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MG DAU

0.1 Li do chon dé tai

Trong lich st hinh thanh va phéat trién ctia xa hoi loai ngudi, triét hoc

duge coi 1a mot trong nhitng khoa hoc duge hinh thanh sém nhat. Triét
hoc 1a cong cu, 1a phuong phép luan dé loai ngusi nhin nhan, kham pha
thé gidi.
Triét hoc duy vat, ddc biet 1a triét hoc duy vat bien ching (DVBC) da va
dang & phuong phap luan quan trong dé loai ngusi kham pha thé gisi tu
nhién va cai tao xa hoi. Trong qué trinh hinh thanh va phét trién ctia céc
linh vire khoa hoc, triét hoc néi chung va triét hoc DVBC néi rieng c¢6 moi
quan hé bién chitng va sau sac véi toan hoc. Triét hoc DVBC la phuong
phap luan dé nghién cttu toan hoc, ngude lai sy phat trién ctia toan hoc
ciing thic day su phat trién cta triét hoc DVBC.

Hién nay van dung cac quan diém clia triét hoc DVBC vao mén toan
ciing nhu viéc phét trién tu duy bién chiing cho hoc sinh trong hoc tap
mon toan 1a dé tai duge rat nhiéu nha toin hoc ciing nhu nha triét hoc
quan tam va nghién citu. Tiéu biéu trong s6 d6 c6 cac cudn sich Nguyén
Canh Toan (1992), Tap cho hoc sinh gidi todn lam quen dan vdi nghién
ctiv todn hoc, Nha xuat ban Gido Duc; Nguyén Canh Toan (1997), Phuong
phdp ludn duy vat bién ching vor viéc hoc, day, nghién ciu toan hoc, Tap
1, 2, Nha xuat ban Dai Hoc Quoc Gia Ha Noi; Cao Thi Ha (2007), Phdt
trién tu duy bién ching cho hoc sinh trong day hoc todn, (Tai liéu danh cho
hoc vién cao hoc); Dao Tam (chi bién), Tran Trung (2010), T6 chitc hoat
dong nhan thic trong day hoc mon Todn ¢ truong Trung hoc pho thong,
Nha xuat ban Dai hoc su pham Ha Noi.

Viéc van dung triét hoc DVBC trong qua trinh day hoc la mot qua
trinh lau dai, kéo sudt cad qua trinh hoc tap, v6i nhiéu hinh thic phong

pht tit mic do thap dén cao, tit don gidn dén phic tap bang viéc van dung
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cac quy luat, cac cap pham tru.

V6i mong muén tim hiéu mot phan nhoé clia viec van dung triét hoc
DVBC vao giai toan ching toi lua chon dé tai:"Tiép can 15i giai mot so
bai toan so cip theo quan diém triét hoc duy vat bién ching".

0.2 Muc tiéu nghién ciu

Thong qua 10i gidi mot s6 bai toan trong chuong trinh phd thong dé
phéat hién ra mdi lien heé gitta qua trinh gidi toin véi noi dung cla triét
hoc duy vat bién ching.

0.3 Gidi han nghién citu

Luan vin tap trung vao tim hiéu moéi lien heé gitta viec giai todn véi cap
pham trit cii chung- cai riéng va moi quan hé gitta Iy luan-thyc tién cla
triét hoc DVBC.

0.4 Nhiém vu nghién citu

Tim hiéu va dua ra duge cac vi du minh hoa cu thé cho viéc van dung
moi lien heé gitta cai chung-cai rieng va 1y luan-thyc tién cta triét hoc
DVBC trong viéc giai toan.

0.5 Cau triac luan van

Luan van ngoai phan md dau va tai lieu tham khao bao gom c6 hai
chuong:

Chuong I: Mot s6 vi du minh hoa mdi quan hé gitta cai chung va céi
riéng trong giai toan.

Chuong ITI: Mot s6 vi du minh hoa méi lien hé gitta 1y luan va thuc tién

trong giai toan.
Dt da rat c6 gang, nhung chic chan noi dung duge trinh bay trong luan

van khong tranh khéi nhitng thiéu s6t nhat dinh, t6i rat mong nhan dudc

su gop v clia cac thay co gido va cac ban.
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Chuong 1

MOT SO Vi DU MINH HOA MOI
QUAN HE GIUA CAI CHUNG VA
CAI RIENG TRONG GIAI TOAN

1.1 Tong quan vé moi quan hé gitta cai chung va
cai riéng trong giai toan

Theo GS.Nguyén Canh Toan thi "Cai rieng 1a pham trit chi vé mot sy

vat hién tuong, mot qua trinh nhat dinh"; "Cai chung 1a pham tru chi
nhitng mat, thuoc tinh dugc lap lai trong nhiéu sy vat hién tuong, nhiéu
qua trinh riéng 1é" [13].
Vi du 1.1.1. Xét khai niem ti giac thi t¢ giac 10i, ti gidc 1om, ti giac
noi tiép, ti giac ngoai tiép, t1 giac c¢6 s6 do bén canh cu thé 1a nhimg khai
niém cu thé nhat dinh. Cac thuoc tinh duge lip lai trong ti gidc 161, ti
giac 1om, ti gidc noi tiép, t gidc ngoai tiép, ti giac c6 sd6 do bon canh
cu thé tao nén "cai chung" la tt giac. Khi dé trong méi quan he véi "cai
chung" 1a t gidc thi ti gidc 161, t1i giac 1om, ti gidc naoi tiép, t1 giac ngoai
tiép dong vai tro 1a "cai rieng".

Triét hoc DVBC ciing khang dinh giita cai chung va cai rieng c6 moi
quan hé bién ching véi nhau. Cu thé 1a: Cai rieng luon ton tai khach quan,
cai chung chi ton tai va biéu hién thong qua cai riéng, khong c6 cai chung
tritu tuong chung chung. Cai rieng chi ton tai trong mdi quan hé véi cai
chung, cai rieng phong pht da dang, cai chung sau sic ban chat.

Vi du 1.1.2. Trong vi du 1.1.1, cac t giac 161, t1 gidc 1om, t1i gidc noi
tiép, t1 gidc ngoai tiép 1a ton tai khach quan, phong pha va da dang. Khai
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niém t1 giac chi ton tai khi c6 cac doi tugng ti gidc 101, ti gidc 16m,...Néu
khong ton tai cac déi tugng tit gidc 161, t giac 16m,...thi cling khong ton
tai doi tugng tit giac.

Nhu vay, cai chung va céi riéng c¢6 moéi quan hé bién ching khong tach
ri. Ta khong thé 1ay vi du vé céi rieng ma téch roi ra khéi cai chung nao
do, ciing khong thé c6 cai chung nao nim ngoai ma khong biéu hién qua
nhiing cai riéng.

Trong mon toan, moi quan hé giita céi rieng va cai chung duge thé hién
nhu sau:

e Mbi ddi tuong toan hoc déu la mot cai rieng c6 thé nam trong nhicu

doi tuong toan hoc khac nhau cé thé coi l1a nhitng cai chung.

Vi du 1.1.3. Ta c6 thé xem hinh thoi la truong hop dac biét:

Néu ta nhin hinh thoi duéi goc do cac cip canh déi song song thi hinh
thoi 14 "cai rieng" ndm trong "cai chung" 14 hinh binh hanh.

Néu ta nhin hinh thoi duéi goc do c6 duong tron noi tiép thi hinh thoi
14 "cai rieng" nam trong "cai chung" 1a tit giac c6 duong tron noi tiép.

Néu ta nhin hinh thoi dudi goc do c6 hai dudng chéo vuong goc thi
hinh thoi 1a "cai rieng" nam trong "cai chung" 1a ti& gidc c6 hai duong
chéo vuong goc.

Véi cach nhin nhu vay, GS.Nguyén Cénh Toan da xay dung dugc hang
loat dinh 1y hay vé ti gidc xuat phat tit cac tinh chat don gian ctia hinh
thoi [13].

e Ngugc lai, mdi déi tuong toan hoc 1a mot "cai chung" lai duge biéu
hién thong qua nhitng "céi riéng" khac nhau. Nhitng "cai riéng" nay chinh
1a cac truong hgp dic biet clia "cai chung" ban dau dudce xét truong hop
riéng theo tung bo phan.

