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L.OI NOI DAU

D4 tit lau, ngudi ta rat quan tam dén nhing phuong trinh kiéu 22 + 2 = 22

hay 23+ = 23 v6i z, y, z nguyeén. Viéc giai cac bai toan nay khi z # 0 ciing chinh
la viéc tim cac diém hitu ty trén duong cong phing 22 + y2 = 1 hay 2% +¢° = 1.
Chinh vi vay mot van dé nay sinh la xac dinh cac diém hitu ty trén duong cong
phang. Dé c6 thé xac dinh duge hau hét cac diém hitu ty, ngudi ta thuong tham
s6 héa duong cong phang trong R2.

Mot van dé nita ciing duge nhicu ngudi quan tam la: Mot két qua trong hinh
hoc ding cho duong tron thi con ding cho duong elip, hypecbol, parabol khong?
Dé c6 duge két qua ding cho dudng conic thi cac hé thiic phai ¢6 cac hé sb tuong
ting kem theo.

Van dé tht ba la: Mo ta mot tap hop diém trong hinh hoc phang khong phai
ctt ding thudée ké va compa l1a dung dude. Khi dé6 muén tim quy tich cac diém
trong mat phang ta c6 thé mo ta qua dudng cong phang.

V6i ba van dé dat ra ¢ trén luan vin nay tap trung nghién ciu vé duong cong
phang vd mé rong mot vai két qua da biét tir lau. Luan van dude chia lam ba
chuong.

Chuong 1. Trinh bay mot vai kién thitc chuan bi vé nhom, vanh da thic, két
thic va biét thuc.

Chuong 2. Tap trung trinh bay vé duong cong phang. Muc 2.1 trinh bay khéi
niém duong cong phang. Chiing toi da chitng minh duge ménh dé 2.1.2. vé giao
hitu han diém cta hai dudng cong phang. Muc 2.2 trinh bay viéc tham s6 héa

cac dudng conic va mot vai dusng cong phang khac. Chiing toi tham s6 héa theo
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kiéu phan thitc hitu ty dé ap dung vao xac dinh diém hitu ty trén dudng cong
phéng. Canh dé chiing t6i ciing tham s6 hoa ham lugng giac dé chuyen mot vai
két qua tit duong tron sang elip. Muc 2.3 ching to6i trinh bay mot phuong phap
xac dinh diém hitu ty trén duong conic. Muc 2.4 trinh bay cau tric nhém trén
dudng cong bac ba khong c6 diém ky di. .

Chuong 3. Mot s6 ting dung

Muc 3.1 trinh bay mot vai bai hinh so cAp qua tham s6 héa. Trong muc nay
toi da st dung tham s6 héa dé giai quyét mot sé bai toan tap hop diem ma quy
tich ctia chiing 13 mot duong cong phang bac ba. Muc 3.2 dua ra céch gidi mot
vai phuong trinh nghiém nguyén stt dung phuong phap tham s6 héa. Muc 3.3
trinh bay vé khai niém va mot vai tinh chat ctia phép bién hinh N,,. Trong muc
nay toi trinh bay dinh 1y Ptolemy va dinh 1y Newton déi v6i duong tron. T két
qua nay st dung phép bién hinh N, phat hién ra mot s6 két qua tuong tu cho
elip. Muc 3.4 toi trinh bay mot sé bai toan vé dudng cong phang bac ba dic biét
la bai toan duong cong phang 21- diém K.

Dich cudi cting luan van muén dat dudc 1a:

1. Két thiic va phép khit v6i nhitng tinh chat co ban va tng dung.

2. Dudng cong phéng trong mat phang va mot vai tinh chat.

3. Tham s6 héa dudng cong phing va st dung tham s6 hoa duong cong phang
trong mot s6 bai toan vé phuong trinh nghiém nguyen, diém hitu t§ va mot so
bai hinh so cap.

4. Phuong phap tim diém hitu ty trén dudng conic va cau tric nhém trén
dudng cong phang bac ba khong k¥ di.

5. Trinh bay phép bién hinh N, va mot vai tinh chat.

6. Bai toan dudng cong phang 21 - diem K.

Du da rat ¢6 gang, nhung chic chan noi dung duge trinh bay trong luan van
khong tranh khoi nhitng thiéu s6t nhat dinh, em rat mong nhan dugc su goép ¥

cua cac thay co giao va cac ban.
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Luan van dugce hoan thanh dudi sy huéng dan khoa hoc ctia PGS.TS. Dam Van
Nhi . Em xin dugc t6 long cdm on chan thanh nhat t6i thay. Em xin cAm on
chan thanh t6i Truong Dai hoc Khoa Hoc - Dai hoc Thai Nguyén, noi em da
nhan dugc mot hoc van can ban sau dai hoc. Tac gid xin chan thanh cam on
gia dinh, ban be, dong nghiép da cadm thong, ing ho va gitip dd trong sudt thoi

gian tac gid hoc cao hoc va viét luan van.
Thai Nguyén, ngay 10 thang 5 nam 2013

Nguoi viét

Pham Trung Kién
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Chuong 1

KIEN THUC CHUAN BI

1.1 Nhom

Giad st X 1a mot tap khac rong. Xét tich X x X = {(a,b) |a,b € X }. Mot anh
xa *: X x X = X dudc goi 1a mot phép todn hai ngoi tréen X. Gia thiét = 1a mot
phép toan hai ngoi trén X. Phép toan * dugc goi la c¢6 tinh chat két hop néu
(axb)*xc=a=x(bx*c) théa man cho moi a,b,c € X. Phép toan x dugc goi la co
tinh chat giao hodn néu a*b = bx*a théa man cho moi a,b € X. Gia sit A 1a mot
tap con cia X. Tap A dugc goi la on dinh v6i phép toan * néu axb € A véi moi
a,be A

Dinh nghia 1.1.1. Gia stt tap X # () v6i phép toan hai ngo6i . Phan tilie € X
dugc goi 1a phan ti trung hoa néu a x e = e x a = a théa man cho moi a € X.

Dinh nghia 1.1.2. Cho tap X # 0 v6i phép toan hai ngoi * va phan ti
trung hoa e. Gia st phan t1t a« € X. Phan ti b € X dugdc goi 1a phan tit nguoc
cla anéu axb=>bxa=e.

Dinh nghia 1.1.3. Cho tap X # 0 v6i phép toan hai ngo6i * va phan ti trung

hoa e. Gid sit phan tit @ € X. Phan tit b € X dugc goi 1a phan tit ngude clia a
néu axb=>bx*a=e vatanoéi a c6 phan ti nguge 1a b.
Dé dang chitng minh dugc rang, néu X # () v6i phép toan hai ngoi két hop * ma
c6 phan tit trung hoa e thi phan t1t e 14 duy nhat va néu phan tit a € X ¢6 phan
t ngucc b € X thi b cling 14 duy nhat.

Dinh nghia 1.1.4. Cho tap X # 0 véi phép toan hai ngoi . X duge goi la
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mot nhém néu X cung phép toan * thda man cac dieu kién sau:

(i) X c6 phan tt trung hoa e.

(ii) Phép toan x c6 tinh chat két hop, c6 nghia: (a * b) * ¢ = a * (b * ¢) thda man
cho moi a,b,c € X.

(iii) Moi phan tit @ € X déu c6 phan ti ngudc, c6 nghia: C6 b € X dé axb =
bxa=e.

Nhém X véi phép toan * duge goi 1a nhém giao hodn néu z xy = y* x théoa man
cho moi phan tt z,y € X.

Néu phép toan hai ngoi * tréen nhém X duge ki hieu béi phép cong + thi thay
cho viéc viét a * b ta viét a + b va duge goi 1a tong ctia a va b. Nhém (X, +) goi
1a nhém cong. Phan ti trung hoa e ctia nhom nay 1a phan ti khong va duce ki
hieu 1& 0. Phan tit nguge ctia a duge goi 1a phan ti doi va ki hieu qua —a. Do
vay a —a=a+ (—a) = 0.

Néu phép toan hai ngoi * trén nhém X duge ki hieu béi phép nhan . thi thay
cho viéc viét axb ta viét a.b hodc viét don gidn ab va goi 1a tich ciia a va b. Nhom
(X,.) dugc goi 1a nhém nhan. Phan tt trung hoa e ctia nhom nay duge goi 1a
phan ti& don vi va duge ki hiéu 1a e. Phan tt ngude ctia o dude goi 1a phan ti

nghich ddo va duge ki hieu qua a=!. Do vay aa~! =e.

1.2 Vanh da thic va nghiém da thic

1.2.1 Khai niém vanh da thic

Gia st R 14 vanh giao hoan véi don vi 1. Ki hieu P ¢ RN 1a tap hop tat
ca cac day f = (ag,a1,...,a,,0,0...) v6i cac a; € R va chi c6 mot s6 hitu han
thanh phan khac 0. Nhu vay phan tt thuoc P hoiic ¢6 dang(0,0, ...,0,0,...) hoic
(ag, ai, ..., an,0,0,...) véi thanh phan cudi cing a, # 0. Ta dua phép toan vao P
dé bién P thanh mot vanh. Véi f = (ag,...,an,0,...), g = (b, ...,bm,0,...) € P,
dinh nghia:
f =g khi va chi khi a; = b;,1 =0,1,2, ...
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f+g=(ap+bo,a1 +b1,...,a5 + b, ..., 0,...)
f.g = (aobo, a1bo + agb1, azby + a1by + agba, ..., 0, ...)
B6 dé 1.2.1. Tap (P, +,.) la mot vanh giao hodn vdi don vi (1,0,0,...) va dnh
za ¢: R— (P,+,.),a (a,0,0,...) la mot don cau.
Chiing minh: Dé dang kiém tra céc két qua tren.
Dat z = 2! = (0,1,0,0,...) va quy udc 2° = (1,0,0,...). Ta c6 bicu dién

¥ = (1,0,0,...)
r=(0,1,0,0,...)
22 = (0,0,1,0,0,...)
# = (0,0,0,1,0...)

f = <a07a17"'7an70707"'>
= (a0, 0,0,..) + (0,a1,0,0,...) + .. + (0,0, ...,0,an, 0,...)
= (ao,0,..)2° + (a1,0,..) 2 + ... + (a,0,0,...) 2"

Néu dong nhit a € R v6i anh ¢ (a) = (a,0,0,...),20 = (1,0,0,...) = ¢ (1) ta co biéu
dién f = ag+ a12 + agx? + ... + ap,2™. Lic nay vanh (P, +,.) duge ki hiéu qua R[]
va ta co

n

R[z] = {ao + a1z + asx® + ... + apa™ la; € R} = {Zaixz la; € R}

i=0
Maéi phan tit f € R [z] dude goi 1a mot da thic clia x véi cac hé s6 a; thuoc vanh
R. Hé s a, # 0 dugc goi 1a hé 56 cao nhat, con hé s6 ay dudce goi 1a hé so tu do
cua f, n dugc goi la bac cua da thic f va ki hiéu la degf(z). Riéng da thic 0
dude quy dinh c6 bac 1a —oo hodc —1. Vi tinh chat dac biét ctia « nén doi khi
ta goi  1a mot bién trén R va da thitc f con dude viét qua f(z).

Néu f (x Zazx g(x be € K [z] thi

fx) = ()khlvachlkhlﬂlllz =b;v6i0<i<n
f(93)+9(93):;)(ai+bi)iﬂi>f($)9 Z()(i a;i—jb )

Ta c6 cac két qua sau day:
Dinh 1y 1.2.2. Vdi truong K, K[z] la mot vanh giao hodn. Hon nia, K|x]

con la mot mién nguyén.
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Dinh ly 1.2.3. Vdi cac da thic f(z),g9(z) € Klz] va g(x) # 0 c6 hai da thic
duy nhat q(z),r(z) sao cho f(x) = g(x).q(x) + r(z) vdi degr(z) < degg(x).

Dinh 1y 1.2.4. Gia su K la mot truong. Khi do vanh K[z| la mot vanh chinh
va noé la vanh nhan ti hoa.

Vi du 1.2.5. Cho hai so tu nhién n va p vdin > p > 1. Tom diéu kién can
va di dé 2 — a™ chia hét cho 2P — aP vdi a € R,a # 0.

Bai giai: Bicu dién n = gp+ r trong Z véi 0 < r < p. Khi d6 c6 thé viét
" —a" = (2P — aP) (xnp 4P L 4 a(ql)panp) +a® (" —a").

Vay, diéu kién can va di dé z” — o™ chia hét cho z” — aP 1a n chia hét cho p.
Gia su truong K la truong con cua truong K*. V6i a € K* va da thic f(x) =
Xn: a;x' € K [z]. Biéu thic f (a) = Zn: a;a’ € K* duge goi 1a gid try ciia f(z) tai a
:;clmg K*. Néu f(a) =0 thi a duaé:gloi la mot nghiém ctua f(x) trong K*. Gia st
s6 nguyén m > 1. Phan tit o € K* dudc goi 1a mot nghiém boi cap m cia f(z)
trong K* néu f(z) chia hét cho (z — a)™ va f(z) khong chia hét cho (z — a)™"!
trong K*[z]. Khi m =1 thil o dudc goi la nghiém don.

Dinh 1y 1.2.6. Da thic f(z) € K[z] bic n > 1. Khi dé ta cé két qud sau:
(i) Néu a € K la nghiem cia f(x) thh f(z) = (v — a)g(z) vdi g(x) € K[].

