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Më ®Çu

1. Môc ®Ých vµ lý do chän luËn v¨n

N¨m 1926, Nevanlinna chøng minh §Þnh lý n¨m ®iÓm vÒ sù x¸c ®Þnh

duy nhÊt cña c¸c hµm ph©n h×nh: hai hµm ph©n h×nh f vµ g trªn mÆt

ph¼ng phøc C b»ng nhau t¹i n¨m ®iÓm ph©n biÖt th× f ≡ g. KÕt qu¶ cña

Nevanlinna cho thÊy mét hµm ph©n h×nh ®−îc x¸c ®Þnh mét c¸ch duy

nhÊt bëi ¶nh ng−îc kh«ng kÓ béi cña n¨m gi¸ trÞ ph©n biÖt. C«ng tr×nh

nµy cña «ng ®−îc xem lµ khëi nguån cho c¸c c«ng tr×nh nghiªn cøu vÒ

sù x¸c ®Þnh duy nhÊt cña hµm hay ¸nh x¹ ph©n h×nh. VÒ sau, h−íng

nghiªn cøu nµy thu hót ®−îc nhiÒu nhµ to¸n häc trong vµ ngoµi n−íc: M.

Ru, F. Fujimoto, C. C. Yang, D. D. Thai, H. H. Khoai, T. T. H. An, ....

Thêi gian gÇn ®©y, R. G. Halburd vµ R. J. Korhonen (2006, [10]), Y.

M. Chiang vµ S. J. Feng (2008, [13]) ®] nghiªn cøu lý thuyÕt Nevanlinna

cho to¸n tö sai ph©n. Nh÷ng kÕt qu¶ cña hä gióp chóng ta nghiªn cøu sù

duy nhÊt cña hµm ph©n h×nh, hµm nguyªn víi ®a thøc sai ph©n, nghiªn

cøu ph−¬ng tr×nh sai ph©n.... N¨m 2011, K. Liu, X. Liu vµ T. B. Cao

([8, 7]) ®] chøng minh mét sè kÕt qu¶ vÒ sù duy nhÊt cña c¸c hµm ph©n

h×nh, hµm nguyªn vµ ®a thøc sai ph©n, vÒ nghiÖm cña ph−¬ng tr×nh sai

ph©n. Víi mong muèn tiÕp cËn h−íng nghiªn cøu nµy t«i ®] chän luËn

v¨n: “Sù duy nhÊt cña c¸c hµm ph©n h×nh víi ®a thøc sai ph©n”.

Môc ®Ých chÝnh cña luËn v¨n lµ tiÕp tôc nghiªn cøu vÊn ®Ò cña K. Liu,

X. Liu vµ T. B. Cao.

2. Néi dung nghiªn cøu

LuËn v¨n nghiªn cøu sù duy nhÊt cña c¸c hµm ph©n h×nh víi ®a thøc

sai ph©n, nghiªn cøu sù tån t¹i nghiÖm cña ph−¬ng tr×nh sai ph©n.
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3. Ph−¬ng ph¸p nghiªn cøu

Ph−¬ng ph¸p nghiªn cøu c¬ b¶n: §äc bµi b¸o cña c¸c t¸c gi¶ theo

h−íng nghiªn cøu, tõ ®ã t×m ra nh÷ng ý t−ëng míi ®Ó nghiªn cøu.

LuËn v¨n gåm hai ch−¬ng:

Ch−¬ng 1: KiÕn thøc c¬ së, tr×nh bµy nh÷ng kiÕn c¬ së, cÇn thiÕt cho

chøng minh kÕt qu¶ trong ch−¬ng hai: lý thuyÕt Nevanlinna, lý thuyÕt

Nevanlinna cho to¸n tö sai ph©n.

Ch−¬ng 2: Sù duy nhÊt cña c¸c hµm ph©n h×nh víi ®a thøc sai ph©n.

Trong ch−¬ng nµy chóng t«i chøng minh mét sè kÕt qu¶ vÒ sù duy nhÊt

cña hµm phÇn h×nh víi ®a thøc sai ph©n vµ sù tån t¹i nghiÖm cña ph−¬ng

tr×nh sai ph©n.

Trong qu¸ tr×nh häc tËp vµ thùc hiÖn luËn v¨n, t«i ®] nhËn ®−îc sù d¹y

b¶o tËn t×nh cña c¸c thÇy c« gi¸o ë tr−êng §¹i häc S− ph¹m - §H Th¸i

Nguyªn, §HSP Hµ Néi, ViÖn To¸n häc. §Æc biÖt lµ sù chØ b¶o, h−íng

dÉn tËn t×nh cña thÇy gi¸o TS. Hµ TrÇn Ph−¬ng. T«i xin bµy tá lßng biÕt

¬n s©u s¾c tíi ThÇy, tíi c¸c thÇy c« gi¸o ®] gióp ®ì t«i trong suèt thêi

gian qua. Xin c¶m ¬n gia ®×nh vµ c¸c b¹n bÌ ®ång nghiÖp ®] gióp ®ì,

®éng viªn t«i hoµn thµnh b¶n luËn v¨n nµy.

Th¸i Nguyªn, th¸ng 5 n¨m 2012

NguyÔn V¨n Th×n
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Ch−¬ng 1

KiÕn thøc chuÈn bÞ

Trong phÇn nµy chóng t«i tr×nh bµy mét sè kiÕn thøc c¬ së trong Lý

thuyÕt Nevanlinna cho c¸c hµm ph©n h×nh.

1.1 C¸c hµm Nevanlinna

Víi mét 0 < R �∞, ta kÝ hiÖu

D(R) = {z ∈ C : |z| < R}.

Cho f lµ hµm ph©n h×nh trªn ®Üa D(R) vµ r < R, ký hiÖu n(r, f) lµ sè

cùc ®iÓm cña f kÓ c¶ béi trong ®Üa ®ãng D(r). Khi ®ã hµm ®Õm t¹i cùc

®iÓm cña f , ký hiÖu N(r, f), ®−îc x¸c ®Þnh nh− sau:

N(r, f) =

r∫

0

n(t, f)− n(0, f)

t
dt+ n(0, f) log r,

trong ®ã n(0, f) = lim inf
t−→0

n(t, f). Hµm xÊp xØ m(r, f) cña hµm f ®−îc

x¸c ®Þnh nh− sau:

m(r, f) =
1

2π

2π∫

0

log+ |f(reiθ)|dθ,

trong ®ã log+(x) = max{log x, 0}, víi x > 0. Hµm ®Æc tr−ng Nevanlinna

cña f , ký hiÖu lµ T (r, f), ®−îc x¸c ®Þnh bëi:

T (r, f) = m(r, f) +N(r, f).
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Víi mçi a ∈ C, ký hiÖu n(r,
1

f − a) lµ sè c¸c a-®iÓm cña f kÓ c¶ béi

trong ®Üa ®ãng D(r). Khi ®ã hµm ®Õm t¹i c¸c a-®iÓm cña f , ký hiÖu

N(r,
1

f − a), ®−îc x¸c ®Þnh nh− sau:

N(r,
1

f − a) =

r∫

0

n(t,
1

f − a)− n(0,
1

f − a)

t
dt+ n(0,

1

f − a) log r,

trong ®ã n(0,
1

f − a) = lim inf
t−→0

n(t,
1

f − a). Tõ ®Þnh nghÜa hµm xÊp xØ, ta

cã

m(r,
1

f − a) =
1

2π

2π∫

0

log+
1

|f(reiθ)− a|dθ

vµ

T (r,
1

f − a) = m(r,
1

f − a) +N(r,
1

f − a).

Mét sè tÝnh chÊt cña c¸c hµm Nevanlinna

1. m(r,
n∑

k=1

fk) �
n∑

k=1

m(r, fk) + log n;

2. m(r,
n∏

k=1

fk) �
n∑

k=1

m(r, fk);

3. N(r,
n∑

k=1

fk) �
n∑

k=1

N(r, fk);

4. N(r,
n∏

k=1

fk) �
n∑

k=1

N(r, fk);

5. T (r,
n∑

k=1

fk) �
n∑

k=1

T (r, fk) + log n;

6. T (r,

n∏

k=1

fk) �
n∑

k=1

T (r, fk).
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1.2 C¸c ®Þnh lý c¬ b¶n

§Þnh lý 1.1 (§Þnh lý c¬ b¶n thø nhÊt). Cho f lµ hµm ph©n h×nh kh¸c

h»ng trªn D(r), khi ®ã ta cã

T (r,
1

f − a) = T (r, f) +O(1),

trong ®ã O(1) lµ ®¹i l−îng bÞ chÆn.

§Þnh lý 1.2 (§Þnh lý c¬ b¶n thø hai). Cho f lµ hµm ph©n h×nh kh¸c

h»ng trªn C vµ a1, ..., aq lµ c¸c sè phøc ph©n biÖt, khi ®ã víi mäi ε > 0

ta cã bÊt ®¼ng thøc

(q − 1)T (r, f) +Nram(r, f) �
q∑

j=1

N(r,
1

f − aj
) +N(r, f)

+ (1 + ε) log+(log T (r, f)) + log T (r, f) +O(1)

®óng víi mäi r > 0 ®ñ lín n»m ngoµi mét tËp cã ®é ®o Lebesgue h÷u

h¹n. Trong ®ã

Nram(r, f) = N(r,
1

f ′
) + 2N(r, f)−N(r, f ′).

DÔ chøng minh ®−îc Nram(r, f) � 0.

HÖ qu¶ 1.3. Cho f lµ hµm ph©n h×nh kh¸c h»ng trªn C vµ a1, ..., aq lµ

c¸c sè phøc ph©n biÖt, khi ®ã ta cã bÊt ®¼ng thøc

(q − 1)T (r, f) �
q∑

j=1

N(r,
1

f − aj
) +N(r, f)−N0(r,

1

f ′
) + S(r, f)

®óng víi mäi r > 0 ®ñ lín n»m ngoµi mét tËp cã ®é ®o Lebesgue h÷u

h¹n, S(r, f) = o(T (r, f)) khi r −→ ∞ vµ N0(r,
1

f ′
) lµ hµm ®Õm t¹i

kh«ng ®iÓm cña f ′ mµ kh«ng lµ kh«ng ®iÓm cña
n∏
j=1

(f − aj).
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Hµm ph©n h×nh a(z) ®−îc gäi lµ hµm ®ñ nhá cña hµm ph©n h×nh f(z)

nÕu T (r, a) = S(r, f). Trong ®ã S(r, f) = o(T (r, f)) khi r −→ ∞,

ngoµi mét tËp cã ®é ®o h÷u h¹n.

