (f*(2) f(z+c))™, (¢"(2)g(z+c))*) chung nhau 1—C M,
thi f = tg ma t"" = 1 hodc f(z) = c1e**,9(z) = e ™, trong dé

, c1, ¢y la cdc hdang s6 thda man (—1)*(cy.co)™[(n + 1)a)?* = 1.

Dinh 1y 2.15 ([8]). Cho f la ham phdn hinh siéu viét voi bdc hitu han,
c € C la s6 phiic khdc khong va o(z) la ham di nho cia f. Néun > 6,
khi dé phuong trinh f"(2)f(z + ¢) — a(z) = 0 ¢6 vé han nghiém.

Dinh ly 2.16 ([8]). Cho f la ham phdn hinh siéu viét voi bdc hitu han,
c € C la s6 phiic khdc khong va o(z) la ham di nho ciua f. Néun > 7,
khi dé phuong trinh f"(z)(f(z+c¢)— f(2)) —a(z) = 0 ¢6 vé han nghiém.

Trong phan nay chiing t6i chiing minh mot s6 két qua méi lién quan

t61 dao ham va da thuc sai phan.

Dinh ly 2.17. Cho f va g la cdac ham phan hinh siéu viét voi bdc hiiu
han, ¢ € C la hdng so khdc khong, n € N, k la cdc s6 nguyén duong.
Néu mot trong cdc diéu kién sau diing:

L.n 2 10k+24 va Ey(1; (f*(2) f(z+¢))™) = Ey(1; (9" (2)g(2+¢))W);
2.0 > k417 v By (1 (F(2)f(=+0) V) = By (1: (" (2)g(=+0) ),
3.n > 4k + 15 va (f1(2)f(z + ¢)®, (g"(2)g(z + ¢))*® chung nhau
1-CM;
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4. m > 13k + 27 va (f*(2)f(z + ¢)®,(g"(2)g(z + ¢))® chung nhau
1—1IM,

khi dé f = tg hodc (f™(2)f(z + ¢))®.(¢"(2)g(z + ¢))*) = 1, trong dé
tn+1 = 1.

Chitng minh. Trudc tién chuing ta chiing minh Khang dinh 1. bat
F(z) = "(2)f(z+¢), G(2) = g"(2)g(z +¢).

Tir gid thiét suy ra Eyy(1; F®) = Ey)(1;GW). Pat

Fk+2) FltD) k) k1)

H=wmm 27w _1 a2 1

Néu H # 0, tir Bo dé 2.4, ta ¢6

T(r, F®Y + T(r, G

1
< 2(Nao(r, F®) + No(r, W) + Na(r, GM) + Ny(r, =)

_ 1 _ _
+2(N(r, F®)) + N (r, W) +N(r,G*") + N(r, =)

+ S(r, FPY + S(r,GH).
Tir B8 dé 2.7 va 2.8 ta c6

T(rF)+T(r,G)
< 2Ny (r, FOY 4 2N, (r, GW)) + kN (1, F) + 2N 4o (7, %)
- - 1 I
+ 2N(r, F®)) 4 2N (r, F) + 2Ny (7, f) +kN(r,G)

+ 2Npa(r, é) +2N(r, G*) + 2kN(r, G) + 2Ny 11 (r, é)
+ S(r, F®Y + S(r, G®Y + S(r, F) + S(r, G). (2.28)

Tu B6 dé 2.1, ta cé

S(r,F®) = S(r, F) = S(r, f); S(r,G®) = S(r,G) = S(r, g).
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Do vay, (2.28) tr& thanh

_ 1 1
T(r, F) + T(r,G) <(3k + 6)N(r, F) + 2Npsa(r, ) + 2Nia (1, 7)

F
+ (3K + 6)N(r, G) + 2Npsa(r, é) AN (1 é)
+8(r, f) + S(r, 9). (2.29)

Str dung Bo dé 2.1, ta c6

T(r, f"(2)f(z+¢) > (n—=1)T(r, f(2)) + S(r, f). (2.30)
T cdch x4c dinh F', ta c6
1 1
Nk—I—Z(T? F) = Nk—|—2(r7 fn(Z)f(Z + C))
1 1
< (k4 2)N(r, ?)—i-N(r, e C))+S(r,f); (2.31)
1 1
Nk—l—l(?n? F) = Nk—l—l(T? fn(Z)f(Z + C))
1 1
< (k4 1)N(r, ?)—i-N(r, f(z—l—c))—i_s(r’f); (2.32)
N(r,F) < N(r,f) + N(r, f(z + ¢)). (2.33)
Tuong tu
N, L N, L
k+2(ra _) — k+2(r7 n(Z)g(Z + C))
< (k+2)N(r, é) + N(r, ﬁ) + S(r,9); (2.34)
1 1
Nk+1(7’, _) — N/H-l(T? gn(Z)g(Z + C))
— 1 1
< (k4 1)N(r, ;) + N(r, m) + S(r,9); (2.35)
N(r,G) < N(r,g) + N(r,g(z +¢)). (2.36)