(ii) f(z) cé khong qud n nghiém trong K.
1.3 Két thiic va biét thiic

Két thic clia hai da thitc duge biét dén va ting dung manh mé trong dai s6
may tinh. N6 dic trung cho viéc xac dinh tinh chat dic trung ciia hai da thic
mot bién trén truong K c6 nghiém chung thong qua hé s6 ctia hai da thic do
ma khong doi hoéi phai tim nghiém ctia ching. Két thitc 1a cong cu dang ngac
nhién trong viéc gidi quyét cac bai toan vé hé phuong trinh dai sb.

1.3.1. Khai niém két thiic

Gia st ug, u1, ..., Um VA vg, V1, ..., Uy 12 MmOt ho gom m + n + 2 bién doc lap dai s6
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trén truong K. Xét hai da thitc véi bicu dién dudi day:

fu () = upx™ +ur ™+ L+ u,

G (T) = voz™ + 012"+ L+ oy

thuoc vanh da thic K[u,v][z]. Khi d6 dinh thic cap m + n dudi day:

ugp Uy ug - Um,
up ur - Um—-1 Um
Uuo Ul Um—1 Um
Res(fu, g’l}) =
vp U1 v - Un
vp V1 - Un—-1 Up
Vo U1 tt Up—1  Up

gom n dong cho céc u; v m dong cho céc v; duge goi la két thiic hay dinh thiic
Sylvester cua hai da thic f,(z) va g,(z). Tt dinh nghia ta suy ra mot vai tinh
chat :
(i) Res(fy,gv) la da thiic thuan nhat véi hé so nguyén biac m +n va la da thic
thuan nhat bac n cia cdc u; va la da thic thuan nhdt bic m cia cdc v;.
(11) Res(fu,gv) cO hang ti la don thic ufvl.
(i1i) Gid sitm >n vic€ K. Khi dé Res(fy + cgv, gv) =Res(fu, gv)-
(iv) Vdi da thic hy ta c6 Res(fu, guhe) =Res(fu, gv) - Res(fu, ht).

Dinh 1i 1.3.1 V6i hai da thic f.(x) va g,(x) luon cé hai da thic

h(u,v,z), k(u,v, ) € K[u,v][x] théa man hé thic biéu dién sau:

Res(fu(x), go(®)) = h(u, v, 2) ful@) + k(u, v, 2) gy (2).

Chitng minh: St dung mot hé cadc dong nhat thitc dudi day:

( — _ _ _
2" (1) = upr™ T g™ 2 4w !

"2 f (2) = upx™ T2 g™ 4 L w2

fu () = upz™ +ur ™ + .+ up,
2" g, () = vor™ P o™t 4 ™!

2™ g, (2) = vor™ 2 f ™IS b ™2

L 9 () = voz" + vz 1+ 4o,
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Ta coi z; = 2™t~ 4 =0,1,...,m+n—1, la cac an va dinh thtc cia hé phuong
) —
trinh tuyen tinh nay la Res(fu.(z), g»(z)). Ki hiéu k;,i =0,1,...,m+m — 1, la cac

vectd cot cuia ma tran ngay dudi

( up UL U2 ...  Up \
ug Ur ... Um—1 Um
Uug U1 Um—1 Um
vg vl UV - Uy
Vo UVi crr Up—-1 Up
\ Vo ) Un—1 Un
Va
%

k = (x"_lf () 5oy fu (), 2™ gy (2) .0 90 (a:))T
Khi do6 ta c6 hé thuc
Zok—g + 2‘1%—1> + ...+ Zm—&—n—l?m—i—n—l = ?
Giai he nay qua dinh thitc va khai trién dinh thtc ta c6 hé thiec :
Res (fu (x), gy (x)) = det (k:—g, k:—1>, o ?m+n_27 ?)

Do do6 Res (fu (2), 90 (2)) = b (u,v,2) fu (2) + k (u, v, 7) go (2).
Tiép theo, thyc hién phép dic biet héa K [u,v] [z] — K [z] qua viéc thé

(U, ULy ooy Upn) > (@g, a1, vy Q) , (V0, V1, -y U) > (Do, b1, ...y by)

Khi d6 c6 da thic f,(z), gy(x) va két thiic Res(fa,g) sau day:

fo(z) = apas™ +ar12™ P+ . Fam
Jp (33) = bpx" + blitn_l 4+ ...+ by ,apbg 7& 0

10
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ap a1 as - Gy
ap a1 --° Am—1 0am
ao ai m—1 Aam
Res(fq, =
(fa gb) bo by by - b,
bO bl to bnfl bn
b() b1 T bn—l bn

Dinh ly 1.3.2. Hai da thic f,(z) va gy(x) c6 udec chung khdc hang s6 khi va
chi khi c6 hai da thitc thuoc K[z] biéu dién dang
p(z) =cor™ '+ 2™ 24 e
q(z) =doz" ' +diz" 2+ .. +dy
khong dong thoi bang 0 théa man ¢ (z) f (z) = p(x) g (v).

Chtng minh: Gia st ta c6 quan hé ¢ (z) f () = p(z) g (z) . Khi d6 moi nhan
tit clia f(z) khong thé chi 1a cac nhan t cia p(z), vi degp(x) < m — 1 < m, moi
nhan ti clia g(x) khong thé chi 1a cac nhan tit clia ¢(z), vi degq(z) <n —1 < n.
Vay hai da thic f(z) va g(x) phai c6 it nhat mot nhan tit chung bat kha quy.
Nguge lai, gid st f(x) va g(x) c6 nhan tit chung 1a d(z) khac hing s6. Dit
f(z) = d(z)p(x) va g(x) = d(x)q(z) .

Khi d6 q(z) f (2) = q(2)p (2) d () = p (2) g (2)
véim—12>degp(z) , n—12>degq(x).
Ch y rang, phuong trinh ¢(z) f(z) = p(x)g(z) tuwong duong v6i hé phuong trinh

tuyén tinh m +n an ¢;, d; sau day:

4
doag = cobo

doai + diag = cobr + c1bg
doas + diaq + doag = coba + ¢1b1 + caby

dp—20m + dn—1a0m-1 = Cm—2by, + ¢—1bp—1

L dp—1am = cp—1by

Day 1a he phuong trinh tuyén tinh thuan nhat gom m + n phuong trinh véi céc

an co, ¢, ..., ¢m—1,do, d1, ..., dp—1. Hé nay c6 nghiem khong tam thuong khi va chi
11
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khi dinh thic cap m + n sau day phai bang 0 :

ap —by
ar ap —b1 —bo
a9 al e —bQ —bl
as . ag i —by . —b _ 0
aym - ay —=b, 1 . =bh
A a9 —b, —ba
m —b,
Hay ta c6
apy ai as -+ am
ap ar -+ Gm-1 0am
ao ai ot Am—1 am
Res( fq, = =0
(fa gb) bo by by - b,
bO bl bnfl bn
bO bl bn—l bn

v6i nhiing vi tri trang déu bang 0.

Hé qua 1.3.3. Cho da thic f(z) va g(x) ¢6 hai da thic o (x), 8 (z) € K [2] dé
a(z) f(z)+ 5 (x)g(r) =Res(f,9).

Ching minh: Da thic f(z) va g(x) sé c6 dugc qua dac biét hoa hai da thic
fu(®) va gy(z) tuong tng. Tu dinh 1i 1.3.1 suy ra sy ton tai ctia hai da thic
a(r),f(r) € K[z] dé a(x) f (z) + B (z) g (x) = Res (f,g) qua dic biét hoa.

Hé qua 1.3.4. Cho da thic f(x) va g(z). Hai da thic f(x) va g(z) c¢é nghiém
chung trong mot md rong K* cua K khi va chi khi Res(f,g) = 0.

Chiéng minh: Gia st hai da thic f(z) va g(x) c6 nghiém chung ¢ € K*.
Khi d6 f(£§) = 0 va g(§) = 0. Theo hé qua 1.3.3, nhan dugc phuong trinh
Res(f,0) = a () £ () + B(€) g(€) = 0 . Nguoc lai, gia thiét Res(f, g) = 0. Khi do
f(z) va g(x) c6 nhan tit chung khac hang s6 (theo dinh 1i 1.3.2). Vay f(z) va g(x)

¢6 mot nghiém chung trong mot mé rong K* cia K.
12
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Vidu 1.3.5. Xdc dinh diéu kién can va di dé f(z) = 2*+az+1 va g(z) = pr+q
co nghiém chung.

Bai giai: Hai da thic f(x) va g(x) ¢6 nghiém chung khi va chi khi Res(f, g) = 0.
1 a 1
Vay f(z) va g(z) c6 nghieém chung khi va chi khi0=|p ¢ 0 | =p*+ ¢> —apq

0 p g
hay p* + ¢* = apq.

Vi du 1.3.6. Xdc dinh dicu kién can va di dé f(z) = 2° + ax + b va g(z) =
22 + px + q c6 nghiém chung.
Bai giai: Hai da thic f(z) va g(z) c6 nghiém chung khi va chi khi Res(f, g) = 0.

Vay f(z) va g(z) c6 nghiém chung khi va chi khi

= (b—q)* + (a—p) (ag — bp) .

O = O =
K O o O

b
a
q
p

—_— 8 = Q2

Cho hai da thttc thuan nhat hai bién ta c6 két qua twong duong dinh 1y 1.3.1
sau day:

Dinh ly 1.3.7. Cho hai da thic thuan nhat hai bién z, va x; la

f (@) = apx’? + a1 twg + o+ apall
g (x) = box! + blrﬂf_lzzro + ..+ buag apbg # 0

¢6 hai da thiic thuan nhat u(a,b,x) ,v(a,b,x) v6i hé s6 nguyén cia cac a;, b; va
zo, x1 dé
Res(f, g)xgwr”*l = u(a,b,z)f(x) + v(a,b,x)g(x).
1.3.2 Biéu dién két thiic qua nghiém
Gid st ug, 21, ..., Zm VA vg, t1, ..., t, 12 nhitng bién doc lap dai s6 tréen K. Xét hai
da thiic

fu (@) =ug(z —21) ... (2 — 2mm) = upr™ + w1 ™ 1 + ...+ up,
Go () =vo (x —t1) ... (x — tp) = vox™ +v12" L+ ..+,

thuoc vanh da thic Klu,v][z].

Van dé dit ra: Biéu dién két thitc Res(fu (), go(r)) qua cic z;,t; . Trude tien
13
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ta can bo deé sau:

B6 dé 1.3.8. Cho da thic L ys) € Kly]. Khi dé ta cé dong nhdt thic

(Y1
s
p(y17y27"'7y8>_p<zlaz27'-'a ZPYZ - trong do Vi eK[yla"'ay&Zla-“;ZS]-

1=

Chtng minh: Coi p(yl,yQ,...,yS) nhu 1a mot da thitc thudc vanh da thiic
Klyo, ..., ys][y1]. Khi d6 ta cé thé biéu dién

P2 ys) = a () = > c) vl

7

VGi ¢ (y) € K [y, ..., ys] va ta c6 ngay

gy) —a(21) =Y cl) (i —21) =dyy1,21) (1 —21)

;
van dung két qua nay ta ducc
p(W) —p(2) =0 W1, Y2, - Ys—1,Ys) — P (21, 22, ..., Zs—1, Zs)
= P(yL Y2, -y Ys—1, ys) —p (Z17y27 "'7y8—17y8)

+p (Zlﬂ Y2, "'7y8—17y8) -D (217 22, ---7?/3—1795)
+...

+p (21,22, .oy Z5—1,Ys) — D (21, 22, ..y Zs—1, 2s)

T két qua vita chi ra & trén suy ra p (y1,y2, ., ¥s) =P (21, 22, -y 25) = > v (yi — 21),

trong d6 v; € K [y1, ..., Ys, T1, ---, Zs]-

Van dung bd dé nay ta sé chi ra cong thiic biéu dién két thitc qua cac z va t;
Dinh li 1.3.9. Gia st f, (x) = ug ﬁ (r — 2) = upz™ + urx™ ' + ... + upy va

=1
n

g () = vo [] (x —t;) = voa™ + vz '+ ..+ v,. Khi dé ta c6 dong nhat thic
j=1

Res (fu, 9v) = ugvg Hl H
i
Chitng minh: Thejo tinh chat ctia két thic, Res(fy, g») 1a da thiic thuan nhat
cac n cla cac u; va bac m clia cac v;. Chi ¥ rang, cac u, 1a nhitng da thic doi
xting c¢d ban clia cic z; nhan véi vy va cac v, 1a nhitng da thitc déi xiing co ban
clia cdc t; nhan vé6i vy. Do vay c6 the viét Res(fu,g0) = ulvi'h(2,1), trong d6

h(z,t) € Zlz1, ..., Zm, t1, ..., t,). Xét da thic h(z,t). Khi cho z; = t; thi hai da thic

fu va g, c6 nghiém chung. Theo hé qua 1.3.4 khi d6 ta c6 Res(fu,gv) = 0 hay

14
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h(z,t) = 0. Vay h(z,t) chia hét cho z — t; theo bo dé 1.3.8. V6i mdi cap (4,5) ta

6 z; —t; 1a bat kha quy va dng véi hai cap (i, j) khéc nhau ¢6 z; —t; khac nhau.