Vi du 1.1.4. Xét doéi tuong tii giac: Xét truong hop rieng hai ciap canh
déi song song ta c6 hinh binh hanh.

Xét truong hgp rieng bon canh bang nhau ta duge hinh thoi.

Xét truong hgp rieng hai ciap canh doi song song va hai canh lién ké vuong
gboc ta duge hinh chit nhat.

Xét truong hop rieng ti giac thanh mot goéc bang 180° ta duge tam giac.
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1.2 Mot s6 vi du minh hoa

1.2.1 Tim ra huéng gidi quyét bai toan bing cach xét cac
truong hop riéng

Ta biét rang, mot "cai chung" khi dat trong mot hoan canh cu thé sé
tré thanh "cai riéng", vi vay mot cai chung khi xét truong hop riéng theo
ting bo phan sé thu dudce nhiéu cai rieng khac nhau. Trong day hoc toan
van dé nay thé hién nang luc dac biet héa bai toan, phét trién nang luc
sang tao toan hoc.

Vi du 1.2.1. Chiing minh ring cac canh déi dién cia ti dien déu ABC'D

doi mot vudng géc véi nhau.
Giai

Hinh 1.1

Ta can chitng minh: AB1.CD, AD1 BC,AC1BD.
Ta goi H 1a hinh chiéu ctia A len mp (BCD), K = BHNCD. Suy ra H
13 tam duong tron ngoai tiép ABCD = CD1BK.
Mt khac, AH L (BCD) = AHLCD.
Do d6: CDL (ABK) = CD1AB.
Tuong tu ta cing ching minh duge: AD1 BC, ACLBD.

Tt bai toan vi du trén, ta c6 bai toan la cac truong hop riéng cua bai
toan trén la: " Ching minh rang néu i dien M N PQ c6 hai cdp canh doi
doi mot vuong géc vdi nhau thi cdp canh doi con lai vuong géc véi nhau".
Diéu dé nhan thay & hai bai toan nay 1a c6 gid thiét khac nhau, nhung
phan két luan va phuong phap giai lai giéng nhau.
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Giai

Hinh 1.2

Ta gia st hai cap canh d6i doi mot vuong géc véi nhau 1a M N LPQ va
MP1INQ. Ta sé di ching minh MQLNP.
Goi H 1a hinh chiéu vuong goc cia M xudéng mp (N PQ), nghiala M H 1 (NPQ)
nén M H_1 PQ.
Theo gia thiét thi MN1LPQ = PQL(MNH) = PQLNH. Ta cing
chiing minh tuong tu duge NQ_LPH.
Goi F, E, D theo thit tu 1a giao diém ciia cac tia NH, PH, QH v6i cac canh
PQ,NQ, NP. Theo chiing minh & trén thi NF, PE la dudng cao ctia tam
giac N P(). Suy ra QD ciing 1a duong cao cia tam gidac NPQ = QD LNP.
Do MHL1 (NPQ) néen MHINP = NP1 (MQ@D)= MQLNP.

Vay ta c6 dieu phai chitng minh.

Vi du 1.2.2. Tinh khoang cach gitta hai canh AB va C'D cua ta dién
ABCD biét AC =CB =DA=DB=a;AB=p;CD =q.
Giai
Goi I 1 trung diém ctia AB va J la trung diém cta CD.
Ta c6 tam giac BC'D can tai B nén suy ra BJ1CD.
Hon ntta, vi AC' = BD = AJLCD (vi tam gidc ACD can tai A).
Do d6 IJLAB.
Suy ra IJ la dudng vuong géc chung ctia hai dudng thing AB va CD, nén
IJ chinh 1a khoang cach ctia AB va CD.
Xét trong tam giac vuong BI.J, vuong tai I.
Ta co
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Hinh 1.3

1J? = BJ? — BI?
= BC? - CJ? - BI?

S @) )
2 2
2_p2—i—q2
4

1
_ 2 (2 1 2
Suy ra I.J = 2\/4(1 (p® + ¢2).

Vay IJ 1a khoang cach can tim ctia bai toan.

Tu bai toan vi du trén, ta c6 bai toan la cac truong hgp riéng cua bai
toan trén la: " Tinh khodng cdch gitta hai canh doi cia mot ti dién deu
canh a".

Giai
ay/2

1
T 10i gidi trén ta c6 p=qg=a nén [J = 5\/4a2— (P> + ¢?) = 5

Ciing c6 thé gidgo vieén ra bai toan: " Tinh khodng cdch gitta hai canh doi
ctia mot i dién déu canh a" huéng dan hoc sinh gidi, roi khai quat bai
toan nay lén ta dugc bai toan mdéi nhu trén.

Giai

Cho ti dien ABCD déu, canh a nén cic cap canh doi dién c6 vai tro
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nhu nhau.

Do d6 ta chi can tinh khoang cach gitta cip canh d6i AB va C'D, 1di suy
ra khodng cach hai cap canh déi con lai.

Goi I, J lan lugt 1a trung diem ctia AB va CD.

A

Hinh 1.4

Khi do, ta c6: d (AB;CD) =1J.

Xét trong tam giac vuong BI.J, vuong tai [ ta co

2
9 9 9 a\/§ _(a 2 g2 a\/§
1J2 = BJ>— BI? — (—2 > (2) .

Vi du 1.2.3. Xét hing dang thic sau:
a* 4+ 0>+ ¢* — 3abc = (a + b+ ¢) (a® + b* + ¢ — ab — be — ca) (%)

a?+b3+cE—3abe = % (a+b+c) [(a — )P4 (b—c¢) + (c— a)ﬂ ()

Xét cac truong hop rieng ctia hing dang thic trén ching han:
+) Véi a, b, c thda man: a + b+ ¢ > 0 thi a® + b* + & > 3abe.
+) V6i a® + b + ¢ —3abc = 0thia+b+c=0hoica=0b=c
+) Véi a, b, ¢ 13 cac so6 duong thi

A+ b0+ >(a+b+c)(a*+ b0+ —ab—be — ca)

Tt d6 ta c6 duge nhiéu bai toan 1a cac truong hgp riéng ctia bai toan

ban dau:
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Bai 1. Cho cac sb thuc a,b, c théa man: a + b + ¢ > 0. Chiing minh
rang:
a® + b+ ¢ > 3abe

Bai 2. Cho a, b, ¢ 1a cac s6 duong. Chitng minh rang:

a4+ b+ ¢ > 3v/abe (Bat ding thitc Cauchy cho ba s6 duong).

Bai 1, bai 2 suy ra tryc tiép tw hing dang thic (*).

Bai 3. Gia st phuong trinh 23 4+ a?2? + bx + ¢ = 0 ¢6 ba nghiém thuc
a, 3,~. Chiing minh ring: o + 8% +~v3 > —3c.

Giai

Theo dinh 1y Viet ta c6

a+fB+v=a*>0
affy = —c

Theo bai toan 1, ta co
o + B2+ > 3aBy = -3¢

Dau "=" x4y ra khi va chi khi: « = 8 = 7.

Bai 4. Cho a, b, ¢ 1a cac s6 thuc théa man a® + b3 + ¢ = 3abc. Chiing
minh rang: a +b+c =0 hoaca =0 = c.

Giai

Theo (**) ta c¢6
1
@+ 0" + ¢ — 3abe = = (a+b+c) [(a—b>2+(b—c)2+(c—a>2]

Suy ra: a + b+ ¢ =0 hoac a = b = ¢ (dpcm).
Bai 5. Cho a, b, ¢ 1a cac s6 duong théa man: a + b+ c = 2. Chiing minh
rang:

A+ +E>(a—b)°+ (b—c¢) + (c—a)

Giai
Theo (**) ta c¢6

a3+b3+c3—3abc:%(a+b—|—c) [(a_b>2+(b—c)2—|—(c—a)2}
=(a—b’+0b-0c)’+(c—a)’
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suy ra

a* + 0 + A = 3abc + (a — b)* + (b—¢)* + (¢ — a)’

> (a—0) 4 (b—¢)* + (c—a)”.