N¨m 2004, K. Yamanoi ([6]) ®] tæng qu¸t ®Þnh lý c¬ b¶n thø hai cho

hµm ®ñ nhá. KÕt qu¶ cña t¸c gi¶ nh− sau:

§Þnh lý 1.4 ([6]). Cho f lµ hµm ph©n h×nh kh¸c h»ng trªn C vµ

a1(z), . . . , aq(z) lµ c¸c hµm ph©n h×nh ®ñ nhá cña f . Khi ®ã ta cã

bÊt ®¼ng thøc sau

(q − 2)T (r, f) �
q∑

j=1

N(r,
1

f − aj
) + S(r, f).

1.3 Lý thuyÕt Nevanlinna cho to¸n tö sai ph©n

Cho f lµ mét hµm ph©n h×nh, bËc cña f , ký hiÖu lµ ρ(f), ®−îc x¸c ®Þnh

bëi

ρ(f) = lim sup
r−→∞

log T (r, f)

log r
.

NÕu ρ(f) < +∞ th× ta nãi f cã bËc h÷u h¹n.

Hµm ph©n h×nh f(z) trªn C ®−îc gäi lµ tuÇn hoµn víi chu kú c ∈ C
nÕu ®¼ng thøc f(z + c) = f(z) ®óng víi mäi z ∈ C. Cho f lµ hµm ph©n

h×nh, c ∈ C lµ h»ng sè, to¸n tö sai ph©n cña f ký hiÖu lµ

∆cf = f(z + c)− f(z).

GÇn ®©y, R. G. Halburd, R. J. Korhonen, Y. M. Chang, S. J. Fang, ...

®] nghiªn cøu lý thuyÕt Nevanlinna cho to¸n tö sai ph©n vµ ®¹t ®−îc mét

sè kÕt qu¶ sau:

§Þnh lý 1.5 ([10]). Cho f lµ hµm ph©n h×nh kh¸c h»ng víi bËc h÷u h¹n,
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c ∈ C. Khi ®ã ®¼ng thøc

m

(
r,
f(z + c)

f(z)

)
= S(r, f)

®óng víi r ®ñ lín ngoµi mét tËp E cã ®é ®o logarithmic h÷u h¹n
∫
E

dr

r
< +∞.

L−u ý r»ng ®iÒu kiÖn f lµ hµm ph©n h×nh víi bËc h÷u h¹n lµ kh«ng

thÓ bá qua. Ta xÐt vÝ dô sau ([12]): XÐt hµm g(z) = ee
z

víi c = 1. Khi

®ã

m(r,
g(z + c)

g(z)
) = (e− 1)m(r, g) = (e− 1)T (r, g)

∼ (e− 1)
er√
2π3r

= O(T (r, g)).

§Þnh lý 1.6 ([13]). Cho f lµ hµm ph©n h×nh kh¸c h»ng víi bËc h÷u h¹n,

c ∈ C. Khi ®ã

T (r, f(z + c)) = T (r, f) + S(r, f).

§Þnh lý 1.7 ([10]). Cho f lµ hµm ph©n h×nh kh¸c h»ng víi bËc h÷u h¹n

sao cho ∆cf �≡ 0, c ∈ C. Cho q � 2, vµ a1(z), ..., aq(z) lµ c¸c ph©n

h×nh ®ñ nhá tuÇn hoµn víi chu kú c. Khi ®ã ta cã

m(r, f) +

q∑

k=1

m(r,
1

f − ak
) � 2T (r, f)−Npair(r, f) + S(r, f),

trong ®ã

Npair(r, f) = 2N(r, f)−N(r,∆c(f)) +N(r,
1

∆cf
)

vµ bÊt ®¼ng thøc trªn ®óng víi r ®ñ lín ngoµi mét tËp E cã ®é ®o

logarithmic h÷u h¹n.
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Ch−¬ng 2

Sù duy nhÊt cña c¸c hµm ph©n h×nh
víi ®a thøc sai ph©n

2.1 Mét sè kh¸i niÖm

Trong phÇn nµy chóng t«i sÏ tr×nh bµy mét sè kh¸i niÖm cÇn dïng trong

chøng minh c¸c kÕt qu¶.

Cho f lµ hµm ph©n h×nh x¸c ®Þnh trªn mÆt ph¼ng phøc C. Ký hiÖu

S(r, f) lµ ®¹i l−îng tháa m]n S(r, f) = o(T (r, f)) víi r ®ñ lín n»m

ngoµi mét tËp cã ®é ®o h÷u h¹n. Víi a ∈ C ∪ {∞}, ký hiÖu Em)(a; f)

lµ tËp tÊt c¶ c¸c a- ®iÓm cña f víi béi kh«ng v−ît qu¸ m, mçi a- ®iÓm

®−îc tÝnh víi sè lÇn b»ng béi cña nã. Tøc lµ

Em)(a; f) = {(z, n) ∈ C× N∗ : ordf−a(z) = n � m}.

Ta còng ký hiÖu Em)(a; f) lµ tËp tÊt c¶ c¸c a- ®iÓm ph©n biÖt cña f víi

béi kh«ng v−ît qu¸ m, tøc lµ

Em)(a; f) = {z ∈ C : ordf−a(z) � m}.

Cho f, g lµ c¸c hµm ph©n h×nh vµ a ∈ C∪{∞}. NÕu c¸c nghiÖm cña

ph−¬ng tr×nh f − a = 0 vµ g − a = 0 lµ trïng nhau kÓ c¶ béi (kh«ng kÓ

béi) th× ta nãi f vµ g chung nhau gi¸ trÞ a-CM (t−¬ng øng a−IM).

Cho m lµ sè nguyªn d−¬ng, a ∈ C, f vµ g lµ c¸c hµm ph©n h×nh sao
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cho

Em)(a; f) = Em)(a; g).

KÝ hiÖu Ef,g(a) lµ tËp c¸c a−®iÓm chung ph©n biÖt cña f vµ g, tøc lµ

Ef,g(a) = {z ∈ C : f(z)− a = g(z)− a = 0}.

Vµ kÝ hiÖu

nL(r, a; f) = {z ∈ Ef,g(a) : |z| � r, ordf−a(z) > ordg−a(z) > m};

nL(r, a; g) = {z ∈ Ef,g(a) : |z| � r, ordg−a(z) > ordf−a(z) > m};

nf>m+1(r, a; g) = {z ∈ Ef,g(a) : |z| � r, ordf−a(z) > ordg−a(z) = m+ 1};

ng>m+1(r, a; f) = {z ∈ Ef,g(a) : |z| � r, ordg−a(z) > ordf−a(z) = m+ 1}.

C¸c hµm ®Õm x¸c ®Þnh nh− sau

NL(r, a; f) =

r∫

0

nL(t, a; f)− nL(0, a; f)

t
dt+ nL(0, a; f) log r;

NL(r, a; g) =

r∫

0

nL(t, a; g)− nL(0, a; g)

t
dt+ nL(0, a; g) log r;

Nf>m+1(r, a; g) =

r∫

0

nf>m+1(r, a; g)− nf>m+1(0, a; g)
t

dt+ nf>m+1(0, a; g) log r;

N g>m+1(r, a; f) =

r∫

0

ng>m+1(r, a; f)− ng>m+1(0, a; f)

t
dt+ ng>m+1(0, a; f) log r.

trong ®ã nL(0, a; f) = lim inf
t−→0

nL(t, a; f), nL(0, a; g) = lim inf
t−→0

nL(t, a; g).

Ta còng kÝ hiÖu

NL(r,
1

f − a) = NL(r, a; f); NL(r,
1

g − a) = NL(r, a; g);

Nf>m+1(r,
1

g − a) = Nf>m+1(r, a; g); N g>m+1(r,
1

f − a) = N g>m+1(r, a; f).
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KÝ hiÖu

n
(m+1
E (r, a; f) = {z ∈ Ef,g(a) : |z| � r, ordf−a(z) = ordg−a(z) � m+ 1}

vµ

N
(m+1
E (r, a; f) =

r∫

0

n
(m+1
E (t, a; f)− n(m+1E (0, a; f)

t
dt+ n

(m+1
E (0, a; f) log r.

KÝ hiÖu

nf�m+1(r, a; f |g �= a) = {z ∈ C : |z| � r, ordf−a(z) > m, ordg−a(z) = 0};

ng�m+1(r, a; g|f �= a) = {z ∈ C : |z| � r, ordg−a(z) > m, ordf−a(z) = 0}

vµ

Nf�m+1(r, a; f |g �= a) =

r∫

0

nf�m+1(t, a; f |g �= a)− nf�m+1(0, a; f |g �= a)
t

dt

+ nf�m+1(0, a; f |g �= a) log r;

N g�m+1(r, a; g|f �= a) =

r∫

0

ng�m+1(t, a; g|f �= a)− ng�m+1(0, a; g|f �= a)
t

dt

+ ng�m+1(0, a; g|f �= a) log r.

Cho f lµ mét hµm ph©n h×nh trªn C, a ∈ C = C ∪ {∞} vµ m lµ mét

sè nguyªn d−¬ng. Ký hiÖu n(m(r, a; f) lµ sè c¸c a−®iÓm kh«ng kÓ béi

cña f trong ®Üa {z ∈ C : |z| � r} víi béi Ýt nhÊt b»ng m, nm)(r, a; f) lµ

sè c¸c a−®iÓm kh«ng kÓ béi cña f trong ®Üa {z ∈ C : |z| � r} víi béi

kh«ng v−ît qu¸ m. C¸c hµm ®Õm ®−îc x¸c ®Þnh bëi:

N (m(r, a; f) =

r∫

0

n(m(r, a; f)− n(m(0, a; f)

t
dt+ n(m(0, a; f) log r

Nm)(r, a; f) =

r∫

0

nm)(r, a; f)− nm)(0, a; f)

t
dt+ nm)(0, a; f) log r.
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Ta còng kÝ hiÖu

N (m(r,
1

f − a) = N (m(r, a; f), Nm)(r,
1

f − a) = Nm)(r, a; f).

Khi a = ∞, ta viÕt n(m(r, f), N (m(r, f), nm)(r, f), Nm)(r, f) lÇn l−ît

thay cho n(m(r,∞; f), N (m(r,∞; f), nm)(r,∞; f), Nm)(r,∞; f).

Cho k � 2 lµ sè nguyªn d−¬ng, ký hiÖu

Nk(r,
1

f − a) = N(r,
1

f − a) +N (2(r,
1

f − a) + · · ·+N (k(r,
1

f − a).

Nk(r, f) = N(r, f) +N (2(r, f) + · · ·+N (k(r, f).

Ta kÝ hiÖu c¸c sè khuyÕt

Θ(∞, f) = 1− lim sup
r−→∞

N(r, f)

T (r, f)
; Θ(0, f) = 1− lim sup

r−→∞

N(r, 1/f)

T (r, f)
;

Θc(∞, f) = 1− lim sup
r−→∞

N(r, f(z + c))

T (r, f)
,

trong ®ã c ∈ C lµ h»ng sè kh¸c 0.

