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L.OI CAM ON

Luan van nay dugce trinh bay dudi sy huéng dan tan tinh va su chi bao
nghiém khic clia thay gido GS. TSKH Ha Huy Khoai. Toi xin gui 16i cAm
on chan thanh va sau sac nhat dén thay.

Toi ciing xin kinh gtii 10i cAm on chan thanh dén cic thay gido co gido
tham gia giang day khoa hoc cao hoc 2011 - 2013, nhiing ngusi da dem
tam huyét va sy nhiét tinh dé gidng day va trang bi cho t6i nhicu kién
thiic co sé.

TAic gia cling xin gui 10i cdm on chan thanh dén Ban giam hiéu, phong
Dao tao, khoa Toan - Tin Truong DHKH, Dai hoc Thai Nguyén da tao
diéu kien thuan lgi trong sudt qua trinh hoc tap tai truong.

Xin chan thanh cAdm on gia dinh, ban beé dong nghiép va cac thanh
vién trong 16p cao hoc toan K5B da luén quan tam, dong vién, gitup dé toi
trong suodt thoi gian hoc tap va qua trinh lam luan van.

Tuy ban than c6 nhiéu c6 gang, song thoi gian v ning lic clia ban
than c6 han nén luan van khé tranh khéi nhitng thiéu s6t. Rat mong dugc
sut déng gop v kién clia cac thay co cling toan thé ban doc.

Hai Phong, thang 06 nam 2013.
Tac gia
Pham Minh Hung
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MG DAU

Da thitc mot bién 1a van dé quan trong trong kién thiic toan hoc clia
hoc sinh. Ly thuyét vé da thitc mot bién da dugc phat trién tit lau, va
dugc dé cap t6i nhiéu trong cac sach gido khoa bac pho thong, dic biet 13
phan quan trong khi 6n thi hoc sinh gidi hay day cac 16p nang cao. Do d6
thay co gido can cé hiéu biét chuyen sau vé linh vic nay dé c6 thé nang
cao hiéu qua giang day.

Muc dich ctia luan van nay 1 trinh bay mot cach c6 hé thong nhing
kién thitc co ban ve li thuyét da thic gom cac van dé vé: nghiém cta da
thiic, da thic v6i hé sd6 nguyeén, tinh kha quy cia da thic, da thic noi
suy. Dong thoi luan vin ciing ¢6 gang xay dung mot hé thong bai tap lién
quan, c6 thé lam tai lieu chuyen dé cho giao vién va hoc sinh, nham gop
phan boi dudng hoc sinh gidi, nang cao chat lugng giang day.

V6i muc dich trén luan van duge chia lam hai chuong:

Chuong 1. Kién thiic co sé

Chuong nay nhic lai mot cach c6 hée théng cac kién thiic co s6 vé da thiic
mot bién, nghiém clia da thitc mot bién, da thiic v6i he sé nguyen, da thic
noi suy, tinh kha quy ciia da thic, c6 trinh bay kém theo mot s6 vi du.
Chuong 2. M6t s6 bai toan lién quan dén da thiic.

Chuong nay ap dung 1y thuyét vé da thitc mot bién dé phan loai va giai

mot so loai toan lién quan.
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Kién thic co sé

Muc dich ctia chuong 1a nhéc lai cac kién thic co s6 vé da thic mot
bién, nghiém ctia da thitc mot bién, da thiic véi he s6 nguyeén, da thiic noi
suy, tinh kha quy cta da thic. Tu d6 ap dung vao giai cac bai toan cua

chuong sau.

1.1 Mot s6 khai niem md dau.

1.1.1.Khai niém da thic mét bién.

Mot don thitc bién x 1a mot biéu thic dang ca”, trong d6 ¢ 1a mot hing
s6 va k 14 mot s6 nguyen khong am. ¢ c6 thé 1a mot sé nguyen, sb hitu ti,
s6 thuyc hay sb phtic.

Dinh nghia 1:

Da thitc bién x 1a tong hitu han don thic bién x. N6i cach khac, né la

mot biéu thitc dang

P(x) = apx" + ap_12" ' + ... 4+ a1z + ag.
Néu chi c6 hai hodc ba s6 hang trén 1a khac khong, P duge goi 1a mot nhi
thiic, hoac tuong ing tam thiic.

Cac hang s6 ay, .., a, trong (*) 1a cac hé s6 cua da thitc P. Tap hop céc
da thtic v6i cac he s6 trong A dugce ky hi¢u la A[x]. Vi du: R[x] 1a tap hop

cua cac da thitc véi hé s6 thue.
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Ching ta c6 thé gia thiét trong (*) a, # 0 (néu a, = 0,a,z" c6 thé
bi x6a ma khong can thay doi cac da thitc). Khi d6, s6 mi n dude goi 1a
bac cua da thitc P va ky hiéu degP. Dac biét, da thic bac mot duge goi
14 tuyén tinh. Da thitc khong P () = 0 dugce gan bac —oo

Vidul
P =xx+1+(1-x22=2ax'+x>-2x+1
1a mot da thic v6i hé s6 nguyén bac 4.
Q (z) =022 — 22 +3
14 mot da thic tuyén tinh véi hé sé thuc.
R(z)=Va2=|z|,S@x)=1vwaT(x)=v2r+1
khong la da thiic.
Tong, hieéu hoic tich cac da thic 1a mot da thiic:

A(x) =ap+az+ ... + aa”
B(x) =by+ bix + ... + bpx™
A(z) + B (z) = (ap + bo) + (a1 + b))z + ...,
A (x) B (x) = agby + (aghy + arbo)x + ... + apbyx™ ™
Vi du 2

Cho cac da thiec:

fx)=a2%—2224+2—1
g(z)=42> — 2 +3
Khi dé:

f(x)+ = (2® =22+ —1) + (42® — 2+ 3) = 2® + 222 + 2
f(x).h(x):( —2r*+ 1z —1). (4a® —z + 3)
=4x° — 9zt + 92% — 112 + 42 - 3

1.1.2.Dinh Iy 1
Néu A va B la hai da thitc , khi do:
(i) deg(A £ B) < max(degA, degB),
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(i) deg(A.B) = degA + degB.

Mot thuong ctia hai da thtic khong nhat thiét phai 13 mot da thrc.
Thay vao d6, nhu sé nguyén, ching cé thé dude chia véi du .

Vidu 3

Tim da thic f(x) théa man cdc quan hé sau:
a) 2t — 223 + 622 — 8z + 8 = (22 +4)f (v)
b) t +22% + 322 + 22 + 1 = (f (z))
o) degf=2, f(z)—f(e—1) =z

Giai

a) Vi bac clia vé trai 1a 4 va heé s6 cao nhat ctia x bang 1 nén f (z) =
2?2+ bx + c.
Ta khai trién dong nhat :

xt — 23 + 622 —8r +8 = (x2+4) (x2—|—bx+c)
=2t +bad + (4 + ¢) 2% + 4bx + 4c

Do doé:
(b=—2
4+c=06 b= -2
=
4b = —8 c=
\ 4e = 8

Vay f(z) = 2* — 22 + 2
b) Xét f (x) = 2® + ax +b
Ta khai trien dong nhat:

gt + 203 + 322 + 22+ 1 = (x2+ax+b)2
= ' + 2a2® + (2b + a) 2* + 2ax + b

So hoa bdi Trung tam hoc lieu  http:/Irc.tnu.edu.vn/



Do do:

2a = 2
2b+a =3 a=1
S &
20 = 2 b=1
=1
\

Vay f(z) =22+ 2 +1
¢) Bac ctia f(x) biang 2 nén f (z) = az® + bx + c,a # 0.
Khido f(z—1)=a(z —1)°+b(z—1) +ec
Dong nhat heé s6 ta duge két qua: a = b = %
Vay f(z) = %ﬁ + %x + ¢, ¢ tuy ¥.
1.1.3. Dinh Iy 2
Vdi cac da thic A va B # 0, ¢6 duy nhat da thic Q (thuong) va da thic
R (du) sao cho A = BQ + R va degR < degB.
Chting minh
Cho
A(xz) =ap+az + ... + aza”

va
B(x) =by+ bz + ... + by
Gia st k 1a c¢6 dinh va n thay doi.
D6i véi n < k thi Q=0.
Giad st n = N > k va diéu can chitng minh 14 dang déi véi n < N.
Khi d6

fh(x):44¢w-—%gﬂ%k3(xy

trong d6 B(x) 1a mot da thitc bac nhé hon n (hé s6 tai 2" bang khong).
Do d6 theo gid thiét quy nap, ton tai duy nhat da thic Q-1 va R ma
A= BQ;+R vd degR<degB. Nhung diéu nay ciing c6 nghia A = BQ +
R, khi d6

