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LOI TUA
Ké ttr khi duoc hoc vé S6 Hoc, thi Phan Nguyén la mét trong nhitng chuong hép
0an t6i nhat. Cé6 I8 vi dinh nghia cua né don gidn, né co bédn nhw dinh nghia vé sé nguyén
t6 vay! Tuy nhién bén trong ctia sw don gidn &y 1a mdét manh dét rat mau mé, con vé sb
nhirng hoa thom cé la dang cho téi cung cac ban kham pha. Qua thwe, dao sdu nghién
ctru vé Phan Nguyén la mot dé tai khéng toi. Khéng cé nhiéu tai liéu viét vé chu dé nay.
Ba&i vi 18 d6, t6i quyét dinh téng hop lai mét sb két qué thu duoc viét 1én tai liéu nay, hy

vong mang dén ban doc mét vai diéu thu vi. R4t mong cac ban déng gdp va xay dung dé

Gh-

Hoang Xuan Thanh, 10- 2010

chi dé nay duoc phét trién va hoan thién hon niva.

Tai liéu tham khao:

Bai giang S6 Hoc — Dang Hung Théng

104 Number Theory Problems Titu Andresscu
http://diendantoanhoc.net

Mot sb website Toan hoc khac

>
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VAN BE I: - MOT SO TiNH CHAT CO BAN
1. Dinh nghia:

Phan nguyén (hay san) (Floor Function: Nghia la ham “san”) ciia s6 thyc x la: S6
nguyén I&n nhat khéng Ién hon x.

Mot dinh nghita twong tw v&i Floor 1a Ceilling (ham “tran”)
Tran cua so thyc x 1a: S6 nguyén nhoé nhat khéng nho hon x

Khéng nén nham lan Floor va Ceiling v&i ham lam tron Around(x), va ham “chat duoi”
Trunc(x) ma cac ban van thuwong str dung trong cac ngdn ngi lap trinh.

Around(x): La so nguyen gan x nhat (wu tién chiéu bén phai trén truc sb)
Trunc(x): L& s& nguyén c6 dwoc sau khi bd di phan thap phan cua x

Around(5.5)=6; Floor(5.5)=5; Ceilling(5.5)=6; Trunc(5.5)=5
Around(5.4)=5; Floor(5.4)=5; Ceilling(5.4)=6; Trunc(5.4)=5
Around(-5.4)=-5;  Floor(-5.4)=-6; Ceilling(-5.4)=-5;  Trunc(-5.4)=-5

Ki hiéu phan nguyén caa x 1a | x |, tran clia x 14 [ x| Ngoai ra nguoi ta cling goi
{x}=x—| x| Laphané (fractional part) ctia s6 thuc x. 0< {x}<1

C4c ban c6 thé tham khao thém vé cac ham nay trong website
http://en.wikipedia.org/wiki/Floor and ceiling functions

Dinh nghia vé phan nguyén dwoc hiéu theo mét trong hai céng thire sau:
x—1<LxJSx hoac LxJSx<LxJ+1

2. Cac tinh chat co’ ban

i. x>y:>LxJ2LyJ
Lx+nJ:>LxJ+n lne Z

iii.. Le]+Ly slxty]<lx]+[y]+1

lxe Z

0
v. Mﬂ_xJ:{—l Ixe Z

LAz e

X 7 X A Y nt > pY n 7 hY x
vi. SO cac sO nguyén dwong la bdi cia nva khéng vuot qua x la L—J
n
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Chirng minh: Tinh chét i. va ii. La hién nhién

Vi.

Dat x:LxJ+{x}; 0<{x}<1
y=ly]+{y}; 0<{y}<1
ta co: Lx+szuxJ+LyJ+{x}+{y}J=LxJ+Ly_'+L{x}+{y}J
viO<{x}+{y} <2 néntasuy radiéu phai chirng minh
Pat x=LxJ+{x}; 0<{x}<l1

ta co LxJ + L—xJ = LxJ + L—LxJ —{x}J = L—{x}J

vi —1<—{x} <0 chibang 0 khi x nguyén. Tr d6 c6 dpcm

pat m=|2|, khido m<Z<m+l
n n

:>mn£x<(m+1)n

:>mnSLxJ<(m+l)n (mne Z)

= mﬁm<m+l
n

o

Céc sb nguyén duong 1a bodi ctia n khéng vwot qua x 1a n,2n,...,mn.

