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MG dau

Cac van deé lien quan dén bat dang thic 1a mot bo phan quan trong
trong giai tich va dai s6. C6 nhiéu dang toan hinh hoc lugng gidc va nhiéu
mon hoc khac cling doi hoéi can gidi quyét cac van dé cue tri va toéi vu...Rat
nhiéu hoc sinh va sinh vién gap khoé khan khi phai d6i mit v6i van dé nay.
Bat dzzmg thic c6 vi tri dac biét quan trong trong toan hoc, khong chi 1a
d6i tugng dé nghién ctu ma con 1a cong cu dac luc trong céc bai toan lien
tuc, Iy thuyét rdi rac, 1y thuyét phuong trinh.... Trong hau hét cic cuoc thi
hoc sinh giéi quoc gia, thi Olimpic toan khu vic hay qudc té...cac bai toan
vé bat dang thiic cling rat hay duge dé cap va thuong thuoc loai kho va
rat khé. Cac bai toan vé ude lugng va tinh gia tri cuc tri clia cac tong tich
cling nhu cac bai toan xac dinh gidi han clia mot s6 biéu thiic cho trude
thuong c6 mdi quan heé it nhiéu dén cac tinh toan udc lugng tuong tng.

Ly thuyét bat déng thic va dac biét, cac bai tap vé bat ding thic rat
phong pht va cyc ky da dang. C6 rat nhiéu ¥ tudng va cach tiép can khac
nhau dé giai cdc bai todn nay. Véi dé tai" Mot sd 16p bat dang thiic
dang Karamata va ap dung" tic gia trinh bay mot cach khai quat nhat
vé bat déng thic Karamata dong thoi dua ra mot s6 16p bai todn cé thé
giai bang bat dang thic Karamata.

Luan van dudc chia thanh ba chuong véi cac noi dung nhu sau:
Chuong 1: Biéu dién 16p cac ham sb 16i (I6m) va tuwa 16i (16m)
kha vi.

Trinh bay céc khai niém, tinh chat co ban cia 16p ham 16i, tua 16i, ham
16m va thi tu sap xép ctia ham s6 sinh béi ham 16i.

Chuong 2: Cac bat ding thiic dang Karamata va cac bai toan lién
quan.

Trinh bay dinh Iy Karamata, bat ding thic dan dau, mot sé dinh 1§ mé
rong v6i ham 16i. Dua ra mot s6 bai toan tuong tu va ap dung vao giai bai
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tap cu theé.

Chuong 3: Ij’ng dung bat ding thic Karamata trong dai sé va
lugng giac.

Trinh bay mot s6 tng dung ctia dinh Iy Karamata vao viéc ching minh
mot s6 bat ding thic c6 dang phan thic, can thic, lugng giéc...

Luan van dugc thuc hién va hoan thanh tai truong Dai hoc Khoa hoc -
Dai hoc Thai Nguyéen. Qua day tac gia xin gui 10i cdm on t6i cac thay co
giao Khoa Toan, Ban Gidm hiéu, Phong Dao tao nha truong da trang bi
kién thiic co ban va tao dieu kién to6t nhat cho tac gia trong quéa trinh hoc
tap va nghién ctu.

Tac gid xin bay t6 long biét on chan thanh va sau sic téi GS.TSKH
Nguyén Van Mau, ngudi da tan tinh chi bao, tao diéu kién va giup do tac
gid c6 thém nhiéu kién thic, kha nang nghién citu, tong hop tai lieu dé
hoan thanh luan van.

Tac gid cling xin gii 10i cAm on dén gia dinh, ban be va cac dong nghiép
da dong vién, giup dé tac gia qua trinh hoc tap ctia minh.

Do thoi gian va kién thic con han ché nén luan vian khong tranh khoi
nhitng thiéu sét. Tac gid rat mong nhan dugce su gép ¥ clia cac thay co dé
luan van duge hoan thién hon.

Tac gia xin chan thanh cam on!

Thai Nguyeén, ngay 05 thang 08 nam 2013.
Hoc vién

Mac Van Thu
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Chuong 1

Biéu dién 16p cac ham s6 16i (16m) va
tua 16i (16m) kha vi

1.1 Dinh nghia va cac tinh chit ctia ham 16i

Dinh nghia 1.1 (Xem [1]-[2]). Ham s6 f(x) dugc goi 1a ham 16i (161 dudi)
trén tap [a;b) € R néu v6i moi x1, x2 € [a,b) va v6i moi cap s6 duong a,
c6 tong a + B =1, ta déu c6

flaxy + ro) < af (1) + Bf(x2) (1.1)

Néu dau dang thic trong (1.1) xdy ra khi va chi khi 2y = x5 thi ta ndéi
ham s6 f(x) 1a ham 16i thyc sy (chat) trén [a, b).

Ham s6 f(z) duge goi 1a ham 16m (16i trén) trén tap [a,b) € R néu véi
moi x1, s € [a,b) vA véi moi cap sd duong «, B ¢6 tong a + 5 = 1, ta déu
co

flazy + Bre) > af(z1) + Bf(22) (1.2)

Néu dau dang thiic trong (1.2) x4y ra khi va chi khi 2y = x5 thi ta néi
ham s6 f(z) 1a ham 16m thyc sy (chit) trén [a, b).

Tuong tu ta cting ¢6 dinh nghia vé ham 16i (16m) trén cac tap (a, b), (a, b]
va [a, b]. Ta st dung ki hieu I(a, b) dé chi mot trong bén tap hop (a, b), (a, b],
la,b) va [a,b].

Tinh chat 1.1. Néu f(x) 16i (16m) trén I(a,b) thi ham g(z) = c.f(z) 1a
ham 16m (16i) trén I(a,b) khi ¢ < 0 (¢ > 0).
Tinh chat 1.2. Tong hitu han cic ham 16i trén I(a,b) ciing 1a mot ham
161 trén I(a,b).

Céac tinh chat trén déu dé dang nhan thay.
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Tinh chat 1.3. Néu f(z) la ham s6 lién tuc va 16i trén I(a,b) va g(z) 1a
mot ham 161 va dong bién trén tap gia tri ctia f(z) thi g(f(z)) 1& ham 161
trén I(a,b).

Chaing minh. That vay theo gia thiét, f(z) 1a ham s6 lien tuc trén I(a,b)
nén tap gia tri ctia n6 ciing 1a mot tap dang I(c, d) € R. Theo gia thiét f(z)
1& ham 16i trén 7(a,b) nén theo dinh nghia ta c6 v6i moi x1, x5 € I(a,b) va
cap s6 duong «, 3 c6 tong a + 5 =1, ta c6

flazy + Bre) < af(x1) + Bf(x2).

Ma f(z1), f(z2) € I(c,d) nén véi cip so6 duong «, 3 c6 tong o + 3 = 1
thi aof (1) + Bf (x2) € I(c,d). Tit gid thiét g(x) 1a ham dong bién ta nhan
dugc

glf (axy + Baz)] < glaf (1) + B (22)]- (1.3)
Do g(x) 13 ham 16i nén
glaf (@) + Bf(x2)] < aglf(z1)] + Bglf(x2)]. (1.4)

T (1.3) va (1.4) suy ra
glf(azy + Bxa)] < aglf(x1)] + Byl f(22)].
Vay ¢(f(x)) 1a ham 16i trén I(a,b). ]
Tuong ti ta cling c6 tinh chat sau
Tinh chat 1.4.

(i) Néu f () 1a ham s6 lien tuc va 1om trén I(a, b) va néu g(x) 16i va nghich
bién tren tap gia tri cia f(z) thi g(f(x)) la ham 16i trén I(a,b).

(i) Néu f(z) 1a ham sb lién tuc va 16m trén I(a,b) va néu g(z) 16m va

dong bién trén tap gia tri cia f(z) thi g(f(z)) 1a ham 16m trén I(a,b).

(iii) Néu f(x) 1a ham s6 lién tuc va 16i trén I (a, b) va néu g(z) 1om va nghich

bién trén tap gia tri ctia f(x) thi g(f(x)) 1a ham 16m trén I(a,b).

Tinh chat 1.5. Néu f(z) 13 ham s6 lién tuc va don di¢u (dong bién hoic
nghich bién) trén I(a,b) vad néu g(x) ham nguge ctia f(x) thi ta c6 cac két
luan sau
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(i) f(z) 1om, dong bién < g(x) 161, dong bién.

(i) f(x) 16m, nghich bién < g(x) 16m, nghich bién.
iii) f(z) 161, nghich bién < g(x) 161, nghich bién.
(iii) f(z) 1o, ng g g

Chatng minh. Suy ra tryc tiép tit tinh chat ctia ham nguge. Ham nguodc
luon cuing tinh chat don diéu (dong bién hoac nghich bién) véi ham xuét
phat. [l

Tinh chat 1.6. Néu f(z) 1 ham s6 16i kha vi trén I(a,b) thi f(z) 15i trén
I(a,b) khi va chi khi f/(z) 1a ham don diéu tang trén I(a,b).

Ching minh. Gia st f(z) 101 tren I(a,b). Khi d6 v6i 21 < z < @9

(x, 21,22 € I(a,b)), ta co

To — T r— X To — T r — I

> 0, > 0, + =1,
Tro9 — T1 XTo — T1 XTo — I Tro — I1
va vl vay
T9 — X Tr — T
<
flz) < g xlf(iﬁl) i xlf(ﬂb),
hay
f(x) — f(x1) < f(x2) — f(x). (1.5)
To — I To — I1
Trong cong thic trén cho x — x1, ta thu dugc
To — I
tuong tu, néu cho x — x», ta thu duoc
f(xQ) - f(xl) S f/(afg), (17)

Ty — Iy
Tu (1.5) va (1.6), ta nhan duge f/(x1) < f'(x2), ttic 1a ham s6 f'(x) 13 ham
don diéu tang.
Ngugc lai, gid st f/(x) 1a ham s6 don dieu tang va

r1 < <x9 (T,21,29 € I(0,h)).

Theo dinh 1y Lagrange, ton tai x3, x4 v6i 21 < 23 < 2 < x4 < T sao cho

f(,jU) — f(:El) _ f/(l'?,); f($2) - f(f) _ f,($4)-

r— X To — X
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Do f'(z3) < f'(x4) nén
f@) = Il _

r— X To — X

tic 1a ta c6 (1.5). O

f(x2) — f(z)

)

Ve sau ta thuong dung cac tinh chat sau
Dinh 1y 1.1 (Xem [1]-[2]). Néu f(z) kh& vi bac hai trén I(a,b) thi f(z)
161 (16m) trén I(a,b) khi va chi khi f”(x) >0 (f"(x) <0) trén I(a,b).
Chaing minh. Suy ra tryc tiép tu tinh chat (1.6). O
Dinh 1y 1.2 (Xem [1]-[2]). Néu f(z) 16i tren I(a,b) thi ton tai cac dao
ham mot phia f/ (z) va fL(z) v6i moi = € (a,b) va

fi(z) < fi(z).
Chatng minh. V6i moi zg € (a,b) c6 dinh, chon cac s6 duong ty ¥ u,v sao
cho zy —u € (a,b), o+ v € (a,b). Khi do, theo (1.5) thi
flzo) = flxo —u) _ flzo+v) = f(zo)

u (%

. (1.8)

Chon v' > v dé 29 + v € (a,b), thi 2y < 29 +v < 29 + v’ va theo (1.5) thi

f(zg +v) — f(x0) < f(zo + ") = f(zo +v)

< i | (1.9)
v v — v
Bién doi (1.9), ta thu dugc
Flan ) = flo) _ St v) = Fo) o

v v/

He thic (1.10) ching t6 rang ham s6
g('U) - f(x() + U) _ f(ﬁlfo)

v
12 mot ham don diéu tang va khi v gidm dan t6i 0 thi g(v) don di¢u gidm

va bi chan (theo (1.8)) nén ton tai giéi han mot phia

lim g(v) = lim f(zo+v) — f(xg)

v—07t v—07F v

= fi(20).

Tuong ti, ta cling chitng minh duge sy ton tai cac dao ham trai f (zg).
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Nhan xét ring, néu trong (1.8), cho u,v — 0% thi sé& thu dugc bat ding
thic
(@) < fio).
Nhan xét 1.1. Cac ham s6 f’ (z) vd f'(z) la nhing ham don diéu tang
trong (a,b). O

Ching minh. That vay, khi z; < a9 thi ta chon ¢4, ¢, sao cho
r1 < t; < ty < xo khi do, theo (1.5) thi
f(x2) — f(t2)

f(t) — f(x1) < itg) — flt)ts—t < . (1.11)

1 — 1 _( T9 — T9

LAy gi6i han khi ¢t; — x1 vA ty — x5 trong (1.11) ta thu duge

fi(z) < fL(z2)
va vi vay
fi(zn) < fi(m) < fla) < filwo),
hay
fl(x1) < fL(22),khi 21 < s
fi(zr) < fi(xg),khi 21 < @s.

Dinh 1y 1.3. Néu f(z) loi trén I(a,b) thi f(x) lién tuc trén (a,b).

Chaing minh. Theo Dinh 1y 1.2 thi ton tai cac dao ham mot phia f’ (z) va
fi(z) véi moi x € (a,b) va do vay ham so f(z) vita lién tuc trai via lien
tuc phai. Suy ra f(z) lién tuc tai moi diém trong (a, b). O

Nhan xét 1.2. Ham 16i trén [a, b] c6 thé khong lien tuc tai moi dau ntt
ctia doan |[a, b].
That vay, chang han ham s6
2 .
x*—x khiz € (0,1
f(x):{ R
14 ham 10i trén [0, 1] nhung khong lien tuc tai z = 1.