2.2 Sù duy nhÊt cña c¸c hµm ph©n h×nh víi ®a thøc sai
ph©n

Trong phÇn nµy chóng t«i ph¸t biÓu vµ chøng minh mét sè kÕt qu¶ míi

vÒ sù duy nhÊt cña c¸c hµm ph©n h×nh víi ®a thøc sai ph©n. §Ó chøng

minh c¸c ®Þnh lý, ta cÇn mét sè bæ ®Ò sau:

Bæ ®Ò 2.1 ([13]). Cho f lµ hµm ph©n h×nh siªu viÖt víi bËc h÷u h¹n,

c ∈ C lµ sè phøc kh¸c kh«ng. Khi ®ã ta cã

T (r, f(z + c)) = T (r, f) + S(r, f).

Cho f vµ g lµ hai hµm ph©n h×nh kh¸c h»ng. §Æt

H =
f ′′

f ′
− 2

f ′

f − 1
− g

′′

g′
+ 2

g′

g − 1
.

Số hóa bởi Trung tâm Học liệu – Đại học Thái Nguyên                                http://www.lrc-tnu.edu.vn



13

Bæ ®Ò 2.2. NÕu H �≡ 0 vµ f , g chung nhau 1−CM khi ®ã

T (r, f) � N2(r, f) +N2(r,
1

f
) +N2(r, g) +N2(r,

1

g
) + S(r),

T (r, g) � N2(r, f) +N2(r,
1

f
) +N2(r, g) +N2(r,

1

g
) + S(r),

trong ®ã S(r) = S(r, f) + S(r, g).

Chøng minh. Theo §Þnh lý c¬ b¶n thø hai ta cã:

T (r, f) � N(r, f) +N(r,
1

f
) +N(r,

1

f − 1
)−N0(r,

1

f ′
) + S(r). (2.1)

§iÒu kiÖn f , g chung nhau 1−CM kÐo theo

N(r,
1

f − 1
) = N1)(r,

1

f − 1
) +N (2(r,

1

f − 1
)

= N1)(r,
1

f − 1
) +N (2(r,

1

g − 1
). (2.2)

Ta biÕt r»ng nÕu z0 lµ kh«ng ®iÓm ®¬n cña f − 1 vµ g− 1 th× H(z0) = 0.

Do vËy

N1)(r,
1

f − 1
) = N1)(r,

1

g − 1
) � N(r,

1

H
) � T (r,H) +O(1)

� N(r,H) + S(r, f) + S(r, g). (2.3)

Chóng ta thÊy cùc ®iÓm cña H chØ cã thÓ x¶y ra t¹i:

i. Kh«ng ®iÓm béi cña f vµ g;

ii. Cùc ®iÓm béi cña f vµ g;

iii. Kh«ng ®iÓm cña f ′ mµ kh«ng lµ kh«ng ®iÓm cña f(f − 1), kh«ng

®iÓm cña g′ mµ kh«ng lµ kh«ng ®iÓm cña g(g − 1).

Do ®ã tÊt c¶ c¸c cùc ®iÓm cña H ®Òu lµ cùc ®iÓm ®¬n, nªn ta cã

N(r,H) � N (2(r, f) +N (2(r,
1

f
) +N (2(r, g)

+N (2(r,
1

g
) +N0(r,

1

f ′
) +N 0(r,

1

g′
), (2.4)
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trong ®ã N0(r,
1

f ′
) lµ hµm ®Õm kh«ng kÓ béi t¹i kh«ng ®iÓm cña f ′ mµ

kh«ng lµ kh«ng ®iÓm cña f(f − 1), N0(r,
1

g′
) lµ hµm ®Õm kh«ng kÓ béi

t¹i kh«ng ®iÓm cña g′ mµ kh«ng lµ kh«ng ®iÓm cña g(g − 1).

KÕt hîp c¸c bÊt ®¼ng thøc (2.1), (2.2), (2.3) vµ (2.4), ta cã

T (r, f) � N2(r, f) +N2(r,
1

f
) +N (2(r, g) +N (2(r,

1

g
) +N (2(r,

1

g − 1
)

+N0(r,
1

g′
) + S(r, f) + S(r, g). (2.5)

Tõ ®Þnh nghÜa cña N0(r,
1

g′
), ta cã

N0(r,
1

g′
) +N (2(r,

1

g − 1
) +N(2(r,

1

g
)−N (2(r,

1

g
) � N(r,

1

g′
).

Theo ®Þnh lý c¬ b¶n thø nhÊt, ta cã

N(r,
1

g′
)−N(r,

1

g
) +N(r,

1

g
) = N(r,

g

g′
) � T (r,

g

g′
)

= T (r,
g′

g
) +O(1) = N(r,

g′

g
) + S(r, g)

� N(r, g) +N(r,
1

g
) + S(r, g),

kÐo theo

N(r,
1

g′
) � N(r, g) +N(r,

1

g
) + S(r, g).

Bëi vËy

N 0(r,
1

g′
) +N (2(r,

1

g − 1
) � N(r, g) +N(r,

1

g
) + S(r, g). (2.6)

KÕt hîp (2.5) vµ (2.6), chóng ta cã

T (r, f) � N2(r, f) +N2(r,
1

f
) +N2(r, g) +N2(r,

1

g
) + S(r).

T−¬ng tù chóng ta cã

T (r, g) � N2(r, f) +N2(r,
1

f
) +N2(r, g) +N2(r,

1

g
) + S(r).

Bæ ®Ò ®−îc chøng minh.
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Bæ ®Ò 2.3 ([1]). NÕu H �≡ 0 , f vµ g chung nhau gi¸ trÞ 1− IM , khi ®ã

T (r, f) �
(
N2(r, f) +N2(r,

1

f
) +N2(r, g) +N2(r,

1

g
)
)

+ 2
(
N(r, f) +N(r,

1

f
)
)

+N(r, g) +N(r,
1

g
)

+ S(r, f) + S(r, g);

T (r, g) �
(
N2(r, f) +N2(r,

1

f
) +N2(r, g) +N2(r,

1

g
)
)

+ 2
(
N(r, g) +N(r,

1

g
)
)

+N(r, f) +N(r,
1

f
)

+ S(r, f) + S(r, g).

Bæ ®Ò 2.4. NÕu H �≡ 0 , E1)(1; f) = E1)(1; g) khi ®ã

T (r, f) �
(
N2(r, f) +N2(r,

1

f
) +N2(r, g) +N2(r,

1

g
)
)

+ 2
(
N(r, f) +N(r,

1

f
)
)

+ S(r, f) + S(r, g);

T (r, g) �
(
N2(r, f) +N2(r,

1

f
) +N2(r, g) +N2(r,

1

g
)
)

+ 2
(
N(r, g) +N(r,

1

g
)
)

+ S(r, f) + S(r, g).

Chøng minh. Theo §Þnh lý c¬ b¶n thø hai ta cã:

T (r, f) � N(r, f) +N(r,
1

f
) +N(r,

1

f − 1
)−N0(r,

1

f ′
) + S(r);

T (r, g) � N(r, g) +N(r,
1

g
) +N(r,

1

g − 1
)−N0(r,

1

g′
) + S(r). (2.7)

DÔ thÊy cùc ®iÓm cña H chØ cã thÓ x¶y ra t¹i:

i. Kh«ng ®iÓm béi cña f vµ g;

ii. Cùc ®iÓm béi cña f vµ g;

iii. Kh«ng ®iÓm cña f − 1 vµ g − 1 víi béi kh¸c nhau;

iv. Kh«ng ®iÓm cña f − 1 nh−ng kh«ng lµ kh«ng ®iÓm cña g − 1 vµ

ng−îc l¹i;
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v. Kh«ng ®iÓm cña f ′ mµ kh«ng lµ kh«ng ®iÓm cña f(f − 1), kh«ng

®iÓm cña g′ mµ kh«ng lµ kh«ng ®iÓm cña g(g − 1).

Do ®ã tÊt c¶ c¸c cùc ®iÓm cña H ®Òu lµ cùc ®iÓm ®¬n. §iÒu ®ã kÐo theo

N(r,H) � N (2(r, f) +N (2(r,
1

f
) +N (2(r, g) +N (2(r,

1

g
)

+NL(r,
1

f − 1
) +NL(r,

1

g − 1
) +N g�2(r,

1

g − 1
|f �= 1)

+N f�2(r,
1

f − 1
|g �= 1) +N0(r,

1

f ′
) +N0(r,

1

g′
). (2.8)

B©y giê ta chøng minh bÊt ®¼ng thøc

2NL(r, 1; f) + 2NL(r, 1; g) +N
(2
E (r, 1; f) +N g�2(r, 1; g|f �= 1)

−Nf>2(r, 1; g) � N(r, 1; g)−N(r, 1; g). (2.9)

ThËt vËy, v× E1)(1; f) = E1)(1; g) nªn 1-®iÓm ®¬n cña f vµ g lµ trïng

nhau. Gäi z0 lµ 1-®iÓm cña f víi béi p vµ lµ 1-®iÓm cña g víi béi q.

NÕu q = 2 th× p cã thÓ nhËn c¸c gi¸ trÞ: (i) p = 2, (ii) p � 3, (iii) p = 0.

Khi p = 2 th× z0 ®−îc tÝnh 1 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f) +N g�2(r, 1; g|f �= 1)−N f>2(r, 1; g) vµ z0 còng ®−îc tÝnh 1

lÇn trong N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng

hîp nµy.

Khi p � 3 th× z0 ®−îc tÝnh 1 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f)+N g�2(r, 1; g|f �= 1)−Nf>2(r, 1; g), z0 ®−îc tÝnh 1 lÇn trong

N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng hîp nµy.

Khi p = 0 th× z0 ®−îc tÝnh 1 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f)+N g�2(r, 1; g|f �= 1)−Nf>2(r, 1; g), z0 ®−îc tÝnh 1 lÇn trong

N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng hîp nµy.

NÕu q = 3 th× p cã thÓ nhËn c¸c gi¸ trÞ: (i) p = 2, (ii) p = 3, (iii)

p � 4, (iv) p = 0. Khi p = 2 th× z0 ®−îc tÝnh 2 lÇn trong 2NL(r, 1; f) +

2NL(r, 1; g) +N
(2
E (r, 1; f) +N g�2(r, 1; g|f �= 1)−N f>2(r, 1; g), z0 ®−îc
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tÝnh 2 lÇn trong N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong

tr−êng hîp nµy.

Khi p = 3 th× z0 ®−îc tÝnh 1 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f)+N g�2(r, 1; g|f �= 1)−Nf>2(r, 1; g), z0 ®−îc tÝnh 2 lÇn trong

N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng hîp nµy.

Khi p � 4 th× z0 ®−îc tÝnh 2 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f)+N g�2(r, 1; g|f �= 1)−Nf>2(r, 1; g), z0 ®−îc tÝnh 2 lÇn trong

N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng hîp nµy.

