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Lol cam on

Luan van “Bat dang thitc dai s trong tam giac” dudc tac gia hoan thanh
duéi sy huéng dan va chi bao tan tinh cia GS. TSKH. Nguyén Vian Mau.
Dé hoan thanh dudc luan van nay tac gia da nhan dugce rat nhiéu sy dong
vién, gitp dé clia nhiéu c4 nhan va tap thé. Trudc hét, toi xin bay té long
biét on sau sdc dén GS. TSKH. Nguyén Van Mau nguoi thay da huéng dan
t6i thuc hién luan van ctia minh. T6i xin bay t6 long biét on chan thanh té6i
cac thay co gido da gidng day ching to6i trong 16p cao hoc trong hai ndm
hoc vita qua. Toi xin gt 161 cAm on chan thanh téi cac thay co6 trong Ban
Giam hiéu, Phong Dao tao Khoa hoc v Quan hé qubc té, Ban Chti nhiém
khoa Toan - Tin cta truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén va
truong THPT Chu Van An - Thai Nguyén da tao nhitng dieu kién t6t nhat
cho t6i trong quéa trinh hoc tap. Cudi cing t6i xin gii 16i cAm on dén gia
dinh, ban be, nhitng nguoi da luoén bén to6i, dong vién va khuyén khich toi
trong qua trinh thyc hién luan van ctia minh.

Tac gia

Pham Coéng Dinh
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Mé& dau

Bat ding thic trong tam gidc 1a mot phan quan trong ctia toan so cap.
Bat dang thiic dai s6 trong tam giac 14 mot phan chiém vi tri quan trong
trong cac bai toan vé bat dang thic trong tam giac. C6 rat nhiéu cac dang
toan loai kho lien quan dén chuyén dé nay.

Trong cac ki thi hoc sinh gidi qubc gia, thi Olympic toan qubc té, cac
bai toan lien quan dén bat dang thic dai sb6 trong tam giac ciing hay dudc
dé cap v thuong thudc loai kho. Céc bai toan vé chiing minh bat dang
thiic, cyc tri trong tam giac hay cac bai toan vé nhan dang tam giac da
ducc dé cap 6 cac tai lieu boi dudng gido vien va hoc sinh chuyén toan bac
trung hoc pho thong.

Cac két qua nghién citu vé noi dung nay tuong d6i day diu va hoan thien.
Chinh vi vay dé thu dudc két qua méi c6 ¥ nghia vé noi dung nay la rat
khé6. Tuy vay cho dén nhiing ndm gan day mot s6 nha toan hoc van thu
dugc mot s6 két qud méi c6 ¥ nghia vé noi dung nay.

Luan van Bat dang thitc dai s6 trong tam gidc nhim cung cap mot sb
kién thic co ban vé cac heé thic dai s6 clia cac yéu t6 bén trong tam giac,
bat dang thic lien quan dén sé do do dai trong tam gidc. Dong thoi cling
dua ra dugc mot s6 cach xay dung cac bat ding thic dai s6 méi trong tam
glac.

Trong qué trinh hoan thanh luan vin, tac gid da khong nging nd luc
dé hoc héi, tim toi va suu tam cac bai toan vé bat dang thiic dai sé trong
tam giac.

Luan vin gom phan mé dau va ba chuong.

Chuong 1. Cac dang thitc dai s6 lién quan dén tam giac. Noi dung cua
chuong nay nham trinh bay céc dinh 1i co ban vé tam gidc. Dong thai trinh
bay cac hé thic dai s6 clia cac yéu té bén trong tam giac.

Chuong 2. Bat dang thic lién quan dén sé do do dai trong tam gic.
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Chuong ndy nhim gidi thieu mot s6 bat ding thiic dai s6 trong tam giac
duoc xay dung dudgc tir cac hé thic dai s6 trong chuong 1. Dong thoi dua
ra mot s6 dang hé qua quen thudc ctia bat dang thiic AM-GM dé chiing
minh mot s6 dang bat dang thiic dai s6 trong tam gidc. Chuong nay ciing
dua ra mot s6 bai thi hoc sinh giéi quéc gia va quoc té co lien quan dén
bat ddng thitc dai s6 trong tam giac.

Chuong 3. Mot s6 ing dung vao bai toan cuc tri va nhan dang tam giac.
Chuong nay dua ra cac bai toan vé nhan dang cac loai tam giac: Tam giac

vuong, tam giac can, tam giac deu.
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Mot s6 ky hiéu dung trong luan vian

e MO - National Mathematical Olympiad.

e IMO - International Mathematical Olympiad.

e APMO - Asian Pacific Mathematical Olympiad.

e AM - GM - Arithmetic mean - Geometric mean.

* > m - Tong dbi xtng, sym la viét tat clia symmetric.

> e - Tong hoan vi, cyc 1a viét tit ctia cyclic.

® My My M, - lan lugt 1a do dai cac dudng trung tuyén xuat

phat tu cac dinh A, B, C.

ol Iy I, - lan luot 13 do dai cac dudng phan gidc xuat phat
tir cac dinh A, B, C.

o hy; hy; he - 1an luot 14 do dai cac dudng cao xudt phat tir cac
dinh A, B.C.

°7: - 1a ban kinh dudng tron nai tiép.

o R: - 1a ban kinh duong tron ngoai tiép.

® Ty T Te - 14 ban kinh duong tron bang tiép.
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- la nita chu vi cta tam giac.

- la dién tich cta tam giac.
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Chuong 1

Cac dang thic dai s lién quan dén
tam giac

1.1 Cac dinh 1y co ban vé tam giac

Trong luan vin nay, ta sé st dung mot s6 ky hiéu thong nhat trong tam
giac nhu sau.
Cho tam giac ABC, ta ki hieu AB =c¢; AC =b; BC = a.

Dinh ly 1.1 (Dinh 1y ham s6 sin trong tam giac, xem [4],[6]). Trong tam
gidc ABC ludn c6 dang thiic sau

a b o
sinA sinB sinC

2R.

Dinh ly 1.2 (Dinh Iy ham s6 cosin trong tam giac xem [4],[6]). Trong tam
gidac ABC ludn c6 ding thiic sau

a®> = b+ & — 2bccos A;
v = a® + ¢ — 2accos B;
¢ = a® 4 b* — 2abcos C.

Dinh 1y 1.3 (Dinh Iy ham s6 tang trong tam giac, xem [4],[6]). Trong tam
gidc ABC ludn c6 dang thiic sau

A—-B
a—b AT A-B_C
= = tan an —;
a+b A+ B 2 2’
tan 5

So hoa béi trung tam hoc lieu http://www.Irc-tnu.edu.vn/



B-C
b—c AN L B-C A
= = tan an —:
b+ c B+C 2 2’
tan
2
C—-A
c—a_tan 9 _ C_At B
o O+A—an 5 an2.
tan 5

Dinh 1y 1.4 (Cong thic tinh do dai dudng cao trong tam giac, xem [4],[6]).
_ 25 2plp—a)(p—b)(p o),

ha |
28 _ 2/l —a)p—b)p—c)
b= = ; ’
h, = ﬁ _ 2v/p(p —a)(p —b)(p — c).

Dinh 1y 1.5 (Cong thtc tinh do dai duong trung tuyén trong tam giac,
xem [4],6)).
, b+ ad

Mo =0 7
o a+c 0
T2 4’
, at4b A
m; = ——.
¢ 2 4
Dinh 1y 1.6 (Cong thic tinh do dai dudng phan giac trong tam giac, xem
[4],[6])-
2bc A
o= cOS—;
b+c 2
2ac B
b= cos—;
at+c 2
2ab C
l. = CcOS—.
a+b 2
Dinh 1y 1.7 (Cong thic tinh do dai ban kinh dudng tron ngoai tiép, xem
[4],[6])-
a b c abc abc

T 2sinA 2sinB  2sinC 45 44/p(p—a)(p—b)(p —c)
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Dinh 1y 1.8 (Cong thtic tinh do dai ban kinh dudng tron ndi tiép, xem

[4],[6])-

C_5_ \/(zaa)(pb)(pc)

A B
r = (p—a) tan 5= (p—b) tan; = (p—c) tan 3, p

Dinh ly 1.9 (Cong thic tinh do dai ban kinh dudng tron bang tiép, xem

[4],[6])-
Ta :ptané _ 5 \/P(p b)(p —c).
2 p—a p_a

B B S  |plp—cp—a)
rb—ptan2—pb—\/ Db

Tc:ptangz S — \/p(pa)(pb)
p—=cC p—cC

Dinh ly 1.10 (Cong thic tinh dién tich tam giac, xem [4],[6]).
1 1 1
S = §aha = §bhb = §Chc

1 1 1
= §bc sin A = icasinB = —absinC

abc
—pT—E— (p—a)ra— (p—b)rb—(p—c)rc

=p(p—a)ip—b)(p—0)

= JTTaTTe
A B C
= p?tan ) tan 3 tan 3= 2R?sin Asin B sin C

1
= Z\/Z(a%z + 022 4 2a?) — (a* + b* + ).
Dinh ly 1.11 (Cong thiic hinh chiéu, xem [4],[6]).

B C
a=>bcosC + ccos B = r(cot§ + cot 5),

C A
b=ccos A+ acosC :r(cot§+60t§);

So hoa béi trung tam hoc lieu http://www.Irc-tnu.edu.vn/



10

A B
c=acosB+bcosA :r(cot§+cot§).

1.2 Heé thitc dai sé ctia cac yéu t6 bén trong tam giac

Trong muc nay, trinh bay cac hé thic dai s6 clia cAc yéu t6 bén trong
tam giac dugc xay dung tir phuong trinh bac ba va dinh ly Vi-ét. N6i dung
chil yéu dugc hinh thanh tu cac tai lieu [4], [5] va [6].