Tur (2.29)-(2.36), ta co
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Mau thuan vé6i n > 10k 4+ 24. Do vay H = 0. Suy ra
1 B a
F® -1 GW -1
Trong d6 a,b 1a cic hang s6 phic, a # 0. Tir (2.37), ta c6
G+1)GW+a—-b-—1 ol _ (b—a)F® 4a—-b—-1

bG® fa—b bE® — (b+ 1)
(2.38)

+b, (2.37)

) —

Ching ta xét c4c truong hop sau:
Truong hop 1: b #0, a = b, b = —1. Khi d6 F®.G*) = 1. Do vay

(f"(2)f(z + )P (g"(2)g(z + ) = 1.

Neub#0,a=0,b# —1, tir (2.38), ta co
1 bGF)

_ G¥) — : 2.39
FB - b+ )G 1 bF® — (b1 1) (2.39)
Neén theo B6 dé 2.8 ta ¢6
_ 1 — 1 — 1
N(Tam) = N(T’C;(k)—l) < EN(r, F) +Nk+1(7”,f) + S(r, f).

bl

Tu B6 dé 2.9, ta nhan dugc

T(r; F) < N(r, F) + Ner(r, ) + N(r, ——gp) + S, )

Fk) — .
< (k+4)T(r,9) + Bk +2)T(r, f) + S(r). (2.40)
Tir (2.39) va B dé 2.9, ta c6
T(r,G) < (k+4)T(r,9)+ B3k +2)T(r, f)+ S(r). (2.41)

Tir (2.40) va (2.41), ta c6
(n = 4k +7)(T(r, f) +T(r,9)) < S(r, f) +5(r, 9),

Mau thuan v6i n > 10k + 24.
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Truong hop 2: b=£0, a #b, b = —1. Tu (2.38), ta c6

—GH +a+1 G®  —(a+1)F® 4 q

Neub£0,ab, b —1. Tt (2.38), ta cé

F® — (14 l) _ —a
DA(G® -

a® _ (b—a)F® +a—b—1
a—b)’ bE®) — (b+1)

b

Ly luan nhu truong hgp, ta suy ra mau thuan.

Truong hop 3: b6 = 0. Khi d6

b

o= lgw g1 (2.42)
a a
1
F=-G+Q(2). (2.43)
a

Tir (2.43), ta c6
S(r,F) = S(r,G) = S(r, f) = S(r, )

Dé thay

T f) + S(r, ),

Néu Q(z) # 0. Theo Dinh 1y co ban thit hai cho ham di nhd, ta c6

T(r,g) <

T(r, F) éN(r,F)—l—N(r,l)-l—N(r,

7 )+ S(r, F)

1
F-Q
Do vay

n+1

n—1

(n_l)T(T)f)<(4+2 )T(T,f)+S(T,f)

s 1
Mau thuan v6i n > 10k + 24. Do d6 Q) =0, nén F' = —G. Suy ra
a
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1
T (242),tac6 1 — — = 0, nén a = 1, kéo theo F' = G. Nén ta nhan
a

duoc

(2 f(z+¢) = g"(2)9(z + ¢). (2.44)

. 1
bat h = i Néu h khong 1a ham hang thi A" (z) = . St dung
g h(z+ c)

B6 dé 2.1, ta cé

nT'(r,h) =T(r,h) + S(r, h).

Mau thuin v6i n > 10k + 24, nén h 1a ham hang. Khi d6 f = tg, trong
dé t"*! = 1. Khang dinh 1 duoc chitng minh hoan toan.

Bang cdch st dung B6 dé 2.5, va 1y luan tuong tu nhu chiing minh
Khang dinh 1 ta chitng minh dugc Khéang dinh 2. Bang céch stt dung BS
dé 2.2 va ly luan twong tu nhu Khang dinh 1 ta chitng minh dugc Khéing
dinh 3. Bing cach st dung B6 dé 2.3 va ly luan tuong tu nhu Khing
dinh 1 ta ching minh dugc Khéing dinh 4. [J

Pinh 1y 2.18. Cho f va g la cac ham nguyén siéu viét voi bdc hitu han,
¢ € C la hdng s6 khdc khong, n € N, k la cdc s6 nguyén duong. Néu
mot trong cdc diéu kién sau ding:

1)n > 4k+10 va By(L; (f2(2)f (= + )W) = Ey(1; (9" (2)g(= + ) )
2) n > gkw va By (1; (f"(2) f (2 +¢))W) = By (1; (9"(2)g(z + )W),
khi dé f = tg, trong dé t"™' = 1 hodc f(z) = c1e®*, g(z) = coe™,

trong doé «, cy, ¢y la cdc hing s6 théa man (—1)*(ci.co)™[(n+1)a)?* = 1.

