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Ldi néi dau

Quyén sach két hop nhitng két qua kinh dién vé bat dang thic véi nhitng bai toan rat
méi, mot s6 bai toan duge néu chi vai ngay trude day. Lam sao c6 thé viét duge dieu gi
dac biet khi da c6 qua nhiéu sach vé bat dang thitc? Ching toi tin chic rang du dé tai
nay rat tong quat va thong dung, quyén sach ctia ching to6i van rat khéac biet. Tat nhien
néi thi rat dé, vay ching toi néu vai 1y 16 minh ching. Quyén sach chita mot s6 16n bai
toan ve bat ding thic, phan 16n 1a khé, céc cau héi noi tiéng trong cac cuoc thi tai vi do
kho va vé dep clia chiing. Va quan trong hon, trong cudn sach chiing toi da sit dung nhiing
16i gidi ctia chinh minh va dé xuat mot s6 16n bai toan doc ddo mdi. Trong quyén sach
c6 nhitng bai todn dang nhé va ca nhitng 15i gidi dang nhé. Vi thé quyén sach thich hop
v6i nhitng sinh vién st dung thanh thao bat dang thitc Cauchy-Schwarz va muén cii tién
k{ thuat va ki nang dai s6 ctia minh. Ho sé tim thay ¢ day nhitng bai toan kha hoc bua,
nhiing két qua méi v ca nhitng van dé c6 thé nghien citu tiép. Cac sinh vien chua say
mé trong linh virc nay c6 thé tim duge mot s6 16n bai toan, ¥ tudng, ki thuat loai vira va
dé dé chuan bi t6t cho cac ky thi toan. Mot s6 bai toan ching toi chon la da biét nhung
chiing t6i dua ra nhitng 15i giai méi dé ching t6 su da dang ctia nhiing ¥ tudng lién quan
dén bét dang thic. Bat k¥ ai ciing tim thay & day viec thit thach cho nhiing ki ning ctia
minh. Néu chiing t6i chua thuyét phuc ndi ban, xin hay xem nhiing bai toan cudi cling va
hy vong ban sé dong ¥ vdi ching toi.

Cubdi cung nhung khong két thuc, ching toi to long biét on sau sic nhing nguoi dat
ra cac bai toan c6 trong quyen sach nay va xin 16i vi khong dua ra day du xuat xi dit
chiing t6i da c6 gang hét stic. Ching to6i cling xin cam on Marian Tetiva, Dung Tran Nam,
Constantin Tanasescu, Calin Popa va Valentin Vornicu vé nhitng bai toan dep ma ho néu
ra cting nhitng binh luan quy gid, cdm on Cristian Bab#, George Lascu va Cilin Popa vé
viec danh may ban thdo va nhiéu nhan xét xac dang ctia ho.

Cac tac gia

i
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Chuong 1. Cac bai toan



. Chitng minh réing bat dang thiic

S

\/a2+(1—b)2—|—\/b2+(1—c)2+\/02—1—(1—&)2237.

dtng véi cac so6 thic a, b, ¢ bat ky.
Komal

. [Dinu Serbanescu] Cho a,b, ¢ € (0,1), chitng minh réng

Vabe + /(1 —a)(1 =b)(1 —¢) < 1.
Junior TST 2002, Romania

. [Mircea Lascu] Cho a, b, ¢ 1a cac s6 thic duong théa man abe = 1. Chiing minh rang

b+c c+a a+bd

\/a+ 7 + 7 > a4+ Vb++e+3.

Gazeta Matematia
. Néu phuong trinh 2* +az3 +222 +bx+1 = 0 6 it nhat mot nghiem thyce, thi a?4b* > 8.
Tournament of the Towns, 1993

. Tim gia tri 16n nhat ctia bicu thitc 2% +3° + 2% — 3zyz v6i 22 + > + 22 = L va 2,9, 2
la cac so thue.

. Cho a,b,c,z,vy, z 1a cac s6 thic duong théa man x + y + z = 1. Chitng minh rang

ax + by + cz + 2/ (zy +yz + zx)(ab + be +ca) < a+b+c.
Ukraine, 2001

. [Darij Grinberg] Néu a, b, ¢ 1a cac s6 thuc duong, thi

a . b n c S 9
(b+¢)?  (c+a)? (a+b)? ~ 4la+b+c)

. [Hojoo Lee] Cho a,b,c > 0. Chiing minh rang

Var + a2 + b+ Vb + 022+ + Ve + 2a? + at >

> av/2a2 + be + bV/2b2 + ac + V22 + ab.
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10.

11.

12.

13.

14.

Gazeta Matematia

. Cho a, b, c la cac s6 thic duong thoéa man abe = 2, khi d6

G+ +E>avb+e+bvVe+a+cva+b.

Khi ndo dang thitc xay ra?
JBMO 2002 Shorlist

[Toan Tomescu] Cho z,y,z > 0. Chting minh réng

rYz - i
(1+3z)(z+8y)(y+92)(2 +6) — T

Khi nao ta c6 dang thiic?
Gazeta Matematia
[Mihai Piticari, Dan Popescu] Chiing minh ring
5(a® +b* +c <6(a® +b* + ) + 1,

v6i moi a,b,c>0vaa+b+c=1.

[Mircea Lascu] Cho xy,zs,...,z, € R,n > 2 va a > 0 théa man

2

T4+ ToF o da,=avh 22+ a2+ . 22, < T

N 2
Chiing minh rang z; € [0, —a], v6i moi i € {1,2,...,n}.
n

[Adrian Zahariuc] Chitng minh ring v6i moi a, b, ¢ € (1,2) bat dang thiic sau day ding

by/a Vb ay/c
4b\/5—0\/5+4c\/5—a\/5+4a\/5—b\/5 =

Cho céc s6 thuc duong a, b, ¢ théa man abe = 1, chitng minh rang

a

b ¢
+-+->a+b+ec
b ¢ «a



15.

16.

17.

18.

19.

20.

[Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, x,y, z 1a cac s6 thuc sao cho a+z > b+y >
c+zvaa+b+c=x+y+ 2z Ching minh ring

ay + bx > ac + xz.

[Vasile Cirtoaje, Mircea Lascu| Cho a,b,c 1a cdc s6 thuc théa man abc = 1. Chiing

minh rang
3 6

1 > .
+a+b+c_ ab + ac + be

Junior TST 2003, Romania

Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang

a A ad b A
b b > —
b2 2 a2 T b c a

JBMO 2002 Shorlist

n
Ching minh rang néu n > 3 va x, T, ..., x, > 0 théa man [[ z; = 1, thi
i=1

1 1 1 1

+ ..+ > 1.
1+x + 210 14+ 20 + 2073 1+zp 0 +xp12,  14+x, + 2,1

Russia, 2004

[Marian Tetiva] Cho x, vy, z 1a cac s6 thuc duong thoa man diéu kien
22+ y? 4 2%+ 2wy = 1.

Chitng minh rang
1

a < —:
)xw_g

b) z+y+z<

[\GRGV)

c) vy +rz+yz < - < a2+ y? + 2%

N — =W

d) zy+xz+yz < = + 2xy2.

[Marius Olteanu| Cho xy, z9, 3, 24, v5 € R thdéa méan xy 4+ x5 + x3 + x4 + 25 = 0. Chiing
minh rang
| cos 1| + | cosza| + | cos x| + | coszy| + | cosxs| > 1.
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21.

22,

23.

24.

25.

26.

Gazeta Matematia

[Florina Carlan, Marian Tetiva] Chting minh ring néu z,y, 2 > 0 théa méan diéu kién
r+y+z=uaxyz thi

zy+az+yz >3+ VR +1+2+1+V22 1

[Laurentiu Panaitopol|] Chiing minh réng

1+ a? 1+ 1+2°
I1+y+22 14+z+22 1+z+y>—

)

v6i moi s6 thue z,y, z > —1.
JBMO, 2003

Cho a,b,c > 0 théa man a + b+ ¢ = 1. Chiing minh rang

a?+b bV +c A+a
+ + > 2.
b+ c c+a a—+b

Cho a,b,c > 0 théa man a* + b* + ¢* < 2(a?b* + b?c? + c?a?). Chiing minh ring
a® +b* + ¢ < 2(ab + be + ca).
Kvant, 1988

Cho n > 2 va 21, Za, ..., T, 1a cac s6 thuc thdéa man

1 1 1 1
1 + 1998 * 9 + 1998 et T, +1998 1998

Chitng minh rang
/T1.Z

2...Tn
— 1 > 1998.

n —

Vietnam, 1998

[Marian Tetiva] Cho cac s6 thuc duong z,y, z théa man z? + y* + 2% = xyz. Ching
minh cac bat dang thic sau

a) xyz > 27;
b) zy + xz + yz > 27;



27.

28.

29.

30.

31.

32.

c) x+y+z>09;
d) a2y + 2z +yz>2x+y+2)+09.

Cho z,y, z 1a cac s6 thuc duong c6 tong bang 3. Ching minh rang
VI 4+ Yy +z >y +yz+ ze.
Russia, 2002

[D.Olteanu] Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh réng

a-+b a +b+c b +c+a c
b+c2a+b+c c+a2b+c+a a+b2c+a+b

3
>
4
Gazeta Matematia

Cho a, b, ¢ 1a cac s6 thuc duong, chitng minh ring bat dang thic sau ding

a b c¢c_c+a a+b b+c
e TR L ALY
b ¢ a  c+b a+c b+a
India, 2002
Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang
a? v 3 - 3(ab + bc + ca)

b2—bc+c2+c2—ac+a2+a2—ab+b2_ a+b+c
Dé cit cho ky thi Olympic Toan hoc viing Balkan
[Adrian Zahariuc] Xét cdc s6 nguyén 1, s, ..., x,,n > 0 doi mot khac nhau. Ching
minh rang
o4 2R > 230+ T3+ 22 + 20— 3.
[Murray Klamkin] Tim gid tri l16n nhat ctia biéu thic
xfxg + xgxg + ...+ xi_lxn + xixl

V6i 1, X9, ..., T, > 0 c6 tong bang 1 va n > 2.

Crux Mathematicorum
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33.

34.

35.

36.

37.

38.

Tim gia tri 16n nhat ctia hang s6 ¢ sao cho véi moi z1, @, ..., Ty, ... > 0 thoéa min
Tpi1 > Ty + To + ... + 5 v6i moi k, bat ding thiic

Ty + T+ T < T T2+ T,

ding v6i moi n.
IMO Shorlist, 1986

Cho cac s6 thyc duong a,b,c va x,y,z théa mén a +x = b+y = ¢+ z = 1. Chiing
minh rang

1 1 1
(abc + zyz) (— +—+ —) > 3.
ay bz cx

Russia, 2002

[Viorel Vajaitu, Alexandru Zaharescu] Cho a,b, ¢ 1a céc s6 thyc duong. Chitng minh
rang

—_

ab . be . ca <Xatbto)
—(a c).
a+b+2c b+c+2a ct+a-+2b 4

Gazeta Matematia
Tim gia tri l16n nhat ctia bicu thiic
ab+c+d)+b(c+d+a)+(d+a+b)+d*(a+b+c)
v6i a, b, c,d 1a cac sO thuc ma tong binh phuong ciia cac s6 bang 1.

[Walther Janous] Cho z,y, z 1a cic s6 thuc duong. Chiing minh ring
x y 2

PN sy e SRR i sy SN e sy e

Crux Mathematicorum
Gid st a; < ay < ... < a, la cac s6 thyc, n > 2 1a mot s6 nguyén. Chiing minh ring
a1a42 + a2a43 + ...+ ana41 > a2a41 + a3a42 + ...+ a1a4n.

Iran, 1999



39. [Mircea Lascu| Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh rang

b+c c+a a—+bd a b c
- - >4 - - .
a b c b+c c¢c+a a—+bd

40. Cho ay, as, ..., a, > 1 1a cac s6 nguyén duong. Chitng minh rang it nhat mot trong céc

s W/az, %/as, ..., ‘n~y/ay, %/a; nho hon hoac bing v/3.
Phong theo mot bai toan quen biét
41. [Mircea Lascu, Marian Tetiva] Cho z,y, 2 1a cac s6 thyc duong thoa man diéu kien
vy + 2z +yz+ 2zyz = 1.

Chfrng minh cac bét dzzmg thiic sau
) < !
a) rYz ;
Yz = 87

b) v 4+y+22>

1 1 1
c) —+-+=->4(x+y+2);

r oy oz

111 (22— 1)2
A ~+-4-—4 > 221
)x+y+z (:1:+y—|—z)_z(2z+1)

42. [Manlio Marangelli]| Chiing minh ring véi moi s6 thuc duong z,y, 2,

[\GRGV)

, V6i z = max{z,y, z}.

32y + 22 + 22x) (wy® + y2® + 22?) > wyz(r +y + 2)°.

43. [Gabriel Dospinescu] Chitng minh réng néu a, b, ¢ 1a cac s6 thyc sao cho max{a,b, c} —
min{a, b,c} <1, thi

14+ a® + b+ & + 6abe > 3a®b + 3b%c + 3c%a.

44. [Gabriel Dospinescu] Chiing minh rang v6i bat ky s6 thuc duong a, b, ¢ ta c6

2 b? 2 1 1 1
274+ (24 =) (24 =) (245 ) >6(a+b+o) (= +7+-).
be ca ab a b ¢

2

1 < 1
45. Cho ag = 5 Va Qg = ap + %. Ching minh rang 1 — — < a, < 1.
n n

TST Singapore
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46.

47.

48.

49.

50.

51.

52.

[Calin Popa] Cho a, b, ¢ 1a cac sb thuc duong, véi a, b, ¢ € (0,1) sao cho ab+bc+ca = 1.
Chitng minh rang
a b c 3/(1—a®> 1-0* 1-¢
> + + .

1—a2+1—bz+1—02_1 a b c

[Titu Andreescu, Gabriel Dospinescu] Cho z,y,2 < 1 va  + y + z = 1. Chting minh

rang
1 1 1 27
<

1+x2+1+y2+1+z2 =10

[Gabriel Dospinescu] Chitng minh rang néu /z + /y ++/z = 1, thi
(1= 2)*(1 = y)*(L = 2)* = 2Pxyz(z + y)(y + 2)(z + ).
Cho z,y, z 1a cac s6 thuc duong théa man ryz = x + y + 2z + 2. Chiing minh rang
1) zy+yz+z2e>2x+y+2);
2) Ve + . y+z< SW
Chiing minh rang néu z,y, z 1a cac s6 thuc sao cho 22 4 y? + 22 = 2, thi
r+y+z<zyz+ 2.

IMO Shorlist, 1987
[Titu Andreescu, Gabriel Dospinescu] Chiing minh réng véi moi 1, s, ..., x, € (0,1)
va v6i moi phép hoan vi o ctia tap {1,2,...,n}, ta c6 bat ding thiic

D el K DO g &

i=1

. nooo 1
Cho x1, Za, ..., T, 1a cac s6 thue duong sao cho >
i=1 T

= 1. Chitng minh rang

u 1
;@-zm—l)zm.

i=1

Vojtech Jarnik



53.

54.

55.

56.

57.

58.

59.

60.

[Titu Andreescu] Cho n > 3 va ay, as, ..., a, 1a cac s6 thyc thoa man a; +as+...+a, > n
va a? + a3 + ... + a2 > n? Ching ring max{a,, as, ..., a, } > 2.