Nhu vay ham 16i luon 14 ham lién tuc trong khoang dang xét. Veé sau, ta
luon quan tam dén cac ham s6 161 va lién tuc trén I(a,b). Tinh chat sau
day cho phép ta dé dang kiém chiing tinh 16i (16m) d6i véi mot ham cho
trudc.
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Dinh 1y 1.4 (Jensen). Gia st f(x) lién tuc trén [a,b]. Khi d6 diéu kién
can va di dé ham s6 f(x) 16i trén I(a,b) 1a

/ (%) < f(z1) -gf(w)

,Vay, 29 € I(a,b) (1.12)

Chatng minh. Néu f
cach chon a = =

Gié st ta ¢6 (1.12
c6 tong o + B =1, ta c6

flazy + Bre) < af(x1) + Bf(x2).

Néu o € Q thi 8 € Q va ta c6 thé viét

Oé:—;ﬁz—,
p p

/N

x) 14 ham 161 trén I(a,b) thi ta c6 ngay (1.12) bang

N | —

. Ta can chidng minh rang véi moi cap s6 duong «, 3

—

trong d6 m,n € Z,q € N v& m +n = ¢. Bang phuong phap quy nap, ta co
ngay

flazy + Bry) = f <

—— m?) - mf(x1) +nf(es) af(x1) 4+ Bf(x2).

q q

Néu « 1a s6 vo ti thi (= 1a) cing la s6 vo ti. Chon day s6 hitu ti duong
u,, trong khoang (0,1) c6 giéi han bang
lim u, = .
n—oo
Khi d6 hién nhién day v, := 1 — u,, cling ndm trong (0, 1) va
lim v, = 5.
n—od
Theo chitng minh trén ting véi truong hop « hitu ti, thi
f(unry +vp20) < upf(21) + 0o f(22),Vn € N2y, 29 € I(a,b).

Chuyén qua gidi han v& sit dung tinh lién tuc ctia f(x), ta thu duge

flazy + Brs) < af (w1) + Bf(x2).
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Nhan xét 1.3. Gia st f(z) # const va 1a ham 16i trén [a, b] véi
f(a) = f(b). Khi d6 f(z) # f(a) v6i moi = € (a,b).

Tiép theo, ta dac biet quan tam dén 16p con clia 16p cac ham 16i va 1a
ham don diéu. D6 1& 16p con clia 16p cac ham 161 hai lan kha vi. Day 1a 16p
ham thong dung nhat ctia giai tich gin v6i nhiéu bat dang thic co dién.

Dinh 1y 1.5. Gia st f(z) c¢6 dao ham cap hai trong (a,b). Khi d6 dicu
kién can va di dé ham s6 f(x) 16i trén (a,b) 1a

f"(z) > 0,Vz € (a,b). (1.13)

Chiing minh.
Diéu kién can: Khi f(x) 1a ham 16i ta c6

flx+h)—flx—h)—2f(z) >0,V € (a,b),h >0,m=Eh € (a,b). (1.14)
Gia st f"(zg) < 0. Khi d6 ton tai cip s6 duong 4, u sao cho
f(xo+u)— fl(xg—u) < —du, v6i0 <u<h
Lay tich phan hai vé theo can tit u = 0 dén u = h ta dudgc
oo+ h)+ (o — ) 2 (x0) < — 50,

mau thuan véi (1.14).
Diéu kién di: Ta sit dung gia thiét f”(z) > 0 trong (a, b) dé chiing minh
bat dang thic (1.12)

f <x1 42r$2> < f(z1) ;F f(ZU?)’vxl,xQ € I(a,b).

That vay, theo dinh 1y Lagrange thi

f/(ZE) < f(x; _ i(xo), khi x > x,
— 2o
va
Pz BT i <
— Zp
Suy ra
flo) = @)  f@) = F@) e o <
T — X Ty —x
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Diéu nay tuong duong véi

To — T r—X .
flo) < 22— f(z) + L f(x), khi 21 < 7 < 9.
To — I To — T1
1
Chon z = §(x1+x+2), ta dugc (1.12). O

1.2 Biéu dién ham 16i

Dé don gian céach trinh bay, vé sau néu khong cé chu thich dic biét, ta
chi xét 16p cac ham 16i (16m) kha vi bac hai. Nhu vay, ham f(x) don diéu
tang trong I(a,b) khi va chi khi

f'(z) > 0,Vz € (a,b),
va ham f(z) 16i trén I(a,b) khi va chi khi
f"(z) >0,V € (a,b).
Tu d6 ta c6 nhan xét, khi ham f(z) 16i trén I(a,b) thi dao ham bac nhat

cua no6 la mot ham don diéu tang.
Do vay, ta c6 thé phat biéu tinh chat ctia biéu dién ham 16i nhu sau

Dinh ly 1.6. Ham f(x) loi trén I(a,b) khi va chi khi ton tai ham g(x)
don diéu tang trong I(a,b) va s6 ¢ € (a,b) sao cho

X

ﬂ@=f@+/ﬁww

Cc

Chiing minh. Xét ham f(x) 161 kha vi bac hai trén I(a, b) khi d6 f”(z) > 0
trén I(a,b) nén f'(x) la ham don diéu tang trén I(a,b).
Ta co

[ Foi = 1@ - sce)
suy ra )

ﬂ@zﬂd+/f@%
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dat g(t) = f'(t) ta dugc

hay

[ £ = s - s

suy ra f'(t) = g(t) hay f'(x) = g(z) trén I(a,b).

Vay f'(x) la ham don diéu tang trén I(a,b) nén f’(x) > 0 trén I(a,b).
Do d6 f(x) 1a ham 16i kha vi bac hai trén I(a,b).

Tiép theo con c6 rat nhieu cach tiép can khac dén 16p cac ham 1oi va
ham 16m va ngudi ta tim céc cach biéu dién ching theo nhitng muc tiéu
khac nhau dé giai quyét cac bai toan thuc tién.

Trong muc nay, ching ta dic biét quan tam dén mot dang biéu dién
ham 16i va 1om thong qua cdc ham s6 bac nhat, vi 16p ham nay don gidn
va dé tinh toan trén tap gia tri clia ching.

Ta biét rang, néu f(x) la ham 16i lien tuc trén [a,b] va véi mot cip s6
duong (o, B) v6i a + B = 1 ma xay ra dang thiic

af(a) + Bf(b) = f(aa+ Bb),
thi ham s6 f(z) 1a ham s6 (da thiic) bac nhat.

Vi vay, khi ham s6 f(x) 16i va khé vi trén I(a,b) thi d6 thi clia né luon
luon thudc nita mit phang trén tao nén béi tiép tuyén tai mdi diém tuy ¥
ctia do6 thi d6 tren I(a,b). N6i cach khac, néu f(z) 161 trén I(a,b) thi véi
moi cip xg, x € I(a,b), ta déu co

f(@) = f(xo) + ['(x0)(x — @0). (1.15)
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That vay, ta c6 (1.15) tuong tGng véi

Flag) < L2 @) i s b wew € (a,b), (1.16)
T — Xy
va
f(xo) > f(:cx) — :J;(SCO)’ khi x < zg o,z € (a,b). (1.17)
— 40

Cac bat dang thiic (1.16) va (1.17) 1a hién nhién theo dinh ly Lagrange.
Dé& nhan thay ring (1.15) x4y ra dang thitc khi 2y = 2. Vay ta c6 thé
viét (1.15) dudi dang
max [f(u) + f'(u)(z — u)).

u€(a,b)

Tuong ty, ta cling ¢6 biéu dién déi véi ham 16m. Khi ham sé f(z) 16m
va kha vi trén I(a,b) thi do thi clia n6 luon luon thuoc nita mit phang
dudi tao nén bdi tiép tuyén tai moi diém tiy y clia do thi d6 trén I(a,b),
titc 1a v6i moi cap xg, x € I(a,b) ta co

f(@) < fl@o) + (o) — 0. (1.18)

Dé thay rang (1.18) x4y ra dang thiic khi 2y = . Vay ta c6 the viét (1.18)
dué6i dang

min [f(u) + f'(u)(z — u)]. (1.19)

u€e(a,b)

Vay, chiing ta da c6 mot dang biéu dién ham 16i va ham 16m thong qua
cac cuc tri clia cac ham s6 bac nhat phu thuoc tham bién. Phép bieu dién
nay dudc goi 1a biéu dién d tuyén tinh va né doéng vai trd quan trong nhu
14 mot cong cu hitu hiéu trong nhiéu bai toan ciuc tri va toi vu.

Tuong tu, ta ciing c6 biéu dién déi véi 16p ham 16i nhiéu bién.

Xét ham s6 thie nhieu bién F'(z1, zs, . .., x,). Gid st ting v6i moi bo sb
(21,29, ..., 2,) Ma

212 2 2 2 Zn,

ta deu co

oF

F(l'l,l'g,...,xn) > F(ZhZQ)?Zn)_'_Z(xZ_Zl)aZ
i=1 !

So hoa béi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Ham s6 thuc nhiéu bién théa man dieu kién trén ducc goi 14 ham 16i

nhiéu bién. Khi d6, hién nhién

F(xy,29,...,7,) = max

i (21, 22, ) + Z 8zl

1.3 Ham tua 16i, tua 16m

Ta da biét, theo dinh 1y Jensen: V6i ham f(z) lién tuc trén [a, b] thi dicu
kién can va dt dé ham s6 f(x) 16i trén I(a,b) la

/ (ml _5@) < f(@1) —; f(x2),Vx1,x2 € I(a,b).

Tuy nhién, do dic thi clia dang toan, doi khi chi doi hoi ham sé da cho
c¢6 tinh chat yéu hon tinh 16i (16m), chang han nhu khi
f T+ X2 < f(z1) +f(x2),Vx
2 2
thi khong nhat thiét f(z) phai la mot ham 16i tréen (0, 1).
Cling nhu vay, v6i ham s6 f(z) ma
f 1+ X2 > f(z1) + f(z2)
2 2
thi khong nhat thiét f(x) phai 1a mot ham 1om trén (0, 1).
Tt d6 ta di dén dinh nghia sau day

1,$2>0, maxl—l—xQSla

Vo1, z9 >0, ma x1 + a9 < 1,

Dinh nghia 1.2. Ham s6 f(z) x4c dinh trong (0,b) C (0, +o0) dugc goi
1a ham tua 107 trong khodng d6, néu

f ($1+$2> < flay) + flz2)

5 5 Vo, 29 >0, ma x1 + 29 < b. (1.20)

Tuong tu, ta ciing ¢6 dinh nghia ham tya 16m trong khoang cho trudc.
Dinh nghia 1.3. Ham s6 f(z) x4c dinh trong (0,b) C (0, 4+00) dugc goi
13 ham tya 16m trong khoang dé, néu

F <:U1 +x2> > f(z1) + f(x2)

5 9 ,Var,x9 >0, ma x1 + a9 < b. (1.21)

T dinh nghia ta c6 ngay khang dinh

So hoa béi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Nhan xét 1.4. Moi ham f(z) 16i (16m) trong (0,b) C (0, +oo) déu 1a ham
tya 161 (tua 16m) trong khoang do.
Nhan xét 1.5. Moi ham f(z) tuya 1oi trong (0,b) C (0, +00) thi né 1a ham
tya 101 trong moi khodng (0, a) véi 0 < a < b.
Nhan xét 1.6. Moi ham f(z) tua 16i (tya 16m) trong (0,b) C (0, +00)
déu 1a ham 16i (16m) trong khodng (0,a) v6i 0 < a < b.

X b
Ching minh. That vay, gid st f(z) tua 16i trong (0, b). Khi x1, 29 € <0, §>
thi hién nhiéen, z; + 29 < b va ta thu dugc

; <a:1 +x2) B AL G VA <O,g> :

2 2
s . ) N a ao 1Al \ b
Hé thiic nay ching t6 f(z) 1a mot ham 161 trong khoang (O, 5) O
Dinh 1y 1.7 (Xem [1]-[2]). Gi& thiét rang ham h(z) c6 dao ham cap hai
. b )
va 101 trén (O, 5] . Khi d6 ham so

(h" (z) khiz € (Og] :
[z =9

R'(b—z) khi x € [gb> :

sé 14 ham tuya 161 trong (0, b).

Chitng minh. That vay, theo gia thiét thi f(z) c¢6 dao ham bac hai trén
b

(0,b) va do h"(x) > 0 trén (0, 5], nén

p

W'(z)>0  khize (o,

| o
|

Y

f(@) =

W'(b—2)>0 khixe ,b),
\

1
N |

vay nén f(x) 1a mot ham tya 161 tren (0,0). O
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Nhan xét 1.7. Két luan ctia nhan xét trén van dang ddi v6i ham h(zx) 10i

b
tuy y trén (0, 5] .

) . b )
Dinh 1y 1.8. Cho ham s6 h(z) lién tuc va loi trong <0, 5] Xét ham sb

f(x) xac dinh theo cong thiic sau

p

h(x) khi x € (O, g},

2h <9> —h(b—x) khiz € Fb),
\ 2 2

Khi d6, f(x) 1a mot ham tya 16i trén (0,0).

f@) = o

. . b
Chiing minh. Theo gia thiét, h(x) 16i trén (O, 5] va f(z) xac dinh va lién
tuc trong (0, ).
Ta can chiing minh bat dang thic

f (3?1 +$2) < f(@1) + f(@2)

5 5 Yy, 29 € (0,b), V61 x1 + 29 < b.