Meénh dé 1.1. Cho AABC véi do dai ba canh BC = a,CA =b, AB = c.
Ky hiéu p 1a ntta chu vi, r vd& R lan lugt 1& ban kinh cac dudng tron noi
tiép, ngoai tiép clia tam giac. Khi d6 a, b, ¢ 1a ba nghiém ctia phuong trinh
duéi day

x® — 2p2® + (p* + r* + 4Rr)x — 4Rrp = 0.
Ching minh. Tu

A
tan — = " ,a=2Rsin A,
2 p—a
ta co
2tan —
a=2R 2
1—|—tau112é
2
hay
"
a=4p—L=%  —yp L7
1+ ( ) r2+(p—a)
p—a

Nhu vay, ta c6 quan hé
a(a® — 2pa + p* +1?) = 4Rr(p — a),
hay
a® — 2pa* + (p* +r* + 4Rr)a — 4Rrp = 0.
Do dé a 1a mot nghiém cua phuong trinh
2> — 2px* + (P + 1% + 4Rr)x — 4Rrp = 0.

Tuwong tu, ta ciing ching minh dugc b va ¢ ciing la nghiém ctia phuong
trinh nay.
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Hé qua 1.1. Cho AABC véi do dai ba canh BC = a,CA = b, AB = c.
Ky hiéu p 1a ntta chu vi, r vd& R 1an ludt 14 ban kinh cac dudng tron noi
tiép, ngoai tiép cia tam giac. Khi do, ta c6
(i) a+b+c=2p.
(ii) ab + bc + ca = p* + r* + 4Rr.
(iii) abc = 4Rrp.
Ching minh. Ap dung dinh li Vi-ét cho phuong trinh
2® — 2p2® + (p* + 1r* + 4Rr)x — 4Rrp = 0,
ta co (i), (i), (iii).
Hé qua 1.2. Cho AABC véi do dai ba canh BC = a,CA = b, AB = c.
Ky hiéu p 1a ntta chu vi, r vd R 1an lugt 13 ban kinh cac dudng tron noi
tiép, ngoai tiép ciia tam gidc. Khi dé ta c6 cac két qua sau day
(i) (a*+ 2Rr)(b* + 2Rr)(c* + 2Rr) = 2Rr(ab + bc + ca — 2Rr)?.
(i) p = (a®>+2Rr)(b*+2Rr) + (b +2Rr) (2 +2Rr) + (c* +2Rr)(a* 4+ 2Rr)
— (p2 + 2Rr + 7“2)2 — 2Rr.
Ching mainh. a,b,c la ba nghiém ctia phuong trinh
2 — 2px* + (p* + 4Rr + r¥)x — 4Rrp = 0.

Xét phép bién déi y = 22 + 2Rr. Diat T = p> + 2Rr + 2. Khit = dé dudc
phuong trinh da thiic bac ba cho y sau day.

y® — (4p* +2Rr — 2T)y* + (T* — 2Rr)y — 2RrT* = 0.
Goi y1, yo, y3 1a ba nghiém cia phuong trinh nay. Vi ab+bc+ca =T +2Rr
nén y1yoys = 2RrT? = 2Rr(ab + bc + ca — 2Rr)?. Do d6 ta c6 (i), (ii).

Hé qua 1.3. Cho AABC véi do dai ba canh BC = a,CA = b, AB = c.
Ky hiéu p 1a nia chu vi, S 1& dién tich, r va R 1an luct 1a ban kinh cac
duong tron noi tiép, ngoai tiép cuia tam giac, 1, 79, 73 14 ban kinh céac
duong tron bang tiép ctia tam giac. Khi dé, ta c6 dong nhat thic sau

V(a?+p? +4Rr +r2) (b2 + p2 + 4Rr + r2)(c2 + p2 + 4Rr + r2)
Tt ry+r '

S =

Ching minh. a,b,c la ba nghiém cta phuong trinh

23— 2px® + (p* + 4Rr + r¥)x — 4Rrp = 0.
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Xét phép bién doi y = 22 + p*> + 4Rr + r%. Xac dinh phuong trinh nhan
y1 = a® +p* +4Rr + 1%,
Yy = b* + p* + 4Rr +1?,
ys = ¢ +p* + 4Rr + 12

lam ba nghiém. Khit z tit hé

23 — 2px® + (p* + 4Rr +r*)z — 4Rrp = 0
2>+ p? +4Rr +1° —y = 0.

Ta c¢6 ngay hé phuong trinh

23 — 2px® + (p* + 4Rr +r*)xz — 4Rrp = 0
23 + p?x + 4Rrx + v’z — yx = 0.

va dugce 2pr? —yx +4Rrp = 0 hay 2p [y —p? —4Rr — 7“2} —yxr+4Rrp = 0.

Giai ra
2py — 4Rrp — 2r2p
T = .

Y

Do dé

2py — ARrp — 2r2p\ >
( 2 yp p) +p? +4Rr +1* =y,
hay

y3 — (p2 +4Rr + 7“2)y2 — (2py — 4Rrp — 27’2]))2 = 0.

Phuong trinh nay c6 ba nghiém v, v, ys3.
Do d6, y1y2y3 = (4R + 2r)?r?p?. Tt hé thiic nay suy ra dong nhat thic

(a® +p* +4Rr +72) (b +p* +4Rr +7°)(F +p* +4Rr +1%) = (4Rr + 2r%)*p*.
Thay r; + ro +r3 = 4R + r, ta c6 dong nhat thitc can chitng minh.

Meénh dé 1.2. Cho AABC véi dién tich S va do dai ban kinh cac dudng
tron noi tiép, ngoai tiép lan lugt 1a r, R. Goi hg, hy, he 14 do dai ba duong
cao. Khi do, hg, hs, h. 1a ba nghiém cta phuong trinh da thic bac ba sau
day
s SEP+ARP 4t 257 252

2Rr? Rr R

Y
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Hon nita, ta con cé
) S? + 4Rr3 4+ o

25?2 25?2
(i) by + hohe + heho = = va hahwhe = 2.
r

S2 4+ 2Rr3 4+ 1t
2R '

(iii) (hg —7r)(hy —1)(he — 1) =

Ching minh. Vi a,b, c la ba nghiém cta phuong trinh

2 — 2px* + (p* + 4Rr + ¥z — 4Rrp = 0

25 2S5 28
nén —, R la ba nghiém cua phuong trinh
a c
2
2
962 — +4Rr+r
r

Do vay, hq, hy, he 12 ba nghiém cua phuong trinh da thiic bac ba sau day
5 SETHARP -+ N 252 257
orrr U TRV R T
(i) va (ii) dugc suy ra tit phuong trinh trén theo Dinh 1y Vi-ét.
(iii) Vi
s SPHARP 4+t , 287 2657
2Rr? Rr R

Y

Y

nén khi cho y = r, ta c6

S2 4+ 2Rr3 4+ 14
2R '

Meénh dé 1.3. Cho AABC véi nita chu vi p, ban kinh cac dudng tron noi
tiép, ngoai tiép lan lugt 1a r, R vA ban kinh cidc duong tron bang tiép 1a

(he —7)(hy —1)(he — 1) =

r1, 72, r3. Khi do, r1, 79,73 1& ba nghiém ctia phuong trinh
1° — (4R + 7)2* + p’x — p*r = 0.

Hon ntta, ta con c6
(1) ri+ro+r3=4R+r [Steiner].

(ii) rire + rors + rary = p2.
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(iii) 71ror3 = pr.
(iv) (rn—r)(ro—r)(rs —r) = ARyr?.

Ching minh. Tu

A
tan—:ﬁ,a:ﬂ%sinA
2 p
ta co
2tan —
a=2R 2 ,
1-|—tar12é
2
hay
1
a=4rR—L :4Rr1$.
r r
14+ Ly
p
Béi vi ri(p —a) = S = rp nén ta c6 quan hé
ro—r
—( ! )pza:4Rr1—2p 5
r ri+p

hay

(ry — r)(r? + p*) = 4Rri.
Do d6 r; 13 mot nghiem ciia 2% — (4R + r)x? + p*x — p?r = 0. Tuong tu, ro
va r3 cliing la nghiém cua phuong trinh nay.
(i), (ii), (iii) dugc suy ra tit phuong trinh 2 — (4R + r)a? + p*x — p?r = 0
theo Dinh ly Vi-ét.
(iv) Tu

> — (4R + T)x2 + p*x — pPr = (x — 1) (z —ro)(x —13),

suy ra
(r1 —7)(ry —r)(rs — 1) = 4Rr*.

Hé qua 1.4. Cho AABC v6i cac duong cao hg, hy, he, ban kinh duong
tron noi tiép r va ban kinh cdc dudng tron bang tiép 1a ri, 79, r3. Khi do,

ta co
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(,)4 1_}_1 1 1+1+1+1
i = 4 -4+ 4 =,
h2 h h2 r2 3 r3 o r?

2
(ii) hahy + hohe + heha = Er(mg + rory -+ 7a71).

Chitng minh. Viry, ro, 313 banghiem ctia 23— (4R+r)2?+p*z—p*r =0
1 1 1

nén —, —, — la ba nghiém cta p*rz3 — p*2? + (4R +r)x — 1 = 0.
riry T3
Nhu vay
L1, 1 1 4R4r
23 rd 2 pr

Do a,b, c 1a ba nghiém cua

2® — 2p2® + (p* +1r* + 4Rr)x — 4Rrp = 0

a? +0* +c* =4p* —2(p* +r* + 4Rr) = 2p* — 2r* — 8Rr
va nhan dugc

4 1 1 1 _2p2—2r2—8Rr_2 24R+7“
— o — ,

2t 2T pPr

Tu hai hé thic trén suy ra
41_|_1_|_1 _1+1+1+1
2 k2 RZ) 2 i e o2
(ii) Ta c6
2,52 22
hal + hohe + heho =15 =20 % = }g (1172 + o3 + 7371).

