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MG dau

T6 hop 1a mot phan rat quan trong ctia Toan hoc rdi rac, chuyén
nghién citu sy sap xép hoac phan b6 cac doéi tugng va tinh s6 cach sap
xép ay. Chu dé nay da dugce nghién citu tir lau, thé ky 17, khi xét cac tro
choi may rii. Thong thuong, s6 caAc phan tit 1a hitu han va viéc phan bd
chting phai théa man nhiing diéu kién nhat dinh ndo day, tiy theo yéu
cau clia van dé nghién cttu. Do viéc dém cac doi tuong hodc dién dat bai
toan dudi dang sap xép, c6 ké thit tu hoic khong, cac phan ti clia mot
tap hogp, nén ta thuong gap bai toan to hop dudi dang sau:

1. Bai toan dém: Day 1a bai toan nham tra 16i cau hoi "c6 bao nhiéu
caich sap xép cac phan tit théa man dicu kien da neu?" Phuong
phap dém thuong dia vio mot sd6 nguyen 1y va mot s6 tinh toan
khong qua phic tap.

2. Bai toan liet ké: Day 1a bai toan xét tat ca cidc kha ning nham tra
10i cau hoéi "thuat toan nao vét hét cac kha nang sip xép va c6 bao

nhiéu cach sip xép cac phan ti thda man dicu kien da neu?"

3. Bai toan toi uwu: Day 1a bai toan xét nhiing cach sap xép tét nhat,
theo mot nghia nao do, trong s6 nhing cach sip xép c6 thé.

4. Bai toan ton tai: Day 1a bai toan xét sy ton tai hay khong ton tai
cach siap xép cac phan tit theo yéu cau da dugce dit ra.

Mot van dé dé thay la cac bai toan t6 hgp ciing thudng xuit hién trong
cac ky thi Dai hoc va Cao dang, cac ky thi Hoc sinh gidi cap quoc gia
hay qubc té. Chung la nhitng bai toan khé. Dic biét, dé phuc vu tét cho
viée giang day chuong "To6 hgp va Xéac xuat" ¢ 16p 11, gitap hoc sinh thi
Dai hoc va Cao ding va véi mong mudn duge tim hiéu sau hon nita vé
nhitng bai toan t6 hop nén ching t6i chon dé tai "Té hgp suy Téng
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va mot vai phwong phdp xdy dwung bai todn té6 hop." Luan vin
tap trung tim hiéu Bai toan dém va Bai toan liet ke (dang don gian).
Ngoai phan mdé dau, va két luan, luan van dudc chia ra lam 2 chuong.

Chuong 1. T6 hop suy rong.

Chuong nay tap trung trinh bay phuong phap quy nap ¢ Mucl.1;
hoan vi, chinh hgp, to hop, nhi thiic Newton & Muc 1.2; chinh hop va
td hop suy rong 6 Muc 1.3; con mot so6 phuong phap xay dung bai toan
td hop duge trinh bay ¢ Muc 1.4.

Chuong 2 . Mot vai ing dung ctia td hop.

Trong chuong nay ching toi tap trung trinh bay mot sd tng dung
clia t6 hop dé biéu dién mot vai bai toan. Muc 2.1 trinh bay cach van
dung t6 hop va hoan vi dé biéu dién sé qua Dinh 1i Hilbert va Dinh i
Cantor. Muc 2.2 trinh bay cong thitc khai trién da don thitc. N6 la cong
thitc khai trién nhi thic Newton tdng quat. Trong Muc 2.3 chung to6i
trinh bay phuong phéap st dung chi s6 va cong thiic chuyén déi nguge.
Dong nhat thiic Newton duge trinh bay 6 Muc 2.4 va cudi cung 1a viéc
chiing minh Dinh li Fermat va Dinh li Wilson.

Luan van nay dugc hoan thanh véi sy huéng dan va chi bao tan tinh
ciua PGS -TS. Dam van Nhi - Truong DHSP1- Ha noi. Tt day long minh,
em xin dudgc bay té long biét on sau sac déi véi sy quan tam, dong vien
va sut chi bdo huéng dan ctia Thay.

Em xin tran trong cdm on t6i cac Thay Co6 trong Truong Dai Hoc
Khoa Hoc - Dai Hoc Thai Nguyén, phong Dao Tao Trucng Dai Hoc
Khoa Hoc. Dong thai t6i xin gi 1651 cAm on téi tap thé 16p Cao Hoc
Toan K5A Truong Dai Hoc Khoa Hoc da dong vién giip dé toéi trong
qua trinh hoc tap va lam luan van nay.

T6i xin cam on S6 Gidao duc va Dao tao Tinh Ha Giang, Ban Giam
hiéu, cac dong nghiep Truong THPT Hung An - Huyén Bac Quang da
tao dieu kién va gitp dé toi hoan thanh ké hoach hoc tap.
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Tuy nhién, do sy hiéu biét ctia ban than va khuon kho ciia luan van,
nén luan van nay khong tranh khoi nhiing thiéu sét. Toi rat mong nhan
duge sut chi dan va gép ¥ ciia cac Thay Co6, ban be dé toi hoan thanh
t6t hon ban luan van nay.

Thai Nguyén, ngay 02 thang 04 nam 2013
Tac gia

Pham Thi Thu Hién
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Chuong 1
T6 hop suy rong

Noi dung chuong mot tap trung ban vé to hgp suy rong. Ching ta
bat dau chuong bang cach trinh bay phuong phap quy nap.

1.1. Phép chitng minh quy nap

1.1.1. Quan hé tuong duong va quan hé tha tu
Gia thiét tap X # (0. Tich dé cac X x X dugc dinh nghia duéi day:

X x X ={(z,y)|z,y € X}

Dinh nghia 1.1. Tap con S cia X x X la mot quan hé hai ngoi trong
X. Néu (z,y) € S thi ta néi x quan hé S vdi y va viét zSy.

Dinh nghia 1.2. Gi4 thiét X # 0 va S # () 1a mot quan hé hai ngoi
trong X. Quan he S dugdc goi 1a mot quan hé tuong duong trong X néu
n6 théa man ba diéu kién sau day:

(i) (Phan xa) V6i moi z € X c6 xSx.

(ii) (D61 xitng) Véi moi x,y € X, néu c6 xSy thi cing c6 ySw.

(iii) (B&c cau) V6i moi z,y,2z € X, néu ¢6 xSy va ySz thi cing ¢
xSz.

Khi S la mot quan hé tuong duong trong X thi ta thuong ki hiéu ~ thay
cho S. Dat C(x) = {y € X|y ~ z} va goi né la mot Idp tuong duong véi
x lam dai dién. D& dang chi ra cac tinh chat sau:
Tinh chat 1.1. Gid st ~ la mot quan hé tuong duong trong X. Khi do:
(i) Voi moix € X c6 x € C(x).
(i) Vdi moiy,ze€ C(x) cOy~ 2z, y~x vd 2z~ x.
) Vi moi x,y € X, ¢d hoac C(z) N C(y) =0 hodac C(x) = C(y).
)

(iii

(iv) Tap thuong X/ ~ la tap cac ldp tuong duong khong giao nhau.
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Vi du 1.1. Tinh tong cia tat ca cac sé6 gom 9 chit s6 phan biét dugc lap
tw cdc s6 1,2,...,8,09.

Bai gidi: Tap cac s6 théa man dau bai duge phan ra lam 9 16p phan
biét cung luc lugng: Lép C(i) = {ajasasasasagarasgi|ar € {1,2,...,9}\
{i}} gom tat cd cac s6 dugce lap qua viéc viét chit s6 ¢ vao cudi cac sO

a1aza3a,a5a6a7ag voi cac ap € {1,2,...,9}\ {i}. Thay ngay luc lugng
ctia C(i) bing 8!. Vay tong cac chit s6 hang don vi clia tat ca cac s thoa
man dau bai bang 8!(1 +2+---+ 8 +9) = 45.8. Tit day c6 tong cac sb

. 109 — 1
can tinh S = 45.8!(1 4+ 10 + - - - + 10°%) = 45.8! = 5(10° — 1).8!.

Dinh nghia 1.3. Gia thiét X # 0 va S # () 1a mot quan hé hai ngoi
trong X. Quan hé S dugc goi 1a mot quan hé thi tu trong X néu né thda
man ba diéu kién sau day:

(i) (Phan xa) véi moi x € X ¢6 xSx.

(ii) (Phén déi xting) V6i moi z,y € X, néu c6 xSy va ySx thi z = y.

(iii) (B&c cau) V6i moi z,y,2z € X, néu ¢6 xSy va ySz thi cing ¢

xSz.

Tap X dudc goi la mot tdp xzdp thit tu néu c6 mot quan hé thi tu
trong X.

Khi S 13 mot quan hé thit ti trong X thi ta thuong viét < thay cho
S. V6i z,y € X, thay cho viéc viét Sy thi ta viét x < y va doc 1a z nhd
hon hodc bang y hodc viét y > x va doc 1a y lon hon hodc bang x. Tu
day ta c6 thé dinh nghia x < y khi va chi khi z < v,z # y; hodc y > =
khi va chi khiy > =,y # .
Dinh nghia 1.4. Gia thiét X 1a mot tap xap thi tu v6i quan hé thi tu
< . Phan tit a € X dudc goi 1a phan ti bé nhat cia X néu né thdéa man
a < o v6i moi € X. Phan tit b € X dugce goi 1a phan ti lén nhat cia
X néu né thoa man x < b v6i moi =z € X.

Dinh nghia 1.5. Tap xap thi tu X dudc goi 1a mot tdp zdp thi tu tot
néu moi bo phan khac rong ctia X déu c¢6 phan tit bé nhat.

Hai két qua sau da dugc chiing minh trong bat ki gido trinh sé hoc

N

nao.
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Ménh de 1.1. Tap tat cd cdc so tu nhién N cung quan hé thi tu la mot
tap xdp thit tu tot.

Ménh dé 1.2. Néu tap bat ki M C N ¢6 cdc tinh chat: 0 € M wva
n+1e M khine M, thi M =N.

Vi du 1.2. Xdc dinh s6 nguyén duong k dé sao cho tap hop X =
{2012,2012+1,201242,...,2012 4k} c6 thé phan ra lam hai tap A va
B théa man ANB =0, AUB = X va tong cia cdc s6 thuoc tap A ding
bing tong cta cdc so thuoc tap B.

Bai giai: Trudc tien ta tim dieu kién cho k. Gia st ¢6 hai tap A va
B thoéa man dau bai. Dat s 1a tong clia tat ca cac s6 thuoc tap A. Khi
do6 tap B ciing c6 tong cac s6 bang s va tap X c6 tong clia tat ca cac sb
biing 2s. Vay 4s = 22012 + (2012 + 1) + (2012 +2) + - -+ + (2012 + k)]
= 4024(k+ 1) + k(k+1). Nhu vay k(k + 1) chia hét cho 4 va tit day suy
ra k = 3(mod4) hodc k = 0(mod 4).
Xét truong hop (1): & = 3(mod 4). Dé dang suy ra: S6 phan tit thuoc tap
X phai 1 boi ctia 4. Hién nhién, 4 s6 tu nhien lién tiép n,n+1,n+2, n+3
luon théa man n+n+3 =n+1+n+2va {n,n+3}N{n+1,n+2} = 0.
Tap X thoa man tinh chat doi hoi.
Truong hop (2): k = 0(mod4). Trong truong hgp nay, sd phan tit cta
tap X phai la s6 1&. Gid st X dugc phan ra lam hai tap roi nhau A va
B va AN B = (. Ta c6 thé gia thiét Card(A) > Card(B). Dat k = 4m
v6i s6 tu nhien m. Khi d6 Card(A) > 2m + 1,Card(B) < 2m. Ta c6
§ > 2012+ (2012+ 1)+ -+ (2012 +2m) va s < (20124 2m+1)+- -+
(2012+4m). Nhu vay, ta ¢6 duge 20124 (20124 1) +- - -+ (2012+2m) <
s < (201242m+1)+---+ (2012 +4m) hay 2012 < 2m.2m hay m > 23
va k =4m > 23.4 = 92.
Khi k = 92 : Ta xét A; = {2012,2012+1,...,2012+ 46} v6i tong cac s6
a1 = 20124 (2012 + 1) + - -+ (2012 + 46); va By = {(2012 +47) + - - +
(2012+92) véi tong cic s6 by = (2012+47)+- - -+(2012+92). Ta c6 ngay
by — a; = 46.46 — 2012 = 104. Thé s6 2012 + 52 trong By bdi s6 2012 va
thé 56 2012 clia A, bdi 56 2012+52. Khi do A = A;\ {2012} U{2012+52}
va B = By \ {2012 + 52} U {2012} thoa man d8 bai.
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Khi k = 0(mod4) va k > 92. Ta viét X = {2012,2012 + 1,...,2012 +
92} U {2012 + 93,...,2012 + 4m}. Phan tap X; = {2012,2012 +
1,...,2012 + 92} thanh hai tdp A va B nhu trén; phan tap X, =
{2012+93,...,2012+4m} v6i s6 phan tit chdn dé dang phan ra lam hai
tap C v D théamin CND = () va C U D = X, véi tong cac sd trong
tap C va D bang nhau. Vay Ag = AUC, By = BU D théa man dau bai
Tom lai, hoac k = 3(mod4) hosic k = 0(mod 4) véi k > 92.
1.1.2. Nguyén ly quy nap

Hai nguyén 1y du6i day thuong dudc goi 1a nguyén 1y thd nhat va
nguyén ly tht hai ciia quy nap toan hoc.

Meénh dé 1.3. [Nguyén ly thi nhat] Néu ménh dé P(n), phu thuoc
vao so tu nhién n, théa man:

(i) P(a) ding vdi mot o € N
(ii)) P(n+ 1) dung khi P(n) ding, d do n > a,n € N
thy P(n) diing vdi moi sé6 tu nhién n > «.

Ménh dé 1.4. [Nguyén ly thit hai] Néu ménh dé P(n), phu thuoc
vao so tu nhién n, théa man:

(i) P(a) ding voi mot a € N
(ii) P(n+1) ding khi P(«), P(a+1), ..., P(n) ding, d don > a,n € N
thy P(n) diing vdi moi s6 tuy nhién n > «.

Bay giv ta sé van dung hai nguyén 1y nay dé xét mot sé bai toan so
Ccap.

Vi du 1.3. Vi s6 nguyén n > 2 va P, = n!, hdy ching minh 2P, > 2.

Bai giai: V6i n = 2 ¢6 2P, = 4 = 2% Nhu vay két luan ding cho
n = 2. Gia st két luan dang cho n > 2. Khi d6 2P, > 2". Xét tich
2P,.1 = (n+1).2P, > (n+ 1)2" > 2.2" = 2" T d6 suy ra 2P, >
M > 2.
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Vi du 1.4. Chitng minh rang vdi so nguyén n > 6 ta luon cé n! > 3.

Bai giai: Béi vi 7! = 5040 > 2189 = 37 nén két luan ding vé6in = 7.
Gia st két luan da dung véi n. Khi d6 ta c6 n! > 3" V6in + 1 co
(n+ D! =nl(n+1) > 3"(n + 1) theo gia thiét quy nap. Vin+1 > 3
nén (n+ 1)! > 3" va nhu thé n! > 3" ding v6i moi s6 nguyén n > 6.

Vi du 1.5. Ching minh ring vdi s6 nguyén n > 0 ta luon cé bat dang
1 1 1
thic /n<1l+—=+—4+---4+—= < 2y/n.

V2 V3 v
1 1 1 1 1
Bai gidi: Boi vi 1+ — + --- 4 =
V7 nén ta nhan dugc bat dang thic 1 + — + - > /n. Hién
RN i

nhién 1 < 2 nén bat dang thic ding véi n = 1. Gid st bat dang thiic
1 1 1
ding v6i n. Khi d6ta c6 1 + — + —= + -+ + —= < 2y/n. Lai ¢6

1 1 1 1\/5 v3 1\/5
b4y + < 24/n + ——= va nhu thé
V2 V3 Vo Vn+1 vn Vn+1

N 1 N 1 N N 1 N 1 2\/ (n+1)+1 2n—|—1—l—1
V2 V3 vn \/n—|—1 vn+1 vn+1
1 1 .
hayl—l——-l— + < 2y/n + 1. Tom lai, ket luan

f\f VTR

dting v6i moi s6 nguyén n > 0.