Bai 6. Cho a, b, ¢ & cac s6 thuc thoa man a6’ + b3 + 2a® = 3a?b2.

Tinh gia tri biéu thic:

= (142 (142) 0+3)

Biét xy = a; yz = b; zx = c.

Giai

Do a = zy,b = yz,c = xz khi d6 a®b® + b3 + 3a® = 3a%b’c? <
a® + b® + ¢ = 3abe.

Theo (**) suy ra

a=b=c
a+b+c=0

Néeua=b=csuyraz =y =2 Dodé6 P=8.
Néua+b+c=0.Suyraxy+yz+ze=0hay (r+2)y = —zz.
Nén

P:<1+§> (1+%> <1+§>

Tty yYt+tzz+w
y oz

(x+y)z (y+2)xr (z4+2)y

Yz 2T Yy

—TY —Yz —2T
yz  2r Xy

=—1.
1.2.2 Xem xét bai toan duéi géc do 1a cai riéng ctia nhiéu cai
chung khac nhau.

Trén quan diém triét hoc duy vat bién chiing vé mdi quan hé giita cai
chung va cai riéng suy ra moi déi tuong toan hoc déu 1a mot céi rieng

nam trong nhiéu cai chung khac nhau, mit khac mdi doi tuong toan hoc
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déu gom nhiéu mat, nhieu khia canh. Do d6 nhin déi tugng toan hoc dudi
nhiéu géc do co thé cho ta thay déi tuong dé nam trong nhiing cai chung
khac nhau, tit d6 tim dugce nhiéu cach gidi quyét tuong ting véi moi cai
chung do.

Vi du 1.2.4.

Bai toan 1: Chiing minh rang véi moi x € [1;3] thi
Ver—14++v3—a2<2 (1)
Loi giai

Cdch 1: (Phuong phdp bién doi tuong duong)
e Jz-1)B-2)<1e (z—2)°>0 (luon ding).
Dau "=" x4y ra khi va chi khi z = 2.
Cdch 2: (Phuong phdp danh gid)
Dit A= va—T+3 -z, tacs: A2=242\/1— (2 -2’ <4 = A<2.
Dau "=" xdy ra khi va chi khi 2 = 2.
Cach 3: (Ap dung cic BDT co bin)
*) BDT Cauchy:

~ Huong 1: (a:—l).lgg; (z—3).1<

-Huéng 2: A2=2+2/(z—1)3—2)<2+(z—-1)+B3—2)=4
suy ra A < 2.

Dau "=" x4y ra khi va chi khi z = 2.

*) BDT Bunhiacopxki:

A= (1vVz—141/3-2) < (12413 (z—14+3—2) =4

= A< 2.
Dau "=" x4y ra khi va chi khi z = 2.

Cdch 4: (Phuong phdp vecto)
Dat @ = (1;1);b = (Vo —1;4/3—2). Tu BDT ab < |EL’]}5’ suy ra
A<2.

Cdch 5: (Phuong phdp hinh hoc)
Vé duong tron dudng kinh AB = 2, tam O (Hinh 1.5). Véi z € [1; 3], trén
AB lay diém H sao cho AH = x — 1; BH = 3 — x. Tt H,O ké duodng
thang vuong goéc voi AB cat nita tren (O) lan lugt tai C' va D. Ta c6

CH=/(z—-1)3-2)<0D=2= (Va—1+v3—2) <4

x :
sau do6 cong lai.
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D
C
B
- o H
Hinh 1.5

Suyravr —1++v3 -z <2.
DAau bang xay ra khi va chi khi z = 2.

Cdch 6: (St dung tdp gid tri cia ham so)
Xét ham s6 y = Vo — 1 ++/3 —x véi x € [1;3].
- Huéng 1: (St dung diéu kieén ¢6 nghiém ctia phuong trinh).
Goi T 1a tap gia tri cta ham sb yp € T < yo = Vo — 1 +3 — 2 ¢6
nghiém z € [1;3].

@{onO ¢6 nghiém x € [1; 3]
it =2/ -y et €[l

{902\/5
&

x2—4x+3+i(y§—2)220

> V2
<:}{gﬁ)/_z\o/_ @\@SyoSZ

- Huéng 2: (St dung diéu kién ¢6 nghiém ciia hé phuong trinh d6i xiing).
Ta tim yy dé phuong trinh 1y = /& — 1 + /3 — o ¢6 nghiem.
Pitu=+vVz—1Lv=+v3—x(u>0,v>0).

c6 nghiem x € [1; 3].

u+v =1y Ut v =Y

Ta c6 hé phuong trinh: { & 1
u? 4 v? =2 u.vzﬁ(yg—Z).

Hé phuong trinh ¢6 nghiém khong am khi va chi khi:

1
Phuong trinh: X2 — 4o X + 5 (y% — 2) = 0 ¢6 hai nghiém khong am.

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



16

A=yi—2(y—2) =0
Dicéu nay tuong duong véi < g > 0 V2 <y <2

Yo—220
- Hudng 3: (St dung diéu kién c6 nghiém ctia hé phuong trinh déi xing
bang do thi).

Hinh 1.6

Thuec hién 1§ luan nhu huéng 2 ta tim vy dé hé sau c6 nghiem bang phuong
u+v =1

phap do thi (Hinh 1.6): { u? +v? =2

u>0;0v>0
Hé phuong trinh ¢6 nghiém khi khodng cach d (O, d) tit tam O ctia dudng
tron u? + v? = 2 dén duong thang d : u + v = yy théa man

OHgd(O,d)gOA©1§%§\/§<i>\/§§yo§2.

Cach 7: (Phuong phap lugng gidc)
Tudieukietn 1 <z <3=—-1<z—-2<1.Datx—2=cosa;a € [0;7].

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/
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Ta c6
A=+1+cosa++1—cosa
« «
- 2( 9 . _)
\/_0082+Sln2
a T
:2. <_ _)
Sin 2—1—4
< 2.
. a T 0w T
Dau "=" x4 khi va chi khi: — 4+ — = — = — = 2.
au xay ra khi va chi 12—|—4 2@05 2@1}

Cdch 8: (Phuong phdp phdn ching)
Gia st dxg € [1;3] : Vg — 1 + /3 — xp > 2. Ta co:
Vo —14+v3—10>2e /(xo—1)(3—x0) > 1 e (20 —2)> < 0. Vo
1i.

*) Nhan xét: Tt mot cai chung clia bai toan ta tim ra rat nhiéu céi rieng

dé dua ra céc phuong phap giai khac nhau.

*) Tw bai todn (1) ta c6 thé md rong thanh cdc bai todn nhu sau:

Bai toan 1.1:

Tim gia tri 16n nhat, nhé nhat ctia biéu thic A = oz — 1+ /3 — x.
Trong cac cach gidi trén ta da tim dugc tap gia tri clia ham sd6 y =
Vr—14+V3—zhT= {\/5;2} nén min A = /2 va maz A = 2.

Bai toan 1.2:

- Xac dinh m dé bat phuong trinh v/z — 1 + /3 — z > m ¢6 nghiém?

- X4ac dinh m dé bat phuong trinh vz — 1 + /3 — z > m thda man véi
Vo € [1;3]?

- Xéc dinh m dé bat phuong trinh y = v — 14+ /3 — 2 < m ¢6 nghiém?
- Xac dinh m dé bat phuong trinh vy = vz — 1 + /3 — 2 < m théa méan
v6i Vo € [1;3]7

Bai toan 1.3:

Tim m dé phuong trinh c6 nghiem: /z — 1 + /3 — z = m.

Giai

Vr—14+V3—z=m;1<z2<3;m>0.

Ta c6 (\/le—F m>2 = m?