USAMO, 1999

[Vasile Cirtoaje] Néu a, b, ¢, d la cac s6 thuc duong, thi

a—b+b—c+c—d+d—a>0
b+c c+d d+a a+b

Cho x va y 1a céc s6 thuc duong, chi ra rang ¥ + y® > 1.

France, 1996
Ching minh rang néu a, b, ¢ > 0 c6 tich bang 1, thi

(a+b)(b+c)(c+a)>4(a+b+c—1).

MOSP, 2001

Chting minh rang véi moi a, b, ¢ > 0,
(a®>+b*+cA)(a+b—c)(b+c—a)(c+a—Db) < abe(ab+ be+ ca).

[D.P.Mavlo] Cho a,b, ¢ > 0. Chting minh réng

g_l_é_l_g Zg(a—i—l)(b—i—l)(c#—l)‘
b ¢ «a 1+ abe

1 1 1
3+a+btct+—+-+—-+
a b ¢

Kvant, 1988

[Gabriel Dospinescu] Chiing minh réng véi moi s6 thuc duong w1, s, ..., ¥, v6i tich
bang 1 ta c6 bat dang thic
n". )

n

(a +1) > (Z%%—Z%)
i=1 i=1 """

i=1

Cho a,b,c,d > 0 théa man a + b + ¢ = 1. Chitng minh rang
11 d
S48 bed > min< —, — + — 5.
a” + b° + ¢” + abca > min 4,9+27
Kvant, 1993

10
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61.

62.

63.

64.

65.

66.

67.

Chitng minh riang v6i moi s thyc a, b, ¢ ta c6 bat dang thiic
Z(l +a®)?2(1+ ) a—c)*)(b—c)* > 1+ a>)1+ )1+ A (a—b)*(b— *)(c—a?).
AMM

[Titu Andreescu, Mircea Lascu] Cho «a, z,y, 2 1a cac s6 thyc duong thoa man zyz = 1
va a > 1. Chiing minh rang

x® ye 2% 3
+ + > -
y+z z4+x x4y~ 2
Chitng minh rang v6i moi s6 thuc xy, o, ..., Tp, Y1, Yo, --.., Y thda man 3 +a3+...+ 22 =

yi+ys+ ... +y2=1,taco

(192 — 221)” < 2 (1 - Zifkyk) :
k=1
Korea, 2001

[Laurentiu Panaitopol] Cho ay, as, ..., a, 1a cac s6 nguyen duong doi mot khac nhau.
Chitng minh ring

2n+1
a?+ai+.. +a> (a1 +as + ... + ay).
TST Romania
[Cawlin Popa] Cho a,b, ¢ 1a cac s6 thyc duong théa man a + b + ¢ = 1. Chitng minh

rang
by/c . oa_ av/b _3V3
a(v3c+Vab)  b(v3a+Vbc)  c(V3b+fea) 4

[Titu Andreescu, Gabriel Dospinescu| Cho a, b, ¢ 1a cac s6 thyc thda man

(1+a*)(1+0*)(1+ ) (1+d*) = 16.
Chitng minh rang

—3 < ab+ bec+ cd + da + ac + bd — abed < 5.

Chitng minh rang
(a® +2)(b* + 2)(c* + 2) > 2(ab + bc + ca)

v6i moi a, b, ¢ 1a cac s6 thiue duong.

11



68.

69.

70.

71.

72.

73.

APMO, 2004

[Vasile Cirtoaje] Chiing minh rang néu 0 <z <y < zvax+y+ 2z = ryz + 2, thi

a) (1—ay)(1—yz)(1 —xz2) 2 0;
32

b) x2y < 1,232 < —.
) 2y < 1,2% < 5

[Titu Andreescu] Cho a,b,c 1a cac s6 thuc duong théa man a + b + ¢ > abe. Chiing
minh rang c6 it nhat hai trong cac bat dang thic

3 6 2 3 6
+_+_Z6a_+_+_267
c a c a b

— 4 =
a

ding.

2

3 6
b

+_Z6a_
C

2
b

[Gabriel Dospinescu, Marian Tetiva] Cho z,y, z > 0 théa man

Chitng minh rang

T+y+z=u1ayz.

(z—1)(y—1)(z—1) < 6v3 — 10.

TST 2001, USA

[Marian Tetiva] Chiitng minh réng v6i bat ky céc s6 thyc duong a, b, ¢ ta c6

a® — b

b —

3

3

cC—a

(a—0)*+ (b—

c)? + (c— a)z‘

b+c

c+a

IN

4

Moldova TST, 2004

[Titu Andreescu] Cho a,b, ¢ la cac s6 thyc duong. Chiing minh rang

(a® —a*+3)(b° —b* +3)(° = +3) > (a+b+c)

[Gabriel Dospinescu] Cho n > 2 va x4, 29, ..., x,, > 0 thoa man

Chitng minh rang

()

"1

> L)

o1 Lk

) >n?+4+
n

1.

USAMO, 2004
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74.

75.

76.

77.

78.

79.

80.

[Gabriel Dospinescu, Mircea Lascu, Marian Tetiva] Chting minh rang v6i bat ky cac s6
thuc duong a, b, ¢, ta c6

a® + b 4+ +2abc +3 > (1 +a)(1+b)(1+c).

[Titu Andreescu, Zuming Feng] Cho a,b, ¢ 1a cac s6 thyc duong. Chitng minh rang

(2a+b+c)*  (2b+a+c)*  (2c+a+b)?
202+ (b+c¢)?2 202+ (a+c¢)? 224 (a+b)? —

USAMO, 2003
Chitng minh rang v6i moi s6 thic duong z,y va véi moi s6 nguyén duong m, n, ta c6
(n=1)(m—=1) (@™ +y™") + (m+n—1)(@"y" +2"y") = mn(@™ "y +y™ " ).

Austrian-Polish Competition, 1995

Cho a, b, c,d 1a cac s6 thiye duong théa man abed = 1. Chitng minh ring

a + abc N b+ bed N ¢+ cde N d+ dea N e+ eab >10
14+ab+abed 1+bc+bcde 1+cd+cdea 1+de+deab 1+ea-+eabc — 3

Crux Mathematicorum
[Titu Andreescu] Chiing minh ring véi moi a, b, ¢ € (0, g) bat dang thiic sau ding

sina.sin(a — b).sin(a — ¢) sinb.sin(b — ¢).sin(b — a) = sinc.sin(c — a).sin(c — b)
sin(b + ¢) sin(c + a) sin(a + b) -

TST 2003, USA

Chitng minh rang néu a, b, ¢ 1a cac sd thuyc duong, thi

Vat + b 4 4 Va2b? 4+ b2c + c2a® > Va3b + b3 + cda + Vab3 + be3 + cad.
KMO Summer Program Test, 2001

[Gabriel Dospinescu, Mircea Lascu] Cho n > 2, tim hang s6 k, nhé nhéat c6 tinh chat:
Néu aq, as, ..., a, > 0 co6 tich bang 1, thi
a1ao 203 anay

+ NI <k,
(a2 +az)(a3 +ay) (a3 + az)(a2 + az) (a2 +ay)(a? +a,) —

13



81.

82.

83.

84.

85.

86.

87.

[Vasile Cirtoaje] V6i moi s6 thuc a, b, ¢, 7, y, z, chiing minh rang bat dang thitc sau ding

2
ax + by +cz + /(a2 + 02+ c2)(22 + y2 + 22) > Sla+b+o)@+y+2).
Kvant, 1989

[Vasile Cirtoaje] Chitng minh rang cac canh a, b, ¢ ctia mot tam gidc thda man bat dang

thic ) )
3(c4+2+5—1)>2(2+5+2).
b ¢ «a a b ¢

[Walther Janous] Cho n > 2 va xy, 7, ..., 2, > 0 ¢6 tong bing 1. Ching minh ring

Crux Mathematicorum

[Vasile Cirtoaje, Gheorghe Eckstein] Xét cac s6 thuc duong zy, s, ..., 2, thoa man
T1T9...7, = 1. Chitng minh rang

1 1 1
- +oi <
n—14+x; n—1+z n—1+x,

TST 1999, Romania

[Titu Andreescu| Chiing minh rang v6i moi s6 thuc khong am a, b, ¢ thoéa man a® + b* +
c® + abc = 4, ta co
0 < ab+ bc+ ca— abe < 2.

USAMO, 2001

[Titu Andreescu] Chitng minh ring v6i moi s6 thuc duong a,b, ¢, bat dang thic sau
ding

VL Yabe < max {(Va — VB (VB - Vo, (Ve - va)')

TST 2000, USA

[Kiran Kedlaya] Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang

a + Vab + Vabc <</ a+ba+b+c
a. . .
3 = 2 3

14
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88.

89.

90.

91.

92.

93.

94.

Tim hing s6 k 16n nhat sao cho véi moi s6 nguyén duong n khong 13 mot sd chinh
phuong, ta c¢6

(1 + v/n) sin(rv/n)| > k.
Vietnamese IMO Training Camp, 1995

[Tran Nam Dung| Cho z,y, z > 0 théa man (z +y+ 2)* = 32zyz. Tim gia tri nho nhat
va gia tri 16n nhat ctia bicu thiic

at oyt 2
(x+y+2)*

Vietnam, 2004
[George Tsintifa] Chiing minh rang véi moi a, b, ¢, d > 0,
(a+b)*(b+c)*(c+d)?(d+a)® > 16a*V*Pd*(a + b+ c+d)*.
Crux Mathematicorum

[Titu Andreescu, Gabriel Dospinescu] Tim gia tri 16n nhét ctia biéu thiic

(ab)”  (bc)" | (ca)"
1—ab+1—bc+1—ca

V6i a, b, ¢ 1a cac s6 thuc khong am c6 tong bang 1 va n 1a mot s6 nguyén duong.
Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang

1 1 1 3
al+D) TWito dlta) = Vabe(1 + Vabe)

[Tran Nam Dung] Chiing minh ring véi moi s6 thuc a, b, ¢ théa man a? + b? + ¢ = 9,
ta co
2(a+ b+ c¢) — abe < 10.
Vietnam, 2002

[Vasile Cirtoaje] Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh réng

o) (b o)) o)

15



. [Gabriel Dospinescu] Cho n 1a s6 nguyén 16n hon 2. Tim s6 thuc m,, 16n nhat va sb

95
thuc M,, nhé nhat sao cho véi moi s6 thite duong 1, zs, ..., ¥, (V6i 1, = g, Tpi1 = 1),
ta co

: < M,,.

My <
; Ticy +2(n — 1) + 2544
96. [Vasile Cirtoaje] Néu x,y, z la cac s6 thuc duong, thi
1 n 1 n 1 S 9
2rry+y? P Hyz+22 P24zt T (x+y+2)?

Gazeta Matematia

97. [Vasile Cirtoaje|] V6i moi a,b, ¢,d > 0, chiimg minh rang
2(a® +1)(0* + 1)( + 1)(d* + 1) > (1 + abed) (1 + a*) (14 b%)(1 + ) (1 + d?).

Gazeta Matematia

98. Chiing minh rang v6i moi s6 thuc a, b, ¢, ta c6

(a* +b* + ).

SIS

(a+b)*+(b+c)+(c+a) >

Vietnam TST, 1996

. Chttng minh rang néu a, b, ¢ 1a cac s6 thiyc duong thoéa man abec = 1, thi
1 . 1 n 1 - 1 . 1 . 1
l4a+b 1+b+c 14+c+a” 24a 2+4b 2+4c
Bulgaria, 1997

99

100. [Tran Nam Dung] Tim gia tri nhé nhat ctia biéu thiic
1 2 3

b+c

trong do6 a, b, ¢ 1a cac s6 thuce duong théa man 21ab + 2bc + S8ca < 12.
Vietnam, 2001

16
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101. [Titu Andreescu, Gabriel Dospinescu] Chitng minh rang véi moi z,y, 2, a, b, ¢ > 0 thoa
man xry + yz + zx = 3, ta co

L(y—i—z)—l— (z+2)+

> 3.
b+ c c+a a+b<x+y)_3

102. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang

(b+c—a)*  (a+c—0b)?* (a+b—c)?

3
(b+c)+a? (a+c)?24+0  (a+b)?2+c2 '

5

>

Japan, 1997

103. [Vasile Cirtoaje, Gabriel Dospinescu| Chitng minh rang néu ay, ag, ..., a,, > 0 thi

al +ay + ...+ a) —najay...a, > (n—1) <a1 il a2n+_...1+ o=t an>

trong do6 a, 1& s6 nho nhat trong cic s6 ai, as, ..., ay.
104. [Turkevici] Ching minh rang véi moi s6 thuc duong .y, 2, t, ta c6
zt + y4 + 2ttt + 2xyzt > x2y2 + y222 + 282 2% a2+ y2t2.
Kvant
105. Chiing minh ring v6i moi sé thuc aq, as, ..., a,, bat ding thic sau ding
)
Zai < Z —a,a;.
(i:l ) i,j:ll+]_1
106. Chiing minh ring néu ay, as, ..., ay, b1, ..., b, 1a cac s6 thyc nam gitta 1001 va 2002, thoa

man
a+ay+ .. +ad =0 +b5+ ...+ b,

thi ta c6 bat déng thic

1
(a2 +a3+ ... +a?).

(=
[y
=
)
3
=l

TST Singapore

17



107.

108.

109.

110.

111.

112.

113.

[Titu Andreescu, Gabriel Dospinescu] Chiing minh rang néu a, b, ¢ 1a cac s6 thyc duong
c6 tong bang 1, thi

(a® + b*)(0* + ) (c® + a®) > 8(a*V® + b*c* + Fa?)>.
[Vasile Cirtoaje] Néu a, b, ¢, d 1a cac s6 thyc duong thoa man abed = 1, thi

1 1 1 1
> 1.
(4a? (402 (te2 Uxap-

Gazeta Matematia

[Vasile Cirtoaje] Cho a,b, ¢ 1a cac so thyc duong. Chiing minh réng

a? b2 c? a b c

+ + > + +—
24+c2 c2+a? atb®! " b+c c+a a+bd

Gazeta Matematia

[Gabriel Dospinescu] Cho ay, as, ..., a, 1a céc s6 thuc va S 1a mot tap con khac rong
ciia {1,2,...,n}. Chiing minh ring

2
(Za2> S Z (ai—l—...+aj)2.
€S 1<i<j<n

TST 2004, Romania

[Dung Tran Nam] Cho 1,29, ..., 2004 1& céc s6 thuc trong doan [—1,1] thoéa méan
o3+ 23+ .+ 2350, = 0. Tim gia tri 16n nhat clia x1 + Ta... + T2004-

[Gabriel Dospinescu, Calin Popa] Chiing minh ring néu n > 2 va ay, as, ..., a, 1a cic s6
thiic ¢6 tich bang 1, thi

2n

a?+ai+..+a:-n>

1.\"/71— 1(a; +as+ ... + a, —n).

[Vasile Cirtoaje] Néu a, b, ¢ 1a ca s6 thuc duong, thi

[ 2a \/ 2b \/ 2
— + + < 3.
a+b b+c c+a

18
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114.

115.

116.

117.

118.

119.