Bat dang thiic nay tuong duong véi

" (M) < f@) + flas)

5 5 Vi, my € (0,b), vOi x4+ x5 <b. (1.22)

. b
Col 1 < x9. Khi d6, néu zs < 5 thi (1.22) c6 dang

, <x1 + xz) o ) + ha)

5 5 Vo1, 19 € <O,b), vl 11 + a9 < b.

Diéu nay 13 hién nhién.

b
Xét trucng hop xo > b. Dat 5= d. Khi do6, (1.22) ¢6 dang
h (l‘l + ZL‘2> < h(%‘l) + Zh(d) — h(b — ZE’Q)
2 - 2 '

Dé dang suy ra

b—x2,x1+x2—d6 (O,d),(b,x2)+(x1+x2—d):x1+d.
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. ) b
Khoéng mat tinh tong quat, coi x1 + x9 — 5 < b— x9. Khi do

$1§$1+$2—g§b—9€2§d7
va theo dinh 1y Lagrange, ta co
h(d) — h(b — z2) = W(u)(d — b+ x3), u € (b— x2,d), (1.23)
va
h(zy + 29 —d) — h(z1) = A (v)(d — x9), v € (1,21 + 29— d).  (1.24)
Viv <wunén h'(v) < h'(u), tir (1.23) ta thu duge
h

Do
1+ 19 —d
r1+22\ L (mitx—d+d <f< 2 +f(d))
() () s
flx1+ 22 —d) > 2f <x1—gx2> = f(d). (1.26)
Tir (1.15) va (1.26) cho ta
)+ flon) 2 27 () = )+ 0 - ),
hay
(@) - S0 - 2 2f (52 <) ()

M3t khac, theo gid thiét ta c6

f(z2) + f(b—x2) = 2f(d),
hay

2f(d) = f(b—x2) < f(x2).
Hé thic nay va (1.27) cho ta (1.22) O
Dinh ly 1.9. Dé ham f(z) xac dinh trong (0, b) 13 mot ham tia 16i trong
khoang d6, diéu kién can va du la cac dieu kién sau day dong thoi ducc
thoa man
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(i) f(x) 16i trong (O, g],

(i) F(2) + f(b—2) > 2f (g) Vi e (0%)

Ching minh.
Dieu kién can: Hién nhién.

. . b
Dieu kién du: Gia sit f(z) 10i trong khoéng (O, 5] VA

b b
fa) = fo-a) 226 (5) vr e (0.3)
Ta can ching minh bat ding thic

f (:m 42rx2> < (f(m)éf(:m)) NV, 9 € (0,), v6i 1 +x9 < b. (1.28)

. b b .
Coi 11 < x9. Khi d6, hién nhién x5 < o Néu zo < 5 thi (1.28) hién nhién
dang.
b 5
Xét x9 > X Khi do6, de dang suy ra

b b b b
b—xg, $1+$2—§€ <0,§), (b—$2)+($1+$2—§):$1+§.

) . . b .
Khong mat tinh tong quat, coi x1 + x9 — 3 < b— x9. Khi do

oo

b
$1§$1+$2—§§b—3§2§

)

va theo dinh 1y Lagrange, ta c6

f(g) — f(b— ) = f’(u)(g —m)ue (b, g) (1.29)
[l + 29 — g) — f(x1) = f’(v)(g — xz),v € (:1:1,3:1 + 29 — g) (1.30)

Viv <wunén f'(v) < f(u), ti (1.29) va (1.30), ta thu duge

f(g)+f(rv1) Zf<x1+x2—g) + f(b — x9). (1.31)
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Do

¥ <x1+x2 . g) > 9f (xlg‘”) _f (g) (1.32)

T (1.31) va (1.32) cho ta

F(3)+roz2r (B52) =7 (3) + 50— 22

T+ X9

2 (5) = fo-a z2f (M52 ) < pe). (133)

Mt khac, theo gid thiét ta c6

hay

o)+ 022 227 (3).
hay
21 () = £0 - a2) < floo)
Hé thiic nay va (1.33) cho ta diéu phai chiing minh. O

Tuong tu ta cé titu chuan dé nhan biét ham tua 16m trén mot khoang
cho truéc.

Dinh 1y 1.10. Dé ham f(z) xac dinh trong (0,b) 14 mot ham tya 16m
trong khoang d6, diéu kién can va du la cac diéu kién sau day dong thoi
duge thoa man

(i) f(z) 16m trong <o, g] ,

(i) f(2) + F(b—x) > 2f (g) R (o%)

T Dinh 1y 1.9 va 1.10, ta thu duge phuong phap dung cac ham tua 16i
trén (0,b) nhu sau
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Hé qua 1.1. Dé ham f(z) xac dinh trong (0,b) 1a mot ham tya 16i trong
khoang d6, diéu kién can va du 1a ton tai ham s6 hg(z) lien tuc va 101 trong

b
(O, 5] sao cho

trong do

ho(z) > 2h (g) —h(b—z), Yz € (og) .

Tuong tu, ta c6 cach xay dung ham tira 16m trén mot khoang cho trude.

Hé qua 1.2. Dé ham f(z) x4c dinh trong (0, b) 12 mot ham tia 16m trong
khoang d6, diéu kién can va du la ton tai ham s6 ho(z) lien tuc va 1om

b
trong <0,§] sao cho
hi(z) khix €

| =)

hi(z) < 2h (g) —h(b—2z), YV € (0%) .

Cac dinh 1y sau day cho ta moi lién hé chat ché gitta caAc ham tya dong
bién (nghich bién) véi ham tya 16i (tya 16m).

”

DN | S

ho(x) khiz € <0,
fla) = S

o o

trong do

Dinh 1y 1.11. Ham kh& vi f(x) 1a tya dong bién trén tap (0, b) khi va chi
khi moi nguyén ham F(z) clia n6 déu 1a ham tya 16i trén tap do.

Dinh ly 1.12. Ham khé vi f(z) la tya nghich bién tren tap (0,b) khi va
chi khi moi nguyén ham F(x) ctia n6 déu 1a ham tya 1om trén tap do.
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1.4 Tht tu sap xép dudc cua day s6 sinh béi ham 16i
Theo Dinh 1y 1.1, néu f(z) ¢6 dao ham cap hai trong khoang (a,b), thi
diéu kién can va di dé ham s6 f(z) 16i trén (a,b) 1a
f"(z) >0, Vo € (a,b).

Néu f(z) 1a ham lién tuc va 10i trén (a, b) thi theo dinh 1y Jensen, ta c6
diéu kién can va di dé ham s6 f(z) 16i trén (a,b) 1a

f <#> < f) —; f(xz),vgcl,xg € I(a,b).

Gia stt cho ham s6 f(z) ¢6 f"(x) > 0 trén I(a,b) va x1, x5 € I(a,b) v6i
T+ X9

< 9. Khi d6 c6 vo sb

T, < xo. Hién nhién rang ta c6 tht tu z; <

£ N T+
day so tang dan wuy trong (:cl, ! 5 2):

T+ X9
2

T =Uy <UL < U < ...< U <

N FURE: X T+ X2
va day so giam dan v trong 5 , To |:

r1+ 2o
2

=Up < Upo1 << v <Yy = 2o,
sao cho
u]'—i—vj:$1+.I'2,\V/j:0,1,...,n.

Dinh 1y 1.13. Gia st cho truéc ham s6 f(z) c6 f’(x) > 0 trén I(a,b) va
gid st x1, 9 € I(a,b) v6i 1 < xo. Khi d6 v6i moi day sb ting dan uy trong

( l’l—l-xz)
Xy, :

2

r1+ X2
2

T =Uy <UL < U < ...< Uy <

£ .o N T+
va day soO giam dan v, trong ( ! 5 2, SUQ)

T+ T2
2

=VUp < VUpo1 <<V <Yy = 29,

sao cho
uj+vj =a1 +a9,V) = 0,1,...,n.
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Ta déu c6
f(uo) + flvo) = flur) + flv1) = -+ = flun) + f(vn)-
N6i cach khac, day f(u;) + f(v;) 1a mot day giam.
Chiing minh. Ta chi can xét v6i xq, x9 € I(a,b) cho trude véi x1 < o, thi

f(x1) + f(a2) = f(w1+€) + f(x2 —€),

1+ X9 T+ X9

ta thu

trong d6 0 < e <
dugce

. That vay, tit gid thiét 0 < e <

T1 S 21+ €S Ty —€ < T
Theo dinh 1y Lagrange thi
fla1+e€) = flz1) = f'(Bh)e, v6i O € (z1,21 +¢),
f(l’g) — f(l‘g — E) = f’(92)e, vl 69 € (.%‘2 + €, .%’2).
Vi by <0y va f’(x) > 0nén f/(6;) < (65). Mat khéc, do € > 0 nén
f(aa) = flz2 —€) = fa1) = f(21+€) — fa1)
hay
fla) + f(z2) = f(w1+€) + f22 —€).
Dinh 1y dugc ching minh. ]
Tuong ti, ta cling c6 két qua sau doi véi ham s6 1om.

Pinh 1y 1.14. Gi4 st cho trude ham s6 f(x) c6 f"(x) <0 tren I(a,b) va
gid st x1, 19 € I(a,b) v6i 11 < x9. Khi d6 véi moi day s6 tang dan uy trong

( £Cl—l—332)
X1, 9

T+ o
T =U<Uu <uy<...<u,< 5
< 1~ 4 .9 N T1+ X2
va day so giam dan v trong 5 , T9
1+ T
9 =Up < Upo1 << <Yy = 29,

sao cho
uj+vj =a1 +a9,V) = 0,1,...,n.
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Ta deu co

fug) + f(vo) < flur) + flor) <+ < flug) + f(on).

Néi cach khac, day f(u;) + f(v;) la mot day tang.
Khi d6, ta luon c6 cac khang dinh sau

B6 dé 1.1. Gia sit cho trude day s6 giam
Ty 2> Ty 200 2 Ty
Khi do

r+ae+2+---+a,
- :

1 +xo+ - +ap >k

B6 dé 1.2. Gia sit cho trude day sb giam
T2 Tg =0 2 Ty,
Khi d6 luon ton tai day s6 khong am oy, v, . . ., ay,—1, sao cho
T1—0 Z X+ —Q > 2Ty 1+ — 0 — 12X, + 0y,

That vay, ta chi can chon day oy, oo, ..., a,_; nhu sau

T — T2 Xo — I3

Tu 2 dinh Iy trén ta c6 thé chitng minh két qua sau day:

Dinh ly 1.15. Gid st cho trudc ham sé f(z) c6 f"(x) > 0 trén I(a,b) va
day sé giam trong I(a,b)

T1 > Tog > -+ > Iy

Khi doé vdi moi day s6 khong am oy, o, ..., 0,1, Sa0 cho
1 — T2 T9 — I3 Tp—1 — X
0<a; < ,0< < o, 0<ap < — 1
2 2 2
ta deu co

flan) + fwo) + - 4 flwn) > flzr —an) + flza + a1 —ag) + -+

f(xnfl + ap_o — Oén—l) + f(xn + O‘nfl)-
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Dinh 1y 1.16. Gi4 st cho trude ham s6 f(x) ¢6 f"(x) <0 tren I(a,b) va
day s6 giam trong I(a,b)

T1 > Tog > -+ > Iy

Khi d6 v6i moi diy s6 khong am aq, ae, . .., ay,—1, sao cho
1 — T2 9 — I3 Tp—1 — X
0<a; < L 0<an < o, <y < —— &
2 2 2
ta deu c6

flo) + f(o) +- -+ fzn) < flor — ) + floa+ a1 —ag) +- -+

f(xn—l + Ap—o — Cl4n—1) + f(xn + Qn—l)-
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Chuong 2

Cac bat dang thic dang Karamata
va cac bai toan lién quan

2.1 Dinh ly Karamata

Dinh ly 2.1 (Bat dang thiic Karamata).
Cho hai day s6 zy, yx € I(a,b),k =1,2,...,n, théa man cac diéu kién

T1 S Tp < - ST, Y1 SY2 S0 Sy

va
1>
1+ X2 2> Y1+ Yo
....................... (2.1)
T+ Te+ -+ T 2 F Y2+ T Y
x1+x2++xn:y1+y2++yn

Khi d6, ting v6i mdi ham 16i thue su f(x)(f”(z) > 0) trén I(a,b), ta déu

co

fl@) + flo) + -4 flan) = fly) + fly2) + -+ ) (2.2)

Chatng minh. Stt dung biéu dién doi véi ham 161

fan) + flaa) +-o b flan) = max Y f(t) + ) (@i = t)f (1)

(2.3)
Khong mat tong quat, ta gid st bo s6 ty,...,t, € I(a,b) cing 1a mot bo
s6 giam, tic 1a

t1 >ty > > 1,
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Khi do6, dé chiing minh (2.3), ta chi can ching minh rang

rof'(t) + zof (ta) + -+ 2o f (tn) > o f (t1) + w2 f (t2) + -+ ynf'(t0).
(2.4)
Stt dung bién doi Abel
w1 f () + wof (to) + -+ anf (1) = Silf (t) — f(t2)]+

+ Solf'(ta) — f(t3)] 4 -+ + Spa[f (taer) — f' ()] + Suf'(tn). (25)

vOi
Sk(x) =T+ T+ Ty
Virang f”(z) > 0 nén f'(zx) < f'(xp_1). Mat khéc, do
Sp(z) > Sp(y)(k = 1,2,...,n — 1) va S,(x) = S,(y), ta thu duge ngay
(2.4). O
Dinh ly 2.2 (I. Schur).
Diéu kién can va di dé hai bo day s6 don dieu gidm xy, yr, k = 1,2, ..., n,

thoa méan cac dieu kién

r1 2>

1+ T2 2 Y1+ Y2

T+ T2+ A+ T 21yt T Y
Tyt Tat Ty =Y1+ Y2+ T+ U

1a gitta chiing c6 mot phép bién ddi tuyén tinh dang
Y, = Zaijxj,i = 1,2,...,’/7,,
j=1
trong do6
n n
a >0,) apy =1, ay=1kl=12. . n
j=1 j=1

Khi déng thiic cudi ciing trong gia thiét ctia dinh 1i trén bi pha vé, ta
can phai diéu chinh va c6 thém gia thiét d6i véi ham s6 da cho dé két luan
cua Dinh 1i ¢6 dang Karamata tuong tu van con hiéu lye.