Khi p = 0 th× z0 ®−îc tÝnh 1 lÇn trong 2NL(r, 1; f) + 2NL(r, 1; g) +

N
(2
E (r, 1; f)+N g�2(r, 1; g|f �= 1)−Nf>2(r, 1; g), z0 ®−îc tÝnh 2 lÇn trong

N(r, 1; g)−N(r, 1; g). Do ®ã bÊt ®¼ng thøc ®óng trong tr−êng hîp nµy.

T−¬ng tù ta còng cã bÊt ®¼ng thøc víi q � 4. Do ®ã bÊt ®¼ng thøc

(2.9) ®óng trong mäi tr−êng hîp. H¬n n÷a, chøng minh t−¬ng tù ta còng

cã:

2NL(r, 1; g) + 2NL(r, 1; f) +N
(2
E (r, 1; g) +Nf�2(r, 1; f |g �= 1)

−N g>2(r, 1; f) � N(r, 1; f)−N(r, 1; f). (2.10)

Tõ c¸c bÊt ®¼ng thøc (2.9) vµ (2.10) ta cã

N(r,
1

g − 1
) +N(r,

1

f − 1
)

� N1)(r,
1

f − 1
) +N

(2
E (r,

1

f − 1
) +NL(r,

1

f − 1
)

+Nf>2(r,
1

g − 1
) +NL(r,

1

g − 1
) +Nf�2(r,

1

f − 1
|g �= 1)

+N(r,
1

g − 1
)− 2NL(r,

1

g − 1
)− 2NL(r,

1

f − 1
)

−N (2

E (r,
1

f − 1
)−N g�2(r,

1

g − 1
|f �= 1). (2.11)

Do kh«ng ®iÓm ®¬n cña f − 1 vµ g − 1 lµ kh«ng ®iÓm cña H nªn ta cã

N1)(r,
1

f − 1
) � N(r,

1

H
) � T (r,

1

H
) � N(r,H) + S(r, f) + S(r, g).
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Nªn (2.11) trë thµnh

N(r,
1

g − 1
) +N(r,

1

f − 1
)

� N (2(r, f) +N (2(r,
1

f
) +N (2(r, g) +N (2(r,

1

g
)

+ 2Nf�2(r,
1

f − 1
|g �= 1) +Nf>2(r,

1

g − 1
) + T (r, g)

−m(r,
1

g − 1
) +N0(r,

1

f ′
) +N0(r,

1

g′
) + S(r). (2.12)

KÕt hîp (2.7) vµ (2.12) ta cã

T (r, f) + T (r, g)

� N (2(r, f) +N (2(r,
1

f
) +N (2(r, g) +N (2(r,

1

g
)

+ 2Nf�2(r,
1

f − 1
|g �= 1) +N f>2(r,

1

g − 1
)

+ T (r, g)−m(r,
1

g − 1
) + S(r). (2.13)

Ta cã bÊt ®¼ng thøc sau ®] ®−îc chøng minh trong [2]:

2Nf�2(r,
1

f − 1
|g �= 1) +N f>2(r,

1

g − 1
)

� 2(N(r, f) +N(r,
1

f
)) + S(r, f).

Do ®ã (2.13) trë thµnh

T (r, f) � N2(r, f) +N2(r,
1

f
) +N2(r, g) +N2(r,

1

g
)

+ 2(N(r, f) +N(r,
1

f
)) + S(r).

T−¬ng tù ta chøng minh ®−îc bÊt ®¼ng thøc cßn l¹i.

Bæ ®Ò 2.5 ([5]). NÕu H �≡ 0 , E2)(1; f) = E2)(1; g) th×

T (r, f) + T (r, g) � 2
(
N2(r, f) +N2(r,

1

f
) +N2(r, g) +N2(r,

1

g
)
)

+
1

2

(
N(r, f) +N(r,

1

f
) +N(r, g) +N(r,

1

g
)
)

+ S(r).
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Bæ ®Ò 2.6 ([4]). NÕu H ≡ 0 vµ

lim sup
r �∈I, r−→∞

N(r, f) +N(r, 1/f) +N(r, g) +N(r, 1/g)

T (r)
< 1,

trong ®ã T (r) = max{T (r, f), T (r, g)}, th× f ≡ g hoÆc fg = 1. I lµ

mét tËp cã ®é ®o h÷u h¹n.

Bæ ®Ò 2.7 ([11]). NÕu f lµ hµm ph©n h×nh kh¸c h»ng vµ k lµ sè nguyªn

d−¬ng th×

N2(r,
1

f (k)
) � Nk+2(r,

1

f
) + kN(r, f) + S(r, f);

N2(r,
1

f (k)
) � Nk+2(r,

1

f
) + T (r, f (k))− T (r, f) + S(r, f).

Bæ ®Ò 2.8 ([9]). Cho f lµ hµm ph©n h×nh kh¸c h»ng, k, p lµ c¸c sè

nguyªn d−¬ng, khi ®ã

Np(r,
1

f (k)
) � Nk+p(r,

1

f
) + kN(r, f) + S(r, f);

N1(r,
1

f (k)
) = N1(r,

1

f (k)
).

Bæ ®Ò 2.9 ([12]). Cho f lµ hµm ph©n h×nh kh¸c h»ng, k lµ sè nguyªn

d−¬ng vµ c lµ sè phøc kh¸c kh«ng. Khi ®ã

T (r, f) � N(r, f) +N(r,
1

f
) +N(r,

1

f (k) − c)−N(r,
1

f (k+1)
) + S(r, f)

� N(r, f) +Nk+1(r,
1

f
) +N(r,

1

f (k) − c)−N0(r,
1

f (k+1)
) + S(r, f),

trong ®ã N0(r,
1

f (k+1)
) lµ hµm ®Õm t¹i kh«ng ®iÓm cña f (k+1) = 0, nh−ng

kh«ng lµ kh«ng ®iÓm cña f(f (k) − c).

N¨m 2011, K. Liu, X. L. Liu vµ T. B. Cao ([8]) ®] chøng minh nh÷ng

kÕt qu¶ sau:
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§Þnh lý 2.10 ([8]). Cho f vµ g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc

h÷u h¹n, c ∈ C lµ sè phøc kh¸c kh«ng vµ n ∈ N . NÕu n � 14,

fn(z)f(z + c) vµ gn(z)g(z + c) chung nhau gi¸ trÞ 1 − CM , khi ®ã

f ≡ tg hoÆc fg ≡ t, trong ®ã tn+1 = 1.

§Þnh lý 2.11 ([8]). Víi c¸c ®iÒu kiÖn nh− §Þnh lý 2.10 vµ nÕu n � 26,

fn(z)f(z + c) vµ gn(z)g(z + c) chung nhau gi¸ trÞ 1 − IM , th× ta cã

f ≡ tg hoÆc fg ≡ t, trong ®ã tn+1 = 1.

C¸c kÕt qu¶ sau cña chóng t«i lµ tæng qu¸t cña hai ®Þnh lý trªn

§Þnh lý 2.12. Cho f and g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc h÷u

h¹n, c ∈ C lµ h»ng sè kh¸c kh«ng, m,n ∈ N∗. NÕu fn(z)fm(z + c) vµ

gn(z)gm(z + c) chung nhau 1−CM. Khi ®ã cã c¸c kh¼ng ®Þnh sau:

1. NÕu m = 1, n > max{9, 13− 2(Θ(∞, f) + Θ(∞, g) + Θ(0, f) +

Θ(0, g))} th× f ≡ tg hoÆc fg ≡ t, trong ®ã tn+1 = 1.

2. NÕu m ≥ 2, n > max{8 +m, 16 +m− 2(Θ(∞, f) + Θ(∞, g) +

Θ(0, f) + Θ(0, g) + Θc(∞, f) + Θc(∞, g))} th× f ≡ tg hoÆc fg ≡ t,
trong ®ã tn+m = 1.

Chøng minh. §Æt

F (z) = fn(z)fm(z + c), G(z) = gn(z)gm(z + c)

vµ

h =
F ′′

F ′
− 2

F ′

F − 1
− G

′′

G′
+ 2

G′

G− 1
.

Ta xem xÐt c¸c tr−êng hîp sau

Tr−êng hîp 1: m = 1.

NÕu h �≡ 0, theo Bæ ®Ò 2.2 ta cã

T (r, F ) � N2(r, F ) +N2(r,
1

F
) +N2(r, G)

+N2(r,
1

G
) + S(r, F ) + S(r, G); (2.14)
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T (r,G) � N2(r, F ) +N2(r,
1

F
) +N2(r, G)

+N2(r,
1

G
) + S(r, F ) + S(r, G). (2.15)

Bëi c¸ch x¸c ®Þnh F and G, ta cã

T (r, F ) � (n−m)T (r, f) + S(r, f);

T (r,G) � (n−m)T (r, g) + S(r, g);

T (r, F ) � (n+m)T (r, f) + S(r, f);

T (r,G) � (n+m)T (r, g) + S(r, g).

Khi ®ã

S(r, F ) = S(r, f), S(r,G) = S(r, g).

DÔ thÊy

N2(r, f
n(z)f(z + c)) � 2N(r, f) +N(r, f(z + c)); (2.16)

N2(r,
1

fn(z)f(z + c)
) � 2N(r,

1

f
) +N(r,

1

f(z + c)
). (2.17)

T−¬ng tù

N2(r, g
n(z)g(z + c)) � 2N(r, g) +N(r, g(z + c)); (2.18)

N2(r,
1

gn(z)g(z + c)
) � 2N(r,

1

g
) +N(r,

1

g(z + c)
). (2.19)

KÕt hîp c¸c bÊt ®¼ng thøc (2.14)-(2.19) ta cã

(n− 1)T (r, f) � T (r, F ) + S(r, f)

� 2N(r, f) + 2N(r,
1

f
) + 2N(r, g) + 2N(r,

1

g
)

+ 2(T (r, f) + T (r, g)) + S(r, f) + S(r, g)

� (6− 2(Θ(∞, f) + Θ(0, f)))T (r, f)

+ (6− 2(Θ(∞, g) + Θ(0, g)))T (r, g) + S(r).
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Do vËy

(n− 1)T (r, f) �(12− 2(Θ(∞, f) + Θ(∞, g) + Θ(0, f) + Θ(0, g)))T (r)

+ S(r). (2.20)

Trong ®ã

T (r) = max(T (r, f), T (r, g)), S(r) = o(T (r)).

T−¬ng tù ta còng cã

(n− 1)T (r, g) �(12− 2(Θ(∞, f) + Θ(∞, g) + Θ(0, f) + Θ(0, g)))T (r)

+ S(r). (2.21)

KÕt hîp (2.20) vµ (2.21) ta cã

(n− 1)T (r) �(12− 2(Θ(∞, f) + Θ(∞, g) + Θ(0, f) + Θ(0, g)))T (r)

+ S(r).