Suy ra 2+ 2vz — 1./3 —z =m?
Ma0<2+42Vz—1/3—-z=m?*<(x—-1)+B—-2)=

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/
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Suy ra

2<2420/r—1/3—2<4

=2<m?<4eV/2<m<2
r=1
V6i m = +/2 khi
r=3
V6im=2khiz—1=3—-—x& x=2.
Vay phuong trinh c6 nghiém khi V2 <m<2.
Bai toan 1.4:
Xéc dinh m dé phuong trinh Vo —1+V3—z++/(r—1)(3—12) =m
¢6 nghiém?
Giai
Dit A=vVoe—1+V3—z+/(x—1)(3—x);z€1;3].

(Ve—1+v3—2)"=242/z—-1)3—2)>2
=>Vr—14++v3—2>V2

Dau "=" x4y ra khi va chi khi z = 1 hoac = = 3.
A=z -1+V3—z++/(z—1)(3—x)
>V2+/(z-1)(3-1)> V2.

Dau "=" x4y ra khi va chi khi = 1 hoac x = 3.
Suy ra minA = v/2.
Theo bat ding thiic Cauchy ta c6

(\/x—1+\/3—:1:)2§2[(x—1)—|—(3—9:)]:4
SVr—1+V3—2<V2 (1)
Va (Vi—T4+v3—g) < BB

T (1) va (2) ta co ’
A:\/x—1+\/3—x—|—\/(:c—l)(?)—:c)§3.

Dau"="xdyrakhiz —1=3 -2 & x = 2.

~ 1. 2)

Suy ra maxA = 3.
Vay dé phuong trinh vz —1++v3 -2+ +/(z—1)3—2) = m ¢6
nghiém thi

minA <m < mazrA
s /2<m<3.
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Bai toan 1.5:
Tim gia tri 16n nhat clia ham s6 y = vo — 1 + v/3 — x.
Giai
x € [1;3], do dieu kicn x — 1 > 0;3 —x > 0.
Ap dung bat ding thic Cauchy ta c6

Vr—1=111vx—1<

I+1+1+(x—1) 24w

4 4
1+1+1 3 — 6 —
V3d—z=111y3 -2 < to 4+( x): 456,
242 6—x
Tu doé co: y < = 2.
0co:y < 1 + 1

Jr—1=

Dau "=" x4y ra khi va chi khi S r=2.
/3—x =1

Vay maxy = 2.

Vi du 1.2.5.

Bai toan 2: Cho a, b, ¢ 1 cac s6 thuc duong théa man diéu kien a? +

b + ¢ + abc = 4. Chitng minh ring a +b+ ¢ < 3.
Loi gii

Cach 1: Nhin bai toan dudi géc do dieu kién thi bai todn nam trong cdi

chung la bai todn bat dang thic co diéu kién. Tw do ta cé cdch gidi quyét

tuong 1ng nhu sau:

Coi diéu kien a? 4 b? + ¢® + abc = 4 nhu phuong trinh bac hai theo a, ta

dugce

 —be+/(4—b) (4 — ) .
a= 5 (%)

Do a, b, c 1a cac s6 thuc duong thoa man diéu kien

a4+ b+ + abe = 4.

Néntacé 0<a?<4;0<b<4:0<c?<A4. Ap dung BDT Cauchy cho

vé phéi clia (*) ta c6
4—b*+4—c
—be + 5 8— (b+c)
2 N 4

a <

Tu do

;{
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20

8—(b+c)P+4(b+c) 12— (b+c—2) _ 12
4 B 4 =4

a+b+c=
phéi chiitng minh).
Cach 2: (Ap dung bét ding thice Cauchy).
Chitng minh:
Tit diéu kien a® + b% + ¢® + abc = 4 ta suy ra a, b, c € (0;2).
T d6, ap dung bat dang thiic Cauchy cho cac s6 2 —a,2 —b,2 —c. Ta ¢
22—-a)2-b)2-¢c)<(2—a+2—-b+2—-0¢)°

I
w
S
£
(4
c

=278 —4(a+b+c¢)+2(ab+be+ca) —abe) < (6 —a—b—c)°
& 27T(8—4(a+b+c)+2(ab+be+ ca) + a® + b* + ¢ — 4) §(6—a—b—c)3'
& 27 (s> —4s+4) < (6 - s)°
& (s —3) (s* + 125 + 36) < 0.

Tu do suy ra s < 3.
Cdch 3: Nhin bai todn dudi géc do la bai todn cé thé don bién theo diéu
kién, ta cé cdach gidi quyét nhu sau:

b
Chiing minh: Dat ¢t = T

, ta co
4=a®+ b+ A+ abc — 4 =a®+ 2> + at* + (V* + & — 2¢*) + a (be — t?)

(2—a)(b—¢)

0 > a® + (2+a)t’

= a2+ 22 + at? +

T day ta suy ra t> < 2 — a.
Vi vay
4=a+btc=a+2t <a+2v/2—a=a+2/2—-a<a+14+2—a = 3.
Cach 4: Phuong phap luong gidc.
Chiing minh:
Do diéu kién a,b,c € (0;2) nén c6 thé dat a = 2cosA va b = 2cosB,
véi A, B la cac géc nhon.
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Khi do6, tinh ¢ theo a, b ta duge
—ab+ /(4 — a?) (4 — b?)
2

—4cosAcos B+ 4sin Asin B
2

= —2cos(A+ B)=2cos(mn— A—B).

Vay c =2cosC v6i A+ B+ C =.
Nhu thé dicu kien a® + b> + ¢ 4+ abc = 4 da duge tham sé héa thanh
a = 2cosA, b =2cosB, c = 2cosC v6i A+ B+C =m; A, B,C > 0. Yéu
cau bai toan tré thanh bat dang thitc quen thuoc trong tam giac:

A+B A-B

C
P = 2cos 5 coS 5 +1— 231n2§

C C
< 2sm§ +1-— 281n2§

3 . C 1\’
=—-—2(sin— — =
2 2 2
3
<.
2

Vi du 1.2.6.

Bai toan 3: Cho hinh lap phuong ABCD.EFGH canh a. Hay xéc
dinh va tinh do dai duong vuong géc chung AH va DB.
Loi giai
Cdch 1: Phuong phdp tong hop
Trén hinh vé 1.7: M trén AH; N trén DB; M N la dudng vuodng goc
chung cia AH va DB. TuM ké MP1AD, (P € AD)thi MP 1mp(ABCD)
va PN 1 DB (theo dinh li ba dudng vuong goc). Tuong tu, ké NQ LAD, (Q € AD)
thi NQ Lmp(ADHE) va QM L AH. Hai tam giac AM Q) va DN P vuong
can nén DQ = QN = QP = PM = PA —= %.LaicoPN:%g;

2
2 5
MN? = MP? + PN? = (9) n (M) LN =3

2 2 3
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E F
H G
M
A
B
P
D C
Hinh 1.7

Céch xéac dinh vi tri cac diem M va N suy ra hai diem P va Q chia
doan DA thanh ba phan bang nhau.
Cdch 2: Phuong phdp tong hop

E F
|
H G
™
P
J
B
N 0
D c
Hinh 1.8

Ta c6 HF//DB va tam giac AHF déu. Mat phang (AHF) qua AH
va song song v6i DB. Goi I, O, P theo tht ty 1a tam ctia cac hinh vuong
EFGH,ABCD,AEHD. CFE cit mp(AHF) tai K la giao cia AI va CE.
Dé thiay K la trong tam ctia tam giac AHF. FI1EC nen FI1 (EGCA)
dod6 FILCK.Tuongtu HPL (CDE)nén HPLCK.SuyraCK 1 (CHF).
Tit O ké OJ//CK. Tt J ké JM//HI. Tit M ké MN//JO. Tit giac
OJM N la hinh ch@ nhat va M N la duong vuong goc chung ctia AH va
DB.
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Ta co
MN = 0J = Lo = Lop - @3
2 3 3
1 1
NO:MJ:§HIZECEBD
AM AJ 1 1 _ ) )
va DN = —DB m "3 = AM = §AH' T do6 suy ra cach xéc

dinh vi trl cac diém M, N.
Cdach 3: Phuong phap vecto

E F
H G
M
A
B
D c
Hinh 1.9

Lay A lam gbc va ba vecto co s 1a
— —
AD =@, AB = b,ﬁz?;|ﬂ>\:‘b‘:|7\:a

va

ﬁ:7+?;AM>:kAﬁ:k(7+?),
ﬁ:?—ﬁ,ﬁvzm.ﬁ:m(?—ﬁ),
MN = AN — AM = AN + DN — AM

:7+m(?—7)—kﬁ 2)
—(l—m-KT+mb k7.