Dinh ly 2.3. Cho ham s6 y = f(z) ¢6 dao ham cap hai tai moi = € (a;b)
sao cho f/'(x) > 0 v6i moi = € [a;b] va f"(x) > 0 v6i moi x € (a;b).
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Gid st ay, as, ..., a, VA T1, 9, ..., T, 1 cac sO € [a; b], dong thoi thoa man
cac dieu kien a; > ay > -+ >a, VA x|, > 19 > -+ > 1, VA
xry 2> a

x1+x22a1+a2

rT1+x90+--+x, >0 +ay+ -+ a,

Khi do, ta luon co
> fla) =D flar)
k=1 k=1

Ching minh. St dung biéu dién déi véi ham 16i

fla) + fe2) 4ot flon) = max D_Ft) + ) (wi—t) f’(tz-)]
- (2.7)

Khong mat tinh tong quat, ta gid thiét bo s6 t1,...,t, € I(a,b) cling la
mot bo sd gidm, tic 1
t1 >t >---2>1,.

Khi d6, ta chi can chitng minh ring

w1 f'(t1) + xof (ta) + -+ 2 f (tn) = yif (t1) + w2 f (t2) + -+ ynf'(t0).
St dung bién doi Abel
w1 f'(tr) + o f (ta) + -+ f'(t) = Silf (1) — f(t2)]+
+ Solf'(ta) = f/(t3)] + -+ -+ Spalf (tn1) = F/(t0)] + Suf ().
v6i
Sip(x) =21+ 29+ -+ + X%

Virdang f”(z) > 0 nén f'(zp) < f'(xp_1). Mat khéc, do Sp(z) > Si(y)
(k=1,2,...,n—1) va S,(z) = Su(y) va f'(t,) > 0, ta thu dugc ngay dicu
can chiing minh. O

Hoan toan tuong tu, ta ciing co

Dinh 1y 2.4. Cho ham s6 y = f(x) ¢6 dao ham cap hai tai moi = € (a;b)
sao cho f'(z) > 0 v6i moi z € [a;b] va f'(x) < 0 v6i moi = € (a;b).

So hoa béi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



25

Gid st ay, ag, ..., a, VA T1,Ta,. .., T, 1a cdc sO € [a;b], thda man dieu kién
ap <ag <o <ap,xp Sxp < -- - <Xy, VA
r1 < aq

T1+x9 < ay + as
xl-l—xg-l----—l—xn§a1+a2—l—---—|—an
Khi doé

D fla) < flaw).

Dinh ly 2.5. Cho ham s6 y = f(z) ¢6 dao ham cap hai tai moi z € (a;b)

sao cho f"(x) > 0 v6i moi = € (a;b). Gid st ay, a9, ...,a, Va T1,Ta, ..., Ty
la cac s6 € [a;b], thoa man diéu kien a; > ag > -+ > ay,.
T1 2> a

T1+x2 > a; +a

Khi do, ta luon co
D flar) =D flar).
k=1 k=1

Nhan xét rang, dieu kién (2.6) cho ta mot thuat toan nan déu bo s6 cho
trude bing phuong phap bién déi tuyén tinh. D& nhan thay phép biéu dién
ham 16i (16m) mot bién c6 the md rong cho ham 16i nhiéu bién. Cu thé 1a,

ting v6i moi ham 161 F'(x1,xs, ..., x,), ta déu co
n
OF
F ) = Flty by .. .t N
(Z’l, x2, 7xn) tl,...g,llg}f((a,b) ( 1,42, n) + ; ($l Z) atl
(2.8)

St dung cac chiing minh tuong tu nhu déi véi bat dang thic Karamata,
ta thu dugce

Dinh 1y 2.6. Gia st F(z1,22,...,7,) thoa man dicu kien (2.7). Khi do

véi moi cip bo s6 don dieu gidm (z1, 22, ..., %), (Y1, Y2, - - - Yn), théa man
diéu kien Schur (2.6), ta déu co
F(xy,xo, ... x0) > F(y1, Y2, -, Yn)- (2.9)
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Nhan xét 2.1. C6 thé néi ring Dinh 1y 1.6 cho ta mot cong cu rat manh
dé thuc hién qua trinh lam déu va thuat toan don bién dé chiing minh
nhiéu dang bat dang thic phic tap.

That vay, tit (1.9) ta c6 ngay hé qua
T1+ T2 X1+ X2

F(x1,29,...,2,) > F( 5 T g

T3. .., Tp).

2.2 Bt dang thic dan diu

Trong phan nay ta xét mot s6 bat ding thitc dan dau sinh béi ham 16i.
Céc bat ding thtic dang nay déu quy dude vé bat déng thic Karamata
quen biét.

Dinh 1y 2.7 (Bt dang thitc Szego).

Cho ham s6 f(z) x4c dinh va 16i trén tap [0,a] v6i a > 0 va cho day

2n — 1 s6 khong am va don diéu gidm

a>ay > ay > -2 a1 = 0.

Khi d6 ta c6 bat dang thic

DIEITCHEY b SISt

Chiing minh. Dé ¥ rang, ti day gidm
a>a >ay> -+ ay >0,

ta c6 thé thanh lap hai bo day giam théa man diéu kien Karamata

a1, a3, .., a2p-1,b1,03,. .. bap 1,
trong d6 day by, bs, ..., ba,—1 1a sut sap xép theo thi tu gidam dan va danh
s lai day cac so
2,04, ...,02,-2,01 — A2 + a3+ -+ + A2, 1.

St dung bat dang thitc Karamata, ta c6 ngay diéu can ching minh. O

Ciing vay, theo ding cach thic lap luan & trén, ta c6 cac két qua sau
(ban doc hay tu ching minh).
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Dinh ly 2.8 (Bat dang thiic Bellman).
Gia st ham s6 f(z) xac dinh va 16i trén tap [0,a] véia > 0 va f(z) <O0.
Xét day n s6 khong am va don diéu gidm

a>a=ay > 2a, = 0.

Khi dé ta c6 bat déng thic

n n

Z(_l)jl flaj) = f Z

7=1 7=1

Dinh 1y 2.9 (Bét déng thic Olkin).
Cho ham s6 f(x) xac dinh va 1oi trén tap [0, a] v6i a > 0. Xét cap day
s6 khong am va don diéu gidm
ap 2 Gy 2 -+ 2 Gy 20

1>2a12-->2a,>0.

Khi dé ta c6 bat déng thic

L= D2 o 70) 30 1 o fla) = 7 (D0 (-1 g

2.3 Mot s6 dinh 1y mé rong déi véi ham 16i

Trong tng dung, ngoai viec xay dung cac ki thuat bién doi dé 4p dung
duge cac dinh 1y, cac nha toan hoc ciing rat quan tam dén cac bat ding
thiic ham, ttic 1a md rong cac bat ding thic tong quat cho ca 16p ham
dang xét. Nhitng thanh tuu theo huéng nay da bing nd trong nhitng nam
gan day. Dieu do6 dan tdi luong bai tap dudc sang tac tré nén phong phu
va hon don, thiéu tinh hé thong, Vi vay, nhu cau vé hé thong héa va cho
cac tieu chuan nhan biét vé tinh ding din cta nhiéu 16p bat déng thiic
dang tré nén cap bach.

Vao nam 1965, T.Popoviciu da ching minh dinh 1y sau day

Dinh ly 2.10 (T.Popoviciu).
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V6i moi ham 16i tren I(a,b) va v6i moi z,y,z € I(a,b), ta déu c6 bat
déng thic

.ﬂ@+f@ﬂf@ﬂ3f(£igif)22f<x;y>ﬁv(gi3)ﬁﬁ(zgx).

3 2
Nhan xét rang dinh 1y trén 14 mot mé rong thuc su ciia cac két qua
quen biét (bat dang thiic Jensen) vé ham 16i. That vay, theo bat dang thiic
Jensen, thi

Fa+ £+ 1) 2 7 (S50 ) £ (550) 41 (550)

rT+y+z T4y y—+z Z4+x
3f(—3 )Sf(T)—l—f(T)—f—f( 5 )

Do vay, dinh 1y Popoviciu cho ta thuc hién dude phép cong trai chieu.

Hé qua 2.1. Vi moi ham 16i tren I(a, b) va véi moi
x,y,2 € I(a,b),0 < a < 3, ta déu c6 bat dang thiic

f@0+f@%hﬂ@+af(£i%ii>2<1+%)p(x;y)

w1(45) 1 (57)]

Ching minh. Ta coi x > y > z. Khi d6 sé xay ra mot trong hai kha nang

hoéc
STrYyrE

rT+y+z

3 > z la du.

Ta chi can xét truong hop = > y >
Khi d6 dé dang kiém tra

x>y2x+y+zzx+y+zzx+y+2227 (2.10)
3 3 3
x+y2x+y2x+22x+22y+22y+z (2.11)
2 2 2 2 2 2
va
r+y+z T+ +z z+4x
x+y+z+3<+>:2< 2y+y2 + )
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Ta thu duge day (2.10) gan déu hon (2.11). Theo dinh ly Karamata, ta
duge dieu phai chitng minh. O
Dén nam 1982, A.Lupas da mé rong dinh 1y Popoviciu theo huéng sau.

Dinh 1y 2.11 (A. Lupas). Vé6i méi bo s6 duong p, ¢, r va véi moi x,y, z €
I(a,b), ta déu c6 bat dang thiic

pf(x) +qf(y) +rf(z)+ (p+q+r)f(PZquyjrrz>

o (552) o (B o (222)

Chiing minh. Tuong tu nhu cach ching minh dinh 1y Popoviciu, khong
mat tinh tong quat, gia thiét rang

>m:+qy+rzZ
pt+q+r

x >

T d6, ta c6 the a4p dung dinh 1§ Karamata cho bo s6 ¢6 trong dé thu dugc
(2.12).

Ta nhéc lai gid thiét Karamata déi v6i hai bo s6 sap duge nhu sau. Ta
n6i riing vécto A = lai, as, ..., a,) vOi gid thiét a; > ag > --+ > a, xa déu
hon so v6i véctd B = [by, b, ..., by] v6i gid thiét by > by > -+ > by, va
duoc ki hieu A= B, néu

a; > by
aq + a9 Z bl + bQ

artag+- a1 20 +be+-+ by
ay+as+---+a,=b;+by+---+b,.

]

Duya vao dinh 1y Karamata, ta c6 thé dé dang chiing minh cac dinh Iy
sau day.

Dinh 1y 2.12 (Vasile Cirtoaje).
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V6i moi ham 161 f(x) trén I(a,b) va ay,as,...,a, € I(a,b), ta luon co
bat dang thic sau

f(al) —|—f(CL2) + .. _|_f(an) -|—n(n_ 2)f (Cll + ag —7: .. —f—an) (212)

> (n = 1)(f(br) + f(b2) + -+ + f(bn))-

1
trong d6 b; = —— > a; v6i moi 7.
n—1z
Chiing minh. Khong mat téng quat, tacoin >3 vaa; <as < -+ < ayp.
Khi d6 ton tai s6 tu nhién m sao cho 1 <m <n —1 va

ap < <y <0< Qg1 <000 < g,
trong d6 a = (ay + - - - + a,)/n. Ta cling c6
by > 2bp>a>bpy > 2 by

Dé thay rang diéu can ching minh dugce suy ra tit hai bat dang thic sau
flar) + flaz) + -+ flam) + n(n —m —1)f(a)
> (n = 1)(f(bms1) + [ (bms2) + -+ [(bn)),
flamia) + flams2) + - + flan) + n(m = 1) f(a)
> (n—=1)(f(b1) + f(b2) + -+ [(bn))-
D& chitng minh (2.13), ta ap dung bat dang thitc Jensen déi véi ham 15i

flay) + flag) + -+ flam) + (n —m —1)f(a) = (n —1)f(b),

trong do

(2.13)

(2.14)

e tayt - Fan+(n—m—1)a
B n—1 '

b
Vay ta chi con chiing minh réng

(n_m_ 1)f(a)+f(b) > f(bm+1)+f(bm+2)+"'+f(bn>'

a>bpy1 > byyo > - > by,

va
(m—m—1)a~+b=byui1+bpio+ -+ by,
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ta thay ngay A, ,, = la,...,a,b] xa déu hon B, ., = [Dimi1s brnta - - -, bl
Vay bat dang thiic (2.13) duge suy ngay tit dinh Iy Karamata.