Vi du 1.6. Day (a,) dugc cho nhu sau: ag = 1,a1 = 3,a2 = 6,a3 =
10,a4 = 15,a5 = 21,.... Xdc dinh a, theo n va chiéng minh bat dding

thic
| 1 1 N 11
P (-0 -2yt
3 6 10 o) <3%h

Bai giai: Tt a1 =3=ay+2, a0 =6=a1+3,a3=10=as + 4, a4 =

15 =as+5,a5 = 21 = as+6 suy ra a, = a,_1+n-+1 va diéu ndy dé dang

1 2
c6 dudce qua quy nap. Vay a, = 14+24+3+---+n+n+1 = (n+1)(n+2)

ool a1 (kD2 —2 mk+@2
Ve T T T T ke D)(k+2)  (krD(k+2)

Nhu
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1 1 1 P
vay 1 — — = (1 — —) (1 + T) va ta c6 duge cac phép bien doi

T:(l-%)(l%)(l—%)(%) (-77) 1+ )
= 50-5)(-)(-5)--0- n+1z)(+ ),
- 55 ) ) (i) ()

2.3.42.52...(71 —1)’n?(n + 1)(n+2)(n—|—3) n+3

2324252 . (n—1)2n%(n+1)2(n+2)  3(n+1)
- n+3 1 1
3n 3 n
1 2 L e 1 1
Témlaian:(n+ )(n+2)

5 va nhan dugc bat dang thic T' < 3 + —.
n

Vi du 1.7. Chiing minh rang vdi so nguyén n > 0 ta cé dong nhat thic
124222+ +n2" = (n—1)2"" + 2,

Bai giai: V6in = 1tac6 1.2 = 2 = (1—1)2'"1 +2 va nhu vay két luan

ding. Gia sit két luan ding véi n. Khi d6 1.2 +2.22 4+ -+ +n2" = (n —

1)2"1 42, V6i n+1 ta c6 két qua sau: 1.2+2.22 4 - -+n2"+(n+1)2""! =

(n—1)2""1 42+ (n+1)2"" = n2"*24+2 va nhu thé két luan cling dung v6i
n+1. Tém lai, ta c6 dong nhat thic 1.242.22+- - -4+n2" = (n—1)2""1 42,

Vi du 1.8. Chiing minh rang vdi so nguyén n > 0 ta cé dong nhat thic

1,2 +7@_1[3 2n—i—3}
3 32 3n 4 3n
1 1 2.1+3 )
Bai giai: V6in =1 ta co 3= 1{3— 3+ } Gia su ket luan dang
1 2 1 2 3
véin > 1 Khi d6 S+ + - +§—n:ﬂ3— nt ].V6in+1ta
S kbt o L +n+n—|—1 1{3 2n—|—3] n—+1
c6 ke a sau: — + — — — ~|3— _
qu u 32 3n 3n+l 4 3n 3n+l

1 2 1)+3

1 [3 — (n ;Hi * } va nhu thé két luan ciing ding véi n + 1. Téom lai,
. ) 1 2 n 1 2n+3

ta c6 ddng nhét thitc = =23 |

a co dong nha 03—1—32—1— —|—3n 1 30
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Vi du 1.9. Véi day s6 thuc ag = 1,a1,...,0n,0ps1 =1+ 1,0 =1, ¢6

n la; — a;i1] 2n

> .
:Ox/a?-l—lw/a%ﬂ—l—l 3(n +2)

Bai giai: Vdéi ba s6 a,b,c ta dat @ = tanz,b = tany, c = tan z. Khi

6 bat dan c >
e IVR A1 VPVl VRt a1
tuong duong | sin(z — y)| + | sin(y — z)| = | sin(z — 2)|. Tt |sin(u+v)| =

|sinwucosv + sinvcosu| < |sinu| + |sinv| ta suy ra bat dang thiic sau:

|sin(x — 2)| = |sin(z —y+y — 2)| < |sin(x —y)| + | sin(y — 2)|. St dung
a1 — as| |az — as| a1 — a3

\/a1—|—1\/a2—|—1 \/a2—|—1\/a3—|—1/ \/a1+1\/a3—|—1'

az+1 ’ an—H
0 ai+1 \/ z—|—1+1 vao+1\/an+1+1
n

>
V2n2 +4dn + 14 ﬁ(nm) 3(n+2)
Vi du 1.10. Vdi nhitng con tem 5 zu va 6 zu ta cé thé tao duge nhing
loai buu phi nao?

két qua nay:

Quy nap theo n du’cjc

Bai giai: Ta ¢6 ngay nhiing loai buu phi 5, 6, 10 = 2.5, 11 =5+ 6,
12 =26, 15 = 3.5, 16 = 25+ 6, 17 = 2.6 + 5, 18 = 3.6, 20 = 4.5,
21 =3.5+6,22=25+2.6, 23 =3.6+5, 24 = 4.6 dugc gian bang hai
loai tem trén. Bay gio ta chi ra, moi buu phi > 24 xu ciing duge gian
bing hai loai tem trén. Gia st n > 24 dugc biéu dién bing n = k.5+ h.6.
Néuk >1thin+1=(k—1).5+(h+1).6; Néu k=0 thi h > 4. Khi
d6n+1=55+(h—4).6. Do vay n+1 = 5.5+ r.6 va tit d6 suy ra diéu
can chiing minh.

1.2. Hoan vi, chinh hgp va té hop

1.2.1. Quy tac dém

Trudc tién ta gidi thieu hai quy tdc dém co ban sau day thuong dugc
st dung:

(i) [Quy tac cong] Gia sit ¢6 s cong viéc. Viéc thit nhat c6 the lam
ny cach, viec thit hai c¢6 thé lam ng céch,..., viéc thit s ¢6 thé lam n,
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cach va khong c6 hai cong viec nao cé thé lam dong thoi. Nhu vay cé
ni + no + - - - + ng cach lam s cong viéc do.

(i) [Quy tdc nhan] Gid sit mot viec duge chia ra lam s cong doan.
Cong doan thit nhat co thé lam n; cach, cong doan thit hai ¢6 thé lam
ny cach,..., cong doan thit s c¢6 thé lam n, cach va cong viec hoan thanh
khi cac cong doan déu da xong. Nhu vay c6 nq.ns. - -+ .ng cach lam cong
viéc do.

Quy tac cong va quy tic nhan thudng duge phéat biéu bing ngén ngit
tap hop:

Meénh dé 1.5. Gid st Ay, Ao, ..., A, la nhitng tap hitu han phan ti o

nhau. Khi dé luc luong cia tap hop (U Ak) = card (Ag).
k=1 k=1

Meénh dé 1.6. Gid st Ay, As, ..., A, la nhitng tap hitu han phan ti roi
nhau. Khi doé

Luc lugng ciia tich Décdc card (Ap X Ay X ... X Ay) =
k

card (Ag).
—1

1.2.2. Hoan vi va chinh hop

Dinh nghia 1.6. Mbi cach sap xép c6 thi tir ctia tap 7' gom n phan tit
khac nhau dugc goi 13 mot hodn vi ctia tap n phan tit d6. Mai cach xap
xép c6 thit tuy k phan ti ctia tap T gom n phan tit khiac nhau dude goi
14 mot chinh hop chap k clia tap n phan tu.

Ky hiéu s6 hoan vi clia tap n phan ti khéc nhau 1& P, va ky hiéu s6
chinh hgp chap k ctia tap gom n phan ti khac nhau 13 A*. Két qua sau
day 1a hién nhien.

Meénh dé 1.7. So cic hodn vi P, va s6 cic chinh hop Aﬁ cua mot tap

n! ,
- Qui wdc 0! = 1.

(n—F)

Vidu 1.11. Véi s6 nguyén n > 2 ta luon c6 P, = (n— 1)(Pn,1+Pn,2).

gom n phan tit khdac nhau la P, = n! va A¥ =

Bai giai: Béi vi (n — 1)(Pn_1 + Pn_g) =n—-1)P,1+ (n—1)P,
nén (TL — 1)(Pn_1 + Pn_g) = Tan_l — Pn—l + Pn—l = Pn

Vi du 1.12. Véi s6 nguyén duong n va P, = n! hdy chiing minh rang
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(i) Sy, =1PL+2P,+3Ps+---+nP, =P, — 1.

1 2 3 n—1 1
i) T) = — + — 4+ = 4 ... — 1
(ii) 22 + 2) + Iz + -4 ) P

Bai giai: (i) B6i vi Pyy1 = (k+1)k! = kP, + P, nén kP, = Py — Py.
Tu day suy ra S, = > kP, = > (Pk+1 — Pk) =P, — 1
k=1

k=1
k—1 1 1 n 1 1 1
i) Béi vi _ _ — penT, = ( ——):1— .
(i) % P, P /;1 P.1 P Poi1

Vi du 1.13. Mot I6p c6 100 sinh vien gom 50 nam va 50 ni. Gid si
100 em xép thanh mot hang thdng. Tinh s6 cdch xdp xép dé cé it nhat
hai em cung gidi diing canh nhau.

Bai giai: Danh s6 vi tri ding tir 1 dén 100. Xép 100 em vao 100 chd
chinh 1a mot hoan vi 100 phan tit. Tat cd c6 100! cach x&p xép.

Tinh s6 cach xdp xép dé khong c6 hai ngudi ciing giéi ding canh
nhau: Lan dau dé cac em nit ding & vi tif s6 18, cac em nam ding & vi
tri s6 chdn. C6 50!150! cach xap xép; Lan sau dé cac em nit ding & vi tri
s6 chén, cdc em nam ding & vi tri s6 1é. C6 50!50! cach xép. Vay sb cach
xép can tinh 100! — 2.50!.50!.

Vi du 1.14. Véi s6 nguyén n > 2 va P, = n!, hdy ching minh P2 > n™.

Bai giai: Béi vi P? = [1n][2(n — 1)][3(n — 2)]...[(n — 1)2][n1] va
dé dang nhan duge k(n —k+1) > n v6i 2 < k < n—1 nén ta co

( In>n
2(n—1)>n
3(n—2)>n
(n—12>n
L nl>n
Nhan tat ca cac bat dang thic trén duge P? > n".
Vidu 1.15. Vi so onn > 1 ta uon c6—+—+ 4+~ < 3
idu 1.15. Vdi so nguyénn > 1 ta luon ¢c6 —+—+—++--+— < 3.
| ” B'R RTR
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Béigiéi:ViT:%O—I—P%-I—%Q-I—-”-I—%n:é-l-%-l—%—l—-“-l-%
nén

T < 1_}_1+L+L_}_...+—

S 1010120 23 n(n —1)

— 1+1+(1—1)+(1—1)+---+( ! —1):3—1<3.

2 2 3 n—1 n n
Tﬁdaysuyrai+i+i+--~—l—i<3.
P P P Py,

Vi du 1.16. Gid st cdc s6 ai,as,...,a,... dudc dinh nghia nhu sau

day: a1 = 0,a2 = 1 va a,1 = (n+ Da, + (=1)"" vdi moi s6 nguyén

1 1
n > 1. Ching minh a, = PTL(FO— E+FQ —---—l—(—l)"Fn) vdin > 1.
N e e 2 e A ~ - Z, 2. 1 1 .9
Bai giai: Két luan dung véin =1dobdia; =0= P, (— — —) Gia
Lo
stt két luan dang véi n, c6 nghia: a,, = P, (FO—E—FFQ—- : -—|—(—1)"Fn).

Ta chi ra két luan ciing dang véi n + 1. That vay, ta co6

anp1 = (n+ 1L)a, + (=1)""

1 1 1 1
— 1Pn(——— S —1”—) )
0P 4~ (D) + (D
1 1 1 1
L N S L B
g "Bt R + (1) ) + (1)
1 1 1 1 1
= Pn (——— - — Sy L — 1n+1 )
\p P PR (=D n+( ) P
1 1 1 1
Do dé n=Pn<——— —_ = —1”—) 6in > 1.
o dob a 2 P1+P2 + ( )Pn véi n

Vidu 1.17. 06 bao nhiéu cach chon 11 cau thi nam khdc nhau cho doi
bong cua ldp trong mot [0p chuyén co 25 em hoc sinh nam va 6 hoc sinh
nu.

Bai gidi: Mdi cach chon c6 thit tu 11 cau thi cho doi bong 1 mot
chinh hgp chap 11 ctia 25 em nam. Do vay s6 cich chon ding bing ALl
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Vi du 1.18. C6 30 em tham gia cudc thi tiéng hdt hoc tro. Nguoi nhat
sé nhan dugc huy chuong vang, nguoi nhi sé nhan dugc huy chuong bac
va nguoi ba sé nhan dude huy chuong dong. C6 bao nhiéu cach trao ba
huy chuong néu tat cd cic két cuc cia cudc thi déu cé thé zdy ra.

Bai giai: S6 cach trao huy chuong chinh 13 s6 chinh hgp chap 3 cta
mot tap gom 30 phan ti. Do vay s6 cach trao huy chuong ding bang
A%O-

Vi du 1.19. Hay tinh tong T,, = A3+ A3 + A3+ - + A2 vdi s6 nguyén
n > 2.

Bai giai: Tu T, = A3+ A3+ A3+ -+ A2 =12+4234---+(n—1)n

suyraT, =12+4+224+3% 4+ +(n—12?+(1+2+---+n—1) hay
(n—1)n(2n —1) N (n—=1n (n—1)n(n+1)

T, = _
6 2 3
1 1 1 1
, o mmt gttt e
Vidu 1.20. Hay tinh hai tong i P N 1"
Sn:A—g—FA—i—FA—g‘F"'—FA—%,n}g.
1 1 1 1 1 1
Baigidi: ViT, = — 4+ — 4+ b —— =] — 4 = — = 4...
al giai: Vi 1'2+2-3+ +(n—1)n 2+2 3+ +
1 1 1
——mnénsuyral,=1——.
nolomy 101 1
Do bdi :—[ — }nén c6 the viét
k(k+1)(k+2) 2Lk(k+1) (K+1)(k+2)
25, = gy
A A Al A3
S - -
123 234 (n—2)(n—1)n
S R !
1.2 23 (n—2)(n—1)
1 1 1
23 34 (n—1)n
1 1 1 1
Vay 25, =—-— ——hay S, = - — ———.
w n—1n ¥ 4 2(n—1)n
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Vi du 1.21. Vi s6 nguyén n > 2, hdy ching minh bat ding thic dudi
day:

(A1) + (42 4+ ()] [(R) 4 (B) 4+ (Pi)?] = n2E2
Bai giai: Do [(A;)Q P (][R ()t
2
(Pn—1)2} > [A%an + A2P, o+ -+ AZPO]
Theo bat dang thiic Bunhiakdpxki va A*P, , = P, = A" nén
> (47 (Pe)’® = n2P2

Vi du 1.22. Vdi s6 nguyén n > 2, hdy ching minh bat diang thic:
AL+ A2+t A [Pt P+ P | 2024

Bai gidi: Ta c6 bt déing thiic [A;+A%+- : -+Ag] [P0+P1+- - -+Pn_1]

n n
> n&l/]_[ Ak ol TT Pro1 = n?P, theo bat dang thiic Cauchy. Dau =
f=1 f=1

khong xay ra. Vay [A,l] + A2t AZ] [Po +P 4+ Pn_l} > n?An.

Vi du 1.23. Véi s6 nguyén lé n > 1 va phép hodn vi p clia tap cdc so
2
3 n°—1
{1,2,....n}, dat T = [p(1) = 1/ +|p(2) = 2[ + -+ [p(n) = n| = ——.
Hay xdc dinh gid tri lon nhat cia T.

Bai giai: Vi {p(1),p(2),...,p(n)} = {1,2,...,n} nén véi viéc chon
dau + hay — mot cach thich hop ta c¢6 |p(1) — 1| + [p(2) — 2| + -+ +

lp(n) —n|=+1+£1£2+2+---Endn Tong T = [p(1) — 1|+ |p(2) —
2

1 PN
2|+ -+ |p(n) —n| = dat gia tri 16n nhat bang (n—1)+(n—2)+

+(n+1 n—1)+’n—1 n+1|+|n—3 n+3\+ +|1 |
2 2 2 2 2 "

_ 2 _
2(n+---+n+3)—2(1+2+---+nTl).Dovami:n : L

1.2.3. T6 hgp
Dinh nghia 1.7. Madi tap con gom & phan tit cia mot tap gom n phan
tit khac nhau duge goi 1a mot to hop chap k cia tap n phan ti dé.
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Ky hiéu s6 t6 hop chap k clia tap gom n phan tit khac nhau la CF.
hodc (7). Két qua sau day la hién nhien.