Hé qua 1.5. Cho AABC v6i nita chu vi p, ban kinh ciac duong tron noi
tiép, ngoai tiép r, R v ban kinh cidc dudng tron bang tiép 1a ri, o, 3.
Khi do R
D)=t

r r r r
(ii) d + di + d*> = 11R* + 2Rr, trong d6, d,, dy, d. 1 khodng cach tit tam
duong tron ngoai tiép O dén tam ba dudng tron bang tiép AABC .
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Chitng minh.
(i) Do

* — (4R + r)z? + p’x — p*r = (x — r1)(z — o) (2 — 73)

nén khi lay o = r ducc (ry — r)(ro — r)(rs — r) = 4Rr?.
Chia hai vé cho 73, ta c6

™ . R
GF-0GF-)EF-)=4
(ii) Vi d> = R?* 4+ 2Rry,d; = R*+ 2Rry va d> = R? + 2Rr3 nén
d? + d} + d? = 11R? + 2Rr.
Hé qua 1.6. Cho AABC v6i ban kinh cac dudng tron bang tiép 1a

r1,79,73; 7 13 ban kinh dudng tron noi tiép. Khi dé ta cé
rn —7r7Tr9o—7T T3 —T D —TrmTro—T ro —71T 13 —T rs—rnr—r

: : : : . : = 1.
rn+rro+rr3s+r ri+rreo+r rot+rr3+r r3+rri+r
Ching minh. 1ri,r9,r3 la ba nghiém cua phuong trinh
2 — (4R + )’ +pPr —pr=0 (1)
. v — . 1
Xét phép bien doi y = 77 pé thay y £ 1vax = w Thay z vao

r+r -y
phuong trinh (1) ta nhan dugc phuong trinh da thitic bac ba sau day

(r* + 2Rr + pH)y® + (2r* + 2Rr — 2p*)y* + (r* — 2Rr + p*)y — 2Rr = 0.
Goi y1, Y2, y3 1a ba nghiém cua phuong trinh nay. Khi dé, ta cé hé thic

ARr + 1% — 2Rr + p?

= 1.
r2 + 2Rr + p?

201Y2y3 + Y1ye + Y2uy3 + Y3y =

Hé qua 1.7. AABC véi ban kinh cac dudng tron bang tiép 1 ri, 7o, r3;r
14 ban kinh dudng tron noi tiép. Dat

2ri —r 27’2—T+2T3—T

T = ,
r+Tr o+ T rys+r
T _27“1—7“27“2—7“ 2r9 —1r 2r3—1r  2r3—1r 2rp—r
2 ri4+r ro+r ro+1r T34T rad+r 471’
2r1 — 1 2ro —1r 2rg —
T3 _ ™1 T 4r9 r 4T3 T

ri4+r ro+r r3dr
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Khi do, ta c6
ATy +Th, — 2T = 5.

Ching minh. 1ry,r9,r3 la ba nghiém cua phuong trinh
2 — (4R 4 r)x* + p’x — p*r =0, (1).

2 - ~ z 1
‘ T.Déth&yy#2v&x:w
r+r -y

phuong trinh (1) ta nhan dugc phuong trinh da thiic bac ba sau day

Xét phép bién doi y = . Thay x vao

2(r% + 2Rr + p*)y® + 3(r® — 3p?)y® — 2(6Rr — 6p*)y — (r* +8Rr + 4p*) = 0.

Goi y1, ¥2, y3 la ba nghiém cua phuong trinh nay. Khi dé, ta cé cac hé thic

9p? — 3r?
277 =2 =
! (o + 12 +13) r2 + 2Rr + p?’
6p> — 6Rr
T = e
2 Y1y2 + Y2y3 + Y3y1 24 2R 4

2r2 + 16 Rr + 8p?
r2+2Rr +p?

4T3 = dy1yoys =

T ba hé thiic nay ta suy ra 473 + Ty — 2717 = 5.

Hé qua 1.8. Cho AABC vé6i do dai ba canh 1a a, b, ¢; p 14 nita chu vi va
ban kinh duong tron noi tiép 1a r. Ta cé két qua sau day

(a — b)® . (b—c)” . (c—a)’ p*+r°
ab be ca ~ 2Rr

7.

Chitng minh.
Ta biét, néu 1, o2, 3 14 ba nghiém ctia phuong trinh 234-a,2°+asx+as = 0
thi

(23 — womw3) (23 — 2321 ) (23 — T129) = aSag — aj.

2 2 2
(1'1 iL’Q) I (5132 1'3) 4 (.’L’g ZL’l) _ ai1a9 _9
T1T2 Tog T3 as

Vi a, b, c 1a ba nghiém cta phuong trinh

2° — 2px* + (p* + r* + 4Rr)z — 4Rrp =0
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(a® = be)(b* — ca)(c® — ab) = 32p*Rr — (p* + 1r* + 4Rr)>.
Tu hé thic trén, ta co

(a—m?+@—cf+(c—@2_zmﬁ+w?+yw)_9
ab bc ca ARrp '

Suy ra

=0, b=0  (c=af p+r
ab be ca 2Rr
Hé qua 1.9. Cho AABC véi do dai ba canh a, b, ¢; ban kinh cac duong
tron noi tiép, ngoai tiép la r, R; ban kinh cac dudng tron bang tiép la

7.

1,79, 73; nia chu vi 1 p v dién tich 1a S. Ching minh rang

2 2 2
- - - AR
(nor)  (aorn)  non) 4R
IS 2T 311 T

Ching minh. Viry, ry, r; 13 ba nghiém cia 2 — (4R—|—r)x2—|—p2x—p2r = 0.
Khi dé6
(n =), a=n) | (a=r)’ (R0 4R

= 5 —9="—-38.
IAED) TaTs 3T per T

Hé qua 1.10. Cho AABC véi ban kinh cic duong tron ngoai tiép 1a R;
ban kinh cic dudng tron bang tiép 1a ri, 79, r3; nita chu vi 13 p. Chitng minh

2 2 2 2
T T3 T3 16 R
<p2 p? p? p?

Ching minh. 1,19, 73 12 ba nghiém cua phuong trinh

3 — (4R + r)z* + p*z — p*r = 0.
Xac dinh phuong trinh nhan y; = 7?2 + p?, yo = r3 +p?, y3 = r3 + p* lam ba
nghiém. Khit x tir hé

23— (AR+r)2* + pPr —p’r =0
22+ p*—y=0.

Ta c6é ngay hé
23— (AR+r)2* + pPr —p’r =0
23+ p*r — yz = 0.
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(4R + r)a® — yx + p*r = 0;
hay phuong trinh

(4R +7)(y —p*) —ya +p°r = 0.

Dit T = 4R + r. Khi a6 2 — LY = 4ED°
Vay !
(Ty_iRPQ)Q +pP—y=0
y
Hay

y' = (T* + p*)y* + 8RTp’y — 16R*p* = 0.
Phuong trinh nay c6 ba nghiém la vy, s, y3. Do dé
(rf +p)(r3 +1°)(r3 +9*) _ yigeys _ 16R%p!
PP PP p°
Tt hé thitc cudi suy ra dong nhat thic

2 2 2 2
T 5 T3 16R
1) () ()2
(p2 p? p? p?

Hé qua 1.11. Cho AABC véi ban kinh duong tron ngoai tiép 14 R; ban
kinh dudng tron noi tiép 1a r; ban kinh cac dudng tron bang tiép 1a rq, ra, 73;

ntta chu vi 14 p. Chiing minh rang

ERERIERE
o ()G GGG 6

2R+T)<T1+T2+T3)
p2

(szr)Q - 1] |
p

:8—4(

Chitng minh.
(i) 71, 79,73 & ba nghiem ctia 2* — (4R + r)z* + p*x — p?r = 0. Xéc dinh
phuong trinh nhan y; = r} — p?, 4o = r3 — p?, y3 = r3 — p? lam ba nghieém.
Khtt = ti hé
3 — (4R +r)2* + p’xr — pPr =0
{x2 —p?—y=0.
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Ta c6é ngay hé
23— (4R +1)a® + p*x — p*r =0
23 — p*r —yx = 0.
va
(4R + r)a® — yx — 2p*x + p*r = 0.
Hay ta c¢6 phuong trinh
(4R +7)(y +p°) = (y +2p*)z + p’r = 0.

Ty + (T + r)p?

Dt T = 4R+ r. Khi d6 « = 5 Vay
y+p
(Ty+(T+7")p2)2_p2_y:0
(y + 2p2)°

Hay
y(y +2p°)* + p°(y + 2p°)> — (Ty + (T +r)p*)* = 0.

Phuong trinh nay c6 ba nghiém 1a vy, v, y3.
Do do¢,

rF—p?)(r3 —p?)(r3 —p?)  wyiyeys (4R +2r)°p* — 4pF
p6 o p6 o p6 ’

Tt hée thitc cudi cling ta suy ra duge dong nhat thic

(3 G- () [

e
(ii) dugc suy ra tit hé s6 ctia y bang 8p* — 4(2R + 1) (4R + r)p?.
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Chuong 2

Bat dang thic lién quan dén sé do
do dai trong tam giac

2.1 Xay dung cic bat dang thiic lién quan dén sé do
do dai trong tam giac

Trong muc nay, ta xay dung cac bat ding thic lien quan dén s6 do do
dai trong tam giac tit cAc ménh dé, hé qua trong chuong 1. Noi dung chi
yéu dugc hinh thanh tir cac tai lieu [3], [5] va [6].

Truée khi phat biéu cic két qua ching ta can bai toan sau day

Bai toan 2.1 (Yugoslav Federal Competition 1991). V6i ba s6 thuc duong
a,b,c ta co
1 1 1 1
a3+b3+abc+b3+c3+abc+c3+a3+abc = abc’

Ching minh.
Hién nhién, ta c6 (@ — b)(a® — b?) > 0, suy ra a® + b* > ab(a +b).