Gazeta Matematia

Chitng minh ring bat dang thic sau ding véi moi sé thuc duong z,y, 2

1 1 1 9
(x“y””’<<x+y>2+<x+y>2+<x+y> ) T

Iran, 1996

Chitng minh rang véi moi x,y trong doan [0, 1],

Vit +/1+y2+ /(1 —2)2+ (1 —y)2 > (1+V5)(1 - ay).
[Suranyi] Chitng minh réng véi moi s6 thiue duong ay, as, ..., a,, bat dang thiic sau ding
(n—1)(a" 4+ al + ... +a") +najag...ap, > (a1 +ag + ... +a,)(al a4+ Fa ).
Miklos Schweitzer Competition

Chiing minh rang véi moi x1, xs, ..., T, ¢6 tich bang 1,

Z (z; — x5)* > zn:xlz —n.
i=1

1<i<j<n
Dang téng quat ctia bat ding thic Turkevici

[Gabriel Dospinescu] Tim gia tri nhé nhat ctia bieu thic

CL1(L2
Z (n— 1)

Vol ay, as, ..., ap < : c6 tong bang 1 va n > 2 1a mot sd nguyen.

n —

[Vasile Cirtoaje] Cho ay,as, ..., a, < 1 1a cac s6 thuc khong am thoa man

Chitng minh rang




120. [Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, z,y, z 1a cic sd thuc duong thoa man
(a+b+e)z+y+2)=(+0+)(*+y* +27) =4

Chitng minh rang
1
abcryz < —.
TS
121. [Gabriel Dospinescu] Cho n > 2, tim gia nhé nhat ctia hing s6 k,, sao cho néu
T1,Ta, ..., T2 > 0 c6 tich bang 1, thi

1 1 1
ot ——=<n-—-1.

+ +.

Mathlinks Contest

122. [Vasile Cirtoaje, Gabriel Dospinescu] Cho n > 2, tim gia tri 16n nhat ctia hing sb k,,
sao cho v6i bat ky xy, 9, ..., 2, > 0 thda man 2?2 + 22 + ... + 22 = 1, ta c6 bat dang
thic

(1 —21)(1 —x9)...(1 — ) > kpw129...2,.

20
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Chuong 2. Cac 16i giai

21



1. Ching minh ring bat dang thiic

2
Va2 + 1 =02 4+ +(1—-c)2+/2+(1—a)2> %
dtng véi cac s6 thue a, b, ¢ bat ky.

Komal

Loi giai 1:
Ap dung bat ddng thitc Minkowski cho vé tréi ta 6

Va2 + (1 =02+ VR +1—c2+/E+1—-a2>(a+b+c)2+(B—a—b—c)

Dit a + b+ c = x, khi d6

(a—l—b+c)2+(3—a—b—c)2:2(x—g)2+gZ%,

va két luan duge ching minh.

Loi giai 2:

Ta c6 bat déng thic
\/a2+(1—b)2—|—\/bz+(1—c)2+\/62—|—(1—a)2 >

al +11 -5 bl + 11 —¢ cl+11—a
el =l Jd+ 1ol

T2 V2 V2

3v/2

va béi vi |z| + |1 — x| > 1 v6i moi s6 thyc z, dai lugng cudi cling it nhat bang —

2. [Dinu Serbanescu] Cho a,b,c € (0,1), chiitng minh réng

Vabe + /(1 —a)(1 =b)(1 —¢) < 1.
Junior TST 2002, Romania

Loi giai 1:
~ z 1 1 .
Dé thay 2z < x5 véi z € (0,1). Suy ra

Vabe < Vabe,

va

VI —a)(1-b)(1—c)< /(1 —-a)l-b)(1-c).

22
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Bdi bit déng thitc AM-GM,

Vabe < Vabe < %b—l—c’

va

(1—a)+(1—b)+(1—c).

V=051 - < YT-a)d - b -0 < .

Cong hai bat dang thiic, ta duge

atbtc+l—-a+1-b+1-c

Vabe++/(1—a)(1=b)(1—¢) < ;

L
diéu phai chitng minh.

Loi giai 2:
Ta cb

Vabe+ /(1 —a)(1—=b(1—¢) < Vbhv/e+VI—by/1—c<1,

béi bat déng thiic Cauchy-Schwarz .
Loi giai 3:
7T z 2
Dit a = sin® x,b = sin? y, ¢ = sin® z, véi x,7, 2 € (0, 5) Bat dang thic trd thanh
sinz.siny.sin z + cos . cos y.cos z < 1
va dugc suy ra tit cac bat dang thic sau
sin z. siny. sin z 4+ cosx. cosy. cos z < sinxsiny + cosx. cosy = cos(x —y) < 1.
. [Mircea Lascu] Cho a,b, ¢ 1a céc s6 thuc duong théa man abc = 1. Chiing minh réng

b+c¢c c¢c+a a-+b

Va b TR

> Va+Vb+ e+ 3.

Gazeta Matematia

Loi giai:

23



T bat dang thitc AM-GM, ta c6
b+c+c+a+a+b>2 @+ C_a+ a_b
va Vb ve = \Va Vb Ve
be ca ca ab ab be
=\ =+ /= |+ /== |+ =+
a b b c c a

> 2(Va+ Vb + /)

> Va+ Vb + e+ 3Vabe
=Va+Vb+ec+3.

4. Néu phuong trinh z*+ax® 4222 4+-bx+1 = 0 ¢6 it nhat mot nghiem thue, thi a?+b% > 8.
Tournament of the Towns, 1993

Loi giai:
Cho z 1a nghiém ctia phuong trinh. Sit dung bat dang thitc Cauchy-Schwarz dan dén

(zt 4 222 4+ 1)?

2, 12
a®+ b >
- x2 + b

> 8,

bdi vi bat dang thiic cudi cting tuong duong véi (2% — 1)* > 0.

5. Tim gia tri 16n nhat ctia biéu thic 23 + > + 22 — 3zyz v6i 22 + 32 + 22 = 1 va 2,9, 2
1a cac so thue.

Loi giai:
Dit t = 2y + yz + zx. Dé thay
(2 +° + 22 = 3ay2)? = (e +y + 2)°(1 — a2y —yz — z2)* = (14 2t)(1 — )2
Ta ciing ¢6 —% <t < 1. Suy ra, ta phai tim gia tri 16n nhat ctia bicu thitc (14+2t)(1—1t)2,
véi —% <t < 1. Trong truong hgp nay ta co
(1+2t)(1—1)* <1 t*(3—2t) >0,

vay |23 +y3 + 23 — 3xyz| < 1. Dau bang xdy ra khi x = 1,y = z = 0 va gid tri 16n nhat
bang 1.

6. Cho a,b, c 1 cac s6 thyc duong thoa man = + y + 2z = 1. Chiing minh ring

ax + by + cz + 2/ (zy +yz + zx)(ab + be +ca) < a+ b+ c.
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Ukraine, 2001

Loi giai 1:
Ta sé st dung bat dang thitc Cauchy-Schwarz hai lan. Dau tién, ta viét

ax + by +cz < Va2 + 02 + 2 \/a? 4 y? + 22

va sau d6 ap dung bat dang thuc Cauchy-Schwarz lan nita ta dugc:

ar + by + cz + 2/ (zy + yz + zx)(ab + be + ca) <
< \/Zaz.\/2x2+\/22ab.\/22xy
< \/Zx2+22xy.\/2a2+22ab
“Ya

Loi giai 2:
Bat ding thic thudn nhat véi a, b, ¢ ta c6 thé gid st a + b+ ¢ = 1. Ap dung bat ding
thitc AM-GM ta co

ax+by+cz+2/(zy + yz + 22)(ab + be + ca) < ax+by+cz+xy+yz+ze+ab+betca.

Bai

1—a? -9y =22 1—a%®—b —c?
2 2

xy+yz+zrx+ab+bec+ca= <1—azx—by—cz,

bat dang thiic cudi ciing tuong duong véi (v — a)? + (y — b)2 + (z — ¢)? > 0.
. [Darij Grinberg] Néu a, b, ¢ 1a cac s6 thuc duong, thi

a n b n c < 9
(b+¢)?  (c+a)? (a+b)? " 4la+b+c)

Loi giai 1:
Ta viét lai bat dang thrc

a b c 9
(a+b+c) ((b+c)2 Terart (a+b)2) =

Ap dung bat ding thitc Cauchy-Schwarz ta c6

(a+b+c)a+b+c>a+b+c2
(b+¢)?  (c+a)? (a+b)?) " \b+c c+a a+b)

25




Cudi ciing ta phai chiing minh

a b c
- -
b+c c+a a+bd

3
> 50
2
bat dang thiic nay ching ta da biét.

Loi gii 2:
Khong mat tong quat ta co thé gia sit a + b+ ¢ = 1. Xét ham

f:(0,1—> (0,00),f((L’): (1_1.)2'

Tinh dao ham clia f ta thay f 1a ham 16i. Vay, ta c6 thé 4p dung bat dang thiic Jensen
va két luan duge chiing minh.

. [Hojoo Lee] Cho a,b,c > 0. Chiing minh rang

Vat + a2 + b + Vb + 022+ + Ve + 2a? + at >

> av/2a2 + be + bV/2b2 + ac + V22 + ab.
Gazeta Matematia

Loi giai:
Ta bat dau tit (a® — b?)? > 0. Ta viét lai bat dang thiic nhu sau
4a* + 4a*b* + 4b* > 3a* + 6a*b* + 3b*,
suy ra
Val +a2b? + bt > ?(cﬁ +b2).
Tt do, dé thay rang

(Z a* + a?b? +b4>2 >3 (Za2> .

Ap dung bat ding thitc Cauchy-Schwarz ta 6

(Cavae i) < (L) (D +00) <3(Xa?)

va bat dang thitc duge chitng minh.
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9. Cho a, b, ¢ 1a cac sd thyc duong théa man abe = 2, khi d6

G+ +E>avb+e+bvV/e+a+cva+b.

Khi nao dang thitc xay ra?
JBMO 2002 Shorlist

Loi giai 1:
Ap dung bat ding thitc Cauchy-Schwarz ta c6

(1) 3@+ +c%) > (a+b+c)?
va
(2) (@ +0*+ )2 < (a+b+c)(a®+ b+ ).

Két hop hai bat dang thic trén ta duge

(@ +0*+c)(a+b+c)
3
(@®+0*+A)((a+b)+ (b+c)+ (c+a))
6
- (a\/b+c+b\/a+c+c\/a+b)2
- 6
St dung bat dang thic AM-GM ta c6

@+ v+ 3>

avb+c+b/a+c+cva+b> 3</abc\/(a+b)(b+c)(c+a)

(3) > 3\3/ abeV 8abe
> 3v/8
= 6.

Vay
(4) (aVb+c+bVa+c+cva+b)?>6(aVb+c+bVa+c+ceva+b).

Di¢u phai chitng minh dugc suy ra tit bat ding thiic (3) va ().

Loi giai 2:
Ta c6

aVb+c+b/atc+evat+bd</2a2+02+c2)(a+b+c).
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10.

11.

Stt dung bat dang thitc Chebyshev, ta c6
V2@ + 02+ ) (a+b+c) < /6(ad+ b +c3)

va cudi ciing ta chi can chitng minh a® + b 4 ¢ > 3abe, diéu nay ding bdi bat ding
thitc AM-GM . Ta c6 déng thitc néu a =b = ¢ = /2.
[Toan Tomescu] Cho z,y,z > 0. Chting minh réng

TYz
(1+3x)(x+ 8y)(y +9z)(z + 6)

1

< o

Khi nao ta c6 dang thic?
Gazeta Matematia

Loi giai:
Dau tien, chiing ta viét lai bat ding thitc dudi dang

(1+ 3z) <1+8;y) <1+9?Z) <1+g) > 7.

Bat ding trén duge suy ra trigc tiép tit bat dang thitc Huygens. Dang thiic xay ra khi

3
x:2,y:§,z:1.

[Mihai Piticari, Dan Popescu] Chitng minh ring
5(a> +b* +c*) < 6(a® + b + ) +1,
v6i moi a,b,c >0vaa+b+c=1.
Loi giai:
Via+b+c=1,taco
a® +b* + ¢ = 3abc + a* + b* + ¢ — ab — be — ca.
Bat déng thiic tré thanh

5(a® + b* + ¢*) < 18abc + 6(a* + b* + ¢*) — 6(ab + be + ca) + 1
& 18abc + 1 — 2(ab + be + ca) > 6(ab + be + ca)
< 8(ab+ be + ca) < 2+ 18abe
< 4(ab+ be + ca) < 1+ 9abe
< (1 —2a)(1 —2b)(1 —2¢) < abc
& (b+c—a)(c+a—0b)(a+b—c) < abe,

bat déng thic cudi tuong duong véi bat ding thitc Schur.
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12.

13.

14.

[Mircea Lascu] Cho x1,zs, ...,z, € R,n > 2 va a > 0 théa man

2

T4+ 2o+ ..+ x, =avh ¥+ 2%+ .. 22, < p—

N 2
Chiing minh rang z; € [0, —a], v6i moi i € {1,2,...,n}.
n

Loi giai:
St dung bat dang thic Cauchy-Schwarz , ta co

<a_x1>2g<n_1><x§+x§+...+x3>g<n_1>(n“_zl_xf).

Suy ra
2 2 2 2 2a
a® —2ary + 7] < a®— (n— 1)z} & x; T = — <0,
diéu phai chitng minh.
[Adrian Zahariuc] Chitng minh ring v6i moi a, b, ¢ € (1,2) bat dang thiic sau day ding

by/a Vb ay/c
e—cva deva—avh  davb—bye o

Loi giai:
Vi a,b,c € (1,2) nén cac mau s6 1a duong. Khi d6
byv/a o a
4by/c —cy/Ja —a+b+c
Sbla+b+c) > Va(4by/c — ¢v/a)
S(a+b)(b+c) > 4by/ac,

bat ding thic cubi suy ra tit a + b > 2v/ab va b+ ¢ > 2v/be. Viét hai bat ding thiic
tuong tu va cong 3 bat déng thic lai ta dugce diéu phai ching minh.
Cho cac s6 thuc duong a, b, ¢ théa man abc = 1, chiing minh rang
a b ¢
—t+-+->a+b+ec
b ¢ a
Loi giai 1:
Néu ab + be+ ca < a + b+ ¢, thi bat dang thitc Cauchy-Schwarz giai xong bai toan:

(a+b+c)?
1+1+1
2 2 ) -+ -+ -
g+é+£:ac+ba+cb2 a b e S atbhte
b ¢ «a abe abe
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Ngugc lai, bat dang thic trén cho ta

(ab + bc + ca)?
E+Q+E:a2c+b2a+c2b> atbte oy,
b ¢ a abc - abc -

(6 day ta st dung abc < 1).

Loi giai 2:
z ]— Z zZ 2
Thay the a,b, ¢ béi ta, b, tc véi t = ——==, khi d6 bao toan gia tri ve trai ctia bat dang
Vabe
thitc va tang gia tri vé phai clia bat dang thitc va c6 at.bt.ct = abet® = 1. Do d6 khong
mat tong quat ching ta cé thé gid si rang abc = 1. Khi d6 ton tai céc s6 thuc z,v, 2
z

sao cho a = g,b: —c=—.

x Y z

Bét dang thiic Rearrangement cho ta
2+ + 27 > 2Py + P+ 2P

Suy ra

a, b
b ¢

3.3 .3 2 2 2
c

LSO TAY Y S TYRVERIY o hhte
a Yz Yz

diéu phai chiing minh.

Loi giai 3:
Stt dung bat dang thitc AM-GM |, chiing ta suy ra ring

2a b s/ a?
L2535 > 3a
b+c_3 bc_ga

2b 2 e .
Tuong tu, — + < > 3b va =« + % > 3c. Cong ba bat dang thiic trén ta c6 dieu phai
c o a a

chiing minh.