\/EMN.Eg:Onén

((1—m k)d +mb —k_>> (7—7>:ma2+(kz+m—1)a2:0
suy ra2m+k —1 = 0. (1)
Vi MN.AH =0
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nén ((1—m—k)7+m7—k?) (@+7)=1-m—2k=0. (2

1
Tt (1) va (2) ta thu du’(jcm:k‘:§, do do
— 1 1 2
MN=§7+§7+§C,MN2=%:MN=@3£.

1— —  1— f,
T AM = —AH' DN = §DB ta xac dinh dugce vi tri cac diem M, N.
Cach 4: Phu’o’ng phap toa do

Hinh 1.10

Lay géc tam dién vuong dinh A ctia hinh lap phuong lam hé trirc chuan
Azyz. Cac dinh D, B, E lan lugt nam trén Az, Ay, Az. Dé tién tinh toan
lay canh hinh lap phuong a = 1.

Toa do cac dinh A (0;0;0),D (1;0;0), B (0;1;0), £(0;0;1), 0),G(1;1;1),

( J 7
T =1
Vi zﬁ (1;0; 1) nén phuong trinh dang tham s6 cia AH 1a < y = 0(t; € R).

Z = tl
Ta lai c¢6 zﬁ = (—1;1;0) nén phuong trinh dang tham s6 ctia duong thang
r = —tg + 1
DB la yztg(tQER).

z=10
—
Do MN1DB va MN_1LAH nén vecto chi phuong cia M N la

Uy = [Wan, Upp) = (‘(1) 5 ;‘(1) LY ?D = (-1;-1;1).
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M € AH, toadd cia M (t1;0;t1), N € DB, toa do cia N (—ty + 1;t2;0) .
MN =k yy = (—k; —k; k) nén ta ¢6 phuong trinh
(

1
k=—
y—ti+ 1= —k 3
1
o= =
(3
1 1 2 1 — 11 1
Dodo M (=0, =), N|z;5:0) ,MN = (=55, —2 ;MNZE
33 33 3’3 3 2
(khia =1).
3
Vay véi a tuy § thi MN = %
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Chuong 2

MOT SO Vi DU MINH HOA MOI
LIEN HE GIUA LY LUAN VA
THUC TIEN TRONG GIAI TOAN

2.1 MBobi quan hé gitta 1y luan va thuc tién

Gitta Iy luan va thyc tién ¢6 moéi quan hé bién chiing v6i nhau, tac dong
qua lai 1an nhau. Viéc quan triet moéi quan hé nay c6 ¥ nghia quan trong
trong nhan thitc khoa hoc va hoat dong thuyc tién cach mang. Con nguoi
quan hé véi thé giéi bat dau tit thuc tién. Ly luan la hé théng san pham
tri thitc duge khai quat tit thuce tién nho sy phat trién cao ctia nhan thiec.

Thuc tién 1& co s6, muc dich va dong luc chlt yéu ctia nhan thic, 1y
luan. Thuc tién cung cap tai lieu cho nhan thic, khong c6 thuc tién thi
khong c6 nhan thic. Moi tri thiic khoa hoc du triyc tiép hay gian tiép thi
xét dén cliing déu bat nguon tur thuc tién. Nhan thic, 1y luan sau khi ra
doi phai quay vé phuc vu thue tién, huéng dan va chi dao thuc tién. Ngugc
lai, thuc tién 1 cong cu xac nhan, kiém nghiém tri thitc thu duge la dung
hay sai, chan 1y hay sai lam va nghiém khac chidng minh chan 1y, bac bd
sai lam - "Thuc tién la tiéu chuan ctia chan 1§". Can coi trong thuc tién.
Viéc nhan thic phai xuat phat tu thuc tién, dua trén co s thuc tién, di
sau di sat thuyc tién, nghién cttu Iy luan phai lién hé vé6i thue tién, "hoc di
doi véi hanh". Chi tich H6 Chi Minh da viét: "Théng nhat gitta 1y luan
va thyc tién 1a mot nguyéen tic can ban clia chit nghia Mac - Lénin. Thuc
tién khong c6 1y luan huéng dan thi thanh thyc tién mu quang. Ly luan

ma khong lién hé vé6i thuc tién 1a 1y luan suéng".
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Theo Gido su Nguyén Canh Toan, trong day hoc khong nén di theo con
duong sao chép 1y luan & dau do roi nhoi cho ngudi hoc, vi hoc nhu vay 1a
kiéu hoc sach vé. Nén theo con duong c6 mot 1y luan huéng dan ban dau
roi bat tay hoat dong thuc tién, ding thuc tién ndy ma cing co 1y luan,
ké thita c6 phé phan Iy luan ctia nguoi khac, roi lai hoat dong thuc tién,

ctt thé theo moi quan hé qua lai gitta 1y luan va thyc tién ma di len.

2.2 Mot s6 vi du minh hoa méi lién hé gita 1y luan
va thuc tién

Viéc giai cac bai toan c6 yéu to thyce tién c6 thé trién khai theo so do
hinh 2.11.

Bai toan thyc tién Mo hinh hoa, Bai toan 1 vi phai pht Bai toan 2
hop thue tien
Bai todn mang tinh chit todn hoc thuan tdy Bai toan phai phii hop thue tidn
Hinh 2.1

Vi du 2.2.1. Cho mot con song gia thiét hai bo song song song véi nhau
va hai ngoi nha A, B. Hay xay dung con duong di tit A dén B sao cho 1a
ngan nhat.

Loi giai

Truong hop 1: Hai dia diém cting mot phia bo song khi dé con duong can
tim 14 doan ngan nhat AB.

Hinh 2.2

Truong hop 2: Hai dia diém & hai bén bd song.
Mot s6 hoc sinh dua ra 151 gidi nhu sau (Hinh 2.3)
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e
Hinh 2.3

Xét ve yéu t6 thuc tién thi khong phit hop vi khong ai bac cau "chéo" ma
thuong 1a bac vuong goc véi nhau (Hinh 2.4).

A -

Hinh 2.4

Tit A ta tinh tién mot khoang bing h ta duge diém A’ (Hinh 2.5).
Ta néi A’'B cat d’' tai D.

Ta duyng DC vuong goc véi d cat d tai C.

Vay doan C'D chinh 1 cay cau can phai dyng.

I
|
:
n
|
I

A
c d

Hinh 2.5
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That vay, ta co:
AC+CD+DB=AC+DB+h=AD+ DB + h.

Ma A’D + DB la nhé nhat vi A’, B, B thang hang.

Vi du 2.2.2. Do khoang cach.

Hay xac dinh chiéu rong ctia mot khic song thyc tién cho thay khong
ai di qua séng dé do, khong do truc tiép AB ma chi danh AB qua cac
yéu t6 khéc 1a (a, ) dé xac dinh va viée do dac chi tién hanh bén mot bo
song.

Chuan bi dung cu: Eke dac, giac ké, thudc cuon, may tinh bé tai hodc
bang lugng giéc.

Hudéng dan hoc sinh thyc hién:

Hinh 2.6

Gia thiét hai b séng song song véi nhau. Chon mot diem B bén kia
song, lay mot diem A bén nay song sao cho AB vuong géc véi cac bd song.
Dung Eke dac ké duong thing Az phia bén nay song sao cho Az vuong
goc véi AB. Lay mot diem C trén Az va do AC. Gia st do AC = a, ding
giac ké do goc ABC, gia su ABC = a. Dung may tinh bé tai hoac bang
luong gidc dé tinh tan «e. Vay chiéu rong clia khic song la:

AB = a.tana.