Do d¢ < ! ‘

o dé = :

a’ 4+ b3+ abc ~ ab(a +b) +abc  abc(a+ b+ c)
1 a

Tuong tu, ta co

<
b3+ 3 + abc — abc(a+ b+ c)
1 b

a < .
v 3+ a3+ abc ~ abe(a+ b+ c)
Cong ca ba bat dang thitc nay lai, ta thu dugc

1 1 1 1
< .
a3—|—b3+abc+b3+c3+abc+c3—|—a3+abc_abc

D6 chinh 14 diéu can chiing minh. Dang thic xay ra khi va chikhia = b = c.
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2.1.1 S dung ménh dé 1.1

Bai toan 2.2. Ching minh rdng trong moi AABC. Ta c6

(i) i < i + i + i
2= bc ca ab
Lol 11 1
R?2 — a2 b2 2~ 4r2
(i) 0,000, S 6453
abc — (p?P+ 12+ 4Rr — be)(p? + r?2 + 4Rr — ca)(p? + r? + 4Rr — ab)

1 1 1 1
| < |
W) iR TP s A RS T A1+ 4RS S BWat b1 o)

Ching minh.
(i) Theo ménh dé 1.1, ta c6 a, b, ¢ 14 ba nghiém ctia phuong trinh duéi day

2® — 2p2® + (p* + r* + 4Rr)x — 4Rrp = 0.

111
T d6 suy ra —, b la ba nghiém cua phuong trinh
a b c

—1+2px — (p* + 1% + 4Rr)x* + 4Rrpx® = 0,
1 1 1 2p 1 1
nen — + — +

bc ca ab 4Rrp 2Rr — RZ?

(i) Dat f(x) = 23 —2pax® + (P> +r* +4Rr)x —4Rrp = (z —a)(x —b)(z —¢).
Lay hai lan dao ham cta f (z) ta duge 3z —2p = (r —a) + (x —b) + (x —¢).

3r—2p 1 1 1

@)  @—aa=b) @-0@-0 @-o—a)
Cho =z = p, ta cé

Tu day dugc

1 1 1 1
G—a)p-0 G-bHp—0 G-cp-a p =
Tém lai
1 1 1 1 1 1 1

— > .
P ip-apb) V-0 ip-op-a-@ B
L"1<1+1—|—1<1+1+1

6 —=<—4+—+—<= =+ =+ .

A R2 —ab bc ca a? b2 2
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1 1 1 1
ﬁf—2+ﬁ+—2§4—rz

(i) Vi £, = 2\/bc —a)p g _ 2\/ca(p—b)p _ 2 ab(p—c)p.

C

c+a a+b

Suy ra

Ta cb

32Rrabep®S
(p? + 12+ 4Rr — be)(p? + r2 + 4Rr — ca)(p* + r2 + 4Rr — ab)

Eaébgc -

Vi R > 2r nén

0,000, S 64.5°
abc — (p*+1r2+4Rr —be)(p? + 12+ 4Rr — ca)(p® + 12+ 4Rr — ab)
1 1 1
wv) Tu < )
) T 1R " P @ dRS T B aF 1 4RS = 1R

1
Theo bai toan 2.1 vz <
co bal toal £.2 v 4Rrp — 4r%(a+b+c)’

1 1 1 1
< .
a3+b3—|—4RS+b3+c3—|—4RS+c3+a3+4RS “Ar2(a+b+c)

suy ra

2.1.2 St dung ménh dé 1.2

Bai toan 2.3. Chitng minh ring trong moi AABC Ta ¢6

() =2 < (ha = 1)y = 1) (e = 1) < T
1 .
252 252 252 — h hyh
h3 h3 h3 h3 h3 h3 a ¢
P M+ + i+

Chitng minh.
Vi a, b, c la ba nghiém cua phuong trinh

z® — 2px® + (p* +4Rr +1H)x —4Rrp =0

25 28 28
nén —, Rl la ba nghiém cua phuong trinh
a c

2
962 —2—|—4Rr—i—r2

25% — .
r y+ 2

y’ — Ry’ =0

Do vay hg, hy, he 1a ba nghiém cua phuong trinh da thiic bac ba sau day
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s STHARP 4+t 257 252

_ LY )
y orrr VT RYT R
S2 + ARy3 4+ r? 252 252
.3 2 B o B B

S2 4+ 2Rr3 4+ 1t

nén khi cho y =r ta c6 (hy —r)(hy — r)(he — 1) =

2R
| §2 4 5 $2 4 5y
\R> e < (b — _ <=2
(i) Vi R > r nén R S (ha = 7)(hy —7r)(he — 1) < 1

(ii) Dugc suy ra tu bai toan 2.1.
2.1.3 St dung ménh dé 1.3

Bai toan 2.4. Chiing minh rang trong moi AABC. Ta c6

(1) 8 < (r1 —7)(r2 = 7)(rs — 1) < R°.

T1T2T3 < %Rg.

(i) 81r* < (ri+7r3 + 13 + 2

(iii) ab + bc + ca > 4r(ry + 19 + 713).

729
(iv) 7297 —3R(a + b+ ¢) <747+ 13 < ?R?’ —6r(a+b+c)”.
1 n 1 L 1 < 1
413+ Sp rs+ri+Sp ri+ri+Sp T rrors

(v)

Ching minh.
(i) T (ry —7r)(ro —7)(r3 —r) = 4Rr* va R > 2r
suy ra 873 < (ry —r)(rg — r)(rs — r) < R3.

(ii) Do bdi 72 + 75 415 = (r1 + 12 +13)% = 2(ry7o + oy + 1371)

T
nén 12 +r2 4+ 72 = (4R +r)? — 227

15— (4R 4 1)

hayrf+7’§+r§+2
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TIT2Ts S 812,

81
Vay ZRQZT%—FT%—I—T%—I—Q

(iii) Vi 4(ab + bc + ca) = 4p* + 4r* + 16Rr
va 4p* > 3(ab + be + ca)
nén ab+ bc+ ca > 4r(4R+r) = 4r(ry + 1o+ 13).

(iv) T3 + 73 + 73 = (4R+7r)* —3R(a+b+¢)* va R > 2r
729
suy ra 729 — 3R(a + b+ ¢)* <P + 3 + 13 < ?R3 —6r(a+b+c).
(v) Ap dung két qua ciia bai toan 2.1 ta d& dang suy ra diéu phai ching
minh .
Bai toan 2.5. Ching minh ring trong moi AABC. Ta cé
4R 4R 4R < r1rors

+ + < —
r—r o —T rs —r T

15.

Ching minh.
Theo ménh dé 1.3, ta c6 ry, 79,73 13 ba nghiém ctia phuong trinh

2® — (4R 4 r)z* + p*x — p°r = 0

~ 1 1 1 322 — 2(4R + 1)z + p?
nén + + — .
xr—r x—1ry x—r3 x3— (4R+r)x®+ p’x —p?r
1 1 1 2 _8R 2
Khi cho z = r ta dugc T + _r r+p
r—r. r—ry T T3 —4Rr?
4R 4R 4R SR
Nhu vay + + -2 7’17“;7“3.
rno—r reg—r 13T T r
8R
T T
4R 4R 4R
nen ——— 4 4~ < gy
rn—r Te—T T3—7T T

Bai toan 2.6. Chiing minh ring trong moi AABC. Ta c6

1 1 1 1
i + < _ .
@) (r—ry)(r—ry) (r—rg)(lr—rg) (r—r3)(r—mry) —r? R?
11 + + > )
(i) (r—r))(r—mry) (r—mro)(r—r3) (r—rg)(r—ry) — 4r?
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Chitng minh.
(i) Viry, 79, r3 1 ba nghiém ctia phuonng trinh 2° — (4 R+7r)x?+p*z—p?r = 0
nén f(x) =2° — (4R + )z + p’x — p*r = (x — r1)(x — r2)(x — 13).
Lay hai lan dao ham cta f (z) ta dugc
3r —4R—r=(x —r)) + (x —ro) + (x — 13).

Tu day, ta co

3r —4R —r B 1 n 1 n 1
f(z) (z—r)(@—72) (v—ro)(w—r3) (z—73)(x—71)
Chox=1rco
1 1 1 2R —r
+ + = 9 *
(r—r)(r—mry) (r—mry)(r—rs) (r—r3)(r—r) 2Rr
Vay o6 1 ) 1 .\ 1 2R

(r—r)(r—mry)  (r—mr)(r—m3) (r—r3)(r—r)  2Rr?
2R —r < 1 1

2Rr2 —r2 R?
nén (i) duge ching minh.

va do

2R — 1 1 3

Bai toan 2.7. Chitng minh ring trong moi AABC. Ta c6
3ry — 2r 3ry — 2r 3r3 — 2r S 10072 + 9p?
2r +r 2r9 + 1 2rs +r ) T 19r2 + 12p%
Chitng minh.
1, 79,73 12 ba nghiém ctia phuong trinh 2% — (4R + r)2? + p*x — p*r = 0

().

Pe ? 3.7; - 2T

Xét phép bien doi y = :
ét phép bien doi y ST
< 3 2

Déthayy#§V3x:7}§y_—w.

Thay = vao phuong trinh (*), nhan dugc phuong trinh da thitc bac ba cho
y sau day

(3r% + 8Rr + 12p»)y® + (11r% + 20Rr — 40p*)y* + (8r* — 16 Rr + 39p*)y
— (47 +48Rr + 9p?) = 0.
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Goi y1, Y2, y3 1a ba nghiém cua phuong trinh nay. Khi dé, ta cé hé thic

Ar? 4+ 48Rr + 9p?
3r2 4+ 8Rr + 12p*

Y1Yy2ys =

Ar? 4+ 48rt + 9p?
3r2 + 8rt + 12p?
3r; — 2r3ry — 2r 3r; — 2r - 10072 + 9p?

2r1+1r 2ro+ 1 2rs+r — 19r2 4 12p%°

Vi ham 2z = la dong bién khi ¢ > 2r nén z > z(2r) hay

2.1.4 St dung hé qua 1.2

Bai toan 2.8. Ching minh ring trong moi AABC. Ta cé
(i) (a® 4 2Rr)(b* + 2Rr)(c® + 2Rr) < R%*(ab + bc 4 ca — 2Rr)*.
2 5 .02
(i) (p* +5%)" = R* < P < (p* + 132) — 4r?,
trong d6 P = (p* + 2Rr + 1?)* — 2Rr.