Lai giai 4:

[ab* [ca* [bc*
Dit = ¢ — Y = ¥ ﬁ,z =\ — - Do do, a = xy?, b = 22, ¢ = y2?, va ayz < 1.
c a

Vay, st dung bat dang thitc Rearrangement, ta c6

R N SN
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15.

16.

[Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, z,y, z 1a cac s6 thuc duong sao cho a + z >
b+y>c+zvaa+b+c=x+y+ 2z Ching minh rang

ay + bx > ac + xz.
Loi gidi:
Ta co
ay+bxr —ac—xz=aly —c)+x(b—z2)
ala+b—x—2z2)+x(b—2)
=ala—x)+ (a+z)(b—2)

1 2 1 2 2
I?(a—ﬁ) +?(a —z7) + (a+2)(b—2)
:?(a—x)2—|—§(a—|—x)(a—x—l—2b—2z)

= Sla—a + (et m)b—cty—2)>0

Dau bang xady rakhia = 2,0 = z,c =y va 20 > y + 2.

[Vasile Cirtoaje, Mircea Lascu] Cho a,b,c 1a cac s6 thyc thoa man abc = 1. Chiing
minh rang

3 < 6
a+b+c~ ab+ac+be
Junior TST 2003, Romania

1+

Lai gidi:

1 1 - £ a2
Tadat x = —,y = 5 z = — va de thay zyz = 1. Bat dang thiic tuong duong véi
c

SN

3 S 6

1+ > .
ryt+yz+zr x+y+z

T (2 +y + 2)* > 3(zy + yz + 27) ta co
3 9
—21+—7
xy +yz + 2x (x+y+2)?

vay can phai chiing minh ring

9 6
1+ > )
(x4+y+2)?2 " x+y+z
5 2
Bét déng thic cudi tuong duong véi (1 - ﬁ) > 0 va diéu nay két thic chiing
T+y+z

minh.
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17. Cho a,b,c 1a cac s6 thuc duong. Chiing minh rang

JBMO 2002 Shorlist

Loi giai 1:
Ta c6

OO

@2
b—22?+a—b(:>a +b* > ab(a +b) < (a —b)*(a+b) >0
diéu nay hién nhién ding. Viét cac bat dang thic tuong tu va cong lai

a3 b3 03 CL2 b2 2 a2 b2 C2

Et etz ta—bt +b—c+ te—a=—4—+—
b2 a’> — b b ¢ a
Lai gii 2:
Tit bat dang thitc Cauchy-Schwarz ta cé

PRI B az b 2\?
(a—l—b—l—c)<b2+ + ) <—+ +—) :
vay ta chi phai chitng minh rang
a> b P

?‘l' +—>a—|—b—|—c

Nhung diéu nay suy ra truc tiép tit bat dang thic Cauchy-Schwarz .
18. Chiing minh rang néu n > 3 va xy, 9, ..., , > 0 théa man [ z; = 1, thi
i=1
1 1 1 1
+ +ot +
L4+ z +xze 14 29+ 2003 L+ 2y +2pazn 142, + 2,0

> 1.

Russia, 2004

Loi giai:
5 ~ - . 2 2 4.z a2 as aq
Ta st dung mot dang tuong tir ctia phép the co dien vy = —, 29 = —, ..., 2, = —.
ay az an

Trong truong hop nay bat dang thic tréd thanh
aq (05} Ay,

+ T e —
a1+a2+a3 CL2+CL3+CL4 an+a1+a2

>1

va dieu d6 1a hién nhien, bdi vi n > 3 va a; + aj11 + ajpo < a1 + ag + ... + a, v6i moi i.
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19. [Marian Tetiva] Cho z,y, z 1a cac s6 thuc duong théa man diéu kién
oyt 2 2y = 1.

Chitng minh rang

) < 1
a) rYz -,
Yz = 87

[\CRGV]

b) z+y+z<

c) vy +xz+yz < - < a2+ y? + 2%

N — o

d) zy+zz+yz < = + 2xy2.

Loi giai:
a) Diéu nay rat don gian. T bat ding thitc AM-GM |, ta c6

1
1 =2+ 9% 4+ 2% + 2oyz > 4v/223y323 = 239%23 < Sl e <

|~

b) Ro6 rang, ta phai c6 x,y,z € (0,1). Néu dit s = x + y + 2, tit he thiic da cho ta c6

ngay
s =25+ 1=2(1—-2)(1—y)(1-2).

Sau d6, lai bdi bat dang thic AM-GM (1 — 2,1 —y,1 — 2 1a cic s6 duong), ta duge

l—z=1—-y+1—2\" — s\’
32—23+1§2( ‘ 3y+ Z) :2(338).

Sau mot vai bude tinh ta duoc
25° + 95 — 27T <0< (25— 3)(s +3)* <0
va két luan 13 16 rang.

c) Céc bat dang thiic nay 1a cac hé qua don gian ciia a) va b):

3
(r+y+2) <

19 3
oy +xz+yz < 5 3171

va

_ 1 3
x2+y2+2_1—2xyz21—2.§:1
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d) Day la van dé té nhi hon, dau tién ta cht ¥ rdng luon luon c6 hai trong ba s6 16n hon
(ho#c nho hon) % Bdi tinh déi xiing, ta c6 thé gia thiét rang, x,y < %, hodc z,y > %
va do do

2r—1)2y—1) >0 r+y—2zy <

N —

Mit khac,

1= 2%+ 9y° 4+ 2% 4 22yz > 20y + 2% + 2ay2
—2ry(1+2) <1—2°
—2zy <1-—z.

Bay gio ta chi viéc nhan vé véi vé cac bat dang thic & trén

1
x+y—2xy§§

z2<1—-2zy

dé c6 duge két qua mong mudn:
1 1
vz +yz —2xyz < 5 -2y == axy+rz+yz < §+2xyz.

Du khong quan trong trong chiing minh, nhung ciing chi ¥ rang

1 1
r+y—2z2y=ay|—+--2]>0,
Ty
2,0 ~ 3 . AL ]' N 1 X Z,
bdi vi ca hai s6 — va — deu 16n hon 1.
T Y
Cha y.
1) C6 thé thu duge mot vai bat dang thiic khéc, st dung
z+2zy <1
va hai bat dang thic tuong tu
y+2rz <1l az+2yz<1.

Vi duy, nhan cac bat dang thiic nay lan lugt véi ,y, 2 va cong cac bat dang thiic méi,
ta co
2+t 4+ 22 bryz <z +y+ 2,
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20.

hoac
l+4dzyz <zx+y+ 2.

2) Néu ABC' 1a mot tam gidc bat ky, thi cac so
A B . C

x:sing,y:sin—,z:sm—

2 2
thoa man dicu kién ctia bai toan nay; ngudc lai, néu z,y, z > 0 thod man
2+ 2 2y =1

thi ¢c6 mot tam giac ABC' sao cho

A . B . C
T =sin —,y = sin —, 2 = sin —.

2 2 2

Theo nhan xét nay, cac cach chitng minh méi c6 thé duge dua ra cho cac bat déang thic
trén.

[Marius Olteanu| Cho x1, 29, x3, 24, 25 € R thdéa man xq 4+ x5 + x3+ x4 + 25 = 0. Chiing
minh rang
| coszy| 4 | cosza| + | cosxs| + | cosxy| + | cosxs| > 1.

Gazeta Matematia

Loi giai:
Dé dang ching minh dudc rang

|sin(z + y)| < min{|cosz| + | cosyl, | sinz| + |siny|}

va
| cos(z + y)| < min{|sinz| + |cosyl, |siny| + | cos z|}.
Vay, ta c6
5 5
1 =cos (Zx2> | < |cosxy|+]sin (Zx2> | < |cosx|+]|cosxa|+]| cos(xs+xs+a5)|.
=1 1=2

Nhung bing cach tuong tu ta ¢ thé chitng minh
| cos(z3 + 24 + x5)| < |cosws| + | cosxy| + | cos x|

va ta c6 diéu phai ching minh.
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21. [Florina Carlan, Marian Tetiva] Chiing minh ring néu z,y,z > 0 théa man diéu kien
r+y+z=uwxyz thi

ry+az+yz >3+ Val4+1+Vy2+14+V22 +1.

Loi giai 1:
Ta c6

ryz=x+y+z> 27y + 2 = 2(y/7Y)* — 2/TY — 2 > 0.
Béi vi nghiém duong ciia tam thitc 2t? — 2t — 2 13

1+V1+ 22
2 Y

tur do ta co

1+ VIt 22
VE > VT E w1+ VT A
z

Hién nhien ta c6 hai bat dang thic tuong tu khac. Khi do,
Ty +yz+ 20 > oYz FyVer + 2Ty >3+ Va2 + 14+ V2 + 14+ V22 41,

va ta thu dude chitng minh ctia bat dang thitc da cho, va mot sy cai thién nho ctia né
Loi giai 2:
Mot su cai thien khac duge dua ra nhu sau. Bat dau ti

1 1 1 1 1 1

I I | I S e e T

2 yr 22 T xy  yz  zx

bat ding thiic nay tuong duong véi

(wy +yz + 22)* > 2xyz(z +y + 2) + 2%y%2% = 3(x +y + 2)°.

Hon nita,

(zy +yz + 22 — 3)* = (vy + yz + 22)* — 6(xy + yz + 22) + 9
>3(x+y+2)*—6(zy+yz+2x)+9
=3(z® +y° 4+ 2°) +9,

suy ra
zy +yz+2e >34+ /3@ 4+ y2 + 22) + 9.
Nhung

V3212 +22) 49> Va2 F1+y2+1+V22+1

la mot hé qua ciia bat ding thic Cauchy-Schwarz va ta co su cai thieén thi hai va
chitng minh ciia bat ding thiic mong muén:

vy +yz+2e >34+ /32 + 2+ 22)+F9>3 Vel H 1+ 2+ 1+ V2L

36



www.VNMATH.com

22. [Laurentiu Panaitopol] Chiing minh ring

1+ 22 1+ y? 1+ 22
I1+y+22 14+z+22 14492

v6i moi s6 thue z,y, z > —1.
JBMO, 2003
Loi giai:

. 1492
Ta thay y < i

va l+y+ 2% >0, vay

1+ 22 - 1+ 22
l+y+22 7~ 1+y°

1 2
+ 2% + 5

va ¢6 cac he thiic tuong tu. Dat a =1+ 2%, b= 1+y? c =1+ 22, chi can chiing minh
rang

a b c

1 > 1
(1) 20+b+2a+c+26+a_

véi bat ky a,b,c > 0. Dat A =2c+ b, B =2a+ ¢, c = 2b+ a. Khi d6
C+4B —2A A+4C - 2B B +4A -2C

:—b:— =
a y ,C 9

9 9
va bat dang thic (1) dugc viét lai

C A B B C A
— 4 4= >
1T BT o 4( + =+ ) 15.

Bé&i vi A, B,C > 0, tit bat déng thic AM-GM ta c6

C A B__JCAB_
A B C~ A B C
va B C A
R S
ATBgte=?

va ta c6 diéu phai ching minh.
Mot cach chitng minh khac cho (T) bdi st dung bat dang thitic Cauchy-Schwarz
a b c a’ v? c? (a+b+c)?
- - = - - > >
2c+b 2a+c¢ 2b+a 2ac+ab  2ab+cb  2bc+ac — 3(ab+ be + ca)
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23.

24.

Cho a,b,c > 0 théa man a + b + ¢ = 1. Chiing minh rang

a?+b V+c A+a
-+ + > 2.
b+ c c+a a—+b

Loi giai:
St dung bat dang thitc Cauchy-Schwarz ta c6

a? + b (S a2+1)
b+c — Y a’b+e)+> a®>+ > ab

Vay ta chi can chiing minh rang

S 281 SN S 5 e

Bat déng thiic cudi cling ¢6 thé bién doi nhu sau

1+ (Za2)2 >2) a*(b+c)+2) ab
<1+ (Za2)2 222@2—22a3+22ab
@(Za2)2+22a3 > Zaz,

va diéu nay dung, bdi vi
2
Zag > ZTG( bat dang thiic Chebyshev )

va

2 2
() 255
3
Cho a,b,c > 0 théa man a* + bv* + ¢* < 2(a?b* + b*c* + c*a?). Chiing minh ring
a® +b* + ¢ < 2(ab + be + ca).
Kvant, 1988

Loi giai:
Dieu kien

Za4 §22a2b2
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25.

26.

tuong duong véi
(a+b+c)la+b—c)b+c—a)(c+a—b)>0.
Trong bat ky trudng hop ndo ma a = b+ ¢ hodc b = ¢+ a hodc ¢ = a + b, thi bat déng
thiic
P
1a hién nhién. Vay, gid st a +b # ¢,b+ ¢ # a,c + a # b. Béi vi nhiéu nhat mot trong

cacs6 b+c—a,c+a—0b,a+b—claam va tich clia cic s6 14 khong am, nén tat ca
cac s6 1a duong. Suy ra, ta c6 thé gia thiét ring

a® < ab+ ac,b* < be + ba, ¢* < ca + cb
va két luan duge chiing minh.

Cho n > 2 va 21, T, ..., T, 1a cac s6 thuc duong théa man

1 1 1 1
x1 + 1998 * T9 + 1998 L T, + 1998 1998

Chitng minh rang
VI > 1998

n J—
Vietnam, 1998

Lai giai:
1998

1998 + 1, |
théa mén a; + as + ... + a, = 1 ta c6 bat ding thic

fi(%—1)z(n—n¢

at = ;. Bai toan quy vé chiing minh rang véi moi s6 thuc duong ai, as, ..., a,

=1

Bét dang thiic nay c6 thé thu duge béi nhan céc bat dang thiic

1=

a; a; n—l

2

1 a,+ ... +a;_1+ A1 + ...+ a, Z (n _ 1) ni/al...ai_laiﬂ...an‘
Q

[Marian Tetiva] Cho cac s6 thuc duong z,y, z théa man 2% + y? + 2% = xyz. Ching
minh cac bat ding thic sau

a) xyz > 27;
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b) zy + xz 4+ yz > 27,
c) x+y+z>09;
d) ey +az+yz>2(x+y+2)+09.

Loi giai: ,
a), b), ¢) Stt dung céc bat dang thitc da biét, ching ta c6
wyz = 2% +y* 4+ 22 > 322222 = (zy2)® > 27(2y2)?,
diéu nay cho xyz > 27. Khi do6
xy+xz+yzZ3W23\g/ﬁ:27

va

x+y+z23\3/:)syz23\3/ﬁ:9.

d) Ta chu ¥ rang 2* < ryz = x < yz va cac hé thic tuong tu. Suy ra
Ty <yrazr=—1<2>= 2> 1.
Do d6 ca ba s6 déu 16n hon 1. Dét
a=xr—1,b=y—1,c=2z—1.
Tacoa>0,b>0,c>0va
r=a+1l,y=b+1,z=c+1.
Thay vao gid thiét da cho ta co6
(a+1)2+b+1)+(c+1)*>(a+1)(b+1)(c+1),
diéu nay tuong duong véi
A+ 0+ +a+b+c+2=abc+ab+ac+ be.
Néu dit ¢ = ab + ac + be, ta ¢
q§a2+bz+cz,\/@§a+b+c

va
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27.