Trong d6 m la s6 thda man diéu kién
mn<x<(m+1)n

X
=>m<—<m+l1
n

-

3. Pinh ly Legendre

S6 mii cha sb nguyén td p trong phan tich tiéu chuan cta n! dwoc tinh theo cong
thire:

o)
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Chirng minh: Trudc hét ta cd nhan xét rang, tbng trén chi gdm hiru han sé hang
khac khéng.

Vi voi chi s6 idd lon thi n< p' , khi d6 LlJzo Vm>i

m

n ] .
Trong tich n!=1.2...n c6 diung {;J thira sO la bdi cua p (theo tinh chat vi)

Do dé:
nl= IDU’J.FJ!A1
p

Trong d6: (A, p) =1

Twong tw

"e‘%\:
| I

%‘%s
| I

2

Vay i MM‘FJ! A

n
2

J! va clr tiép tuc cho t&i khi L%J <p
p p

Lap lai li luan trén véi L

Cudbi ciing ta duwgc s6 ma e, (n) cta p trong phén tich nguyén t6 clia ! la

A

V6i k 1a chi sb théa man p* <n< p*"

.dpcm
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4. Mét sé bai tap
Chirng minh rang LZxJ + L2yJ > LxJ + |_yJ + Lx + y_' Vx,yeR
Loigigi- Pat x=| x|+{x}; 0<{x}<1, y=|y]+{p}: 0<{y}<l knide
L2xJ + LZyJ = 2|_xJ + LZ{x}J + 2Ly_' + LZ{y}J
va  [x+y =[x+ y]+[{x}+{5}]
Ta phai CM L2{x}J + LZ{y}J > L{x} +{y}J
Vi 0<{x}+{y} <2 nénco thé xay ra 2 trwong hop sau:
*Néu 0<{x}+{y} <1 thivé phaibang 0, do d6 bét déng thirc hién nhién ding.
*Néu 1<{x}+{y}<2 khid6 phaicé it nhat mot trong hai sé {x} hodc {y} Ion hon

hoac bang % . Gia st {x} 2% , Vay:
|20} [+ 20y} |21+ 2{y} |2 1= {x} +{} |

Chng minh réng, v&i n 1a sd nguyén dwong bét ki ta co

i

Ta c6 ksx/;+%<k+1 @k—%ﬁx/ﬁ<k+%<:>k2—k+iSn<k2+k+i
Vi nnguyén dwong nén phdicd k*—k+1<n<k’+k
1 1
Twong twm < n—§+l<m+1®m2—m+—én—§<m2+m+—
4 2 4 4

oSm —m+1<n<m* +m
Do d6 phaicdé k =m .Dpcm

Giai phwong trinh LxLxJJ =1
Loi gidi: Taco 1<x| x| <2
o x22:>LxJ22:>xLxJ24:> Pt v6 nghiém

* 1<x<2=|x|=1=1<x|x]|<2= Ptnghiém ding
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* 0<x<l=|x|=0=x|x|=0= Ptvénghiém
0—1<x<0:>LxJ=—1:>xLxJ=—x<1:> Pt vb nghiém
° x=—1:>Lx_'=—1:>xLxJ:1:> Pt nghiém ddng

° x<—1:>LxJS—2:>xLxJ>2:> Pt v6 nghiém

Vay nghiém ctia phwong trinh 1a xe {-1} U[1,2)

Giai phwong trinh 3x2—10LxJ+3:0
Loi gidi: Tacé (3x—1)(x—3)=3x>—10x+3<3x*-10| x |[+3=0
:%st3:>1§ms3

Thay tirng gia tri LxJ =1,2,3 vao pt, giai ra ta dwgc cac nghiém Ia

xlz\/z; x2=‘/£; x, =3
3 3

Vé&i n nguyén duong cho trwéde, phwong trinh x +2y =n
Cé bao nhiéu nghiém nguyén dwong? (perfectstrong VMF)
Loigidi:Tacd 2y=n—x<n-1

Twong rng v&i méi gid tri clia ytacé x=n—2y chinh 1a 1 nghiém cda pt. S nghiém
phuwong trinh chinh 12 s cac gia tri co thé c6 cla y, 1a sb cac bdi cha 2 ma khéng vuwot
qua n-1.

