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1 Dé s6 1: Tuyéen sinh vao THPT Chuyén SPHN 2014
1.1 Ngay thi nhat

Bai 1.1. Cho céc s6 duong a,b phan biét. Chiing minh réng

(a—ib)?’g_b\/g_k%\/a

(va-vp) L Bat3Vab
av/a — Vb b—a

. . . . . . 3
Bai 1.2. Cho quang duong AB dai 120 km. Lic 7 gid sdng, mot xe may di tit A dén B. Di duge 1 quing
duong xe bi héng phai ditng lai stta mat 10 phut roi di tiép dén B vdi van téc nhé hon van toc lic dau
. . . 3
10 km/h. Biét xe may dén B luc 11 gio 40 phit trua cing ngay. Gid st van tdc clia xe may trén 1 quang

N . P 1 .
duong ban dau khong thay doi va van toc cua xe may trén 1 quing duong con lai ciing khong thay doi. Hoi
xe may bi héng lac may gio?

. . 2 1
Bai 1.3. Trong mit phang toa do Ozy cho parabol (P) : y = x? va dudng thing d : y = —g(m + 1)z + 3
(v6i m 1a tham s0).
1. Chitng minh ring v6i mdi gid tri ctia m, dudng thang d cit parabol (P) tai hai diém phan biét.

2. Goi 1,79 12 hoanh do cac giao diém ctia d va (P), dat f(x) = 23 + (m + 1)z — 2. Chitng minh déng
thic f(21) — f(x2) = —§ (21 — x2)>.

Bai 1.4. Cho tit giac ABCD nai tiép duong tron (O) duong kinh AC' = 2R. Goi K va M theo tht tu
la chan cac dudng cao ha tit A va C xubng BD, E la giao diém ctia AC va BD, biét K thuoc doan BE
(K # B, K # FE). Dudng thang qua K song song véi BC cat AC tai P.

1. Chitng minh tit gidc AK PD nai tiép.

2. Ching minh KP | PM.

3. Biét ABD = 60° va AK = z. Tmh BD theo R v z.
Bai 1.5. Giai phuong trinh

z(z? — 56) 21w+22_4
4—Tx B3+2

1.2 Ngay thw@ hai

b ¢

. .0 PR < £ £ . > ~ a .z
Bai 1.6. Gia st rang a, b, ¢, x,y, z 1a cac so6 thuc khac 0 théa mén — 4+ —+—=0va — + Y
x Yy =z a

+Z = 1. Chitng
b ¢

minh riang

Bai 1.7. Tim tat ca cac s6 thyc z,y, z thda man

eV/1— 12 +yV2— 22+ 23— 22 = 3.
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Bai 1.8. Chiing minh rang véi moi s6 nguyén n > 6 thi

2.6-10----- (4n —2)

14 mot s6 chinh phuong.

Bai 1.9. Cho ba s6 duong a, b, ¢ thda man abc = 1. Chitng minh rang

1 1 1 3
+ + < -
ab+a+2 bec+b+2 cat+c+2 7 4

Bai 1.10. Cho hinh vuong ABCD c6 tam O. Goi M la trung diém ctia canh AB. Céac diém N, P theo thi
tu thuoc cac canh BC,C'D sao cho M N || AP. Chiing minh rang

1. Tam gidc BNO dong dang vdi tam giac DOP va ZNOP = 45°.
2. Tam ctia dudng tron ngoai tiép tam giac NOP thuoc OC.
3. Ba duong thang BD, AN, PM dong quy.

Bai 1.11. C6 bao nhiéu tap hgp con A cua tap hop {1,2,3,...,2014} théa man A c6 it nhat hai phan ti
2
€ A.

vanéu z,y € A ma x >y thi
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1.3 Loi giai
1.1 Via,bdudngnéna—b:(\/_—\/g) (\/E—i—\/g) VA a a—b\/E:(\/——\/B) (a-i-\/%—i-b).Dodé

Lb)l—b\/éwa\/a s
(va-vo) | Ba+3vab _ (Va+vB) —bvb+20va 3va (va+ Vo)
av/a —bvb a—b av/a — Vb _(\/__\/E) (\/54_\/5)

_ 3ay/a+3avb+ 3by/a 3va
B av/a — Vb - va— b
_ 3Va 3./a

S Va-vb  Va— b

=0.

. . 35 .1
1.2 Quy doi thai gian: 11 gio 40 phit bang 3 gig; 10 phut bang 5 gig.