SU.Y ra
/o /3 3
q 3q 2§a2 b2 C2+a+b—|—c—|—2——abc+a,b—|—ac_|_bc<(7 2> q

va diat x = /3q, ta co

3

x+2§%<:>(x—6)(m+3)220.

Cubi cung,
V3g=x>6=—=qg=ab+ac+ bc>12.

Bay gio, nhac lairdnga =2 —1,b=y —1,c =z — 1, vay ta c6

@-Dy-D+E@-DF-+y-1(E-1)>12
—ayt+rz+yz>2x+y+2)+09;

va ta c6 dieu phai chiing minh.
Ta c6 thé ching minh mot bat dédng thiic manh hon

ry+xz+yz>4xr+y+2)—9.

Hay thit dil

Cho z,y, z 1a cac s6 thue duong c6 tong bang 3. Ching minh rang
VI y+ 2>y +yz+ 2.

Russia, 2002

Loi giai:
Viét lai bat dang thic duéi dang

2+ 20T + Y7+ 2y + 22+ 2v2 > 2+ P+ 27+ 20y + 2y2 + 220
=t 2V R 2y + 22z > 0.

Bay gio, tit bat ding thitc AM-GM | ta c6

22+ 2z =22 + Vo + x> 3Vala = 3,
Y?+ 2y > 3y, 2* + 2z > 3z,

suy ra
AP+ 22V Y+ VE) >3ty +z) >0

41



28. [D.Olteanu] Cho a, b, ¢ 1a cic s6 thye duong. Chiing minh rang

a-+b a +b+c b +c+a c
b+c2a+b+c c+a2b+c+a a+b2c+a+b

3
> —.
— 4

Gazeta Matematia
Loi giai:

Dit 2 =a+b,y =b+c, 2 = a+ c va sau mot vai bude tinh toan ta thu duge bat dang
thic tuong duong dang

T oy oz x Y z 9
—+=+-—-+ + + > =
y z x r+y y+z z+x " 2

Nhung st dung bat ding thitc Cauchy-Schwarz ,

¢ Yy 2Ty 2 Z(x+y+z)2 (z+y+2)?
y z x x4y y+z z4+x  axytyzt+zx zy+yz+zr+a?+y?+ 22
B 2 +y+2)*
2(xy + yz + zx)(vy + yz + zx + 22 + y% + 22)
- 8(z+y+2)*

(zy +yz + 2z + (x—l—y+z)2)2
ta c6 dieu phai chiing minh.
29. Cho a,b, c 1a cac sb6 thiyc duong, chitng minh rang bat dang thitc sau ding

a b ¢_c+a a+b b+c
- +-4+-2> + )
b ¢ a c+b a+c b+a

India, 2002
Loi giai:
., a b c x £ 3
Ta dat — = x, - =y, — = 2. Deé thay rang
b c a

a+c 1+uay 1—x
= =z + .
b+c 1+y 1+y

Thiét lap nhitng hé thitc tuong tuy, bai toin quy vé chiing minh rang néu zyz = 1, thi

r—1 y—1 z—1>0

y+1 2z+1 x+4+17
=@ -+ D)+ -DE+ )+ -y +1) >0
=+ 2yt vir 2yt A >+ y+ 2+ 3.

42



www.VNMATH.com

30.

Nhung day la bat dang thiic rat dé ching minh. That vay, st dung bat dang thic
AM-GM ta co
22+ 22y 4+ yPr > 3,

va chi con phai chiitng minh
Pyt >4yt oz,
diéu nay dudc suy ra tit bat dang thic
+y+2)°
2+t 42> w >z +y+ 2.
Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang

a? b 3 3(ab + be + ca)
+ + > :
b2—bc+c2 2—ac+a?  a?—ab+b% — a+b+c

Dé cit cho ky thi Olympic Toan hoc viing Balkan

Lai giai 1:

3(ab+b . s , .
Via+b+c> (ab + be + Ca), nén chi can chiing minh rang:
a+b+c
a? b 3

> b .
b2—bc+02+cz—ca+a2+a2—ab+b2 Za+bte

Tt bat dang thitc Cauchy-Schwarz , ta c6

Z a3 y (3 a?)?
b2 —bc+c® > a(b? —bc+c?)

Vay chtng ta phai chi ra rang
(> +b*+cA)?>(a+b+c). Zoz(b2 —be+ ).
Bét dang thiic nay tuong duong véi
a* +b* +c* +abe(a + b+ c) > ab(a® + b?) + be(b + ¢2) + ca(c® + a?),
day chinh 1a bat dang thitc Schur.

Ch .
Bét dang thic

+ + >a+b+t
b2 —bc+c2 2 —ca+a? az—ab+b2_a ¢
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da duge dé nghi béi Vasile Caarrtoaje trong Gazeta Matematia nhu 1a mot truong
hop diic biet (n = 3) clia bat ding thiic tong quat

2" — b —c* 2" —c" —a” 2" —a" — D"

> 0.
b2 — be + 2 + 2 —ca+ a? + a?—ab+b* —

Li gii 2:
Ta viét lai bat dang thic

Z (b+ c)a? - 3(ab + be + ca)
B+cd = a+bt+e

Nhung bat ding thitc nay dude suy ra tit mot két qua tong quat:
Néu a, b, c,z,y,z > 0 thi
T aly + Z) 3227y
b+c Z x

Bat dang thiic cudi cling 1a mot hé qua true tiép (v yéu hon) clia két qua tit bai toan
101.

Lai giai 3:
Dat A = Z

3

— be + ¢2 Ve

v+t (b+c)(b* —be + ¢?)
b= ZbQ—bc—i-c?_Z b — bc + ¢? —QZa.

Vay ta co

1
A+ ( )(sz—bc+02)
1 9 9 1
: (Z(b+ ¢)(b? —be + ¢ )) <Z P bt 62)
1
25 (Z Vi),
diéu nay suy tit bat dang thitc Cauchy-Schwarz . Do d6

> L(Evire) —2)a= Y Varbvhie-Ya

\)

Ta ki hiéu
b+b
A, =+vVec+tavb+a—a= atbetea

Vab+be+ca+a?+a
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31.

va thiét 1ap cac hé thiic tuong ty véi Ay and A.. Vay A > A, + Ay + A.. Nhung bdi vi

(Y a)? > 3(> ab) ta co

A > ab -+ be + ca

b 2
\/wwzﬂ

_j@btbetca \/(a+b+c)2 o
T (at+b+e)? 3

va cac bat dang thitc tuong tu ciing ding. Vay ching ta chi can chiing minh

(a+b+c)? 1 a 2
_ > — - >
Z(\/ 5 +a a _a+b+c(:)Z 3—{— P > 2

N 1 L e .
Xét ham 101 f(t) = 4/ 3 + t2. Stt dung bat dang thiic Jensen cudi cung ta suy ra

Z 1_|_ L 2>2
3 a+b+c/) —

Dau bang xay ra khi va chi khia =0 =c.

[Adrian Zahariuc] Xét cdc s6 nguyén 1, s, ..., Ty, n > 0 doi mot khac nhau. Ching
minh rang
x% + x% + ...+ xi > r1.09 + x93 + ... + 1,01 + 2n — 3.
Loi giai:
Bét dang thic c6 thé viét lai nhu sau

—_

(z; — 2i1)* + (2, — 21)% > 2(2n — 3).

i=1

Dat z,, = min{zy, 29, ..., 2,} VA 2y = max{zy, Ty, ..., z,}. Khong mat tinh tong quat
ta c6 thé gia st m < M. Dat

Si = (Tm — Tong1)? + oo+ (Tar-1 — 200)?

va

Sy = (21— )" + oo+ (o1 — T)” + (@0 — 2ar1)” + o+ (20— 21)°

i=1 i=1

_l’_

e k 1\ o :
Bat dang thic > a? > z (Z ai) (suy ra tur bat dang thiic Cauchy-Schwarz ) dan
dén ( 2

Ty — T
Sy > "
'S M-—m
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(zm _xm)2
Sy > — .
T (M—-m)
Vay
Z(l'z —xi1)? =51+ S
1 1
> _ 2
2 (2ar = m) (M—m+n—(M—m))
4
> (n—1)*—
> (n 1)
4
=4n — 8+ —
n
> 4n — 8.
Nhung
Z(m, — 1)t = sz — 241 =0 mod 2.
i=1 i=1
Vay

va bai toan da dugce giai xong.
32. [Murray Klamkin] Tim gid tri 16n nhat ctia biéu thic
:fog + :ngg + ...+ xi_lzn + xixl
V6i 1, T, ..., 2, > 0 6 tong bang 1 van > 2.

Crux Mathematicorum

Loi giai:
. . . . 4 .
Dau tién, hien nhién la gia tri 16n nhat it nhat la 77 béi vi gia tri nay c6 the dat duge
1 2 . .
véi 1 = g,!)ﬁ'g = g,l’g = ... =z, = 0. Bay gio, ta sé chtitng minh bang quy nap bat
dang thic

2 2 2 2
T1% + 25%3 + ... + X, X, + X, 01 < o7

V6l MOl 1, T, ..., Tp_1, T, > 0 c6 tong bang 1. Dau tién ta ching minh budc quy nap.
Gia sit bat dang thic ding cho n va ta sé ching minh n6 ding cho n + 1. Ta c6 thé
gid st rang xo = min{xy, g, ..., T, 1 b Diéu nay suy ra rang

2 2 2 2 2 2 2
1Ty + X503 + oo F T Ty F T2 < (X1 T2) T3+ T T + X (21 4 T2).
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33.

T gid thiét quy nap ta c6

4
(z1 + m9)%w3 + 2324 + ... + 22Tpy1 + $i+1(931 + x9) < 77

4
va buée quy nap duge chiing minh. Vay, ta con phai ching minh a?b + b?c + c?a < 5
néu a+b+c = 1. Ta c6 thé gia sit rang a la s6 16n nhat trong cac sb a, b, c. Trong

P c\?2 c >
truong hop nay bat dang thic a?b + b?c + c2a < (a + 5) . (b - 5) trie tiép suy ra tit
2 2
abe > be, % > % Béi vi

+< 448 (b+c>(+c)2
J— J— 3 J— JE—

R I R 2/ \" 73
2 2 5 = 1 )

4 N s . . .
ta da chiing minh dudce a?b + b?c + c?a < 7 va diéu nay chi ra ring gia tri 16n nhat

. 4
bang —.
ang o-

Tim gia tri 16n nhat ctia hang s6 ¢ sao cho véi moi x, s, ..., Ty, ... > 0 thoa min
Tpi1 > Ty + To + ... + 5 v6i moi k, bat ding thiic

Ty + T+ ST < T+ T2+ T,

ding v6i moi n.
IMO Shorlist, 1986

Loi giai:

Dau tién, ta xem diéu gi xdy ra néu xy4.1 v o1 + 29 + ... + x5, gan nhau véi moi k. Vi
du, ta c6 thé lay o, = 2%, béi vi trong trudng hop nay ta cé o1 +zo+ ...+ 2 = 1 — 2.
Vay, ta thay ring

= T2 i Ve
n V2—1 V=1  2-1 1
> 2k V- o

k=1

v6i moi n. Ly gidi han, ta duge ¢ > 1 + /2. Bay gid, ta chimg minh rang 1 + /2 la
hing s6 can tim. Ta sé chiing minh bat ding thtc

VI + T+ o+ VTn < A+ V2)VT + 22+ .. + @0,
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34.

35.

bang quy nap. V6i n = 1 hoiic n = 2 bat dang thiic 1a hién nhién. Gia sit bat dang
thiic ding v6i n va ta sé chiing minh ring

VI VTa+ o+ T+ VTt < L+ V221 F 22 F o F T + T

Tat nhién, chi can chitng minh rang

VIl < (1 +V2) (V1 + T2 + oo + Tp + Tt — VI F T2 + ... + )

bat ding thiic nay tuong duong véi

Vir+ 2o+ oo+ 2y + o1+ V1 22+ 2, < (1+ \/E)w/xnﬂ.
Bét dang thic trén ding béi vi

T+ X9+ ...+ X, S Ln+1-

Cho cac s6 thyc duong a,b,c va x,y, 2z théa mén a +x = b+y = ¢+ z = 1. Chiing
minh rang

1 1 1
(abc + xyz) (— +—+ —) > 3.
ay bz cx

Russia, 2002

Lo giai:
Chung ta thay rang abc + zyz = (1 — b)(1 — ¢) + ac + ab — a. Vay
1_C+ c _q_ abc—i—xyz‘
a 1-0 a(l —b)

Stt dung cac dong nhat thic nay ta tryc tiép suy ra

1 1 1

Bay gio, ta chi con phai ap dung bat dang thic AM-GM

[Viorel Vajaitu, Alexandru Zaharescu] Cho a,b, ¢ 1a cac s6 thyc duong. Chitng minh
rang

—_

ab . be . ca <Xatbto
—(a c).
a+b+2c b+c+2a ct+a-+2b 4
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36.

Gazeta Matematia

Loi giai 1:
Ta c6 chudi bat dang thic dudi day

ab ab ab 1 1 a+b+c
Za+b+20 Za+c+b+c_z4(a+c+b+c) 4
Loi giai 2:

Bé&i vi bat dang thic la thuan nhat, khong mat tinh tong quat ta c6 thé xem ring
a+b+c=1vado ds bat dang thiic tuong duong véi

1 1
Yol
a(a + 1) = 4abc
, vay bat dang thiic tuong duong véi
1 1 1
Za _Za—l—1+4abc
Bay gio ta sé chiing minh su xen vao gitta sau:
1 9 1 1 1
S<li < .
Za - 4+4abc _Za+1+4abc
Bét dang thiic bén phai suy ra tit bat dang thiic Cauchy-Schwarz :
1
(ZaH) (Ya+n)>9
va dong nhat thic > (a + 1) = 4. Bat dang thitc bén trai c6 thé viét lai thanh Y ab <

1+ 9abe
4

. n6 chinh xéc la bat dang thitc Schur.
Tim gia tri l16n nhat ctia bicu thiic
a*(b+c+d)+b(c+d+a)+(d+a+b)+d*(a+b+c)
V6i a, b, c,d 1a cac s6 thic ma tong binh phuong ciia cac s6 bang 1.
L&i giai:
Y tudng 1a
a’(b+c+d)+b(c+d+a)+(d+a+b)+d*(a+b+c)
=ab(a® + b%) + ac(a® + ¢*) + ad(a® + d*) + be(b* + *) + bd(b* + d*) + cd(c* + d?).
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Bay gio, bdi vi biéu thitc ab(a? + b?) xuat hién khi viét (a — b)*, ta hay xem biéu thiic
ban dau c6 thé viét lai nhu thé nao:

Zab(a2—|—b2) _ Za4+b4—|—6a262 — (CL—b)4

4
_ 33> a* +6>a*h* — > (a—b)*
4
_ 3—> (a—b)*
4
3
> —.
— 4

P 1
Gia tri 16n nhat dat dugc véia=b=c=d = 3

37. [Walther Janous] Cho x,y, z 1a cdc s6 thyc duong. Chiing minh réng

T Y z

PRy e IR e sy RN oy )

Crux Mathematicorum

Loi giai 1:
Taco (z+y)(z+2) =2y + (2% +yz) + 22 > 2y + 20 /yz + 12 = (\/TY + /22)2.
Tw do

Zx+\/(:r+y)(x+z) Szx+m+¢ﬂ'

Nhung
f

Ve

> =2

T+ /Ty + /12 Vo +
va dieu nay da giadi quyét bai toan.