La L" _1J nghiém nguyén dwong
2

Cho A=+4n’+n neN.Ching minhring {A} si (Romania-2003)

Chung minh rang | 5x |+| 5y || 3x+y |+ x+3y |

Tir két qua do chirng minh (5m)!(5n)! chia hét cho m!n!(3m+n)!(3n+m)!
(USA-1975)

Tim sb tw nhién n nhé nhét sao cho n! tan cung bang 290 chir sé 0 (HMMT-2003)
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5. Dinh ly Hermite

V&i n nguyén dwong, x la sé thuc bt ky, ta co:

x| =] x ]+ L J+ +Lx+”;1J

Chdrng minh:

Xétham f (x)=|x |+ L J+ { +n_1J—LnxJ

n

Ta co:

o)t e 2o o)
:Lx+%J+...+Lx+ ;1J+Lx+1J—Lnx+1J
e

; 1 ,
Do d6 f (x) 1a ham tuin hoan véi chu ky — . Trén khoang chu ky 0 < x <L thitatca
cac sb hang: n n

LxJ,L)HlJ,..{x n_lJ,LnxJ déu bang 0
n n

Twdo f(x)=0, VxeR

dpcm

xX+i
Tinh téng OZ L J
<i<j<n
Loi giai:
Taco Z x+z - [ x+l }:ZLxJ n| x| (Theo dinh Iy Hermite)
0<i<j<n 0<i<j j=1

M

2009 k Ak
Btl.10| Tinhtdng S = [3 +2010 VOIO 3 J]

k+1 k+1
k=0 3 3

k
[Btl.11] Chtng minh rang Z{x;,ﬁ J | x|
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VAN BE II: DAY SO & TONG PHAN NGUYEN

{U,} 1aday sb “Thi tw ting dan clia cac sb tw nhién 1& khong chia hét cho 3"

(U} ={1,5,7,11,13,17,19,23,25,..}

Tim sb hang téng quét cta day sb trén.

Hoang Xuan Thanh  10/2010

Loi gidi:
Xét theo sb dw thi tat ca cac sb tw nhién khéng chia hét cho 3 déu c6 dang
3p—1 hodc 3p+1,dayla2sb chan hoac 2 sb 18 lién tiép tuy theo p 1& hay chan.
Khi p chédn p =2k, thi hai s6 c6 dang 6k —1va 6k +1 1a 2 sb I&. Tat ca cac sb dang nay
chinh 1a cac s6 hang cla day can tim. Xép theo th tw tdng dan ta sé co:
U, =6k-1 va U, =6k+I
Nhw vay voi n=2k+r, r={0,1},taco:

U,=6|= |+{-L1}
|2 ]
=6 = |+2{0,1} -1
2]
=6| 2 |+2r-1
2]
=6/ 2 |+2 n—zlﬁJ -1
2] 2
Un=2n+2FJ—1 ©
2

{U,} La day sé : “Thir tw tang dan chia céc sb tw nhién khéng chinh phuong”
{U,} :{2.3.5.6,7,8,10...}

Tim sb hang téng quat cia day sb trén.

Loi gidi: Xét day sé tw nhién {D,}":{1,2,3,4,5,...} (D,=n)

Déthdy U, =D, +k .0 do6 kla sb cac sb chinh phwong nhé hon U,

(bi loai di ttr day{D, })
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Nhw vay U, phai ndm gitta 2 s6 chinh phuong lién tiép: k> +1<U, < (k+1) -1

Trén méi doan [iz +1 (i + 1)2 —1} (gitva 2 sb chinh phwong lién tiép) c6 2i s6 tw nhién.
Dém cac sé hang cia day {U, } c6 gia tri nhé hon k* ta c6
k—1

221 k> —k sbhang. Nhw vay chi sb n sé phai théa man

k+1<n<k2+k

hay ‘/n+— <k<‘/n——+—
4 2
Jn——+l—1<J +——l<k< n-— l
2 2 4 2

nén k={,/n—%+%J hay k=L\/Z+%J (Theo Ex1.2)

Cudicungtaco: U, =n+k=n+L\/;+%J

Tinhténg § = ZL\/;J

k=1
Lo gidi:
Pat m:L\/;J suyra m’ Sn<(m+1)2

Xét cac s6 hang cla S, trén méi doan ;% <k <> +2i ¢6 2i+1 sb hang, cac s6 hang
nay déu co gia tri [ai . Nhw vay ta co:

