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AL 3 - P
BAT PANG THUC "KEP GIA TRE"
Nguyén Anh Tuyén Toan 08-11 Chuyén Thai Binh

PIEU KIEN MOT S0 KHONG SO CHINH PHUONG
Chitng minh tich ctia bén s6 nguyén duong lién tiép khong thé 1a mot s6 chinh phuong.
Loi giai
Goi bon s0 nguyén duong lién tiép 1a: a,a+l,a+2,a+ 3.
Xét
A =a(a+D(a+2)(a+3)
U A=[a@+3)][(a+(a+2)]
U A=(a’+3a)(a’+3a+2)
Ta dé dang nhan thay (a” +3a)® < (a® +3a)(a’ +3a+2) < (a’ +3a+1)?
nén: A =(a’ +3a)(a’ + 3a+ 2) khong thé 12 s chinh phuong.
Suy ra diéu phai chiing minh.
Chitng minh ring khong tén tai hai s6 nguyén duong x va 'y sao cho x*+y va y*+ x 1a s6 chinh
phuong.
Loi giai
Vi x va y ¢6 vai trd nhu nhau nén khong mét tinh téng quét ta gia st X3 y. Khi d6 ta co:
x? <x2+y£x2+x<(x+1)2.
Suy ra x*+Yy khong 12 s6 chinh phuong.
Vay ta c6 diéu phai chiing minh.

Tim s6 tu nhién a dé phuong trinh x*- a’x +a+1=0 c6 nghiém nguyén.

Loi giai

Dé phuong trinh c6 nghiém nguyeén, diéu kién 1a D=a"*- 4a- 4 1a s6 chinh phuong.
@ Néua=0hoaca=1thi D<O.
@ Neéua=2thi D=2’ phuong trinh c6 nghiém x = 1; x = 3.
@ Neéua 3 3tacé:

D>(a2-1) U a*- da- 4>a'- 222 +1
U 2a*- 4a- 5>0U0 2(a- 2)>5, luondingvi2a 3 6;a-2 3 1.

X A~ 2 2 A A N ~ s 2,0 N 2 2 2 2
Dé thay D<(a ) . Vay A khong la s6 chinh phuong v6i a3 3 vi (a - 1) < D<(a ) .
Vay véi a = 2, phuong trinh ¢é nghiém x = 1; x = 3.
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4. (Cuoc thi Toan hoc lién quoc gia Kérschak,1953)
Cho n, d 1a cdc s6 nguyén duong sao cho 2n” chia hét cho d. Chiing minh ring n® + d khong thé
1a s6 chinh phuong.
Loi giai
Gia str 2n°= kd (k 1 s6 nguyén duong) vi 2n° chia hét cho d.
Gia st n* + d la s6 chinh phuong, tic la binh phuong cua s6 nguyén x thi ta co:
2
x’=n?+d=n? +2:
b k= mk? +2n%k = n* (K + 2k)
Tu day suy ra (k2 + 2k) la binh phuong cua mot s6 nguyén (*)

Vi k* <k®+2k < (k +1)2nén(k2 + 2k) khong thé 1a binh phuong ctia mot s6 nguyén, mau thuén
véi (). Do d6 gia st 1a sai.
Tur day ta c6 diéu phai chiing minh.

5. (IMO 1987)
Cho n 1a mot s6 nguyén khong nhoé hon 3. Chitng minh ring c6 mot tap hop n diém trong mat
phéng sao cho khoang céch giita hai diém bat ki 1a mot s6 vo ti va méi tap 3 diém bat ky déu xac
dinh mot tam gidc khong suy bién ma dién tich cua n6 1a 1 s6 hitu ti.
Loi giai
Trudc hét ta chiing minh bé dé: “Néu M khong 1a s6 chinh phuong thi ~/M 12 s6 vo ti”.
That vay, ta gia st /M 1a s6 hitu ti.
Vi M khong 1a s6 chinh phuong nén ta c6 thé tim dugc s6 nguyén p sao cho M chia hét cho
p°**!, nhung M khong chia hét cho p?**?, vé6i a3 0.