Bat dang thiic (2.14) dudc chitng minh tuong tu bang cach st dung bat
déng thuc Jensen quen biét

flams) + flams2) + -+ flan) + (m — 1) f(a)
n—1

> f(c),
ting dung cho

fle)+(m—=1)f(a) = f(br) + f(b2) + - + [ (bw),

trong do
. am+1—|—am+2—|—-'-—|—an—|—(m—1)a

n—1
Bat dang thitc cudi nay suy dudc ngay tit bat dang thic Karamata, vi rang

by > >by>a

va e+ (m—1a = b +by+ -+ by, va C, = [c,a,...,a] xa déu hon

Dyy = [b1,ba, ..., byl O

Dinh 1y 2.13 (Vasile Cirtoaje).
V6i moi ham 161 f trén I(a,b) va

ai,as, ..., a, € I(a,b) ta luon c6 bat dang thiic sau

(n —2)(f(a1) + flaz) + -+ flan))+nf <a1 +a2+”'+a”>

n

>2 ) (ai;“j>.

1<i<y<n

Chiing minh. Ta chiing minh bang phuong phap quy nap.

V6i n = 2, ta thu duge dang thic. Git thiét ring n > 3 va bat dang
thiic ding v6i n — 1. Ta chiing minh n6 dang véi n.

Gidstrang a = (a1 +as+---+ay)/nvaz = (ay+as+---+a,)/(n—1).
Theo gid thiét quy nap thi

(n—3)(f(ar) + flaz) + -+ fla) + (n—Df@) 22 3 f ( *“j).

— 2
1<i<j<n

Vay chi can chi ra rang

f(al) + f(a2) Tt f(an—l) + (n - 2)f(an) + nf(a)
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n—1
a; + ay,
> (- ffe) + 23 £ (5.
i=1
tit bat dang thic Jensen, ta cé

flar) + flag) + -+ flap-1) > (n—1)f(x).

Vay nén

(n—2)f(an) + nfla) > 2?21510 (‘” ; a”).

Vi rang
a; + ay
2 )

n—1
(n —2)a, +na = 22
i=1
ta c6 thé sit dung bat dang thitc Karamata cho hai truong hop.
Truong hop 1. Khi 2a > min{ay, as, ..., a,} + max{ay,as,. .., a,}.

L2 ) . ai +a
Khoéng mat tong quat, coi a; > ay > --- > a,. Vay thi a > ! " Theo
bat dang thic Karamata, ta can ching minh
. a1 ta, a+a ap—1+a
a, < min{ Ll on 22 n,...,u}
2 2 2
v + + +
a1 ap A3 Qn, (p—1 Qp
a, > max , e, —— 1}
"= { 2 2 2 }
Diéu kién thit nhat 1a hién nhién, con diéu kién thi hai dude suy ra tit
a > 5
Truong hop 2. Khi 2a < min{ay, as, ..., a,} + max{ay,as,...,a,}.
.2 2 ~ . . ~ a —|_ a
Khong giam tong quat coi a1 < as < --- < a,. Khi d6 a < ! 2. Theo
bat ddng thuc Karamata, ta chi can chitng minh
. a +a, ax+ay Ap-1+ ay
a < min ) e, ———
v + + +
ay +a, as+a an_1+a
a, > max{ L z 2 n,...,u}.
2 2 2
Diéu kién thtt hai 14 hién nhién va diéu kién thi nhat suy ra ti
—_— 2 .
[]
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Sau day, ta mo ta mot sd6 Ap dung truc tiép.
Bai tap 2.1. Gid st a1, a9,...,a, 1a bo sd6 duong thoéa man diéu kien

aias . ..a, = 1. Chiing minh rang khi do6, ta luon c6

1 1 1
At a4 ad i —2) > (n—1) (——|———|—--~—|——>.
ap a9 (075

Loi gidi. Bat dang thitc nay dudc suy truc tiép tit Dinh 1y 2.1 néu ta xét

ham 161 f(z) = €* va thay bo s6 ai,as, ..., a, b6i bo s6 (n — 1) Inay,
(n—1)Inas,...,(n—1)lna,, tusng ing.
Bai tap 2.2. Xét bo s6 duong ay, as, . . ., a, thoa man diéu kien

a; +as+ -+ a, = 1. Khi do, ta luén cé
1

(n—a))(n—as)...(n—a,) > (n—1(aas...a,)" =1,

Loi gidi. Chi can ap dung Dinh 1y 2.1 v6i ham s6 f(z) = — Inx ting vdi
x > 0, ta c6 ngay diéu phai chitng minh.

Nhan xét 2.2. V6i a; +as + - - - +a, = n kéo theo ajas . ..a, < 1, ta thay
bat dang thitc AM — GM sic hon bat ding thiic

(n—a))(n—az)...(n—ay) > (n—1)"aas...a,

That vay, tit cac bat dang thic

n—a;=ay+az+---+a, > (n—1)(agas...a,)"—1

n—ay=a+az+---+a, > (n—1(aas...a,)"—1

n—a,=a;+a+-+ a1 > (n—1)(a1az...a,-1)" — 1,

ta c6 ngay diéu phai chiing minh.
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Bai tap 2.3. Xét bo s6 duong ay, as, ..., a, va dit b; = > aj tng
=L
v6i moi 4. Chitng minh réng khi do
bl b2 bn ai an Qp
I LA St I O B R 215
al+a2+ +an_b1+b2+ +bn (2.15)

Loi giai. Giad st a= (a1 +as+ -+ a,)/n. St dung hé thic
— 1)b; i
(Db _na @ ne_ 4y
a; a; bi bi
v6ii=1,2,...,n, ta thay (2.15) tuong duong véi bat dang thiic
11 1 n(n—2) 11 1
— et > =) [
ai a9 Qp, a bl bg bn
Bét ding thitc nay dé dang nhan dugc tit Dinh 1y 2.1 tng dung cho ham

R 1
16i f(z) = — tng v6i x > 0.
T

Bai tap 2.4. Xét bo s6 duong x4, x9, . . ., , théa man dicu kien
1 1 1
$1+I2—|—"'+$n:——|——+"'—|——. (216)
I T2 Iy

Chting minh rang khi do6

1 1 1
> 1. 2.17
1+(n—1)x1+1+(n—1)3§2+ +1+(n—1)xn_ (217)

Loi gidi. Bat dang thiic can chitng minh c6 thé suy tit (2.15) theo cach
sau day. Gia thiét ngugc lai ring
1 1 1

< 1. 2.18
1+(n—1)x1+1+(n—1)x2+ +1+(n—1)xn (2.18)

Ta chiing minh réng (2.16) khong thoa man. Gia st
1
1+ (n— 1)z’

a; = 1=1,2,...,n.

Nhan xét rang a; > 0 va

1—&2'

—,Vi=1,2,...,n.
(n—l)ai’ t ) < y TV

T, =
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Theo (2.18) thi ) a; < 1. Vay nén

=1
1—a;>>» aj=(n-1)b (2.19)
J#i

ing véi moi ¢ = 1,2,...,n. Do do

n

B 1—a; 0;
x1+x2+---+xn—;(n_lal ZGZ
>Z—

" (n—1)a

1 1 1
=—+— 4+ —.

I I9 Ty

Vay nén, ta c6 diéu phai chitng minh.

2.4 Cac dinh ly dang Karamata

Trong phan nay, ta sé néu két luan veé tinh so sanh duge ddi véi mot s6
biéu thiic sinh bdi cac bo s6 (c6 trong hodc khong c6 trong) sap theo thit
tu cho truée. Cac rang budc nay tuong tu nhu cac gia thiét ctia bat dang
thitic Karamata.

Bai tap 2.5. Gia thiét cho ba cip s6 duong (a1, as), (ui,uz) va (z1,22)
thoa méan cac dieu kién sau

up < ug,
a1y < U,
11 + o9 = U] + Qoug.
Chting minh réng, khi do6
a1 Qo

[0S %)
T Ty” < Up Uy .

Dau dang thiic xay ra khi va chi khi 21 = u; va 29 = us.
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Chitng minh. Xét ham s6

) (%)
y=\— :
a1 9

Ta co
04171 01271
;[ sS—x S—x T
Y a7 (0% 0% aq '
Vay nén
T S—x S
y/ — 0 @} J— — ,
(o4} 0%) a1 + 0%)
. S
vay >0khi — < —.
7] a1 + 6%
Do do véi
x U S
— < —<—
o a1 a1 + Q9
thi ta co N N N N
z\ ' [/s—x\? u\ /s —u\"?
= < [— _
aq 9 651 a2
Dat
x S—x U S —u
— =T, = X9, — = U7, = U2.
(03] (0% aq 2
Suy ra, khi
1 < up < Uz, a1 + QT = Uy + QU
ta thu dugce

]t wy? < ultug?,
Nhan thay ring dau dang thic xay ra khi va chi khi z; = u;, Vi = 1,2. [

Bai tap 2.6. Gia thiét cho ba bo s6 duong (aq, s, as3), (u1,us,us) va
(71, 2, x3), thoa man cac dieéu kién sau

[ uy < ug < ug,
oy < g,

121 + ey < Uy + il

[ 171 + Qa2 + Q3x3 = QUl + QU + Q3U3.

Khi dé6
a1 .00 .03 ap, oo, 0
T Ty 3" < Uy Ug US”.

Dau dang thic xay ra khi va chi khi z; = u;, Vi = 1,2, 3.
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Chatng minh. Theo gid thiét thi
( Uq S U9 S usg,
ory < g,

o121 + oy < iy + il

L a1 + DU + a3Tr3 — \1Uq + QU9 + a3us,

nén ta can xét hai truong hgp.

Trudng hop 1.

Khi x1 = w1 — dy, 29 = us — do, x3 = us + d3 v6i dy, do, d3 > 0.
Khi d6 ayd; + asds = aizds va tir do, ta thu duce

ry @yt = (ur — di)* (up — da)™* (ug — ds)™
ard

S u?l (Ug — dg)a2 (u?, -+ d3 — %)ag
3

< uitug us®.
Dau déng thiic xay ra khi va chi khi 2; = w;, Vi = 1,2, 3.
Trudng hop 2.

Khi 1 = Uy — dl,LUQ = Uo + d2,.§C3 = us + dg vl dl,dQ,dg > 0.
Khi d6 ayd; = asds 4+ agds va tir do, ta thu dugce

it ry?xs® = (ug — dp)* (ug + d2)**(us + d3)™

d
S qu (U3 + d3)a3 (U1 — dl + @ 2)a1
651
< uitug?ug®.
Dau dang thiic xay ra khi va chi khi z; = u;, Vi = 1,2, 3. O

Bay gio, ta c6 thé chiing minh dinh 1§ sau.
Dinh 1y 2.14. Gid thiét cho ba s6 duong («;), (u;), (z;) théa man cic diéu

So hoa béi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



38

o) < g,
0121 + oy < iy + Qi

a1x] +ro+ - F 11 < U+ Qo + - QU 1,

{ X1T1 + Q%o + -+ - + QpTp = QU + QU2 + - - - + QpUy,.

Khi do, ta co

«

o] Q9 (o779 1,,002 Qp
TP Xy T S Uy Uy

n *

Déu ding thitc xdy ra khi va chi khi z; = u;,Vi = 1,2, 3.

Chatng minh. Ta ching minh bang phuong phap quy nap thong thuong.
Theo hai bai toan vita chiing minh thi dinh 1y da dang v6i n = 2 va

n = 3.
Gia st dinh 1y ding véi n. Ta chiing minh dinh 1y ding v6i n + 1.
Theo gia thiét thi

(U Sup < - S Uy,

oy < g,

121 + ey < apuy + g,

a1x] + x4+ F 1T < U Qo + - Qg U1,

( 121 + Qoo + -+ + Ty = QUL + QU + - - - + QpUy,.
nén tng vdi chi s6 k, ta c6 the gia s
T < U, Tp = U — i, U1 < Thgt, Tl = Ukl — At

Ta chia ra hai trusng hop dé xét.
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Truong hop 1. Khi apd, < apiidiyq, thi

a1 Q-1 O Oky1l  Okt2 On41
T Ty U T Ttz - - ol

%1 Q1 - g g1 5 Ok+2 On41
=" (e — ) (upsr + dp) ™Y

agdy,
o1 Q-1 Ofet1 1 Xk+2 Q41
< ait.oa el (v + dk+10¢k+1) A

Op41

(65 N0 %)
S uptug”.Low, T

Dau déng thiic xay ra khi va chi khi z; = v;,Vi =1,2,...,n+ 1.
Truong hop 2. Khi agd; > ag1diiq, thi

(%1 Q-1 O Okl  Ogi2 On41
L1 1 T T Vit - - ol

_ 01 Qf—1 o o (o) Opt1
=27 a T (ue — di) ™ (kg1 + diggr) ST

Lt n+1
Qpp1dp41
oy Qp—1 + +1\ap k41 . Ok+2 Qi1
S Ly w- xk;—l (uk - dk + 05—1@) (uk—H) xkj+2 cee xn+1
a1 . Q9 Q41
S uptug”.ow, YT

Dau dang thiic xay ra khi va chi khi z; = u;,Vi=1,2,...,n+ 1.
Vay dinh 1y dung v6i moi n > 2. H

Hé qua 2.2. Véi moi bo s6 duong (o;) va (x;), ta déu ¢o

$1£E2...33n§ (

T4 Ty 4 A2\
n

Q10+t
a1 Qg xan < Oé].x]. + 052332 + e + anxn
" ap+ag+ -+

x]_ (651 x2 Q9 xn (67%%
aq as) T \ay

< <I1 +xo+ -+ xn)aﬁaﬁmﬂy"

o) t+ay+ -+ ay
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Bai tap 2.7. Gia thiét cho ham s6 f(z) xac dinh va ¢6 f”(z) > 0 trén
[, 8] va cho hai ciip $6 x1, T2; u1, us € [, 8]. Khi d6 v6i méi cap sd duong
(71,72) va (ug,u2) thda man cac dieu kien

Uy S U9,
M < Mug,

Y11 + Y2T2 = Y1U1 + Y2uU2,
ta déu co
VS (1) + 72 f (x2) = 71 f (wr) + 2 f (u2).
Dau dang thiic xay ra khi va chi khi 21 = u; va 29 = us.
Chiing minh. Xét ham s6

S —X

y = nf(=) +af (=),
7

V2

v6i vp, 2 > 0.