5,3k -3 S|+ 31|k

k=i k=m

l(2l+1) an\/ﬂ

i=1 k=m?

m(m—l)(Zm—l) N m(m—l)

k:
m

+(n+1—m2)m

Tinhtong S, = ZL\/E+%J
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Tinh téng )
S, = | 24k |,

k=1

. e |
(bé y dén mot trwong hop riéng dinh ly Hermite LxJ + Lx +EJ = L2xJ )

Hoang Xuan Thanh  10/2010

Choday {U,} :{1.2.2,2,3,3,3,3,3,4,4,4,4,4,4,4,5,..}
Puoc xac dinh bang quy luat : 186 1;3s6 2; 556 3;...; 2k-1 sb k;...

Tim sb hang téng quat cia day trén.

1. DINH LY BEATTY

. 1 1
o, lacacso6 voty dwong sao cho —+— =1. Khi d6 2 tap (2 day)
a

{4} =llel[2a)3a].-};  {B} ={LBL[28][38]).};
lap thanh 2 “phan hoach” cla tap cac sé nguyén dwong N
(nghta 1a:{A,}"N{B,} =@ va {A,} U{B,}, =N")
Churng minh:
Truéc tién ta chieng minh tinh tach roi gita{A,} va{B,}’
That vay, gia st t(‘“)n‘tai cac chi'sé i,j saocho A =B, & |ia|=]| jf |=k.Knidé bdivi
haisdia va jf déula céc so vo tinén:
k<io<k+1 va k< jB<k+l1

hay ;<l<i Vé L<i<i
k+1 o k k+1 fB k

ong cac vé 2 bt dang thirc nay lai taco 2 <+ L=1<*J
cong cac ve at dan wchnaylaltaco ——<—T—=
i ? a i+l a B k

hay k<i+ j<k+1 .Didunayvé Iy!

Tiép theo ta s& chirng minh sb tw nhién n bt ki phai co6 mat trong hoac {A,,}:o hoac {Bn}:o
That vay, ciing bang phan chirng, ta gia st n khéng xuét hién trong ca {An}:ovla {Bn}:o

Khi d6 tén tai cac chisb i, j sao cho

ic<n; (i+)a>n+1 va jB<n; (j+1)f>n+1
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i1 i+ G 1 j+1
hay —<—< va —<—/;<
n a n+l n B n+l

cong cac bat déng thirc theo vé ta co

l+j<l+l:1<l+]+2
n o f n+l

=i+ j<n<i+ j+1

Diéu nay cling khéng thé xay ra! Vay méi sé tw nhién xuét hién ding 1 1an & 1 trong 2 day
trén. Bpcm.

2. DIEM NGUYEN VA PHAN NGUYEN
SINGIRZAE Cho a,c la céac sbé thuc duwong

Gia st f :[a,b] —[c,d] 1a ham don diéu tang va kha nghich.

Khi d6 ta co: ZLf(k)J"‘ZLf_l(k)J_”(Gf):LbJLdJ_a(a)a(c) (1)

a<k<b c<k<d

Trong do6 n(Gf) |4 s6 diém nguyén cta do thi ham f trén doan [a,b], con & 1a ham
o:R" - N" xéc dinh boi |x|;  xeR"\N
a(x)= .
x—1; xe N
(Luu ¥ c6 thé biéu dién ¢(x) dudidang a(x)=| x| —{MJ;VXE R")
X
Chirng minh:  Ki hiéu n(M ) 1a sb diém

VA
nguyén ctia mién M. Theo hinh minh hoa

d
D& thay: n(M1)= Z | (k)| M2

n(M2)= 3 | (k)]

c<k<d

y=f{x)

] C M1
R& rang ve traicua (1) chinhla toan bd
sb diém nguyén dwong nam trong ving da
gach, ciing la sé diém nguyén dwong cla >
h.c.n 1on triv di sb diém nguyén dwong cla 0] a b x
h.c.n nhé (khéng tinh trén bién h.c.n nho). (Hinh 11.2.1)

Hiéu do chinh la VP. (dpcm)
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INGIRFE Cho m,n,s 1a cac sb nguyén dwong m < n . Khi do:

2] S HER] 6] et

k=1 1<k
n

Chirng minh: Dwa vao bd dé don gian sau day:

Trong day 1£2_m ,ﬂ c6 dung (m’n)s sb nguyén

non n n

That vay, ta c6 m=m,(m,n), n=n(m,n).v6i (m,n)=1.Day trén tr& thanh
Lm, ’2m1 AL T (m,,n,) =1 nén sb cac s6 nguyén trong day la — M
noon n, n1 n

Xétham £ :[1, s]ﬁ[ﬂ ﬂ} F()="r = (x) =l
n n n m

Theo dinh ly 1 ta c6

) e

2 2 > 4a N (m,l’l)S
Theo bb dé & trén thi n(Gf)z -~ 7
n

T d6 suy ra dpcm
Hé qua: Trwong hop dac biét khi s=n,tacéd

S| 3]  mnn) )

k=1 L 1 k=1 L M

INGIRZEE Cho a,c la cac sb thwe duwong

Gia st f :[a,b] = [c,d] 1a ham don diéu gidm va kha nghich.

Kniddtaco: | M| r(k) |- D] £ (k)|=|ba(c)-|d |a(a)

a<k<b c<k<d

Trong d6 (x) la ham duoc xac dinh nhw trong dinh Iy 1 ar(x)=| x | - V-XJJ Vxe R*
X

Chirng minh: Twong ty dinh ly 1

Taciing c6: n(M1)= ZLf )| va n(MZ):ZLf‘l(k)J

a<k<b c<k<d
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Tw hinh minh hoa ta thay ngay dwoc hiéu Y7

n(M1)—n(M 2) chinh la hiéu cac diém d
nguyén dwong cua h.c.n abBl va cdAl.

Hay la bang n(0bBc)—n(0aAd)
=|b]a(c)-d]a(a) (dpcm)

A

Tinh ZL@J (m<n)
k=1L 1

Loi gidi: Xét ham f :[1,n] — {l,m +1 —ﬂ}, f(x)

n
C6 ham nguocla £7!(x) =n+£(1—x)
m

Theo dinh ly 3, ta c6

(Hinh 11.2.3)

m A s
=m+1——x la ham don diéu giam

n

n 1_
Z m1- R\ Z {n+( k)ngna(l)—LmH—ﬁJa(l)
k== n 1k<m1-" " n
n m 1_
= m+1—k—m —Z{n+( K)n =0
k=1 L L m
R H(k—l)mJ_iL@Jzo (Péo chidu bién chay)
k=1 n k=1 LM

km kn
Theo (3) ta co: — +ZLZJ:’””+(’”’”)

Twdosuyra: | km

k:l_”J

e > 4 A , L L. sl km 1
Keét qua trén co thé viet dwdi dang Z — =§
=L 1

1
=E(mn+m—n+(m,n))

(mn—m—n+(m,n))

n

Dic biét hon niva khi (m,n)=1 ﬂka (m—1)(n-1)

k=1
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Tinh Y|k | (KMO-1997)
Loigizic

xétham f:[l,n] > [14/n ], f(x)=+x , dayIaham don dieu tang v

C6 ham nguoc 1a f~'(x)=x .Theo dinh Iy 1, ta c6
" |V
;Lﬁp;tkzj—n(q):nwﬂ

Ma&t khac L\/ZJ =g 13 sb diém nguyén dwong cla dé thj ham sé trén. Do do

” 5 (a+1)(2a+1)
ZL J (n+1)a Zk (n+1)a ;

k=1

(Chu y: so sanh voi Ex 2.3)

Ch&ng minh réng X
25
k=1 k2 k=1 \/E
Lo gidi:
xetham f:[l.n]—[1n*], f(x)=5 ,1aham don diéu giam,
x
cohamnguocla f'(x)=—
Theo dinh ly 3 ta c6:

S| 5] e et ot -o

k=1 k=1

T d6 ta c6 dpem.
Ex2.10| Tinh ZFJ
k=1 3
Li gidi:
Xétham f:[3,n] - [1%} f(x) =§ , 12 ham don diéu tang,

c6 ham ngwoc la f‘l( 3x

Theo dinh Iy 1 ta c6 z %J*ZW{J L J L@EJ-a(:&)a(l)

I<k<s
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Suy ra: ZEJ:ZE :(n+1)H—LZ;J:3"

R ERRBEbHD
= 35350305

n 2
Bt2.11] Tinh Z{—k ‘3k+2J
k=1

5

Hoang Xuan Thanh  10/2010

< [ km
Bt2.12| Tinh Z - (Japan MO-1995)
k=1

Bt2.13| Cho A 1a mét sb vé ti, n1a mét sd nguyén dwong. Chirng minh rang:
| k4]

praﬂzntnu

n(n+1)

2 —
Bt2.14| Tinh Z{%J
k=1

INGIRZEE Cho pla mot sé nguyén té 18, g 1a sbé nguyén khdng chia hét cho p.