Meénh dé 1.8. S6 cdc to hop chap k ciia mot tap gom n phan t khdc

k n!
nhau la C) =

kl(n— k)
Dé& dang kiém tra C° = C" =1, CF = ¢n=F k- ¢kt = il

Vidu 1.24. C6 120 do vat xép vao 3 thung mot cach tuy 4 sao cho moi
thung c6 40 do vat. Hoi ¢6 bao nhiéu cdch xdp zép.

Bai giai: Co C 199 cach 1ay 40 vat tit 120 vat dé xép vao thung thit
nhat, c6 C§0 cach lay 40 vat tut 80 vat con lai dé xép vao thiing thtt hai
va c6 Cj) cach lay 40 vat tit 40 vat dé xép vao thing tht ba. Nhu vay,

120! 80! 120!
40 ~40 _
s6 céich xép x6p 1a S = Ciy Cy Clig = 401801401400 401401401

Vi du 1.25. Tinh tong S, = 1.2.3+2.3.4+3.4.5+- -+ (n—2)(n—1)n.

Bai giai: Bicu dién S, :6[1+Ci+03+ +C3] St dung quan hé
C34+Ch=Cptacd S, =6[1+Ci+Ci+..+C}] =6C,,,.

Vi du 1.26. Chitng minh rang, vdi hai so tu nhién n, k théa man 0 <
k < n luon c6 bat dang thic Cy, ;.. Ch,_, < ( g‘n)Q

Bai giai: V6i k = 0, bat dang thic trén hién nhién ding.
Véi k> 0 tasé chira Cy, . .Ch _, <C3 ., ,.Ch .. Bat dang thic
(2n+k)! (2n —k)! o 2n+k—-1) 2n—Fk+1)!
nl(n+k)!'nl(n—k)! = nl(n+k—1D!"nl(n—k+1)!

nay tuong duong

1 N
hay o < S — dang. Vay Cs,,,, . 2(32n p < Chpg1-Chpyq VA
ti day suy ra Cj, ;. C5,_; < -+ < ( gn) '

Vi du 1.27. Vdi s6 nguyenn > 2 ¢6 T, = 1CL +2C* +... + nC! =
n2n1.

Bai giai: Véin = 2tacé Ty = 1C3+2C5 = 242 = 4 = 2.2L,
Vay cong thitc ding cho n = 2. Gia sit cong thic ding cho n, cé nghia:
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T, = n2" 1. Ta phai chiing minh cong thic ding véi n + 1. That vay, ta
cO

Thi1 = 10 +2C2 + - +nCl +(n+1)Cr
= T, +1CY42C +---+nCll H(n+1)
= T, +T, +CO+Cl ... Cr g Cn
= 2T, + 2" =n2" 4+ 2" = (n + 1)2".

T day suy ra T,,11 = (n + 1)2" va cong thic dung véi n + 1.

Vi du 1.28. Gza sttn > 1 la so nguyén lé. Ching minh rang day so
C1 C2 .., Cp o chita mot so 1é cac so nguyén.

Bai giai: Tong cac s6 trong day da cho la
n—1 1
T=C+Ci4---4+C7 = §[C9L+C}L+---+CQ‘1+CZ—Q]

=271 — 1. Vi T la s 1é nén s6 cac s6 16 trong day da cho 1a mot s6 16.

Vi du 1.29. Cho day Fibonacci ag = 1,a1 =1 va apyo = api1 + a, voi

moi s6 nguyén n > 0. Khi dé, vdi moi s6 nguyén du’dng n ta co as, =

C nt C2n 1+ CQn o+ + G vd agp = an—l—l + C%n 4+ Chir -
Bai giai: Két luan dudc ching minh bang phuong phap quy

nap. Kiém tra truc tiép a9 = 1 = Cy) va a; = 1 = Cyl,. Két

luan dung. Gid st két luan ding cho as, VA ag,+1, c6 nghia: as, =

Co,+Cy 1 +Ch ot + Cl VA agyyr = CY, 1 +C, +C5 4+ +

ni1- Tu S = asmio = agy + agny1 o

S = Cot+Copt- -+ Co4Coppr + Cén -+
= [C5,+Cy )+ [C%n 1 Gl + - [Cnﬂ +Chal + Coppn +C;
= C%nﬂ + an -+ 0t C a1+ Gy
- C%n—&—l + an 4+ Gt C2n+2 + CZ:[% :

Do vay agpi2 = Cpiq+C3, 4+ + Chy+C5, .o+ ClHl . Hoan toan

tuong tu, néu két luan ding cho as,_1 va ag, thi ta cling ching minh
ducc két luan dung cho ag,+1. Tom lai, ta c6 diéu phai chitng minh.
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1.2.4. Coéng thic khai trién nhi thitc Newton
Ménh dé 1.9. [Newton] Cong thic khai trién liy thia (x +y)" nhu

sau: (x+y)" = zn: (M) y™ .

r=0

Chitng minh: Ta chiing minh két qua bang phuong phap quy nap
theo n. V6i n = 0, 1 cong thiic hién nhién ding. Gia sit cong thic ding
v6i n. Ta chi ra né dang v6i n + 1. That vay, theo gia thiét quy nap ta
c6 bién doi:

(z+y)" = (e+y)"(x+y) = [ZC ' ”} (z+y)

_ ZCT r+1nr+ZCr an—i—l

_ C(T)Lyn—&-l [CO+C1}xy +{CI+C2} 2 n-1
n+1

+ ---+{CZ‘1+CZ}x”y+sz"“ ch+1x7“y”+1 r

n+1
Ta suy ra (z +y)" ™! = Z Cl ., z"y"t". Vay ta suy ra cong thiic ding
v6i n + 1. Tém lai, Cong thu?c ding v6i moi s6 nguyén khong am n.
Tiép theo, van dung cong thiic trén dé giai mot vai bai toan vé t6 hop

sau.:

Vi du 1.30. Vdi s6 nguyén n,k,r > 0 var < n+k ta luon cé dong
nhat thic C) ., = >, C,Cl.

i+j=r
0<i<n,0< <k

Bai giai: Tt dong nhat thic (1 + 2)"™* = (1 + 2)"(1 + 2)* suy ra

quan hé Z Cripx” Z C, x' Z Clal =355 C, Cla'. So sanh he
' ' i=0 j=0
s6 clia 2" & hal vé ta nhan du’dc Cn+k >, C,Cy.
1+j=r
0<i<n,0<j <k

Vi du 1.31. Véi s6 nguyén n > 1, hay ching minh bat ding thic:

o1 > ony/CICZ .
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Bai giai: Do bdi (1 + z)” Z C) 2" nén 5" = Z C,, 4" khi cho
=0 r=0
v = 4. Tiép tuc bién doi 5" — 1 = Cl44+C242 ... 4 CH4" >

. n(n+1) —_—
n\[C.C2..C"4 2 va nhu vay > 2n/CLCE .. C.
n

Vi du 1.32. Hay zdc dinh hé s6 ldn nhat trong da thiic cia x khi khai
triéen lay thia (2 + 5x)n.

n
Bai giai: Do béi (2 + 5x)n = 3 CFok5n=kgn=F nen ta xét bat ding
k=0
) ) 2n —
thitc CFH ok+lgn=h=1 ~ CF 9k5n—k néy va chi néu k < n
2n —5

. Tuong tu,
2n — 5

<6t CZ-FI 2h+15n—h—1 < CZ 2h5n—h 6 h > . Dét — |: } Tt
hai nhan xét suy ra he s6 16n nhat bing max{C’ 2r5"—" It 2r+lgn—r=11,

2011
= Y apa®. Héy zdc dinh
k=0

Vi du 1.33. Gid sit khai trién (3 + 7z)™"

max{ao, ai, ... ,CL2011}.
Bai giai: Ta co a; = C L1 SFTPU=R X ét bat ddng thitc apyq > ay hay

v 60
Chal geHlqg20l-k=1 5 Ck 3k72011_k neu va chi neu k < ——. Tuong tu,

6026
co h > 0 Tt hai nhan xét suy ra

A WA 14 401y 602 26021409 (¥603 9603714087 _ (¥603 2603~1408
hé s0 16n nhat bang max{Csy7; 37777, Cogyp 3°°T 20 = Cogp 3°°7

ht1 Qh+172011—h—1 h oh~2011—h
Coop1 3" 7 < Cggpp 37

hay ag03 la I6n Dhét.
Vidu 1.34. Hay zdc dinh s6 hang lon nhat trong khai trién (\/5—1— \/5) 2

Bai gii: Do bai (v5 +v2)” = 210(1 + \/g)zo = 910 Z ct, (Z)’“

/ / 2 k 2
nén ta xét CkJrl kH C néu va chi néu ((k(:)—)) R

102 + v/4410

hay ta c6 3k? — 2.102k + 1998 > 0. Vay, hoac k > 3 > 20 :
102 — /4410

102 — v/ 4410}

bi loai hodc k < 5 . Tu day suy ra khi k = [ 3

5
thi CkﬁL1 (2)k+1 1a 16n nhat.
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2n
Vi du 1.35. Gid st khai trién (1 + 37+ 7x2)n = X" apz®. Hay zdc dinh
k=0

(Z) T = %3 ag.
o
(ii) S = ;O(—nkak:sk.

2n
Bai giai:(i) Tt (1+32+722)" = Y apa” suyra T = (14+3+7)" = 11"
k=0

2n 2n
(il) Tt (L4 3z +72%)" = > agz? c6 S = Y (1) *aq3" = (1 — 3.3+
k=0 k=0
7.3%)" hay S = 55"

1.3. Hoan vi, chinh hgp va té hop suy rong

Trong nhiéu bai toan dém, cac phan ti c¢6 thé duge st dung lip lai
nhiéu lan hodc cdc phan ti gidng nhau trong mot tap cung dugc si
dung. Vi du, cic chit s6 va cic chit cai dugde st dung nhiéu lan trong mot
bién s6 xe may hodc trong mot tit. Do vay, trong muc nay ta trinh bay
phuong phap xay dung bai toan to hgp c6 lip dé giai mot 16p rat rong
cac bai toan dém.

1.3.1. Chinh hgp c6 lap
Dinh nghia 1.8. Mai cach xap xép c6 thit tu k& phan ti ma cac phan

tit 6 the lip lai ctia tap T gom n phan tit dude goi la mot chinh hop lip
chdap k clia n phan tit.

Ky hiéu s6 cac chinh hgp lap chap &k ctia tap n phan tu 1a Xﬁ. Két
qua sau day la hién nhieén.
Meénh dé 1.10. Sé cac chinh hop lip chap k ctia mot tap gom n phan

B
tit1a A, = n”.

1.3.2. T6 hdp cé lap

Pinh nghia 1.9. Mbi cach lay k phan ti ma céc phan tit c6 thé lip lai
ctia mot tap n phan ti dude goi 1a mot to hop ldp chdp k clia n phan tit
dé.
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K¥ hieu s6 tat cd cac t6 hop lip chap k clia mot tap gom n phan ti
1a Ci. Ta c6 két qua sau day:
Bé dé 1.1. S6 nghiém nguyén khong am ctia phuong trinh z1+- - -+, =

.

n bang (

Chitng minh: Ky hiéu s6 nghiém nguyén khong am ctia phuong
trinh 13 Ng(n). Ta ¢6 Ni(n) = 1. Tinh Ny(n), tic 1a tinh s6 nghiem
nguyén khong am ctia phuong trinh x; + x9 = n. Phuong trinh nay ¢6
cac nghiém (0,n), (1,n—1),...,(n,0) nén Ny(n) =n+1 = (n‘fl) Dé tinh
N3(n) ta xét phuong trinh x; + x9 + 23 = n. Cho x3 =0,1,2,...,n, ta c6
N3(n) = No(n)+No(n—1)+-- -+ No(2)+ No(1)+ N2 (0) = (n+1)+---+1,

k—1 .
Vay Ni3(n) = (”;2) Ta ching minh Ni(n) = (n ;:_1 ) bang quy

nap. Hién nhién Np(n) = Ny_1(n) + Np_1(n — 1) + Nj_1(n —2) + -+ +
k—2 k—3 k—2

k—2 k—2 k—2
n+k—1
k—1 '

Hé qua 1.1. S6 nghiém nguyén khong am cia hé bat phuong trinh dudi

ding bing (”_0‘1_','6'__10‘“’“_1);

{ 1+ ...+xpr=n
T1 2 O, ey Tfp 2 O

Chting minh: Dat x; = y; + a; v6i ¢ = 1,2,...,k. Khi dé6 ta
phéi x4c dinh s6 nghiém nguyén khong am ciia hé bat phuong trinh
{y1+"'+yk—n041"'04k

Y1 20,,yk>o
Theo Bo dé 1.1, sb6 nghiém can xac dinh dang bang

n—og—-—aoa,+k—1
k—1 '

Vi du 1.36. Xdc dinh so nghiem nguyén khong am cia hé bat phuong
. 1+ 2o+ 23+ 24 + 25 = 2011
trinh:
o) > 37:U4 > 6,375 2 7.
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Bai giai: Moi nghiém cua phuong trinh xq + z9 + 23+ x4+ x5 = 2011
théa man diéu kién nguyén khong am va xy > 3,24 > 6,25 > 7 sé Ung
v6i cach chon 2011 phan tit tit tap 5 loai, trong d6 loai 2 ¢6 it nhat 3
phan t1, loai 4 ¢6 it nhat 6 phan tit va loai 5 c6 it nhat 7 phan ti. Nhu
thé, truée tien chon 3 phan ti loai 2, 6 phan tit loai 4 va 7 phan ti loai
5, sau d6 chon them 2011 — 16 = 1995 phan ti nita. Vay s6 nghiém ctia
b 1 Clgosy5-1 = Clags -

Meénh dé 1.11. S6 tat cd cdc to hop lap chdp k cia mot tap gom n phan
tilaCh=Ch .

Ching minh: S dung vach ngin hinh thic: Méi to hop lap
chap k clia mot tap n phan tit c¢6 thé biéu dién bing mot day n — 1
thanh ding | v k ngoi sao *. Ding n — 1 thanh diing dé phan cach céc
ngan |...|...|.... Ngan tht i chita bao nhiéu ngoi sao thi c¢6 bay nhiéu
lan xuat hién phan tit thi i trong t6 hop lip.Ta xét hai vi du sau:
Vidu 1: T6 hop lip chap 8 tit mot tap 5 phan tit duge biéu dién bang 4
thanh ding va 8 ngoi sao

biéu thi to hop lip chita ding 3 phan tit thi nhat, 1 phan ti tht 2, 1
phan ti tht 3, 2 phan t¢ thi tu v 1 phan ti thi nam.

Vi du 2: T6 hop lip chap 6 tit mot tap 4 phan ti dude bicu dién bang 3
thanh dung va 6 ngdi sao

biéu thi to hop liap chita ding 3 phan tit thi nhat, 1 phan ti tht 2, 2
phan ti thit 3, v& khong c¢6 phan tit thd tu nao.

Mbi day n — 1 thanh ditng | va k ngdi sao * ng v6i mot to6 hop lap
chap k ctia tap n phan tit. Coi n — 1 thanh ding va & ngoi sao nhu 1a
céc phan tit ctia tap T gom n — 1+ k phan ti. S6 d6 ding bang CF_, ., .
Do vay C,]z = C{;rn_l.

St dung phuong trinh nghiém nguyén: Gii st 1ay x; lan phan
tt a; cia tap A = {aq,as,...,a,}. Khi d6 x; 1a s6 nguyeén khong am.
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MB&i t6 hgp lap chap k clia tap A tuong ng mot-mot véi mot nghiém
nguyén khong am ctia phuong trinh x; + xo + -+ + 2, = k. S6 nghiém
nguyén khong am cta phuong trinh nay la CZ 4n_1 theo B6 de 1.1.

Vidu 1.37. Mot cia hang banh co 10 logi banh khac nhau. Ngay Trung
thu co gidgo di mua 30 chiéc banh cho hoc sinh. Cé bao nhiéu cdch chon
30 chiéc banh do.

Bai giai: S6 cach chon 30 chiéc banh dé ding bing s6 to hop lip
chap 30 ctia 10 phan tit. Do vay, cach chon 30 chiéc banh bing Ciy .