Nhu vay Res(fu,gy) chia hét cho ufvy H H zi — tj) trong Z[21, .., Zm, t1, oy tn).
i=1j=
ViétS:ugv()HH ; :ugngvzi:— Hfu ). Ta suy ra S

i=1j= =1
12 da thic thuan nhat bac m cla cac v; va bac n cta cac u;. Tt day suy ra S

va Res(fu, gv) sal khac nhau chi mot hang s6 thuoc Z. Vi he ti clia ufof* & S va

Res(fu, gv) déu bang 1 nén Res (fu, g») = upv® H H
i=17j=

Hé qua 1.3.10. Gia su hai da thic f(x) = apx +a1mm Yy tam vag(n) =
box™ + bzt + ... + b, thudc K|x] vdi agby # 0 va ¢ cdc nghiém al,ag,. Oy VA

B1, B2, ., Bn trong K . Khi d6 ta c6 dong nhat thiic Res (f, g) = al by H H
i=1j=

Ching minh: Thuc hién phép dac biét hoa Z [ug, v, z,t] — K sau day.

ug — ap, v — by va (z;) — (i), (t5) = (5))-

Ta suy ra dong nhat thiic Res (f, g) = alby H H
1= 1]

Hé qua 1.3.11. Gid st o, B la hai s6 dai s6 tren Q vdi da thic téi tieu tuong

ing la f(z) va g(z) thuoe Q[z]. Dat v = a+ 3,6 = a.f. Khi dé ~,6 lan lugt la

nghiém cia cac da thitc p(z) = Resy(f(z), g(z—x)) va q(2) = Res,(f(x), g(z/x)x%99(®)),

tuong wng. T dé suy ra cic da thic toi tiéu cia v va & la ude cia p(z) va q(z),
tuong Ung.

Ching minh: Gia st f(2) = aps™ +a12™ 1 + ...+ ay, v g(x) = boa" +bya" 1 +
...+ by, thudce Q [z] v6i agby # 0 va ¢6 cac nghiém ay, ag, ..., ap, va By, Bo, ..., B, tuong
ting. Vi g(z — ) = bo(z — 2)" + by(2 — )" ' 4+ ... + b, nén g(z — ) c6 nghiém la
z—f; v6i j =1,2,..,n . Theo hé qua 1.3.10 ta nhan dudc hé thic sau day bdi
biéu dién p(z) :

m n
p(z) =Resy (f(x),9(z—x)) = ajby HH (a; + B —
=1 j5=1
V6i cip (i,7) dé a = a8 = B ta c6 v = a; + B;. Khi d6 p(y) = 0. Vi

g (z/2) 1989 = bz 4 b12" x4 .+ bya” nén g (z/x) 29°89() c6 nghiem 1a 2/,

15
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Vv6i j =1,2,...,n. Ta nhan dugc hé thiic sau day bicu dién ¢(z):

q(2) = Resq (f (), 9(z/2) xdegg(x)) =a 1111 (%)

i=1 j=1
Véi cap (i,7) dé a = a;; 8 =B ta c6 § = a;8;. Khi d6 ¢ (8) = 0.

1.3.3. Phép khit an

Két thitc duge ap dung nhiéu trong Dai s6, Hinh hoc, S6 hoc. Ching ta xét
mot vai ing dung sau day.
Gia st cac da thic fi,..., fs € K[z] v6i bac dé khong nhé hon 1. Ching ta
xac dinh diéu kien dé cac da thic nay cé nghiem chung. Dé gidi quyét van
dé da neéu ra, lay 2s bién uq, ..., us,v1, ...,vs doc lap dai s6 trén K va xét vanh
K* = Kluy, ..., us, v1, ..., vs]. Trong Klz| xét hai da thiic

@) =ufi (@) + ..+ usfs (x)
g(x) =v1f1(z) + ... +vsfs (2)

cac da thic f1, ..., fs ¢6 nghiém chung z = o thudéc K hay thudc truong mdé rong
cua K thi z = o ciing la nghiém chung ctua f va g.
Ngudc lai, do uq, ..., us, v1, ..., vs doc 1ap dai s6 trén K nén nghiém chung ctia f
va ¢ ciing la nghiém chung ctia cac f;. Do d6 ta c6 két qua sau:

Meénh dé 1.3.12.Cdc da thiic fi, ..., fs € K[z] vdi bac déu khong nhé hon 1
co nghiém chung khi va chi khi Res(f,g) = 0.

Vi du 1.3.13.. Xdc dinh diéu kién can va di dé fi(z) = 22 + ax + 1 va
fo(z) = 2% + bx + 1 ¢6 nghiém chung.
Bai giadi: Hai da thic f(x) = uifi(z) + uafo(z) va g(x) = vifi(x) + vafa(z) co
nghiém chung khi va chi khi Res(f,g) = 0. Vay fi(z) va fo(x) co nghiém chung
khi va chi khi

u] +ug uia +ugb  up 4+ us 0

0 up +us  uia+ usb up + us _0
v +v2 via+vb v+ v 0

0 v+ v via+veb v+ vo

Hay (a — b)*(uiva — ugv1)® = 0. Do d6 a = b.

Vi du 1.3.14. Cho hai da thic p(x,z) cta hai bién x,z va da thiic q(y, z) cla
16
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(x,2) =0

hai bién vy, z. Khi dé hé phuong trinh { P duge dua vé gidi phuong

q(y,2) =0
trinh r(x,y) = 0.

Bai giai: That vay, coi hai da thic P(z) = p(z, 2) va Q(z) = ¢(y, z) nhu la hai
da thiic clia mot bién z, con z,y coi nhu nhiing hing s6. (z,y, z) théa man he

khi va chi khi P(z) va Q(z) c6 nghiém chung. Do d6 r(z,y) = Res(P,Q) = 0.

f(z,y)=0
Meénh dé 1.3.15. Hé phuong trinh (A) g(z,y) =0  duoc gidi qua phuong
f9 € Rz, y]

trinh da thic mot an.

Chtng minh: Ta coi F(z,) = f(z,y) va G(z) = g(x,y) nhu la da thic cia
z, con y coi nhu 1a hiang s6. Gid st (xg,yo) 1& nghiem ctia he. Khi d6 F(z) va
G(z) c¢6 nghiém chung x( tuong tng véi yy. Dieu nay tuong duong véi H(y) =
Res(F,G) = 0. Khi d6 z¢ 1a nghiém chung ctia hai da thic f(z,y0) va g(z,yo).
Nhu vay ta c6 phuong trinh két thic Res(F,G) = 0 khi y = yo. Tt day suy ra:

viéc gidi he (A) duge dua vé gidi phuong trinh da thic Res(F,G) = 0 theo bién
f(z,y0) =0
g(z,y0) =0
Vi du 1.3.16. Xdc dinh gid tri cia a dé hai phuong trinh ©® —ax +2 =0 va

y. V6i mdi nghiem vy, ta giai he va nhu thé giai xong he (A).
22+ ax +2 =0 cé nghiém chung trong C.
Chitng minh: Hai phuong trinh da cho c¢6 nghiém chung khi va chi khi két

thiic tuong ing ctia ching bang 0 hay

10 —a 2 0
01 0 —a 2
1 a 2 0=0
01 a 0
00 1 a 2

Giai ra dugc a = 3 va a = —1. Khi a = 3 hai phuong trinh 22 — 3z +2 = 0 va

224+3x+2 = 0 c6 nghiém chung = —2. Khi @ = —1 hai phuong trinh 2342 +2 =0

. == AV
va phuong trinh 22 — 2 + 2 = 0 ¢6 nghiém chung = = 2@\/_
. o . zy—1=0
Vi du 1.3.17. Giai hé phuong trinh trong R.
2?2 +y? —4=0
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Chitng minh: Gidi phuong trinh két thitc ciia hé phuong trinh da cho

y
0y -1 |=0ey—42+1=0
1 0

—_

Khi d6 y = +v2+ 3,2 = —.

<

2 _ 2 _ o _
Vi du 1.3.18. Gidi hé phuong trinh { vty =3=0 trong R.

w2y +ay? —6=0
Chitng minh: Giai phuong trinh két thitc ctia hé da cho

1 —y -3 0
0 1 —y y>—3
, 7 — 348 — 12y% + 9y® — 36y + 36 = 0
y y* —6 0
0 > —6

L 3\?
khi d6 y = 1 hofic y = 2 hodc y* + 3y> + 3y*> + 3y + 6 = 0 hay (y2+§y) +
2

1 .
3(§y + 1) + 3 = 0 khong c6 nghiém thuc.

22— —2=

vy 2 =2,y =1
2rr—6=0 7 Y

Khiylcéhé{
22 —22+1=0

20?4 dp—G—0 "WET=Ly=2

Khiy2tacéhé{
-y -y +y=0

trong R.
2+ —yP-1=0 &

Vi du 1.3.19. Gidai hé phuong trinh {

Chitng minh: Gidi phuong trinh két thic ctia hé phuong trinh da cho

10 —y —P 4y 0

0 1 0 -y =Pty

11 —y2—1 0 0 =50° — Tyt +6y° — 202 —y—1=0
0 1 1 —y? -1 0

00 1 1 —y? -1

Khi d6 y=1 hodc 5y* — 23 +4y2 +2y+1 =0 hay (32 —y)° +(y + 1)>+4y* +2y2 = 0

khong c6 nghiém thuyc.
3 —x=0
2+ -2=0

1.3.4. Bién doi phuong trinh y = f(z)

Khi y =1 ¢6 hé Vay r =1,y =1.

Gia st phuong trinh da thic f(z) =0 ¢6 n nghiém x1, z9, ..., z, va phan thtc
18

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



()

g~

httuty y = g(z) = (@) trong do q(x) #0v6ik =1,2,....nva (p(z),q(x)) = 1. Xac
q(x
dinh phuong trinh da thic F(y) nhan y, ..., y, lam nghiém, trong do6 y; = Zéik;
k

voik=1,2,...,n

Meénh dé 1.3.20. Ton tai da thitc h(x) bic khong lon hon n — 1 théa man
g(xg) = h(xg) véi moi k=1,2,...,n.
Ching minh: Do bdi hai da thitc f(x) va ¢(x) khong c¢6 nghiém chung nén

(f(z),q(z)) = 1. Vay c¢6 hai da thitc u(z),v(x) dé u(z)f(z) + v(z)g(z) = 1. Tt
1

q (zk)
ye = g(x) = plzp)v(zg) véi k= 1,2,..,n. Bicu dién p(x)v(z) = t(x)f(z) + h(z) véi

day suy ra v(xg)q(zr) = 1 hay = v(xp) v61 moi k = 1,2,..,n. Nhu vay
degh(z) < degf(x). Khi do6 g(x) = h(zy) v6i moi k =1,2,...,n.
Meénh deé 1.3.21. Da thiic F(y) c6 duge qua viéc khit an x t hé phuong trinh
f(@)=0
plr) —yq(z) =0
ar +b dy —b

. Khit z qua viéc thay z =
cr+d a—cy

Phép bién do6i thuong dudce st dung la y =

vao f(z) va ta nhan dugc h(y) = (a — cy)zf (Zy—_c[;)'

Cha y 1.3.22. Bién doi phuong trinh dé tw phuong trinh da cho zdy dung
phuong trinh mdi va caic hé thic mdi. Gia st da thic f(x) c6 n nghiém 1, ...,z
p(z)

va phan thic hiu ty vy = g(x) = @) trong do p(xp) # 0 vdi mor k = 1,...,n
va (p(x),q(x)) = 1. Khi c6 da thic moi F(x) nhan y, = pé:vk; la nghiém von
q\ Tk

k=1,..n ta sé tinh dudc ngay hai biéu thic
— p(zp) 7 P (k)
A=y [
“— q () ()
Meénh dé 1.3.23. Gid st x1 la nghiém ctia phuong trinh 23 +az®+bx+c¢ = 0.
Ar1+ B
Cx1+ D

Chitng minh: Vi 23 = —az? — bzy — ¢ nén moi phan thic hitu ty cta z; déu
alx% +bizy + 1

Khi dé moi ham hitu ty cia z1 déu biéu dién thanh dang

dua vé dang . T dong nhat thic cho dudi day

agac% + box1 + 2

(pm —bm? + amn — nz) r1 + (amp —np — cm2>

mx%—i—nml—i-p: T+ ma—n
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Ar + B
Cx+ D
Vi du 1.3.24. Gid st 23 4 ax® + bx + ¢ = 0 ¢6 ba nghiém x1, 2, x3. Xdc dinh

ta co thé dua vé ham hitu ty ctia z; vé dang

phuong trinh da thic bac ba nhan y, = a:% — Toxsy, Yo = :c% — X311, Y3 = x% — 1129

la nghiém.

<o eoe & C & ~ » « N
Bai giai: Thay 1 = 23 + —,yo = 23+ —,y3 = 23 + — ta sé khit x tu he
X1 €2

73
b
3 2 b — 0 — _&
{ x° +ax® +br +c hay { ’ a Tt hé nay suy ra phuong trinh

2 —yr+c=0 2 —yr+c=0
da thic F(y) =y — (a® — 3b)y? + (3V? — a®)y + b3 — a3c = 0 nhan y; = 2% — 2o13,

= x% — 1321, Y3 = x% — x172 la nghiém.
Vi du 1.3.25. Gid st 23 4 ax® + bx + ¢ = 0 ¢6 ba nghiém x1, 2, x3. Xdc dinh
phuong trinh da thic bac ba nhan yi1 = —x1 + xo + x3,y2 = —x9 + 23 + T1,Yy3 =

—x3+ 71+ 29 L0 nghzém

Bai giai: Thay y1 = —221 —a,y2 = —229 — a,y3 = —2x3 — a ta sé khit = tir hé
3 2 1 p -0 23 +ax? +br +c=0

A br e hay y+a Tw hé nay ta c6 phuong
2r+y+a=0 —

2
trinh da thic 42 +ay? + (4b— a?)y — a® +4ab—8c = 0 nhan y; = —x1 + 29 + 23,42 =

—T9+ 3+ T1,Y3 = —x3 + 1 + T2 la nghlém
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Chuong 2

DUONG CONG PHANG

2.1 Khai niém dudng cong phang

Xét mot dusng cong phang quen biét trong mit phang R? cho béi phuong
trinh sau: (1) : y> = 22 + 23, Day 1a dudng cong di qua goc toa do 0(0,0) . Dé mo
ta cac diem khéc nita trén dudng cong, ta thuc hien phép bién ddi bang cach dit
y =tz va thay né vao phuong trinh duong cong. Ta c6 t?2? = 22 4+ 3. Khi 2 = 0
ta c6 diem O(0,0) . Khi z # 0 ta c6 diem (z = t> — 1,y = t(t> — 1)). Diém nay sé
tré thanh gbc toa do khi ¢ = 1 hodc t = —1.Vay moi diém trén duong cong (1)
c6 toa do (12 —1,t(t> — 1)),t € R. Mot diéu lam ta phai chi y 1a diem O(0,0) sé
tuong tng véi hai gia tri khac nhau ctia ¢ con nhitng diém khéac chi tuong tng
v6i mot gia tri cua ¢.