Chitng minh. Ta ching minh (1), (2) duoc chiing minh tuwong tu. Dat

F(z) = f"(2)f(z+¢), G(2) =g"(2)9(z + ).

Tir gid thiét suy ra Eyy(1; F®W) = Ey)(1; GW). bat

Flk+2) Pt k) Gik+1)

H=m1m 2Fw_1 g " 2cm_1T
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Néu H # 0, do f 1a ham nguyén nén
T(r, f*(2)f(z 4+ ¢)) = m(r, f*(2)f(z + ¢))
<m(r, f*(2)) +m(r, f(z + ¢))
= (n+1)T(r, f) + S(r, f).

Tu do suy ra

T(r, f"(2)f(z+¢)) = (n + 1)T(r, f) + S(r, f).

Khi d6 ly luan twong tu nhu Dinh 1y 2.17, (2.28) tré thanh

1 1 1
T(T7 F) + T(T7 G) < 2Nk—|—2(r7 F) + 2Nk+1(r7 F) + 2Nk+2(r’ 5)
1
+ 2Ng 11 (7, 5) + S(r, F)+ S(r,G).

Tu do suy ra

(n o (4k + 9))(T(T7 f) + T(Ta g)) < S(Ta f) + S(T, g)
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Mau thuan v6i n > 4k + 10. Do d6 H = 0. Lap luan tuong tu nhu
Dinh 1y 2.17, ta c6 f = tg, trong d6 t"*! = 1, hoac

(f"(2)f(z+ )W (" (2)g(z + )® = 1.

Ta chiing minh néu (f"(2)f(z 4 ¢))®.(¢g"(2)g(z +¢c))*¥) =1 thi f va
g déu khong c6 0-diém. That vay néu z, 1a khong diém cua f boi p thi
né la khong diém cta (f"(2)f(z + ¢))® boi it nhat np — k > 0 nén né
1a cuc diém cta (¢"(2)g(z + ¢))®, do vay z; 1a cuc diém ctia g hoac
g(z + ¢), mau thudn véi ¢ 1a ham nguyén. Do vay f khong cé khong

diém, twong tu g khong c6 khong diém. Do vay

f(2) = 1) g(2) = cpePB).

Do f, g c6 bac hitu han nén A(z) va B(z) la cac da thic. Két hgp diéu
kien (f"(2)f(z+¢))®.(¢g"(2)g(z 4+ ¢))®) =1 ta suy ra A(z) va B(z) 1a
cac da thac bac nhat. Tir d6 dé dang suy ra f(z) = c1e*?, g(2) = cpe™ %,
trong d6 a, ¢y, ca théa man (—1)%(cy.c2)"[(n + 1)a]?* = 1. Dinh ly duogc

chiing minh. ]
Pinh 1y 2.19. Cho f va g la cac ham phdn hinh siéu viét voi bdc hitu

han théa man E(1; (f"(2) f™(2+c))) = En(1; (9"(2)g™ (2 +c¢))), trong
do c € C la hang s6 khdc khong va m,n € N*. Ki hiéu

©1,74(00,0,¢) =2(6(c0, f) + O(0, f) + O(o0, g) + (0, 9))
+2min{O(oo, f), O(c0, g)} + 2min{O(0, f), (0, 9)}
+ min{O.(c0, f), Oc(c0, g)}.

O2,7,4(00,0,¢) =2(6 (o0, f) + O(0, f) + ©(c0, 9) + 6(0, 9)
+ (Oc(00, f) + (Oc(00, 9)) + 2min{O(co, f), O(c0, )}
+2min{6(0, f), ©(0, 9)} + 2min{O.(co, f), Oc(c0, 9)}.
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Khi dé ta cé cdc khang dinh sau:

1. Néeu m =1, n > max{9,21 — O 7,4(00,0,¢)} khi dé f = tg hodc
fg =t, trong dé t"! = 1.

2. Néum > 2, n > max{8+ m,24 + m — Oy f,(00,0,c)} khi do
f =tg hodc fg =t, trong dé t"™™ = 1.

Chitng minh. Dat

F(z) = f"(2)"(z +¢), G(2) = g"(2)9" (2 + ¢)