Gia strham f:N" — R thda man dong thoi cac diéu kién sau:

fy
® —— khong la so nguyén, véi méi k=1,2,...,p—1

oo f(k)+ f(p—k) lasbnguyén chia hétcho p, voi méi k =1,2,...,p—1

Khidotaco: p- p-1 _
0= 5 -

Churng minh:
af (k)  af (P=F) _, \y (), o (P=k)
p p p ’ p

Tacé

g Z voimbik=1,2,..,p—1
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o k —k
Do vay, ti tinh chét phan 18, Os{q’c( )}+{Qf(p )}<2
p p

ta suy ra {Qf(k)}+{m}:lvé’i méi k=1,2,...,p—1
p p

L4y tbng céac gia tri nay ttr 1 dén p-1 ta co
1

k=1

@zf{M}zp_m"Z‘l{qf(k)}z !

k=1 P

Tw két qua nay ta co

D FOHDRHORSIITEIES YT

suy ra dpcm.

Ex2.15| Cho pva g la 2 sb nguyén té6 cuing nhau. Chirng minh rang:

i{k_J _(r —1)2(61 D (Gauss)

q

=1L P
Loi gidi: Xét ham f (x)=x. D& thay f (x) thda man ca 2 diéu kién cla dinh ly 4, va theo
dé ta co

”_IquJ g, p=l_q(p=Dp p-1_(p=1)(g-1)
o P p 2 2 2

Ex2.16| Cho pla sb nguyén t I&. Chirng minh rang

S| & |_(p=1)(p+1)(p-2) rman MO —
Z{pJ " (G MO —2002)

k=1

Loi gigi: Xét ham f (x) = x’,

Vi pnguyén té, nén 1°.....,(p —1)° déu khéng chia hét cho p. (diéu kién déu tién théa)
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Mat khac f(x)+f(p—x)=x3+(p—x)3=p3—3p2x+3px2fp
Do d6 theo dinh ly 4, ta c6

Sl | &k p-1 1(p=1)'p° p-1_(p=D(p+1)(p-2)
5 p

4 2 4

k=1

Ex2.17| Cho p 1a sd nguyéntb 1é
(p-1)(p-2)

=34

k=1

Tinh tdng:

Loi gidi:
xetham f:[L(p~1)(p~2)] = [{pp(p-D(p-2) | £(x)=p

f (x) 1a ham don diéu tang,
3
X

c¢6 ham nguoc 1a £ (x) == . Theo dinh Iy 1 ta co:
P

P&y la L%/p(p—l)(p—Z)J=(p—2)

Do k* khong chia hét cho p véi mdi k=1,2,..., p—1, nén

sb diém nguyén dwong cta db thi n(Gf ) = n(Gf,1 ) =0

Voi k<3p th‘lv_gJ:o
p

(r-1(r-2) p-2| 13
Do d6 ta c6 z L%/EJ"‘ZV;J:(P—U(P—Q)Z

Theo két qua clia Ex2.16, phan trén: ta c6
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‘3
‘3
N

1)(19—2)2+(p—1)(p_2)_(p_l)(PII)(P—Z)

(r— )( -2) 1 “92)(3p=5
) L3’<PJ=(p )(p4)(p )

0
T

Bt2.18| Cho m,nla céac sb nguyén dwong

Tinh  S= ZFJ
k=1 k

M Cho pla sé nguyén t6 1&; g 1a sb nguyén khéng chia hét cho p.