Dinh Nghia 2.1.1

Cho da thiic f € Rfz,y]\ R . Tap V(f) tat cd nhitng diém (a,b) € R? thoa
man phuong trinh f(z,y) = 0 dude goi la mot duong cong phang.
Vi tat cA nhitng da thic f,g € Rlz,y] v6i f = Mg, A € R\ {0} hosic f",r € N¥,
xac dinh cting mot dudng cong phang nén ta chi xét da thic f = fi...f, v6i
cac da thitc bat kha quy phan biet f; thuoc Rz, y]. Néu da thic f 1a kha quy,
chang han f(z,y) = g(z,y)h(z,y) v& cd hai da thitc nay c6 bac l6n hon 0, thi
V(f) =V (g9) UV (h) véi V(g) dugc xac dinh bdéi phuong trinh g(z,y) = 0, con
V(h) duge xac dinh béi phuong trinh h(x,y) =0 va V(g) # V(h).

Ménh dé 2.1.2. Cho hai da thiic f,g € R[z,y] khong c6 nhan ti chung. Khi
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AoV (f,q9) =V (f)NV (g) la mot tap hiw han diém.

Chtng minh: Vi f va g khong c¢6 nhan tt chung trong R|z,y] = R[z][y] nén
chiing ciing khong c6 nhan tit chung trong R(z)[y]. Khi dé ta c6 p,q € R(z)[y] dé
pf +qg = 1. Chon da thitc d € R[z]/0 dé F = dp,G = dq € Rz, y] cb

Ff+Gg=d.

Néu (a,b) € V(f,g) thi d(a) = 0. Vi d(x) = 0 chi ¢6 mot s6 hitu han nghiém nén
tap hop tat ca cac hoanh do clia tat ca cac diém thudc V(f, ¢) 1a hitu han. Tuong
tu, cho tap hop tat ca céc tung do cac diém thuoc V(f, g) ciing 1a hitu han. Toém

lai tap V(f, g) la mot tap hitu han diém.
2.2 Tham sé héa duong cong phiang

Dinh nghia 2.2.1.

Duong cong phéng V (f) dugc goi 1a duwong cong phdng hiu ty néu cé hai ham
hitu ty ¢ (t) , (t) € R(t) clia bién ¢ va c& hai khong dong thoi thuoc R thoa man
fle(),¥(t)=0.

Dudng cong phang hitu ty c6 quan hé t6i viee tim cac nghiém (a,b) € R? clia
phuong trinh f(z,y) = 0 hodc tim cac diém thudc duong cong phing véi toa do
13 nhitng s6 hitu ty.

Khi biéu dién duong cong phing V(f) qua z = ¢ (t),y =1 (t) € R(t) ta néi
rang da tham sé héa dudge V(f). Viec tham s6 héa céc dusng cong phang qua
cac ham hitu ty nhu sau: Chon diém P € V va viét phuong trinh tham s6 clia
duong thang (d) di qua P sao cho (d) cat V tai ding diém thit hai khac P.

Cho (1) : f(z,y) = 0 v6i f(x,y) 1a da thiic bat kha quy. Khi ¢6 hai ham hitu ty
¢ (t),7 (t) ctia bién ¢ va ca hai khong dong thoi thuoc R théa man f (o (t), 1 (1))

0 thi diém (¢ (¢),v (t)) dude goi 1a khong diém tong qudt ciia (1). Ta thém co vao
R v& coi n6 nhu mot phan tit. Ta dinh nghia ¢ (o) = tlim o (t),¥(c0) = tlim Y (t).
—00 —00
Khi d6 toa do cac diém ciia (1) véi toa do thuoc RU {oo} sé c6 dang (¢ (t), 1 (t))
,t € RU{oo}. Viéc tim khong diém tong quat ctia (I) gan lién véi van dé gidi
22
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Ty
2’z

phuong trinh f(z,y) = 0 trén Q hay phuong trinh 2% (

d = degf(z,y).
Dinh nghia 2.2.2 Cho dudong cong phdang bat khd quy (1). Nhing diém thuoc

):OtrénZ,(ﬁd(’)

(1) vai toa do thuoc Q dugc goi la nhing diém hau ty cla (1).

Meénh dé 2.2.3 Duong tron (C) : 2% +y*> = 1 la duong phang hitu ty duogc

) 2t 1— 2t
tham so hoéa qua x(tQ) =15 y(t) = e vdi quy woc x (o0o0) = tlg?om =
1—-1
; = li =—1.
0: y(o0) = lim =5 =1

Chitng minh: Duong thang (d) di qua diém (0;1) € (C) v6i hé sb goc —t 6

. o 2t 1—12 s
phuong trinh (d) : y = —tz+1 cat (C) tai diem (0;1) va A, (m, m) Diem

—Qt 1 — t2 A 2 2 .2 P 2
(1 21 t2> chay qua tat ca cac diem thuoc (C) , khac diem (0;1).

2t R -

=0; y(o0)= lim

= e —1 thi A; chay qua ca
—00

V6i quy uée x (00) = tlgglo e

diém (0;1).
2 2
Ménh dé 2.2.4 Puong Elip (E) : % + 3;_2 = 1 la duong cong phang hau ty
- 2a2bt b3 — a?bt?
d?[GC tham so hoa qua x(t) = m, y(t) = m

| 2a°bt (00) = I b — a?bt? )
m —————-—= = U; xX)= lim —————— = —0.
t—o0 b2 + a2t? Y t—oo b2 + a?t?

Chitng minh: Dudng thing (d) di qua diém (0,b) € (E) véi hé s6 goc —t ¢

vdi quy woc x (00) =

phuong trinh (d) : y = —tz +b . (d) cit (E) tai diém (0;b)
) 9 2 3 2142 . ) 2 3 27142
v diém A, ( a’bt b — a2bt > Dicm 4, ( a?bt b3 — a?bt

b2+ a2t2’ B2 + a2t B2+ a2’ B2+ a2t
ca cac diem thuoc (E), khac diém (0;-b). Vi quy udc

) chay qua tat

2a2bt b3 — a2bt?

0; y(oo0)=lim ———55 = —b

v (00) = lim =00 b2 4 a2t?

t—oo b2 + a2t? -
thi A; cling chay qua ca diém (0; —b).

Chu y 2.2.5 Duong tron (C) : 2% +y?> = 1 con dugc tham s6 héa qua x(t) =
2

[\

cost,y(t) = sint va FElip (F) x_2 + % = 1 con dugc tham s6 héa qua x(t) =
a
acost;y = bsint.
2 2
Ménh dé 2.2.6 Duong Hypecbol (H) : 3:_2 — 2—2 =1 la duong cong phang hitu
a
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a + ab*t? 20%t .. )
55 VOi quy wdc

ty dugc tham so héa qua x (t) = T ) =1

(c0) . a + ab’t? (c0) . 2b2¢
= llm ————> = —aQ; = lim —— = —q.
R A B - R S el I UYC R

Chitng minh: Dudng thang (d) di qua diém (a,0) € (H) véi he s6 goc at co

phuong trinh (d) : z = a(ty + 1). (d) cit (H) tai diém (a;0)

ez a+ab’t? 2% 2 a+ab’t? 2%
Va diem A; ( e T e ) bDiem A; 22 TP

) chay qua tat ca

. . b2t?
céc diém thuoe (H) khéc diém (—a,0). Véi quy wdc z(c0) = lim 297" _

t—oco 1 — b2t2
. 2b2t < 2 + 2
—a;y (00) = lim ——— = —a thi A; chay qua ca diém (—a,0).
t—oo 1 — thQ
[N 2 , 2 2 2 o o L. - .
Nghiém tong quat cua 2z —dy* = 1 la = TV T e Véi t = co

dn? + m? 2mn o

:—dn2_m2,y:—dn2_m2,Gdom,neZ,(m,n)zl. )

Hypecbol (H) c6 hai tieu diém Fi(c,0), Fo(—c,0) véic = Va2 +b2. Ty sbe=— > 1
a

a? a?

duge goi la tam sai va hai duong thang (di) : 2 — — = 0,(d2) : . = z + — = 0

. B d + t? 2t m
N n

X

c
duge goi 1a hai dudng chuan ctia (H). Ki hiéu d(A, d) 1a khoang cach tu didm A,

t6i duong thing d.

. AF;
H 2.2.7. Ta luo ) = 0 |A F — AFy| = 2e.
€ qua auoncod(Atdi)2 e va |AFy 1 Fo c 2
Ching minh: Ta c6 A F7(1—b2%)" = [a (14 b*?) — ¢ (1 - b21%)]" + 4b*2
Vay AF2(1 - 0%2)° = a® + a2 + 2 + A0 — 2ac (1 - b4 + 2042,

Thay 26*2 = 202 (% — a2) 2 dugc

AF2(1=022)7 = [c (14 0%%) —a (1 = 1%)]
ArFy ArFy

va ty s6 = ¢. Tuong ty, ta ciing c6 =
Y0 (Ady) & &0 (Aydz)

Taco AyFy = ed (A, dy) va A Fy = ed (A, dg). Tt day nhan duge hiéu |AFy — A Fy| =
2

e.2a— = 2a.
c

Vi du 2.2.8. Trong mat phing, dudng cong phing Lemniscat vdi phuong trinh
(L) : (x2+y2)2 = p? (:c2 —y2) ,b#0

la mot duong cong phang hitu ty.

Bai gii: Dat 22 + y2 = ¢t (z — y) va thay vao phuong trinh, ta c6 t2(z — y)* =

24
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b2 (IE2 — yz).

Néuz=ythia?+12=0. Tz =yvaz>+y>=0tasuyraxz =y =0. Ta cd

0(0.0) € (L).

) -
Néu z # y, ta c6 t*(z — y) = b*(x +v). Tacéy:mx khi 2 + b? # 0.

2 - p2\” 12 — 2

s 2 2 _

wa+(ﬁ?ﬁ)x‘”0_ﬁTﬁ
' V(P b2t (£ — b?)

Khi z #0, ta cé z = a g VT A

Chil ¥ ring, khi cho ¢ = 0 ta nhan duge diém O(0,0). Tém lai (L) 1a mot duong
cong phéng hitu ty.
Vi du 2.2.9. Ching minh ring duong cong phing

22 2 2 22y
<”<z+ﬁ -2

vdi abe # 0 la duong cong phang hitu ty.

Bai giai:
2 . . . b . 4 a’bt .
Néu z = 0 thi y = 0. Khi z # 0, dat y = —~tr. Khi d6 2 = ——5 va
a 02(t2+1)
a?b*t?

Yy =————5 Vay (/) la mot dudng cong phang hitu ty.
(2 +1)

2.3 Diém hitu ty trén dudng coénic

2.3.1. Phuong phap téng quat dé tim diém hitu ty trén dudng conic

Cho duong conic (C) c¢6 phuong trinh az? + bay + cy? + dv + ey + f = 0 van de
dat ra 1a c6 ton tai diém hitu ty trén dudng conic khong va néu c6 thi tim bang
cach nao? Gia st ton tai diém hitu t§ O trén duong conic nay, ta sé thuc hien
phép chiéu cac diem trén dudng conic la mot dudng thing. Ta da biét tap hop
cac diém hittu ty trén dudng thang (d) vi vay ta lay diém hitu ty E bat ki tren
duong thang (d), dudng thang OE cit conic (C) tai F. Ta c¢6 F 13 mot diém hitu
ty trén (C). That vay duong thang OE di qua hai diém hitu ty nén né la duong
thang hitu ty.

Ta sé rat mot an tit phuong trinh ciia duong thang nay thé vao phuong trinh
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Hinh 2.1:
Phép chiéu lén duong thing.

clia duong conic ta duge phuong trinh bac hai véi hé s6 hitu ty. Vi vay nghiem
thtt hai sé 1a nghiém hitu ty (nghiém kép duge tinh hai lan). Vi vay F sé 1a diém
hitu ty. Ngudc lai, khi cho mot diém hitu ty F trén (C). Néu OF song song vdi
(d) thi khong ton tai giao diém. Néu OF khong song song véi (d) thi dudng
thang OF cat (d) tai diem E va E 13 mot diém hitu ty trén (d). Nhu vay trit di
diém F ma OF song song véi (d) thi ta c6 sy tuong tng 1 — 1 giita cac diém hitu
ty trén dudng conic (C) va trén duong thang (d).

Vi du 2.3.1: Tim cdc diém hitu tyj trén duong tron (C) : 2 +y? = 2.

Bai giai: Ta dé dang tim dugc mot diém hitu ty trén (C) 1a A(1,1). Ta sé
chon duong thang (d) 1a truc Oz c¢6 phuong trinh y = 0. Lay mot diém hitu ty
bat ki tren (d) 1a B(t,0), v6i t € Q.

Phuong trinh duong théng AB :

r=(t-1)(1-y)+1
Thay = vao phuong trinh ctia dusng (C) ta duge
(L=t =1+ 1" +y* =2

sA-y*t-1420-y -1+ —-1=0
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.