Vi du 2.2.3. Mot xudng san xuat hai loai san pham, méi kg san pham
loai I can 2kg nguyeén lieu va 30 gio, dem lai mic 101 40000 dong. Mbi kg
san pham loai II can 4kg nguyen lieu va 15 gio, dem lai mtc 151 30000
dong.

Xudng c6 200kg nguyen licu va 120 gio lam viéc. Nén san xuat moi loai

san pham bao nhiéu dé c¢6 mrc 15i cao nhat?
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9
TN %;é/-/mm/
-

X
PAZA0777N_ 100~
Hinh 2.7

NN

@,

Loi giai
T bai toan thic tién trén ta dua dén bai toan Iy thuyét va tim gia tri
16n nhat ctia L = 40000z + 30000y thoa man diéu kién:

22 + 4y < 200
30z + 15y < 1200

Tuy nhién trén thyc té thi s6 nguyen liéu z, y khong am nén ta cé bai toan
x>0

tiép theo 1a tim z,y thda man he: A 0

sao cho 4z + 3y dat gia tri 16n nhat.

Trén hinh 2.14 ta ky hieu C (0;50), D (40;0), £(100;0), F (0;80). I 1a
giao diem ctia CE va DF. D& thay toa do cia I 13 (20; 40), mién nghiém
ctia hé phuong trinh 14 mién t¢ giac OCID (ké ci bien).

Véi méi L xac dinh, ta nhan thay c6 vo s6 diém M (x;y) sao cho 4z +
3y = L, nhing diém M nhu thé ndm trén dusng thang AB véi A (L/4;0),
B (0; L/3). He s6 goc ctia duong thang AB 1a - 4/3. Cho L 16n dan 16n len
thi duong thang AB sé "tinh tién dan lén" phia trén. Nhin vao hinh vé ta
nhan thay ring: Trong nhing duong thang c6 hé s6 goc - 4/3, thi duong
thang di qua I 14 dudong thang & vi tri "cao nhat" dang con c6 diém chung
v6i tt giac OC'DI. Chua dat t6i vi trf nay thi L chua phai 1a 16n nhat.
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Vuot qua ngudng nay thi toa do ciia moi diém trén dudng thang sé khong
con théa man hé dieu kién rang budc nita. Tit d6 dé dang di dén két luan
1a khi x = 20,y = 40 thi L dat gia tri 16n nhat.

Vi du 2.2.4. Mot cong ty can thué xe van chuyén 140 ngudi va 9 tan hang
hoéa. Noi cho thué xe chi ¢6 10 xe hiéu MITSUBISHI va 9 xe hiéu FORD.
Mat chiéc xe hieu MITSUBISHI c¢6 thé ché 20 ngusi va 0,6 tan hang. Mot
chiéc xe hitu FORD c6 thé ché 10 ngusi va 1,5 tan hang. Tién thué mot
xe hieu MITSUBISHI 1a 4 trieu dong, mot xe hicu FORD 1la 3 trieu dong.
Hoéi phai thué bao nhiéu xe méi loai dé chi phi thap nhat?

Loi giai

Trude hét ta hay dat Bai toan thanh hé bat phuong trinh.

Goi z,y(x,y € N) lan lugt 1a s6 xe loai MITSUBISHI, loai FORD can
thue. Tt bai toan ta duoc hé bat phuong trinh:

0<x<10 0<x<10

0<y<9 0<y<9

207 +10y > 140 &) 20 4y > 14 (*)
0,62 + 1,5y > 9 21 + 5y > 30

Téng chi phi T'(z,y) = 4x + 3y (trieu dong). Vi s6 lugng xe 6t6 phai 1a s6
nguyén nén thiyc chat clia Bai toan nay 1a tim z, y nguyén khong am thoa
man he (*) sao cho T'(x,y) nho nhat.
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-~
—t
o
f—
N

Hinh 2.8

Budc tiép theo 1a ta tim mién nghiém ciia hé bat phuong trinh.
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Mién nghiém la mién ti giac 16i TABC.
Ta can xac dinh toa do z, v cia mot diem thudc mién tt giac JABC (ké
ca bién) sao cho T'(x,y) = 4z + 3y dat cyc ticu. Xét ho dudng thang cho

4 T .
béi phuong trinh: 4z + 3y = T(T € R) hay y = —3% + 3 ta thay duong

thing nay song song v6i dudong thang y = —%x(T # 0). Khi T tang, dudng
thang nay tinh tién song song lén phia trén. Khi 7" gidm, duong thang nay
tinh tién song song xudéng phia dudi. Gia tri nhé nhat cia T' dat dugc tai
dinh I ctia tt gidc IABC la giao diém ctia hai dusng thang 2z + 5y = 30
va 2z +y = 14. Toa do cua I 1a (x; = 5;y, = 4). Nhu vay thué 5 xe hiéu
MITSUBISHI va 4 xe hieu FORD thi chi phi van tai 14 thap nhat.

Vi du 2.2.5. V6i y thic tiét kiem vat lieu, anh (chi) hay tinh xem can
chitng bao nhiéu thanh sit méi thanh dai 7,4m dé cit thanh 1000 doan,
mo6i doan dai 0,7m, va 2000 doan mdi doan dai 0,5m. Anh (chi) c¢6 chiing
t6 duge rang cach tinh ctia anh (chi) la tiét kiem nhat khong?

Loi giai

Ta nhan thay mudn tiét kiem vat lieu thi can phai cit moi thanh 7,4m
thanh a doan 0,7m va b doan 0,5m ma khong c¢6 du.

Tic 1a can giai phuong trinh nguyén 0, 7a + 0,5b = 7, 4.
Hay 7a + 5b = 74 véi a, b nguyén khong am (1).

T (1) suy ra: 74 =T7a+5b > Ta = 0 < a < 10 va

— 1+ 2aib.

Ma 1l < 142a <21 va (14 2a)lénén suy ra 1+ 2a = 5 hodc 1+2a = 15.

Dod6 hoaca=2—>b=12hoaca =7 — b=2>5.

Vay ta c6 hai cach cat mot thanh 7,4m 1gi nhat:

1) Cat thanh 2 doan 0,7m va 12 doan 0,5m.

2) Cat thanh 7 doan 0,7m va 5 doan 0,5m.

Goi z thanh dugc cit theo kieu thit nhat va y thanh theo kiéu thi hai
(6 day thanh 7,4m); nhu vay s6 doan o,7m dugc cat 1a 2z + 7y va sd doan
0,5m dugdc cat 1a 12z + 5y: ma ta can phai cat 1000 doan 0,7m va 2000
doan 0,5m nén c6 phuong trinh:

22 + Ty = 1000 5
122 4 5y = 2000 (2)
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Nhung hé (2) khong c¢6 nghiém nguyén nén ta chi can lay phan nguyén
cac nghiém cta he (2) la du.

Nhu vay x = 121 va y = 108.

Vay ta cat dugc 2z + 7y = 998 doan 0,7m va 12z + 5y = 1992 doan
0,5m nén chi can cat thém hai doan 0,7m va 8 doan 0,5m. Ta chi can cat
thém 1 thanh 7,4m theo kiéu tht nhat nita.

Vay da dung tat ca la: 121 4+ 108 + 1 = 230 thanh 7,4m.

Ta con phai chitng té cach cat trén 1a tiét kiem nhat.

That vay, ta thay tong s6 do dai ciia 1000 doan 0,7m va 2000 doan 0,5m
1a: 0,7.1000 + 0,5.2000 = 1700m : vay phai dung it nhat 14 1700/7,4 + 1
thanh 7,4m hay 230 thanh 7,4m (dpcm).

Tém lai ta chi can cit 122 thanh 7,4m theo kiéu thit nhat va 108 thanh
7,4m theo kiéu thit hai 1a xong.