M©u thuÉn víi

n > max{9, 13− 2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))}.

Tõ Bæ ®Ò 2.6, ta cã

N(r, F ) +N(r,
1

F
) +N(r, G) +N(r,

1

G
)

� 4(T (r, f) + T (r, g)) + S(r) � 8T (r) + S(r).

V×

(n− 1)T (r) + S(r) � max(T (r, F ), T (r,G)),

vµ S(r) = o(T (r)), khi r −→∞ ngoµi mét tËp cã ®é ®o h÷u h¹n nªn ta

cã

lim sup
r �∈I, r−→∞

N(r, F ) +N(r, 1/F ) +N(r, G) +N(r, 1/G)

max(T (r, F ), T (r, G))

� lim sup
r �∈I, r−→∞

8T (r) + S(r)

(n− 1)T (r) + S(r)
=

8

n− 1
< 1.
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V×

n > max{9, 13− 2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))}.

Nªn theo Bæ ®Ò 2.6, F ≡ G, hoÆc FG ≡ 1.

NÕu F ≡ G, khi ®ã fn(z)f(z + c) = gn(z)g(z + c). §Æt h =
f

g
, nÕu

h kh«ng lµ hµm h»ng, ta cã

hn(z) =
1

h(z + c)
.

Theo Bæ ®Ò 2.1 ta cã

nT (r, h) = T (r, h) + S(r, h),

m©u thuÉn víi

n > max{ 9, 13− 2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))} .

Do ®ã h ph¶i lµ hµm h»ng, suy ra f ≡ tg, tn+1 = 1. NÕu FG ≡ 1, khi

®ã fn(z)f(z + c).gn(z)g(z + c) = 1, ®Æt H = fg. Ta thu ®−îc

Hn(z) =
1

H(z + c)

Lý luËn t−¬ng tù nh− trªn, ta cã

fg ≡ t, tn+1 = 1.

Tr−êng hîp 2. m � 2, Bëi c¸ch x¸c ®Þnh cña F ,G, ta nhËn ®−îc

N2(r,
1

fn(z)fm(z + c)
) � 2N(r,

1

f
) + 2N(r,

1

f(z + c)
); (2.22)

N2(r, f
n(z)fm(z + c)) � 2N(r, f) + 2N(r, f(z + c)). (2.23)

T−¬ng tù

N2(r,
1

gn(z)gm(z + c)
) � 2N(r,

1

g
) + 2N(r,

1

g(z + c)
); (2.24)
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N2(r, g
n(z)gm(z + c)) � 2N(r, g) + 2N(r, g(z + c)). (2.25)

Tõ (2.14), (2.15), kÕt hîp víi c¸c bÊt ®¼ng thøc (2.22)-(2.25), ta cã

(n−m)T (r, f) � T (r, F ) + S(r, f)

� 2(N(r, f) +N(r,
1

f
) +N(r, g) +N(r,

1

g
))

+ 2(N(r, f(z + c)) +N(r, g(z + c)))

+ 2T (r, f) + 2T (r, g) + S(r, f) + S(r, g)

� (8− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r, f)

+ (8− 2(Θ(∞, g) + Θ(0, g) + Θc(∞, g)))T (r, g) + S(r).

Do vËy

(n−m)T (r, f) � (16− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r)

− 2(Θ(∞, g) + Θ(0, g) + Θc(∞, g))T (r) + S(r).
(2.26)

T−¬ng tù

(n−m)T (r, g) � (16− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r)

− 2(Θ(∞, g) + Θ(0, g) + Θc(∞, g))T (r) + S(r).
(2.27)

Suy ra

(n−m)T (r) � (16− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r)

− 2(Θ(∞, g) + Θ(0, g) + Θc(∞, g))T (r) + S(r).

M©u thuÉn víi

n > max{8 +m,16 +m− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f) + Θ(∞, g)

+ Θ(0, g) + Θc(∞, g))}.
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Nªn h ≡ 0 , theo Bæ ®Ò 2.6, ta cã

N(r, F ) +N(r,
1

F
) +N(r,G) +N(r,

1

G
)

� 4(T (r, f) + T (r, g)) + S(r, f) + S(r, g) � 8T (r) + S(r).

V×

(n−m) maxT (r) + S(r) � max{T (r, F ), T (r,G)},

nªn

lim sup
r �∈I, r−→∞

N(r, F ) +N(r, 1/F ) +N(r,G) +N(r, 1/G)

max(T (r, F ), T (r, G))

� lim sup
r �∈I, r−→∞

8T (r) + S(r)

(n−m)T (r) + S(r)
=

8

n−m < 1.

V×

n > max{8 +m,16 +m− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)

+ Θ(∞, g) + Θ(0, g) + Θc(∞, g))}.

Suy ra F ≡ G, hoÆc FG ≡ 1. NÕu F ≡ G, khi ®ã

fn(z)fm(z + c) = gn(z)gm(z + c),

do ®ã f ≡ tg, tn+m = 1. NÕu FG ≡ 1, ta nhËn ®−îc

fn(z)fm(z + c).gn(z)gm(z + c) = 1.

§Æt H = fg, ta cã

Hn(z) =
1

Hm(z + c)
.

Lý luËn t−¬ng tù nh− Tr−êng hîp 1, ta nhËn ®−îc

fg ≡ t, tn+m = 1.

§Þnh lý ®−îc chøng minh.
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§Þnh lý 2.13. Cho f and g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc h÷u

h¹n, c ∈ C lµ h»ng sè kh¸c kh«ng, m,n ∈ N∗. NÕu fn(z)fm(z + c) vµ

gn(z)gm(z + c) chung nhau 1−IM. §Æt:

Θ1,f,g(∞, 0, c) =3(Θ(∞, f) + Θ(∞, g) + Θ(0, f) + Θ(0, g))

+ Θc(∞, f) + Θc(∞, g) + min{Θ(∞, f),Θ(∞, g)}

+ min{Θ(0, f ),Θ(0, g)}+ min{Θc(∞, f),Θc(∞, g)}.

Θ2,f,g(∞, 0, c) =3(Θ(∞, f) + Θ(∞, g) + Θ(0, f) + Θ(0, g)

+ Θc(∞, f) + Θc(∞, g)) + min{Θ(∞, f),Θ(∞, g)}

+ min{Θ(0, f ),Θ(0, g)}+ min{Θc(∞, f),Θc(∞, g)}.

Khi ®ã ta cã c¸c kh¼ng ®Þnh sau

1. NÕu m = 1 vµ n > max{9, 25 − Θ1,f,g(∞, 0, c)} th× f ≡ tg hoÆc

fg ≡ t, trong ®ã tn+1 = 1.

2. NÕu m ≥ 2 vµ n > max{8+m, 28+m−Θ2,f,g(∞, 0, c)} th× f ≡ tg
hoÆc fg ≡ t, trong ®ã tn+m = 1.

Chøng minh. §Æt

F (z) = fn(z)fm(z + c), G(z) = gn(z)gm(z + c)

vµ

h =
F ′′

F ′
− 2

F ′

F − 1
− G

′′

G′
+ 2

G′

G− 1
.

NÕu h �≡ 0. Chóng ta xÐt c¸c tr−êng hîp sau

Tr−êng hîp 1. m = 1, Theo Bæ ®Ò 2.3, ta cã

T (r, F ) � N2(r, F ) +N2(r,
1

F
) +N2(r,G) +N2(r,

1

G
) + 2N(r, F )

+ 2N(r,
1

F
) +N(r,G) +N(r,

1

G
) + S(r, f) + S(r, g);
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T (r,G) � N2(r, F ) +N2(r,
1

F
+N2(r, G) +N2(r,

1

G
) + 2N(r, G)

+ 2N(r,
1

G
) +N(r, F ) +N(r,

1

F
) + S(r, f) + S(r, g).

Lý luËn nh− §Þnh lý 2.12, ta nhËn ®−îc

T (r, F ) � 2N(r, f) +N(r, f(z + c) + 2N(r,
1

f
) +N(r,

1

f(z + c)
)

+ 2N(r, f) + 2N(r, f(z + c) + 2N(r,
1

f
) + 2N(r,

1

f(z + c)
)

+ 2N(r, g) +N(r, g(z + c) + 2N(r,
1

g
) +N(r,

1

g(z + c)
)

+N(r, g) +N(r, g(z + c) +N(r,
1

g
) +N(r,

1

g(z + c)
)

� 4(N(r, f) +N(r,
1

f
)) + 2N(r, f(z + c)) + 4T (r, f)

+ 3(N(r, g) +N(r,
1

g
)) +N(r, g(z + c)) + 3T (r, g) + S(r).

Do vËy

(n−1)T (r, f) � T (r, F ) + S(r, f)

�(14− 4(Θ(∞, f) + Θ(0, f))− 2Θc(∞, f))T (r, f)

+ (10− 3(Θ(∞, g) + Θ(0, g))−Θc(∞, g))T (r, g) + S(r)

�(14− 4(Θ(∞, f) + Θ(0, f))− 2Θc(∞, f))T (r)

+ (10− 3(Θ(∞, g) + Θ(0, g))−Θc(∞, g))T (r) + S(r)

�(24− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)))T (r)

− (Θc(∞, f) + Θc(∞, g))T (r)−min{Θ(∞, f),Θ(∞, g)}T (r)

− (min{Θ(0, f),Θ(0, g)}+ min{Θc(∞, f),Θc(∞, g)})T (r) + S(r).
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T−¬ng tù

(n−1)T (r, g)

�(24− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)))T (r)

− (Θc(∞, f) + Θc(∞, g))T (r)−min{Θ(∞, f),Θ(∞, g)}T (r)

− (min{Θ(0, f),Θ(0, g)}+ min{Θc(∞, f),Θc(∞, g)})T (r) + S(r).

Do ®ã

(n−1)T (r)

�(24− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)))T (r)

− (Θc(∞, f) + Θc(∞, g))T (r)−min{Θ(∞, f),Θ(∞, g)}T (r)

− (min{Θ(0, f),Θ(0, g)}+ min{Θc(∞, f),Θc(∞, g)})T (r) + S(r).

M©u thuÉn víi

n > max{9,25− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))

− (Θc(∞, f) + Θc(∞, g))−min{Θ(∞, f),Θ(∞, g)}

−min{Θ(0, f),Θ(0, g)} −min{Θc(∞, f),Θc(∞, g)}}.

Nªn h ≡ 0, lý luËn t−¬ng tù nh− §Þnh lý 2.12, ta nhËn ®−îc ®iÒu cÇn

chøng minh.