Vidu4
Thuong khi chia A (z) = 2° + 2% — 1 cho B(z) = 2* — x — 3 1a x+2
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véi du Hx +5, hay:

34+ 2? —1 5T + 5
P R
Chiing ta néi rang da thitc A chia hét cho da thitc B néu phan du R
khi chia A cho B bang 0, nghia 13 néu c6 mot da thitc Q ma A = BQ.
Vidub
Cho P(z)=a* + 2 + 22" + 2%+ 2% + o
Tim du trong phép chia P(x) cho:
a) x-1
b) 2% — 1

Giai
a) Ta c6
Px)=(x—-1)Q(z)+r(x),degr(x) <deg(z—1)=1

nén r(x)=c.
Do d6: Chonz=1=P(l)=c=c=6

Vay r(x)=6.
b) Ta co:
P(z)=(2*—1) H (z) + s (x),degs (x) < 2
= s(z) =ax+b
Chon

r=1=P(1)=a+b=6
r=-1=P(-1)=—-a+b=-6
Do do6 : a=6, b=0.

Vay s(x)=6x.

1.1.4. Pinh 1i 3 (dinh ly Bezout)
Da thitc P (x) chia hét cho nhi thiic z-a khi va chi khi P(a) =0.
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Chiting minh

Theo phép chia da thic, ton tai mot da thic Q va mot hing s6 ¢ sao
cho

P(z) = (x —a)Q(z) + c.
Nhu vay ¢ = 0 khi va chi khi P(a) = 0.

Mot s6 a goi 1a nghiém ctiia da thic P(x) néu P(a) = 0, ttc 1a (z —
a)|P(x).

Viéc tim nghiém ctia da thitc f , ¢6 nghia la giai phuong trinh f (x) = 0
khong phai 1a luon ludn thuc hién duge. Vi duy, viéc tim nghiém chinh xac
ctia mot da thiic c6 bac 16n hon ho#c bang 5 khong phai luon thyc hien
duge. Tuy nhién, luén luon cé thé tim duge nghiem gan ding véi do chinh

xac tity . Cu thé, f (a)< 0 <f (b) cho thiy ring f c6 mot nghiém gifta a va b.

Vidu 6

Da thic 22 — 2 — 1 ¢6 hai nghiém thuyc:
Da thic 22 — 22 + 2 khong c6 nghiém thuc, nhung né ¢6 hai nghiém phiic:
X10=1=+1.
Da thitc 2° — 5z + 1 ¢6 mot nghiém trong khoang [1,44:1,441] ma khong
thé tinh toan chinh xac duoc.

Tong quat hon, ¢6 dinh 1i dusi day .
1.1.5. Dinh 1y 4
Néu da thic P chia hét cho da thic Q, thi tat cd cdc nghiém cia Q ciing
la nghiém cua P .

Diéu nguge lai khong dang. Mac dit tat ca cac nghiém ciia x? 14 nghiem

ctia x, nhung x khong chia hét cho x2.

Mbi da thitc véi hé s6 phitc c6 mot phan tich thanh nhan ti tuyén tinh.
Khang dinh sau day 1 tuong tu nhu dinh 1y phan tich duy nhat s6 nguyén
thanh tich cac thira s nguyéen to.

1.1.6.Dinh 1y 5
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Da thitc P (z) bac n > 0 c6 thé biéu dién duy nhat dang
P(x) = c(x—x1)(x—x%2)...(x—xy)
khong ké thit ti, trong d6 ¢ # 0 va x1,...,x,, 1a nhitng s6 phiic, khong nhat
thiét phai khac biéct.
Nhu vay, da thic P(z) ¢6 nhiéu nhat 1a deg P = n nghiém khac nhau.
Chting minh

Trudce tién, ta chiing minh sy duy nhat.

Gia st ring

P(x) = c(x—x1)(x—X2)...(x—x,) = d(x—y1)(x—y2)...(X—=¥n).

Dé thay ¢ = d. Ta c6 thé gia thiét ring khong c6 i, j ma x;=y; (néu ngudc
lai, cAc nhan t1f x—x; c6 thé bd & ca hai bén). Khi d6 P(x;) = 0., Mit khac:
P(x;) = d(x;—y1)...(x;—yn) , (mau thudn). Sy ton tai dugc ching minh
bang cach st dung dinh 1y Liouville trong gidi tich phtc, hodc theo cach
triuc quan hon sé dude chiing minh vé sau.

Hé qua:Néu cdic da thitc P va Q c6 bac khong qud n va trang 6 n +1
diém phan biét thi ching bang nhau.

Néu nhém céac nhan tit nhu nhau lai, ta dugce biéu dién chinh tdc
P(z) = c(x —a)™ -+ (x — ag)™,

trong dé aq, -+, ay 1a cac s6 tif nhién sao cho ay + -+ - + o = n. S6 mil
«; duge goi la boi ciia nghiém a;. Nhu vay ta c¢6 dinh 1y sau:

1.1.7. Dinh 1y 6
Da thiic biac n c6 ding n nghiém phitc néu tinh cd boi ctia ching.

Chtng ta néi rang hai da thic Q vd R 1a nguyén t6 ciing nhau néu

ching khong c6 nghiém chung.
Dinh 1y sau day la hé qua truc tiép ctia nhitng dieu da chidng minh

trén.

1.1.8.Dinh Iy 7
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Néu da thic P chia hét cho hai da thic nguyén to cung nhau Q va R,thi
né chia hét cho Q.R.

Ghi chu:

Diéu noéi trén c6 thé chiing minh ma khong st dung su ton tai nghieém.
Theo thuat toan Euclide, ton tai da thitc K va L ma KQ + LR = 1. Bay
gio néu P = QS = RT, khi d6 R (KT+LS) = KQS+LRS =S, va do d6 R
| Sva QR | QS =P.

Néu da thic P(x) =x"+...4a;x+ag v6i hé sd thuc ¢6 mot nghiem phiic
Ethi P(€) =& + ...+ @& +ap= P(§) =0 . Nhu vay:
1.1.9.Dinh 1y 8
Néu & la mot nghiem cia da thic P (x) hé so thuc, thi & ciing la nghiém
cia P(z).

Trong khai trién da thic hé sé thyc P(x)thanh nhan ti tuyén tinh,

chiing ta c6 thé nhém céc thita sb lien hop

Pr)y=@x—r)..(z—r)(z-&)(z—&)...(x = &) (z - &)
trong do r; la cac nghiém thuc, £ 1a nghiém phiic, va k+2.1 = n = degP.
Da thitc (z — &) (z — &) = 2% — 2Re€ + |¢]* = 2® — px + ¢; ¢6 he 56 thuc
thoa man p;> — 4¢; < 0 . Diéu nay cho thay:

1.1.10.Dinh 1y 9.
Da thitc P(z) hé s6 thuc cé biéu dién duy nhat (sai khdc thit tu)

P(z)=(x—r1)...(x — 1) (:U2 —piT+q) ... (x2 —px+q)

trong dé ri,p;, q; la nhing so thuc vdi piZ < 4q; va k+21=n
Tt do6 suy ra rang, da thitc hé s6 thic c6 bac 1é luon luon c6 mot soé 1é

nghiém (va ¢6 it nhat mot nghiem).
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1.2 Nghiém cua da thic

Trong phan dau tién, ching toi mo ta mot s6 dic tinh co ban cla cac
da thic. Trong phan nay ching toi mo td thém mot s6 tinh chat va cudi

ciing chting t6i ching minh rang méi da thitc phic thuc su c6 mot nghiem.