Vi du 2.2.6. Mot doan tau danh ca duy dinh danh bat 1800 tan ca trong
mot sd ngdy nhat dinh. Do bi bdo nén trong 3 ngay dau tién doan danh
bat duge it hon ké hoach méi ngay 20 tan. Trong cac ngay con lai, doan
danh bat vuot hon ké hoach 20 tan mdi ngay. Vi vay doan da hoan thanh
ké hoach danh bat trude thoi han 2 ngay. Héi theo ké hoach mdi ngay doan
tau danh bat bao nhiéu tan ca va thoi gian danh bat theo ké hoach 1a bao
nhiéu ngay?

Loi giai

Goi z (tan) 1a s6 ca du dinh danh bat moi ngay theo ké hoach.
Thoi gian danh bat theo ké hoach 1a 1800 (ngay).

S6 ca danh bat duge trong 3 ngay bi bao 1a 3(x — 20) (tan).

) . 1800
S0 ca con phai danh bat trong <— — 3) ngay con lai la:
x

1800 — 3(z — 20) = 1860 — 3z

tan.

S6 ¢4 danh bat duge mdi ngay sau khi bao 1a: x + 20 (tan).
) ) 1860 — 3x

SO ngay danh bat ca khi bao 1a —————— (ngay).
0 ngay danh bat ca sau khi bao la — 50 (ngay)

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



34

Theo bai ra, ta c6 phuong trinh:

(1800 3> 1860 — 3z

Tz T + 20

1800 1860 — 3z

x x + 20
& 222 4+ 160z — 36000 = 0.
x1 = 100
A = —b? — ac = 78400 =
19 = —180

Thuyc té x 1a nguyén nén lay mot nghiem x = 100 théa man yéu cau bai
toan.
Vay ké hoach danh bat 1a 18 ngay, mdi ngdy doan tau phai danh bat 100
tan ca.
Vi du 2.2.7. Mot nhém ban rit nhau té chitc mot chuyén du lich sinh thai
(chi phi chia déu cho méi ngudi). Sau khi da hgp dong xong, vao gid chot
c6 hai nguoi ban viec dot xuat khong di duge. Vi vay moi nguoi con lai
phéai trd them 30000 dong so vé6i du kién ban dau. Héi s6 nguoi lic dau du
dinh di du lich, mdi ngudi theo du kién ban dau phai trd bao nhiéu tien
va gia clia chuyén di du lich sinh thai do6?

Biét rang Ban hop dong gia nay trong khoang tit 700000 dong dén
750000 ddng.

Loi giai

Goi z (dong)la s6 tien ma moi ngusi dy dinh dong gop cho chuyén du
lich sinh thai, suy ra x + 30000 (dong) 1a s6 tién ma moi nguoi di dong
gop.

Goi y (nguoi) 1a s6 nguoi dy dinh di luc dau, suy ra y — 2 (ngudi) 1a s6
nguoi tham gia chuyén du lich dé6. Diéu kien y € N,y > 2.

Chi phi du kién ctia chuyén du lich ciing chinh 1a chi phi ghi trong ban
hop dong 1a zy (dong), Chi phi thyc té do cac nguoi tham gia déng gop
Ia (2 + 30000) (y — 2).

Ta c¢6 phuong trinh: xy = (x + 30000) (y — 2), (1)
v6i didu kien 700 < zy < 750000, 2)
T (1) suy ra

ry = xy — 2z + 30000y — 60000 < z = 15000y — 30000. (3)
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Thay (3) vao (2) suy ra 700 < y(15000y — 30000) < 750000.
Ta ducc hé:
{ 15000y — 30000y — 700000 > 0 { 3y% — 6y — 140 > 0

1500052 — 30000y — 750000 < 0 < { 3y% — 6y — 150 < 0
y>0 y >0

<:>3—|—\/429 3 + V459

3 Sy< 3

Vi y 1a s6 ngudi nén y 1 s6 tu nhién. Két qua bai toan thuan tuy thyc té
nén ta chon y =8, y € N. Tt d6 suy ra z = 15000.8 — 30000 = 90000.
Két luan:

S6 nguoi lac dau du dinh di Du lich 1a 8 nguoi.

Mbi ngusi du kién déng gép 90000 dong.

Chi phi chuyén di du lich sinh thai 14 720000 dong.

Vi du 2.2.8. Mot phan xudng ¢6 hai may dac ching M; M san xuét hai
loai san pham ki hieu 1a I va II.

Mot tan san pham loai I 1ai 2 trieu dong, mot tan san pham loai II 1ai
1,6 trieu dong. Muén san xuat mot tan san pham loai I phai ding may M;
trong 3 gio va may M, trong 1 gio. Mubn san xudt mot tan san pham loai
II can dung may M; trong 1 gio va may Ms trong 1 gic. Mot may khong
thé diing dé san xuat dong thoi hai loai san pham. May M; lam viéc khong
qua 6 gio trong mot ngay, may M, mot ngay chi lam viéc khong qua 4 gio.
Hay dat ké hoach san xuét sao cho tong sb tieén 1ai cao nhét.

- Dai lugng can quan tam: lugng (tinh bing tan) san pham loai I va II
san xuat dugc.

- Téng tién 1ai thu duge: 2 trieu x luong san pham loai I + 1,6 trieu «
luong san pham loai II.

- Dé c¢6 1 tan san pham loai I can: may M; lam 3 gid + may M, lam 1
gi0.

- Dé ¢6 1 tan san pham loai II can: may M; lam 1 gio + may M lam
1 gio.

- Nhu vay ta c6 thé biét duge thoi gian 1am viéc ciia ting may dé lam
ra duge san lugng clia san pham theo ké hoach nao do.

Khi d6 hoc sinh sé nhan ra rang: Bit dau bing viéc dat an sbé cho hai
dai lugng chua biét 1a San pham loai I, II. Céac yéu t6 khac sé duge bicu
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thi qua hai an s6 nay. Cu thé la:
Goi san pham loai I va loai II can san xuat theo ké hoach trong mot
ngay lan lugt 1a: z,y (z > 0,y > 0) .
S6 tien 1ai thu duge la: L = 22 + 1, 6y.
Dé c6 dugc s6 luong hai san pham nhu trén may M, can lam viéc trong
3z + vy (gio) vd may hai can lam viéc trong x + y (gio).
May M; lam khong qua 6 gio trong mot ngay nén: 3z +y < 6.
May M; lam khong qua 4 gio trong mot ngay nén: x +y < 4.
Ta c6 moi quan hé rang buoc gitta x, y cho bdi hé bat phuong trinh sau
vi mot may khong thé san xuat dong thoi hai loai san pham nén ta cé:
3r+y <6
r+y <4

x>0
y=>0

Bai toan trd thanh giai he bat phuong trinh bac nhat hai an, tim nghiém
(20, y0) sao cho L = 2x + 1,6y 16n nhat.

Khiz =1vay=3.

Vay dé c6 1ai xuét cao nhat, mdi ngay can san xuat 1 tan san pham loai

I va 3 tan san pham loai II.

Vi du 2.2.9. C6 mot xi nghiép san xuét ra 2 loai san pham A va B.
Nhitng san pham nay dudc ché tao tit 3 loai nguyen lieu I, I1 va I11. Du
trit ting loai nguyeén lieu va s6 luong timg loai nguyen lieu ding dé san
xuat ra mot san pham duge ghi trong bang sau. Biét mot san pham A 1ai
5 dong, mot san pham B lai 7 dong. Nen san xuét bao nhiéu san pham

mdi loai dé 1ai nhiéu nhat.

. ) $6 hrgng don vi nguyén h'éu_ chi
Lothiuyen Du trik phi cho mét don vi san pham
A B
I 8 2 1
I 14 3 2
I 25 4 6
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Loi giai
Goi x va y 1a s6 san pham loai A va B dugc san xuat. Ta can tim z,y dé:
z = bx + Ty dat gia tri 16n nhat, va x, y khong thé nang tity ¥ vi s6 luong
du trit nguyén liéu c6 han.