Loi giai 2:

Tt bat déng thitc Huygens ta c6 \/(z + y)(z + 2) > x + \/yz va sit dung bit ding
thitc nay cho cac bat dang thiic tuong tu ta co

x Y z

PN/ o SR ryye e SO/ gy

< +—7 4 .
T 24+ Jyz  2y++zx  2z+ . Jxy
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38.

39.

Y va bat dang thic tré thanh

Bay gio, ta ki hiéu a =

1+1+1<1
24a 24b 24c¢c

T ki hieu & trén ta c6 thé thay ring abe = 1, vay sau khi quy dong mau s6 bat ding
thitc cudi cting tré thanh ab + be + ca > 3, ma bat déng thic nay suy ra tit bat ding
thiic AM-GM .

Gid stt a1 < ap < ... < a, la cac s6 thuc, n > 2 14 mot s6 nguyeén. Chiing minh rang
a1a42 + a2a43 + ...+ ana41 > a2a41 + a3a42 + ...+ a1a4n.
Iran, 1999
Loi giai:
Thoat nhin ta thay ngay rang sau khi chitng minh bat dang thiic cho n = 3, bat dang

thitc sé duge chiing minh bang quy nap cho n 16n hon. Vay, ta phai chitng minh rang
vl moia < b < ctacod

ab(b® — a®) + be(c® — b*) > ca(c® — a?)
<= (c* = b*)(ac — be) < (b* — a®)(ab — ac).

Béi vi a < b < ¢, bat ding thiic cudi cling quy veé
a(b® + ab+ a®) < c(c + be + b?).
Va bat dang thiic cudi tuong duong véi
(c —a)(a® 4+ b* + ¢ + ab + be + ca) > 0,

bat dang thiic nay 1a hién nhien.

[Mircea Lascu] Cho a, b, ¢ 1a cac s6 thye duong. Chiing minh réng
b+c c+a a+b a b c
+ + >4 + + .
a b c b+c c+a a+b
Loi giai:

St dung bat dang thic

r4+y  4dx 4y

da _a, ¢
b+c b ca+c a c a+b " a

Cong 3 bat dang thtc tren, ta c6 diéu phai ching minh.
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40.

41.

Cho ay, as, ..., a, > 1 1a cic s6 nguyén duong. Chiing minh rang it nhat mot trong cac

$0 %/az, 9/az, ..., "n~/az, %/a; nhé hon hodc bing /3.
Phong theo mot bai toan quen biét

Loi giai:

1
Gia sit ta ¢6 a7, > 33 v6i moi i. Dau tién, ta sé ching minh ring n» < 35 véi moi
s6 tu nhién n. V6i n = 1,2, 3,4 diéu nay la hién nhién. Gia st bat dang thiic ding cho
n > 3 va ta chiing minh n6 dung cho n + 1. Diéu nay suy ra tir he thiic

1 1. " n 1
1+—§1+Z<&§=¢3?=®€%2"+ n=n+ 1.
n n

1 1
?. ~ ~ ~ a; 1 P — 2, . o X
Vay, st dung nhan xét trén, ta dudc a;, > 33 > a*+1 = a;y; > a; v6i moi 4, dieu
nay cé nghia la a; < as < ...a,,—1 < a,, < ay, mau thuan.
[Mircea Lascu, Marian Tetiva] Cho x,y, z la cac s6 thuc duong thoéa méan diéu kien

Yy + vz +yz + 2zxyz = 1.

Chitng minh cac bat dang thitc sau

1 1
¢) =+ —+->4(x+y+2);

Ty

1 1 1 (2z—-1)2
d) —+—-+-—-14 > ———, V0l z = :
)x+y+z (:c+y—|—z)_z(22+1),\71z max{z,y, 2}
Loi giai:

a) Dat 3 = xyz, theo bat dang thiic AM-GM ta c6
l=ay+ax2+yz+2zyz > 32 +28° <= (2t — 1)(t + 1)* < 0,
) Lo 1
dod62t—1<0<=1t< 3 dieu nay c6 nghia la zyz < 3
b) Ciing ki hiéu s = = + y + 2; cac bat dang thiic sau déu quen biét

(x+y+2)?>3(xy+ 22 +y2)
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va
(z+y+2)° > 2Tzyz;
khi d6 ta c6 2s® > bdxyz = 27 — 27(vy + 22 + yz) > 27 — 95, nghia la

25° 495 — 27 > 0 <= (25 — 3)(s +3)* > 0,

tfrdé2s—320<:>szg.

1
Hoac, béi vi p < 3 ta co

s2>3¢=3(1-2p) >3(1—-2)=—;

néu ta dit ¢ = zy + vz + yz,p = 1Y=2.
Bay gio, ta c6 thé thay bat dang thic sau ciing ding

3
q:xy+xz+yzzz.

¢) Ba 80 z,y, z khong the tat cd nhé hon 3 bdi vi trong truong hgp nay ta gap mau
thuan

3 1
a:y+xz+yz+2a:yz<1+2.§:1;

. . 1
do tinh doi xing ta c6 the gia st z > 5
Taco 1= (2z+ Day + z(z +y) > (22 + 1)zy + 22,/Ty, ma cing c6 thé viét dudi dang

(22 + 1)y/zy — 1)(y7y + 1) < 0;

va diéu nay cho bat dang thic

1
< — .
=2

(x+y)?
4

(2z+1)(z+y)—2)(z+y+2) >0,

Tacing c6 1= (224 Day+ 2(x +y) < (22+ 1) + z(x +y), do do6

bat dang thiic nay cho ta

> .
SR
Bét dang thiic can ching minh
1 1 1
S dtyt2)
r oy oz
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c6 thé duge sap xép lai dusi dang

@+ﬂ)(£—4)24%_4F=@Z_U@Z+U.

xy z z

Tu nhiing tinh toan § trén ta suy ra rang

2(2z = 1)(2z + 3)
2z +1

(e +) (;_y_4) > 2 (a1 )=

. 1 p ) L az N
(gia thiét z > 5 cho phép nhan vé véi vé ciia cac bat dang thic), va diéu nay cé nghia
14 bai toan dudc gidi néu ta ching minh dugc

2(22+3) _ 2z +1

> <:>4z2+6224z2+4z+1;
2z +1 z

Z 2 1 N
nhung bat dang thiic dang véi z > 5 va ta c¢6 dieu phai chiing minh.

2 z z Z 7z 1 z N
d) Hién nhién, néu z la so6 16n nhat trong céc so x,y, z, thi z > 3 ta thay rang

1 1 1
—+——4(x+y)=(x+y)<——4)
r oy Ty
2
22+ 1)* — 4
2 o@D —)
222 —-1)(22+3)
B 2z+1
)2
z  z(2z+41)
tit do ta co bat dang thitc cudi ciing
1 1 1 (22 — 1)?
S ps4t—4 > 22T
x+y+z (I+y+z)_z(2z+1)

Hién nhién, trong vé phai z c6 the duge thay thé bdi bat ky mot trong ba s6 ma lén
hon hay bang 3 (hai s6 con lai cting vay, chdc chan phai c6 mot s6).
Chi .

Dé thay rang dieu kién da cho suy ra ton tai cic so6 duong a, b, ¢ sao cho x =

b c

cra’ T atb )
Hay thi ching minh d) st dung sy thay thé nay.

b_'_C?y:

Va bay gid a), b) va c) tryc tiép quy vé cac bat ding thiic quen biét!
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42.

43.

44.

[Manlio Marangelli] Chitng minh rang véi moi sé thuc duong z, ¥, 2,
32y + 22 + 22x) (wy® + y2® + 22?) > wyz(r +y + 2)°.
Loi giai:
St dung bat dang thic AM-GM | ta c6
1 Y2z x1y? 3yYTyz

+ + >
3 yrztzr 4ty yR4 oty T Y3y + 22+ 22y)(y22 + 2% + ay?)

va hai bat dang thitc tuong tu

1 N 22x N Y22 - 3z ¥1yz
3 Yrtrtaty  yrtaa? +ay’ T YB3y + 22 + 2%y (y2? + 222 + 1y?)
1 %y 2 3z ¥TYZ

+ + >
3 yrztzr 4ty yR4 oty T Y3 (y2e + 22+ 22y) (y22 + 20 + ay?)

Khi dé, cong ba bat dang thic lai, ta c6 chinh xac bat dang thic can chiing minh.

[Gabriel Dospinescu| Chiing minh rang néu a, b, ¢ 1a cac s6 thyc sao cho max{a, b, c} —
min{a,b,c} <1, thi

1+ a® + 0> + ¢ + 6abe > 3a®b + 3b%c + 3c%a.
Loi giai:
Hién nhién ta c6 thé gid stt a = min{a, b, c} va ta c¢6 the viét b = a + z,¢ = a + vy, véi

z,y € [0, 1]. D& thay ring
a® 4+ b + & — 3abc = 3a(2® — 2y +9°) +2° +¢°

a’b + b’c + a — 3abe = a(z® — xy + %) + 2°%y.

Vay, bat dang thitc trd thanh 1 + 2% + ¢® > 32%y. Nhung diéu nay suy ra tit he thic
142 +y® > 3zy > 322y, béi vi 0 < 2,y < 1.

[Gabriel Dospinescu] Chiing minh réng v6i bat ky céc s6 thuce duong a, b, ¢ ta co

2 b? 2 1 1 1
274+ (24 =) (24 =) (245 ) >6(a+b+o) (—+7+-).
be ca ab a b ¢

Lo giai:
Béi khai trién hai vé, bat dang thiic tuong duong véi
2abc(a® + b* + & 4 3abc — a®b — a*c — b%a — b*c — *a — *b)+

+(a®® + b°c + Aa® + 3a*b* P — aPbPc — a’bc? — ab’? — ab*c® — a’bc — a*bc?) > 0.

Nhung bat déng thiic nay ding nho ap dung bat dang thic Schur véi a, b, ¢ va ab, be, ca.
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1 2 < 1
45. Cho ag = 5 A Qg1 = a + %. Ching minh rang 1 — — < a, < 1.
n n
TST Singapore
Loi giai:
Ta co
1 1
g1 n Qg ai +n
va do do
n—1 1 1 n—1
<___):Z <l=—=2—-—<l=a,<1
=\ Api =g Wk T 1 (n,
Bdi vi day s6 nay tang nén ta co
n—1
1 1
2——= > n .
Qy, a,+n n—+1

Tt bat dang thitc nay va bat dang thiic trude ta truc tiép suy ra két luan

1
1——<a, <1
n

46. [Calin Popa] Cho a, b, ¢ 1a cac s6 thuc duong, véi a, b, ¢ € (0,1) sao cho ab+bc+ca = 1.
Chtng minh rang

a n b n c >3 1—a2_|_1—b2+1—c2

1—a2 1-02 1—c¢2 " 4 a b c '

Loi giai:
. R . A B
Ta da biét v6i moi tam gidac ABC' dong nhat thic > tan 3 tan 5= 1 dang va béi vi

s . -
tan 1a toan anh tren [0, 5) chung ta c6 the dit a = tan 3 b = tan 59 C= tan 3 Dieu

kien a, b, c € (0,1) cho ta cac goc ciia tam giac ABC' 1a goc nhon. V6i sy thay thé nay,
bat dang thiic tré thanh

2tan— 1 —tan® =

>BZ

1—tan? = 2 tan —
an2 an2

1
tan A >
<:>E an _35 —
<= tan A tan B tan C(tan A + tan B + tan C') > 3(tan Atan B + tan B tan C' 4 tan C' tan A)

<= (tan A + tan B + tan C)? > 3(tan Atan B + tan B tan C' + tan C'tan A),

diéu nay hién nhién ding béi vi tan A, tan B, tan C > 0.
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47. [Titu Andreescu, Gabriel Dospinescu] Cho z,y,z < 1 va = + y + z = 1. Ching minh

48.

rang
1 n 1 n 1 <27
IT+22 1+4+y* 1422710

Loi giai:
Stt dung he thite (4 — 3t)(1 — 3t)> > 0,¢ < 1, ta thiy rang
1 27
<),
2 =502

Viét hai biéu thiic tuong tit cho y v z va cong chiing lai, ta c6 duge bat dang thiic can
chiing minh.

Chau y.
D1 ¢6 vé qua dé&, bai toan nay gitp ching ta chiing minh bat dang thic khé sau day

Z (b+c—a)2 >§
NS

Thuyc ra, bai toan nay tuong duong v6i bai toan kho trén day. Hay thit chiing minh
diéu nay!

[Gabriel Dospinescu] Ching minh rang néu /z + /y + /z = 1, thi
(1-2)*(1 = y)°(1 - 2)* = 2"%xy2(z + y)(y + 2)(z + 2).
Loi gidi:
Dit a = /2,b = \/y va ¢ = \/z. Khi d6
l—z=1-ad*=(a+b+c)—a’=(b+c)(2a+b+c).
Bay gio chiing ta phai chitng minh ring
((a+b)(b+)(c+a)2a+b+c)(a+2b+c)(a+b+2e))° >
> 2220202 (a® + b*) (b* + 2 (c? + a?).
Nhung bat ding thitc nay ding vi né suy ra tit cac bat dang thic ding sau

(a+b)?
8

ab(a® +b*) <

bat dang thitc nay tuong duong véi (a — b)* > 0) va
g y g g

(2a+b+c)(a+2b+c)(a+b+2c) > 8(b+c)(c+a)(a+b).
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49. Cho z,y, z 1a cac s6 thuc duong théa man zyz = x + y + 2z + 2. Chiing minh rang
1) zy +yz+z2x > 2 +y+ 2);
2) Ve + . y+z < g\/m—yz
Loi giai:
Diéu kien ban dau zyz = x +y + 2 + 2 ¢6 thé viét lai nhu sau

1+1+1
1+2 1+y 1+=2

Bay gio, gia st

1 1 1
:a7 =0, = C.
1+ 1+y 1+2
Khi do
l1—a b+c c+a a-+b
l’: _— ’y: ’Z: .
a a b c
(1) Ta co

xy+yz+ze >2x+y+2)
b+cc+a c+aa+b a+bb+tc b+c c¢c+a a-+bd
. + . + . > 2 + +
a b b c c a

a b c
<=a*+ b + ¢ + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a)

<:>Za(a— b)(a —c¢) >0,
day chinh la bat ding thic Schur.

(2) O day ta c6
3
VT + Y+ vz < NG

<:>\/ a b +\/ b c n c a <§
b+cc+a c+aa+b a+bb+ec ™ 2

Bét dang thic nay c6 thé ching minh béi cong bat dang thic

\/a b _\/ b a <1 a . b
b+cec+a Vb+ce+a " 2\a+e b+c)’

V6i cac bat dang thitc tuong t.
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50.

51.

Chiing minh rang néu z,y, z 1a cac s6 thuc 2% + y? + 22 = 2, thi
r+y+z<zyz+2.
IMO Shorlist, 1987

Loi giai 1:
Néu mot trong céc sé x,y, z 1a am, chang han 13 x, thi
24+zyz—x—y—2=02—-y—2)—xz(l —yz) >0,

z2+y

2

2

bdi vi y + 2 < /2(y2+2?) < 2 va zy < < 1. Vay ta c6 thé gid sit rang

0<az<y<z Néuz<1th

24ayz—z—y—z=(1—-2)1—-2zy)+ (1 —2)(1—y)>0.