Nhu ching ta da chi ra, trong mot s6 truong hop nghiém ciia mot da
thitc nhat dinh ¢é thé xac dinh chinh xéac.
Trudsng hop ciia cac da thic bac 2 da duge biét dén tit lau. Cong thiic noi
tiéng vé nghiém ctia phuong trinh bac hai c¢6 dang
—b+ /b2 — 4dac
2a '
Khi f ¢6 bac 3 hoac 4, cac cong thitc mo ta phuong phap giai da duge dua

T2 =

ra bdi cac nha toan hoc Y Tartaglia v Ferrari trong thé ky thtt 16. Ta mo
ta phuong phap Tartaglia giai mot phuong trinh bac ba.

Dau tién, thay thé z = y — g dé dua phuong trinh bac ba z3 +

ax> 4+ bx + ¢ = 0 v6i he s6 thuc vé dang v + py + ¢ = 0 trong do
p:b_a_2 q:c_a_b+2_a3
3’ 3 27

Dat y = u + v, bién ddi phuong trinh nay thanh w3 +v3 + (3uv + p) y+

g = 0. Tuy nhién, vi u va v bién thién, ta dugc phép rang budc béi dieu kien

3uv + p = 0. Do d6, phuong trinh trén tré thanh he uv = —£, w3 = —q,

duoc gidi quyét mot cach dé dang: u?, v3 1a cac nghiém ctia phuong trinh

bac hai t> +qt — ’29—; = 0 v uv =-p / 3 phai la s6 thyc . Vi vay ta c6 nghiém:

1.2.1. DPinh 1y 10 (c6ng thic Cardano).
Cong thitic nghiém ciia phuong trinh y° +py +q = 0 vdi p,q € R la:

_ > 3 . 2 3
=g\ T e s G012

trong do £ la mot can nguyén thiy bac ba cua don vi.
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Mot da thic f (z) = a 2™ + ap_ 12" + ... + a1x + ag duge goi la doi
Ting néu a,_; = a; v6i moi i.

Néu deg f = n 1a 6 16 thi -1 1a mot nghiém ctia f va da thic f (x) / (x
+1) 1a déi xing.
Néu n = 2k chén, thi

f@)/af=ay (@ +2 M)+ . +aa (r+z) +a

1a mot da thic clia y = z + 2~ , vi mbi biéu thic 2’ + 7% déu la da thic
ctia y. Diac biet, 22 + 272 = y?> — 2,2° + 273 = y® — 3y, ... Déu nay dua
phuong trinh f(x) = 0 thanh mot phuong trinh bac n/2.

Bai toan 1. Ching minh ring da thite f(z) = 25 — 22° + 2t — 223 +
x? — 2x + 1 ¢6 ding bon nghiém mo dun bang 1.
Giai. Dat y = 2 + 2~ L. Khi d6

%:g(y)=y3—2y2—2y+2-

Nhan xét rang  ¢6 mod dun bang 1 néu va chi néu x = cost + isint,
khi d6 y = 2cost; ngudc lai tit y = 2cost suy ra rang x = cost & isint.
N6i cach khac, || = 1 néu va chi néu y thuc véi —2 < y < 2, trong do
moi y nhu vay tuong tng v6i hai gia tri ciia x néu y # +2. Do d6 con phai
chi ra ring g(y) c6 ding hai nghiem thuyc trong khodng (-2, 2). Dé lam
diéu do, chi can nhan xét rang g(—2) = —10,¢(0) = 2,9(2) = —2, va do
d6 g c6 nghiém trong mdi khoang (-2,0), (0, 2) va (2, co).

Cac nghiém ctia da thic lien quan dén cic hé s6 clia chiung nhu thé

nao? Xét da thitc monic sau day:
P(ZI;') :x"+a1xn—1+...+an_1x+an: (37—331)(55—332)(1‘—%1)

bac n > 0. Ching han khi so sanh hé s6 ctia 2" ! & hai vé ta dugc
x1+To+ -+ 7, = —aj. Tuong ti, khi so sanh cac tit hing s6 ta dugc:
T1T -+ Ty = (—1)"ay,.

Cac quan he tdng quéat dudce cho bdi cong thic Vieta dudi day:
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Dinh nghia 2
Da thtc ddi xting so cap clia cac bién zy, x9, ..., 7, 1a cic da thic

01,09, ...,0, , trong do

o = op(T1, Tay ... ky) = E Ti, Tiy- Tiy s

tong lay trén tat ca cac tap con k phan ti {iy, s, ..., 4} clia 1,2, . ., n.
Dac biét, o1 = 21 + 290 + ... + x,, va 0, = 2129...7, . Ngoai ra, ta thuong
dat g = 1,01 = 0 cho k> n.

1.2.2.Dinh 1y 11 (cong thitc Vieta)
Néu ay, a, ..., ay, la cde nghiém ciia da thitc P (z) = 2" +a12™ T +agx™ 2+
oo F ay, thi ap = (—l)kak (a1, a9, ...,ap) vdi k = 1,2,. .., n.

Ching minh
Quy nap theo n. Truong hop n = 1 1a tam thuong. Gid sit rang n> 1 va
viet P(z) = (x —x,)Q(x), trong d6 Q(x) = (x—x1) - - (x —xp,_1) .Ta tinh

F=lyxk tuong

todn he s aj clia P(x) tai xx. Vi cac he s6 cia Q (x) tai x
ing I af_, = (=" oy (@1, ., 2pe1) VA dl = (1) 0 (21, .y 1) |
ta co
!/ /
ar = —Tpa)_q + a), = o (1, ..., xy) .

3

Vidu 7 Cac nghiem x1, 29, 73 clia da thitc P (x) = 2° — ax® + bz — ¢

théa man a = x1 + x9 + T3,b = X129 + ToT3 + T3T1, ¢ = T1T2T3

Bay gio ching ta chiing minh moi da thitc déu c6 nghiém phic.
1.2.3.Dinh 1y 12 (Dinh 1y ¢ ban ctia Dai s6)
Moi da thiic khac hang P (z) déu cé nghiém phic

Chiing minh
Viét

P(x)=2" 4+ ap_12" " + ... + a1 + ay.

Gia st P (0) = ag # 0 . Ddi véi r >0, ta goi C, 1a dudng tron trong mit
phing phtic tam 0 va ban kinh r. Xét cac dudng cong lien tuc y, = P (C,) =
{P (z)||z| = r}. Duong cong mo ta bdi don thic z", tic la {z"|x € C,
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bao quanh 0 n 1an. Néu r 1a dt 16n, vi dur > 1+ |ao|+ - - - + |an—_1], ching
ta c6 |2"| > |an—12"' + ... + ag| = | P () — 2"|, c6 nghia la phan con lai
P(x)—x, trong P(x) khong thé "gzp" diém 0. Vi vay, dudng cong 7, ciing
bao quanh 0 n lan, do dé, né chita diem 0 bén trong né.

V6i nhitng r 14t nhd v, gan diém P(0) =ag va dé lai 0 diém bén ngoai
né. Nhu vay, ton tai r =ry nhé nhat ma diém 0 khong phai 14 ¢ bén ngoai
clia 7, . Vi dudng cong -, bién thién lién tuc nhu 13 mot ham cta r, né
khong thé nhay qua diém 0, do d6, diém 0 nim trén dudng cong 7, .

Do d6, c6 mot nghiém cua da thiic P (x) v6i mo dun r,.

1.3 Da thiic v6i hé sé nguyén

Hay xem xét mot da thic P (z) = a,2" + a, 12" 1 + ... + a1 + ag v6i

hé s6 nguyen. Hieu P(x) -P(y) c¢6 thé dudc viét dusi dang
an(2" = y") + o+ as(a® = ) + ar(w — y)

trong d6 tat ca cac s6 hang 1a boi clia da thic x-y. Diéu nay dan dén tinh

chat s6 hoc don gian nhung quan trong ciia cac da thic trén Z [x]:

1.3.1.Dinh 1y 13
Néu P la mot da thiic vdi hé s6 nguyén, thi P(a) - P(b) chia hét cho a - b
vdi moi s6 nguyén khdc nhau a va b.

Ddc biét, tat ca cac nghiém nguyén cia P chia hét P(0).