Tr−êng hîp 2. m � 2. Lý luËn nh− Tr−êng hîp 2 cña §Þnh lý 2.12, ta

cã

T (r, F ) � 2N(r, f) + 2N(r, f(z + c)) + 2N(r,
1

f
) + 2N(r,

1

f(z + c)
)

+ 2N(r, f) + 2N(r, f(z + c)) + 2N(r,
1

f
) + 2N(r,

1

f(z + c)
)

+ 2N(r, g) + 2N(r, g(z + c)) + 2N(r,
1

g
) + 2N(r,

1

g(z + c)
)

+N(r, g) +N(r, g(z + c)) +N(r,
1

g
) +N(r,

1

g(z + c)
)
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� 4(N(r, f) +N(r,
1

f
) +N(r, f(z + c))) + 4T (r, f)

+ 3(N(r, g) +N(r,
1

g
) +N(r, g(z + c))) + 3T (r, g) + S(r).

Nh− vËy ta nhËn ®−îc

(n−m)T (r, f) � T (r, F ) + S(r, f)

� (16− 4(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r, f)

+ (12− 3(Θ(∞, g) + Θ(0, g) + Θc(∞, g)))T (r, g) + S(r).

T−¬ng tù

(n−m)T (r, g) � T (r,G) + S(r, g)

� (16− 4(Θ(∞, g) + Θ(0, g) + Θc(∞, g)))T (r, g)

+ (12− 3(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r, f) + S(r).

Tõ ®ã suy ra

(n−m)T (r)

�(28− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g) + Θc(∞, f)

+ Θc(∞, g))−min{Θ(∞, f),Θ(∞, g)} −min{Θ(0, f),Θ(0, g)}

−min{Θc(∞, f),Θc(∞, g)})T (r) + S(r).

M©u thuÉn víi

n > max{8 +m,28 +m− 3(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)

+ Θc(∞, f) + Θc(∞, g))−min{Θ(∞, f),Θ(∞, g)}

−min{Θ(0, f ),Θ(0, g)} −min{Θc(∞, f),Θc(∞, g)}}.

Do vËy h ≡ 0. Lý luËn t−¬ng tù nh− §Þnh lý 2.12 ta nhËn ®−îc ®iÒu cÇn

chøng minh.

Số hóa bởi Trung tâm Học liệu – Đại học Thái Nguyên                                http://www.lrc-tnu.edu.vn



30

NhËn xÐt. Chó ý r»ng, khi f hoÆc g lµ hµm ph©n h×nh thùc sù (cã cùc

®iÓm) vµ Θ(∞, f) > 0 hoÆc Θ(∞, g) > 0. Nªn trong tr−êng hîp m = 1,

§Þnh lý 2.12 cña chóng t«i m¹nh h¬n §Þnh lý 2.10. H¬n n÷a, §Þnh lý

2.12 gi¶i quyÕt thªm tr−êng hîp m � 2. T−¬ng tù, §Þnh lý 2.13 cña

chóng t«i m¹nh h¬n §Þnh lý 2.11.

N¨m 2011, K. Liu, X. L. Liu vµ T. B. Cao chøng minh

§Þnh lý 2.14 ([7]). Cho f vµ g lµ c¸c hµm nguyªn siªu viÖt víi bËc h÷u

h¹n, c ∈ C lµ h»ng sè kh¸c kh«ng, n ∈ N, k lµ c¸c sè nguyªn d−¬ng,

n � 2k+6. NÕu (fn(z)f(z+c))(k), (gn(z)g(z+c))(k) chung nhau 1−CM,
th× f = tg mµ tn+1 = 1 hoÆc f(z) = c1e

αz, g(z) = c2e
−αz, trong ®ã

α, c1, c2 lµ c¸c h»ng sè tháa mLn (−1)k(c1.c2)
n[(n+ 1)α]2k = 1.

§Þnh lý 2.15 ([8]). Cho f lµ hµm ph©n h×nh siªu viÖt víi bËc h÷u h¹n,

c ∈ C lµ sè phøc kh¸c kh«ng vµ α(z) lµ hµm ®ñ nhá cña f . NÕu n � 6,

khi ®ã ph−¬ng tr×nh fn(z)f(z + c)− α(z) = 0 cã v« h¹n nghiÖm.

§Þnh lý 2.16 ([8]). Cho f lµ hµm ph©n h×nh siªu viÖt víi bËc h÷u h¹n,

c ∈ C lµ sè phøc kh¸c kh«ng vµ α(z) lµ hµm ®ñ nhá cña f . NÕu n � 7,

khi ®ã ph−¬ng tr×nh fn(z)(f(z+c)−f(z))−α(z) = 0 cã v« h¹n nghiÖm.

Trong phÇn nµy chóng t«i chøng minh mét sè kÕt qu¶ míi liªn quan

tíi ®¹o hµm vµ ®a thøc sai ph©n.

§Þnh lý 2.17. Cho f vµ g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc h÷u

h¹n, c ∈ C lµ h»ng sè kh¸c kh«ng, n ∈ N, k lµ c¸c sè nguyªn d−¬ng.

NÕu mét trong c¸c ®iÒu kiÖn sau ®óng:

1. n � 10k+24 vµ E1)(1; (fn(z)f(z+c))(k)) = E1)(1; (gn(z)g(z+c))(k));

2. n � 11

2
k+17 vµ E2)(1; (fn(z)f(z+c))(k)) = E2)(1; (gn(z)g(z+c))(k));

3. n � 4k + 15 vµ (fn(z)f(z + c))(k), (gn(z)g(z + c))(k) chung nhau

1− CM ;
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4. n � 13k + 27 vµ (fn(z)f(z + c))(k),(gn(z)g(z + c))(k) chung nhau

1− IM ,

khi ®ã f = tg hoÆc (fn(z)f(z + c))(k).(gn(z)g(z + c))(k) = 1, trong ®ã

tn+1 = 1.

Chøng minh. Tr−íc tiªn chóng ta chøng minh Kh¶ng ®Þnh 1. §Æt

F (z) = fn(z)f(z + c), G(z) = gn(z)g(z + c).

Tõ gi¶ thiÕt suy ra E1)(1;F (k)) = E1)(1;G(k)). §Æt

H =
F (k+2)

F (k+1)
− 2

F (k+1)

F (k) − 1
− G

(k+2)

G(k+1)
+ 2

G(k+1)

G(k) − 1
.

NÕu H �≡ 0, tõ Bæ ®Ò 2.4, ta cã

T (r, F (k)) + T (r,G(k))

� 2
(
N2(r, F

(k)) +N2(r,
1

F (k)
) +N2(r, G

(k)) +N2(r,
1

G(k)
)
)

+ 2
(
N(r, F (k)) +N(r,

1

F (k)
) +N(r, G(k)) +N(r,

1

G(k)
)
)

+ S(r, F (k)) + S(r,G(k)).

Tõ Bæ ®Ò 2.7 vµ 2.8 ta cã

T (r,F ) + T (r,G)

� 2N2(r, F
(k)) + 2N2(r, G

(k)) + kN(r, F ) + 2Nk+2(r,
1

F
)

+ 2N(r, F (k)) + 2kN(r, F ) + 2Nk+1(r,
1

F
) + kN(r, G)

+ 2Nk+2(r,
1

G
) + 2N(r,G(k)) + 2kN(r,G) + 2Nk+1(r,

1

G
)

+ S(r, F (k)) + S(r, G(k)) + S(r, F ) + S(r, G). (2.28)

Tõ Bæ ®Ò 2.1, ta cã

S(r, F (k)) = S(r, F ) = S(r, f); S(r, G(k)) = S(r,G) = S(r, g).
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Do vËy, (2.28) trë thµnh

T (r, F ) + T (r, G) �(3k + 6)N(r, F ) + 2Nk+2(r,
1

F
) + 2Nk+1(r,

1

F
)

+ (3k + 6)N(r, G) + 2Nk+2(r,
1

G
) + 2Nk+1(r,

1

G
)

+ S(r, f) + S(r, g). (2.29)

Sö dông Bæ ®Ò 2.1, ta cã

T (r, fn(z)f(z + c)) ≥ (n− 1)T (r, f(z)) + S(r, f). (2.30)

Tõ c¸ch x¸c ®Þnh F , ta cã

Nk+2(r,
1

F
) = Nk+2(r,

1

fn(z)f(z + c)
)

� (k + 2)N(r,
1

f
) +N(r,

1

f(z + c)
) + S(r, f); (2.31)

Nk+1(r,
1

F
) = Nk+1(r,

1

fn(z)f(z + c)
)

� (k + 1)N(r,
1

f
) +N(r,

1

f(z + c)
) + S(r, f); (2.32)

N(r, F ) � N(r, f) +N(r, f(z + c)). (2.33)

T−¬ng tù

Nk+2(r,
1

G
) = Nk+2(r,

1

gn(z)g(z + c)
)

� (k + 2)N(r,
1

g
) +N(r,

1

g(z + c)
) + S(r, g); (2.34)

Nk+1(r,
1

G
) = Nk+1(r,

1

gn(z)g(z + c)
)

� (k + 1)N(r,
1

g
) +N(r,

1

g(z + c)
) + S(r, g); (2.35)

N(r,G) � N(r, g) +N(r, g(z + c)). (2.36)

Tõ (2.29)-(2.36), ta cã

(n− (10k + 23))(T (r, f) + T (r, g)) � S(r, f) + S(r, g).
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M©u thuÉn víi n ≥ 10k + 24. Do vËy H ≡ 0. Suy ra

1

F (k) − 1
=

a

G(k) − 1
+ b, (2.37)

Trong ®ã a, b lµ c¸c h»ng sè phøc, a �= 0. Tõ (2.37), ta cã

F (k) =
(b+ 1)G(k) + a− b− 1

bG(k) + a− b ; G(k) =
(b− a)F (k) + a− b− 1

bF (k) − (b+ 1)
.

(2.38)

Chóng ta xÐt c¸c tr−êng hîp sau:

Tr−êng hîp 1: b �= 0, a = b, b = −1. Khi ®ã F (k).G(k) = 1. Do vËy

(fn(z)f(z + c))(k)(gn(z)g(z + c))(k) = 1.

NÕu b �= 0, a = b, b �= −1, tõ (2.38), ta cã

1

F (k)
=

bG(k)

(b+ 1)G(k) − 1
, G(k) =

−1

bF (k) − (b+ 1)
. (2.39)

Nªn theo Bæ ®Ò 2.8 ta cã

N(r,
1

F (k)
) = N(r,

1

G(k) − 1
b+1

) � kN(r, F ) +Nk+1(r,
1

F
) + S(r, f).