LN aan
a sl |
0o 1 .
(x;y)

Hinh 2.2:
Phép chiéu dudng tron len dudng thang.

Néu y = 1, suy ra = = +1 ta c6 ngay hai diém hitu ty trén (C) la A(1,1),C(—1,1)
Néu y # 1 khi do6 ta c6

(1-y*t-1+2(1-y)(t-1)+y*—1=0

sSl-y)(t-1)7+2@—-1) | —0ey— b2
Y Y N y_—t2+2t—2
t2 — 4t +2 C SR S N
Suy rax:m Thay t = 2 vao cong thic biéu dién z,y ¢ trén ta dudc

diém A(1,1). Bing céch loai diem C(—1,1), ta c6 sy tuong ting 1 — 1 gitta cac

diém hitu ty trén dudng thing va duong tron nhu sau

12— 4t +2 —t2 42
<t,o>ﬁ( i i )

—t2 42— 2" —12+ 2t —2

Cha §: Déi vdi duong conic cé dang phuong trinh tong qudt ta sé thuc hién
phép bién doi dé dua né vé phuong trinh don gidn hon trudc khi tim cdc diém
hiu ty cua no.

Vi du 2.3.2. Cho duong conic (C) cé phuong trinh x*+2xy +2y*+2y—7 = 0.

Bai giai: Ta sé thuc hién phép bién doi dé dua né vé dang don gian hon nhu

sau
22+ 220y +2y° +2y —7=0

x+y)2 (y+1>2
& —) =2
(=) + (5
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X::E+y

Dat Y E 1 Khi dé phuong trinh tré thanh X? + Y? = 2 Nhu vay bang

Y =——
2

viec tim dugde cac diém hitu ty trén duong conic c6 phuong trinh X2 4+ V2 = 2,
ta sé tim dugc cac diém hitu ty tit phuong trinh ban dau.

Ta nhan thiy duong conic ton tai mot diém hitu ty thi c6 vo s6 diém hitu ty-
Vay van dé dit ra 1a khi ndo dudng conic ton tai diém hitu ty.

2.3.2. Diéu kién dé dudng conic ton tai diém hitu ty
Gia st m,n 1a nhitng s6 nguyén duong, ta néi rang m 1a mot thing du bic hai
mudulo n v ta viét mRn néu c6 mot s6 = nguyen dé 22 = m (modn).

Dinh 1i Legendre. Vdi cic s6 nguyén a,b, c, phuong trinh ax® +by* +c2®> =0
co nghiém nguyén (z,y, z) khdc (0,0,0) khi va chi khi (—ab)Re, (—bc) Ra, (—ca)Rb.
Tt dinh 1 nay ta suy ra két qua duéi day:

Phuong trinh az? + by? = c22, v6i a, b, c nguyeén, c6 nghiém nguyéen (z,y, z) khac
(0,0,0) thi phuong trinh dong du az?+by? = cz? (mod m) ciing c6 nghiém nguyén
(z,y,2) v6i z,y, z nguyén to6 véi m.

Vi du 2.3.3: Kiém tra su ton tai cia diém hitu ty trén duong tron cé phuong
trinh x? + y? = 6.

Bai gidi: Ta xét phuong trinh dong du 2? + y? = 622 trong mudulo 3. Ta sé
chi ra phuong trinh nay khong c6 nghiém (z,y,2) ma ca z,y, z nguyén t6 véi 3.
That vay, gia stt phuong trinh ¢6 nghiém (z,y, z) ma ca x,y, z déu nguyen t6 véi
3. Khi d6 z = +1(mod 3),y = +1(mod 3). Suy ra 2 = 2% +y? = 622 = 0 (vo li). Vay

khong ton tai diém hitu ty trén dudng tron nay.

2.4 CéAu tric nhém trén dudng cong bac ba khong c6 diém ky
di

Do muc dich st dung dudng cong dé nghién citu toan so cap nén ta giéi han
chi xét duong cong y = 2 + ax? + bz + ¢ trén truong thuc R. St dung phép bién

doi x — % duge thay bang z nén ta chi can xét duong (1) : y = 23 + ax + b.
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Trén dudng cong phang (1) bac ba khong c6 diém ki di lay mot diem P c6 dinh.
V6i hai diem A, B thuoc (1), dudng thang (AB) cét (1) tai D va (PD) x (1) = C.
Dinh nghia A+ B =C.

Gia st P(a,ﬂ = a3+aa+b) . V6i A(a:l,x‘%—f—axl +b) ;B (ZL’Q,LE%"‘&XQ'}‘Z)) ta co

T — T y—m‘%—axl—b h
To — X1 x%—x‘i’—l—axz—axl

phuong trinh AB :

Yy = (m%—i—mgxl+x%+a)x—m1m%—x%x2+b

AB cat (1) tai D. Khi d6 toa do D 1a nghiém ctia he

y:(m§+x2x1+m%+a)x—x1x%—x%x2+b
y=2a3+ax+b
r= —T2 — 71
= 3
{y(mgml) +a(—zy —x2)+b
Toa d6 diém D S 3 )
y3 = (—w2 —x1)" +a(—x1 —x2) + b
To =22+ —Q
yC:(x2+x1—a)3+a(x1+x2—a)+b
Hién nhien A+ B=B+ Ava A+ P = A v6i moi A, B € (I). Ta coi P la diém

Tuong tu ta tim dude toa do diém C

trung hoa.

Chii 9, mudn xét A + A ta dung tiép tuyén At v6i (1) tai A. Gid st At x (1) = Q
v (PD) x (I) = C. Khi d6 A+ A = C.

Vé diem d6i cua A: Gid st tiép tuyén Pu ctia (1) tai Py = (30> +a)z —20% +b
ct (1) tai P'. Ta c6 toa do P’ (=2, —8a3 — ac + b). Dudng thang P'A cét (1) tai
diém A’ (21 + 20, (—21 +2a)” + a(—21 + 2a) +b), khi d6 ta c6 A+ A = P. Vay
diém doi cia A 1a A'.

Ve luat két hop: Lay A,B,C € (). Tachira (A+ B) +C = A+ (B + C). Gia st
A(z1,y1); B(w2, y2); C(xs,y3). Ta co:

A+B= (<x1+3?2_04)7(371+332—a)3+a(x1+x2_a)+b).

Khi d6 toa do diém D = A+ B + C la:

rp =1 +22+ xr3 — 2«0
yD:(xl+x2+x3—2a)3+a(x1+x2+x3—2a)+b
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B+C= ((I2+x3—a),(x2+x3—a)g—l—a(xz—i-xg—oz)—l—b)
Khi d6 toa do D' = A+ B+ C la:

{ thy =@ + 12+ 23 — 20

yp = (x1+:)32+933—2&)3+a(:v1+x2+:1:3—2a)+b

Vay (A+B)+C=A+ (B+(C).

Va ta c6 dinh 1i duéi day:

Dinh li 2.4.2. Duong cong phang bic ba (1) ciing phép cong lap thanh mot
nhém giao hodn vdi phan ti trung hoa P.

Cap ctia diém A la s6 nguyén duong nhoé nhat » théa man nd = P. Néu khong
c6 n nao thi A c6 cap +oo.

Vi du 2.4.3. Cdp ciia méi diém thuoc ((1),+) vdi (1) : y = 23 déu bing vo cing.
Bai giai: Gia st P(0,0). Gia st A(zy,y1 = 23) ta ¢6 24 = A+ A c¢6 hoanh
do zo4 = 2z;1. Lap lai, tong quat ta c6 z,4 = nz1. Néu c6 n dé nA = P thi

0 = 2,4 = nz1 hay 1 = 0. Vay A c6 cap vo clng.
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Chuong 3

MOT SO UNG DUNG

3.1 Mot vai bai hinh so cap qua tham s6 héa

Vi du 3.1.1. Gid st hai duong thang za' va yy' vuong géc véi nhau tai O.
Lay diem P # O c6 dinh thuoc xx’ va diém A chay trén yy’. Qua A ké duong
thing vuong goc vdi PA va duong nay cit zx’ tei B. Dung duong thang Bb vuong
goc vdi zx’. Duong thang Bb cdt PA ¢ M. Khi dé hay
(i) Xdc dinh quy tich diém M.

(ii) Gidi phuong trinh 23 + 292(2? + y*) = 0 trong Z.

Bai giai:

(i) Dung hé toa do Oxy. Goi P(a,0),a # 0. Phuong trinh dudng thang PA:
y = t(x — a) vA toa do didm A(0,—ta). Khi d6 phuong trinh BA: y — —%x ~ta.

Toa do diem B(—t%a,0). Tit day suy ra toa do diem M nhu sau: M(z = —t2a,y =

.2 . N z — —t2 >
t(—t?a —a)). Quy tich diem M c6 phuong trinh tham s6 v a2 kh
y=t (—t a— a)
N . r=—t’a )
t ti hé phuong trinh 5 ta co
y=—1a —ta
—ay® = —t2a(—at2 — a)2 = z(z —a)*

Hay phuong trinh 23 —2a2?+a?xr+ay? = 0. Thé r—a qua z ta c6 2?(z+a)+ay? =0
hay 23 + a(2? + 3?) = 0.
(ii) Ta ¢6 ngay = =0,z = 0,y tuy ¥. Néu z # 0 thi

2 202, L — 99 (¥ +1)
z z
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va tit d6 suy ra nghiém.

Vi du 3.1.2. Cho tam gidc OBC wvuong tai B. Tu giao diém D gitta mot
duong thang Cc thay doi, nhung luon di qua C, vdi duong thang OB ta ké duong
thang Dd vuong goc véi CD. Tw dinh O ha OM vuong goc vdi Dd. Khi dé hay
Xdc dinh qug tich diém M khi D chay trén duong thang OB.

Bai giai:

(i) Dung hé toa do Oxy véi O(0,0), B(0,b),C(c,b). Giad st phuong trinh duong
thang CD: y = t(z—c)+b. Khi d6 toa do diém D(0, —tc+b). Phuong trinh Dd: y =

1 < 2 th — 2 2 — 3
_Zx_tc+b va OM: y = tz. Dé dang suy ra toa do diem M (x = ¢ —C)

217" T2t
th — tc
r=—

Quy tich diém Mcé phuong trinh tham sé nhu sau: t%z ‘_" %30 khtt ¢ tir hé
VST

nay ta c6 x(x? + y?) — y(bz — cy) = 0.

Vi du 3.1.3. Trong mat phang (P) cho hai diém c6 dinh A va B vdi AB =
2a > 0. Khi do hay
(i) Xdc dinh qug tich diém M thupc (P) sao cho MA.MB = a?.
(11) Chitng minh rang, phuong trinh (v + y?)? — 2(2? — y?) = 0 ¢6 nhiéu vo han
nghiém hiu ty.

Bai giai:

(i) Dung hé toa do Oxy véi A(—a,0), B(a, 0). Gia sit M(z, y). Khi d6 MAMB =
a? khi va chi khi [(z + a)? + v?][(z — a)? + y?] = a* hay z* + y* + 22%9% — 2a%2% +
2a%y? = 0. Vay quy tich cac diem M la dudng cong phéng bac 4 ¢6 phuong trinh
(2% + y2)2 —2a%(z% — %) = 0.

(i) Xét phuong trinh (22 + y?)? = 2a2(2? — y2) = 0.
Néu z = 0 thi y = 0 va ngudc lai.
Néu zy # 0. Dat 22 + 4% = t(xr — y) va thay vao phuong trinh dau, ta co

i ) t2—2
t2(l’—y)2 =222 —1y?). Viog#£y, nén t*(z —y) =2 +vy). Tacoy = s

2
t? -2 t?2—2
2 2
—xt|1- .
! +<t2+2 ! I( t2+2>

x. Vay
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2t (12 +2) 2t (12 - 2)

m
Vi 0, nén z = = . Thay t = — va dudc = =
v 70 v g Y 4 Y p o GHOE
2mn (m2 + 2n2) 2mn (m2 — 2n2) Didu cin chit ih

= . Diéu can chitng minh.
mAtant Y m? + 4nt &

Vi du 3.1.4. Trong mdt phang (P), cho 8 dudng thang d,d, va da sao cho dy, ds
cting vuong géc vdi d va dy cdt d tai O, con dy cdt d tai H.Trén di lay diém C
sao cho OC' = OH. Khi do hay
(i) Tim tap hop cic dinh A va B cia tam gidc vuong ABC vdi LC = g . Sao
cho trung diém cta canh huyén AB thudc dy va duong thang AB di qua O.
(ii) Van dé: Tap nghiém hitu tyj ciia phuong trinh (22 +y?)(y — 2) = y — 2z la
hau han hay vo han.
Bai giai:

(i) Dung hé toa do Oxy va dit a = OH sao cho C(a,0). Goi M 1a trung diém
canh huyén AB va toa do M(m,a).
Néu m = 0 thi M(0,a) va ta c6 ngay A (0,a (1-+v2)),B(0,a(1+v2)).

axr
T, —

Néu m # 0 thi phuon trinh OM: y = 2 Gia st A( ). Vi M la trung diém
m m

clia canh huyén AB ciia tam gidc vuong ABC nén M A% = MC? hay

(9(:—771)24—(%—a)zz(m—a)Q—l—a2

Khit m qua viéc thay m = %, ta nhan dugce phuong trinh
Y
(@ +y°)(y — 2a) = a*(y — 2).

Vay A va B thuoc duong cong phang (1) : (2% + y?)(y — 2a) = a*(y — 2z).

Hai diém (0,a(1-+v2)),(0,a(1++v2)) déu thuoc (I). Hién nhien (1) di qua
0(0,0). Gia sit diem A(z,y) € (1).