C6 mot khang dinh tuong ti vé nghiém hitu t ctia cac da thic P(x) €
Z[x]

1.3.2. Dinh ly 14
Néu mot s6 hitu tyj p/q(p,q € Z,q # 0,nzd(p,q) = 1) la mot nghiém ciia
da thicc P(x) = ap2™ + a, 12" 1 + ... + a1 + ag vdi hé 56 nguyeén, thi

plao va qlan
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Chiing minh.

Ta c6
¢'P <§> = app" + an1p" g+ o+ apg 4 ang”.

Tét ca s6 hang khong ké s6 hang dau tién 1a boi s6 clia q, va tat cd khong
ké s6 hang cudi ciing 1a boi s6 ctia p. Do d6 q|a,p™ va plagq™ . Suy ra

diéu phai ching minh.

Bai toan 2.

Xét cac da thitc phitc P(x) = 2" + a;z" ' + - - - + a, véi cac nghiem
Ty, Ty VA Q) = 2" + bia™ L+ - - - 4+ b, v6i cac nghiem 12, ..., 2,2 .

Chitng minh rang néu a; + as + as + ... va as + a4 + ag + ... 1a cac s6
thuc, thi by + by + ... + b, cling 1a s6 thuc
Giai.

Chu ¥ réng
Q(z*) = [1(=* — 2%) = [I(x — ). [1(z + 2;) = (=1)"P(z) P(~2).
Bay gio ching ta ¢6 by +by+...+b, = Q(1)—1 = (-1)"P(1)P(—-1)—1 =
(—)"1+B—-A)(1+ B+ A), Trong d6 A = a1 + ag + a5 + ... va
B=ay+a4+ ..

1.3.3. Dinh 1y 15
Néu gia trj cia da thic P(x) la nguyén tai moi sé6 nguyén x , thi cé ton

tai cac so nguyén cy, ..., ¢, sao cho

P(x)—cn<z)+cn1<nx1)+...+co<g>

X

trong dé ta ki hiéu < ) la 56 to hop C"

n

Diéu nguoc lai ciing ding.

Chiting minh
Ta chiing minh quy nap theo n. Truong hop n = 1 1a tam thuong. Bay
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gi0 gia st rang n > 1. Da thic Q(x) = P(x 4+ 1) — P(x) bac n -1 va nhan
gia tri nguyén & tat ca cac sd nguyeén, nhu vay bdi gidi thiét quy nap, ton

tai cac s6 nguyen ao, ..., a, ma

Q(:C)an1<n_1)—|—...—|—ao<0>

D61 v6i méi s6 nguyén x > 0taco P (x) =P (0) + Q (0) + Q (1) +...

—l—Q(x—l).Sﬁ’dung(Z)—i—(;)%—...—{—(aj;l) = (kil)VGi

moi s6 nguyén k, ta c6 diéu phai ching minh.

1.4 Da thitc bat kha quy

Dinh nghia 3

Da thiic P (x) v6i he s6 nguyen duge goi la bat kha quy trén Z[x| néu
né khong thé phan tich thanh tich hai da thitc véi hé s6 nguyén bac 16n
hon ho#c bang 1 .

Vidu 8

Moéi da thitc bac hai hodc da thiic bac ba khong ¢6 nghiém hita ty 1a
bat kha quy tren Z. vidu 2? —2 — 1 va 223 —4x 4+ 1 .

C6 thé dinh nghia tuong tu vé kha quy va bat kha quy trén tap hop
clia cac da thic v6i he s6 hitu ty, thuce hay phic. Tuy nhién, chi kha quy
tren Z[x] 1a ddng quan tam. Bo dé Gauss dudi day chi ra rang tinh kha
quy trén Q[x] 1a tuong duong véi khé quy trén Z[x]. Ngoai ra, ching ta
da thay rang mot da thitc thyc luon luon duge phan tich thanh cac thita
s0 tuyén tinh va bac hai trén R[x|, trong khi mot da thiic phitc luon luon
dugce phan tich thanh céc thita s6 tuyén tinh trén C[x].

1.4.1.Dinh 1y 16

Néu da thic P (x) vdi hé s6 nguyén la khd quy trén Q [z], thi né cing khd
quy trén Z |[z].
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Chiing minh.

Gid st P (x) = a,x"+... 4+ a9 = Q (x) R (x) € Z [x] trong d6 Q (x) va R
(x) 1a cac da thiic khac hang v6i he s6 hitu ty. Gia st q va r la nhitng s6 tu
nhién nhé nhat ma qQ (x) = qux* + ... + qo va 1R (X) = 1,,X" + ... + 10 €6
he s6 nguyen. Khi do, qrP (x) = qQ (x) .rR (x) 1a phan tich cta da thic
qrP(x) thanh hai da thitc ttr Z [x]. Cén cit vao diéu nay, ching ta sé xay
dung mot phan tich cia P(x).

Cho p la mot wée nguyeén t6 tuy ¥ clia q. Tat cd cac he s6 cia P (x)
chia hét cho p. Gia st ¢ 1a chi s6 sao cho plqo,qi, .., qi—1 , nhung p | q;
. Chang ta ¢6 pla;+1 = qor; + ... + q;rg = q;rp (modp) , suy ra p|rg. Hon
nta, plaj+1 = qoli+1 + ... + Qi1 + Qiv1T, = i1 (modp) dan dén pry .
Tiép tuc theo cach nay, ching ta suy ra rang p|r; cho tat cd j. Do dé rR
(x) / p ¢6 he s6 nguyén. Nhu vay chung ta thu duge mot phan tich cta
rqpP(x) thanh hai da thic ti Z [x]. Tiép tuc quy trinh nay va lay gia tri
khac cho p ching ta cudi cling sé két thic v6i mot phan tich clia chinh
P(x).

Tt nay tré di, trit khi ¢6 quy dinh khac, "tinh kha quy" c6 nghia la tinh
kha quy trén Z [x].

Vi du 9 Néu ay,as, ...,a, 1 s6 nguyén, chiing minh rang da thic
P(x) = (r —a1) (x — az) ...(x — a,) — 1 1a bat kha quy.
Giai
Gia st P(x) = Q(x)R(x) ddi véi nhitng da thitc khac hang nao d6 Q,R €
Z[x]. Vi Q(a;)R(a;) = —1v6ii=1, .. n,ching tacé Q(a;) =1 va
R(a;) = —1 hodc Q(a;) = —1va R(a;)) =1 ,suyra Q(a;) + R(a;) =0
. Theo d6 da thiic Q(x) + R (x) ( hién nhién la khac khong) c¢6 n nghigm

ai, as, ..., a,, dieu khong thée vi bac ctia n6 1a nhoé hon n.

1.4.2.Dinh 1y 17 (Tiéu chuan Eisenstein m& rong)
Gid st P (x) = apa™ + ...+ a1z + ag la mot da thic vdi cdc hé s6 nguyeén.
Néu ton tai mot s6 nguyén to p va mot so nguyén k € {0,1,....,n — 1} sao

cho :
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ap, @, ..., a chia hét cho p,
ap+1 khong chia hét cho p,
ag khong chia hét cho p? thi P(x) c6 mot thia so bat khd quy bac lén hon
k.
Dic biet, néu p cé thé chon sao cho k = n - 1, thy P () la bat kha quy.
Chiing minh

Giéng nhu trong sit chting minh bo dé Gauss, gia st rang P(x) = Q(x)R
(x), trong d6 Q (x) = qx* + ... + qo va R (X) = 1,x™ + ... + 19 | cac da
thiic tit Z [x]. Do ag = qorg 1a chia hét cho p va khong chia hét cho p?, c6
ding mot trong o, ro 1a boi s6 ctia p. Gia st rang plqo va p [ ro.

Hon ntta, pla; = qor1 + qirg , chi ra rang plqirg , tic 1a plqy, va van
van .Chung ta két luan rang tat ca cac hé sd qo, qi, ..., q déu chia hét cho
p, trit p [ gry1. Theo d6 degQ > k + 1.

Vidu 10
Cho mot s6 nguyén n > 1,xét da thic f (z) = 2" + 52" + 3. Chiing
minh rang khong c6 da thic g(x), h(x) véi hé s6 nguyén ma f (x) = g (x)
h (x).
Céch giai.
Chon p = 5 ta co:
a, = 1 khong chia hét cho 5
ap=3,a1 =ay = ... = ay_9 = 0,a,_1 = 5 déu chia hét cho 5
ag = 3 khong chia hét cho 25
Vay theo tiéu chuan Eisenstein (md rong) thi f(x) bat kha quy tréen Q[x] .