Goi C la diém ma xe may bi héng va v (km/h) 1a van tdc ma xe may di tit A dén C (v > 10). Suy ra AC =
3 . 90
1 x 120 = 90 km. Do d6 thoi gian ma xe may di tit A dén C' la — gio.
v

. . R 0
Van toc xe may di tt C' dén B la v — 10 (km/h), do d6 thoi gian xe may di tit C vé B la 0 gis. Xe may ding

v —
. 1 . . . 9 30

lai stta mat 10 phut, tic mat 6 gid, do d6 tong sb thoi gian ma xe may di tit A den B la — + =10 + 5 gia.

v ov—

Xe mdy xuat phat tir 7 gi sang va dén B lac 11 gis 40 phit trua cling ngay, nén sé thdi gian ma xe may di tit A

. 14
den C' la 3 gid. Vay ta c6 phuong trinh
90 30 1 14

v+v—10+6 3

o 1201}—90079
v(v—10) 2
2
U:?O hoac v = 30.

£ 90
Vi v > 10 nén v = 30. Do d6 thoi gian xe may di tit A dén C' 1a 30 = 3 gio. Vay xe may bi hong liac 10 gid sang cung
ngay.
1.3 1. Dudng thang d cit (P) tai hai diém phan bigt khi va chi phuong trinh

a:2:—§(m+1)x+% (1)

¢6 hai nghiém phan bigt. Ta c¢6 (1) tuong duong véi
322 +2(m+ 1)z —1=0 (2)
Vi bigt thiic clia phuong trinh (2) 1a A’ = (m+1)243 > 0 nén (2) luon ¢6 hai nghigm phan biét. Do d6 phuong
trinh (1) ciing c6 hai nghiém phan bigt. Thanh thit d luon cit (P) & hai diém phan bigt.
2. Vi @1, 2 1a hoanh do giao diém ciia d va (P) nén x1, 2 1a hai nghiém ctia (2). Theo dinh ly Vieta
2m + 2
3

T+ 2o = —

1

r1T9 = —g.
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Dic biet ta co m+ 1= —2 (1 + 2) va 1 = =3z122. VI f(2) = 2% + (m + 1)2? — 2 nén
@) = flwe) =21+ (m+ Dat — a1 — 23 — (m+1)a5 + a2
=(z1 — 22) (2% + ;122 + 25 — 1+ (M + 1) (21 + 22))

=(z1 — x9) ((:z:l +29)? — 2120 — 1 — g(m + I2)2)
=(z1 — T2) <(I1 + 29)% 4+ 22120 — g(;pl + x2)2)

1
=- 5(171 — x9)°

Nhan xét. Dé chiing minh déng thiic & cau 2. ctia bai todn c6 thé van dung dinh 1y Vieta biéu dién cac biéu thiic
f(x1) — f(x2) va (z1 — 22)3 theo m.
1.4 1. Do KP || BC va tt gidc ABCD ndi tiép néen /KPA = /BCA = /BDA. Vay AKPD noi tiép.

2. Theo két qué cau tht nhat, ZAPD = ZAKD = 90° nén /DPC = /ZCMD cung bing 90°. Vay CPM D noi
tiép. Suy ra
LMPA=/CDB=/CAB =90°—- ACB =90° — ZKPA.

Vay ZMPK = 90°.
3. Tac6 BK = AK cot LZABD = z cot60° =

x
V3
AD = AC'sin60° = Rv/3. Theo dinh 1y Pythagore DK = /3R2 — 22. Vay BD = \/3R2? — 22 +

. Mat khéc tam giac ACD la vudng va ¢6 géc LACD = 60° nén
V3
—5
oX .o L, . o ~ 4 3
1.5 Dieu kién xac dinh cta phuong trinh x # iz —/2.

Cach 1. Phuong trinh tuong duong véi
z(z? — 56) (2 +2) — (21x +22)(4 — Tz) = 4(4 — T2)(2* + 2)
& 25— 2827 — 142® + 14727 + 140 — 120 =0
& (z-1D+D(x-2)(z+3)(z+4)(z—-5)=0

Vay cac nghiém cta phuong trinh 1a +1,2, -3, —4, 5.

Cach 2. Dit u=4— 7z viv = 2% + 2 ta rit ra 23 = v — 2 v& 72 = 4 — u. Phuong trinh c6 thé viét lai & dang sau
8u+wv—34 —3u+34

4
u v
4 3 11
= qu”+—“—34(—+—>=0
u v u v
4 2 4 32 11
- JﬁiﬂiJL_M(_+_>:o
uv u v
o (u+v)(3u+v)_34u+v:O

v v
< (ut+v)But+v—34)=0

V6i u + v = 0 ta duge phuong trinh o3 — 7o 4+ 6 = 0 hay tuong duong (z + 3)(z — 2)(z — 1) = 0. Do d6 ta thu dugc
cac nghiém 1,2, —3.