F// F/ G// G/
h=—-2————+42 :

F’ F-1 ¢ i G-1
1) Truong hgp m = 1. Ly luan tuong tu nhu Dinh 1y 2.13 va su dung

B6 dé 2.4, ta co

1 1
T(r, F) < Ny(r, F) + Na(r, F) + No(r, G) + Ny(r, 5)

+2(N(r,F) + N(r, %)) + S(r, f) + S(r, 9);

1 1
T(r,G) < No(r, F') + Na(r, ﬁ) + Na(r, G) + Na(r, 5)

+2(N(1,6G) + W(r, ) +5(r, 1) + 5(r,9).

Twu do ta co

(n—1)T(r, f)<T(r,F)+ S(r, f)
(14 — 4(6(00, f) + O(0, f)) — Oc(c0, f))T(r, f)

+ (6 — 2(0(00, g) +©(0,9)))T'(r, g) + S(r).

<
<
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Tuong tu ta co

(n _ 1)T(T7 g) < T(T7 G) + S(T7 g)
< (14 — 4(0(o0, g) 4+ ©(0, g)) — O.(c0, 9))T(r, g)
+ (6 — 2(O(c0, f) +O(0, )))T'(r, f) + S(r).

T d6 suy ra

(n = 1)T(r) <(20 — 2(6(o0, f) +O(0, f) + O(c0, g) + ©(0, 9))
— min{©.(co, f), (00, g)} — 2min{O(co, f), O(c0, g)}
— 2min{O(0, f), 0(0, 9)})T(r) + S(r).
Mau thuan véi n > max{9,21 — 0, f,(c0,0,c)}. Kéo theo h = 0, ly
luan tuong tu nhu Dinh 1y 2.13, ta ¢é di€u can chiing minh 1.

2) Trudng hop m > 2. Ly luan twong tu nhu Pinh 1y 2.13 va sir dung B
dé 2.4, ta c6

T(r F) < 4(N(r, f) + N(r, %) LN, (2 + 0))) + AT (r, f)

+2(N(r,g) + N(r, é) + N(r,g(z +c¢))) +2T(r,g) + S(r).
T d6 suy ra
(n—m)T(r, f) <T(r,F)+ S(r, f)
< (16

16 — 4(O(o0, f) + O(0, f) + O.(00, £)))T'(r, f)
+ (8 =2(0(c0,9) +0(0,9) + ©.(0,9)))T(r,g) + S(r).

Tuong tu ta co

(n _ m)T(T7 g) < T(T? G) + S(T7 g)
< (16 — 4(O(00, g) + O(0,9) + O.(00, 9)))T'(r, )
+ (8 = 2(0(00, f) +O(0, f) 4+ O(00, f)))T(r, f) + S(r).
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biéu dé kéo theo

(n=m)T(r)
< (24 = 2(8(o0, f) +0O(0, f) + (o0, g) + ©(0, 9)
+ O¢(00, f) + Oc(00, 9)) — 2min{O (oo, f), Oc(o0, )}
— 2min{O (o0, f), ©(c0, g)} — 2min{O(0, f), ©(0,9)})T(r) + S(r).

Mau thuan véi n > max{8+m,24+m — 0Oy ¢ ,(00,0,c)}. Do dé h =0,

1y luan tuong tu nhu Dinh 1y 2.12, ta nhan dugc di€u can ching minh. [
Lap luan va tinh todn tuong tu nhu DPinh ly 2.19 ta cling co

Dinh ly 2.20. Cho f va g la cac ham phan hinh siéu viét voi bdc hiiu
han théa man Es)(1; (f"(2) [ (2+¢))) = Ey)(1; (9"(2)g9™ (2 +¢))), trong
do c € C la hang so khdc khong va m,n € N*. Ki hiéu

O1.14(00,0,¢) = min{B(oc, f), 8(00,9)} + 5 min{6(0, /), ©(0, )}

+ %min{@c(ooa f);0c(00,9)}

©.74(00,0,¢) = min{B(oc, f), B(00,9)} + 5 min{6(0, /), ©(0, )}

+ gmin{@c(ooa f);0c(00,9)}

Khi dé chiing ta cé cdc khdng dinh sau:

1. Néeu m =1, n > max{9,15 — 01 74(00,0,¢)} khi dé f = tg hodc
fg=t, mattl =1.

2. Néeum > 2, n > max{8+ m,18 + m — Oy f,(00,0,¢c)} khi do
f =tg hodc fg=t, mat"™ = 1.

Ti€p theo ching todi chiing minh cac két qua lién quan dén nghiém cua

phuong trinh sai phan va dao ham ctia ham phan hinh.
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DPinh 1y 2.21. Cho f la ham phdn hinh siéu viét voi bdc hitu han, c € C
la hang s6 phitc khdc khong, n € N, k, m la cdc sé nguyén duong va
a(z) la ham di nhd ciia f. Khi dé ta c¢é cdc khdng dinh sau:

1. Néu n > m + 2k + 8 thi phuong trinh

F' (P (f(z+¢) = f(2)" = alz) =0

c6 vo han nghiém.