Bay gio, néu z > 1 thi ta c6

24 (v +y) V2024 (2 +y)?) =21+ 2y <2+ 2y < 24 ayz.
Diéu nay két thuc chiing minh.

Li gii 2:
Stt dung bat dang thitc Cauchy-Schwarz , ta thiy ring

cy+tz—ayz=x(1—y2)+y+2< V(@2 + (y+2)2).(1+ (1 —y2)?).
Vay, ta chi can chiing minh rang vé phai khong 16n hon 2. Diéu nay tuong duong vdi
(24 2y2)(2 — yz + (y2)?) < 4 <= 2(y2)® < 2(y2)?,
diéu nay hién nhién ding, bdi vi 2 > y? + 22 > 2yz.

[Titu Andreescu, Gabriel Dospinescu] Chiing minh rang véi moi @y, zs, ..., z, € (0,1)
va v6i moi phép hoan vi o ctia tap {1,2,...,n}, ta c6 bat dang thiic

) Rl K DD el &

i=1
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Loi giai:
PO 1 1 1 . .
St dung bat dang thitc AM-GM va hé thic " > yp + —, ta c¢6 the viet chuoi
x4y x

bat dang thic dudi day

Z1—$2yl<Z x+yl

=1 1 —
2

" 1
—9

Zl—$?+1—y3

- 1
<
_Z< 2(1 —a7) 2(1—%-2))’

suy ra

n 1 n
Zl—xzxo() Szl—xz'

=1

Vay, ta chi can chitng minh bat déng thiic

1 1 1
l—a?’ 1—22 771 —a2 )"

n 1

52. Cho zy, T, ..., 7, la cac s6 thyc duong sao cho Y -
i=1 T

= 1. Chitng minh réng

"1

;@z(n—l)zﬁ-

i=1

Vojtech Jarnik
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Lai giai 1:
Dit

= a;, bat dang thitc tré thanh

ZW n—lz -
@”Zﬁ (ﬂ) (Evm=)

Nhung bat dang thiic cudi ciing 1a hé qua clia bat dang thitic Chebyshev cho cac bo
n s6 (ay,as, ..., a,) va

1+l’i

1 1 1
\/al(l - a1)7 \/aQ(l — otg)7 h a,(1 — an).

Loi giai 2:
V6i cung ki higéu trén, ta phai chitng minh

a;
n—1 <
( );\/a1+a2+...+ai_1+ai+1+...+an_

" a1+a2+...+ai_1+ai+1+...+an
<>/ - -

)

Nhung st dung bat déng thitc Cauchy-Schwarz va bat dang thic AG-GM, ta suy
ra rang

i \/a1 +as + ... +a;1 —|—CLZ'+1 + ... ta,
Qa;

>z";ﬁ%—\/a_2+...+1/—ai_1+1/—ai+1+...+w/an
4 Vv —1,/a;

B Vi (1 1 1 1 1
_;\/ﬁ<\/7 Vi m+m+“'+@)
>i (n—1)vn—1/a;

TVt Vet o+ ao e+t a

n

a;
> n—1
_;< )\/al—|—CL2+...—|—CLZ'_1—|—CLZ'+1—|—...+CL”
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53.

54.

va ta c6 diéu phai ching minh.

[Titu Andreescu] Cho n > 3 va ay, as, ..., a, 1a cac s6 thyc thoa man a; +as+...+a, > n
va al + a3+ ...+ a® > n% Ching rang max{ay, as, ..., a, } > 2.

USAMO, 1999

Loi giai:
Y tudng tu nhién nhat 1a gia su rang a; < 2 véi moi ¢ va thay thé z; = 2 — a; > 0. Khi

do ta co Z( — 1) >n—= le < n va ciing c6
= i=1

n <Za _Z (2 — ;) —4n—4le+Zx.
i=1

n n 2

Bay gio, stt dung gia thiét rang x; > 0, ta duge > 22 < (Z $Z> , két hgp véi cac bat
i=1 i=1

déng thic & trén ta co

n

n n 2
n2<4n—42xi+<2xi> <4n+(n—4)in
i=1 i=1

i=1

n n )
(ta sit dung hé thic Y x; < n). Do d6, ta c6 (n —4) <Z T — n) > 0, bat dang thic
i=1 =
n
nay khong xay ra vi n > 4 va > x; < n. Vay, gid st ctia ching ta la sai va do dé
i=1
max{ay, as, ..., a,} > 2.

[Vasile Cirtoaje] Néu a, b, c,d 1a cac s6 thyc duong, thi
a—b+b—c+c—d+d—a>0
b+c c¢+d d+a a+b

Loi giai:

Ta co

a—b+b—c+c—d+d—a
b+c c¢c+d d+a a-+d
a+c b+d c+a b+d

:b+c+c+d+d+a+a+b_
=(a+c) L + (b+d) Lo 1Y)y
A N R c+d  a+b '
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Tu
1 n 1 . 4
b+c d4+a = (b+c)+(d+a)
1 n 1 S 4
c+d a+b~ (c+d)+(a+D)
ta co
a—b+b—c+c—d+d—a2 4(a+c) 4(b+d) _4i-0
b+c c+d d+a a+b = (b+c)+(d+a) (c+d)+ (a+0D)
Dau bang xay ra khi a = ¢ va b = d.
Gidi thuyét (Vasile Cirtoaje)
Néu a, b, c,d, e 1a cac s6 thiyc duong, thi
a—b+b—c+c—d+d—e+e—a>0
b+c c¢+d d+e e+a a+b
55. Cho x va y la cac s6 thuc duong, chi ra rang ¥ + y® > 1.
France, 1996

Lai giai:

Ta sé ching minh rang a® > v6i moi a,b € (0,1). That vay, tit bat ding

a
a+0b—ab
thiic Bernoulli suy ra rang

' =(1+a-1)"<1+(@-1)(1~b)=a+b—ab

va suy ra két luan. Bay gio, néu x hodc y 16n hon 1, ta c¢6 diéu phai chiing minh. Ngudgc
lai, gid stt 0 < z,y < 1. Trong trudng hgp nay ta ap dung sy bat dang thiic & trén va
thay riang

vy z r+y—xy +x+yy—xy - x—g;ijx—?iJ—y =1
56. Ching minh rang néu a, b, c > 0 c6 tich bang 1, thi
(a+b)(b+c)(c+a)>4(a+b+c—1).
MOSP, 2001
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57.

Loi giai 1:
St dung dong nhat thitc (a +b)(b+c)(c+a) = (a+b+c)(ab+ bc+ ca) — 1 ta quy bai
toan thanh

ab+bc+ ca + ——— >
a+b+c

Bay gio, ta c6 thé ap dung bat dang thitc AM-GM cho dang sau

3
ab+bc+ca+iz44 (ab+bc + ca)
a+b+c 9Ya+b+c)

Vay ta chi can chting minh

(ab+bc+ca)® > 9(a+b+c).
Nhung bat dang thiic nay dé, béi vi ta c6 ab + be + ca > 3 va (ab + be + ca)? >
3abc(a+b+c) =3(a+ b+ c).

Loi giai 2:
Ta sé st dung hé thic

(a+b)(b+c)(c+a) > —(a+b+c)(ab+ bc + ca).

O] oo

N 2 Z 2
Vay ta chi can ching minh §(ab + bc + ca) + > 1. St dung bat dang thiic

AM-GM |, ta c6 theé viét

2 1 (ab + bc + ca)?
~(ab+b — >3 >1
9(a + c+ca)+a+b+c_ \/81(a+b+c) > 1,

a+b+c

béi vi
(ab+ be + ca)® > 3abc(a + b+ c).

Chitng minh rang v6i moi a, b, ¢ > 0,
(> +0*+cA)(a+b—c)(b+c—a)(c+a—b) <abe(ab+ be+ ca).

Li giai:
R6 rang, néu mot trong cic thita sé 6 vé trai 1a am, ta c6 dicu phai chiing minh. Vay,
ta c6 thé gia thiét rang a, b, ¢ 1a cac canh clia tam giac ABC. V6i ki hieu thong thuong
clia mot tam giac, bat dang thic trd thanh

16K

a+b+c
<=(a+b+c)(ab+ bc+ ca) R* > abc(a® + b* + ).

(a® +b* + c*) < abc(ab + be + ca)
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58.

59.

Nhung bat dang thitc trén suy ra tit hé thic
(a4 b+ c)(ab+ bc + ca) > 9abc

va

0<OH?=9R* —a® — b = .
[D.P.Mavlo] Cho a,b, ¢ > 0. Chting minh réng

1 1 1 b H(b+1 1
Shadbretiaiyplye oy larDbrlletl)
a b ¢ b ¢ «a 1+ abe

Kvant, 1988

Loi giai:
Bat dang thiic tuong duong véi bat dang thic dudi day

1 Yoab+ >
IEDIFEDIVES e
hoac

achajLZ%jLZazc—l—Z%EQ(Za—I—Zab).

Nhung bat déng thitc nay suy ra tit cac bat dang thic
2 b 2 ¢ 2 a
a“bc + — > 2ab,bca + — > 2bc, ¢ ab+g > 2ca
c a

va
1 1 1
alc+ = >2a,b’a+ — 22b,02b+g > 2c.
c a

[Gabriel Dospinescu] Chiing minh réng véi moi s6 thuc duong w1, s, ..., ¥, v6i tich
bang 1 ta c6 bat dang thic

n n
n
n-. .

(! +1) > (le +Z%>
i=1 i=1 """

=1

Loi giai:
St dung bat dang thitc AM-GM | ta suy ra ring
Ty T Ty 1 n
T >
1+a27  14a8 1+ay , 1420 n

o T+ 22)
i=1
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61.

va
1 1 1 " n.T,,
>

1+x’f+1+x§+m+1+x” +1+x2_ n

n—1

Vay, ta phai c6

Hién nhién, bat dang thitc nay ciing ding cho cac bién khac, vay ta c6 thé cong tat ca
cac bat dang thic lai dé thu dugc

n

[[a+a) =zt Z%
i=1 i=1 """

i=1
day la bat dang thic can ching minh.

Cho a,b,c,d > 0 théa man a + b + ¢ = 1. Chitng minh ring
11 d
S+ 4+abed > mind —, =+ — 5.
a” + b° + ¢” + abca > min 4,9+27
Kvant, 1993
Loi giai:
. L e 1. .
Gia sit rang bat dang thic khong ding. Khi do ta c6, do abe < 77 bat dang thiic
1

1 . . 1 ‘
d(2—7 —abc) > a® + b+ 3 — 9 Ta ¢6 theé gid st rang abe < 77 Bay gio, ta sé chi ra

NN 1 . s ) .
sit mau thuan bang ching minh a® + b + ¢® + abed > 1 Ta chi can chiing minh rang

1
ad+ b+ — =

1
- 9um+ﬁ+§+§zz
77 abc
Nhung bat ding thitc nay tuong duong véi 4> a® + 15abe > 1. Ta st dung dong nhat

N 1+ 9ab
thite Y a® = 3abc + 1 — 3> ab va quy bai toan vé chiimg minh > ab < %, day
la bat déng thic Schur.
Chitng minh riang v6i moi s thuc a, b, ¢ ta c6 bat dang thiic

S (1+a)1+0)(a— 0 (b—c)* = (L+a*)(1+0°)(1+ ) (a—b)*(b— )(c—a®).
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62.

AMM

Loi gidi:
(1+a*)(1+0?)
(1+c?)(a—b)?
gia thiét a, b, c khac nhau). Bay gio, cong cac bat dang thiic
(1+a®)(1+0%)  (1+0*)(1+c?) 1+ 0?

A+ @02  Txad)b=c? = Tazbc—

Bat dang thitc c6 thé duge viét dudi dang > > 1 (tat nhién, ta c6 thé

(nhan dugc béi sit dung bat dzzmg thitc AM-GM ) ta suy ra rang
(1+02 a—b2_ |(b—a)(b—c)|’
vay ta chi can chiing minh rang hé thic cudi it nhat bang 1. Nhung diéu nay suy ra tit
Z 1+ b Z 1+0?
|(b—a) b—c|_ (b—a)(b—c)

va bai toan da giai xong.

=1

[Titu Andreescu, Mircea Lascu| Cho «, z,y, 2 1a cac sd thuc duong thoa man zyz = 1
va a > 1. Chiing minh rang

« o «

€T z

3
+ L4 >
y+z z4+x x4y~ 2
Loi gii 1:
Ta c6 thé gia st rang = > y > 2. Khi dé ta c6
x > Y > z
y+z z4+x  x+y

va 297t > 271 > 2271 Sit dung bat dang thitic Chebyshev ta suy ra
x® 1 x
> . ( “—1) : :

Bay gio, ta chi can dé ¥ ring két luan suy ra tit cac bat dang thitc Y 21 > 3 (tit bat
dang thic AM-GM ) va

y+z 2’
Loi giai 2:
Theo bat dang thitc Cauchy-Schwarz , ta c6:

« «

y z
+ + )
y+z z+x THY

[2(y+ 2) + y(z + 2) + 2(z + y)] (
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Vay ta can chi ra rang
[e3 [e3 [e]3 2
(xl% Lyt _|_Zl%> > 3(xy +yz + zx).

Tt (x +y + 2)? > 3(xy + yz + zx), suy ra chi can chitng minh

14« 14«

14+a
T bat dang thitc Bernoulli, ta c6

1+a a 1 1_ 1
x%:[1+(x—1)]1%21+ +a($—1): 2a+ ;ax

va tuong t,
1+_a>1—oz 1+« 1fa l—-a 14«

> .
yro T Ty 2 2y
Suy ra
o o o 31—« 1+«
e byt bt —(rdy+2) > <2 )+ 5 (x+y+2)—(r+y+2)
a—1
= (x+y+2-3)
a—1
>

(37 - 3)
=0.

Dau bang xay ra khiz =y = 2z = 1.

Chu y:
1 1 1 L s

Thay f=a+1(f>2)var=—,y = ke —(abc = 1) bat dang thic tré thanh
a c

1 1 1
PO+ Plera)  Flatd)

3
> —.
-2

Cho 8 = 3, ta thu dugc bai toan IMO 1995 (duoc dé nghi bdi Russia).

Chiing minh rang v6i moi s6 thuc xq, o, ..., Tp, Y1, Yo, -, Y thoa man a3 +x3+...+22 =
vtyi+..+tyi=1taco

(212 — Toy1)? < 2 (1 — Zifkyk) .

k=1

Korea, 2001
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64.

Loi giai:
Hién nhien ta c6 bat dang thic

(192 — 22.41)* < Z (ziy; — 259:)°

1<i<j<n

() (£
= <1 ~ ; xy) <1 + ; xy) .

S zy;| <1, ta thay ngay rang

i=1

(o) (1o Soen) <2 o)

va bai toan da giai xong.

Béi vi ta cling ¢6

[Laurentiu Panaitopol] Cho ay, as, ..., a, 1a cac s6 nguyen duong doi mot khac nhau.
Chitng minh rang

2n+1

a?+ai+ .. +a> (a1 +as+ ... + ay).

TST Romania
Loi giai:

Khong mét tong quat, ta co thé gia si rang a; < as < ... < a, va suy ra a; > i véi moi
i. Vay, ta c6 thé dat b; = a; —i > 0 va bat dang thiic trd thanh

= L oan+1)2n+1) _2n+ 1 & n(n+1)(2n +1)
b2+ 2 b; > Dy .