Chrng minh réing ZL i qJ (p-1)(g-1)

p 2

k=1

Cho pla s6 nguyén t6 1&.
(p+1)

Ching minh rang ik” -k
= P

Bt2.21| Chopvagla2sblé

mod p)

p-1 q-1

2
Tinh gia tri biéu thic S = Zlqu.FZL J

k=1 k=1

Bt2.22| Cho sb nguyén n>2

Tinh SZ%,,%,"L o J

k+m-—1

m=1 k=1
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VAN BE Il - GOP CAC CONG THU’C THEO PHAN DU

Trong mét sb bai toan lién quan dén day sd nhw tim céng thire tbng quat mét day truy
héi, tinh tdng cac sb hang, tinh chia hét ciia mot nhdm sb hang. Déi khi gidi quyét bai toan
lai doi hdi ta phai chia ra rat nhiéu trwérng hop (chan 1& chang han) méi trwdng hop lai cho
ta mot két qua khac nhau? Sy khac nhau gitra cac cong thire tim dwoc 8y 1a gi? Phai
chang cé thé biéu dién ching duéi 1 dang duy nhat? D6 la ndi dung clia van dé ta nghién
clru sau day:

- Phép chia sb nguyén n cho sb tw nhién k
n=pk+r, 0<r<k-1
Ta c6 thwong 1a p, con r |a phan dw, rlay cac gia tri ttr 0 dén k—1.

Theo tinh chét cta phan nguyén ta cé

n pk+r r . A X n
—|= =| p+—|=p,vanhw vay phdndw r=n—k| —
{kJ L . J tp kJ p, va nhw vay phan dw {kJ

Thay vi xét dén k s dw tir 0 dén k— 1. Ta viét r ={0,1,...,k —1} xem nhu mét tap hop k

gia tri twong &ng véi k trworng hop cta sé dw r.

Céc phép tinh toan hoc ddi vai tap gia tri nay, dwoc hiéu theo luat phan phéi:
0={0,..,0}, .

1={1,...,1}km1
x@{al,...,ak} ={x@a1,...,x@ak}
{a,,....a, }®{b,....b,}={a, ®b,,....a, ®b}

Trong d6 x la s6 nguyén @ 1a phép toan bét ky

Ta c6 mét sb cac két qua lién quan sau:

L,2,....k . . .
FZIJZ{{ ’ ,k ’ }Jz{0,0,...,l} (k-1s00;1s01 cudi)

r+2J_F23w”hk+ﬂ

b p J:{0,0,...,l,l} (k—25s60;2sb 1 cudi)
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J:{O,...,l,l} (a <k;co6 asd1& cudi)

k k
Tiép theo
— ~1,0,....,k =2 , ‘
{rkl -1 r }J={L0,...,O} (156 1 & dau, con lai la 0)

_ 2,-1,0,...k -3 L
_sz _ |2 = }Jz{l,l,...,o} (26 1 & du, con lai 12 0)

— —-a,...,0,...k—1— . \
_eran{{ @ ’k’ a}J={1,L...,0} (a<k;coasbd1ddau)

Céc két qua kha don gian nay chinh 1a céng cu gop cac cong thirc rat hiéu qua. Hay xét
vi du minh hoa sau:

<l
Tinh §, =) | =
3l
Loigidi:Taco S, =S, + LEJ

Xét trng trvdng hop:

3k+1
Sy =Sy + LTJ =8y + k

3k+2
S3k+2 = S3k+l + {T = S3k+l +k
S, =S +[L3+3 =S, +k+1=S,. +2k+1=5, +3k+1

Suy ra
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Saay = Sy +3(k +1) =2
Se =Sy +3k—2

S, =8,+3.1-2

Coéng cac dang thirc trén theo vé, ta duoc:

< 3k(k +1 >k
S3k22(3l_2)=(T)—2k:——_ (1)
i=1

2 2
3k* k
S3k+1:SSk+k:7+§ (2)
3k* 3k
Sspin =Sy th=—+— (3)

2 2
Céc ban thay gi tir cac cong thie (1), (2), (3) ?

Datn=3k+r, r :{0,1,2}
:>k=FJ & r=n—3FJ
3 3
Bay gi® (1), (2), (3) co thé viét gop thanh

2
S = %L%J +%{—1,1, 3}[§J ta can biéu dién gia tri {—1,1,3} qua biéu thirc cda r

cach 1 {-1,1,3} =—{1,0,0} +{0,1,1} + 2{0,0,1} :V;Jﬂu 2J+2V_+1J

3 3
Cach 2 {~1,1,3} ={0,2,4} -1=2{0,1,2} ~1=2r—1
Ta thay rd rang biéu dién theo cach 2 gon gang hon cach 1 rat nhiéu. Tuy vay cach 1 1a

phwong phap téng quat nhét dé biéu dién bd {a,,a,,...,a, } batky theo r ={0,1,....k —1}

n c x
Thay gidtri r=n-— 3L§J (theo cach bieu dién thi 2), ta co
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RN
213 2 3 3
SIIIRER
=3 U 2)13] 213
Tdng quat hoéa: Chirng minh réng, véi m,n nguyén duwong
| i m\ n| mlnl
)l e i
1 m 2)lm] 2| m