Véi 3u+v — 34 =0 ta dugc 23 — 21z — 20 = 0 hay (x + 1)(x + 4)(z — 5) = 0 ta thu dudc nghigm —1, —4,5.
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Yy

. b
1.6 Theo gia thiet 4 + -+ € _ 0 suy ra ayz + bzx + cry = 0. Mt khac tu ad + b
x Yy z a

122 1, binh phuong hai vé cho ta
c

2 2 2

R

Yy Ty Yz zT
a? b2 c? ( )

a " be
2(ayz + bzx + cxy)

abe

=1 —
=0.

a? 4+ b2

1.7 Ta c6 ab < v6i moi a, b. Dau bing x4y ra khi va chi khi a = b. Ap dung bat ding thic trén cho ta

22 4+1—92 92 42-22 22432

o/1T—y2+yV2— 2242322 < 5 + 5 + 5 =3.
Vay ta c6 hé

$2+y2:1

= 1— 2
xT \ y2 y2+22:2

=V2—-z
Y < 22422=3

z =13 — 2
z,y,2 >0

Vay z=1,4 =0,z = V2.

1.8 Ta c6
2.6-10----- (4n—2)=2"(1-3-4-----(2n—1))
2" (2n)!
2.4 ... (2n)
~ (2n)!
=
va (2n)!
n)!
5 6)---(2n) =
(4 5)(n-+0) - (2m) =
Suy ra
+4)!
an:1+("n' S b i+ D)+ 2+ 3)(n+4) = (0 + 5n + 5)°.
1.9 Theo bét ding thic Cauchy-Schwartz
1 1 1 1 4
St —————
r y =z t xt+y+z+t

v6i moi x, y, z,t duong. Ap dung bat ding thic trén ba lan lien tiép ta c6

1 1 1 3 3 3
ab+a+2+bc+b+2+ca+c—l—2 _3(ab+a+1)+3+3(bc+b+1)+3+3(ca+c+1)+3

IN

= Gle Sle Sle

1+ 3 +1+ 3 +1+ 3
3 ab+a+1 3 bec+b+1 3 ca+tc+1

9 1 1 1
+E<ab+a+1+bc+b+1+ca+c+1>

_|_

g 1 n a n ab
16 \ab+a+1 14+ab+a a+1+ab
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1.10 1. Xét hai tam gidc vuong ADP va NBM c6 ZAPD = /PAB = /NMB. Do d6 AADP ~ ANBM (g.g).

AD NB
Tu day suy ra P~ BN hay DP - BN = AD - BM = OB -OD (do ABCD la hinh vuong). Tt d6 ta nhan
. DO BN
dugce ty so P = BO Vay ABNO ~ ADOP (c.g.c). Ddc biét suy ra ZNOP = 45°.

2. Goi I 1a tam ngoai tiép tam gidc NOP. Suy ra ZNIP = 90°. Do d6 tt& giac CNIP nai tiép. T d6 suy ra CI
14 phan giac goc ZNCP. Vay I ndm tréen AC.

3. Gidstrang ANNBD =K va MPNBD = K'. Ta ¢
KB BN MB K'B
KD AD DP K'D
suy ra K = K’.

1.11 Ta chtmg minh mot tap con A nhu vay khi va chi khi né c6 dang {y, 2y}. Gia st rang = > y 1a hai phan ti cta
2
A. Néu x > 2y thi theo gia thiét z = v € Ava z<y. Do dotasécoz<y<zthuoc A va x> 2y > 2z. Ap dung
r—y

gid thiét cho cap (z,2) ta dudc 21 € A md & > z > 2. Ct thé suy ra A ¢6 vo s6 phan tit, mau thudn. Vay z < 2.
Dac biét ta suy ra y < z.

. 3
Néu = < 2y thi y < z do d6 z < 2y. Tu day ta nhan duge y < 2(x — y) hay:czgy.Dodéz<:1:.Vayy<z<:c.
Do dé cip (y, z) thuoc A ma y < z < 2y. T d6 suy ra ton tai 21 € A ma y < 21 < z. Cit thé ta suy ra A c¢6 vo s6
phan ti.

Vay = = 2y. Do d6 A c6 dang {y, 2y} v6i y € {1,2,...,2014}. Déo lai, hién nhién mdi tap con A c6 dang dé déu
théa man tinh chat dé bai. S6 cac tap con A c¢6 dang {y,2y} véi y € {1,2,...,2014} hién nhién 1a 1007.