Ching minh.
(i) a,b, c 1a ba nghiém cta phuong trinh

2 — 2pa® + (p* 4+ 4Rr + r¥)x — 4Rrp = 0.

Xét phép bién doi y = 2> + 2Rr.
Dit T = p? + 2Rr + 2.
Khtt z dé dugc phuong trinh da thic bac ba cho y sau day

y> — (4p° + 2Rr — 2T)y* + (T* — 2Rr)y — 2RrT* = 0.

Goi y1, 92, y3 1a ba nghiém cua phuong trinh nay.
Vi ab+be+ca = T+2Rr nén y1yoys = 2RrT? = 2Rr(ab + be + ca — 2Rr)°.
Vi R > 2r nén ta c6 (a®+2Rr)(b*4+2Rr)(2+2Rr) < R*(ab + bc + ca — 2Rr)”.

(ii) Vi (p2 +5r2)° — R2 < (p% + 2Rr +12)° — 2Rr < (p* + R +1%)° — 49
5 2
nen (p? + 5r%)° — B2 < P < (2 4 [R?) —4*.
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2.1.5 St dung hé qua 1.5

Bai toan 2.9. Cho AABC' v6i nta chu vi p; ban kinh cac dudng tron
noi tiép, ngoai tiép lan luot 1a r, R; ban kinh cac dudng tron bang tiép la
r1,79,73; g0l dy, dp, d. 1an luot 13 khodng cach tit tam dudng tron ngoai tiép
O dén tam ba dudng tron bang tiép AABC . Khi do6, ta c6

(i) & + d2 + d* > 12R2.
(ii) dudpd. < 8R3.

Ching minh.
(i) Ap dung hé qui 1.5 ta c6 d2 + d; + d? = 11R?> 4 2Rr.
Vi R > 2r nén d2 + d? + d? > 12R?.
2
(ii) Ta c6 p? < Z7R2
va dgd%dg = R?’(R + 2T1)(R + 27’2)(R + 27“3).
Mit khac R3(R+ 2r1)(R+ 2r9) (R +2r3) = R3(9R3 + 2R*r + 4Rp* + 8rp?)
nén d>d?d* < R3(9R® + 2R*r + 27R® + 54 R%r)
hay (dudpd.)* < R3(36R® + 56 R%r) < 64RC.
Vay d,dyd, < 8R.

2.1.6 S dung hé qua 1.8

Bai toan 2.10. Chitng minh rang trong moi AABC. Ta cé

(a® — be)(b* — be) (¢ — be) < 8plabe — (p* + 97“2)3.

Chitng minh.
Ta biét, néu 1, T2, 3 14 ba nghiém ctia phuong trinh 234-a,2°+asx+as = 0
thi (22 —2:1;2::;3)(333 — x32x1)(:1:§ — :131:1:'%) = ajaz — a3,
T1 — T2 T9o — I3 T3 — I a1a9
@ o) | (wa)  (a-n)_me
T1T9 T3 31 as
Vi a, b, c la ba nghiém cta phuong trinh

2® — 2px® + (p* +r* + 4Rr)x — ARrp =0
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nén (a® — be)(b® — ca)(c® — ab) = 32p*Rr — (p* + r2 + 4Rr)’.
VidRrp = abc va R > 2r
nén (a2 — be)(b? — ca)(c® — ab) < 8pPabe — (p* + 9r?2)°.

2.2 Cac dang hé qua ctia bat dang thic AM-GM ap
dung cho cac yéu td dai sé6 ctia tam giac

Trong phan nay ching ta sé st dung mot s6 dang hé qua quen thuoc
ctia bat dang thitc AM-GM dé chitng minh mot s6 dang bat dang thitc dai
s6 trong tam gidc. Noi dung chi yéu duge hinh thanh tir cac tai lieu [2] va

[6].

2.2.1 Mot sé bat dang thic co ban

Bai toan 2.11. Chitng minh rang trong moi AABC. Ta c6

(i) h, + hy + h. > 9r.

9R
(i) mg +mp + m, < -

(iii) Lo + & + 1. < V/3p.

Ching minh.
(i) Ta c6

Suy ra h, + hy + he > 9r.
(i) Ta c6
3
m2 4+ mj +m? = Z(a2 + b% 4 %) = 3R*(sin’A + sin®B + sin’C).

27 R?
T

Suy ra m2 + m? +m? <

R? IR
Ta c¢6 (mq +myp + mc)2 < 3(m2+mi+m?) < & mg+mp+me < 5
A _
2bccos —  2bc ]M
(iii) Ta c6 l, = 2 _ be Wb T
¢ b+c b+c bt VPW
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Suy ra l, < /p(p — a).
Tuong tu I, < /p(p —b); . < \/p(p — ).
Vay

lo+ 1+ 1< /PP —a+ D —b+/p—c) < 3/py/mELH ¢ = p\/3

2.2.2 Sit dung bat ding thiic

3
ahe < <%b+6>

v6i a,b,c > 0.

Bai toan 2.12. Chitng minh rang trong moi AABC. Ta c6

. 27 R?
(i) mgmpm, < g
) (o 1)+ 1)L+ 1) < 2
a b/\t c)\le a) = 3\/5
Chitng minh.
(i) Ta c6
3 3 2 3
mambmcg(ma+mb+mc) < (ﬁ) _2TR
3 2 8
(ii) Ta c6
z(za+zb+zc)r <2p>3 8p
Lo+ 1) (I + 1) (I + 1) < < () = o
(bl + 10+ 1) < |25 2) -2
(dpcm).

2.2.3 St dung bat dang thic
b+ b " )
ot 3 e > (a +3 + C) (Véi a,b,c > 0, n 1a sd nguyén duong).
Bai toan 2.13. Chitng minh rang trong moi AABC. Ta cé
1 1 1 4

+ .
2 2 2 = 32
m;  my  m: 3R
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Chitng minh.
Ta c6

[~ 2

1 1 1 3 2
+—+—>3 o, z3< >
Mg + My + Mmc

2.2.4 St dung bat dang thic
Vat b+ e Jatbte
3 - 3

véi a, b, c > 0.

Bai toan 2.14. Ching minh rang trong moi AABC. Ta c6

1 1 1
+ + >
VAl VM VvV Me
Chitng minh.
1 1 1 3 3
+ + > > :
Ve Ny Mg \/ma + my + me 3R
3 2

1 1
bt >
VMg Ny S me

Suy ra

2.2.5 Sit dung mot sé6 bat dang thic so sanh véi biéu thic
a + b+ c hay ab + bc + ca.

Bai toan 2.15. Chitng minh rang trong moi AABC. Ta cé

h? h2 K2 _ 1
p=_by cy a7
B BT
Chitng minh.
3 13 3
Ap dung bat dang thiic e —|— 5+ C— > a+ b+ c (St dung bat dang thitc

b2
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a3
ﬁ%—b%—bZSa).

1 1 1 1
Ta thu duge P > — + — + — = —.
a thu of¢ _ha+hb+hc .

Bai toan 2.16. Chitng minh rang trong moi AABC. Ta c6

P = > —
m2  m3 i m2 ~ R
Chitng minh.
, L e a? b
Ap dung bat dang thic ?—I———I-— >a+b+c (V6ia,b,c>0)
c. a
1 1 1 9 9 2
Ta thu dugc P> — + —+ — > > = —.
Me My Me  Mmg+my+m.,  9R R

2

2.3 Mot sé bai tap ap dung

Bai tap 2.1. Céc s6 duong a, b, ¢ 1a do dai ba canh clia mot tam gidc khi
vachikhia+b>c, b+c>a,c+a>0b.

Chitng minh.

Néu a, b, c 1a do dai ba canh ctia mot tam giac thi ta c6 theo bat dang thic
vé ba canh clia tam gidc a +b > ¢, b+ ¢ > a, ¢+ a > b. Ngugc lai, néu
c6 a, b, c 1a ba s6 thuc duong théa man bat ding thic a +b > ¢, b+ ¢ >
a, c+a > b, thi ta c6 thé chon hai diem A va B trén miit phing cach nhau
mot khodng cach c. Lay hai diem A va B lam tam dung hai dudng tron ban
kinh tuong tng 1a b va a. Tt bat dang thica+b>c,b+c>a,c+a>b
ta dé dang c6 bat dang thic |a — b| < ¢ < a + b. Hai dudng tron tam A
va B phai cit nhau tai mot diém C. Vay do dai a, b, c thda man bat dang
thica+b>c, b+ c>a, c+a > bla do dai ba canh cua tam giac ABC
theo cach dyng trén. V6i bai todn co ban trén va cac hé thiic co ban trong
chuong 1, ching ta c6 thé thiét lap nhiéu méi quan hé vé canh ciing nhu
cac yéu t6 co sd clia tam gidc nhu 13 dudng trung tuyén, dudng phan giac,
duong cao, ... .

Bai tap 2.2. Véi a,b, c 1a ba canh ciia mot tam gidc. Chitng minh rang
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a) a® + b* + ¢ < 2(ab + be + ca).
b) (a+ b+ c)* < 4(ab+ be + ca).

Chitng minh.
a) Ta c6

a(b+c—a) >0,
b(c+a—b) >0,
cla+b—c)>0.

Cong cac bat dang thiic trén ta thu duge a® + b* + ¢ < 2(ab + be + ca).

b) Ta c6
(a+b+c)* —2(ab+ be + ca) < 2(ab+ be + ca).

Suy ra

(a+b+c)* < 4(ab+ be + ca).