Tõ Bæ ®Ò 2.9, ta nhËn ®−îc

T (r;F ) � N(r, F ) +Nk+1(r,
1

F
) +N(r,

1

F (k) − b+1
b

) + S(r, f)

� (k + 4)T (r, g) + (3k + 2)T (r, f) + S(r). (2.40)

Tõ (2.39) vµ Bæ ®Ò 2.9, ta cã

T (r,G) � (k + 4)T (r, g) + (3k + 2)T (r, f) + S(r). (2.41)

Tõ (2.40) vµ (2.41), ta cã

(n− (4k + 7))(T (r, f) + T (r, g)) � S(r, f) + S(r, g),

M©u thuÉn víi n ≥ 10k + 24.
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Tr−êng hîp 2: b �= 0, a �= b, b = −1. Tõ (2.38), ta cã

F (k) =
a

−G(k) + a+ 1
,

1

G(k)
=

−F (k)
−(a+ 1)F (k) + a

.

NÕu b �= 0, a �= b, b �= −1. Tõ (2.38), ta cã

F (k) − (1 +
1

b
) =

−a

b2(G(k) +
a− b
b

)
, G(k) =

(b− a)F (k) + a− b− 1

bF (k) − (b+ 1)

Lý luËn nh− tr−êng hîp, ta suy ra m©u thuÉn.

Tr−êng hîp 3: b = 0. Khi ®ã

F (k) =
1

a
G(k) + 1− 1

a
(2.42)

F =
1

a
G+Q(z). (2.43)

Tõ (2.43), ta cã

S(r, F ) = S(r,G) = S(r, f) = S(r, g)

DÔ thÊy

T (r, g) � n+ 1

n− 1
T (r, f) + S(r, f).

NÕu Q(z) �≡ 0. Theo §Þnh lý c¬ b¶n thø hai cho hµm ®ñ nhá, ta cã

T (r, F ) � N(r, F ) +N(r,
1

F
) +N(r,

1

F −Q) + S(r, F )

Do vËy

(n− 1)T (r, f) � (4 + 2
n+ 1

n− 1
)T (r, f) + S(r, f)

M©u thuÉn víi n ≥ 10k + 24. Do ®ã Q ≡ 0, nªn F =
1

a
G. Suy ra

F (k) =
1

a
G(k).
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Tõ (2.42), ta cã 1 − 1

a
= 0, nªn a = 1, kÐo theo F ≡ G. Nªn ta nhËn

®−îc

fn(z)f(z + c) = gn(z)g(z + c). (2.44)

§Æt h =
f

g
. NÕu h kh«ng lµ hµm h»ng th× hn(z) =

1

h(z + c)
. Sö dông

Bæ ®Ò 2.1, ta cã

nT (r, h) = T (r, h) + S(r, h).

M©u thuÉn víi n ≥ 10k + 24, nªn h lµ hµm h»ng. Khi ®ã f = tg, trong

®ã tn+1 = 1. Kh¼ng ®Þnh 1 ®−îc chøng minh hoµn toµn.

B»ng c¸ch sö dông Bæ ®Ò 2.5, vµ lý luËn t−¬ng tù nh− chøng minh

Kh¼ng ®Þnh 1 ta chøng minh ®−îc Kh¼ng ®Þnh 2. B»ng c¸ch sö dông Bæ

®Ò 2.2 vµ lý luËn t−¬ng tù nh− Kh¼ng ®Þnh 1 ta chøng minh ®−îc Kh¼ng

®Þnh 3. B»ng c¸ch sö dông Bæ ®Ò 2.3 vµ lý luËn t−¬ng tù nh− Kh¼ng

®Þnh 1 ta chøng minh ®−îc Kh¼ng ®Þnh 4.

§Þnh lý 2.18. Cho f vµ g lµ c¸c hµm nguyªn siªu viÖt víi bËc h÷u h¹n,

c ∈ C lµ h»ng sè kh¸c kh«ng, n ∈ N, k lµ c¸c sè nguyªn d−¬ng. NÕu

mét trong c¸c ®iÒu kiÖn sau ®óng:

1) n � 4k+10 vµ E1)(1; (fn(z)f(z+c))(k)) = E1)(1; (gn(z)g(z+c))(k));

2) n � 5

2
k+ 7 vµ E2)(1; (fn(z)f(z+ c))(k)) = E2)(1; (gn(z)g(z+ c))(k)),

khi ®ã f = tg, trong ®ã tn+1 = 1 hoÆc f(z) = c1e
αz, g(z) = c2e

−αz,

trong ®ã α, c1, c2 lµ c¸c h»ng sè tháa mLn (−1)k(c1.c2)
n[(n+1)α]2k = 1.

Chøng minh. Ta chøng minh (1), (2) ®−îc chøng minh t−¬ng tù. §Æt

F (z) = fn(z)f(z + c), G(z) = gn(z)g(z + c).

Tõ gi¶ thiÕt suy ra E1)(1;F (k)) = E1)(1;G(k)). §Æt

H =
F (k+2)

F (k+1)
− 2

F (k+1)

F (k) − 1
− G

(k+2)

G(k+1)
+ 2

G(k+1)

G(k) − 1
.
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NÕu H �≡ 0, do f lµ hµm nguyªn nªn

T (r, fn(z)f(z + c)) = m(r, fn(z)f(z + c))

� m(r, fn(z)) +m(r, f(z + c))

= (n+ 1)T (r, f) + S(r, f).

Ta cã

(n+ 1)T (r, f) = (n+ 1)T (r, f(z + c)) + S(r, f)

= T (r, fn+1(z + c)) + S(r, f)

= m(r, fn+1(z + c)) + S(r, f)

= m(r, fn(z + c)f(z)
f(z + c)

f(z)
)

� m(r, fn(z + c)f(z)) +m(r,
f(z + c)

f(z)
) + S(r, f)

= m(r, fn(z + c)f(z)) + S(r, f)

= m(r, fn(z)f(z + c)(
f(z + c)

f(z)
)n−1) + S(r, f)

� m(r, fn(z)f(z + c)) +m(r,
f(z + c)

f(z)
)n−1) + S(r, f)

= T (r, fn(z)f(z + c)) + S(r, f).

Tõ ®ã suy ra

T (r, fn(z)f(z + c)) = (n+ 1)T (r, f) + S(r, f).

Khi ®ã lý luËn t−¬ng tù nh− §Þnh lý 2.17, (2.28) trë thµnh

T (r, F ) + T (r, G) � 2Nk+2(r,
1

F
) + 2Nk+1(r,

1

F
) + 2Nk+2(r,

1

G
)

+ 2Nk+1(r,
1

G
) + S(r, F ) + S(r,G).

Tõ ®ã suy ra

(n− (4k + 9))(T (r, f) + T (r, g)) � S(r, f) + S(r, g).
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M©u thuÉn víi n � 4k + 10. Do ®ã H ≡ 0. LËp luËn t−¬ng tù nh−

§Þnh lý 2.17, ta cã f = tg, trong ®ã tn+1 = 1, hoÆc

(fn(z)f(z + c))(k).(gn(z)g(z + c))(k) = 1.

Ta chøng minh nÕu (fn(z)f(z + c))(k).(gn(z)g(z + c))(k) = 1 th× f vµ

g ®Òu kh«ng cã 0-®iÓm. ThËt vËy nÕu z0 lµ kh«ng ®iÓm cña f béi p th×

nã lµ kh«ng ®iÓm cña (fn(z)f(z + c))(k) béi Ýt nhÊt np− k > 0 nªn nã

lµ cùc ®iÓm cña (gn(z)g(z + c))(k), do vËy z0 lµ cùc ®iÓm cña g hoÆc

g(z + c), m©u thuÉn víi g lµ hµm nguyªn. Do vËy f kh«ng cã kh«ng

®iÓm, t−¬ng tù g kh«ng cã kh«ng ®iÓm. Do vËy

f(z) = c1e
A(z), g(z) = c2e

B(z).

Do f, g cã bËc h÷u h¹n nªn A(z) vµ B(z) lµ c¸c ®a thøc. KÕt hîp ®iÒu

kiÖn (fn(z)f(z + c))(k).(gn(z)g(z + c))(k) = 1 ta suy ra A(z) vµ B(z) lµ

c¸c ®a thøc bËc nhÊt. Tõ ®ã dÔ dµng suy ra f(z) = c1e
αz, g(z) = c2e

−αz,

trong ®ã α, c1, c2 tháa m]n (−1)k(c1.c2)
n[(n+ 1)α]2k = 1. §Þnh lý ®−îc

chøng minh.

§Þnh lý 2.19. Cho f vµ g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc h÷u

h¹n tháa mLn E1)(1; (fn(z)fm(z+c))) = E1)(1; (gn(z)gm(z+c))), trong

®ã c ∈ C lµ h»ng sè kh¸c kh«ng vµ m,n ∈ N∗. KÝ hiÖu

Θ1,f,g(∞, 0, c) =2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))

+ 2 min{Θ(∞, f),Θ(∞, g)}+ 2 min{Θ(0, f),Θ(0, g)}

+ min{Θc(∞, f),Θc(∞, g)}.

Θ2,f,g(∞, 0, c) =2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)

+ (Θc(∞, f) + (Θc(∞, g)) + 2 min{Θ(∞, f),Θ(∞, g)}

+ 2 min{Θ(0, f ),Θ(0, g)}+ 2 min{Θc(∞, f),Θc(∞, g)}.
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Khi ®ã ta cã c¸c kh¼ng ®Þnh sau:

1. NÕu m = 1, n > max{9, 21−Θ1,f,g(∞, 0, c)} khi ®ã f ≡ tg hoÆc

fg ≡ t, trong ®ã tn+1 = 1.

2. NÕu m ≥ 2, n > max{8 + m, 24 + m − Θ2,f,g(∞, 0, c)} khi ®ã

f ≡ tg hoÆc fg ≡ t, trong ®ã tn+m = 1.

Chøng minh. §Æt

F (z) = fn(z)fm(z + c), G(z) = gn(z)gm(z + c)

vµ

h =
F ′′

F ′
− 2

F ′

F − 1
− G

′′

G′
+ 2

G′

G− 1
.

1) Tr−êng hîp m = 1. Lý luËn t−¬ng tù nh− §Þnh lý 2.13 vµ sö dông

Bæ ®Ò 2.4, ta cã

T (r, F ) � N2(r, F ) +N2(r,
1

F
) +N2(r,G) +N2(r,

1

G
)

+ 2(N(r, F ) +N(r,
1

F
)) + S(r, f) + S(r, g);

T (r,G) � N2(r, F ) +N2(r,
1

F
) +N2(r,G) +N2(r,

1

G
)

+ 2(N(r,G) +N(r,
1

G
)) + S(r, f) + S(r, g).

Suy ra

T (r, F ) �4(N(r, f) +N(r,
1

f
)) +N(r, f(z + c)) + 5T (r, f)

+ 2(N(r, g) +N(r,
1

g
)) + 2T (r, g) + S(r, f) + S(r, g).