Tadit: N = MZ thi khi d6 VN :£'\:' cling la s§ hitu ti.
Y Y
Do d6 ton tai s6 nguyén t6 q sao cho N chia hét cho g, nhung N khong chia hét cho g°.
Cho VN =X, v6i (r,s) = 1, ta c6: r? =N (%)
S

Vi N chia hét cho g, nén r? chia hét cho q; ma q 1a s6 nguyén t6 nén r chia hét cho g, suy ra r?
chia hét cho ¢°. Két hop v6i (¥) c6 §° chia hét cho q; ma q 12 s6 nguyén t6 nén s chia hét cho q.
Vay r va s c6 thira s6 chung, mau thuan véi (r, s) = 1.

Suy ra di€u gia st 1a sai.

Nhu vay bo dé da dugc chitng minh.

Bay gio ta di giai bai toan.

Trong mat phing ta goi x, 12 diém c6 toa do (n, n®) v6i n = 1, 2, 3,....Ta s& chiing minh ring
khoang cach giita hai diém bat ki nhu thé 1a mot s6 vo ti, va tam giac dugc xdc dinh boi 3 diém
bat ki trong ching 1a mot s6 hitu ti khac 0.

Lay n > m. Ta c6 |Xn - Xm| 1a do dai canh huyén cia mot tam gidc c6 hai canh vuong géc 1a

n—mva n’- m?>=(n- m)(n+m).

Do d6, |X, - X,| =(n- m)y1+(n+m)’ . Ta lai c6:

(n+m)* <(n+m)*+1<(n+m+1)° =(n+m)’ +1+2(n+m)

Neén (n+m)”+1 khong phai Ia s6 chinh phuong.

Do d6 y/(n+m)”+1 1a 56 vo ti.
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Dé ti€p tuc giai bai toan, ta 1y 3 s6 a, b, c sao choa<b <c.
Goi B 1a diém (b, a?), C 1a diém (c, a%) va D 1a diém (c, b*). Ta c6:
S S

XaXpXc XaXcC - XaXpB - XpXcD - SbeCB

2 .2 2_ 2
= (c- a)@— (b- ) (- b)w— (c- b)(b?- &)
12 s6 hitu ti. Ta ¢6 diéu phai chiing minh.

6. (T/372THTT)

Tim cdc s6 nguyén X, y thoa man diéu kién r\‘/x +Ux+..+Yx = y (1) (g6m m dau can) v6i m, n
la cac soO tu nhién 16n hon 2.
Loi giai
@ Nhan xét néu (1) c6 nghiém am (x; y) (x < 0; y < 0) (n 1¢) thi (-x; -y) la nghiém duong
cua (1).
@ Taco (x;y) = (0; 0) la mot nghiém cua (1).
@ Néu 1) c6 nghiém duong x > 0; y > 0.

R6 rang x <y". Ta c6: (1) 0] dx+ Ux +...+9x =y"- X (m— 1 ddu can) 2)
Vi x, y nguyén duong nén hai v&€ ctia (2) déu 1a cic s6 nguyén duong. Lap luan tuong tu
dén dén {x +4x va ¥x 1a hai s nguyén duong.

Pata= ¥x,b= Yx+4x thi a,bl N'.

Don>2nen (a+l)' >a"+a>a'b a+1>¥a"+a>a,ticlha+1>b>a 3)
R6 rang (3) khong xay ra v6i a, b nguyén duong. Vay (1) khong cé nghiém nguyén
duong. Do d6 theo nhan xét trén (1) cling khong cé nghiém am.

Nhu vay: (x; y) = (0; 0) 1a nghiém can tim.
Nhdn xét: Bai toan trén c6 thé gidi v6in = 2.

Bai tdp vdan dung

Chiing minh ring s6 n* +2n%+2n? + 2n +1 khong la s6 chinh phuong.

Chitng minh réng tdng céc binh phuong ctia bon s6 tu nhién lién tiép khong 1a s6 chinh phuong.