Nhin vao bang ta thay s6 lugng nguyen lieu I dé san xuat z san pham
A va y san pham B la: 2z + vy, s6 luong nay khong vudt qua sé luong du
tra, tic la 2z +y < 8.

Tuong tu du trit nguyen lieu 11 va 111 cho ta diéu kién:

3xr + 2y < 14,4z + 6y < 25.

T dieu kien thuc té, ta c6: x,y déu nguyeén khong am. Vay can tim

max (z = bz + Ty) véi diéu kien:

20 +y <8 (1)
4x 4+ 6y < 25 (3)
z,y >0

Ti(l)vay>0=z<4 TuB)vaz>0=>y <4

Tiu (1) taco: 6r+3y <2d=6r+4dy=6r+3y+y<24+y<28=

3x + 2y < 14. Tic la tu (1) suy ra (2).

Nhan thay phuong trinh 42 + 6y = 25 khong ¢6 nghiém nguyén (vi vé trai

14 s6 ch&n con vé phai la s6 18). Nen (3) < 4z + 6y < 24 hay 2z + 3y <

6x + 3y = 22 + 3y +4r < 12 + 42 < 24 néu x < 4, tic 1a néu x < 4 thi

(3) suy ra (1); con néu x = 4 thi phai ¢6 y = 0.

Vay hé (I) tuong duong véi hé:

20+ 3

|VANZAN
O s

Y
Y

[\ W~ o
orvew

888
< || IA

Khiz=4=y=0=2=20
r=3=>y<2=2<15+14=29
r=2=y<2=2<10+14=24
r=1=2y<3=2<5+4+21=26
r=0=y<4=2<28

Vay ta suy ra max (z = bz + 7y) =29 khi z =3 v y = 2.

Do d6 phai san xuat 3 san pham loai A va 2 sdn pham loai B, khi &y tién

14i sé nhiéu nhat 13 29 dong.
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Vi du 2.2.10. Ngudi ta mudn rao quanh mot khu dat véi mot sé vat lieu
cho trude 1 a mét thang hang rao. 0 do ngudi ta tan dung mot bo giau
c6 sin dé lam mot canh ctia hang rao. Vay lam thé nao dé rao khu dat ay
theo hinh chit nhat sao cho c6 dién tich 16n nhat?

e
i =

Loi giai
Goi x 1a chiéu dai canh song song véi bo giau va ¥y 1a chiéu dai canh vuong
gbc v6i ba giau.
Theo bai ra ta c6 x + 2y = a.
Dién tich ctia miéng dat 1a S = y(a — 2y). S 1a cyc dai khi va chi khi
2y(a — 2y) cuc dai. Ap dung Bat déng thitc Cauchy ta c6

2y+a—2y>2_a2

25 = 2y(a — 2y) < (

2 4
£ 2 . - . a a
Dau "=" Xayrakhlvachlkhl2y:a—2y(:>y:Z = T = 3"
Vay rao khu dat c6 dién tich cic dai khi = g ETEES % )

Vi du 2.2.11. Mot ngusi di xe dap du dinh trong buoi sang di hét quang
1 . .
duong 60km. Khi di dugce 5 quang duong, anh ta thay van toc ctia minh

chi bang g van téc du dinh, anh ta bén dap nhanh hon van téc du dinh
3km/h, dén noi anh ta vAn cham mat 45 phat. Hoéi van téc dy dinh cia
nguoi di xe dap la bao nhiéu?

Loi giai
Goi v(km/h) la van toc dy dinh ctia nguoi di xe dap (v > 0).
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Theo bai ra, ta c6 phuong trinh

30 30 60 3
— + = — + ~ &3 -5lv+180=0
y v+ 3 v 4

3

Giai phuong trinh trén ta dugc hai nghiéem v = 12 (théa méan) va v = 5
(loai).

Trong bai toan trén, mic dit nghiém v = 5 thdéa man diéu kién bai toan
(v > 0), nhung nghi¢m nay van bi loai vi hai ly do thuc té sau: thit nhat,
van téc 5km/h 14 qua cham khong phit hop véi van téc binh thuong clia
xe dap; thit hai 13, v6i van tdc 5km/h, trong budi sang khong thé di hét
quang duong 60km nhu da du dinh.
Vay van toc dy dinh ciia nguoi di xe dap 1a 12(km/h).

Mot s6 bai tap tdng dung kién thitc Toan hoc vao thuc tién:

Bai toan 1: Cong ty Bao bi Dudgc pham can san xuat 3 loai hop giay:
dung thubc B, dung cao Sao vang va dung "Quy sam dai b6 hoan". Dé
sdn xuat cac loai hop nay, cong ty dung cac tam bia c6 kich thuée giong
nhau. M6i tam bia c6 hai cach cat khac nhau.

Céach thit nhat cat duge 3 hop By, mot hop cao Sao vang va 6 hop Quy
sam.

Cach thi hai cat duge 2 hop By, 3 hop cao Sao vang va 1 hop Quy sam.

Theo ké hoach, s6 hop Quy sam phai c6 1 900 hop, s6 hop B; t6i thicu
14 900 hop, s6 hop cao Sao vang tdi thiéu 1a 1000 hop. Can phuong an sao
cho tong s6 tam bia phai diing 1a it nhat?

Bai toan 2: Mot xe oto di tt A dén B, clng lic c6 nguoi di xe dap
tit B dén A. Ba phit sau khi hai xe gap nhau 6t6 quay ngay lai dudi xe
dap, khi dudi kip lai quay ngay dé chay vé B. Néu lic dau sau khi gap mot
phut 6t6 quay lai con xe dap sau khi gip tidng van toc - lan thi 6to cling
chi mat ting ay thoi gian. Tim ti sd van tdc clia xe dap va 6to?

Bai toan 3: V6i cuing mot day téc cac bong den dién cé hoi bén trong
cho mot do sang 16n hon 1a cac béong chan khong, bdéi vi nhiét do cta day
toc trong hai truong hgp la khac nhau. Theo mét Dinh luat Vat 1y, do
sang toan phan phat tit mot vat thé bi nung dén trang tang ti 1& véi liy
thita bac 12 ctia nhiét do tuyet ddi ciia n6 (do K).
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a) Hay tinh xem mot béng den c6 hai v6i nhict do day toc 1a 2000°K
sang hon mot béng chan khong c6 nhiét do day téc 1a 2200°C' bao nhicu
1an?

b) Phai tdng nhiet do tuyét doéi len ching nao (tinh theo phan tram)
dé gap doi do sang clia mot bong den?

c) Do sdng clia mot béng den tang lén bao nhiéu(tinh theo phan tram)
néu ta tang 10/ nhiét do tuyet déi day toc cia no?

Bai toan 4: Trong linh vuc thiy Ioi, can phai xay dyng nhiéu muong
dan nudc dang "Thity dong hoc" (Ky hieu dien tich tiét dién ngang cua
muong 13 S, [ 14 do dai duong bién gi6i han cta tiét dien nay, [ - dic trung
cho kha nang tham nudc clia muong; muong dude goi 1a ¢6 dang thiy dong
hoc néu véi S xac dinh, [ 13 nhé nhat). Can xac dinh cac kich thuée cia
muong dan nude nhu thé nao dé c6 dang thiy dong hoc? (néu muong dan
nude ¢6 tiét dien ngang 1a hinh chit nhat).
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Két luan

Luan van da thu duge nhiing két qua:

1. Qua tim hiéu em thay r6 méi quan hé hitu co gitta triét hoc duy vat
bién chiing va toan hoc.
2. Da dua ra dugc mot he théng cac vi du minh hoa mot cach cu thé cho
viéc van dung cac tu tudng ciia triét hoc duy vat bien ching vao 10i giai
toan, ma cu thé ld méi quan hé giita cai chung- céi rieng va méi lién hé
gitta 1y luan va tién.

Ching t6i cho rang néu gido vien nam dugc va biét van dung tu tudng
ctia triét hoc DVBC vao day hoc toan thi sé chiac chan sé gép phan phét

trien tu duy sang tao, nang luc gidi toan cho hoc sinh.
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