1.3.3. Hoan vi ctia tap hdp c6 cac phan ti¢ giéng nhau.
Meénh dé 1.12. 56 cdc hodn vi lip cia n phan ti, trong dé cé ny phan

t nhu nhau thuoc logi 1, no phan t& nhu nhau thuoc logi 2,..., ng phan
n!

i nhu nhau thuoc logi s, sé ding bing :
nilne!. .. ngl

Chitng minh: Ky hiéu cac phan ti 1a aq, as, . . ., a,, trong dé a; xuat
hién n; 1an, as xuat hién ny 1an,..., a, xuat hién n, lan. n; phan tit bang
nhau a; duge ky hi¢u qua aqy, . .., a1,,; no phan tit bang nhau ay duge
ky hi¢u qua asy, . . ., agp,; - - - ; M phan ti bang nhau as duge ky hiéu qua
sy -+ Asp,. VO N =n1+ng+ - +n, phan tt a;; ta c¢6 n! hoan vi. Khi
c6 dinh céc az, ..., ap,,1 # 1, con ny phan it bang nhau a1y, . .., ai,,
hoan vi vé6i nhau ta ciing chi duge mot hoan vi. Trong truong hgp nay,
thuc té moéi phan tit da dude tinh n;! lan. Tuong ti, xét cac trudng hop
khac. Vi cac truong hgp doc 1ap v6i nhau nén theo quy tac nhan ta thay

moi hoan vi thuc té da dude tinh ny!...n,! lan. Vay s6 hoan vi can tinh
|
n!

bang .
nilng! ... ng!

Vi du 1.38. C6 thé nhan bao nhiéu xau khdc nhau bing cdch xdp xép
lat cac chi cai cua tu success

Bai giai: Vi mot s6 chit cai ciia tit success 1a nhu nhau nén s6 xau
khac nhau khong phai 1& s6 hoan vi ctia 7 chit cai duge. Tt success chita

3 chit s, 1 chit u, 2 chit ¢ va 1 chit e. Dé xac dinh s6 xau khac nhau co
thé tao ra dudc, ta nhan thay, c6 C% cach chon 3 chd cho 3 chit s6 s. Ta
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con lai 4 chd trong. C6 C3 cach chon 2 chd cho 2 chit s6 c. Ta con lai

2 chd trong. C6 Cj cach chon 1 chd cho 1 chit 86 u va nhu thé con C;

chd cho 1 chit s6 e. Theo quy tic nhan, s6 cac xau khac nhau cé theé tao
|

thanh 1a 7= C2.C3.C;.C] = = 420.

31211111

Vi du 1.39. Mot thay gido cé 30 chiéc keo, gom 12 chiéc Socola, 8 chiéc
keo hoa qud, 4 chiéc keo cao su va 6 chiéc keo bac ha. Néu nguoi dé moi
ngay an mot chiéc thi cé bao nhiéu cdach an 30 chiéc keo nay.

Bai giai: S6 cach an 30 chiéc keo, gom 12 chiéc Socola, 8 chiéc keo
hoa qua, 4 chiéc keo cao su va 6 chiéc keo bac ha ding bang s6 hoan vi

ctia 30 chiéc keo, gom 12 chiéc Socola, 8 chiéc keo hoa qua, 4 chiéc keo
30!

cao su va 6 chiéc keo bac ha.Vay s cach an bang T = TSIl
1.3.4. S6 cach phan bd cac do vat vao trong hop

Ménh dé 1.13. Ky hiéu T la sé cich phan chia n do vat khdc nhau
vao trong k hop khdc nhau sao cho cé n; vat dat vao hop thi i vdi 1 =

n!
1,2,...,k. Khi do T =

Chiing minh: Ta c6 C'* cach chon ny vat tit n vat dat vao hop thi
nhat, tiép theo c6 C2 n, cach chon ng vat tit n —ny vat dat vao hop thu

hai,..., cudi cuing 1a C”’“ cach chon nj vat titm—mny —--- —ng_g

My — g
vat dat vao hop thu k. Vi cac truong hop chon & trén la doc lap vdéi

nhau nén theo quy tdc nhan ta thay T'= C Cr2, ...Ch*

n—my ° nN—mp—:—MNkg—-1 °
~ . ~ A 2 n n n
Nhu vay, ching ta nhan dugc ket qua T' = C* G2, ... Cpr, .
| — | — e — |
o s n! n—mny)! n—mng; — Np_1)!
Bien doi T = ' i '( ) '( o ):
' nl.(n—nl).ng.(n—'nl —ng)! n;!0!
. Tom lai T = )
nilne!. .. ny! nilna!. .. ny!

Vi du 1.40. Gid st m va k la nhing so nguyén duong va dat n = mk.
Ky hieuw T la s6 cdach phan chia n do vat khdc nhau xép vao k hop giong
n!

nhau sao cho moi hop chita ding m vat. Khi dé T = :
El(m!)¥
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Bai gidi: Ta coi k hop 1a khac nhau. Khi d6 s6 cach phan chia la

n! n! ) <. :
T = = . Do k hop giong nhau nén moi cach phan chia
mlm!...m!  (m!)F
Pe . N Pe P P . < n!
da xuat hién k! lan. Vay thuc té so cach phan chia la T = .
Kl(m!)k

Vi du 1.41. Gid st c6 s loai hop gom my chiéce logi thi nhat, me chiéc
logi thi hai,..., mg chiéc logi thi s, trong dé nhing chiéc cung logi giong
hét nhau. C6 n = ming + mang + - - - +mgng do vat wép hét vao cdc hop
sao cho moi hop thuoc logi thi i chida ding n; vat. Ky hieu T la so cach
phan chia n do vat khdc nhau xép vao s logi hop gom my +mao+---+my
chiée d6. Khi dg T — —(mamtmena b fmng )l

milme! . ..mgl(n)™ (ng!)m2 - -« (ngl)ms

Bai giai: Truéc tién ta chia n vat thanh s phan sao cho
phan tht i c¢6 m;n; vat. Khi d6 sd cach phan chia la S =

n! b . N £ N
. Dem phan thut i la m;n; vat xép vao m;
(ming)!(myng)! ... (mgny)!
~ P ~ . .z D ~ . N (mznz)'
hop giong hét nhau. Khi d6 so cach phan chia la T, = —————.

Do cadch phan chia 6 mdi phan 1a doc lap v6i nhau nén tat ca

sO cac cach phan chia khac nhau 1a T = ST\.T,...Ty, hay T =

[ ! !
n! (many)! (msme)' ) ke vigs gon lai

(min)!(mana)!. . (meng)lmal(ml)™ — my!(n )™
T — (mlnl + mong + -+ + msns)!
N m1!m2! .. 'ms!(nl!)ml (nz!)mz e (nS!)ms :

1.4. Xay dung bai toan to hop

C6 nhi¢u phuong phap giai mot bai toan to hgp. Trong muc nay ching
toi chi trinh bay mot vai phuong phap qua viéc van dung dao ham va
tich phan, hé phuong trinh tuyén tinh nhiéu an, céng thic chuyén doéi
ngugc va song anh.

1.4.1. Phuong phap dao ham va tich phan
Vi du 1.42. Vi s6 nguyénn > 1, tinh T, = 12CL 422 C2 4. .. +n2 C".
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n
Bai giai: Véi (14 2)" = > C'z", 1ay dao ham hai vé r6i nhan hai
r=0
vé v6i x ta nhan dudce hé thiic

ne(l+z)" ' =Cla+2C2 22+ .- +nCl 2"
Ta c6 17 = 1. Khi n > 1, lay tiép dao ham mot lan nita ta ducgc
n(1+z)" '+ (n—Dnz(l+2)" 2 =CL+22C2 2+ ---+n?CP 2" 1. Thay
z = 1 ta nhan duge 12C} +22C2 + .- +n?2C! = n(n + 1)2" 2.
Vidu 1.43. V§i s6 nguyénn > 1, hay chiing minh Z r(Cr? =nCjy .

r=

Bai giai: Véi (1 + )" = > C 2", 1ay dao ham hai vé roi nhan hai
r=0
vé v6i x ta nhan dudce hé thiic
nr(l4+z)" ' =Cla+2C2 22+ +nC'g"
1

1 - 1 1 1
Thay o bdi — ¢6 ~(1+ )" = C;—+zc,%—2+---+ncn— Nhur
i X X X

1 1 1

vay — (1—|— ) (1—|—x)”:[C1——|—2C2—2—|— -+ nCy }ZCT

1 )
hay—(1+;c)2”_1: {Cl +202—+ -+nC, ]ZCTZC Tinh so

" x?
hang khong chita z ¢ hai vé, ta nhan dugc quan he
nGCy, 1 = C2n 2t =1(C)? +2(C7)% + -+ + n(Cp)%.
Tt day suy ra dong nhat thic > r(CI)?> =nC) .
r=1

Vi du 1.44. Vdi s6 nguyén n > 7, hiy ching minh bat ding thic:

|
Cl42C2243C3 224+ 4 nCi2n ! < %

Bai giai: V6i (1 +x)" = Y C'a", lay dao ham hai vé, nhan dugc he
r=0
thic

n(l+a2)"'=C,+2C.z+3C 2% +--- +nCpa"!
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Thay = = 2 ta dugec n.3" ' = C! 42C22+3C222 ... 4+ nC" 2" Lai
c6 n! > 3" khin > 7. Theo Vi du 1.4. Vay ta c6 diéu can ching minh.

Vi du 1.45. Vi s6 nguyénn > 2 ta luon c6 C} +2.2C2 ... 4n2n=1 C"
AT — (= 1AM Ol (— 1) O

Bai giai: Vi (1 + 2)" = C2+C}lx + .-+ 4+ Cl'a™ neén sau khi lay
dao ham ta c6 n(l +z)" ' = CL+2C22 +--- +nCl2" L. Cho v = 2
ta nhan duge C|4+2.2C2 4. + n2"1C" = n3" 1 Vi (22 — 1)" =
CY(2x)" — CL(2z)" 1 + C2(22)""2 — --- 4+ (—1)" C nén sau khi lay dao
ham ta c6 2n(2z — 1)" ' = 2nC2(22)" ! — 2(n — 1) CL(22)" 2 + - +
(—=1)""2C""!. Cho z = 2 ta nhan dugc hé thitc dusi day n4" ' C? —(n—
D4"2CL + - 4 (=)L et = pan
Tém lai, ta c6 dieu can chiing minh.

Vi du 1.46. Véi s6 nguyén n > 2 ta luon cé dong nhat thic sau:
C,—2C24+3C> —--- 4+ (=) InCI = 0.

Bai giai: Vi (1 —2)" = CY~Clo 4+ C22%2 — ... + (=1)"C" 2" nén
sau khi ldy dao ham ¢6 —n(l — )" ' = —Cl +2C%2z — 3|C32% + - - +
(=1)"nCla" ! Véiz =1 c6 C) —2 Ci +3C3 —- - 4 (=) InCl =0.

72k+2

Vidu 1.47. T T =
i du 1.47. Tinh tong ch2k+2

Bai giai: Tinh tich phan [, = fa:(l +2?)"dx. Dat y = 1+ 2. Khi d6
0

15fo ! 150 hay ta c6 I 0 1 hai i
= — = —— ay ta c6 I, = ———. Khai trién
y'dy 2(n+1)y by 2(n+1)
n+1 n
(1 + 22" = Z CF 2241 Vay 0~ 1 =1, =Y Ck }x%ﬂ dx =
=0 T 2(n+1) =0 0

C :

2 G

, n 1
Vi du 1.48. Tinh tong T = > (=1)F CF ———.
1 1:1 m Ong ]{;0( ) n Qk + 1
1
Bai giai: Tinh tich phan I, = [(1 — 2%)"dx v6i s6 nguyén
0
duong n. St dung cong thic tinh tich phan ting phan ta nhan
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1
duge I, = z(1 — 2?)"| + 2n[2%(1 — 2*)" 'dx = —2n(I, — I,—1) hay
0

2 .
ta ¢c6 I, = 5 len_l. V6i cong thic truy hoi nay ta nhan dugc
n
_246.5.2n
T35 T7...(2n+ 1"
24.6...2n n 1

Va = I, = —1)kCL [2*dx b

Y o357, . @n+l) 2 (DG, Jatdx hay

246...2 n 1
S G L e .

357...2n+1) & 2% + 1
Vi du 1.49. Ching minh 32 D" o !

i du 1.49. ng min =—

- G ok +2 " 2(n+ 1)
1 1(1 __xZ)n+1 1 1
Bai giai: Tinh [, = l -2t dx = ———— 2| = ———.
ai giai: Tin {x( )" dx e My
& k n(=DF
Mat khéc, ta lai ¢6 I, = [ > (=1)FCp 2?1 = S CY. Tu day
0 k=0 k=0 2k + 2

he thite 3° (=1 Ck !
SsuyVy ra ne C = -
y ra e Zok+2 " 2+ 1)

1.4.2. Phuong phap hé phuong trinh

Dich ctia muc nay 13 xay dyng mot s6 dong nhat thitc c6 lien quan
dén cong thic to hgp. Dé c6 nhitng dong nhat thitc méi, ta xét nhitng he
phuong trinh tuyén tinh nhiéu an va giai nhiing he ay. Xay dung dong
nhat thic lien hé giita cdc nghiém ciia hé phuong trinh tuyén tinh dé ti
do6 c6 he thic t6 hop.

Vidu 1.50. Gid st cdc $6 o1, v, . . ., o, khdc nhau doi mot va o;+75 # 0
vdi mot 1,7 = 1,2,...,n. Giar hé phuong trinh sau day:
x x x
( 1 + 2 R n —1
l+a; 24 o n 4+ oy
I i) Iy
+ 4+ 4 =1
{1+ 24 n + s
x x x
1 n 2 4t n —1
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Béigiéi:Xétf(x):laj: +2ff P ff: R CO
T T n+x [16 +2)
i=1
v6i da thic p(x) bac n. Vi f(a;) =0 nén p(a;) =0,7=1,...,n va nhu
) (x—aq)(z—)...(r —an) . T To
va, r) = — . Tu + + o+
W f() (x+1)(z+2)...(x+n) l+z 24z
Ty, _1:_(:U—a1)...(x—ozn)tacé
n+x (x+1)...(z+n)

ri(x+2)(z+3)...(x+n)+z(z+1)(x+3)...(r+n)

+ z3(z+D(z+2)(x+4)...(x+n)+z4(x+1)...(x+n)
+ .
+ x4+ 1)(z+2)...(e4+n—-1)—(z+1)(xz+2)...(x +n)
= —(z—aq)(z— ) ...(x—ay).
o flasa)
T = (n __ 1)! vl x=-1
o flesa)
Ty = ll(n_— %) VOl xX=-2
Ta nhan dugc cac nghiém < (_1)n—3 ‘n (3 + o)
1= —0) (n:_l gy Vo x=3
(1 I+ a)
Ty = 1) v6l x=-n

\
va hé da duge giai xong.

Hé qua 1.2. Gid st p(x) = [[(v+ ;). Khi dé ta c6 cac dong nhat thiic
i=1

n

(i) X (=1)"Cpep(i) = (=1)"nl.

1=0

n

(i) Yo (=1)'Cpi" = (=1)"nl.

1=0
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(iii) >(=1)'C,, Cpy = (—1)™.