1.5 Da thic noi suy

Mot da thitc a bac n dude xac dinh duy nhat, néu cho gia tri clia né tai
n + 1 diém. Vi vay, gi sit rang P 13 mot da thiic bac n va P(x;) =y; tai cac
diém khac nhau xq, X1, ..., X,. Ton tai cac da thic duy nhat Eg, Eq, ..., E,
bac n sao cho E;(x;) = 1 ,E;(x;) = 0 v6i j # ¢ . Khi d6 da thiic
P(x) =yoEo(z) + y1Er(x) + - - - +ynEn(x) ¢6 cac tinh chat doi hoi.
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That vay, P (x;) = Zj v;Ej (%) = yiEi (x;) = y; . Con phai tim cac
da thitc Eg, Eq, ..., E,. Mot da thiic bang khong tai cac diém zj,j=1,la
(z — ;)

chia hét cho I, (x — x;) . Tt d6 chang ta suy ra E; (r) = I o)
Ly — T

1.5.1.Da thic noi suy Lagrange

Cho truée [a,b]; a = 29 < 71 < ... < T, = b 12 tap cac diém nit va
cho gia tri y; = f (x;),1=0,1,...,n.

Gid st P, (x) = Cpa™ + Cp_12" 1 + ... + Ciz + C 1a da thiic noi suy
ham f (z), nghia la: P, (x;) = f(x;),i=0,1,...,n

[ Cpay + Cpoymg™ 4 ...+ Chag + Cp = Yo
C,x" + Cn_lxlnil + ...+ Cix +Cy = U1

\ Coz"y + Chzy" 4 . 4+ Cizp, + Cy = yp

Hé c6 ma tran:

" Zlfon_l Ty 1
x™ len_l ooxp 1
a, x," ! Ty 1
= det A = H (xi —xj) #0
0<j<i<n

Heé trén 1a hé Crame nén c6 nghiém duy nhat. Do d6 da thiic noi suy co6
nghiém duy nhat v luon ton tai nghiém.

Trong truong hgp khong can phéai giai he (1)thi nguoi ta dat :

n

€Xr — T,
#g:o( J)/ 1 khii=j
Pi(z) = 7 c6 Pi(x;) = 0
H (xi_afj) 0 khZZ#]

J7#4,3=0

Khi d6 :P,(z) = >_ y;.Pi(x) (Da thic noi suy Lagrange)
i=0
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Vidu 11
Tim da thiic bac ba Q sao cho @ (i) = 2° choi =0, 1, 2, 3.
Cach giai

Q= NE-9E=)  Ze-2a-))

4(z—1)(z—=3) 8x(x—1)(x—2) a3>+5x+6
A— * 6 G

Két qua néu trén kem theo sai s6 tai mdi diem x bat ki.

1.5.2.Da thic n6éi suy Newton
*Pa thitc ndéi suy Newton tién trén luéi khéng déu nodi suy ham
f (@).

Xét ham s6 y = f(x) xac dinh va lién tuc trén [a;b], trén do cho tap
cac diém nat noi suy: xg < 1 < ... < z, khong cach déu.Khi dé ta co:

Ti sai phan bac 0 cua ham y = f(z) tai nat z;la f(z;)

Tisai phan bac 1 ciaham y = f(z) tainat x;, x;la f(x;, x;) =
Ti sai phan bac 2 clia ham y = f(x) tal ntt ;, z;, vpla f(z, 25, 21) =

Li — T
Ti sai phan bac k ctia ham y = f(z) tai nat xg, ..., xla

f(Z'O,LUl, "'71:]6*1) - f(l'l,xQ, 71.]{:)
Ty — Tk

f(xo, L1y enny Ik) =
Gié st P, (x) 1a da thic noi suy ham f (x). Khi dé ta co:

P, (z) =P, (20) + (x — z0) Py, (20, 21)
+ (z — x0) (x — 21) Py (w0, 21, 22)
+ (x — x0) (x — 1) (x — x2) Py, (20, 1, T2, 3) + ...
) (

(l' — L) X — .%'1) (.fl:' - :EQ) (x - xn—l) Pn (x()a Ty, L2, ..y xn)
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Mat khac, vi P, (z) 1a da thic noi suy ham f (x) nén ta suy ra:

Py, (2) = f(x0) + (2 — 20) f (20, 1) + (& — o) (x — 21) f (20, 1, 22)
+o.o+ (x—m) (r —x1) (x — 22) ... (T — Tp1) [ (0, 1, T2y ovves Ty

Day chinh 1& da thic noi suy Newton tién trén ludi khong déu xuat
phat tu nat x.

Vi du 12
Xay duyng da thtc noi suy Newton tién xuat phat tit nit xg = 0 ctia ham
y = f (x) v6i gia tri duge cho bdi:

f@)[1]3]2]6

va tinh gan dang f(1,25).

Ta co:

Py(z) = f (z0) + (2 — x0) f (x0, 1) + (. — 20) (x — 1) f (20, 71, T2)
+(x — ) (x — 21) (x — 22) [ (@0, 21, T2, T3)
)

(SL’ — X (SU — 551> (SU — 5L’Q> (ZC — 1’3) f (SE(), r1,T92,X3, 1’4)

Lap bang ty sai phan ta co:

x; | TSP bac 0 | TSP bac 1 | TSP bac 2 | TSP bac 3 | TSP bac 4
0|1

1|3 3

3|2 5 =

416 4 2 2

6 |4 -1 2 =2 =2

Do d6 da thiic noi suy Newton tién xuat phat tit nit zp = 0 clia ham

y=f(z) la:
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7 2
:1+3$—6$($—1)—|—§£U(£L‘—1)(£U—3)

13
—@w(x—l)(x—?))(a:—él)
13, 12, 159 , 263
e i 1
60" "5 T Tt
Suy ra

F(1,25) &~ Py(1,25) = 3,695

*Pa thitc noi suy Newton tién trén lu6i déu ndi suy ham f (x).
Xét ham s6 y = f(x)xac dinh va lien tuc trén [a;b] v6i cdc nat noi

suya = 19 < 71 < ... < x, = b cach deéu, trong d6 x; = xg + ih; h =
b—a

,1=0,1,..n

Sa? phan tién cap 1 tai z;1a Af; = fi1 — fi

Sai phan tién cap 2 tai z;la A%f; = A(Af) = Afiy1 — Af;
Sai phan tién cap k tai z;1a AFf; = A(AFLf)

Két hop dinh nghia ti sai phan ta c6:

f(xiva) = fl) _ Af;

flxi, zip1) =

: x; —> 3Si+1( h) ,
S @) = [, Tie) A*fi
f(xw Lit+1, xz+2) - T — Tiyo - 2h2

Ap dung cong thiic da thite noi suy Newton trén ludi khong déu xuat phat
tt nat xy cia ham y = f (x) bang cach dat x = xy + th
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A
:>Pn(:€0—|—th)Zf($0>+($o+th—$o)%
+ (20 4 th — x0) (x0 + th — —h)AQfO
o o) (o 0 57,2
A% fo
+ (xo + th — xg) (xg + th — 29 — h) (o + th — xy — 2h) s T
A" fo
—|—(9[;0—|—th—xo)(xo+th—x0—h)...(xo—l—th—xo—(n—l)h)n|hn
A A? A3 '
:fo+ti+t(t—1) f“+t(t—1)(t—2) Jo
1! 2! 3!
ATL
Fo At =1 (t=2) . (t—n+1) n,fO.

*Sai s6 ctia noi suy : Gia sit ham f € C™"![a, b] nghia la f kha vi,
lien tuc dén cAp n + 1 trén [a,b] va [a,b] chita tat ca cac nat noi suy

o < 21 < ... < x,. Khi d6 sai s6 clia noi suy R, (x) la:

Fr ()

B (@) = T2

* Wn+1 (x)
Trong d6: £ 1a diem phuy thuoc vao x va € [a, b].
w1 () 1a da thic bacn+ 1 .

wpit (1) = (x —xg) (x — 1) ... (T — xp).