9. Ching minh ring phin nguyén ctia can bac bon clia tich 8 s6 tu nhién lién ti€p bang n* +7n+6,
trong d6 n 1a s6 bé nhat trong 8 s6 da cho.
(Tt bai todn nay, ta suy ra ménh dé: “Tich 8 s6 tu nhién lién ti€p khong phai 1a luy thira bac 4
ciia mot s6 nguyén”)

10. (bé dé nghi Olympic 30 — 4, 2003)

Sl

Tim tat ca cac so hitu ti duong x, y sao cho X + y va 1 +l l1a s6 nguyén.
11. ( Balkan , Sennior , 1995)
Cho hai s6 nguyén duong m, n thod man m > n va m + n l1a s6 chan. Chiing minh rang cac
nghiém clia phuong trinh x° - (m2 -m +1)(X -n’- 1) - (n2 +1)2 =0
déu 1a cédc s6 nguyén, nhung khong 1a s6 chinh phuong.
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BEt ®%ng thac “kNp gi, tr”

IL.
L.

GIAI PHUONG TRINH
Giai phuong trinh nghiém nguyén: x* +x*+1=y?
Loi giai
Vi x?3 0 v6i moi x nén:
(x*+x2+1) - (x2+1) <x* +x* +1£ (x* +x? +1) + x>
U (xz)2 <x*+x*+1£ (x2 +1)2
U (xz)2 <y? £(x2 +1)2
Do d6: y? :(x2 +1)2 U x*+x? +1:(x2 +1)2 U x*=00 x=0.
Suyray=1hoacy=-1.
Nghiém nguyén x, y can tim la (0; 1); (0; - 1).
(Bai 1(61) TTT2)
Tim nghiém nguyén ctia phuong trinh: 9x* +6x = y°. (1)
Loi giai
2 ~ 2 3
Taco (1)U (3x+1)" =y°+1. 2)
Vi (3x +1)2 30nény? -1.

Néuy=-1thi3x+ 1 =0, loai.
Néuy=0thix=0.

Néuy = 1 thi (3x+1)* =2, loai.
Xétys 2.
Tacé: (2) 0 (3x+1)° :(y+1)(y2— y+1).Dat d:(y+ly2— y+1).

Q Q QW

Ta co6: ((y +1)2 - (y2 - y+1))Md , hay 3ylid.
Suy ra(3(y +1) - 3y)Md ,hay 3Id. Vay d = 1 hoac d = 3.

S AU na i . L jytl=a’
Theo (1) thi y°N3 nén ylM3, suy rad = 1.Vay c¢6 so tu nhién a, b dé: | .
Ty*- y+1=b’
V6i y3 2 thi y?- 2y +1<y?- y+1<y®nén (y- 1)° <b?<y? voli.
Tém lai, phuong trinh da cho c¢6 nghiém duy nhat 1a (x; y) = (0; 0).

Tim pl P dé tong cdc udc tu nhién ctia p* 12 s6 chinh phuong.

Loi giai

S6 p* c6 5 uée tu nhien 1a 1, p, p2, p°, p'. Gia sit 1+ p® +p° + p* =n® vé6i n 13 s6 tu nhién.
| (2n)” =4n = 4+ 4% + 4p° +4p* > dp* + 4p* +p° = (29 + )’

Khi dé: |

f(2n)" =4n* = 4+4p® + 4p° + 4p* <dp’ +p" +4+4p’ +8p° + 4p=(20° +p+2)
Suy ra: (2p® + p)2 <(2n)* <(2p*+ p+2)2
b (2n)’ = (2p2 +p+1)2 P 4n® =4p® +4p® +5p° +2p+1.

Mat khic: 4n® = 4+4p® +4p® +4p® nén p*- 2p- 3=0pP p=3.
Vay p = 3 thi thoa man dé bai.
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4. Chtng minh v6i moi s6 tu nhién n ta c6: g\/ﬁ ++/n +18= é an+ 28.
Loi giai
Tru6c hét ta ching minh +/n +v/n+1<+/4n+2 (1)
That vay,

()0 2yn*+n<2n+1

U 4n%+4n<4n?+4n+1 (luon ding).

Tir (1) suy ra g\/ﬁ+\/n+18£é 4n+2y.

Gia st g\/ﬁ+\/n+1H<8\/4n+2H

Khi d6 ton tai s6 nguyén duong m dé:

Jn+Jn+l<mEJan+2

0 2n(n+1) <m?- (2n+1) £2n+1

b (2n)° <4n(n+1)<gm?- (2n+1)§ £4n(n+1)+1=(2n+1)°
P m?- (2n+1)=2n+1

P m’=2(2n+1)

Suy ra m la s6 chan, m c¢6 dang m = 2m,
P 2m? =2n+1 (mau thuén).