Chiing mlnh (i) T cach gidi tren ta c6 dong nhat thic sau day:
)

z”: (=1)" (i _(a:—ozl)(x—ag)...(:c—an)

S+ Din—a)! -1 = GG ) Vi
0 B = S b i e cog

thiic > (—=1)'C! (i) = (=1)"n!. (Cha ¥ ring cong thiic nay ciing ding
cho ca truong hogp céac a; c6 thé bang nhau).
(ii) Cong thitc >°(—1)"C. (i) = (—1)"n! ding cho moi o; nén khi lay

i=0
n . .
ap=--=a,=0taco > (=1)C i"=(—1)"nl
i=0
(iii) Khi lay o; = @ v6i moi ¢ ta c6 Y (—1)"C;, C ., = (—1)"
i=0
Vidu 1.51. Gid st cdc 56 oy, o, . .., o khdac nhau doi mot va o;+j5 # 0
vot moi i, 5 = 1,2,...,n. Giai hé phuong trinh sau:
(X x x 4
1 + 2 44 n _
l1+a07 24 o n+a; 207 +1
T T9 Tn 4
{l4+ay 24y n+as 2a9+1
1 T9 Tp 4
\1—|—an+2+an+ +n+an_2an+1'

1 T9 T 4 :
B3 Xét — . Khi d¢6
al gldl: Xet f(r) = 1+a:+2—|—33+ +n+a: 2z +1 Lo
flz) = p(a;) v6i da thic p(x) bac < n. Vi f(a;) = 0 nén

(2x+1):1_[1(i+x)

(r—ar)(x—ag)...(x —ay)
@ oo — ()sr:+(1)(f+2))...(x+n)
W) = e T e ety )
T T T 4 clx—aq)(r—ag)...(r—ay)
l+z 24z n+xz 2x+1 Qr+1)(xz+1D)(z+2)...(x+n)

cac p(a;) = 0, va ¢o p(z) = ¢

,c¢ € R. Nhu

Tw phuong trinh sau:
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ta suy ra dong nhat thiic sau day

(1+2z)zi(z+2)(x+3)...(r+n)+x2(x+1)(x+3)...(x+n)
rs(z+ 1) (z+2)(x+4)...(x+n)+ay(z+1)(x+2)...(x+n)

- - -

ror+1D)(z+2)...(r+n—-1)]—4x+1)(z+2)...(x +n)

clx—aq)(z—ag)...(¢ — ay).

p

e(=1)" __1_[1(1 + )
T = Ln— 1) vol x=-1
c(—1)" E(Q + )
) T
(=" TI(3 + )
, , T3 = =1 v6i x=-3
Ta nhan duge nghiém cua hé < 5.2!(n — 3)!
c(=1)"" [1(n+ a)
T, = on = 1;:(171 T v6i x=-n
no 9 —
— Hl 2 ~1
c= = Vol & = —
(-1 I
\ 1=1

va hé phuong trinh dugce giai xong.
n

Vi du 1.52. Gid st o(z) = [[(x+ ;). Khi d6 ta cé cdc dong nhat thiic
i=1

) 3o D Caeld) _Ank o),

i=1 20— 1 C

- n (_1)i—1 . 2n(n|)2
(W) 2 57 Gt = g

. X Z P xl :UQ xn
Bai giai: Xuat phat tu phuong trinh

i gidi: Xuat phét tir phuong trin l—l—x+2—|—x+ +n—|—x
4 cdr-—a)(r—a)... (r— )

20 +1 e+ D(@+1)(z+2)...(x+n)

ta suy ra (i) khi thay
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T, ..., T, vaz = 0; con (ii) duge suy ra ti (i).

Vi du 1.53. Vdi s6 nguyén duong n va sé thuc x ¢ {—2n,—n,—2n +

2,—n+1,...,—2,—1,0} ta luon cé dong nhat thic dudi day:
n —1)* !
o yortho
=0 TR (@ k)
k=0
(—1)* n!2"

.. & k .
L T

[1(z+2k)

k=0
Bai giai: Tu viéc tach phan thic ——— = X
[[(x+k) =0T
k=0

nl2n n
=) "
[1(x+2k) #0
fi—0

ta suy ra cic két qua can ching minh.

k
+ 2k
Vi du 1.54. Gidi hé phuong trinh 2n an xy, yi dudi day:

nosxp+yr 1
,;1 s2+k2 s
s==x1,....,tnjx,yr € R E=1,... n.

n

; [T(s*+ k?)

<, 307~ . 2 . s=1
T dé hay tinh tong sau: k§1 CESEYSE

s#k
1 n
Bai gidi: Xeét f(x) = ——+ ) x;fjk%’“ _ PO da thite
k=1 @ ] (a2 + k2)

k=1
p(z) ¢c6 < 2n. Do béi f(s) = 0 nén p(s) = 0 khi s = £1,...,4n, va
a(z? —12)(2? — 22) ... (22 — n?)

nhu vay dé dang c¢6 f(x) = —
x [] (% + k?)
k=1

1
CTu —— 4+
x
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22 — n?)

noaxpr 4y a(e® —12)(a? —2%) L (
2 2 n

S o T1 (a2 + k2)
F=1

ta suy ra hé thic

— (2 4+13) ... (@® +n?) + z(ziz + ) (2® +28)(2* +3%) .. (22 +n?)

)
r(zox + o) (2? + 13 (2* +3%) .. . (

—- -

a(x? — 1H)(2* = 2%) ... (2% — n?).

Tanhan dugc cac nghiem { —Z2 + 1Yo =

x4+ n?) 4

r(zpr + y,) (2% 4+ 12) (22 + 2% ... (22 + (n — 1))

Nhu vay hé da duge giai xong véi y; = -+ =
n

[1(r*+ &%)

T, = — vl r = 1,...

n

(k2 = r?)

Py nen
v [ (22 + k?)
k=1
. [T(s*+ k%)
PP E— =1véiz=1
CUIT(R? = s?)(1+ R2)

So hoa bdi Trung tam Hoc lieu

a(=1)" TT (1% + &%)
k=1 i
— véi x=i
10k - 1)
=2
a(—1)" T (22 + k?)
m k=1 vl x=2i
[T (k*—2%)
k=1,k£2
a(—=1)" T (n? + k?)
k=1 . .
— v6i x=ni.
[ (k*—n?)
k=1
Yo = 0 va
n. Vi —l + > i =
’ T a4k
n Tp
= 1 h
,;1 1+ K2 w

http://www.Irc.tnu.edu.vn/



36

. (DR IS + &%) Ot

Hé qua 1.3. Ta luon c6 2 = — (2n)!.
€ qua a luon co kgl e (2n)
n H(s +k?)
Ching minh: Tu ) — s=1 = 1, theo chiing minh
LR = s?)(1+ &2)
s#k
- L —E)!(n+ k)!
trem, v [T — 52) = [Tk —s) [Tk + 5) = (—1)n-* =R (;Wr )
s#k s;«ék s#k 2k
2k?2 H (82 + k?)
s=1

suy ra = 1. Nhan hai vé v6i (2n)! ta

=1 (=) — k)t (n+k)'( +k2)
(1R T (5% 4 k) Ot

52 o=l 2n)!.
co kzl 5 = (2n)
1
Vi du 1.55. Phan tich f(x) = tréen R

zr(z? + 1) (22 + 22) ... (22 + n?)
thanh tong cdc phan thic don gidn. Tw dé hdy tinh cdc tong dudi day:

Lo (=Dt
O
oy s (DG
(i) kz::() n? + k2
e eme ve2 1ex ~ / ., a noqpx + by
Bai giai: Bieu dién qua phan thic don gian f(z) = p Z:: PN
1 (—1)Fz
Tu da . Cho z =
u day suy ra f(x) = (n (n—l—k)( R 1 k) Cho z
_ n (—1)’f 1 1
1 ta nhan duge > = — :
: : I(n — k)! 2 n 12
= (n+ k) (n— k)14 k?) 2T (14 k) 2(n!)
k=1
) n —1)F(2n)! 2n)!
Nhéan hai vé véi (2n)! duge > k(' ) (kn')l = n( n) +
i=0 (n+ k)l (n— k)1 + k) 2 TT (1 + k2)
2n)! n (—1 2n)! 2n)!
T o e = N ) B .13
2(n!) =0 (14 k?) 2 T1(1+ k) 2(n!)
k=0
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Ta da c6 (i).
—1)F
(ii)) V6i x = n thay vao biéu dién trén Z NCEND] (( )lc)?(n? e =

1 1
— ~ g Nhan hai vé ctia he thic trén véi (2n)! ta
on [[(n2 +k2) 20
k=1
o (=1R( 2n)! 2n)!
nhéan duge > ( 2) (22k) = — (2n) + 5 (2n)' 5
k=0 N+t 2 [[(n2 +k2) " (n!)
k=0

Vi du 1.56. Vdi so6 tu nhién duong n luon luon cé cic dong nhat thic

k=—n k2 + 1 s 2 '
[T(k?+1)
k=1
. n ( )kk Cn—i—k: B
(ii) k:z—n w1 0.
(i) i (=1)kCytrt _ (2n)!
k=—n K> +n? TR n2)
n? ] (k% + n?)
k=1
(iv) kzn k2 n n2 = 0.
. 1 noag .
B\ . 0'70: 2 2 — ) Kh
al glal: Gid su zr(x? —1)(2? — 22)... (22 — n?) k::Z—n r—k :
.y (=) " N . .
— = —n, — 1,....n—1
do co ay (= W) (n = )] véi k n,—nm+1,...,n ,n va ta co
.2 .x n ( )n kcn+k (2”)'
bieu d = .
et lenkzn r—k zr(x? —1)(2?2 —22)... (22 — n?)
2n)! n Bk
(i) va (ii) V6i ¢ = ¢ c6 dugc 71(# = > %2 =
[T(2+1)  F=m '
k=1
n by , n byt 2n)!
k=—n k=—n H (k2 + 1)

k=1
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X _0
Vak;n k;2 + 1
iii) va (iv). V6i = ni ta nhan dudc dong nhat thic dusi day:
(iii) va (iv) g y
(2n)! no(=DkFCE no(—1)FChtt R,

I (k2 + n2) =—n ——n
) k k

no(=1)kCht 2n)! n 1)*ECot

S SN 0 I 1"
k=—n k2 + n? 2 2 2 k=—n k2 + n?

n? I (k% + n?)
k=1

1.4.3. Phuong phap s6 phic
Vi du 1.57. Tinh mot vai tong sau day:

(i) Tong Ty =1+ C2 +CS +

(ii) Tong Ty = C. +C> +C) +

(iii) Tong Ty = C2 +C% +-C¥ +

(iv) Tong Ty = C2 + CT + CH +

(v) 8= (11 = T5)* + (T2 — Tu)*.

(Vi) P=T}+T;+T;+ T}

Bai giai: Tt (14+4)"=1+4iC. —C? —iC? +C} +iC> —CO —-.. va
s s n n

bieu dién (1 + )" = 2”/2((:08% + i sin %) suy ra T — Ty = 272 cosf
W~ Ty = 2”/25111%. Vion = (141" =T+ T+ Ty + Ty va

(Tl 15 = 2”/2008E

TQ—T4:2n/QSiDI
Nh+Thh+T3+1Ty=2"
\Tl—T2+T3—T4=0.

0= (1—1)n:T1_TQ+T3—T4 ta suy ra hé <

1 1
Giai hé duge 17 = 5 (2” L4 on/2 g %T) TS = §<2“_1 + 2"/ 2 gin %)
1 1
T5 = 3 (2” 1272 cos %) Ty = 3 (2” L_on/2gin nz) Tinh dugc ngay

S =92n yy P =224 on-1
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’ 1 1 1 ’
Vi du 1.58. Tinh tong T = C}l—g CZ"‘@ 02—2—7 Cl 4. va tong

1 1 1
0t Lha 6 o .. T A i 1A _ 172, @2
S=C, 3Cn+90n 27Cn—|— . Tw dé tinh tong P = 3T° + S~

Bai giai: Tit (vV3+4)" = V31 +iCL V31 —C2 /32— C3 /303 ¢
T

Ci /3n—4 —i—inL 305 —ova (V340 = 2“((308% + 7 8In g)n ta suy

ra Clv/3n=1 — C? /373 4 C2 /305 — ... = 2"sin % Dé dang suy ra
" nmw " nmw

cong thuc T = sin —. Twong tu, ta nhan duge S = cos —.
g /37’1,—1 6 g d \/3_77, 6

4n
Tu day suy ra P = %TQ + 5% = 3
Vi du 1.59. Gid st hai diy so nguyén (a,) va (b,) zdc dinh nhu sau:

(9= 3,01 = 8, a9 = 58

anp42 = 8an—|—1 - 3an + 3an—17 n z 2;
bo = 3,by = 5, by = 45
| Duvs = bt + 100, + Thy1,n > 2.

Ta 6 (") baoto+ -+ (o) b1 = (%) @200 = (%) aanng + -+ = (pp) -

Bai giai: Day 1a bai toan vé day s6 nguyén. Nhung lai xét bai toan
tren C. Xét phuong trinh f(z) = 2° — 82 + 3z — 3 = 0. Goi ba nghiém
ctia n6 trong C 1 21, 29, v3. D& dang kiém tra 29 + 29 + 2% = ag, z1 +
Ty + 23 = ay, 12 + 23 + 22 = ay, tong quat a, = 2§ + 25 + 2%, n > 0.
Tuong tu b, =y + v4 + y5,n = 0, trong do6 vy, y2, y3 1a ba nghiém cta
g(y) = y® — 5y® — 10y — 7 = 0. Kiém tra tryc tiép: f(y + 1) = g(y) va
g(x — 1) = f(z). Vay ta nhan dugc céc hé thic sau:

apn, = o +ab+ 2l =+ D"+ e+ )"+ (y3+1)"
b = Y+ys +ys=(x1—1)"+ (w2 —1)"+ (z3—1)",n > 0.

an = Coby+ Chby1+--+Cr b + Clby
by =Ca, —Cran g+ +(=1)"1C ay + (=1)"Cag

va co (20111> bao1o+ -+ (381(1)) by = (20111)a2010 - (20211)a2009 o @8}(1)) ai.

Vi du 1.60. Gid st hai day so nguyén (a,) va (b,) zdc dinh nhu sau:

Do vay
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.
ap=3,a1 = 2,as = —06

An4+2 = 2an+1 — oa, + Ap—1,M 2 2;
bo=3,by = —4,by = —
\bn—|—2 = _4bn—|—l — 9bn - 9bn—17 n 2 2.

i, N

Khi dé ta co cac két qud sau day:
(i) ap =C%b, +2C b, + -+ 277 1C by + 27 C by
by =C%a, —2CLa, |+ -+ (=1)"12n 1O gy + (—1)"2" C gy
(ii) Twm s6 du ciia phép chia a, cho p khi p la s6 nguyén to.

Bai giai: (i) Day la bai toan vé day so6 nguyen. Nhung lai xét bai
toan trén C. Xét phuong trinhf(z) = 2° — 222 + 52 — 1 = 0. Goi ba
nghiem ciia n6 trong C 1a a1, x9, v3. D& kiem tra 29 + 29 + 2% = ay,
T1+ 1o + a3 = ay, 13 + 13+ 23 = as, tong quat a, = a7 + a5+ 2%, n > 0.
Tuong tu b, = yi' + vy +y5,n = 0, trong do6 y1, y2, y3 1a ba nghiém cta
g(y) = y* +49° + 9y + 9 = 0. Kiém tra trye tiép: f(y +2) = g(y) va
g(x —2) = f(z). Vay ta nhan dugc cac hé thiic sau day va suy ra (i):

ap = 2 +ay g = (y +2)" + (12 +2)" + (y3 +2)"
by = Y +us +uys = (21 —2)"+ (22— 2)" + (23— 2)",n > 0.

i+j+k=p

(i) Tua, =l + b +af = (w1 +zo+23)P — Y, (; i P )aizak. Vi
0<i,5,k<p
bo ba i,7,k ¢6 dinh, nhung hoédn vi cho nhau, trong a, c6 téng con

p:
Zllkﬂ<x1x2x3%_x1x2x3%_x1x2x3%_x1x2x3%‘x1$2x3%‘$1$2$3)la(ﬂlthUC

déi xiing clia 1, 29, x3. Tong nay dudc viét thanh da thic véi he sb
nguyén cua r1 + s + r3 = 2, x12s + Tox3 + x3x1 = b va x1xex3 = 1. Vay
i+j+k=p

(Z.Pk)xlex?) la 86 nguyén chia hét cho p. Do d6 a, = 2 (mod p).
0<igh<p
Néu p = 2 thi ap = —6 chia hét cho 2 va du bang 0. Néu p > 2 thi

a, = 2P = 2(mod p). Vay du bang 2.

3n—1 3n
Vi du 1.61. Tinh tong T = 5 (—1)k<2£zl)3k va S = Z(_l)k(g@?’k
k=0 k=0

vdi s6 nguyén duong n.
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Bai giai: Day la bai toan tinh tong cac s6 nguyén. Xét bai toan
tren C. Biéu dién toéng S + iv/37. Tit nhing dong nhat thic dudi day:
(1 + i\/g)ﬁn = 26”(cosg + i sin g)&l = 26”(003 n2m + i sin n27r) = 26n

3n 3n—1
sy 10 20 = (1 ivE)" = $5(C 1 ()3 41 5 (CH(E)8 Do vy

k=0 k=0
S =2 vy T =0.

1.4.4. Phuong phap song anh

Vi du 1.62. [Olympic toan chau A - Thai Binh Duong lan tha
10 nam 1997] Gid st F la tdp hop tat cd cic bo (A1, As, ..., Ax), trong
do Ai(i =1,2,...,k) la mot tap hop con cia tap (1,2,3,...,1998). Ki hiéu
|A| la s6 phan tii cla tap A.