Néu y = 0 thi ¢6 thé chon A(0,0), B(a, 2a) € (1), M (g a) Vi ta c6 tam gisgc ABC

vuong & C(a,0) v6i M 1a trung diém ciia canh huyén AB.

a’a?

—+y° —2ya+a® =
Y

Néu y # 0, ¢6 (2% +¢?) (y — 2a) = a® (y — 2z) hay 2220y
Y
2, 2
O 202402 Dat ¢ = 2 Khi d6 diém M (t,a), A (ac y = ?) thuoe dudng
Y Y Y
thang MO: y = at_x théa man phuong trinh (z — t)* + (y — a)® = (t — a)* + a2 hay
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MA? = MC?. Dé dang c6 B(2t — x,2a — y) thuoc (I).

Vi du 3.1.5. Cho ba diém c6 dinh P,A,B sao cho PA = PB. Duong tron thay
doi Cy luon di qua A va B, va P nam ngoai duong tron (Cy). Khi dé hdy
(i) Tim tap hop tiép diém ciia tiép tuyén di qua P cia duong tron (Cy).

(ii) VaAn dé: Tap hop nghiém hitu tj ciia phuong trinh x (:c2 + y2) — (1:2 — y2) +
(x —1) =0 la htu han hay vo han.

Bai giai:

(i) Dung hé toa do Oxy véi P(a,0), A(0,b), B(0,—b). Gia st phuong trinh dudng
tron (Cy) : (x — )2+ y? = 2 + 0% . Gi& st M(xo,yo) thuoce (Cy). Ta ¢6 (zg — t)* +
y2 = t> + b*. Duong thing PM tiép xtc véi dudng tron (C;) khi va chi khi
(xo — a)2+y§—|—t2—|—b2 = (a—t)%. T 2+ 8 = 2xot +0% va 23+ y2 —2ax0 +V? = —2at

axp — b2 axo) — b2

syrat= . Do vay a2 +y2 — 2 = b2 ha;
Y To+ a WY 0 xo0 +a Y

0 (ah -+ 48) — o (8~ 38) + (20 — a) B2 =0

Tt day suy ra, tap hop tiép diém ciia tiép tuyén di qua P ctia duong tron (Cy)

14 dudong cong phang bac ba
x(a:2+y2) —a(xz—yZ) + 0% (x —a) = 0.

Vi du 3.1.6. Trong mat phdang (P), cho dudong thing d va diém A ¢ d co
dinh. Duong tron (C}) thay doi di qua A va cdt d tai hai diém M va N sao cho
/ZMAN =« khong doi sao cho 0 < a < g Khi do hay
(i) Tam tap hop cac tam duong tron (Cy) va chi ra cac duong tron (Cy) luon tiép
zic vdi mot duong tron co dinh (O).

(ii) Gid st o bién thién ti 0 dén g Hay zdc dinh diém D thuoc duong thing di
qua A vuong goc vdi d sao cho phuong tich cia D vdi duong tron (C) khong phu
thuoc vao a.

Bai giai:

TA IM 1

(i) Goi I la tam duong tron (Cy). Ha AJ1d, TK 1d. Khi do6 TR-IK = oo

e. Nhu vay, diém I chay trén mot nhanh ctia hypecbol (H) véi mot tieu diém la
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A vi mot dudng chuan 1a d. Gia st F 1a tieu diém thit 2 ctia (H). Dat AJ =h > 0

va AF = 2¢. Gid st A(—c,0) v O(c,0) va (d) : © = —— dbi v6i hé toa do Oxy. Khi
e
2

1 .

do —e=SVih=AH=c—L = ¢—ccos?anén ¢ = ——. Nhu vay, diem F
COS(x a C SIN -«
nam trén tia AJ va AF = 2c = ——. Gia sit duong tron (Cy) tiép xic v6i dudng
sin“av
2h
trong tam F ban kinh R. Vi R =IF — IA = 2a nén R = 2ccos sa = ‘cgsa
S«

(i) Dat AD = t. Khi d6 phuong tich ctia D véi dudng trong (C) bang T =

2h
sin“a
4h2cos? 4h (h — .
.CZS 2= ( 5 ?) + 22 . Tu day suy ra rang, T doc lap v6i o khi va chi khi
SN "« SN«

x=hhay D=JvaT=h%

3.2 Mot vai phuong trinh nghiém nguyén qua tham sé héa

Vidu 3.2.1. Vdia € QF, Chitng minh rang hé phuong trinh sau day cé khong
qua 12 nghiém hiu ty
{ ( +9°) =a (2 - )
2922y —y3 —1=0
Bai giai:
Néu z —y = 0 thi 22 +4? = 0. Khi d6 2 = y = 0 € Q. Nhung nghiém nay khong
théa man phuong trinh thit hai. Vay z —y # 0. Dit 22 +y? = t(z —y) va thay vao

phuong trinh dau, ta c6 t?(x — y)2 =a (x2 — yz). Viz #y, nén t?(z—y) = alz+y).

Tac6y= "% va
= 0.
YT
t2 CL2 t2 CLQ
2 2
x° + r=xt|1— ———=
(t2+a2> ( t2 + a?
Viz # 0, ne it(fra) _alf=a) o 2 y vao phuong trinh tha
12 nen r = Y = . ay r va vao uon rin u
70, Hraz VT T2 Y Y vao puueng

hai, ta nhan dugc phuong trinh da thic bac 12 cta ¢t. Vay hé phuong trinh da

cho khong qua 12 nghiém.
2+ 2%z —y?2 =0

Vi du 3.2.2 Giai hé phuong trinh sau trong 7. :
Sx +y =21z

Bai giai:
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Néu z = 0 thi 2 = 0 va suy ra y = 0. Ta c6 nghiém nguyeén (0,0,0). Xét truong
hop z # 0 thé g’% qua u,v tuong tng, ta c6 ud +u? —v? = 0 va 5u+ v = 21 v6i
u,v € Q. Néu = 0 hay v =0 sé c6 v = 0. khi d6 21 = 0: vo 1ly. Vay u # 0. Dit
v = tu v6i t € Q thay vao phuong trinh dau, ta c6 v = t?> — 1,v = t(t> — 1). Thay
vao phuong trinh thit hai ta c6 ¢34+ 5t2 — ¢t — 26 = 0 v6i ¢t € Q. Gidi ra duge t = 2.

Vay u =3,v=6. Khi d6 x = 32,y = 62 va nghiém x = 3n,y = 6n,z =n véi n € Z.

2 2,
Vi du 3.2.3. Gidi hé phuong trinh sau trongZ { 9 4
3r+ Ty =9z

Bai giai:

Néu z = 0 thi 422 = 9y%. Khi d6 2 = +3t,y = 2,3z + 7y = 0 . T day suy ra
) . 3+ 12t 8t .
x—y—Z—ONéuz;é()thidétu_;v—%KhldOu-ﬁ,v—mvdl
; mcé 3n2 4+ 12m? Emn
= — u = v = .
n n2 —4m2 ’ n? — 4m?2

trong d6 m,n € N,n > 2m. Do bdi 3z4+7y = 92 nén In?+36m2+56mn = In?—36m2.

Vay z = 3n?2+12m?,y = 8mn, 2 = n®>—4m?

Vay 9m? +Tmn =0. V6im =0 c6 y = 0,2 = 3n,2 = n hodc n = 9s,m = —7s va

x = 831s%,y = —504s%, 2 = —115s2, Trong d6 s € Z

r=23n,y=2n,2=0

r=3ny=0,z=n

r = 831n2,y = —504n2, z = —115n>

n € 7

Vi du 3.2.4. Xét boi ba Pythagor (u,v,w) € Z3 vdi uvvw # 0, u? + v? = w?.

Tom lai

Vin deé dat ra: Tim cdc b Pythagor nguyén thiy, cé nghia (u,v,w) = 1.
Bai giai:

Ta xét do thi phing (1) : 22 + y> — 1 = 0 trong R? v6i phan hitu ty
[(a,b) e Qe+ =1},

Mbi bo ba Pythagor nguyén thity (u, v, w) tuong ng mot diém hitu ty (E, 2) €
w W
(D\{(0,£1),(£1,0)} = (I*). Ta biét (1) : 22 +4? — 1 c6 khong diém tong quat
2t 12 : . e :
<m, m) véi ¢t la mot bien mdi. Khi cho ¢t = % € Q v6i (m,n) =1 ta cod
ngay nghiem { (2mn,n* — m? n? +m?) |(m,n) = 1}. Dé ¢6 bo ba nguyen thity m

va n khong thé cting chiin hay cting 18. Do vay ma (m,n) = 1,n = m+2h+1,m, h €
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N.
2 2

Vi du 3.2.5. Giai phuong trinh % + % = 22 trong N.

Bai giai:
Néu » = 0 thi 0. Néu = £ 0 thi dat u = 2,0 = 2. Khi d6 il

z = xr = = U. z Uu=—,0v=—. U= ——F,0 =
) Y ' z’ ) 7 ) 25 + 9¢2’
125 — 45t m 90mn 125n* — 4bm
——— V6it=—cou= = . Vayz = 90 =
/1o T T om2 T om2 o - T T Uy

12512 — 45m?2, z = 2502 + 9m?, trong d6 m,n € N, 5n > 3m.
Vi du 3.2.6.Chiing minh rang phuong trinh z* +y* + 2* = 2 ¢6 nhiéu vo han
nghiém trong Q.
Bai giai:
Xét truong hgp dac biét z =z +y. Khi dé
2=t 4yt = at pyt o (et y)t = 2(2 ey + 0P

Vay 22 +zy + 1% = 1.

( 2t — 1
rT=—5—"—
t2—t451
. sl —t L e x. L i
Dat y =1 —at. Khi do6 < y:m véit € Q. V6i moi t € Q ¢c6 mot nghiem
ot — 12

2 —t+1
). Tt d6 suy ra phuong trinh da cho c6 nhieu

22 —t4+1t2—t+12—-t+1
vo han nghiém httu ty.

\
( 2% — 1 1—¢2 o — 12

Vi du 3.2.7. Ching minh rang phuong trinh z* + 16y* + 2* = 2 ¢6 nhiéu vo
han nghiém trong Q.

Bai giai:
Xét truong hgp dac biét z = x + 2y. Khi do6 ta c¢6

2
2 =2t + 16y + (z +29)* = 2(:1:2 + 22y + 4y2)

Nhu vay x? + 2zy + 4> = 1.

4 B 4—t2
_t22—t2t+4
Dat =1 — yt. Khi do — = % v5ite.
e 4 Y= 9 _or+4 Q
—t2 4+ 4t
2=
. 2 — 92t 44

Tt d6 suy ra phuong trinh da cho c6 nhiéu vo han nghiém hitu ty.
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3.3 Phép bién hinh N,

Xuat phat tir hai két qua dudi day déi véi duong tron ta mudn phat hien mot
vai két qua tuong tur cho Elip. Dé c6 thé giai quyét bai toan diit ra, ta xay dung
mot phép bién hinh, tich ctia hai phép co - gian.

Dinh ly Ptolemy va Dinh ly Newton

Ménh dé 3.3.1 [ptolemy]| T gidc loi ABCD ngi tiép trong mot duong tron
tht AB.CD+AD.BC=AC.BD.

Chitng minh: Ti giac 16i ABCD noi tiép trong dudng tron z? + y? = 1 vdi

A (cosa;sina) , B (cosf;sin §) , C (cosy; siny)
D(1;0),0<a<pg<y<2r

Diat T = AB.CD + AD.BC — AC.BD Khi d6 ta bién doi hieu

T= \/2—2(:08(5—&)\/2—20087
+4/2 —2cos (v — B)V2 —2cos
—/2—2cos (y — a)y/2 = 2cos B

= 4sin asinz—l—4sin7_ﬁsing—4sin7_ sing
71— B+« T+h -« T—B—«a
= 2[cos———— — cos + cos
2
V- Bta T+B—«a VB
—08 5 + cos 5 - COST] =0

Vay AB.CD + AD.BC = AC.BD

Ménh dé 3.3.2 [Newton] Cho tit gidc ABCD ngoai tiép dudng tron tam O.
Goi I,J 1a trung diém ctia AC va BD tuong ng. Khi d6 1,O,J thing hang theo
tha tu.

Chiing minh: Duyng hé toa do (Ozy) dé dudng tron nop tiép ti gidc ABCD
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1a (1) : 22 + y? = 1. Khi d6 phuong trinh cac canh va toa do cac dinh:

( a—90 . a—90
cos sin
_ 2 .= 2
xraA = a+57yA ' a+5
cos sin
2 2
a—p a—p
cos— s —
(AB):xcosoz—i—ys%noz:l TB= T I RYBT T L8
(BC):xcosff—ysinf =1 » cos—y5 S
(CD) :zcosy+ysiny=1 " cosv_ﬁ sinv_ﬁ
. 2 2
DA) :xcosd —ysind =1 ro=——=25yo = ——=—
cos sin
2 2
- .y —0
cos sin
_ 2 . _ 2
D v+ YYD ’7_’_5
cos —
\ 2
Vi
Yyr _ ya+yc  sin(t—9) —sin(t—a)+sin(t—3)—sin(t—7)
r;  wa+xc  cos(t—a)+cos(t— )+ cos(t — )+ cos(t — )
yi  yp+typ  sin(t—0)—sin(t—a)+sin(t—p)—sin(t—7)
vy xp+xp cos(t —a)+cos(t— )+ cos(t —7)+cos(t—9)
: ) 2 . .
Véi t = atfryto nén ba diém O,I,J thang hang.

2
Chu y 3.3.3 Vi cich ching minh trén, dé dang chi ra duoc O khong phdi

luon la trung diém cia 1J.