Ta co
T S—x
y’zf’(—)—f’( )=0
71 Y2
khi
r_sTw_ iy <Okhi <>
"1 Y2 Y1+ Y2 Y1 Y1+ e
Do dé véi
T U S
- S - S 9
T Mt e
ta co
T S—x U S —u
Yf(—) + 72 f(——) = nf(—) +72f( ).
Y1 a1 V2
Dat
T S—x U S—u
— =TIy, = X2, — urg, = Ug.
g4l Y2 1 V2

Suy ra, ing véi
1 < up < U, Y101 + Y22 = YUl + YolUs,

ta co
Y (1) + 52 f(22) > y1f(wr) +vof (uz).

Nhan xét rang dau dang thiic xay ra khi va chi khi 21 = w1 va 2o = up. [
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Bai tap 2.8. Gia thiét cho ham s6 f(z) xac dinh va ¢6 f”(z) > 0 trén
[, 8] va cho hai cap s6 (1, 22, 23); (u1, U2, u3) nam trong [a, 8]. Khi dé vdi
mdi cip s6 duong (71, 72,73) va (u1, uz, uz) thoa man cac dieu kién

( Uq S U9 S us,
N1 < Y,

Y1T1 + Y22 < YUy + Yols,

Y1Z1 + Y22 + Y3T3 = Y1UL + You2 + Y3U3,

ta deu co

Yl (@1) + 92 f(x2) + 3/ (23) = 1S (W) +y2f (u2) + 73 (us).
Dau déng thic xay ra khi va chi khi 2; = w;, Vi = 1,2, 3.
Chiing minh. Theo gi& thiét thi xq, x9, 23, u1, us, u3 € [, 8];71,72,73 > 0
va
( Uy S U2 S us,

T < MU,

Y11 + Yoxa < Yrur + YolUs,

[ 71T1 + Vo2 +)3T3 = Y1uUr + Yol + Y3U3.

a) Xét truong hop khi x1 = uy — dy, 9 = ug — dy, x3 = usg + dz. Khi do,
hién nhiéen
Y1dy + Yada = 7y3d3

N

va

f (1) + 72 f (22) +93f (23) = 1 f (w1 — di) + 72 f (ug — da) +73f (us + ds)
> 1 (u1) + 72 (ug — d2) 4 y3.f (us + d3 — 7;—?)
> Y1 f(ur) + 2 f (u2) + v3f(us).
Dau dang thtc xay ra khi va chi khi z; = u;, Vi = 1,2, 3.
b) khi 21 = uy — dy, 73 = ug + dy, 3 = uz + ds. Thi hién nhién, ta c6

midi = yada + 7y3d3
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N

va

Yf(21) + 2 f (22) +v3f(23) = y1f(ur — d) + 2 f (uz + da) + v3f (u3 + d3)
> yif(ur —dy + Wi—jl?) + Y2 f (u2) + v3f(uz + d3)
> 1 (ur) + 72 (u2) + 73 f (us).
Dau dang thiic xay ra khi va chi khi z; = u;, Vi = 1,2, 3. O
Bay gio, ta chuyén sang xét truong hop tong quat.

Dinh 1y 2.15. Gi4 thiét cho ham s6 f(x) xac dinh va ¢6 f”(x) > 0 trén
[, B] va ¢6 cac bo s6 (;); (w;) € [a, B]. Khi d6 v6i mdi cdp s6 duong (7;)
va (u;) thoa man cac dieu kien
( ulS“QS"'SUm

mMrr < M,

Y11+ YeTy < iU + Yaue,

Y1T1 + Yoa + o+ Vp—1Tp—1 < YU + YU + A+ Y—1Up—1,

L V121 + Y2X2 + -0 F YTy = Y1UL F YoU + - - - Vuly,

ta deu co

nf(@r) +yef(@2) + -+ f(@n) = 71f(ur) +72f (u2) + - 4y f (un).
Dau déng thic xay ra khi va chi khi z; = v;,Vi =1,2,...,n.

Chatng minh. Theo két qua ctia hai bai toan vita chiing minh thi dinh ly
dang véi cac truong hop n = 2, 3.
Gia st dinh 1y dang véi n. Ta chiing minh dinh 1y ding v6i n + 1.
Theo gia thiét, thi ta c6

( Ti, W; € [Oé75]7/72 > 07\72: 17277n+17

up < up < < Uy,

Y11 < Yiuq,

S 1T+ Yere < yiur + Yaus,

Y11+ Yoxo + -+ -+ YuTp < Y1UL + YUz + -+ YUy,

[ N1T1 + 7202 + - Ypp 1Tl = Y1UL YU+ Y1 Un,
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Khong mat tong quat, gia st
T < Uk, Ukl < Tht1-

Dat x, = up, — dy, Tp1 = Upq1 + dgy1 VO dy, dyy1 > 0.
a) Khi vpdi, < yir125+41, thi

Yif (@) + 72 f(x2) + -+ e S (@) + W (k) + Y1 f (1) +
+ Vevaf (Trr2) + -+ Vo1 f (1)

=y f(x1) +v2f(x2) + - + Vi1 f (1) + Yo f (up — di)+

+ Vo1 f (U1 + diir) + V2 f (@rg2) + -+ Yo f (Tng)

> yf(wy) + v f(@2) + -+ oo f (Tr1) + e f (ur)+

kg
+ Vi1 f (U1 + dpy1 — 1]6—) + Viro f (@rg2) + -+ Vo1 f (@n1)
41

>y f(ur) +v2f(ug) + - 4 Vo1 f(Ung1).

b) Khi ypdy > Vg 10441, thi

Y f (1) +y2f(x2) + -+ Y1 f(wp—1) + Vo f (@) + Voo f (1) +
+ Vevaf (Trr2) + o+ Yo f(@n11)

=yf(z1) +vaf(xe) + -+ Y1 f(p—1) + Y f (ur, — di)+

+ Virrf (U1 + dir1) + 2 f (Tre2) + -+ Yo f (T041)

>y f(x1) +vef(@2) + -+ e f(wr1) + e f (up — di + M)Jr
+ Verr f (k1) + Vevaf (Tey2) + -+ Yo f (Tog1)
> f(u) +72f(u2) + -+ + Yosr f(Unga)-

Dau déng thic xay ra khi va chi khi z; = w;, Vi =1,2,...,n.

Vay dinh ly dung v6i moi n > 2. []

Nhan xét 2.3. Khi f”(z) < 0 trén [, §] thi ta c6 bat dang thiic ddi chiéu.

Dinh 1y 2.16. Gi4 st v6i moi bo s6 duong ¢, (u;) va (o;) théa man cac
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diéu kién

T1+xo+ -+ a1 KU +uU A+ Uy,

(L1 + T+ X =up U+ Uy

Khi do, ta luon co

21\ 29\ o\ ze e+ )oY
a1<—1> —|—042<—2) —|—---—|—ozn(—> 2(1 2 ) .

oy o0 Q, (a1 4+ g+ +ay)e
. ) ) . B T\ ¢+l . C_|_1 T\C /
Chiing minh. Cac ham s6 f(z) = (—) va f'(z) = <—> deu xac
o a \a
dinh va dong bién trong R™, nén véi c, z;, u;, o > 0,Vi = 1,2,...,n, thoa
man cac dieu kién
(U u u

T2 <

aq &%) Oy

T S uy,

1+ 212 < up + ug,

T1+xa+ -+ Tp1 S U+ U F Uy,

X1+ T+ + Ty =U + U+ Uy,
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1 1 1
) c+ To c+ T, c+
oap| — + ag| — + -t —
O a9 7%
U

ta luon co

c+1 c+1 c+1 c+1 c+1 c+1
Ly Lo L, > Uy Uy n
af o T + af T af + as + + af

1 2 n 1 2 n

T (aFag ot a)

2.5 Mot s6 bai tap ap dung

Vi du 2.1. Cho 2n s6 thyc duong a;, b;(i = 1,2,...,n) théa man cac dicu
kién sau a; > as > -+ > a,,b1 > by > -+- > by, a1 > by, aras > biby, . . .,
aias . ..a, > biby...b,. Chiing minh ring

artas+---+a, >b+bo+ -+ by
Loi gidi.

Dit o, = Ina;,y; = Inbi(i = 1,2,...,n). Véi cac dieu kien da cho, ta dé
dang kiém tra duge rang (z1,72,...,2,) = (Y1,¥2,...,Yn). D& thay ring
f(x) = " 13 ham 13i trén (0, +00), do d6, ap dung bat dang thitc Karamata,
ta co

€$1+6$2+,_,+6$n>eyl+ey2+,,,+eyn

hay
ap+as+ -+ a, >by+by+ -+ by

Vi du 2.2. Cho ABC la tam gidc nhon. Chiing minh ring
1 <cosA+cosB+cosC < g

Xac dinh khi nao x3y ra dang thic?

Loi gidi.
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Khong méat tinh tong quat, gia st A > B > C. Khi d6 A > %, C <

2
VigZAzgvaWZA+B:7T—CZ§nén

™
3 .

(” T 0) >(A,B,C)>(

7T7T7T)
272’

37373

Xét ham f(z) = cosw, dé thay f(x) la ham 16m that sy trén doan
I= {O, g], do d6, theo bat ding thic Karamata, ta co

F(5) +7(5) 70 < () +1B)+1(0) < 3f (5)

hay
3
1 <cosA+cosB+cosC < 7"
O bt déng thic thd nhéat, ddu déng thic khong xéy ra (vi hai goc clia

tam gidc khong thé cling vuong). O bat dang thic tht hai, déng thitc xay
ra khi va chi khi tam gidc ABC' déu.

Vi du 2.3. Cho ABC' la tam gidc khong nhon. Chitng minh rang

A B C
tan§—|—tan§—|—tan§ 22\/5—1.

Loi gida.
Khong mat tinh tong quat, gia st A > B > C. Khi d6, dé& dang kiém

tra dudce
é§€>{zﬁq
27272 4788/

Xét ham s6 f(z) = tanx,x € (0, E).

2
. 1 2sinx . ) T
Ta c6 f'(z) = cos%:’fﬂ(x) = ois 0 v6i moi x € (0, 5)

Tu d6 suy ra f(z) 1a ham s6 161 tren (O, g) St dung bat ding thic

Karamata, ta nhan ducgc

> 2v2 — 1.

t A—l—t B+t O>t W—i—t W—l—t
an — + tan — + tan — an — + tan — + tan
2 2 2 4 3

s

T
8
Dang thitc xay ra khi va chi khi (A4, B,C) = (5, %, %) va cac hoan vi.
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Vi du 2.4. Cho a, b, c 1a cac s6 thic duong. Chiing minh réng
1 1 1 1 1 1

< — 44—
a+b+b+c+c+a_2a+2b+2c

Lo giaa.
Khong méat tinh tong quat, gia st @ > b > c. Khi d6, dé dang kiém tra
dugce
(2a,2b,2¢) >~ (a+b,a+c,b+c).

1 R £ 22
Vi f(z) = p la ham 16i trén khoang (0,+00), nén theo bat dang thic

Karamata, ta co
f(2a) + f(2b) + f(2¢) > f(a+b)+ f(a+c)+ f(b+¢)

hay
1 n 1 n 1 < 1+1+1
a+b b+c c+a " 2a 2b 2c

Ding thiic x4y ra khi va chi khi a = b = c.

Vi du 2.5 (IMO 2000, Bai 2). Cho a, b, ¢ 1a cac s6 thyc duong thoa man
diéu kien abc = 1. Chiing minh réng

1 1 1
(a—1+—)+(b—1+—>+<c—1+—) <1.
b c a

b=

L&i gidi.

Vi abc = 1 nén ton tai cac s6 duong z,y, z sao cho a = =

NI

T 2
y T
Bét dang thiic can ching minh tré thanh
(z—y+2)y—2z+2)(z—r+y) <ayz
Ta dé y rang, (r —y +2)+ (y — 2 +2) = 22 > 0, do d6, trong ba s6
T—y+42,y—z+x, 22— +y khong thé c6 trusng hop hai s6 cing am. Néu
trong ba sb trén c6 mot hodc ba s6 am, hien nhién ta c6 bat dang thic can
chitng minh. Truong hop ca ba s6 déu duong, bang cach 1ay logarit hai vé,
ta co
In(z—y+2)+Inly—z24+2z)+In(z—x+y) <Inz+Ilny+Inz.

Vi f(z) = Inz 1a ham 16m trén (0, +o00), do d6, st dung bat dang thiic

Karamata, ta dugc

In(y—z4+2)+In(z—y+2)+In(z—z+y) <Inz+Iny+Inz.
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Ding thic xdy ra khi va chi khiz =y =zhaya=b=c= 1.
Vi du 2.6. Cho a,b la cac s6 thuc khong am. Chiing minh rang

Va+ va+ {’/b+i75§ \3/a+\‘75+{’/b+€/5.
Loi gidi.

Gidsut b>a> 0.