Bai tap 2.3. Véi a, b, c 1a ba canh ciia mot tam gidc. Chiing minh réng

1 1 1

+ + < 2| +
(a+b)° (b+¢)? (c+a)? (a+d)(b+c) (
Chitng minh.
Ap dung bai tap 2.2, dé chiing minh bat ding thic tren ta chi can ching
. 1 1 N 2 .,
minh : , , lap thanh ba canh cia mot tam giac.
aﬁbb+0f+a

& b+ 2c > a (ding).

b+c)(c+ a)+(c+ a)(a + b)]

Ta cb

1
>
c+a  2(b+c)
Cong hai vé bat dang thiic trén, ta suy ra
1 1 1
+ > :
a+b c+a b+c

a+b> 2(b+ )

& ¢+ 2b > a (ding).

Tuong tu
1 n 1 - 1
a+b b+c cH+a
1 1 1

+ > )
c+a b+c a+b
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1 1 1
a+b b+c c+a

Vay la ba canh ctia mot tam giac.

Bai tap 2.4 (IMO 1961). Cho a,b,c 1a do dai ba canh va S 1a dién tich
clia tam giac ABC. Ching minh rang

a’+ b+ > 44/38S.

Ching minh.
St dung cong thic Heron, ta cé

S=+pp—a)p—>b)(p—c)

:%\/(b+c+a)(b+c—a)(0+a—b)(a+b_c)-

Suy ra 1652 = 2(a?b? + b*c? + c2a?) — (a* + b* + ). Bay gio, ta viét lai bat
dang thic (1) dudi dang (a® + b + %)% > 3.1652
Dua vao hing ding thitc vira tim dugc, ta thiy bat ding thic nay tuong
duong véi

(a* + % + *)? > 3 [2 (a®B® + V*® + Fa?) — (a* + b* + )]

s at + b+ > a?h? + VPP + P

Day 1a bat dang thitc quen thudc va dau “=" xay ra khi va chikhia = b = c.

Bai tap 2.5 (IMO 1964). Cho a, b, ¢ 1a do dai ba canh clia mot tam giac.
Chitng minh ring

a?(b+c—a)+b*(c+a—0b)+c*(a+b—c) < 3abe.

Ching minh.
Bat dang thitc can ching minh tuong duong véi

a® + b 4 ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a).

Day chinh 1 bat ding Schur bac ba, né ding véi moi a, b, ¢ > 0.
DAu “=” x4y ra khi va chi khia = b = c.
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Bai tap 2.6 (IMO 1983). Cho a, b, ¢ 1a do dai ba canh ctia mot tam giac.
Chitng minh rang

a*b(a — b) + b*c(b — ¢) + c*a(c — a) > 0.

Chitng minh.
Do a,b,c 1a do dai ba canh ciia mot tam gidc nén ton tai x,y,2 > 0 sao
choa=y+z,b=z4+zx,c=x+y.
Bat dang thitc can ching minh dugc viét dudi dang tuwong duong véi

22 P 52

PrrPr+ 2y > dtyrrair oyt >+ 4+ >4y + 2

Y z x

St dung bat dang thitc Cauchy Schwarz, ta c6
22 2 2

(y+z+x)(§+;+;)2(1‘+y+2)2-

Don gian cd hai vé ctia bat dang thitc nay cho z + y + 2z > 0, ta thu

“W__”»

duge ngay bat dang thitc can chitng minh. Dau x4y ra khi va chi khi
a="b=c.
Bai tap 2.7 (UK 1991). Cho a,b,c 1a do dai ba canh clia mot tam giac

c6 chu vi bang 2. Chitng minh ring a® 4 b? + ¢ + 2abc < 2.

Ching minh.
Do a,b,c la do dai ba canh cia mot tam giac va a + b+ ¢ = 2, nén ta c¢6
0<a,bc<1 Tudédan dén (1 —a)(1—5b)(1—c)>0.
Sau khi khai trién, ta thu dugc
abc <1—(a+b+c)+ab+bc+ ca

& abe < ab+bc+ca—1

& a® + b+ ¢ + 2abe < @+ b* + ¢ + 2(ab + be + ca — 1)

e d+ 0+ +2abe < (a+b+c¢)” =2

& a’ + b+ + 2abe < 2.

Bai tap 2.8 (APMO 1996). Cho a,b,c la do dai ba canh cia mot tam
gidc. Ching minh rang

Va+b—c+vVb+c—a+Vet+ta—b<Va+Vb+ /e
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Chitng minh.

Theo bat dang thitc tam giac, ta c6 b+c—a,a +b— c,c+ a — b 13 nhiing
s6 duong. Vi vay, ta c6 thé st dung bat dang thic Cauchy Schwarz dé thu
dugc danh gia sau

\/a—|—b—c—|—\/b—|—c—a§2\/l_9.

Hoan toan tuong tu, ta cling ¢c6 va+b—c++vec+a—b<2/a,
vavb+tc—a+vVeta—b<2/e

Cong tuong ng vé v6i vé ba bat ding thitc nay, roi chia ca hai vé cia bat
dang thitc cudi cho 2, ta thu dudc ngay két qua can ching minh.

Dau “=" ctia bat dang thiic xay ra khi va chi khi a = b = c.

Bai tap 2.9 (Romania 1999). Cho a,b, ¢ la do dai ba canh ctia mot tam
gidc. Chiing minh rang

(b+c—a)(c+a—b)+(a+b—c)(b+c—a)+(c+a—b) (a+b—c) < Vabe(v/a+Vb++/c).

Ching minh.
Trudc hét, ta dé § riang

S (b+c—a)(c+a—b)=2(ab+ bc+ ca) — a* — b* — 2.
Dit © = \/a,y = Vb, z = \/c, bat ddng thitc can ching minh tré thanh
ot oyt 2t ryz(n by 2) > 2%+ yPet 4 2.
Theo bat ding thic Schur bac 4, ta c6
et 4yt ryz(o oy 2) > ay(a® P Fyz(y ) (2 2.
Mat khac, ta cé
ry(x® +y*) Fyz(y? 4+ 22) 4+ za(2® + %) > 2(2%y? + 2 + 2.

D6 chinh 13 diéu phai chitng minh.
Dau “=” x4y ra khi va chi khia =0 = c.

Bai tap 2.10 (Romania 2001). Biét a, b, c 14 do dai ba canh ciia mot tam
gidc. Chitng minh ring
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(—a+b+c)a—b+c)+(a—b+c)la+b—c)+(a+b—c)(—a+b+c)
< Vabe(va+ Vb + \/e).

Ching minh.

Xét tam giac MNP v6i do dai ba canh 1a m = /a,n = vb,p = \/c.

Goi s, R va r lan lugt 13 ntta chu vi, ban kinh duong tron ngoai tiép va ban
kinh dudng tron noi tiép tam gidc M N P. Khi d6 theo hé qua 1.1, ta c¢6

m-+n+p=2s
mn +np+pm = s>+ r2 +4Rr
mnp = 4Rrs.

Bang cach bién doéi tuong duong bat dang thiic da cho, ta cé

(—m? +n? + p*)(m* — n® 4+ p?) + (m? — n® + p*)(m?* + n* — p?)

+ (m? +n® = p*)(=m® + n* + p*) < mnp(m +n +p)

& 2(m*n® + n’p? + p*m?) — (m* + n* + p*) < mnp(m +n + p)

& A(m~+n+p)(mn+np+pm) —9(m +n + p)mnp — (m +n +p)*> <0
& (m+n+p)° +9mnp > 4(m +n +p)(mn + np+ pm)

& ARrs > 8sr? < R > 2r.

Day 13 bat dang thic Ole da dudc chitng minh.

Bai tap 2.11 (Japan 2001). Cho a,b,c la do dai ba canh cia mot tam

giac nhon. Chitng minh rang
(a+0b+c)a®+b*+ ) (a* + b + ) > 4(a® +° + ).

Ching minh.
Theo bat ding thiic Cauchy Schwarz, ta cé

Aa+b+c)d®+ 1 +cP) >4+ b+ A).
Vi vay, ta chi can ching minh dugc
(a* +b° + 62)3 > 4(a® 4+ 6% + ).

Dit z = a?,y = b*, 2 = . Do a,b,c 14 do dai ba canh ciia mét tam giac

nhon nén ta suy ra x,y, z ciing la do dai ba canh cia mot tam giac khac
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(nhung khong nhat thiét phai nhon). Theo phép dit nay, ta phai ching
minh rang

(x+y+2)° >4 +9° +2°).
Khai trién hing dang thic, sau dé st dung bat dang thitc tam giac, ta thu
dugc

(z+y+2)° =23+ + 22+ 327y + 2) + 30 (2 + x) + 32%(x + y) + 6ayz
>+ y° + 22+ 32%(y + 2) + 3% (2 +2) + 327 (z +y)
> a3+ 7 + 23+ 3272 + 3yPy + 32%2
=4 (2 +y° +2%).

D6 13 diéu phai chitng minh.

Bai tap 2.12 (Belarus 1999). Cho a, b, ¢ 1a cac s6 thyc duong théa man

kabc > a® + b3+ ¢*. Tim s6 thuc k 16n nhat sao cho a, b, ¢ 14 do dai ba canh

cua mot tam giac.

Lo gidi.
Mot cach tuong duong, ta thay rang yéu cau bai toan tuong duong véi viée
tim s6 thuc & 16n nhat sao cho v6i moi a,b,c > 0 théa man a +b < ¢, ta
c6 kabe < a® + 1% + .

Cho b = a va ¢ = 2a, khi d6 theo yéu cau trén, ta phai c6 2ka® < 10a?,
suy ra k < 5. Ta sé ching minh k = 5 14 gia tri can tim.

That vay, véi k =5 , ta dit ¢ = a4+ b+ x, va khai trién triyc tiép biéu thiic
a® + b® + ¢ — Sabe dua dén

2a° + 2b° — 2a”b — 2ab* + abx + 3(a* + b%)z + 3(a + b)x* + 2°.

Do 2a® +2b? — 2ab — 2ab* = 2(a+b)(a — b)? nén biéu thitc trén hién nhién
khong am, tit d6 dua dén a® + b + ¢ — 5abe > 0.
Do vay, k = 5 chinh 1a gia tri 16n nhat ciia & théa man yéu cau bai toan.