N - 2 P-3 2 .2 . £
x: la diem can danh gia sai so.

My, 11
Dit M, = max | ™) (2)| = |R, (2)] < —2— |wniq ()]
. +1 la.b] ‘f ( )| | ( )l = (TL+1)'| +1( )l
Vi du 13
Néu P da thiic ctia bac n-th nhan gia tri 1 tai cac diém 0, 2, 4,. . ., 2n.
Tinh P(-1).
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Cach giai.
P(x) 1a tat nhién giéng nhau bang véi 1, do d6, P(-1) = 1. Nhung néu

chiing ta ap dung cac da thiic Newton, day la nhiing gi chiing ta nhan duge:

iz0s4i(29 —2i)  i=0j#i(2) — 20) n (20 1)d! (n—4)!
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Chuong 2

Mot so bai toan lién quan dén da

thic mot bién

2.1 Mot sb bai toan xac dinh da thitc va tim nghiém cua da

thuc

Bai tap 1.

Da thitc monic f(x) bac 4 théa man f (1) = 10, f (2) =20 va f (3) =
30. Xac dinh f (12) + f (-8)
Giai.

Da thitc f(x) — 10x bang 0 tai cac diém x = 1,2, 3 nén né chia hét cho
da thiic (x — 1)(x — 2)(x — 3). Do d6, ton tai mot s6 ¢ sao cho

f(x) —10x = (x—1)(x — 2)(x — 3)(x — ¢)

Suy ra:
f(12) + f(—8) = 11.10.9(12 — ¢) + 120 + (—9)(—10)(—11)(—8 — ¢) — 80
= 19840.

Bai tap 2.
Chiing minh rang khong phai tat cd cac nghiém cia da thic c6 dang
2" 4 2na" 1+ 2n22" 2 + ... déu la sb thuc.

Giai.
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Gia st rang tat cad cidc nghiém 1, 2o, ...,x, déu la s6 thuyc. Ta c6

S x; = —2n,Y x;z; = 2n* tuy nhién
i i<j

S gy — %(Zwi>2—%;xi2 < ”_1(2.@@-)2 —om(n—1)

i< 5 2n \5
mau thuan.

Bai tap 3.

Tim tat cd cac da thic dang a,z” + a,_ 12" ' + ... + @12 + ag Vi
aj € {—1;1} (j = 0,1, ..., n) c6 tat ca cac nghiém deéu la nghiem thuec.
Giai.

Dat x1, x9, ..., x, la cac nghiém cia cac da thitc da cho. Khi do

2
R (Z %) —2 (Z sz’%‘) =a*,_1 —2a,-2<3
i i<j
Dong thoi 212 + 22 + ... + 2,2 >nnénn < 3 .

Truong hop n = 3 chi ¢6 thé xdy ra néu z;, z, ...,x, = +1 . Bay gio

chting ta c6 thé dé dang tim thay cac da thitc thoa man: x & 1,x%4x — 1,x3—x & (x*-

Bai tap 4.
Chting minh ring tat ca cac nghiém cta da thiic
f(x) = x(x-2)(x-4)(x-6) +(x-1)(x-3)(x-5)(x-7)
déu 1a nghiem thuec.
Giai.
Ta théy f (—00) = f (+00) = 400, f (1) < 0, f(3) > 0, f (5) < 0 da
thitc f ¢6 mdi nghiém thuyc trong mdi khoang (—o0; 1), (1;3),(3;5) , (5; +00)

va da thitc c6 ding bon nghiem do.

Bai tap 5.

Khi nao da thic 2 + o — 1 chia hét cho
a) x2 —x+1
b) x3 —x+1
Giai
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1+iv3

2

Néu x* — x + 1 chia hét 2 + 2 — 1 ,khi d6 e; 2 14 nghiém ctia da thiic
2" +x—1,dodée"=1—e;=e;,"! suy ra ;"= 1.

Nhan thay e;°= 1,do d6 e;*= 1 néu va chi néu 6|k,ttc la 6|(n+1) hay
n = 6t-1.
b) Néu f(x) =x>—x + 1 chia hét 2"+ —1 , khi d6 né ciing chia hét x"+x3.

Diéu nay c6 nghia 13 m&i nghiém ciia f (x) théa man x" 3= —1; dic biet,

a) Céac nghiem clia da thitc x> —x+ 1 lag1o =

moi nghiém cua f ¢6 mé dun 1. Tuy nhién, f (x) ¢6 mdt nghiem gita -2
va -1 (f (-2) <0 <f (-1)) ma rd rang la khong phéi ctia module 1. Do dé
khong c¢6 n nhu vay.

Bai tap 6.

Gia stt da thite P véi cac hé s6 thyc théa man véi moi x: P(cos x) = P(sin
x). Chitng minh ring ton tai mot da thiic Q sao cho P(z) = Q(a* — 2?)
cho moi x.
Giai.

Do P(—sinx) = P(sinx) va P(—t) = P(t), nén P(x) = P(—x) . Do d6,
P(x) = S(2?) d6i v6i da thiic S nao do.
Bay gio S(cos2x) = S(sin2x) v6i moi x va S(1 — t) = S(t) v6i moi t , tit d6

. 1 1
suy ra S(x) = S(1 — x) . Dieu nay tuong duong véi R(z — 5) = R(§ —x),
1
tic 1a R(y) = R(—y), v6i da thiic R nao d6 Do d6 S(x) = R(z — 5)
Bay gis R(z) = T'(2?) véi da thiic T nao d6, va vi vay P(z) = S(2?) =
1 1
R(2? — 5) =T (2t — 2 + Z) = Q(2* — 2?) vé6i da thitc Q nao do.

2.2 Mot sb6 bai toan vé da thic véi hé sb nguyén.
Bai tap 1.

Tim nghiém hitu ti ctia phuong trinh
a)3z* + 523 + 22 + 5 — 2 =0
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3
b) x3—|—§x2—|—33§—2:0
Giai
a) Ta xét nghiém hiu ti x = P Kni do pl—2,¢|3 nén z = +1,z =
q
1 2

4+ 42 42
3 3

Thé vao phuong trinh ta thay nghiem la: 2 = =2,z = &
b)
3,3 o
r° + 59{: +3r—-2=0
& 22° 4+ 322 + 60 —4 =0

1
Tuong tu ta c6 nghiém hitu ti x = 3

Bai tap 2.
Cho da thtic bac chén va tat ci cac hé s6 1é. Chiing minh da thitc khong
¢6 nghiém htru ti.
Giai
Xét
P(x) = apx" + a12" ' + ... + ap_17 + ay,
v6i n chn va cac a; 1é.

Gia st da thiic ¢6 nghiém httu ti x = P Kni ds plan, qla, . Suy ra p,q
q

1é.
Thé z = £ ta c6 :
q
app” + a1p" g+ .+ anapg" !t + ang" =0
Vo li, vi vé trai la tong ctia mot s6 1é cac s6 hang 1é nén khong thé bang
0.

Vay da thiic khong ¢6 nghiém hitu ti.
Bai tap 3.

Cho da thtic P(x) he s6 nguyen. Chitng minh da thic khong c6 nghiem

nguyen néu P(0) va P(1) 1a cac s6 16.
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Giai
Gia st a la nghiém nguyén cia da thic P(x). Khi d6 thi:

P(r)=(r—a)Q(x),

Q(x) he s6 nguyen.

Chon x=0 = P (0) = —a.Q (0) .

Vi P(0) 1é nén a 1é.(*)
Chonz=1=P(1) =(1—-a).Q(1).
Vi P(1) 1é nén 1-a 1é , suy ra a chan(**)
(*) va (**) mau thuan .

Vay da thitc P(x) khong c¢6 nghiém nguyeén.

Bai tap 4.

C6 hay khong mot da thite P(x) v6i hé s6 nguyen thoa man: P(26)=1931
va P(3)=2005.
Giai

Gia st ton tai mot da thite P(x) véi hé s6 nguyen thoa méan: P(26)=1931
va P(3)=2005.