(A1,4z,... A, JEF

Bai giai: Dé tranh nham 1an, ta goi F 1a F), va S 1a Si. Goi T (4, k)
1a 86 cac cap (Ay, Ag, ..., Ap) € Fy sao cho |[AyU Ay U ..U Ag| = i. Ta
tinh Sy thong qua viec tinh T (4, k). V6i i phan tit ny,n,...,n; thudc
{1,2,...,n} ta dém xem c6 bao nhiéu bo (A1, As, ..., A;) thdéa man dicu
kien Ay U Ay U ... U A = {ny,n9,...,n;} (2), tit d6 tinh duge T (i, k) va
Sk

Ta cho cac phan ti nq,no,...,n; "dang ki" c6 mit trong cac tap A;
theo quy téc: néu, chang han n;, diang ki ¢6 mit trong A;, A, va khong
c6 mit trong cac tap con lai thi phiéu dang ki ghi 1a (1,1,0,...,0), con
néu ng chi c6 mat trong Ay, thi ghi phiéu 14 (0,0, ...,1) . Phiéu dang ki 1a
hop 16 néu ¢6 it nhat mot s6 1 (néu khong phan tit tuong ting sé khong
c6 mat trong Ay U Ay U ... U Ay). V6i i phiéu dang ki ctia nq, no, ..., n; ta
lap duge bo (Aq, As, ..., Ag) . D& thay rang v6i hai bo phiéu dang ki khac
nhau, ta c6 hai bo tap hop (Ag, Ao, ..., Ax) khac nhau va nhu thé s6 bo
(A1, Ag, ..., Ar) thoa man (2) bang s6 bo phiéu dang ki hop 1¢. Vi phiéu
dang ki clia ny,p = 1,2,...,7 gom k s6 0 hodc 1 va phai ¢6 it nhat mot
$6 1 nén n, ¢6 (Qk — 1)i bo phiéu dang ki hop 1é khac nhau.

Cudi ciing, chii ¥ réing c¢6 C! cach chon i phan tit tit n phan tit nén
ta c6 T (i, k) = C, (28 —1)" va tit day suy ra S = n (28 — 1) 2500,
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O day thuc té da xay duyng mot song anh tiu tap Fj vao tap hop G =
{(r1,79,...,m)}, 7; 1a cdc xau nhi phan do dai k va tong can tinh bing

Z d(rlalr%“'?rn)

(r1,r9,....tn)€G
voi d (r1, 7o, ..., ;) 1& 86 cac xau r; khac (0,0, ...,0).

Vi du 1.63. [V6 dich Ucraina 1996] Goi M la s6 tat cd cdac s6 nguyén
duong viét trong hé thap phan cé n ch@ s6 1, n chit s6 2 va khong cé6 mot
ch@ s6 nao khac. Goi N la so tat cd cac so viét trong hé thap phan cé n
chit so, chi chita cdc chit s6 1,2,3,4 va cé s6 cdc s6 1 bang so cdc s6 hai.
Chiing minh rang M=N.

Bai giai: Ching ta khong may khé khan dé xay dung mot song anh
tr tap hop thi hai vio tap hop thit nhat: S6 c6 n chit s6 gom cac chit s6
1,2, 3,4 va cac chit s6 1 bang cac chit s6 2 duge "nhan doi" thanh sb c¢6 2n
chit s6 theo quy tac sau: Dau tién hai phién ban ctia sd nay dugc viét ke
nhau thanh sb c6 2n chit s6, sau d6 cac chit s6 3 & n chit s6 dau dugc doi
thanh chit s6 1, chit s6 3 & n chit s6 sau duge doi thanh chit s6 2. Tuong tu,
cac chit s6 4 6 n chit s6 dau duge ddi thanh chit s6 2, con chit s6 4 6 n chit
s6 sau dugce doi thanh chit s6 1. Vi du véi A = 123412(n = 6) ta lan lugt
c6 cac phép bién doi 1234142 — 12341421234142 — 12121221221112.

Nhu thé, ta thu dudc mot sd6 c6 ding n chit s6 1 va n chit sd 2.
R6 rang day 1a mot don dnh. Dé chitng minh day 1a mot song anh, ta
xay duyng anh xa ngudc nhu sau: V6i mot s6 c¢6 n chit s6 1 va n chit
sO 2, ta cat n chit s6 dau va n chit s6 cudi va dit ching song song véi
nhau khi thuc hién phép cong. Thuc hien phép "cong" theo quy tic
1+1=1,24+2=214+2=23,2+1 =4, ta sé thu dudgc mot s6 c6 n chit
sO6 gom céc chit s6 1,2,3,4 véi cac chit s6 1 bang sb cac chit s6 2.

Vidu véi B = 112121222211

112121
222211

332341
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Va nhu thé song anh gitta hai tap hop da ducc thiét lap va ta c6
M = N. Diéu dang chi ¥ 14 nho bai toan ndy, ching ta ré rang tinh
duge N = M = C% . Thé nhung néu xét bai todn mot cach rieng biet,
titc 1a dat van dé tinh s6 NV tat ca cac s6 c6 n chit so, chi chita cac chit s6
1,2,3,4 trong bicu dién thap phan va cé cac s6 cac chit s6 1 bang sb cac
chit s6 2 thi day sé 14 mot bai toan khong don gidn. Huéng giai truyen
thong trong truong hgp nay sé nhu sau: Gia st i 1a s6 cac chit s6 1 va
chit s6 2(2' < [%]) C6 C! C! | cach chon vi tri cho i chit s6 1 v& i chit
s6 2 nay. Con lai n-2i vi tri trong c6 thé dit 3 hay 4 tuy y. Nhu vay cé
tat ca 272 cach dat cho n-2i vi tri con lai. Vay N = [22:] Cfl 2—1 220y

i
viéc bién doéi biéu thiic trén day vé dang rat gon tu’(‘mgo minh C}, khong

phéi 14 van dé don gian.
Trong vi du trén, thuc té 1a ching ta da ching minh dugc mot ding
HE |
thiic kha tha vi: Y C! C!_; 2"~ = C} . Néu chitng minh cong thiic trén
i=0
bang phuong phap bién ddi dai s6 (vi du quy nap) thi sé khéa phitc tap
va rac roi, thé nhung bang cach xay dung tuong ting néi tren, ta thay hai
vé bang nhau vi déu 1& s6 phan tit clia cing mot tap hop. Phép ching
minh céc ding thiic nhu thé dugce goi la phuong phap chiing minh bing
giai tich t6 hop va ¥ tudng chung ctia phuong phap dé la diing phuong
phap khac nhau dé tinh s6 phan ti ctia cling mot tap hop, tit do suy
ra hai két qué thu duge (thuong ¢ dang rat gon) bang nhau. Duéi day
chiing ta xét them mot vi du nita vé "kiéu" chiing minh nay.
Vi du 1.64. [Dé thi Olympic Toan Quéc té lan thit 29-1987] Goi
pn (k) la s6 cdc hodn vi ciia tap hap {1,2,...,n} cé ding k diém co dinh.
n
Chiing minh ring > k.p,(k) = n!
k=0

Bai giai: Tinh tat ca cac cip (z,s) trong d6 s 1a hoan vi v6i x lam
diém c6 dinh. Véi mdi gia tri clia x, ta c6 (n — 1)! hoan vi s nhan x lam
diém c6 dinh, va do d6 c6 tat cd n! cip nhu vay. Nhung néu ching ta tinh
s6 cap (z,s) theo s thi sé dugce tong bén trai, vi véi méi &, 0 < k < n,
¢6 p, (k) hoan vi véi k diem c6 dinh va ting véi mdi mot hoan vi s nay
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ta c6 k cap (x, s) khac nhau.

Qua céc vi du trén, ta cé thé thay ring phuong phap song anh cé the
ap dung rat hieu qua trong li thuyét giai tich to hgp, nhat la trong cac
bai toan tinh toan to hop, ciing nhu viec thiét lap cac dang thic lien
quan dén céc sé to hop.
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Chuong 2
Mot vai biéu dién qua to hdp

Trong chuong nay chiing t6i tap trung trinh bay mot s6 tng dung ctia

td hop dé bieu dién mot vai bai toan.
2.1. Dinh ly Hilbert va Pinh Iy Cantor vé biéu dién sb

Dinh 1y 2.1. [Hilbert] Cho s6 nguyén duong d > 1. Khi dé6 mdi so

nguyén duong n déu cé thé biéu dién duy nhdt thanh tong n = (fif) +

(hd 1) +- —I—( ) d dé cdac so nguyén khong am h; théa man hg > hq_1 >
> hy > 0.

Chitng minh: Sy ton tai duy nhat ctia biéu dién: Trudc tién ta quy
ude (1) = 0 khi r < s. Gia thiét n la s6 nguyen ducng. Ta chon hy la
s6 nguyen duong 16n nhat sao cho ( d) <n. Néun = (}zf) thi ta chon
hi=i—1v6ii=1,...,d—1. Néun' =n— (Zd) > 0 thi ta st dung gia

d—1
thiét quy nap dé c6 thé coin’ = 3 (}z) vOi hg_1 > hg_9 > -+ > h; > 0.
i=1
Ta con phai chi ra hy > hg_1. Theo cach chon cho hy ta co ( dhjl) =
() = (5) > ' > (33). Vay hy > b
Tinh chat duy nhéat ctia biéu dién dude ching minh bing quy nap

d
theo n. Ching ta biét rang néun = > (};L) v6i hg > hg_1> -+ >h1 =0
=1

thi h; 1& s6 16n nhat thoa man (Zd) < n. That vay, véi n = 1, két luan

diing. Gié sit két luan ding cho n — 1. Véi n > 1 va (hd“) n. Khi do

> (1) = () = (@) = (1) = (")) N vay Z (1) = (")
d—1

va hg_1 1a s6 nguyen théa man > (Fi) > (
1=1

suy ra sit biéu dién 1a duy nhat.

ha—1

w1}, T diéu mau thuén nay

Vi du 2.1. Vdi moi cip s6 nguyén duong m,k, so6 m luon cé su biéu

dién duy nhat trong dang m = (}Z“) + (2’“_‘11) + -+ (};), d dé cdac so
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nguyén khong am h; thoa man hy > hy_1 > --->h, >2r > 1.

Vidu 2.2. Vo’z moi cdp so6 nguyén duong m, k, ta luon co bzeu diéen duy

nhat k™ = Z ar.m Cl. vdi cdc hé s6 nguyén a, , va Z k™ = Z CTJrl Q-
k=1 r=1

Tim ay .

m
Bai giai: Ton tai biéu dién duy nhat k™ = 3 a,.,, C}, theo Dinh ly
r=1

2.1. Taco k™ = Y apm >, Ch. Vay S k™ = 3. Crtlapm. Ta c6
r=1

k=1 r=1 k=r k=1

G = S (—=1)H CLy™,

Dinh 1y 2.2. [Cantor] Mdi s6 nguyén duong a deu cé thé biéu dién
mot cdach duy nhat thanh tong a = a,n! +ap1(n—1)+- -4 a2! +a;1!,
0 do cac a; nguyén voi 0 < a; < i va a, > 0.

Chtng minh: Ky hiéu p,, = n!. Khi do6 1p;+2ps+- - -+np, = pn+1—1
Giasta = a1p1+aspe+---+a,p, véia, Z0val <ar <k, k=1,.
Ta thay ngay b = a1py + aspa + -+ + ap_1pn-1 < Ip1 +2pa + -+ + (n —
D)pn—1 =pn— 1. Do d6 b < p,. Mat khac p, < a,p, < np,. Tom lai, ta
c6 P < anpp < @ < Ppy1. Vay, cho mdi s6 tu nhién a c6 thé tim thay
duy nhat mot s6 ty nhien n dé p, < a < ppyi. Tit bat dang thiic nay
suy ra ton tai ding mot s6 a, dé a,p, < a < (a, + 1)p,. Tt day ta suy
ra a = a,p, +b v6i 0 < b < p,. Lap lai qua trinh tren déi véi b. Tt d6
suy ra sit bicu dién a = a,n! + a,_1(n — 1) + -+ 4+ a92! + a;1!, & d6 céc
a; nguyen véi 0 < a; <4 v a, > 0. Tinh duy nhéat 14 hién nhién.
Dinh 1y 2.3. Méi so6 hitu tyjzc)t € (0;1) dég c6 thé biéu dién mot cdch
5 T
0<b; <1 vdi moii vdbn#o.

zZ ? b
duy nhat thanh tong a = — -|— d do cac b; nguyén vdi

Chitng minh: Budc 1: Chia doan [0;1] ra lam hai doan bang nhau.

Do dai mdi doan bang o Budc 2: Chia mdi doan nho nay ra ba phan

bang nhau. Do dai moéi doan biang 3T Tiép tuc nhu vay, bude thi n :
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Chia mdi doan c6 duge tit bude thit n — 1 ra lam n + 1 doan bang nhau.
. . 1 . S

1a phan sb toi

. s.n! m , L
gléﬂ thi ta viet a = m Gla Sl?]f a = m vél m kh@ﬂg Chla hét
n ! n !

. , N 1 ,
cho n + 1. Xét budc thit n dé c6 doan véi do dai bang m Khi
n !
. . , a m a, +1 L
do6 ton tai s6 nguyen duong a, dé — < a = < = . Goi s0
n! (n+ 1)! n!
en duong b, théa m3 m UL TR
nguyén n 6a man @ = ——— = — + ———. La al qua
g1y & On (m+1)!  n! (n+ 1) P q

a b b b,,—

trinh trén cho s6 — ta nhan dugc bidu dién — = e + = 2 +...4 2 L
! n! 2! 3l n!

6 do cac b; nguyén v6i 0 < b; < ¢

Tom lai o — 2 1 2 d
OmalCL ——|—3'+ —f—m,

v6i moi ¢ va b, # 0.
T Dinh 1y 2.2 va Dinh 1y 2.3 ta suy ra ngay két qua dudi day:

Vi du 2.3. Méi s6 hau ty duong a déu cé thé biéu dién thanh tong

b1 by
a=apn!+ap-r(n =D+ a2l +arll + o 4 o - mri’

do cac a; nguyén voi 0 < a; < 1, a, > 0 va cac b; nguyén vdi 0 < b; < 1.
Vi du 2.4. Vi s6 nguyénn > 2 zét p,(z) = (5) + (5o +- -+ (5 ,)2"

) 2 3k+2
vdi phan nguyén k = [n ). Khi do

(1) puys(x) = 3pnra(r) = 3pnia(z) + (z + Dpu().

n—1

(ii) T¥m tat cd cdac s6 nguyén a dé 3 2 chia hét p,(a) vdi moi
n > 3.

Bai giai: (i) suy tu (32?52) - 3(3%?2) - 3(37n++12) + (rz) + G-
(i) Néu a théa man dau bai thi ps(a®) = 10 + @® chia hét cho 9. Vay
a =

—1(mod 3). Nguge lai, néu @ = —1(mod 3) thi a® +1 = 0(mod9).
n—1

Vi po(a®) = 1, p3(a®) = 3 va py(a) = 6 neén tit (i) ta suy ra 3[ 2 chia

hét p,(a®) v6i moi n > 3.
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2.2. Khai trién da don thic

Dinh nghia hé s6 t6 hop da thic thuan nhat dusi day nhu mot su
tong quat cho to hgp va khai trién Nhi thic Newton.

Pinh nghia 2.1. V6i s6 nguyén duong n va k, s6 ( " ) =

1,725k
n!

——— trong d6 cac r; € Nvar; +ro+---+r, = n, dudc goi
7’1!7“2!...7%!

14 mot hé so to hop da thite thuan nhat
Trude tién ta néu ra mot vai két qud sau dude suy ra truc tiép ti
dinh nghia.

Ménh d& 2.1. (" )= (")("") .- (e,

T1,72,..,Tk 1 2 Tk

Ménhd&2.2. (" V=( "' Y ( ™ g ()

71,72, Tk r1—1,ro,..., Tk r1,ro—1,...,7% 71,720 T —1
trong do tat cd cac r; nguyén duong r1+ro+ -+ 1 = n.

Dinh 1y sau day con dugc goi la khas trién da thic thuan nhat bac n.

Dinh Iy 2.4. Cong thic khai trién cho (x1 + xo + -+ + 23)" nhu sau
(w1 +mot-da)' = X () )eray . xyk, trong do tong lay

r1,72,...,T
ri1+-Frg=n

theo tat cd cacry,...,1, ENvdir, +---+1r, =n.