Goiy:bat n=km+r, r :{O,...,m—l} (Birng quén so sanh véi Ex2.10)

Rt gon biéu thire

. [n_sﬁﬂgj ; (1_ 2{%‘)%

2 2

Loi giai: Dat n=6k +r, r={0,1,2,3,4,5}

Ta cé:
6k+r—3{6k3+rJ - 6k+r—3{6k3+rJ -
S = { rJ+ 1-2 L rJ
2 3 2 6
r—3L;J r—3[rJ
S = 2k+FJ +1-2 k
2 3 2

{0,1,2,3,4,5} -3{0.,0,0,1,1,1}
2

J{0,0,0,1,1,1}+k
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0,1,2,0,1,2
S:r =T }J{0,0,0,1,1,1}+k

§={0,0,1,0,0,1}{0,0,0,1,1,1} + k
S =k+{0,0,0,0,0,1}

k4 r+1J
6

S—k4 n—66k+1J

6
Ex3.4

Choday sé {U,} théa man
u=-1 U,=0, U,,= 2(Un+l _Un)’ Vnz21
Tim s6 hang tong quat ctia day {U, }

L&i giai:

Day 1a day truy héi tuyén tinh bac 2. Mét cach rat tw nhién 1a ta xét pt dac trung
X =2x+2=0
Tiéc rang phuong trinh nay vé nghiém (thwce ra ta c6 thé dung nghiém phirc, nhwng trong

khuén khé bai viét nay ching ta sé khong dé cap dén)

Ta hay xem {U,} c6 tinh chat gi bing cach tinh thdr mot vai gia tri

U,=200+1)=2, U,=202-0)=4, U,=24-2)=4,..

Ké tlr s6 hang U, tr& di cac sb hang ciia day déu 1a Idy thira cGa 2 (suy ra tir biéu thirc

truy héi). Ta liét ké dwoc bang sau

n 11213145

péucealUut| -1 0 | 1 [ 1] 1

Ly thvacta2l 0 | 1 1 2 | 2

o W O O

.} 1] 0 |2 |22 2°
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DPén day ta nhan thay duoc quy luat
U =D2 2l veiiD,}1a day dau cla {U,} mata can tim
Nhin vao bang liét ké trén ta thdy{D, } Ia day tuin hoan v&i chu ky bang 8 ta sé& chirng

minh khang dinh nay. Dwa vao biéu thic truy héi. Ta c6:

n+8 n+7

D 2{2J:2Dn+72{2J—2D 2UJ

n+8 n+6

=4'l)n+627 ? _4Dn+527 ? _2Dn+62 ’
6 s

:2Dn+62_ 2 _4Dn+52_ ?

:4Dn+52_ ? _4Dn+42_ ? _4Dn+52 ’

n+4

=_4Dn+42{ 2J
{ﬂJﬂ

:_Dn+42 ?

Suyra D .,=-D  , =D, Vn2=1

Nhw vay qua thue { D, } 1a day tuan hoan v&i chu ky bang 8.

n=8k+r, r=10,1,2,3,4,5,6,7}

Trén mét chu ky tir n=8 dén n=15 chang han{D,} nhan cac gia tri {-1,—1,0,1,1,1,0,—1}
Twong rng v&i méi rta cd 1 cdng thire dé biéu dién {Un} ?

© Gi® 14 luc ta dung céc kién thirc da cé dé gop 8 cong thire trén lam 1:

U,={-1-1,0,1,1,1,0,-1}2"
=({0,0,0,1,1,1,1,1} -{1,1,0,0,0,0,0,0} - {0,0,0,0,0,0,1,1} -{0,0,0,0,0,0,0,1}) 2{ZJ
_ Lr+5J+Lr—2J_[r+2J_Lr+1J 2BJ
8 8 8 8
Thay gidtri r=n— SLEJ roi rat gon, cudi cung ta duwoc
8
U - V+5J+V—2HH+ZHHIJ AH
8 8 8 8