Vay g\/ﬁ+x/n +18: g\/4n+28 v6i moi sO tu nhién n.
Nhdn xét : Vi “phan nguyén” chinh 1a mot gid tri bi kep nén c6 nhi€u bai toan s€ lam ching ta
hiéu nham do6 1a st dung phuong phap “kep gi4 tri”.

Bai tdp dp dung

Giai phuong trinh nghiém nguyén sau:

a) X*+ 23 +2x%+x+7=y?

b) X*+x=y'+y’+y’+y

c) X*- y'+zt +2x*x* +3x* +472° +1=0

d)x>+y*+2° + 2xy+2x(z- l) +2y(z +l) =t?(x, y, z, t 12 c4c s6 nguyén duong)

Chu y: O bai viét nay toi chi trinh bay nhiing bai todn lién quan dén s6 chinh phuong, nhung bat
dang thitc “kep gid tri” con dé gidi nhiéu dang phuong trinh khdc nhu lién quan dén lap phuong
ctia mot s, tich cua hai s6 nguyén....
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L. MOT SO BAI TOAN KHAC
1. (Bai 1(63) TTT2)
Tim cdc s6 nguyén duong x va y sao cho céc s6 x>+ 3y va y*+ 3x déu 1a s6 chinh phuong.
Loi giai
Gid st x3 y. Tacé: x> <x?+3y £x?+3x <(x+2)°,
Suy ra:x?+3y =(x+1)° b 3y =2x + L.
Do d6 3y 1¢é dan dén y 1é.
baty=2z+1(zl N) thix=3z+1.
@ Néuz=0thi x =y =1.Khi dé: x* + 3y = y*+ 3x =2°, thod man.
@ Néuz>0.Vi(2z+2)" <4z*+13z+4<(2z+4)

nén y?+3x =472 +13z+4=(2z+3)° 0 z=5.Khid6x=16vay=11.
Vay phuong trinh cé nghiém (x, y) 1a (1, 1); (16, 11).
2. Tim tit ca cac ham s6 tang f :N" ® N’ thoa man hai diéu kién sau:
1) f(2n)=n+f(n)" nT N".
2) Néu f(n) 1a s6 chinh phuong thi n 1a s6 chinh phuong.
Loi giai
Gia st f 12 ham s6 thod mén moi yéu cdu bai toan. Do f 1a tang thuc sunén véi moi n1 N, ta cé:
f(n)<f(n+1)<..<f(2n)=f(n)+n.
Do f (n),f (n +1),...,f (2n) déu 1a céc s6 nguyén duong ma f (2n)- f (n) =n nén suy ra:
f(n+1)=f(n)+1'n=12,.. (1)
bat f(1) = a. Dya vao (1) suy ra: f (n)=a+n-1 (2)
Trong (2) thay n béi a* +a+2, tacé: f (a2 +a+ 2) —a+a’+a+2-1= (a+1)2.
Do (a+1)" 1a 56 chinh phuong, nén tir gia thiét 2) suy ra a*+a+2 1a s6 chinh phuong.
Mait khac: a> <a’ +a+2£(a+1)2, nén a’ +a+2:(a+1)2 b a=1.
Thay lai vao (2) ta co: f (n) =n.
Dao lai , ham so f (n) =n thoda man moi yéu cau dé bai.

Vay f(n) = n 1a ham s6 duy nhat thoa man moi yéu ciu dé bai.

3. (Cudc thi Toan sinh vién Mi va Canada)
V6i moi s6 nguyén duong n, ta dinh nghia d(n) =n- m?,trong d6 m 12 s6 nguyén duong 16n nhat
sao cho m? £ n. Cho s6 nguyén duong b, , ta thiét lap day by,b;,...,b, ... véi b,,; =b, +d(b, ).
Nhitng gi4 tri b, nhu thé nao thi day trén ¢6 b, 12 hing s6 véi i di 16n?
Loi gidi
Tra 10i: b, 1a s6 chinh phuong.
That vay, néu b, 1a s6 chinh phuong thi d(b,)=0, do d6 b,,, =b, +d(b,)=b, va day tren c6
céc s0 hang hing s6 ké tir vi tri thit k. Con néu b, khong 1a s6 chinh phuong thi c6 s6 m dé b, nim
giita cdc gid tri m* va (m + 1)% do d6 ta c6 thé viét b, =m?+r (1£r1 £2m).
Suy ra, b,,, =m? +2r.
Nhung ta ¢6 m? <b,,,; <(m+2)° va b,,, * (m+1)°, do d6 s6 b,,, khong Ia s6 chinh phuong( va
16n hon b,).
Tu day suy ra cau tra 1oi.
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Bén canh cdc bai todn trén, ta cling c6 céc bai toan cu thé khéc:
Tim tat ca cac s tu nhién c6 bon chit s6 A = abcd, thoa mén hai diéu kién sau:

1) abd=(b+d- 2a)’ 2) A + 72 1a 6 chinh phuong.

Hudng dan

Vi a3 Lb£9;d£9nénb+d —2a,dodé (b+d- 2a)" £162.

Két hop véi 1) suy ra: 10% £ abd £ 16 (1)
Do A + 72 la s6 chinh phuong nén chit s6 tan cing ctia n6 chi c6 thé 1a mot trong céc s6 sau
{01,4,56,9. Vi le dé di {0,1,5,6} 2)

Tir (1) va (2) suy ra: abdi {12213} .
+ Néu abd =12% =144 (loai, vi khi d6 1441 (4+4- 2)°).
+ Néu abd =13* =169 (thoa man, vi 169=(9+6- 2)°).

Piat A + 72 =n% 3)
Do d=9b AléP nle. Tu (3) suy ra:
1609+ 72£ A +72=16c9+ 72£1699+72b 1681£ A+T72£1771Pp 41’ £n° £ 43 4

Do n 1&, két hgp v6i (4) suy ran =41. Vay A = 1609 1a s6 duy nhat can tim.
Tim tét ca cac s6 nguyén duong N c6 ba chit s6 sao cho cong cac chit s6 cua N v6i N va véi sO
duoc viét boi cac chit s6 N nhung theo thit tu nguoc lai, thi ta dugc mot s6 chinh phuong.
Tim s6 chinh phuong dang aabc(a >c; b 18)
(IMO 1997) Cho céc s6 nguyén duong a, b thod man a’ +b* chia cho a + b ¢6 thuong 1a q va s6
du 12 r. Hiy xdc dinh tat ca cdc cap (a, b) thod man g° +r =1977.
Bai tdp vdn dung
(T,/369 TH&TT)
Vé6i mbi s6 tu nhién n 16n hon 6, goi A, 1a tap hop céc so tu nhién nhd hon n va khong nhd hon

2 . Hay tim sao cho trong A, khong c6 s6 chinh phuong nao.

Véi n 1a s6 nguyén duong bat ki, ta viét Jn=m+r, v6im la s6 nguyén va O£ r <1. Di nhién m
va r phu thuoc n. Vi du, néu n = 20, \/ﬁ =4+0,4721..., tic m = 4; r = 0,4721... . Chiing minh
rang néu n 12 boi clia m thi hodc n 1a s6 chinh phuong, hoac n nho hon mot s6 chinh phuong 1
don vi, hoac n la tich cua hai s6 nguyén lién tiép.
Tim bon s6 tu nhién ¢6 tinh chét : “Binh phuong méi s6 trong ching cong véi ba s6 con lai 1a s6
chinh phuong”.
(Dé dé nghi Olympic 30 — 4, 2007)
Cho cdc s0 nguyén X,;,X,,...,X, 1a cic s6 nguyén thod man:
X2 +X,0 +.. %2+ £(2n- 1) (X, + X, +...+X, ) +n? (1)
Chiing minh rang: S=X, +X, +...+ X, +n+1 khong la s6 chinh phuong.
(Vo6 dich Toan Canada, 1998)
Cho s6 nguyén duong m. Xét day {an}(n 3 O) xdc dinh boi:

a,=0,a, =m;a,, =m’a_ -a -1n31
Ching minh rang cap thi tu (a, b) cdc s6 nguyén khong am, véi a£ b ,]a mot nghiém clia phuong

2 2
a +b1 =m? khi va chi khi (a,b)=(a,,a,.,), véi n3 0 nao dé.

n+l

trinh

(APMO 1999) X4c dinh tat ca cdc cap s6 nguyén (a, b) sao cho hai s6 a* + 4b va b” + 4a déu 1a
nhiing s6 chinh phuong.
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