Tõ ®ã ta cã

(n− 1)T (r, f) � T (r, F ) + S(r, f)

� (14− 4(Θ(∞, f) + Θ(0, f))−Θc(∞, f))T (r, f)

+ (6− 2(Θ(∞, g) + Θ(0, g)))T (r, g) + S(r).
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T−¬ng tù ta cã

(n− 1)T (r, g) � T (r,G) + S(r, g)

� (14− 4(Θ(∞, g) + Θ(0, g))−Θc(∞, g))T (r, g)

+ (6− 2(Θ(∞, f) + Θ(0, f)))T (r, f) + S(r).

Tõ ®ã suy ra

(n− 1)T (r) �(20− 2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g))

−min{Θc(∞, f),Θc(∞, g)} − 2 min{Θ(∞, f),Θ(∞, g)}

− 2 min{Θ(0, f),Θ(0, g)})T (r) + S(r).

M©u thuÉn víi n > max{9, 21 − Θ1,f,g(∞, 0, c)}. KÐo theo h ≡ 0, lý

luËn t−¬ng tù nh− §Þnh lý 2.13, ta cã ®iÒu cÇn chøng minh 1.

2) Tr−êng hîp m � 2. Lý luËn t−¬ng tù nh− §Þnh lý 2.13 vµ sö dông Bæ

®Ò 2.4, ta cã

T (r, F ) � 4(N(r, f) +N(r,
1

f
) +N(r, f(z + c))) + 4T (r, f)

+ 2(N(r, g) +N(r,
1

g
) +N(r, g(z + c))) + 2T (r, g) + S(r).

Tõ ®ã suy ra

(n−m)T (r, f) � T (r, F ) + S(r, f)

� (16− 4(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r, f)

+ (8− 2(Θ(∞, g) + Θ(0, g) + Θc(∞, g)))T (r, g) + S(r).

T−¬ng tù ta cã

(n−m)T (r, g) � T (r, G) + S(r, g)

� (16− 4(Θ(∞, g) + Θ(0, g) + Θc(∞, g)))T (r, g)

+ (8− 2(Θ(∞, f) + Θ(0, f) + Θc(∞, f)))T (r, f) + S(r).
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§iÒu ®ã kÐo theo

(n−m)T (r)

� (24− 2(Θ(∞, f) + Θ(0, f) + Θ(∞, g) + Θ(0, g)

+ Θc(∞, f) + Θc(∞, g))− 2 min{Θc(∞, f),Θc(∞, g)}

− 2 min{Θ(∞, f),Θ(∞, g)} − 2 min{Θ(0, f ),Θ(0, g)})T (r) + S(r).

M©u thuÉn víi n > max{8 +m, 24 +m−Θ2,f,g(∞, 0, c)}. Do ®ã h ≡ 0,

lý luËn t−¬ng tù nh− §Þnh lý 2.12, ta nhËn ®−îc ®iÒu cÇn chøng minh.

LËp luËn vµ tÝnh to¸n t−¬ng tù nh− §Þnh lý 2.19 ta còng cã

§Þnh lý 2.20. Cho f vµ g lµ c¸c hµm ph©n h×nh siªu viÖt víi bËc h÷u

h¹n tháa mLn E2)(1; (fn(z)fm(z+c))) = E2)(1; (gn(z)gm(z+c))), trong

®ã c ∈ C lµ h»ng sè kh¸c kh«ng vµ m,n ∈ N∗. KÝ hiÖu

Θ1,f,g(∞, 0, c) =
9

2
min{Θ(∞, f),Θ(∞, g)}+

9

2
min{Θ(0, f ),Θ(0, g)}

+
1

2
min{Θc(∞, f),Θc(∞, g)}.

Θ2,f,g(∞, 0, c) =
9

2
min{Θ(∞, f),Θ(∞, g)}+

9

2
min{Θ(0, f ),Θ(0, g)}

+
9

2
min{Θc(∞, f),Θc(∞, g)}.

Khi ®ã chóng ta cã c¸c kh¼ng ®Þnh sau:

1. NÕu m = 1, n > max{9, 15−Θ1,f,g(∞, 0, c)} khi ®ã f ≡ tg hoÆc

fg ≡ t, mµ tn+1 = 1.

2. NÕu m ≥ 2, n > max{8 + m, 18 + m − Θ2,f,g(∞, 0, c)} khi ®ã

f ≡ tg hoÆc fg ≡ t, mµ tn+m = 1.

TiÕp theo chóng t«i chøng minh c¸c kÕt qu¶ liªn quan ®Õn nghiÖm cña

ph−¬ng tr×nh sai ph©n vµ ®¹o hµm cña hµm ph©n h×nh.
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§Þnh lý 2.21. Cho f lµ hµm ph©n h×nh siªu viÖt víi bËc h÷u h¹n, c ∈ C
lµ h»ng sè phøc kh¸c kh«ng, n ∈ N, k, m lµ c¸c sè nguyªn d−¬ng vµ

α(z) lµ hµm ®ñ nhá cña f . Khi ®ã ta cã c¸c kh¼ng ®Þnh sau:

1. NÕu n � m+ 2k + 8 th× ph−¬ng tr×nh

fn(z)f (k)(z)(f(z + c)− f(z))m − α(z) = 0

cã v« h¹n nghiÖm.

2. NÕu n � m+ 5 th× ph−¬ng tr×nh

fn(z)f (k)(z)fm(z + c)− α(z) = 0

cã v« h¹n nghiÖm.

3. NÕu n � 2k + 6 th× ph−¬ng tr×nh

fn(z)f (k)(z + c)− α(z) = 0

cã v« h¹n nghiÖm.

Chøng minh. 1. §Æt

G(z) = fn(z)f (k)(z)(f(z + c)− f(z))m − α(z).

Khi ®ã

T (r, fn(z)f (k)(z)(f(z + c)− f(z))m) � T (r,G) + S(r, f).

V×

1

fn+m
(z) =

f (k)(z)

fn(z)f (k)(z)(f(z + c)− f(z))m
(
(f(z + c)− f(z))

f(z)
)m.

Ta nhËn ®−îc

(n+m)T (r, f) = T (r,
1

fn+m(z)
) +O(1)

� T (r, fn(z)f (k)(z)(f(z + c)− f(z))m)

+ T (r, (
(f(z + c)− f(z))

f(z)
)m) + T (r, f (k)(z)) + S(r, f)

� T (r, fn(z)f (k)(z)(f(z + c)− f(z))m) + (2m+ k + 1)T (r, f).
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Theo §Þnh lý c¬ b¶n thø hai cho hµm nhá ta cã

T (r, fn(z)f (k)(z)(f(z + c)− f(z))m)

� T (r,G) + S(r, f)

� N(r,G) +N(r,
1

G
) +N(r,

1

G+ α
) + S(r, f).

Tõ c¸ch x¸c ®Þnh cña G, ta cã

N(r, G) � 2T (r, f) + S(r, f)

N(r,
1

G+ α
) � N(r,

1

f
) +N(r,

1

f (k)
) +N(

1

f(z + c)− f(z)
)

� T (r, f) + kN(r, f) +Nk+1(r,
1

f
) + 2T (r, f) + S(r, f)

� (k + 4)T (r, f) + S(r, f).

Suy ra

(n−m− 2k − 7)T (r, f) � N(r,
1

G
) + S(r, f).

Do n � m+ 2k + 8, nªn ph−¬ng tr×nh

fn(z)f (k)(z)(f(z + c)− f(z))m − α(z) = 0

cã v« h¹n nghiÖm.

2) §Æt G(z) = fn(z)f (k)(z)(f(z + c))m − α(z), ta cã

T (r, fn(z)f (k)(z)(f(z + c))m) � T (r, G) + S(r, f)

T (r, fn(z)f (k)(z)) � T (r,G) + T (r,
1

fm(z + c)
) + S(r, f).

KÐo theo

T (r,G) � T (r, fn(z)f (k)(z))−mT (r, f) + S(r, f).

DÔ dµng chøng minh ®−îc

T (r, fn(z)f (k)(z)) � (n− 1)T (r, f) +N(r, f) +N(r,
1

f (k)(z)
) +S(r, f).
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ThËt vËy ta cã

nT (r, f) = T (r, fn) = m(r, fn) +N(r, fn)

� N(r, fnf (k))−N(r, f (k)) +m(r, fnf (k)) +m(r,
1

f (k)
)

= T (r, fnf (k))−N(r, f (k)) + T (r,
1

f (k)
)−N(r,

1

f (k)
)

= T (r, fnf (k))−N(r, f (k)) + T (r, f (k))−N(r,
1

f (k)
) +O(1)

= T (r, fnf (k))−N(r,
1

f (k)
) +m(r, f (k)) +O(1)

� T (r, fnf (k))−N(r,
1

f (k)
) +m(r,

f (k)

f
) +m(r, f) +O(1)

= T (r, fnf (k))−N(r, f)−N(r,
1

f (k)
) + T (r, f) + S(r, f).

Do ®ã

T (r,G) � (n−m− 1)T (r, f) +N(r, f) +N(r,
1

f (k)(z)
) + S(r, f).

Theo §Þnh lý c¬ b¶n thø hai ta cã

T (r, G) � N(r, G) +N(r,
1

G
) +N(r,

1

G+ α
) + S(r, f).

Lý luËn t−¬ng tù nh− chøng minh cña tr−êng hîp 1, ta nhËn ®−îc

N(r,
1

G+ α
) � N(r,

1

f
) +N(r,

1

f (k)
) +N(r,

1

f(z + c)
).

Tõ ®ã suy ra

(n−m− 1)T (r, f) +N(r, f) +N(r,
1

f (k)(z)
)

� N(r,
1

f
) +N(r, f(z + c) +N(r,

1

f(z + c)
) +N(r, f)

+N(r,
1

f (k)(z)
) +N(r,

1

G
) + S(r, f)

� 3T (r, f) +N(r, f) +N(r,
1

f (k)
) +N(r,

1

G
) + S(r, f).
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Nªn

(n−m− 4)T (r, f) � N(r,
1

G
) + S(r, f).

V× n � m+ 5, nªn ph−¬ng tr×nh

fn(z)f (k)(z)(f(z + c))m − α(z) = 0

cã v« h¹n nghiÖm.

3. §Æt G(z) = fn(z)f (k)(z + c)− α(z). Lý luËn t−¬ng tù nh− 1, 2 ta

chøng minh ®−îc 3.
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KÕt luËn cña luËn v¨n

LuËn v¨n ®] ®¹t ®−îc mét sè kÕt qu¶ sau:

1) Tr×nh bµy mét sè kh¸i niÖm vµ kÕt qu¶ c¬ b¶n cña lý thuyÕt

Nevanlinna cho hµm ph©n h×nh vµ cho to¸n tö sai ph©n.

2) Ph¸t biÓu vµ chøng minh mét sè kÕt qu¶ míi vÒ sù duy nhÊt cña

c¸c hµm ph©n h×nh víi ®a thøc sai ph©n vµ ®¹o hµm. §ã lµ c¸c ®Þnh lý

2.12, 2.13 vµ 2.17 - 2.21.
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