Bai tap 2.13 (Costa Rica 2006). Cho a,b,c la do dai ba canh ctia mot
tam giac. Chitng minh rang

3(a4+b4+c4) ab + be + ca
(a2 +02+¢2)°  a?+b2+c
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Chitng minh.
Dit x = a?,y = b%, z = 2, bat ding thiic can ching minh tuong duong véi
bat dang thic sau

3% 2% Y \/ay

cyc cyc

st 22
=) F

Nhan ¢4 hai vé véi (z +y + 2)°
N 2

va cht y rang (x + y + 2) /2y > (:L'—|—y—|—z).%—
T

(Zx) (Z\/_> >2Zazy+2xyz2—>22x +xixyyiz

cyc cyce cyc cyc cyc

Tt day suy ra ta chi can ching minh dugc
9xyz 9 9y z

3y 2242y ay+r——F— > r| & +——2>2) uy,

Tengmsline (L) « Tontn e g

hién nhién ding vi day chinh la bat ding thiic Schur. Vay ta cé diéu phai
chiing minh.
DAu “=” x4y ra khi va chi khia = b= c.

Bai tap 2.14 (Moldova 2006). Cho a, b, ¢ 1a d6 dai ba canh ctia mot tam
gidc. Ching minh ring

a2<l—;—1>+62(§—1>—|—c2(%—1)ZO.

Ching minh.
Bt ding thic can chiing minh tuong duong véi bat dang thic sau day

a*b® + b’ 4 Pa* — abe(a® 4+ b* + ) > 0.

E (a,b,c) = a’b* + b¥c? + c*a® — abe(a® + b* + ¢2)

Ta cb
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2F ((1,, b7 C) = Z a3<b o C)2 o Z a2(b3 o 63)7
cyc cyc
va
S a2 — ) =S a2(b— ).
cyc cyc

Do dé

2F (a,b,¢c) = S a®(b—¢)*(a —b+¢) > 0.

cyc
DAu “=” x4y ra khi va chi khia = b= c.

Bai tap 2.15 (Greece 2007). Cho a,b,c 1a do dai ba canh ctia mot tam
gidc. Ching minh ring

1 4 4
(c+a—Db) (a+b—c) (b+c—a) > ab+ be 4 ca.

ala+b—c) bb+c—a) clc+a—->b)

Chitng minh.
Ap dung bat ding thic AM-GM, ta c6

(c+a—0)

b—c)>2 —b)*.
a(a+b—c)+a(a+ c) >2(c+a—>b)

Suy ra

L TR T

cyc cyc

DAau “=" x4y ra khi va chi khia =b=c.
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Chuong 3

Mot sé6 ttng dung vao bai toan cuc tri
va nhan dang tam giac

3.1 Nhan dang tam giac vuong

Bai toan 3.1. Cho AABC thoad man

. B a—c
sin — = )
2 2a
Chitng minh rang AABC vuong.
Low giaa.
. B a—-c o i s B a-—c
Sl — = SN — =
2 2a 2 2a
1 —cosB 1 c
2 2 2a

2Rsin C
(:)COSB:E@COSB: i & 2sinAcos B =2sin(C

a 2Rsin A
& sin(A+ B) 4+ sin(A — B) = 2sin C < sin(A — B) =sinC

A-B=C A=B+C A=m/2
C|A-B=n1-C | A+C—-B=7 < | B=0(loa).

Vay AABC' vuong.

Bai toan 3.2. Cho AABC thod man

a’(p—a)+0(p—b)+A(p—o)
abc '

sin A + cos A =
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Chitng minh rang AABC vuong.
Lot gias.

a’(p—a) +b*(p—b) +*(p— o)
abc

a?!(b+c—a)+b*(c+a—b)+c*a+b—c)
2abc

a(l? + 2 —a®) +b(P+a® - V) + c(a® + b? — &)

2abc

B4+c—a? A+ad®2—0 a®>+b2—c2
= + +
2bc 2ca 2ab
= cos A+ cos B + cos C.

Khi d6 dang thiic da cho
& sin A4 cosA =cosA+cos B+ cosC
& sin A =cos B+ cosC

B+C B-C

& sin A = 2 cos 5 cos 5
) A A B-C
& 28in — cos — = 28in — cos
2 2 2 2
N A B-C
COS — = COS
2 2
A=B-C A+C =8B
T|A=C-B Y |A+B=C <

Vay AABC' vuong.

Bai toan 3.3. Cho AABC thod man

S={p-b)p—o).

Chitng minh rang AABC vuong.
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Lot giai. Ta cb

S=(-0b)p—c

& S2=p-b°(p—c
e p(p—a)(p—b)p—c)=(p—b)*p—0c?
“plp—a)=(p-b)p—c)ep’—pa=p’—(b+c)p+bc

& (b+c—ap=bce (b+c—a)b+c+a)=2bc

& (b4 c)? —a® =2bc & (b* + ¢ + 2bc) — a® = 2bc & bV* + # = a?

2

Vay AABC' vuodng tai A.
Bai toan 3.4. Cho AABC thoad man
Tg =T +7Ty+ Te.

Chitng minh ring AABC vuong.
Lot giaa.
Teg=T+7Ty,+ 7T

S S S S

=+ +
p—a p p—b p—c
1 1 1 1 1 1 1 1
& =+ + & S +
p—a p p—b p—c p—a p p—->b p-c
oP——a) _ -9+p-b o _ a
(p—a)p (p—b)(p—-c) (p—a)p (p—0)p—c)

Sp-—ap=p@->b{p-c
S btc—ap=bces (b+c)*—a?>=2bc s b+ =d
Vay AABC' vuodng tai A.
Bai toan 3.5. Cho AABC ¢6
r+r,+ry,+r.=a+b+c.
Chitng minh rang AABC vuong.
Lo gias.

T e
a ¢cO A4 B C
r = 4R sin — sin — sin —.
2 2 2
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Ap dung

A B C
a+b+c:2R[sinA+sinB+sinC]:8Rcos§cos§cos§

A a+b+c A A B C

pr— _——= — —:4 1 e —_— JE—

Tq pt92 5 tg2 Rsm20082(zos2

B a+b+c B B C A

— ptg= = — " " 452 — AR sin — cos — cos —

T pt92 5 tg2 R81n2(3082(3082

C a+b+c C C A B

Te ptg2 5 th RSIH20082C082

Khi d6, dang thiic
r+ro+r,+re=a+b+c
C A B C

< AR [sin 2 sin Bl sin B + sin 2 COoS b COS B

B c A c A B

+Sin§COS§COS§+Sin§COS§COS—

2
_ SR B 5O o sineinBsnC i sin A eos B eos €
= COS 9 COS 9 COSs 9 S11 9 Sin 9 S11 9 S11 COSs COSs 9
cin B eos Ceos A b ain Ceos Aeos B — 2c0s A eos Breos €
sSin 5 COs 5 COS 5 Sin 5 COS 5 COS 5 = 2 COS 5 COS 9 COS 9
esin A linBanC b eos B eosCl s cos A lin B eos C tsin C eos B
sSin 9 Sin 9 Si1n 9 COS 9 COs 9 COS 9 Sin 9 COS 9 SIn 9 COS 9
A B C
= COSQCOS 5 COS 5
ersinAeos (B s cosAain (B4 O Z s (2008 B eos €
sSin 5 COS 9 9 COS 9 Sin 5 9 = COS 9 COS 9 COS 9
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A (B—C’) A . <B+C>
@smgcos +cos§sm

2 2
A B+C B-C
= COS — |COS + cos
2 2
A B-C A A A A A B-C
& SIn — COS 4+ COS — COS — — COS — SIIl — — COS — COS =
2 2 2 2 2 2 2 2

A Al B-C Al A A
< [SIn — — COS — | COS —coS— |sin— —cos—| =0
2 2 2 2 2 2

& siné—cosé COSB_C—COSéIZO
2 2 | 2 2
[ A_ A A
sma—cosa g =1 A=m/2
& S| pg2a_4 e |B=7/2
COSB;C:COS§ C—-B=A C=m/2

Vay AABC' vuong.

3.2 Nhan dang tam giac can
Bai toan 3.6. Cho AABC ¢6
a*(b? — ) + b (* — a®) + A(a® — b*) = 0.

Chitng minh rang AABC can.

L& gidi.
0 =B — @)+ b — a®) + Aa — b

= a*(b* — *) — a*(b® — &) + V(b — )

= (b—c) [a*(b+ c) — a*(b* + bc + ¢*) + b*¢?]

= (b—c)(a—0b)(a—c)(ab+ bc+ ca)
a—b=20 a=">

S |b—c=0 & | b=
c—a=0 c=

& AABC can.
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ha h hc h hc
b _|_ b

b Che R e h
Chttng minh rang AABC can.

Lo gidi.
Bién do6i dang thiic

hae hy he hy he

B he  he he Ty

b ¢ a a b ¢
&S -+ -+ -—=-+-
a b ¢ b ¢ a

hq

he

h

h

a

C

& bie+ da+ a?b = a’c+ bPa+ Ab

& b*(c—a)+ca(c—a) —b(c? —a?) =0

& (c—a)b—c)(b—a)=0
a—b=0 a=1>0
S|l b—c=0 & | b=c
c—a=20 c=a
< ANABC can.
Bai toan 3.8. Cho AABC c¢6

Chttng minh rang AABC can.
Low gua.
Ta ¢6

A 1—cosA 1
sw_:_ﬁicjp_

2 2 2bc

Do dé, dang thtc

So hoa béi trung tam hoc lieu
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4be

http://www.Irc-tnu.edu.vn/



47

A a
sin — =
2 2vbc
o JA  a® @aQ—(b—c)Q a?
in“— = =
2  4bc 4bc 4bc

sad-0b-c=asb=c
& AABC can.

Bai toan 3.9. Cho AABC c¢6 4rr, = ¢?. Chiing minh raing AABC can.
Loi gias.