Phép bién hinh N,
Tét nhién sé c¢6 cau héi vé nhitng ménh dé tuong tu nhu trén cho Elip. Dé xay
dung duge két qua méi ta xét phép bién hinh sau:
V6i hai s6 thuc a,b théa man ab > 0, Phép bién hinh N, trong mat phang toa
do (Oxy) bién diém M(z,y) thanh diém L(az,by). Khi d6 NCE)]‘ bién diém (z,y)
thanh diém (E ) Ta c6 ménh dé sau:

a b
Ménh dé 3.3.4 Phép bién hinh N, bién

(i) Ba diém thing hang A,B,C thanh ba diém thang hang M,N,P va gg %g
trong do M = Ng(A), N = Ngp(B), P = Ng(C).

(ii) Duong thdang thanh duong thdng.

(iii) Dt o = LoOM — ZzOA vi o = ZzOA, k = tant. Khi d6 tana = %

Chiing minh:
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(i) Gid st A(z1, y1), B(x2, y2), Ca3, y3) va M = Ngy(A), N = Nop(B), P = Nap(C).

Néu A,B,C thing hang thi 22— 71 = B3 7T Kpj ge 22— 90 _ 008 7 401
yzA B Y1 M?f\?? — Y1 bya — by bys — byr
M,N,P Cﬁng théng héng Vé B_C = W

(ii) Gia st duong thang (d) : mz + ny + 1 = 0 va diém tong quat A(z,y) € (d).
Khi d6 anh ctia A 1a M(az,by). Vay dudng thing (d) bién thanh dudsng thing

(d") :x%+y%+l:0.

a tant + tan o k + tan o

T 5 -k =t t = = . D ay t =

(111) 4 co b an (¢ + o) 1 —tanttana 1—ktana 0 vay tana
k(a—0b)
ak? +b "

Meénh dé 3.3.5. Phép bién hinh N, bién

2 2

(i) Duong tron (C) : 2% +y? = 1 thanh duong elip (E) : % + :Z—Q =1

(ii) Diém A, B e (C) thanh M,N € (E) vdi % = AB, ¢ dé J € (C) va OJ la
phan giac ngodai cia ZAOB va I = Ngy(J).
(iii) Gid st A, B € (C) va M = Nug(A),N = Ngy(B) € (E). Néu OALOB thi hai
duong kinh OM va ON la hai duong kinh lién hop.
(iv) Duong thang tiép wic vdi duong tron (C) thanh dudng thdang tiép zic vdi
(E) va nguge lai.

Chiing minh:
(i) Hién nhién
(i) Gid st A(costy, sinty), B(costa, sinta) v6i 0 < ¢ < ty < m va &nh M =
Nap(A), N = Ngp(B).

Khi dé toa do hai diém M (acosty, bsinty), N (acosty, bsints) v do dai doan MN :

to —t t t t t
MN = 2sin -2 5 1\/a28in2%+b20032%.

Do vay % = AB, § d6 J € (C) va OJ la phan giac ngoai cia goc LZAOB va

[ = Ny(J).
(iii) Néu OALOB thi c6 thé gia thiét A(cost, sint), B(—sint, cost).
Khi d6 M (acost, bsint), N(—asint, bcost) va ta nhan dugc

2
tan ZxOM.tan Z2zON = —%.
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Do vay, hai duong kinh OM, ON la hai duong kinh lién hgp.

(iv) Gia st (d) : xcosa + ysina + 1 = 0 la phuong trinh dudng thang tiép xic

v6i duong tron (C). Diém (z,y) € (d) dugc bién thanh diém (azx,by) € (d) :
oS sin v cosQa 9 sina

+vy 2 +1 = 0. Dé dang c6 a? —7 +b 7

(d') tiép xtc véi (E). Diéu nguge lai 1a hién nhien.

x =1 va suy ra dudong thing

Dong nhat thic va bat dang thic Ptolemy cho duong elip phéat biéu nhu sau:
2 2
Meénh d& 3.3.6. Cho duing clip (E) : 2—2 + z—z ~1.
Gia st A,B,C,D thuoc (E) cé toa do
(acosty, bsintl) ; (acosty, bsin ta)

(acosts, bsints) ; (acosty, bsinty)

VA0 <ty <ty < ts <ty <2r Goi 6 diém

t t t t t t t t
Mo <asin 2;— l,bcos 2+ 1),M23 (asin 3+ Q,bcos 3% 2>

2
t t t t t t t t
M3y (asin 4t 3,bcos 4;— 3),]\/[41 (asin 4—; 1,bcos 4t 1)
M3 (asin s+t ,bcos s ; tl) , Moy (asin fat tQ,bcosalt4 i tz)
thuoc (F) . Khi do ta co
Q) AB CD N bA CB  AC BD (i1) AB.CD + DA.CB S AC.BD
OMis OMsy  OMy; ODMos - OMi3 OMoy b2 - as

khi a > 0.
Chtng minh:
(i) Dugc suy ra tit ménh dé 3.3.1 va ménh de 3.3.5.

(i) b < OM < a v6i moi M € (E) khi a > b nén ta nhan dugc bat dang thiic
ABC’D;DAC’B > AC.BD khi a > b theo (i),
a
2 42

Vi du 3.3.7. Trong mat phdang (Ozy) cho Elip (E) : :Z? = 1. Gia st duong

thang qua tieu diém F cdit (E) ¢ M va N va cho 1,J thuoc (E) sao cho OILOJ.
Khi dé

1 2a
(V) a1 FM FN 12
(ii) Néu duong kinh AB cia (E) song song vdi MN thi AB?> = 2aMN.
1 1 1 1
(iii) oEtor- 2 te
Bai giai:
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(i) Khong han ché ¢6 thé coi a > b > 0. Khi d6 F (¢ = va? = 1%0). Dt ZAFM =
a 6 do A(a,0). Ho MPLOA, P(x;0). Ta ¢6 © — ¢ = FM cosa. Dé dang suy ra

b? b? 1 1 2a
FM=————vaFN=——— Vay — —.
a + ccos va a — ccosa yF]\/[—i_FN b2
(ii) Ké duong kinh AB ctia elip (E) song song v6i MN va dat r = OA. Khi d6
a’b? 2ab?
A(rcosa,rsina). Tacor? = . Tt hé thitc MN =
( ) a2sin?a 4 b2cos2a ' a2sin?a + b2cos2a

suy ra AB? = 2aMN.
(iii) Gid st LZxOI =t va OI = d. Khi d6 I(dcost, dsint). tuong tu J(—d'sint, d' cost).

Vi d?cos?t n d?sin’t _ 1 nén I cos’t L st sin?t . Tuong tu 1

NN O — @~ a2 | 12 S onr T ar T

in“t t 1 1 1 1
% + Cobs Cong vé véi vé clia hai hé thiic ta dugc OF W == + 0
Dinh 13 Newton cho Elip dudc phat biéu nhu sau:
2 2
Vi du 3.3.8. Cho tii giac ABCD ngoai tiép duong elip (E): :)3_2 ?22 =1. Goi
a

LJ la trung diém cia AC va BD tuong ing. Khi dé I,0,J thiang hang theo thi
.

Bai giai:

Céach 1: Phuong trinh céc canh va toa do cac diém cia ti giac ABCD la:

(AB) | Cos +y81r;a _ 1. (BO) - xCOSﬁ _ysn;ﬁ 1
a
cosYy sin 7y cosd sin §
CD):ox—— =1; (DA) : x—— — =1
(©D): 2™ 1y BT 1 (a) 0
( / a—90 Ca—90
a cos 5 bsin 5
Alwa= —0F5 4= —455
cos
5 cos )
I . a_B
a cos 5 bsin 5
B p— ey
B a+ B a+p
cos cos
) 2 2
v—p .7—6\
a cos 5 bsin 5
C|lzc= JYo =
¢ cosv—i_ﬁ v cosv—'—ﬁ
2 2
( — —)
a cos bsin
Dl xp= To 90T +o
\ oS coS
\
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Vi ya+yc  blsin(t —0)] —sin(t —a)+sin(t — 3) —sin (& —7)
A +20  alcos(t —a)+cos(t — B)+ cos (t — )+ cos (t — 6)]
. yp+yp  bsin(t—9)] —sin(t —a)+sin(t — F) —sin(t —7)
rp+xp alcos(t —a)+cos(t — B)+ cos (t — ) + cos (t —§)]
Véit—w nen 22 = %2 va e thé ba diém O,1,J thing hang,
1 J

Céch 2: Chuyén bai toan nay vé bai toan cho dudng tron béi phép bién hinh
Ng. Két qua duge suy ra tit ménh dé 3.4.2.

Vi du 3.3.9. Gid st ba diém A,B,C thuoc duong tron (C) vdi dnh M =
Nugp(A), N = Nyp(B), P = Ng(C). Khi do Synp = abSape. Tu do suy ra gid tri
I6n nhat cia dién tich tam gidc vdi ba dinh thuoc (E).

Bai giai: Gia sit A(costy,sinty), B (costs,sints), C (costs,sints).

Khi d6 M (acosty,bsinty), N (acosta, bsinta), P (acosts,bsints) v6i 0 < t1 < tg <

ts < 2m.
acosty bsint; 1

1
Vi Synp = §| acosty bsinty 1 || nén ta nhan duge Sy np = abSapc.
acosty bsints 1
Ta da biét, trong s6 cac tam giac noi tiép dudng tron thi tam gidc déu co dién

£ . P . Z > 3 b 2
tich 16n nhat. Vay Sy;nyp c6 dién tich 16n nhat bang a , chang han:

2 2
M (acost,bsint) , N (acos (t—i— ?ﬁ) ,bsin (t+ %))

4 4
P <acos (t—l— ?ﬂ) , bsin <t+ g))

2 2
Vi du 3.3.10. Cho elip (E): %#’— = 1. Lay 4 diém A,B,C,D thuoc (E) theo

b2

thi tu dé ti giac ABCD loi. Khi do ta cé két qud Sapcep < 2ab. Tw day suy ra
gid try I6n nhat cia dién tich c¢6 4 dinh thuoc elip (E).

Bai giai:
Toa do (acosty, bsinty) , (acosta, bsints), (acosts, bsints), (acosty, bsinty) v6i 0 < t1 <
to < t3 < t4 < 2w. Quy udc dién tich tam giac dugce tinh qua dinh thic theo quy
tac ban tay phai, co:

acosty bsint; 1
25ABc = | acosty bsinty 1 | =ab[sin(t3 — ta) + sin (t1 — t3) + sin (to — t1)]

acosty bsints 1
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acosty bsintg 1
2ScpA = | acosty bsinty 1 | =ablsin(t; —t4) + sin (t3 — t1) + sin (t4 — t3)]

acost; bsint; 1
Do vay co
ab . . . : :
Sapcp = 5 [sin (t4 — t3) + sin (t3 — t2) +sin (t2 — t1) +sin (¢ — t4)] < 2ab

Dau = xay ra khi

A(acost,bsint), B (acos (t+ g) ,bsin (t+ g))
C (aCOS <t+ 277) ,bsin (t+ 2;)) , D (acos (t—|— 3;) ,bsin <t+ 3;))

Vi du 3.3.11. Cho tam gidc ABC ngoaqi tiép duong tron tam O, ban kinh 1.

Xdc dinh gid tri nho nhat cia dién tich Sapc. T dé suy ra gid tri nhé nhat ciua

2 2

dién tich ta giac MNP ngogi tiép elip (E): x_2 + 3;_2
a

Bai giai: T tam duong tron noi tiép I ciia ta gidc ABC ha

=1.

IH1BC,IK1CAIJLAB. Goi a1,...,a6 1a s6 do cac goc do IH,IK,IJ tao véi

IB,IC,TA . Khi d6
6

6 >
BC +CA+ AB = Ztanai > 6tan ’:16
=1

va nhan duge Supc > 3tan% = 3v/3. Dau = xay ra khi tam giac ABC déu.
2 2
Gia st MNP ngoai tiép (E) : % + 2—2 — 1. St dung phép bién hinh N, dé

bién tam gidc MNP thanh tam gidc ABC ngoai tiép duong tron z? + y?> =
1. Vay Synp = abSapc > 3v3ab. Do vay Sy nyp nhé nhat 1a bang 3v/3ab.
Xay dung mot tam giac: Chon A(0,2),B (—\/3,—1) ,C (\/3,—1). Khi dé chon
M (0,2b) , B (=v/3a,=b) ,C (v/3a, —b).

3.4 Mot vai bai toan vé dudng cong bac 3

3.4.1. Mot vai vi du
Vi du 3.4.1. Gid st (1) : y = ax® + ba® + cx +d,a # 0, la mot dudng cong phang
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bac ba trong mat phang Oxy. Qua diém I tuy 1 trong (Ozy) dung hai duong thing
cat (1) tai cdc diém Ay, As, As va By, Bo, Bs tuong ting. Khi dé ty so %
khong phu thuoc va viéc chon diém 1.