Dit P (x) = apa™ + a1z ' + ... + a, 17 + ay

= P (26) — P (3) = ag (26" — 3") +a; (26" ' = 3" 1) 4+ ... + a,_1 (26 — 3)
= (1931 —2005) : (26 — 3) = —T74:23 (vl)
Vay khong ton tai da thic P(x) thoa man deé bai.

Bai tap 5 .

Da thitc P(x) € Z[x] ¢6 gia tri 1 tai ba diém nguyén khac nhau.
Chting minh ring né khong c6 nghiém nguyen.
Giai.

Gia st ngugce lai, c6 a,b, ¢, d 1a cac s6 nguyén véi P (a), P (b), P (c)
€ {~1;1} va P (d) = 0. Khi dé:
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Suy ra:
P(a)=(a—d)Q(a) € {-1,1}

Pb)=(b—d)Qb) € {11}
Pc)=(c—d)Q(c) e {-1,1}

Do d6 céc s6 nguyén khac nhau a-d, b-d, c-d déu 1a uée ctia 1 (vo 1i) .

Vay P(x) khong c¢6 nghiém nguyeén.

Bai tap 6.

Cho P (x) la mot da thic v6i hé s6 nguyén. Chiing minh réng néu
P(P(...P (x)...)) = x ddi v6i mot s6 s6 nguyen x (trong d6 P duge lap n
lan), thi P (P (x)) = x.

Giai

Ta xét Xo= X va Xp11= P(xx) v6i k > 0 .Gia sit o, = ¢ . Ta biét rang
di = Tiy1 — ;i |P(2i41) — P (2;) = @iy2 — Tip1 = digq1 cho tat ¢ i, cing
Vol di, = dy suy ra |do| = |di| = ... = |dy|

Gia st rang dy = dg = d # 0 . Khi d6, dy = d (néu khong x5 = x1 va
¢ sé khong bao gio xuat hién nita). Tuong tit nhu vay, ds = d, ..., va do do
xp = xo+kd # x9 v6i moi k ( mau thuan). Khi dé dy = —djy , nén x9 = x.

Luu ¥ rang mot da thic co gia tri nguyén tai tat cd cac diém nguyén

Z .z P L z 7z 2 P 1
khong nhat thiét phai c6 hé s6 s6 nguyén, chang han da thiic 57 (x —1)

2.3 Mot s6 bai toan veé tinh kha quy ctia da thic.

Bai tap 1.
Duing tieu chuan Eisenstein dé chiing minh da thic 2* 4823 +122% — 62 +2
bat kh& quy trén Q[x] :
Giai
Chon p=2 ta thay:
as = 1 khong chia hét cho 2.
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a1 = —6,as = 12, a3 = 8 chia hét cho 2.

ag = 2 khong chia hét cho 4.

Vay theo tieu chuan Eisenstein, 2* 4+ 823 + 122% — 62 4 2 bat kha quy trén
Q[x].

Bai tap 2.
a) Tim a nguyén dé P (z) = (z — a) (x — 10) + 1 kha quy trén Z[x].

b) Tim a,b, c nguyén dé P (z) = z (z — a) (x — b) (x — ¢)+1 kha quy trén
Z[x].

Giai

a) Giast P(z) =(x—a)(zr—10)+1=(z+m)(x+n) véim,n € Z
Laiyr=-n= (n+a)(n+10) = —1.

Vi-1=1.(-1)=-1.1 nén

n+a=-—1 a =

n+10=1 n= -9
=

n+a=1 a=12

n+10= -1 n=-—11

Thit lai ta thay:

a=8:(x—8)(x—10)+1=(z—9)
a=12:(z—12)(z —10) + 1 = (z — 11)

Vay a=8 hoac a=12.
b)Ta xét hai truong hop :

+Néu
P)y=z(x—a)(x—=b)(x—c)+1

= (z+p) (2> + q2* + rz + s)
Lay x=0, a, b, ¢ va vi 1=1.1=-1.(-1) dan t6i mau thuan vi a, b, ¢ khéac
khong phan biét.

+ Néu
Px)=z(x—a)(x—0b)(x—c)+1

:(x2+p:z:+q) (x2+rx+s)
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Ta ciing chon x=0, a, b, ¢ va vi 1=1.1=(-1).(-1) nén
a® + pa+ q,b* + pb+ q,c + pc+ q

nhan gia tri -1, 1. T do suy ra :

bV —ab=c*—ac=—-2,(b—c)(b+c—a)=0

Ta c¢6 bon két qué vé he sd nguyen (a,b,c) gom: (3,1,2),(-3,-1,-2),(1,2,-
1),(1,-1,2).

Bai tap 3.

Cho n € N,n > 1. Chiing minh da thic f (z) = 2" + 521 + 3 bat
kha quy trén Z[x].
Giai

V6i n=2 c6 f (z) = x* + bz + 3 bat kha quy trén Z[x].

Xét n > 3. Gid st f(x)=g(x).h(x) véi g (z),h (x) € Z|x] va ¢ bac 16n
hon ho#c bang 1.

Do deg g (x) +degh (x) > 3 nén trong hai s6 deg f(x), deg h(x) c6 mot
s6 16n hon 1.
g (0)] =1
[ (0)] =1
Gia st g (z) = 28 + b L+ 4+ by, (k> 1) va g (0)] = 1.

Goi ay, as, ..., ax 1a cac nghiém (n6i chung thuoc C) cua g(x).Khi do ta co:

Vi £(0)=3 1a s6 nguyén t6 nén

g(x)=(r—a))(x—as)...(x — ay)

Vig(0) =1= |ajag...ar] =1 . (%)
Do g(a;)) =0= f(a;)) =0,Vie {1,2,...,k}. T dé

ain—l (ai + 5) = —3,1 = L_k
Nhan cac dang thiic d6 két hop véi (*) ta dudc:
(a1 +5) (as + 5) ... (ax + 5)| = 3%, (xx)

Mat khac :|g (=5)| = |(a1 +5) (ag +5) ... (ar + 5)|
va 3=f(-5)=g(-5)h(-5) nén |(a; + 5) (ag + 5) ... (ax + 5)| bang 1 hozc 3.
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Didu ndy tréi véi (**) vi k>1.
Vay da thic f (x) = 2" + 52”1 + 3 bat kha quy trén Z[x].

Bai tap 4.
Cho n s6 a; € Z . Chiing minh
Pz)=(r—a1)(x—as)...(r —a,) —1
bat kha quy trong Z.
Giai
Gid st P (z) = G (x) .H (x) trong d6 G (x) , H (x) € Z[x];
degG,deg H < n

nén da thic G(x)+H(x) ¢6 bac nhé hon n ma c¢6 n nghiém.
Gx)+H(z)=0=G(z)=—H ()
Suy ra : P (z) = —H(z)®. So sanh he s6 ctia 2 thi he s6 & vé trai 16n hon

0, hé 86 ¢ vé phai nhé hon 0 (vo 1i).
Vay P (z) = (x — ay) (x — as) ... (x — a,) — 1 bat kha quy trong Z[x].

2.4 Mot sb6 bai toan ap dung céng thiic noi suy

Bai tap 1.