4drr, :4§ 5
pp—¢
pp —a)(p —b)(p — ¢
=4 =4(p—a)(p—10
P (= a)p—1)
_btc—act+a-0b ST
=4 5 5 =c"—(a—0)

Do dé

2

drre=c e —(a—b =< a=bh.

Vay AABC' can.

Bai toan 3.10. Cho AABC ¢6

1+cosB B 20+ ¢
sin B a 4a2—02.

Chittng minh rang AABC can.

Ldi gidi.
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l+cosB  2a+c (14+cosB)®  (2a+c)’

- = ~ ; =
sin B 4a2 — 2 sin’B 4a? — 2

(14 cos B)? B (2a + )’

1 — cos?’B (2a + ¢)(2a — ¢)

N 1+cosB_2a+c
1—cosB 2a-—c

o l1+cosB 2R[2sin A+ sin (]
1—cosB 2R[2sin A —sinC]

N 1+ cos B B 2sin A +sinC'
(1+cosB)+ (1 —cosB) (2sinA+sinC) + (2sin 4 — sin O)

l1+cosB 2sin A +sinC
2 B 4sin A

& sin(A+ B) +sin(A— B) =sinC < sin(A-B)=0< A=B

< 2sin A[l + cos B] = 2sin A +sinC

Vay AABC can.

Bai toan 3.11. Cho AABC c¢6

B A

_ t = = ptg—.
(p—a)co 5 = Py

Chttng minh rang AABC can.

Ldi gidi.

p—a A B

s
95975

B A
(p—a) cotE :ptg§ &

Ta co
p—a bd+c—a 2R[sinB+sinC —sin A]
p  btct+a 2R[sinB+sinC + sin A

o g B+C B_C—Z' A A
S11 2 COS 2 S11 2 COS 2
B+C B-C A A

2 sin CcoS + 2sin — cos —
2 2 2 2
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A B-C B+ C
2 cos — |cos — COS
B 2 2
A B-C B+C
2 cos — |cos + cos
2 2 2
9 i B . C
sin — sin —
_ 9 9 _y B C
B¢ W5liy
2 COS — COS —
2 2

Do dé, dang thic
p=a_, A8 1 B S A B el e o a
Ny TGNy TGy Tty =y

Vay AABC can.

3.3 Nhan dang tam giac déu

Bai toan 3.12. Cho AABC ¢6 r, = 3r va m, = 3r. Chitng minh rang
NABC deéu.

Ldi gids.
Do
A
= ptg—
2 nénr, =3r<sp=3(p—a) S b+c=2a (1)
— (p— a)tg—
r=(p—a)tgs
Tu

mg = 3r & m2 = 9r?
95* _ 9p(p —a)(p —b)(p — ¢)

Smp=— = 5

p
20° +2¢> —a®>  9(p—a)(p—b)(p—¢)

1 - P
_9b+c—a)(c+ta—Db)(a+b—rc)
B 4(a+b+c)
9(2a — a) [ 2 (b—cﬂ
& 20 + 2% —a® =
a+ 2a

@2624—202—@2:3[&2—(17—0)2}

& 5% + 5¢% — 6bc = 4a® = (b + ¢)?
S40b—-c)?=0
Sb=c (2)
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Tu (1) va (2) suy ra a = b= ¢. Vay AABC deéu.
Bai toan 3.13. Cho AABC ¢6

) . 3
sin BsinC' = —
5 a® — b — 3
Q=
a—b—c

Chitng minh ring AABC déu.
Lot gias.

5 at— b =3
Q= —
a—b—rc

sSala—-b—cd=a-0 -3

S a*b+c) =0+

S a*b+c)=(b+c) [b*+* — b
sSa?=b0+c—bces be=b+c2—ad?

be b2 + % — g2
2%bc 2bc

-~

1
(:)ﬁzcosA(:)A:W/S. (1)

sin Bsin C' = Z & 2[cos(B — C) —cos(B+C)] =3

< cos(B — C') +cos A :g

sScos(B-C)=1<B=C. (2)
Tu (1) va (2) suy ra a = b = ¢. Vay AABC deéu.

Bai toan 3.14. Cho AABC ¢6
2(p? — r* — 4Rr) = ab + bc + ca.
Chitng minh rang AABC déu.
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L gids.
S? bc S
2(p* —r? —4Rr) =2p* —2— — gdcr
p? A4Sy
_op 2P —a)p-bp—c) 2abe
p* p
—op? — 2(19 —a)(p—0)(p—c)+ abc
p
— 2p? _2p3— (@ + b+ c)p* + (ab + be + ca)p — abe + abe

p
=2(a+b+c)p—2(ab+ bc + ca)
= (a+b+c)*—2(ab+bc+ca) = a® + 1* + 2.

Do dé dang thic da cho tuong duong véi
a? +b*+c? =ab+ be + ca
S a?+ b2+ — (ab+bc+ca) =
Sa=b=c.

Vay AABC' déu.

Bai toan 3.15. Cho AABC' c6

b4c= g + heV/3.
Chitng minh rang AABC' déu.
Lot giar. Ta cb
b+c:g+h&\/§<:>b+c:g+(bsin0)\/§
& 2R [sin B +sin O] = Rsin A 4+ 2R sin Bsin C/3
& sin B+ sinC = 1SinA+ V3sin Bsin C = %Sin(B—l—C) + +/3sin Bsin C

[(a—b)u(b—c)%(c—a)ﬂ — 0

| —

& sin B +sinC = E[sinBcosCJrsinCcosB] + /3 sin BsinC

1
& sinB |1 — écosC— ?JrsinC

1
+ sin C 1—§cosB—§+sinB =0

& sin B :1 — oS (g — C’)} +sinC {1 — cos (g —B)] =0

. cos(g—0>:1 <:>{C’:7r/3
p B B=m/3
cos(g—B)—l
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Vay AABC déu.

Bai toan 3.16. Cho AABC c¢6
(a+b)(b+c)(c+a) E
-

4abe
Chitng minh rang AABC' déu.
Lot giaa.
Ta cd
a co . A B C
r = sur12s1]f12s11r12
nén
R 1
o yin Ao B C
sin 5 sin 5 sin 5
Ap dung
(a+b)(b+c)(c+a) 8R(sin A+ sinB)(sin B+ sin C)(sin C + sin A)
4abc N 4.8R3sin Asin Bsin C
A+ B A-B . B+C B-C _ . C+A Cc—-A
2 sin CcoS .2sin CcoS .2sin CcoS
2 2 2 2 2 2

A A B B . C C
4| 2sin — cos — 2sin — Ccos — 2sin — cos —
2 2 2 2 2 2

_ 2 2 2
. A B C

4 sin — sin — sin —

2 2 2

T do, suy ra dang thiic da cho tuong duong véi
A-B B-C C—-A

CcOS CcoS CcoS 1

2 2 2

A—-B B-C C—-A
& Cos = COS = COoS 5 =1
S A=B=C.

Vay AABC déu.
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23

Bai toan 3.17. Cho AABC c¢6
V3

_ V2,2 2 2
S = 12(a + 0"+ ¢%).

Chitng minh rang AABC déu.

Loi gias.
S =/pp—a)p—0)p—-c)
§ \/ [<p—a>+<p—b>+<p—c> ’
>\/P
3
P\ P V3 )
= z) === b
p(3) 33 360 tT0To
< \3/_63(12+ 12 4+ 12)(a® + b2 + )
= \1/—3(@2 + V% + ¢?).
DAau "=" x4y ra khi va chi khi AABC' déu.

e , 3v3 AN
Bai toan 3.18. Cho AABC ¢6 S = TRT‘. Chtng minh rang AABC
deu.

Lot gias.
3v3 3
S = —\/_RT & pro= —\/ERT
2 2
S a+b+c=3V3R
& 2R [sin A +sin B +sin C] = 3v/3R
& sinA+sin B +sinC = %
Ta ¢6
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sin A +sin B + sinC

V3

in A in B
sin A? +sin B - St Sl

cos B +

V3 V3

Sl Sl

+/3 [ COSA]

_(sin2A + 2) + <Sin23 + Z)]

. 2A . 2B
+\£§ [(SH; —|—COSZB> + (Sll’13 +COSQA>:|

IA

w
L\JQ‘
w

Dau "=" x4y ra < A= B =(C & AABC déu.
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Phu luc

e Bit dang thic AM - GM
Cho ay, as, ..., a, 1a cac s6 thuc khong am , khi dé6 ta c6
ay + as + ... + an,
n

> aias...ay,.

Dau “=" xay ra < a1 = as = ... = a,.

e Bit ding thic Cauchy - Schwarz

V6i hai day s6 thuc tuy § aq, as, ..., a, va by, ba, ..., b,, ta ludn c6 bat dang
thitc (a? + a3 + ... +a2)(b? + b3 + ... + b2) > (a1by + agby + ... + axb,)*.
Dau “=" xay ra khi va chi khi (ay, as, ..., a,) va (by, ba, ..., b,) 13 hai bo ti

e Bit ding thic Schur
Véi a,b,c > 0 va k 1a s6 thuc bat ki ta luon c6

a"(a —b)(a—c)+ (b —a)b—c)+cf(c—a)(c—b) > 0.

Dau “=" x4y ra < a = b = c hodic a = b,c = 0 va cac hoan vi.
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Két luan

Luan vin "Bat dang thitc dai s6 trong tam giac” trinh bay mot sé kién
thitc co ban vé cac hé thic dai sé ciia cac yéu td bén trong tam giac, cac
dang thic v bat ding thic lien quan dén s6 do do dai trong tam giac
trong d6 c6 nhiéu hé thic 1a cac két qud mdi cé ¥ nghia mdéi thu duoc
trong nhitng nam gan day.

Tiép theo, dua ra mot s6 cach xay dung cac bat dang thic dai s6 méi
trong tam giac.

Xét mot s6 ting dung vao bai toan ciuc tri va nhan dang tam giéc.
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