Bai giai: Gia st I(u,v) ndm trong mat phang (Oxy). Ddi hé truc dé I 1a goc
toa do qua X =z —u,Y =y —v. Khi d6 1(0,0) v& (1) : Y = pX3 + ¢X%2 +7rX + 5
trong mat phang toa do (IXY). Gi sit hai duong thang di qua gdc I c6 phuong
trinh Y = tX,Y = /X céat (1) tai cic diém A, A, A3 vi By, By, B3, tuong tng.
Hién nhién, hoanh do clia cac diem Aj, As, Az 14 X1, Xo, X3 13 nghiém ctia phuong

trinh pX® + gX2 47X + s = tX. Khi d6 X1 X2X3 = —> va
p

IA11Ay T Ay = /X2 4 22X\ X5 + £2X3.\ /X2 4+ 2X3.
Nhu vay

TA1.TAs TAs = | X1 X2 X3 = /(1 +2)% = (1+12)°.

p

Tuong tu ta co

[B1.IBs.IB3 = | X1.X2X3] = \/ (1 +#2)° = H V(14 2)°,
p

vay JALTA2IAy (1482
Y TR 1B IBs \\1+¢2) -

Vidu 3.4.2. Gid st (1) : y = ax® +ba® 4+ cx+d,a # 0, la duong cong phang bac
ba trong mat phang (Oxy). Qua hai diém I va J tuy 1 trong trong (Oxy) dung
hai duong thing song song cat (1) tai cic diém Ay, Ay, A3 va By, Bo, By, tuong
ing. Khi do tij so % khong phu thudc vao viéc chon hé sé géc clia hai
duong thang song song trén.

Bai giai: Gia st hai dudng thing song song qua I(uy,v1),J(ug, v2) c6 hé s6
goc t. Khi d6 phuong trinh tuwong ting ctia ching la (Idy) : y = t(x — u1) +v1 va
(Jdy) : y = t(x — ug) + vo. Gia sit hoanh do ciia cac diém Ay, Ay, A3 1a 1, zo, 3.
Ching la nghiém ctia phuong trinh az?® 4+ bz? + cx +d = t(z — u1) + vy hay

az + 02?4 (c —t)r +d +tug —v1 = a(r — x1)(x — 22)(x — 23) VA A(xq, t(z] —up) +
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v1), Ag(xo, t(xo — uy) + v1), Asz(xs, t(xs — uy) + v1).

V6i xz = vy ducc
a(up — 1) (ug — z9) (ug — x3) = au’ + buf + cug +d — vy = f (u1).
Ta c6 TA1.TALy. TA3 = |(CL’1 — ul) (112 — ul) (Ig — u1)| (1 -+ t2)3 va nhu vay

v (1+2)%,

TA;.TAy.TA; = ‘M
a

Tuong tu ta co

JB1.JBy.J By = ‘@ V(1 + )7,
" [Al.IAQ.[Ag f(ul) R N N
- kh hu th .
Vay JBi.JBsdBs | f(ug)| OHEP U thuge vao ¢

Vi du 3.4.3. Cho hai duong thang Ox va Oy vuong géc vdi nhau tai O. Tu
diém P c6 dinh thuoc Ox ké duong thing bat ki cdt Oy tai A. Dung duong thdng
qua A vuong goc vdi PA cit Ox ¢ B. Tu B dung duong thang vuong géc vdi Ox
cat PA ¢ M. Tim tdap hop tat cd cic diem M khi A chay trén (Oy).

Bai giai: Duyng hé toa do (Ozy) va diém P(a,0) trong mat phang (Ozy).
Duong thing qua P véi phuong trinh y = t(z —a) cit Oy tai diém A(0, —ta). Hién
nhién, phuong trinh (BA) : y = —% —ta va toa do B(—t2a;0). Khi d6 diem M c6

toa do M (:BM = —tajyy = —t3a — ta). Vay ta suy ra quan hé sau:

W a? (15 + 260 + %) — a? (_”;ingig_%M) |

Do do, tap hop cac diem M khi A chay trén (Oy) la dudng cong phang bac ba
v6i phuong trinh 22 + a®z = a (222 + y?) .

Vi du 3.4.4. Gid su tam giac ABC ¢6 do dai cac canh la a,b,c. Khi do co
ding hai diém E théa man aEA = bEB = cEC.

Bai giai: Dung hé toa do (Ozy). Khong lam mat tinh tong quat co thé gid si
ban kinh duong tron ngoai tiép tam giac ABC bang 1. Gia st A(1;0), B(cosu, sinu)
V6l 0 < u < v < 27 va C(cosv, sinv) va E(x,y). Tt d = aEFA = bEB = cEC > 0
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suy ra hé
( d2

(37_1)24‘2/2:?
< 2 . 2_d2
(x — cosu)” + (y — sinw) =7
2
2 . Q_d_
\ (x —cosv)” + (y —sinv)” = =
Do vay
( d2
2yt -2+ 1=~
a
d2
)\ x2+y2—2xcosu—2ysinu+1:b_2
d2
x2+y2—2xcosv—2ysinv—|—1:_2
) c
hay hé tuong duong
( d2
Pyt —2r+1=—
a P P
§ z(cosu—1)+ysinu=— — —
2%2 2(52
x (cosv — siny = — — —
\ Y 202 2¢?

Vi d = (cosu — 1)sinv — (cosv — 1)sinu = sin(v — u) — (sinv — sinu) hay d =

2sin -~ <cosv — Y _ st u) # 0 nén hé phuong trinh tuyén tinh

2 2 2
2 &2
:v(cosu—l)—}—ysinu:@_Q_gQ
x (cosv — Siny = — — —
Y 202 2c2

c6 ding mot nghiém (zg,yp). Vay hé da cho c6 dung hai nghiém
d2

vi phuong trinh == 22+ yd —2x0+1=d*(..) —2d*(...) + 1 ¢6 hai nghiem d°.

Vi du 3.4.5. C6 diing hai dieém F nhin cic canh cia tam gidc ABC dudi mot
2T

goc g hodc 3

Bai giai: Dung cung chtta géc % tren BC va tren AC. Hai cung nay ciat nhau
6 F1. Khi d6 Fy nhin AB duéi goc 2% Dung cung chirta goc 2% trén BC va AC.
Hai cung nay ciat nhau 6 F». Khi d6 5 nhin AB duéi géc 2% Vay Cé dung hai
diém F nhin cac canh ctia tam gidac ABC dudi mot goc g hoac 2%
3.4.2. Puong cong phang 21 - diém Kj

Gia su tam giac ABC ¢6 do dai ba canh 1a a = BO, b= CA,c = AB.
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Ki hiéu o’ 1a dudng thang cit duong thang AC tai diém cach déu hai diém A va
B, cét duong thing AB tai hai diém cach déu hai diem A va C.
Ki hieu ¥ 1a dudsng thing cat dudng thang BA tai diém cach déu hai diém B va
C, cat duong thing BC tai diém céch déu hai diém B va A.
Ki hieu ¢ la duong thing cit duong thang CB tai diém cach déu hai diéem C va
A, cat duong thang CA tai hai diém céch déu hai diém C va B.
Goi Ay, By, Cy 1a nhitng diem déi xing véi A,B,C qua BC,CA,AB tuong tng.
Goi Ay, Bi, C; 1a nhitng diém déi xting véi A,B,C qua o, V', ¢ tuong tng. Goi hai
diém E 1 nhitng diém théa man aEA = bEB = ¢EC, goi hai diém F 1a nhing
diém nhin céc canh ctia tam giac ABC dudi g hodc 2% Goi H 1a tryc tam cua
tam giac ABC va O 1a tam dudng tron ngoai tiép tam giac ABC.
Goi Ag, A3 1a cac dinh clia tam gidc deu BCAs, BC A3, Goi Bo, B3 la cac dinh
clla tam gidc déu CABs, CAB3 va goi Cy,C3 1a cac dinh clia tam giac déu
ABCy, ABCs.

Vi du 3.4.6. Xdc dinh phuong trinh cia o khi biét toa do A,B,C.

Bai giai: Dyng hé toa do Ozy sao cho A(0,0), B(zg, kxs), C(x3, has). Diém
Py(p, hp) cach déu A va B khi va chi khi

>+ W = (p— x2)2 + (hp — kx2)2

Vay

5 (:1:2 (1 —i—k’2) ' xoh (1 +k2)> .

SRR 2( T A
Diém Ny(n, kn) cach déu A va C khi va chi khi

Ny <m3 (1+8%) wsk (1+h2)> |

2(1+ hk) ' 2(1+ hk)

Dudng thing o’ chinh 14 dudng thing

T Y 1
wy (1+Kk%)  moh (1+K?) X
2(14hk)  2(1+ hk) =0
z3 (1+h%) a3k (1+h?)
2(1+hk)  2(1+ hk)
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hay

Ty 1
2(1+ hk

vz a2h ﬁ
2 (1 + hk)

S

Vi du 3.4.7. Gid st tam giac ABC ¢6 do dai cdc canh a,b,c. Khi dé 21 diém

néu tren déu thuoc tap Kz gom tat cd cic diem M théa man phuong trinh

1 a2+ MA? a2MA2
1 b4+ MB? b2MB?
1 2+ MC? AMC?

Ching minh: Khi M = Athi MA=0,MB = AB =cMC = AC =b. Khi d6

1 a2+ MA?2 a2MA? 1 a? 0
1 02+ MB? VMB? |=|1 b2+ b2 | =0
1 2+ MC? 2AMC? 1 A2+v2 2p?

Vay A, Ag € K3. Tuong tu B, By, C,Cy € K3.
Via2+ HA?2 =02+ HB? =2+ HC? = 4R? nén

1 a®>+ HA? o*HA? 1 4R? a?HA?

1 ¥+ HB? o?HB? |=|1 4R? &*HB? |=0

1 4+ HC? «?HC? 1 4R? ?HC?
Vﬁy H e Ks.
Vi

1 a?2+0A% a20A2 1 a®+ R? a2R?

1 ¥¥»+0B? @?0B? |=|1 V¥ +R?* &*R? | =0

1 2+4+0C? «20C? 1 2+ R? a2R?
nén O € Kj
bat aEFA = u. Vi

1 a2+ EA? a2EA? 1 a2+ EA% 2

1 B+ EB? VEB?|=|1 V¥ +EB? «2|=0

1 2+ EC? 2EC? 1 2+ EC? u?
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nén F cing thuoc Kj.

Datv:AA§:M+2\/§S.\/“1
1 a?+ AsA? g2 Ay A2 1 a2+v d® 1 a?24v w
1 0?4+ AB% VPAB? [ =|1 B?+a® b2 |=|1 *+a® VP |d®
1 2+ A,0?% A2 1 2+a® 2ad? 1 Z+a® &2
1 & v
=1 a® V¥ |a*=0
1 a® &2

nén A2 € Ks. TU_’OIlg tu AS, BQ,Bg,CQ,Cg € Ks.
e ?, N Z N ~ z 2 ~ 3
Gia st F nhin ba canh dué6i cung mot goc ?ﬂ bat x = FA,y = FB,z = F'C. Khi

do
a? :y2—|—22+yz,b2 = 22+:p2+zx702 :xQ—l—yQ—i—xy.
Vi
1 a®>+ FA? a?FA? 1 2?2+ + 22 +ay a’2?
Fr:=|1 V+FB> VPFB?> |=|1 22+3>+22+yz b%>
1 2+ FC? 2FC? 1 2?2 +92 4+ 22420 222
Nén co
1 xy a’x?
F*=1|1 yz b2 |= Fuzd — VPayd + a3y — Py + vy — d%adz
1 zx 222

Va dé dang thay F* = 0 qua viéc thay a® = y? +yz + 22,0 = 22 + 20 + 22,2 =
2% + zy + y2. Nhu vay hai diém F ciing thuoc K.
Va ta dé& dang kiém tra dugc Ay, B, C; ciling thudc Ks.

Vi du 3.4.8. Diéu kién can va di dé trong tam G cia tam gidc ABC thuoc

K3 la tam giac ABC can.
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2 (a2 + b2+ 02) 2a2

Bai giai: Ta c6 a®> + GA? = 5 + 5 e va bién doi
2a? 9 9
1 2+ GA% 2GA2 1 3 a"GA |1 a aea
1 LGB »eB? | =| 1 % RGB? | =3[ 1 ¥ PGB’
1 2+GC? AGC? 202 1 2 AGC?
1 ? 02G02

= [1?? (GC? — GB?) + ?a? (GA? — GC?) + a®h* (GB? — GA?)]
[ ( 02) + ?a? (c —a ) + a?b? (a2 — bQ)}
2

=2 (P~ ) (- ) (- )

2
B
~3

Do vay G € K3 khi va chi khi tam giac ABC can.

Ménh dé 3.4.9.

Néu tam gidac ABC khong déu thi bac cia K3 ding bang 3.

Chitng minh: Dit u = MA% v = MB?t = MC? va a = a%,8 = b,y =

Nhu vay

1 a+u au
O0=11 pg+v pv

I v+t ~t
= ~yot — fut + aut — yut + fuv — auv
+ayu — afu+ afv — fyv+ Byt —ayt

Biéu dién v = 22 + 2+ aiz + by +ci;v = 22 +y2 4+ apx + boy + ¢ t = 22 +y% +asz +

bsy + c3, khi d6 heé s6 clia (x2—|—y2)2 dtng bang a —f+ B —~v+v—a =0. Vay K3

1& do thi bac < 3. Dé dang kiém tra bac ctia K3 khi tam gidc ABC khong déu.

Cha y 3.4.10. Phuong trinh K3 khong qua dinh thitc rat phic tap

(a® b2) MA2MB? + (b2 — ) MB2.MC? + (¢® — a®) MC2. M A
= a’c? (MA? — MC?) + *b? (MC? — MB?) + b%a® (MB* — MA?) .
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KET LUAN

Trong luan van nay, ching toi da trinh bay dugc:
1. Két thitc va phép khit véi nhitng tinh chat co ban va tng dung.
2. Duong cong phang trong mit phing va mot vai tinh chat.

3. Tham s6 hoa duong cong phang va st dung tham s6 héa dusng cong phang
trong mot s6 bai toan vé phuong trinh nghiém nguyeén, diém hitu t§ va mot

s6 bai hinh so cap.
4. Phuong phap tim diém hitu ty trén dudng conic.
5. Trinh bay phép bién hinh N,.

6. Bai toan duong cong phing 21 - diém K.
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