Chitng minh: Ta chiing minh két qua bang phuong phap quy nap
theo n. Véi n = 1 cong thiic hién nhién ding. Gia st cong thic dung véi
n. Ta chi ra n6 dang v6i n + 1. That vay, ta co

(w14 +a)" = (e + ) (@ 4+ )

n!
Iyl | k
r1irot ... Tk:
r1+rot-+r=n

ri++rp=n+l (TT - 1)'7’; ”' 7’1?' TT'(T’E - 1)' . T’Z'
n! r] T}
+ +Tf!...(r2—1)!]x1'”xk'

TL'(TL + 1) i rr

Tu d6 suy ra (xy + -+ + a3)"" = TR hay
rf—f—-f-?";::n‘i‘l Tl. o o . /r'k-
n+ 1) : 242 2
_ ( ) ...z}, trong d6 tong lay theo rf,--- ,rf €N

——
* x| 1
T edrg=ntl it 'rk!

So hoa bdi Trung tam Hoc lieu http://www.Irc.tnu.edu.vn/



49

Nk

V6l ) ri =n+1. Vay ta suy ra cong thic dang v6i n+ 1. Tom lai, cong
i=1

thic ding véi moi n.

Vi du 2.5. Vdi bat ki so nguyén duong k luon c6 dong nhat thic k" =

> (rl,r;...,rk)v trong dé tong lay theo tat cd cdc ri,...,r, € N vdi
r1+-+rg=n
4o+ =n.

Bai gidi: Ta o6 k" = (14 14+---+1)" = 3 (. ," ) theo
DS A

Dinh Iy 2.4.

Chu y 2.1. Khi k = 2 ta nhan dugc dong nhat thitc Newton (x14x2)" =
S (" )ater. Tw d6 ta suy ra duge dong nhat thic Vandermonde

r1+ro=n R
(5) () + (D G2) +--+ (D 6) = (%)
Hé qua 2.1. S6 cic s6 hang trong khai trién (v, + x5 + - - + x3)" hay

so don thic biac n ding bang ("Zf;l)

Chitng minh: S6 cic s6 hang trong khai trién (zq + 29 + -+ - + )"
ding bang s6 don thiic khac nhau a]'ah? ... 27" xult hién trong khai
trién. S6 d6 ding bang sé nghiém nguyén khong am ctia phuong trinh
ri+ -+ 71, =n. Vay s6 do bang ("Zﬁl) theo Bo dé 1.1. St dung két
qui nay vao viéc xét chinh hop véi tan s6 lip. Mot phan tit x; clia mot
day k£ phan tit cho trudc z12s ... 2 dudge goi 1a cé tan so lip r; néu nod
xuat hién trong day dang r; lan. Ky hiéu T(rq,72,...,7%) 1a s6 cac day
co lap (ri,79,...,7r) v6i do dai cta day 1a ry +ry + --- + 1, = n cac
phan tit cia mot tap A = {x1, 9, ..., 2} v6i k phan tii cho trude sao
cho trong mdi day phai c6 phan ti thit ¢ xuat hién dang r; 1an.

Ménh dé 2.3. Tap A vdi k phan ti cho trude. So cic day k phan tid

c6 lap (ri,ra, ..., 1) vdi do dai cia day la ri +ro+ -+ 71 = n la
_ n
T(Tl, T2’ U 77nk) - (7‘1,7‘2,...,7‘k>'

Chitng minh: S6 céc day k phan t1t ¢6 1ap (r1,79,...,7)) véi do dai
ctia day 1a ry +ry+- - -+ 15 = n chinh 1a hé s6 clia don thic 2725 ... 2}

trong khai trién (zq + o + -+ + 23)". Vay T(ri, 79, .. .,me) = (" ).

r1,72,...,Tk
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Vi du 2.6. Gid st c6 bang chit ciu tao chi véi 3 chit cdi a,b,c. Tom s6
cdc i bao gom n chit ma trong dé cé chita mot so chan chit cdi a.

Bai giai: Néu trong chit ¢6 27 chit cai a thi ta c6 thé dat theo C2

cach; con trong n — 27 vi tri con lai ta c6 272" cach dat cho b va c. Tém

lai, c6 C?2"=% cach. Tat cAséla Y, C 2" Tul+az)"+ (1 —2)" =
r=0

A 1 1 3"+ 1

—[(1+ )"+ (1 —=)" = .

n n
25 C? 2 tasuy ra >, C2ran—2 =
r=0 r=0

Dinh nghia 2.2. Mot phép chia tap V thanh k phan 13 mot & - kiéu cac
tap con (Ay, Ay, ..., A;), trong d6 c6 thé mot vai tap con la tap rong,
thoa méan hai diéu kién:

) V=AUAU---UA;.

(i) A;NA; =0 v6i moi 4, 7,1 # j.
Vi du 2.7. Gid st |V| =n va |Aj] =r; vdi moi j. Khi dé so phép chia
kiéu (A, As, ..., Ay) clia tap V diing bing ( " )

r1,72,...,Tk

Bai giai: Vi co (Z) cach chon cho Aj, (”;2“) cach chon dé co Ao, ...,
va ("7“427"'7”‘1) dé c6 Ay. Do d6 s6 phép chia kiéu (Ay, Ag, ..., Ap)

cua tap V gﬁng b\éng (Z) (n;;’l) . (n77’1*7'27‘;..‘7rk_1
(. " ) theo Méenh dé 2.1.

r1,72,---sTk

) vanhu vay ding bang

Vi du 2.8. Tim s6 cdc bo bon (x1,x9,x3,74) cdc sO nguyén duong lé
thoa man x1 + xo + x3 + x4 = 2010.

Bai giai: Moi z; duge thay bang 2y; + 1 véi y; nguyén khong am.
Khi d6 y; + y2 + y3 + ys = 1003. Vay s6 cac bo bon can tim bang

1006 s
N4(1003) = < 5 ) theo Bo de 1.1.
2.3. St dung chi s va céng thiic chuyén déi ngudc

Muc nay trinh bay cach st dung ky hiéu hinh thic khi xét bai toan
so cap. Truée tien ta sit dung ky hiéu hinh thitc trong chiing minh cong
thitc chuyen ddi ngugce sau day.
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Dinh 1y 2.5. Gid st f(k) va g(k) la nhing ham sé hoc théa man dieu
kien f(n) = > CF g(k) vdi moi n € N. Khi dé ta co
k=0
g(n) = Y (=1)"*C} f(k).

Chitng minh: Ky hiéu hinh thic f(k) va g(k) qua f* va ¢* tuong
tng. Khi d6 f* = Y. CFgF hay f* = (¢ + 1)" ding v6i V n € N.

k=0
Vay (f +2)" = (9 + 1+ 2)", V 2. Nh6 sau khi khai trien ¢ hai vé
sé viét fr vd gp thay cho nhing f* va ¢*. V6i = —1 ta nhan dudc
= (f—1)"hay g" = (=1)"(1—f)". Do vay g(n) = 3 (=1)""* Cj f(k).

k=0

Vi du 2.9. Cho day Fibonacci Foy = Fy = 1,F,,1 = F, + F,_1,n > 1.
Chitng minh rang F, = Y (—=1)"7J (;‘)(FQJ —1).

j=1
1 -5 1 o} 1
Bai giai: V6i 21 = 2\/_, Ty = +2\/_ c6 F, = ﬁ(:cgﬂ — 2.
PR 12y o . 1
Khi d6 > ()FJ = — Z (j)(az‘;H — 2t = a1+ x)" — 2 (1 +
J= 0 j= \/5
)" = (223" — x123"] Vil + 39 = 23,1 + 21 = 2. Tu day suy ra

7
> (?)Fj = \/g(xgwrl 23" = Fy,. Theo Dinh Iy 2.5, ta nhan dugc

Fo = S (=17 (Ng(j) = S (—1Y () Fy va £(G) = Fjog(n) = Fa. Vi

Vi du 2.10. Xét day s6 Lucas Lo = 2, L1 = 1 va Ly o = Ly + Ly, vdi
n>1. Khi do ta co

1-5 1++5
9 , Ty = 5 .

(i) Ly = 27 + 25 vdi zq =
n

(i) Low = > (7) Ly

J=0
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() Lo = 3 (=107 (7) (Lo ~ 2)

Bai giai: (i) Bing phuong phap quy nap theo n, véi z; =

1-+/5 1++5
2

y L2 =
2
(i) Vi 1+ 2y = 23,1+ 21 = 2} nén ta c6 thé bién ddi nhu dusi day:

(”ﬁ) L = (’;) (e +20) = (14 22)" + (1 +2)"
2 2
= 23" 22" = Ly,.

ta c6 bieu dién L,, = xf + zf.

Vay ¢6 cong thic Lo, = > (?) L;.
=0

(iif) Theo Dinh 1y 2.5, duge L, = >~ (=1)7(1)g(j) = i( 1) (%) Lyj v6i

O

j=
f(7) = Lj,g(n) = Lay. V1 Lo—2——2231 () nén ching ta deé
J_

dang suy ra dugdc cong thic L, = > (1) (?) (Laj — 2).

Vi du 2.11. Cho day (D, = Y (—=1)*(})(n — k)!) vdi n > 1. Chitng
-y

minh rang n! = 1+ Z (3) Dy vdi moin > 2.
=2

Bai giai: Ta c6 (—1)"D,, = fj(—1)"—’f(n”k) (n—k) = f:(_1)’f(g)k!
k=0 k=0

véin > 1. Dat f = (—1)"Dy, va gp = (—1)*k!. Khi d6 f(n) = > (}) -
k=0
Theo Dinh Iy 2.5, ta nhan dugc g, = Y. (=1)"*(}) fi, = Z( 1)" (%) Dy
k=0 k=0
hay (—1)"n! = Y (=1)"(})Dx. Vi Dy = 1 theo quy uéc D; = 0 nén

k=0
nl=1+ % (=1)"(})Ds.
k=2

Vidu 2.12. Dita, =1"+2"+---+m", n,m € N*. Khi dé
m—l—l n i (12 .
T 2 DM L) (m 1Y — 1,

]:

anp
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n+1
n+l n—|—1_ n+1\ .n+1—j _
Bai giai: Ta c6 (z+1) —;(j )m J.Chozx=1,...,m,
. no]
cong tat ca lai, duge (m + 1)"" —1 = (n + DY —( Nans1-1] + m.
j=1J
 (m+1D)" —(m+1) noo 1
Vay nt 1 — Jzzjl (])maj Theo Dlnh ly 2. 5 v6il
. 1 n+1l __ 1
1) = ) = S s, — )
m+1 n

P (" im0y -1

Vi du 2.13. Tinh s6 cdc phép thé f ciia n phan ti, trong dé khong cé
phan i nao co dinh, cé nghia: f(i) =

Bai gidi: Goi s6 cac phép thé nhu vay 1a ¢,. Dat p, = n! 1a s6 tat
ci cac phép thé ctia n phan tit. Xét tat ci cac phép thé trong p,, trong
d6 c6 g, phép thé khong c6 phan tit ndo chiém lai vi tri xuat phat cia
minh. S6 cidc phép thé trong d6 c6 dung mot phan ti chiém lai vi tri
xuat phét ctia minh bing C} ¢,_1. Tuong tu, s6 cac phép thé trong d6
c6 ding hai phan tit chiém lai vi trf xuit phét ctia minh bing C2 g, o,
v.v... Cudi cling, s6 cac phép thé trong dé6 c6 tat ca cac phan ti chiém
lai vi tri xuat phat ctia minh bang C ¢o = 1. Vay p, = i Cﬁ Gn—r- Theo

k=0

Dinh Iy 2.5, ta ¢6 ¢, = > (=1)*CFp, = ST (=1)F CF kL.
k=0 k=0

Vi du 2.14. Xét ma tran vuong cip n la

aj; a2 aig -+ Qaip
ao1 Q22 Q23 --+ dgp
A= | a3 a3z asz -+ ag,
an1 Ap2 Ap3 -+ Qpp
vdi tat cd cac phan tid thuoc R va ag, = 0,k = 1,2,...,n, con a;; # 0 khi

i # j. Xdc dinh s6 cic s6 hang khdc 0 trong khai trién dinh thic det(A).
Bai giai: Hién nhién det(A) = SEN(T)Ar(1)10r(2)2 - - - Ar(n)n CO N
TES,

s6 hang trong d6 S, 1a nhom do6i ximng. VI ar(1)1ar(2)2 - - - Gr(n)n = 0 khi
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va chi khi c6 it nhat mot k dé w(k) = k nén s cac s6 hang khéac 0 trong

khai trién dinh thic det(A) ding bang ¢, = > (—1)* C¥ k! theo Vi du
k=0

2.13.

Vi du 2.15. C6 bao nhiéu cich zép n chit cdi khdc nhau vao r 0 sao
cho & moi 6 cé it nhat mot cha cdi.

Bai giai: S6 cach xép n chit cai khac nhau vao r 6 dung bang sb
anh xa ti tap n phan ti vho tap r phan tit va s6 d6 diang bang r".
Ky hiéu s6 cach xép n chit cai vao r 6 sao cho mdi 6 c¢6 it nhat mot
chit cai ¢,. Trong s6 r" cach xép & phan dau, ta xét nhiing cach xép dé
moi 6 c6 it nhat mot chit cai. S6 cach xép 1a g,. Sau dé xét tat cad cac
cach xép trong d6 c6 mot va chi mot 6 trong. S6 dé bing C; ¢._;1. Tiép
theo xét tat ca cac cach xép trong do6 c6 ding hai 6 trong. S6 d6 bang
Clrgp g, v.v.. Vayr"+1=C¢. +Clg_ +--- —t C" 1 ¢, + Crqo. Theo

Dinh Iy 2.5, ¢, = S (=DFCE[(r — k)" + 1] = 2 (-1D)FCi(r — k)" vi
k=0 k=0

> (-DFCr=@1-1=0.

k=0

V6i ciing cach thite chuyen doi ngudc, xét bai thi vo dich qubc té sau:

Vi du 2.16. Ky hiéu p,(k) la sé cic phép thé cia tap gom n phan ti,
n

trong dé cé ding k phan ti co6 dinh. Ching minh > kp,(k) = n! [IMO
k=0

1987 va 3 (k — 1)%p, (k) = nl.
k=0
Bai giai: Hién nhién kp, (k) = k Cfl Gn—i = 1N Cflj Gn-1—-(k—1)- T quan
heé po1 = C) 1 g1 +Cp 1 qua+ -+ Cljqo ta suy ra he thic sau

S kpa(k) = S kCF gy =n(n—1) =nl.

k=0 k=0

Ta c6 (k — 1)%pu(k) = (k — 1)2CF ¢,_1.. Xét quan heé da thitc dusi day:

(p+2)" = (g+1+2)" = CF(x+1)F¢"*. Lay dao ham hai vé, dugc
k=0

n

n(p+z)"" = 2k Ch(z+1)F1g" % Vay n(p+z)"! = > (k1) Ch(z+
—0 —

1)F1gnk 4 kleﬁ(:c + 1)¥1¢"*. Lay dao ham hai vé va cho z = 0 ta
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sé nhan dugc hé thic sau day:

nl = Y (k—=17°Chg""+) (k—1)Ckg*

k=2 =2

= Z(k - 1)2npn(/€) —qn T+ Z(k —1) Cvkz g
k=0 k=2

= D (k= 1)Pnpu(k +chk kN kgt
k=0 k=0

= Z(/{; — 1)*npn(k) +n! —n!
k=0

theo chiing minh trén. Tom lai Y (k — 1)%p, (k) = n! 1a dung.
k=0
Vi du 2.17. Day (a,) dugc xdc dinh nhu sau: a; = 0,a9 = 1 va a, =
. — 1a,_
na2 1+n(n 5 Ja 2 (—-1)"(1— Z) vdin = 3. Xdc dinh cong thic tuong

minh cho f, = a,+2CL a, 14+3C2a, o+ +(n—1)C" 2a4+nC' ' ay

Bai giai: Bang quy nap theo n ta chi ra duge a, = na,_1 + (—1)".
Vay a, = nl(1 — % + % — % +oF (—1)";1) Viét a, trong dang sau
day: a, = C'n!+C H =1 (n— 1)1+ +CO( 1)"(n—mn)!; ta ciing viét
mot cach hinh thiic a; va by = k! qua o* va b* tuong tng a” = (b — 1)"
v6i moi s6 nguyén n > 0 véi quy udc ap = 1. Xét quan hé da thic

n
sau: £(b— 1+ 2)" = z(a + 2)" = > CFa"*25+1 Lay dao ham hai vé,
k=0

ne(b—1+z)" 1+ (b—1+n)" = kzok: 1CFanFak, V6i = 1 ta co

n n—1
by+nby_1 = > (k4+1) C* a,,_; hay nl4+n(n—)! = 3 (k+1) CF a,_p+n+1.
k=0 k=0
n—1
Tir day tasuy ra f, = S, (k+1)Cla, p =2n! —n — 1.
k=0

n
Cha y 2.2. Tuz2(b—1+2)" = 22(a+2)" = 3. CFa"F2"*2 Iy dao
k=0

ham hai vé duge nz®(b—1+2)" ' 4-22(b—1+4n)" = 3 (k+2) CF gn—Fak+1,
k=0
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Véi x =1 ta c6 2by + nby_1 = > (k +2) CF ap_ hay 2n! + n(n—)! =
k=0
n—1 —1

S (k+2) CF a,_p4+n42. T day ta suy ra > (k+2) CF a,_ = 3nl—n—2.
k=0 k=0

2.4. DPong nhit thitc Newton

St dung chudi lity thita hinh thtic dé chiing minh dong nhat thic
lien quan dén da thitc déi xting co ban. Gia st z1, ..., 7, 1a n tham so.
Ky hiéu

(
h=z1+xT2+ - +a,

09 = T1X9 + T1T3+ -+ Tp_1Ty

5n:$1$2...$n

Ny=at+ab+--+al t=1,2...,Ng=n
ph:ph(xla"'axn> — Z $11$22'--5C%.
\ i1+ tin=h

Dinh 1y 2.6. [Newton] Ta cé cic dong nhat thiic sau day:

Ny — Ny10y 4+ (=) 'Ny S + (=1)'t6, = 0,1 < t < m,
Ny — Ne161+ -+ + (_1>n_1Ntfn+15n—l + (=1)"Ny_pd, = 0,t > n.