2. Néu n > m + 5 thi phuong trinh

Fr )P (2 4+ ¢) —alz) =0

c6 vo han nghiém.

3. Néu n > 2k + 6 thi phuong trinh

") Mz +¢) —a(z) =0
c6 vo han nghiém.
Chiung minh. 1. Dat
G(2) = (V@) (f (= +0) = F(2)" — al2).
Khi d6
T(r, " () fP()(f(z +¢) = f(2))") < T(r,G) + S(r, f).
Vi
Lo f ()
2 =
fram fr2) fE(2)(f(z +c) = f(z)"

Ta nhan duoc

(n+m)T(r, f) = T(T’ Fntm( L)
<T(r, () FR ) (f(z + ) — F(2)™)
(f(z+c¢)— (Z)))m) +7T(r, f(/f)(z)) + S(r, f)

)
(fz+c)=—fR)™")+Cm+EkE+1)T(r, f).

v
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Theo Dinh 1y co ban thit hai cho ham nho ta cé

T(r, f*(2) D) (f (2 +¢) = f(2))™)

< N(r,G) + N(r, é) +N(r, 5 i )+ S(r, f)
T cach xac dinh cua G, ta cé
N(r,G) <2T(r, f) + S(r, f)
— 1 — 1 — 1 — 1
N(r, G—i—a) < N(r, f) +N(T,W) +N(f(z—i—c) —f(z))
<0, )+ KN, £)+ Nl 3) + 2100, 1) + 50, £)
< (k+4)T(r, f) + S(r, f).
Suy ra
(n—m — 2~ T)T(r, f) < N(r, =) + S(r, /).

Do n > m + 2k + 8, nén phuong trinh

FrfPE)(f(z+e) = F(2)™ —alz) =0

¢6 vO han nghiém.

2) Pat G(z) = f"(2)fM(2)(f(z + )™ — a(2), ta c6
T(r, f*(2) [P (2)(f(z +0)™) < T(r, G) + S(r, f)

T(r, f*(2)f " (2)) < T(r,G) + T(r, )+5(r, f).

1
fm(z +c)

Kéo theo
T(r,G) = T(r, f*(2) f"(2)) = mT(r, f) + S(r, f).
Dé dang chiing minh duoc

T(r, f*(2) fM(2)) = (n = 1)T(r, f) + N(r, f) + N(r,
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That vay ta c6

nI(r, f) =T(r, ") = m(r, f*) + N(r, f")

<T(r, ff®) = N(r,
:T(Tafnf(k)) _N(Taf) _N(Ta
Do dé

T(r,G) = (n—m—1T(r, f)+ N(r, f) + N(r,

Theo Dinh 1y co ban thit hai ta c6
— — 1 — 1
T(r,G) < N(r,G)+ N(r,=)+ N(r,=——)+ S(n, f).
(r,G) < N(r.&) + N(r, ) + N(r, 57—) + 5(r.f)
Ly Iuan twong tu nhu chiing minh cua truong hop 1, ta nhan duoc
_ 1 1, — 1 — 1

N(TaG_}_a)gN(ra?)—’—N(raW
Tu do suy ra

1

(n_m_1)T(T7f)+N(Taf)+N(T7f(T(Z)
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(n —m —4)T(r, f) < N(r, é) + S(r, f).

Vi n > m + 5, nén phuong trinh

P PE)F(z+ )" —alz) =0

¢6 vO han nghiém.
3. Pat G(z) = f*(2)f®(z + ¢) — a(z). Ly luan tuong tu nhu 1, 2 ta

chitng minh duogc 3. [
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Két luan cua luan van

Luan van da dat duogc mot s6 két qua sau:

1) Trinh bay mot s6 khai niém va két qua co ban cua ly thuyét
Nevanlinna cho ham phan hinh va cho todn tir sai phan.

2) Phat bi€u va ching minh mot s6 két qua méi vé su duy nhat cla
cac ham phan hinh v6i da thuc sai phan va dao ham. D¢ la cac dinh ly

2.12,2.13 va 2.17 - 2.21.
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