Gitta cac s6 ©1 = b+ Vb, o = b+/a, 23 = a+ Vb, x4 = a+ /a, thi 2, 1a
s6 16n nhat, x4 1 s6 nhé nhat. Vi z; + x4 = 29 + 23 nén (z1,x4) = (72, 23)
hodic (z1,x4) > (x3,x2). D& thay f(z) = /x 1a ham 16m trén [0, +00), do
d6, theo bat dang thiic Karamata, ta c6

f(x1) + f(za) < fo2) + f(23)

Va+ va+ {’/b+%§ \3/a+5/5+\3/b+€/a.

Dang thitc x4y ra khi va chi khi a = b.

hay

1 .
Vidu 2.7. Cho -1 <a,b,c<1l,a+b+c= —g5 Hay tim gia tri 16n nhat
ctia biéu thiic
F=a”+b"2+c"?

Loi gidi.
Khong mat tinh tong quat, gia st a > b > c.
1 1 1
Khidol>a,-=1—=->—c— - = b.
1do _a,2 5 = c 5 a+

1 N .
Do dé6 (1, —5 —1) = (a,b,c). Vi ham f(x) = 2'? 16i trén [—1, 1], theo bat

déng thiic Karamata, ta co

@V = fa) 4 )+ F(e) < F(1) + F(—5) + F(-1) =2+ oy
1

Diang thiic x4y ra, chang han khi a = 1,b = —5 €= —1. Do d6 gia tri 16n
. 1

nhat ctia F' la 2 + 12"

Vi du 2.8 (IMO 1999, Bai 2). Cho z1, 29, . .., x, la cac s6 thuc khong am,

n > 2. Hay xac dinh hang s6 C nho6 nhat sao cho

Z ziv (7 + :c?) < C(Z :CZ> :

1<i<j<n i=1
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Loi gidi.

Néu 1 = 29 = - - - = 0 thi bat dang thtc ding véi moi C' > 0. Néu c¢6 it
nhat mot s6 z; > 0, suy ra 1 + x2 + - - - + 2, > 0. Vi bat déng thtc trén &
dang thuan nhat nén ta c6 thé gia st rang 1 + 2 + - - - + 2, = 1. Khi d6

F(xy,29,...,2,) = Z zi (2] +x7) = Z i + Z it

1<i<j<n 1<i<j<n 1<i<j<n
n
3 3
= E%E:%: Exz(l_fa)ZE f(xy),
1<i<n  ji 1<i<n i=1

voi f(z) = 2 — 2™

n
Vi vay, ta can xac dinh hang s6 C' nho nhat sao cho Y f(z;) < C, véi
i=1
x1+ 29+ +x, =1, trong d6 f(x) = 2° — 2? 13 ham 13i tren [0,1/2] (Vi
f'(z) = 32% — 423, f"(x) = 62 — 122?%).
Do tinh déi xiing, khong méat tinh tong quat, gid st 1 > o > -+ > z,,.
Ta sé xét cac truong hgp sau.

1 ) 11
Truong hop 1. 3 > x1. Khi d6, kiem tra dugc <§,§,0,..,0> -
(w1, 79, ...,2,). Si dung bat dang thitc Karamata, ta c6

1

St <1 (5) 1 (5) + SO+ 10 =

[ =

Trudng hop 2. = < z;. Takiém tra duge (1 — 21,0,..,0) = (22,...,2,).

= DO

St dung bat dang thiic Karamata, ta cé

Zf(xi):f(l’l)Jer(%)Sf($1)+f(1—1’1)+f(0)+--+f(0)

= f(z1) + f(1 —21).
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. 1
Mat khac, bang cach dat y =z — 3 >0, ta co

o)+ f(l—z) = (@} =) + |1 —20)’ = (L —2)']
— (1 —2) |2} + (1 - m)’]

(o) G [+ (o)
() () o)<

. ) L s 1
. Vay hang s0 C' nhé nhat can xac dinh la g

OOI»—l

Do dé En: f(x;) <
i=1

2.6 Bai toan tuong tu

Bai tap 2.9. Cho tam giac ABC, chting minh ring

) sin® +'QB+'“C5>3 Gl <0

a) S — S — SN — — 1 & .
> 2 2 =20 "

A B C 3

b)1<sina§+sina§+sma§ - véi1l>a>0.

QL\D

1+

[\

a o o _ >
c) cos 2+cos 2+COS 5 2 oa

A B C 3 2
d) 2<coso‘§+coso‘§+cosa—<

;S g vi0<a<l

Bai tap 2.10. Cho ay,as,...,a, la cac s6 thyc duong. Chitng minh ring

(1+a)(1+a)...(1+ay) < <1+a—%> <1+a—3>...<1+a—%).

ag

Bai tap 2.11 (APMO 1996). Cho tam giac ABC. Chitng minh réng
Va+b—c+vVb+c—a+Vet+ta—b<Va+Vb+ /e
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—T
66

cos(2x1—x9)+cos(2xy—x3)+- - -+cos(2x,—21) < COS x1+COS To++ - -+COS Tp,.

Bai tap 2.12. Cho x1,29,...,7, € [ ] . Chiing minh rang

Bai tap 2.13. Chtng minh ring v6i cap sb z1, 22, ta c6 bat ding thiic
2% 4+ 90 4 2% + 3(zy2)? > 2(1°2° + 222 + 2%yP).

Bai tap 2.14. Ching minh rang véi moi bo so6 duong x,, z, ta c6 bat
déng thic

211 + T9 2 r1 + 279 2 2x1 + 329 2 311 + 229 2
) ) z2|— ) t | .
3 3 5 5

Bai tap 2.15. Ching minh rang v6i moi cap sd duong z1, z2, ta c6 bat
déng thic

\/S( 1 N 1 >>\/§< 1 N 1 )
VAr, 39 o1 430 ) T V2x1 + 19 A1+ 219

2
PRVS —
- V1 + 2o

Bai tap 2.16. Chiing minh rang véi moi cap s6 duong xq, z9, ta c6 bat
dang thiic

S

\/§< 1 N 1 ) < 1 N 1 )
Vi1 +2re  \/2x1 + 2o V2x1 + 319 /311 + 219

2
PR VS —
o \VIT1 + T2
Bai tap 2.17. Xét bo s6 duong z1, 2, . .., x, thoa man diéu kién
1 1 1
1+ro+--t+r,=—+—=+ "+ —,
I T2 In

Ching minh rang khi do6
11 + 12 +...+L21
n—14+xz1 n—14x9 n—1+zx,

Bai tap 2.18. Chiing minh rang v6i moi bo s6 duong w1, xa, . . . , T, ta co
bat dang thic

(n—1)(z3 + 23+ - +22) +n(2?zi. . 2?2)n > (22 + 25+ -+ 22)2
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Bai tap 2.19. Cho a,b,c, x,y, z > 0 thoa man diéu kien
a>x>y>z2>0
ayz + bzx + cxy > 3xyz
ay + bx > 2xy.

Chting minh rang
A+ b2+ > a4yt + 2R
Bai tap 2.20. Cho hai bo s6 duong 1,9, ...,%, VA Y1, %2, ...,Yy, thoa
man diéu kién
(Y1 >2> 2y >0
r1 2 Y
q T1T2 = Y1y

Chting minh rang

ikl >y b+ +yl, VEEN
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Chuong 3

Ung dung bat ding thiic Karamata
trong dai s6 va ludng giac

3.1 [j’ng dung dé ching minh mot sé bat dang thiic cé6 dang
phan thic

Vi du 3.1. Cho z, v, z 1& cac s6 thuc khong am théa man z +y + z = 1.
Tim gia tri 16n nhat, gia tri nhé nhat cia
T Y z

P =
x+1+y+1+z+1

Loi gidi. Bai nay la bai kha quen thuoc, ching ta c¢6 thé lam bang bat
dang thic AM-GM, & day toi mudn ding bat dang thitc Karamata dé giai

quyét bai toan

Xét ham
f(t) - t‘f’—l,Vt < [07 1]
ta co ]
T =G5y
" _ 2
fi(t) = —(t+ o < 0,Vt € ]0,1].

Khoéng gidm tinh tong quat ta gia st z > y > z.
Két hop véi gid thiét ta co
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Ap dung bat ddng thitc Karamata ta co:

@)+ fly) + f(2) < Sf(%) hay P < Z
3 1

Mat khac ta co
r<1
r+y<1+0
r+y+2=14+0+0.
Ap dung bat ddng thitc Karamata ta c6:

f(@)+ fly)+ f(z) > f(1) + £(0) + f(0) hay P >

N | —

1
P:§<:>x:1,y:z:0.

Vay

1

4 3
maXPZEtaile,y:z:O.

maXP:Ztaix:y:z:

Vi du 3.2. Cho a, b, ¢ 1& cac s6 thuc duong. Chiing minh rang
1 n 1 n 1 < 1 n 1 n 1
(@+b)? (b+c)? (c+a)® ™ 4a® 4?42

Loi gidi. Khong giam tinh tong quét ta gia st a > b > c.
Khi d6 ta co
20 > a—+b

20+2b>a+b+a+c
20 +2b+2c=a+b+a+c+b+c
1
Xét ham f(t) = —, Vo > 0 ta co
x

2
f't) = 3

6
1
Theo bat ding thiic Karamata ta co:

f(2a) + f(2b) + f(2¢) = fla+b) + fla+c) + f(b+c)
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hay
1 1 1 1 1 1

<
@102 T+ (crapf i@ a2

Dang thiic x4y ra khi va chi khi a = b = c.

Vi du 3.3. Ching minh réng v6i moi s6 tu nhién n ta cé

1 1 1
n+1+n+2+n+3+...+3n+1

Lot gidi. Goim la trung binh cong cia 2n+1sén+1,n+2,...,3n+1.

> 1.

Vay
n4+l4+n+2+---+3n+1
N on + 1

m

Do dé6 ta co
(3n+1>2n+1

n+1+3n>2n+1+2n+1

| 3n+1+3n+--+n+1>2n+14+2n+1+---+2n+ 1
Xét ham

1
ta co
, 1
fit) = 2

2
1/
f (t):$>O,V$>O.
Vay f(z) 1a ham 13i, Theo bat dang thitc Karamata ta co:
fBn+1)+ fBn)+---+ f(n+1)>2n+1)f(2n+1)
hay

1 1 1
+oet > 1.

n+1+n+2+n+3 ' 3n+1

Bai tap tuong tu

Bai tap 3.1. Ching minh ring v6i moi s6 thuc duong a,b, ¢ ta luon co
bat dang thic

1 1 1 1 1 1
< 51 1.
@1 bt (erar = @ar @)y o "7
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Bai tap 3.2. Ching minh ring néu a;, as, as, . . ., a, 1a cac s6 thuc duong
thi
2 2

aj a; ay an

5 2_|_..._|_2 5 > 4.4 .
az + - -+ ay aj+---+a;,_;  a+---+a, ap+ -+ ap-1

Bai tap 3.3. Cho a,b,c 1a cac s6 thuc duong théa man abc = 1. Ching

minh rang
1 1 1

a3(b+c) i b3(c+ a) * c3la+0b)

3
> 2
— 2
3.2 U’ng dung dé chitng minh mot sé bat dang thic c6 dang can
thic

Vi du 3.4. Cho a, b, ¢ 1a cac s6 thuc duong théa man a + b+ ¢ = 3. Tim
gia tri nho nhat cla

3 3 3
P=a2 +0b2 +c2.
Lot giai.
Xét ham
3
f(t)=22,2>0
3
f'(t)zi\/f
31
"HY=-—-"<>0,2>0
f() 4\/5 73j Y

suy ra f(z) 1a ham 16i véi x > 0.
Khong gidm tinh tong quat ta gid st a > b > c.
Vay ta c6

a>1

a+b>1+1

a+b+c=1+1+1.

Ap dung bat ddng thitc Karamata ta co:
3 3

3
f(a) + f(b) + f(c) > 3f(1) hay a2 + b2 +¢2 >3
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Ding thic xay ra khi va chi khia=b=c=1
Vay minP =3 taiz=y=2=1.
Vi du 3.5. Cho a, b, ¢ 1a ba canh ctia mot tam giac. Chitng minh rang

Va+b—c+vVb+c—a+Ve+ra—b<a+Vb+ /e

Loi gidi. Khong giam tinh tong quét ta gia st a > b > c.

Vi a, b, c la ba canh ciia mot tam giac nén ta cé
at+b—c>b+c—a>c+a—b>0

Do do ta ¢o

at+b—c>a

a+b—c+a+c—b>a+b

a+b—ct+a+c—-b+b+c—a=a+b+ec
Xét ham f(x) = /z,x > 0 ta co

1
/() NG
f(x) = W= <0,z >0,

suy ra f(z) 1a ham 16m.

Ap dung bat ddng thitc Karamata ta co:
flatb—c)+ flb+c—a)+ flc+a—1b) < fla)+ f(b) + f(c)

hay

Va+b—c+vVb+c—a+vVet+ta—b<Va+Vb+ /e

Dang thiic xay ra khi va chi khi a = b = c.