Tim da thitc bac 3 noi suy ham f (z) = 5* trén doan [—1; 1]. Tinh gan
dang £ (0,5)
Giai.
* Tinh gia tri ctia ham tai cac nit noi suy:

Noi suy ham f (x) = 5% béi da thic noi suy Lagrange dua vao gia tri cia
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ham tai 4 nit néi suyrg = —1;21 = —=; 20 =0; 23 =1
1 ! 0|1
X - _—
I 12
x)| - |—= |15

*Ap dung da thiic noi suy Lagrange:

(%%) (z—0)(z — 1)

1
Pg(ﬂf)z—'
g (-1%) (=1 —0)(=1—1)
+1 (x4+1)(z)(x—1)
V5

[ERIERIER

(z+1) <x+%> (1) .(:z:+1) (w%) (x —0)

(0+1)<0+%>(0—1) (1+1)<1+%>(1—0)

2/5 + 40)(%)3 + 21\/5(%)2 + (415 — 40)% +15v5] = #

1
govals
Bai tap 2.
Tim da thiic bac 3 noi suy t6t nhat ham f(z) = 5* trén doan [-1;1].
Giai
* Tim mbc ndi suy t6i uu

Mbc noi suy toi uu xila:
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1
Th =5 {(b—a)cosmﬂ+ (b+a)} k=0,1,...n

Theo dé bai ta c6 4 moc noi suy t6i vu:

1 2k +1 2k +1
Ik:§{2608 ;77+2}:{cos 8T7T+1};l€20,1,2,3

i COS , L COS , L COS , L COS
0 8 o 8 2 8 3 8

7
bat a = cos 3 ta co:

zo=a+ 121 = (a+1)(2a— 1% 2= (1 —a)(2a — 1)* 23 = (1 —a)

* Vay da thli’(c noi s)lzy can )t(im lé:)
Pile) =5 (zo — x1) (w9 — @2) (20 — 3)
2 (:U — 513())(33 — 1’2)(56 — 1’3)

(a+1)(2a—1)

o (x1 — mo) (21 — 22) (11 — 3)
(1—a)(2a—1)? (x — xo)(x — 1) (x — x3)

= (112 - SUO)(SC2 - 5171)(502 - 333)

(x — x1)(x — 29)(x — x0)
(x5 — x1) (23 — 22) (23 — T9)

_|_51—a
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o1 (@ — @) (2 — 29) (2 — 5)
Py(z) = 16a3(1 — a?)(2a2 — 1)3

+5(a+1)(2a—1)2 (:U — I'())(ZIL' — 372)(23’ — 1'3)
16a3(a? — 1)(2a% — 1)(4a® — 3)

+5(1—a)(2a—1)2 ($ — .TC())(J? - xl)(x - .ZC3)
16a3(1 — a?)(2a® — 1)(4a® — 3)

(x — x1)(x — z2) (T — x0)
16a3(a? — 1)(2a% — 1)

+51—a

Bai tap 3.

Ty trong ctia mudi an ¢ 3 nhiét do khac nhau cho & bang sau:

i 0 |1 2
Nhiét do T° (O) 94 | 205|371
Ti trong p (kg/m?*) | 929 | 902 | 860

Viét da thiic noi suy Lagrange qua 3 diém trén. Tinh ti trong ctia mudi an
& nhigt do 251°.
Giai
Vi s6 dit kién 13 3, nén cong thiic noi suy Lagrange c6 bac 2:
T —205) (T — 371 T —94) (T — 371
(94 — 205) (94 — 371) (205 — 94) (205 — 371)
(T —94) (T — 205)
(371 —94) (371 — 205)
bat T = 251 vao phuong trinh trén ta dugc:
251 — 205) (251 — 371)
P (251°C) ~ P, (251) = (
( ) B (251) (94 — 205) (94 — 371)
(251 — 94) (251 — 371) (251 — 94) (251 — 205)
(205 — 94) (205 — 371) (371 — 94) (371 — 205)
~46.(—120).929 n 157.(—120).902 n 157.46.860
C —111.(=277) 111.(—166) 277.166

(902)

(860)

(929)

(902) + (860)

— 890, 56kg /m3
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Bai tap 4.
Tinh tong S,, = 14+2*+...4+n*.
Giai.
Co:
S1=1;8 =1"+2% 55 =11+ 24 + 3¢
AS, = Spi1 — Sy, = (n+1)4
A2, = AS,.1 — AS,
=42 (n+1)'=2n+3)[m+2)+m+ 1)

A3S, = A28, 1 — A2S, = 2(2n+ 3)(2n+4) + 2[(n + 3)°+(n + 2)7]
ALS, = A3S, 1 — A3S, = 12(2n + 5)
A°S, = A*S, .1 — A*S, = 24 = const

Vay Spla da thic bac 5.

*Béng sai phan:

n| S, | AS, | A%S, | A3S, | A1S, | AS,
1] 1
16
2| 17 65
81 110
3] 98 175 84
256 194 24
4| 354 369 108
625 302
51 979 671
1296
6 | 2275

Ap dung cong thic da thic noi suy Newton tién trén lusi déu xuat phat

tﬁxozlf%cét:n%évay: 10
Sn:l—l—F(n—1)—|——(er—1)(n—2)+?(n—1)(n—2)(n—3)
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-l—%(n— (n—2)(n—3)(n—4) —|—?5—L!L(n— (n—=2)(n—3)(n—4)(n—75)

_ 6n°+15n" 4+ 10n° —n
B 30

Bai tap 5.

Chitng minh rang néu da thic bac hai nhan gia tri nguyén tai ba gia
tri nguyéen lién tiép ctia bién s6 x thi da thitc nhan gia tri nguyen tai moi
X nguyen.

Giai

Gia st f(k-1), f(k), f(k+1) la nhitng s6 nguyéen véi k nguyen.

Ap dung cong thiic noi suy Lagrange cho da thitc bac hai f(x) véi ba sb

nguyén k-1, k, k+1 ta co:
(x—k)(z—k—1)

(x—k+1)(z—k—-1) N

f(x) = f(k—1) . +F (k) A
fk+1) (m"@(ﬂ;—kﬂ)

Dat m=x-k thi:

f(w)zf(k—1)w+f(k) (m+11§m—1)
+f(k:+1)w

Vi tich hai s6 nguyén lien tiép chia hét cho 2 nén f(x) nguyén véi moi

X nguyen.

Bai tap 6.
Tim tat cd cac da thic P(x) vd Q(x) ¢6 bac ba véi cac hé s6 thuc thoa
man bon diéu kién:

a) C4 hai da thitc nhan gia tri 0 hodc 1 tai cac diém x=1,2,3 4.

b) Néu P(1)=0 hodc P(2)=1 thi Q(1)=Q(3)=1
¢) Néu P(2)=0 hoac P(4)=0 thi Q(2)=Q(4)=0
d) Néu P(3)=1 hodc P(4)=1 thi Q(1)=0

Giai
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Gia st o = P (k),Br = Q (k) v6i k=1,2,3,4 con P(x) va Q(x) la céac
da thic théa man dé bai.Khi dé cac sb ¢ bén chit s6 ajazasag, 815203064
khong thé bang s6 0000,0110,1001,1111 vi cac da thiic P(x), Q(x) c¢6 bac ba.
Mat khéc s6 ajanazay khong thé ¢6 dang Ocslay, Oonasl, ajlloy, oglasl,
vi néu khong thi tir cac diéu kien b) va d) ta co 81 = 1, 1 = 0. Tt d6 theo
diéu kien c¢) ta thiy bai toan théa man véi bay cip s6 arazasay, 51528358
edm (0100;1010), (1000;0010), (1000;1000), (1000;1010), (1010:0010),
(1011;0010) va (1100;1010) .

Diing cong thiic noi suy Lagrange ta thidy mdi s6 71727374 tuong ing
v6i cac da thitc R(x) thoa man cac dang thic P(k) = v,k = 1,2,3,4 .
Khi d6 ta nhan dugc sau da thic tuong ting:

1 7
Ri(z) = <—§) 3+ 5352 —Tx +4
1 19
Ry(z) = §x3 — 42 + 5% 6

1 19
Rs(z) = —5) z3 + 42? — 57 +7
1 5 31
Rg(x) = 51‘3 — 51'2 + s 2

Nhu vay cap da thic (P(x),Q(x)) trung véi mot trong cac cip sau:
(Ra(x); Ra(x)), (Rs(x); Ra(x)), (Rs(2); Rs(x)), (Rs(x); Ra(x)),

(Ri(2); Ra(x)), (Rs(x); Ra(2)), (Ro(); Ra())
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Pd
A~ -~

KET LUAN

Luan van da dat dugc cac két qua sau:
1. Trinh bay mot s6 khai niém, dinh li quan trong vé da thiic mot bién:
* Khai niém vé da thic, bac ciia da thitc, nghiém ctia da thiec.
* Da thic v6i hé s6 nguyen.
*Tinh kha quy ciia da thiic, tiéu chuan Eisenstein mé rong .
* Da thic noi suy Lagrange, da thiic noi suy Newton.
2. Xét mot s6 cac bai toan lién quan tdi da thic maot bién.
Cac két qua ctia luan van duge trinh bay rai rac trong cic tai lieu tham
khao. Tac gia da tap hop cac van dé d6 theo mot hé thong hgp véi chu de

da chon va xét nhiéu vi du minh hoa tuong ting.
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