Chiéng minh: V6i f(z) = (v — x1)(x — 23)...(z — z,,) ta nhan

(2) 1 1 11 1 )
duo — N .V
e f(x) 33—:131+ +x—xn x[l_ﬂ+ +1_ﬁ] w
fl(z) Xat+ah+--+al < N f(x f(x) & Ny
— n—5S"_" h = —. Tu
f(z) t;) witl t;)xt“ W g1 " ,;) at
. ) J 0. O
day c¢6 duge dong nhat thic n— (n— 1);1—|—(n—2)x—22 —-- -—|—(—1)”_1xn_11
0 6 On o J )
:[1——1—i——22—'-'-I—(—1)”—][n—l——1—|—~'—|——tt—|—'--]. So sanh hé s
r x" T x
clia — & hai vé ta c6 cdc dong nhat thitc Newton.
x
Hé qua 2.2. Gid st hai hé cdac s6 thuc aq, ..., a, vaby,..., b, théa man
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n n

Yoai = > by vdi moi s =1,2,...,n. Khi do c6 phép hodn vi m thudc
k=1 k=1

nhém doi zing S, dé aj, = brpy vOi bk =1,2,...,n.

Chiing minh: St dung Dinh 1y 2.6, qua quy nap theo s nhan dudgc

cac dong nhat thic ds(aq, ..., a,) = ds(by,...,b,) véimoi s =1,2,..., n.

Tu day suy ra [[(z —ar) = [](x — bx). Vay c¢6 phép hoan vi m thuoc
k=1 k=1

nhém déi xing S,, dé aj, = brry VOL K =1,2,... n.

Dinh 1y 2.7. Dat u; = (—=1)""4; vdi 1 < i < n. Ta c6 dong nhat

t A + A + ttt + )\ - 1 ! ? 7
thite Ny = > (h1+ A n 1) u?lug‘2 -o-uln, trong dé tong ldy
IYIEVIERED W
theo tat cd cdac hé (A1, A1,..., ) cdc s6 nguyén khong am théa mdn

A +2X 0+ -+ 1\, =t.

Chimg minh: V6i f(z) = (v — z1)(x — z3)...(x — x,) ta nhan

f'(@) o AT AT, e N 5 dang thé
dugc f(z) = D=0 S| = 20 gitl’ (1). D¢ dang thay
fla) = =™ = Bl At (0) = 0" = (o)

e g(x
8.co == o

Viét thanh chudi 1y thita hinh thic

o) P@ 1 F@) S g,
) = e @ = e 2l

1 — t=0
zETL
(@) = 0 6 01 0nnt
= tz_;(;—p (1) xn),@)

t+1 2
g A "
— U u Upnt,m (n—1)u u
= -2 Loy Ee — I _ Up—1
_;(1‘+x2 +x”)(:c x? xn)
B Y D D ALl [ Lt RO =%
—0 )\1')\2' SN )\n!ﬂfh"H € pn—1
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O d6 téng 1ay theo tat ca céc s6 nguyen khong am théa man A + 2X\e +
A = h VA A 4 Ao+ A, = £ Vay

B D
i1 - Aol Al 2ottt

(n=Yw U

).

T xn—l

O d6 tong lay theo tat ca cac he (A, Ay, ..., \,) cac s6 nguyen khong

~ , ~ E4 . £ , ~ £ )\ A -
am. So sanh hé so cua — ¢ hai ve ta c6 hé so cua uj'u)® - -uén ding
x

bang
M+ ) M+ A =D -1)
AU (A — DI oA
Mt A =D
Mol (M — DI,

véi A1+ 2 . + -+ nA, = t. Bién doi cac

s6 hang ta c6 he s6 cha  uMuy?---ud  bing

Ot = DI+ 20 o+ 0A] E 4+ Ay — 1)
Aol o, B Aol oo '

tAM+ A+ + A, —1)! )
Tom lai, Ny = ) Aifdat: -+ ) uYuy? - - un, trong dé téng
NN
lay theo tat ca cac hé (A1, A1, ..., \,) cac sO6 nguyen khong am thoa man

3 3 3 3
Vi du 2.18. Ta cé 7+ Ty + 3 T1XoTs

X3T1.

= x%+x%+x§—x1x2—x2x3—

T+ T9 + I3

Bai giai: Theo Dinh Iy 2.6 ta ¢c6 N3 — Nody + Nido — 303 = 0. Vay
N3 — 305

~ = Ny — §5 va nhan dugc dong nhat thitc trén.
1

Vi du 2.19. Néu 1, 29, x5 théa man hé thic xi{’ + ac% + :I:% + 212903 = 0
thy o} + 23 + 25 + (22 + 23 + 23) (122 + 2223 + T321) = 0.

Bai giai: Theo Dinh 1y 2.6 ta ¢6 Ny — N3d; + Nody — N1d3 = 0. Vay
Ny + Nods = Ni(N3 + 63) = 0 va nhan duge dong nhat thic trén.
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Vi du 2.20. Cdc so6 1, x9, x3 théa man 1 + x9 + x5 = 0. Khi dé hay
tinh

) To —T3 T3 —T1 T1— T2 Iy 45) x3
(i) 7= ( + + )( + + ).
I I9 I3 9 — I3 T3 — I 1 — I9

(ii) Ching minh x9 + 2§ + 2§ = 3232323 — 2(x122 + To23 + T371)°.

55— 45,55 + 964
03

(ii) D& thay z1,xs, 73 1a 3 nghiem cta 23 + dyx — 63 = 0. Do d6 ta c6

N3 = 353,N4 = 03N; — 09 N9 = —09N5. Nhu thé Ng = —Nydo + N3o3 =

302 4+ 02Ny = 362 — 203, vi Ny = —265.

Bai giai:(i) Phan tich va gian uéc duge T = =9.

Vi dll 2.21. Ddt (50 = Po = 1. Khi do (50]93 — (51])2 + (52]?1 — (53])0 =0. Tu

D1 1 0 (51 1 0
do suy ra 63 =det | po p1 1 vapg=det | 6o 61 1
p3 P2 D1 03 02 01

Bai giai: Dat 6, = 0 khi & > 3. Viét ham sinh 6(t) =

00 3 00 3 1
> opth = [T(1 + tz;) va p(t) = Zpktk = I]
k=0 i=1 =0 i1 1+ tw;

6(t)p(—t) = 1. Khai trién 6(t)p(—t), cac he s6 ctia t/,j > 1, déu bang

. Ta c6 ngay

3
0. Vay > (—=1)*6ps_x = 0. Tt quan hé nay suy ra hé phuong trinh
k=0
1.])1 — 511 =0
tuyén tinh: < 1.py — 6;.p1 + 92.1 =0 Hé nay ¢6 nghiém (1, =41, d2).
L.p3 — 01.p2 + 02.p1 = 03.

D1 1 0
Qua viéc tinh hé sb ctia 1 ta suy ra quan hé det | po p1 1 =
pPs P2 P1
0O 1 O o0 1 0
det| 0 p1 1 =03.p3=det | dy &1 1 duge ching minh hoan
03 p2 p1 d3 0y Oy

toan tuong tu.

Vi du 2.22. Chiing minh rang név a, b, c,d € R théa man ab+ac+ad -+
betbd+cd = 0 thi a®+b*+A+d*—3(bed+cda+dab+abe) = (a+b+c+d)>.
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(61 =a+b+c+d

d9 = ab + ac + ad + bc + bd + cd

Bai giai: Dat < 03 = abc + abd + acd + bed

04 = abed

(Ni=d' +b +d+dt=1,2,...,Ny=4.

Theo Dinh 1y 2.6 ta ¢c6 N3 — Nydy + N1do — 303 = 0. Vay N3 — 303 =
Nobdy — Niby = 63 — 36105. Vay 6 = 0 nén a® + b* + ¢ + &* — 3(bed +
cda + dab+ abe) = (a + b+ c+ d)*.

Vi du 2.23. Da thic T = 2(2" +y" + 27) — Toyz(x* + y* + 2*) ¢6 nhan
telax+y+ 2.

Bai giai: bat A = x4+ y+ 2, B = 2y + yz + zx,C = zyz. Dat
a, = 2" +y" + 2z". Khi d6 x,y, z 1a ba nghiem ctia t* — At? + Bt —C =0

VA pq3 = Adyio — Bayer + Ca, v6i s6 nguyén n > 0 va ag = 3. Cha ¥

ayg = 3
ay = A
o — A2 — 2B

as = Aas — Bay + Cayg = A®> —3AB + 3C = Aks + 3C
ay = Aas— Bay+ Ca; = Aky + 2B

as = Aks —5BC

ag = Akg— B>+ 3C?

a; = Ak;+ TB*C.

Vay T = 2a7; — TCay = A(2k; — TkyC) c6 nhan tt A =z +y + 2.
2.5. Dinh ly Fermat va Dinh ly Wilson

Bo6 dé 2.1. Vdi s6 nguyén duong n, dat f(r) = (14+2)(2+z)...(n+x).
Gid st f(x) = b+ bix + bew® + - - - + bya™. Chitng minh rang (n — k)b, =
CZﬁ_k + CZ"“ b1+ CZj_k bypo+ -+ C%+2 bit1-

Chitng minh: T (1+2)(2+2) ... (n+2) = by+biz+box?+- - -+ b,2"
tasuyra (24+x)3+x)...(n+14+2x)=by+by(z+1)+- -+ by(x+1)"
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qua viéc thay x béi x + 1. Tacongay b, =1,b, 1 =14+2+---4+n =

1
% va hé thic(l + )2 + z)...(n + z)(n + 1 + x) =

bolx + 1) + bi(z + 1)* + bo(z + 1)° + -+ + by(z + 1)". Tu
(n+142)f(x) = (x+ 1) f(x+1) suy ra (n+1+x)(bg+brx+- - -+b,2") =
bo(x + 1) + bi(z + 1) + bo(x + 1)3 + -+ + by(z + )" Nhu vay

~

1
Dby1 +bpo=C2 b, +CLb,1+C_ b, s
Dby o+b,3=C2 b, +C2b, 1 +C. 1 by2+C) b, 3

(n+ D)ba4by = Cpii by +Co byt + Ol by 4+ + Cyby + Co by
(n+1)by+by=Cl b, +Cl b, 1 +CI b, 9+ -+ Cyby + Clby
((n+ )by = CH1b, +Clbyy +Cl by g+ -+ Caby + Ciby vaco
(b, =1
b — n(n+1)
21

(n—2)by = Cpy +C 2 by + G by + -+ + Clby

(n—1)by =C  +C b, 1 +Cl by g+ -+ Chby
\nbo = CZI% + CZ b,—1 + CZ:% by_o+ -+ Cg by.

Do vay (n — k)by = Cl 4+ Cl b, + C 1 by g4+ CF g by

Hé qua 2.3. [MO British 1974] Vdi s6 nguyén t6 1é p, dat f(z) =
(14+z)2+x)...(p—1+x). Gid st f(x) = by+brx+bex?+- - -+b, 12771
Chatng minh rang

(i) plby vdik=1,2,....,p—2va p|(by+ 1).

(i) V&i moi s6 nguyénn ta c6 p|(n+1)(n+2)...(n+p—1)—nP~14+1.
Tu dé suy rap|(p—1)'+1vap|nP~t —1 khi(n,p)=1.

Chtng minh:
(i) Qua cac cong thiic tinh toan duge & trén ta co
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(b, =1
p(p—1)
2!
20,3 =C,+C; 1 by

by =

(p—2)by = Co 4+ CP by o+ CP o by g+ -+ + Cibo
(p— )by = Ch+Co by g + CL 3 by 5+ -+ + C3 by
Stt dung cong thiic quy nap theo k ¢6 p | b, v6i k=1,2,...,p—2. Tt hé
thiic cudi cung suy ra he thitc p.bg = (bg+ 1) + byo +bp5+ -+ by va
nhu vay by + 1 chia hét cho p.

(i) Vi p|by v6i k = 1,2,...,p — 2 va by + 1 chia hét cho p nén
plin+1)(n+2)...(n+p—1) —nPt + 1 v6i moi s6 nguyén n. Tt d6
suyrap|(p—1)!+1vap|n’~!t —1khi (n,p) = 1. Tu cic két qua trén

ta suy ra ba két qua sau day:

Dinh 1y 2.8. Vi s6 nguyén to p va moi s6 nguyén n théa man (n,p) = 1,
ta luon co

(i) [Fermat nho] n?~! = 1(mod p).

(ii) [Wilson] (p — 1)! + 1 = 0(mod p).
(iii) Néu so nguyén to p cé dang 4k + 1 thi [(]%1)']2 + 1 = 0(mod p).
Vi du 2.24. Tim tat cd cdac nghiém nguyén cia phuong trinh 3 + 3 =
20+ 3.

Bai giai: Néu phuong trinh c6 nghiém trong Z thi né cling c6 nghiém
trong Z7;. Khi d6 ton tai Z,7,Z € Z; théoa man 75 + 3> = 2° + 3. Vi
72,70 € {0,1, -1} nen 2 +7° € {0, £1, £2}, trong khi d6 z°+3 € {3, 4}.
Vay phuong trinh dang xét vé nghiém trong trong Z.

Vi du 2.25. Tim tat ca cac nghiém nguyén cia phuong trinh 2+ 4y* =
6
2> 4+ 6.

Bai giai: Néu phuong trinh c6 nghiém trong Z thi né ciing c6 nghiém
trong Z;. Khi d6 ton tai #,7,z € Zg thoa man 72 + 4y* = 2% + 6. Trong
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chécéchéthﬁ’CGQ—ﬁTz—T§ 13 = 1,12:6,5 1.6 =

4 7 =T Vay 72 chi c6 the la 0 hoac 1 hoéc 4 va 47" chi c6 the la 0 hoac

co the 120+ 6 =6 hoac 1+ 6 = 7. Diéu nay ChlIIlg t0 phu’dng trinh vo
nghiém.
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Két luan

Luan van da dat dudc mot s6 két qua sau:

1. Trinh bay mot s6 kién thitc co ban vé to hgp va t6 hop suy rong véi
chitng minh day du va vi du ap dung.

2. Trinh bay dude mot s6 phuong phap xay dung bai toan té hgp, chang
han: St dung dao ham va tich phan; st dung hé phuong trinh; st dung
s6 phiic va sit dung song anh véi nhitng vi du minh hoa.

3. D4 chitng minh mot sé dinh 1 ¢6 lién quan dén t6 hop, ching han:
Dong nhat thic Newton, Dinh 1y Hilbert va Dinh 1y Cantor vé bicu dién
s6, Dinh 1i Fermat va Dinh 1f Wilson vé dong du.

4. Da trinh bay duge mot s6 bai toan xuat hién trong cac ki thi hoc sinh
gidi cap quoc gia va qubc té. Da xay dung dude mot sd bai toan mdi c6

lien quan dén to hop.
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