Bai tap tuong tu

Bai tap 3.4. Cho z,y, z > 0. Ching minh rang

2 2 2

X ya
x5+y5+x5§x5\/—+y5\/—y + 27 [ =

Yz 2x Y
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Bai tap 3.5. Gia stt cac s6 thuc duong @1, 29, . . ., 7, ¢6 tich bang 1. Chiing
minh rang

x X Tn n
+ +- 1+ > :
V1w + x5 \/xoxs + 23 Vi a2 V2
Bai tap 3.6. Cho a,b,c¢ > 0 va ab + bc + ac = 1. Chitng minh réng

Vadb+a+ vV +b+vVAS+e>2Va+b+e

T:

3.3 Ij’ng dung dé ching minh mét sé bat ding thic cé dang
logarit va miu

Vi du 3.6. Cho bo ba s6 z,y, z duong théa man x + y + 2z = 3e. Chiing
minh bat ding thic sau
Inzx+Iny+Inz < 3.
Lot giai. Xét ham
F(t) =Int, t >0

ta co

Vay f(t) la ham 16m khi ¢ > 0
Khong giam tinh tong quat ta gia st z > y > 2.

Vay ta co
Tr>e

rty=>ete
r+y+z=e+e+te.
Ap dung bat ddng thitc Karamata ta c6:
f@)+ fy) + f(2) < fle) + fle) + fle)

hay
fl@)+ fly) + f(z) < 3.
Ding thiic x4y ra khi va chi khi z =y = 2z = e.
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Vi du 3.7. Cho z; > 1,Vi = 1,2, ..,n. Chting minh bat ding thic sau
1nl’1+$2+"’+$n

> {L/ln:cl Inzy...Inxz,
n

L&i gigi. Xét ham sb

f(z)=—=In(lnz),z > 1

ta co

1 1 1
/ = —-—— = —
f(::r;) Inxxz
1+Inz
"x) = >0,z > 1.

rlnx

Vay f(x) 1a ham 1oi khi z > 1.

Goi z 1a trung binh cong ciia n s6 x1, Ts, . .., T,. Khi do

Ty +x9+ -+ x,
Ty — .

n
Khong giam tinh tong quat ta gia st 1 > z9 > -+ > x,,

(L1 + 2o+ -+ =20+ 20+ -+ Do
Ap dung bat ddng thic Karamata ta co:

fl@) + f(z2) + -+ flan) 2 fzo) + (@) + -+ + f(z0)
hay

f(@1) + f(w2) + -+ f(@n) = nf(wo)
Suy ra

& — In(Inz;) + In(lnwy) +--- +In(Inz,)] > —nIn(lnx)
< In(Inzy.lnzy. .. Inz,) < nln(lnz)

1
< —In(Inzy.lnze...Inz,) <In(lnz)
n

< In C/(lnxl-lnxz...lnxn) < In(In T+ T+t
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Do ham y = Inz 14 ham dong bién khi x > 0 nén suy ra

rt+xo+ -+,
n
n

1 > {‘/lnxllnxg...lnxn.

Vi du 3.8.
a) Cho n s6 ay, s, ...,a, € (0,7). Chitng minh bat dang thic sau

. . . : art+ag+ -y
sin oq sin vy . . . sin ¢, < sin” (
n

b) Cho n 86 ay, g, ..., q, € (—g, g) Chiing minh bat dang thic sau

041+Oé2+"'+an)

COS (1] COS (¥9 . . . COS (v, < cOs” (
n

Loi gidi. a) Khong gidm tinh tong quat ta c6 thé gia thiét
Q] 2 Qg 20 2 Q.

Dat
041—|—042—|—"'—|—Oén

n

Qg =

Ta co
a1 > Qg

o]+ as > oy + g

artoap+-rtopa2aptagt -+

(g ta+--ta,=a+ag+ -+ ap.

Xét ham sb

f(z) = In(sinzx), xac dinh trén khoang (0, )

ta co
f(x) = CBY _ ot
sin
1
f'(t) = ——=— < 0,Yz € (0,7).
sin” x

Ap dung bat déng thic Karamata cho ham 16m f(z) cing véi hai day sb

(a1, 9, ...,0p) va (ap,ag,...,Q)
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Ta ducc
flan) + flaz) + -+ + flan) < flao) + flao) + -+ + fla).
Bat ding thic tuong duong véi
In(sinaq) + In(sin ag) + - - - + In(sin o, ) < nIn(sin ay)

hay

In(sin . sin . . . . . sin av;) < In(sin” ay)

: ) ) 01T+t
SIN (/] SIN Qg . . . SIN (v, < Sin

n
Bat dang thiic dudc chitng minh.
b) St dung phép chiing minh twong tu trén véi ham

f(x) = In(cos x)
xac dinh trén khoéng (— ,g) ta c6 the ching minh duge bat ding thiic

da cho.

N[ S

Bai tap tuong tu

Bai tap 3.7. Chiing minh bat dang thiic

3 3 3
a a a
1 2 2 2 2
—+ =+t = >ajt+ay+ - +a,
az  as ai
véi ay, as, ... ,ay, 1a cac s6 duong

Bai tap 3.8. Cho cac s6 duong a, b, c. Chitng minh bat dang thic
(a+b—c)(b+c—a)(c+a—10b) <abc.

Bai tap 3.9. Cho a, b, ¢ 14 cac s6 thuc duong théa man a + b+ ¢ = 1. Khi

do ta co
a(a+2b) bb(b—|—2c) Cc(c+2a) >

W —

a
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3.4 Ij’ng dung dé ching minh mét sé bat dang thic cé6 dang
lugng giac

Vi du 3.9. Gia st tam giac ABC' la tam giac khong nhon. Tim gia tri 16n
nhat ciia biéu thic
M =sin A+sin B +sinC

Loi gidi. Khong giam tinh tong quét ta c6 thé gid st A > B > C.
Tt gid thiét tam giac ABC' 1a tam giac khong nhon suy ra

A>I
=5 _
A+B>§+%

T w
A+B+C=—+—+ —.
+ b + 5 4+4

Xét ham s6
f(z) = sinz, xac dinh trén khoang (0, )
ta co
f(x) = cosx
f'(t) = —sinz < 0,Vx € (0, 7).
Vay f(x) 1a ham 1om Vz € (0, )
Ap dung bat déng thic Karamata ta c6

F(A) + F(B) + F(C) < F(5) + FC) + £(5)

hay

sinA—i—sinB—l—sinC’Ssing—i—sin%—l—sin% —1+V2.

VaymaxM:1+\/§khiA:g,B:C:

hay tam giac ABC' la tam giac vudéng can.

s
47

Vi du 3.10. Trong tam gidac ABC. Chtng minh bat ding thic sau

1 1 1
> 2v/3
sinA+sinB+sinC_ V3

Lot gidi. Xét ham sb

f@) = —— Va € (0,7)

sinz’
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ta co

, __cosw
/ (x) ~ sin?ax
1 2
F(t) = % > 0,Yz € (0, 7).

Do d6 f(z) 1a ham 16i tren (0, )
Khong gidm tinh tong quat ta c6 thé gia st A > B > C.

Ta co T
Az
A+ B> g+%
T T
A+BrCo=24T1,T
+ 3+3+3

Ap dung bat ding thic Karamata ta c6
FIA)+ F(B) + £(C) = F(5) + F(5) + /()

hay
1 n 1 N 1 S 1 N N 1
sin A sin B sinC — sin E sin E sin E
3 3 3
suy ra
1 1 1 3 243
- + — + \/_ 2v3 + V3
sinA  sinB  sin C’ 3 3 3
Vay

1 1 1
2V 3
sinA+sinB+31nC V3.

Dau” =" x4y ra khi vdi chi khi A= B =C =
hay tam giac ABC' la tam giac deu.

co|>1

T bai toan trén ta c6 thé di dén bai toan tong quat sau:
Cho 0 < x; < m,Vi=1,2,...,n. Ching minh bat dang thc
1 N 1 R 1 S n
sinx;  sin s sin x,, _Sin$1+ﬂ32+"'+$n
n

Lot gidi. Xét ham s
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ta co
CoSx
f/(x) - . D)
sin” x
1+ cos?z
F(t) = ——"2 50,V e (0,7).
sin® x

Do d6 f(x) 1a ham 16i trén (0, )

. ~ ~ ~ ? A . - x1+x2+.‘.+xn
Goi xg la trung binh cong cian so x1, x9, ... x,. Khi dé xg =

n
Khong giam tinh tong quat ta c6 thé gia st x; > 29 > -+ > x,,.
Ta co
(11 > @0
T+ x9 = X0 + X9
)
T +x9+ - -+x 1> 20+20+ 0+ 2.
(1 F+ 2+ -+ =20+ 20+ + 2.
Ap dung bat ding thitc Karamata ta c6
f(@r) + f@e) + - 4 flan) = f(wo) + flzo) + -+ + flao)
hay
1 1 1 1 1 1
. + = +o > - + — + oo+
sinx;  sinao sinx, ~ sinxzg sinxg sin x
suy ra
1 N 1 P 1 < n
sinz;  sin s sinz, . (x1+x2+---+xn>
sin
n
Dau” =" x4y ra khi va chi khi 2y = 29 = -+ = 2,, = 2.

-7 T

Vi du 3.11. Gia st x1,29,...2, € [?’6

sau

] . Chitng minh bat dang thiic

cos(2x1 —xg)+cos(2x9—x3)+- - -4cos(2x,—x1) < cosxy+coSs T+ - -+cos Xy,
Lot gidi. Xét ham s

f(t) = cost,Vt € [—77773}

So hoa béi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



65

ta co
f'(t) = —sint

f"(t) = —cost < 0,Vz € [%W;E] :

—T T
Do d6 f(x) = cost la ham 16m khi ¢ € [7, 5]
Sap xép lai n 6 221 — @9, 200 — X3, . . ., 2T — Tpt1 (O day x,11 = x,). Theo
trat tu tur 16n dén nhoé ta co

21’7711 - xml—i—l Z zxmg - $m2—|—1 Z e Z 2$mn - xmn—l—l

ddaym; #mjkhii # j (4,5 =1,2,..,n)va{mi,me,...,m,} ={1,2,...,n}
Sap xép lai n sd x1, o, . .., x,. Theo trat tu tir 16n dén nhd ta co

Ty = Ty = 0+ 2 Tp,

6dﬁy k’l 7£]€] khll#] (Z,] = 1,2,..,71) va {kl,kQ,...,kn} = {1,2,...,71}
Nhu vay ta co
mel - $m1+1 Z 21‘]@1 - xkl‘i’l 2 xkl

(2$m1 - xmﬁ-l) + (2$m2 _xmz-i-l) > (2x/€1 _'rkri-l) + (kaz _xkz-i-l) > Ty + Ty
(21’m1—I’m1+1)+(2£€m2—$m2+1)+' ) '+(2xmn—1_xmn—1+1) > Ty + T+ -+ Tp,,

(2[Cm1 _ajmﬁ-l) + (meQ _xm2+1) +oeet (men _xmn-H) > Tpy + T, + T,
Ap dung bét ding thitc Karamata vao ham 16m f(z) = cos  trén [%ﬂ, g]
ta co

n n
Z cos(2x . — Tp1) < Z cosxy,. (1)
i=1 j=1

Chu ¥ rang (22Zm, — Tmya1 + 2Ty — Tings1 + *+ + 2T, — Ty, 1) 12 MOt

hoan vi cua (2x; — @9, 229 — x3,. .., 2T, — Tpy1) VA (Tp, + Tpy, + -+ + T,
ciing 1a hoan vi ctia (x1, za, ..., T,).
Neén

n n
D> €oS(2Tm, — Tmr1) < 30 co8(2x; — i)
2711 n =1

COS T, = ), COST;.
j=1 j=1
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Thay hé nay vao (1) ta duge bat dang thiic sau
cos(2x1—x9)+cos(2xo—x3)+- - -+cos(22,—xp11) < €OSx1+COS Tat- - +COS Ty,

do x,41 = 21 (gia thiét) suy ra diéu phai chiing minh.

Bai tap tuong tu
Bai tap 3.10. Trong tam gidac ABC. Chitng minh bat dang thiic sau
3v/3

sin A+ sin B +sinC' < 5

tit d6 di t6i bai toan tong quat sau: Gia st 0 < oy < 7, Vi = 1,2,...,n.

Chting minh rang

sin v + sin o + sin ay, o tayt -4
< sin .
n n

Bai tap 3.11. Chtng minh trong tam gidc ABC' ta c¢6

'A+' B+ + si C+t A+t B+t C>\/§+3
Sin 2 Sin 2 Sin 2 an 2 an 2 an 2 = 2

n

Bai tap 3.12. Cho 0 < o; < g va Y o; = 7. Chitng minh bét dang thic
i=1

sau

tan2oai

n
n —

21

< cos—
n

=1

n
n+ > tan’q;
i=1

Bai tap 3.13. Chiing minh trong tam giac ABC' ta luon c6 bat dang thic

kép sau
A B C
COS — COS — COS —
V3 < 2A+ 23+ 20<2.
1—|—Sm§ 1+Sll’l§ 1—|—Sm§
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Két luan

" Mot s6 ldp bat dang thic dang Karamata va dp dung” 1a mot trong
nhiing dé tai hap dan, c6 tinh tng dung cao da va dang thu hut dugc rat
nhiéu nha khoa hoc nghién cttu. Trong khuén khé luan vin, tac gia da
nghién cttu dude mot s6 két qua sau

1. Bicu dién 16p céc ham s6 16i (16m) va tya 16i (16m) kha vi.

2. Cac bat dang thic dang Karamata va cac bai toan lien quan.

3. Ung dung bat ding thitc Karamata trong dai sé v luong giéc.
Luan van mé ra mot so6 van dé co thé tiép tuc nghién ctu:

1. Ung dung bat ding thitc Karamata dé ching minh cac bat déng thc
dang phtc tap hon.

2. Méi lien hé vé6i cac bat dang thic khéac trong toan hoc.
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