Bay gis, st dung hé thic a;1, > a; ta suy ra by < by < ... < b, va tit bat déng thic
Chebyshev ta suy ra riang

Qiibi > (n+1)ibi > 2”3“ibi
i=1 i=1

1=1

va truc tiép suy ra két luan. Va cling tit cac hé thic & trén ta cé thé truc tiép suy ra
rang dau bang xay ra khi va chi khi aq, as, ..., a, 1a mot hoan bi ctia cac s6 1,2, ...n.
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65. [Cawlin Popa] Cho a,b, ¢ 1a cac s6 thyc duong théa man a + b + ¢ = 1. Chiing minh

rang
by/c N cva N av/b N 3V3
a(V3c+vab) - b(v3a+Vbe)  c(V3b+ea) T 4
Loi giai:

Viét lai bat dang thic dudéi dang

@
a >3\/§.

Z /30a+ -4
— +a
b
. - bc ca ab ... .. .
V6i su thay the o = 4/ —,y = ?,z = 4/—, dieu kién a + b + ¢ = 1 tré thanh
a c

ry + yz + zo = 1 va bat dang thic tréd thanh

V3y+yz 4

Nhung, béi ap dung bat dang thiic Cauchy-Schwarz ta c6

* L (S0t 3%y 3V3

x
2 > > — =
V3zy +zyz V3 + 3zyz V3 + ﬁ 4

)

& day chiing ta sit dung cac bat dang thiic
() 23(3 ;
r) > ( x ) va ryz < ——.
Y Yy 3\/5

66. [Titu Andreescu, Gabriel Dospinescu] Cho a, b, ¢ 1a céc s6 thuc thoa man
(1+a*)(1+b6*)(1+A)(1+d*) = 16.
Chitng minh rang
-3 < ab+ bec+ cd + da + ac + bd — abed < 5.
Loi giai:

Ta viét lai diéu kien da cho dudi dang 16 = [](i + a). [J(a — 4). Stt dung cac tong d6i
xiing, ta c6 thé viét lai biéu thitc trén dusi dang

16 = (1—i2a—2ab+i2abc+abcd> (1+i2a—2ab—i2abc+abcd>.
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Vay ta c6 dong nhat thic
2

16 = (1—Zab—l—abcd>2—l— (Za—Zabc) :

Diéu nay c6 nghia 1a
1= 3" ab+ abed| < 4
va tit day ta c6 dieu phai chiing minh.

67. Chiing minh réng
(a* +2)(b* + 2)(c* +2) > 2(ab + bc + ca)

v6i moi a, b, ¢ 1a cac s6 thuce duong.
APMO, 2004

Loi giai 1:

Ta sé chitng minh bat ding thitc manh hon: (a? + 2)(b* + 2)(c®> +2) > 3(a + b+ ¢)%
Béi vi (a+b+c)? < (Ja| + |b] + |¢])?, ta c6 thé gia sit ring a, b, ¢ 1a khong am. Ta sé st
dung mot sy kién 1a néu x va y cung dau thi (1 +2)(1+y) > 1+ 2 +y. Vay, ta viét

bat dang thitc dudi dang
2 2
H a*—1 1) > (a+b+c)
3 9

va ta c6 cac truong hop

£ 2 N 2_1 2_1 2
i) Néu a, b, ¢ it nhét bz“mglthiH(a 3 +1) >143 Y —_ (Zga) .

ii) Néu c6 hai trong ba s6 it nhat bang 1, gid stt ching 1a a va b, khi d6 ta c6

a2 —1 a—-1 -1 A +2
|| 1) >1(1

a?+ b2 +1 12 +12 42
3 ) 3
> (a—l—l;—l—c)2

béi bat dang thitc Cauchy-Schwarz .
iii) Néu c& ba sé nhidu nhat bang 1, thi béi bat dang thiic Bernoulli ta c6

H<a23_1+1) 21+Za23_1 > (Zga)2
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va hoan thanh chiing minh.

Loi giai 2:
Khai trién moi sb hang, ta quy bai toan vé chiing minh
(abe)® +2) "’ +4> a®+8>9) ab.

Bai vi 3Y a2 > 3> ab va 23 a%? + 6 > 4 ab, ta con lai bat dang thitc (abc)? +
S~ a?+2 > 23 ab. Tat nhién, ta c6 thé gid st rang a, b, ¢ 1a cic s6 khong am va ta c6
thé viét a = 22, b = y2, ¢ = 2%. Trong trudng hop nay

22&6—2@2:(:B+y+z)(x+y—z)(y+z—x)(z+x—y).

Hién nhién rang néu z,y, z khong 1a do dai cac canh ctia mot tam giac, thi bat ding
thitc 1a tam thuong. Nguge lai, ta c6 the dit 2 = u + v,y = v + w, 2 = w + u va bat
déng thic duge quy ve

[(u+v)(v+w)(w +u)]* +2 > 16(u + v + w)uvw.

Ta ¢6 [(u+v)(v+w)(w+u)]* +1+1> 3¢/ (u+v) v+ w)(u+w)* va ta chi con
phai chitng minh ring vé phai bat dang thiic cudi it nhat 1a 16(u + v + w)uvw. Diéu

nay dan dén
3

(£ 0) (0 + w)w + w)t > %(uvw)g(u + ot w)

Nhung bat ding thitc nay suy ra tit cac bat dang thic da biét

(u+v)(v+w)(w+u) > S(u+v + w)(uv + vw + wu),

(uv + vw + wu)* > 34(uvw)§,

u—+v+w > 3Juvw.

Loi giai 3:
Tuong ty nhu trong Ldi giai 2, ta quy bai toan vé chiing minh rang

(abe)* +2>2) ab—> a’

Bay gio, stt dung bat déng thiic Schur, ching ta suy ra ring

9ab
QZCLb—ZCFSﬁ

va nhu 14 mot hé qua true tiép ciia bat dang thiic AM-GM ta c6

Jabe < 3+/(abc)?.

at+b+c—
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68.

Diéu nay chi ra rang khi ta chitng minh

(abc)* +2 > 3%3/(abc)?,

thi bai toan dudc giai xong. Nhung khang dinh cudi ciing dude suy tit bat dang thic
AM-GM .

asile Cirtoaje] Chiing minh rang néu 0 < z <y < zvahz+y+ 2z = zyz + 2, thi
Vasile Cirtoaje| Chi inh 0 <y < 2, th

a) (1—azy)(1—yz)(1—xz) = 0;

32
b) x2y < 1,232 < —.
) z?y < Y < o
L&i giai:
a) Ta co

(1—ay)(1 —yz)=1—ay —yz + 2y’
=l—asy—yzt+ylr+y+z—2)
:(y_1)2207

va tuong tu
(1—y2)(1—z0)=(1-2)*>0, (1-z2)(1—-ay)=(1—2)*>0.

Vay cac biéu thic 1 — zy, 1 —yz, va 1 — 2z ¢6 ciing dau.
b) Ta viét lai he thic
rT+y+z=ayz+2
nhu sau
(I=2)1—-y)+ 1 —-2)1—2y) =0
Néeuz>1thiz>y>z>1vadodo (1—2)(1—y)+(1—2)(1—=zy)>0,diéu nay
khong thé xay ra. Vay ta c6 z < 1. Tiép theo ta phan biét hai truong hop 1) xy < 1;
2) zy > 1.
32
1) zy < 1. Tacéx2y§x§1vax3y2§x§1<2—7.
2) zy > 1. Tty > /oy ta c6 y > 1. Tiép theo ta viét lai he thic v +y + 2 = zyz + 2
thanh = +y — 2 = (zy — 1)z. B6i vi 2 > y cho ta

r+y—22(wy—1ly—=y-1)2—-z—-my) 20,
vay 2 > z(1 + y). St dung bat dang thiic AM-GM , ta c6

1+y22\/§va1+y:1+%+%233 1%%

73



69.

70.

Do do
3/'3/2

N 32 .,
Diéu nay c6 nghia la 2%y < 1 va 23y < 7 Dang thic 2%y = 1 xdy rakhiz =y =1
, 32 2
va dang thic 23y? = > xdy ra khi z = pY=2= 2.
[Titu Andreescu] Cho a,b,c 1a cac s6 thuc duong théa man a + b+ ¢ > abe. Chiing
minh rang c6 it nhat hai trong cac bat dang thrc

2 3 6 2 3 6 2 3 6
—4+-4+->6,-4+-+->6,-+—-+-2>6
a b ¢ b ¢ a c a b

ding.
TST 2001, USA

Loi giai:

. 1 1 1 .

Y tuéng ty nhién la thay the — = x,g = y,— = z. Khi do, ta c6 z,y,z > 0 va
a c

2y + yz + zr > 1 va ta phai chitng minh it nhat hai trong cac bat dang thiic
204+ 3y+62>6, 2y+32+62>6, 224+3x+6y>6
ding. Gia sit truong hop nay khong xady ra. Khi d6 ta c6 the gid sit rang
2 + 3y + 62 < 6 va 2z + 3z + 6y < 6.

1—yz

Cong lai, ta duge 5z + 9y + 82 < 12. Nhung ching ta c6 x > n
Y+ z

. Suy ra 12 >
5 — dYz
y+z

+ 9y + 82, bat dang thitc nay chinh 13

1204 2) > 5+ 9% + 822 + 1292 <= (22 — 1) + 3y + 22 — 2)2 < 0,
Diéu nay hién nhién khong xay ra. Do d6 ta c6 diéu phai chitng minh.
[Gabriel Dospinescu, Marian Tetiva] Cho z,y, z > 0 théa man
T+y+z=u1ayz.

Chitng minh rang
(x—1)(y—1)(z—1) < 6v3 — 10.
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Loi giai 1:

Béi vi x < zyz = yz > 1 (vA cac hé thiic tuong tu zz > 1,2y > 1) nén c6 nhiéu nhat
mot trong trong ba s6 nhé hon 1. Trong bat ki truong hop ndo (z < 1,y > 1,2 > 1
hoac cac trudng hop tuong tu) bat dang thitc can ching minh hién nhién ding. Con
duy nhat mot truong hop ta phai phan tich la khi 2 > 1,y > 1 va z > 1.

Trong truong hop nay ta ki hiéu

r—1l=a,y—1=0bz—1=c.
Khi d6 a,b, ¢ 1a cac s6 thic khong am, va béi vi
r=a+1l,y=b+1,z=c+1
thoa man
a+1+b+1+c+1=(a+1)b+1)(c+1),

diéu nay c6 nghia la
abc 4 ab + ac + be = 2.
Dat z = yxyz; ta co
ab + bec + ca > 3vabbcca = 3x2,
khi d6 ta co
22+ 322 <2
=+ 1)(2? +22-2) <0
=@+ D)@+ 1+V3)(z+1-V3) <0,

Do z > 0, diéu nay suy ra

v3abc:x§\/§—1,

hoac, tuong duong
abe < (V3 —1)%,

bat dang thic trén chinh xac la

(z—1)(y—1)(z —1) < 6v3 — 10.
Chiing minh dugc hoan thanh.
Loi giai 2:
Giéng nhu trong 1oi gidi dau tién (va bdi vi tinh ddi xtng) ta c6 thé gid si ring
x> 1,y > 1; tham chi ta c6 thé gid st x > 1,5 > 1 (v6i z = 1 bat dang thitc la 16
rang). Khi d6 ta c6 zy > 1 va tir diéu kien da cho ta c6

r+y
z = .
ry — 1

75



Heé thitc phai ching minh la
(z—1)(y —1)(z — 1) < 6v3 — 10

—=2yz — (zy + 24 y2) < 6V3 -9,

hodc, v6i bicu thitc trén day ciia z,

+y
—1 - (x+y)y

Y <6v3-9

= (ry — 7 —y)* + (6vV3 - 10)zy < 6\/_ -9,

x
2xy.
xy

sau mot vai bude tinh toan.
Bay giv, ta diit = a + 1,y = b+ 1 va bién doi thanh

a?b? + (633 — 10)(a + b + ab) — 2ab > 0.

Nhung
a+b>2vab

va 64/3 — 10 > 0, vay ta chi can chi ra ring
a?b? + (6v/3 — 10)(2Vab + ab) — 2ab > 0.
Thay t = Vab > 0, bat ding thic tré thanh
'+ (6v3 — 12)2 + 2(6v/3 — 10)t > 0,
hoac
5+ (6v3 —12)t +2(6v3 —10) >0
Dao ham ctia ham s6
F(t) =2+ (6V3 —12)t + 2(6v/3 — 10),¢ > 0
la

i) =3 (1 = (V3-1)?)

va c6 duy nhat mot nghiem dmmg ctia phuong trinh f/(¢) = 0. D6 1a /3 — 1 va dé thay
ring v/3 — 1 la mot diém cuc tiéu ctia f trong khoang [0, 00). Do d6

ft) = f(V3-1)=0,
va ta c6 diéu phai ching minh.
Nhan xét cudi cling: thuyc ra ta c6
f)=(t—V3+1)%(t+2V3-2),

diéu nay chi ra rang f(t) > 0 véi ¢t > 0.
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71. [Marian Tetiva] Chiing minh rang véi bat ky cac s6 thyce duong a, b, ¢ ta c6

- vP-3 3A-ad

(a—0)2+ (b—¢c)*+ (c — a)?
+ .
a+b b+c c+a

4

<

Moldova TST, 2004

Loi giai 1:
Dau tién, ta thay ring vé trai c6 thé duge bién doi thanh

- 1 1 s a1 1
Z a+b =(a _b)<a—+b_a+c>+(b _C)<b+c_a+c>
_ (a=Db)(c=b)(a—c)(3 ab)

(a+b)(b+c)(c+a)

Y

vi vay ta phai chiing minh bat dang thitc
|(a—0)(b—c)(c—a)|(ab+bc+ca) 1
(@a+b)(b+c)(c+a) 2(2& 2 a )

Dé dang chiing minh rang

(a+b)(b+c)c+a)>=(a+b+c)(ab+ bc+ ca)

NeliNee)

do d6 ta con phai chiing minh

20 (00— 07) = [Tt
Stt dung bat dang thitc AM-GM , ta can chitng minh bat dang thiic sau dé thu duge

bat déng thic trén ‘ ,
77 (2e) = [Ia-v)

Bat dang thiic nay dé chiing minh. Chi can dé y ring ta c6 thé gid st a > b > ¢ va
trong truong hgp nay bat dang thic tré thanh

(a=b)(a—c)(b—rc) < %(a—i—bch)
va bat dang thiic nay suy ra tit bat ding thiic AM-GM .

Loi giai 2 (bSi Marian Tetiva):

7
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Dé thay ring bat dang thiic khong chi tuan hoan ma con doi xtng. Vi thé ching ta c6
thé giad st ring a > b > ¢ > 0. Y tudng 1a sit dung bat dang thiic

2% + zy + 42 x
r+y

y
=z >
THg 2 2

bat dang thitc ding néu > y > 0. Chitng minh bat dang thic dé va ta sé bd qua.
Bay gio, bdi vi a > b > ¢ > 0, ta c6 ba bat dang thiic

b _ a®+ab+? a c _ b?+bc+ c? b
> >bh+—bt->—— > ~
R Ty S
va hién nhién
c_a’+ac+c? a
a+ == >c+ —
2 a-+c 2
Do do
a® — b3 a’® + ab + b? b2 + be + 2 a® + ac + 2
3 —a—b)—— " f(h—)—— " (a—c)
a+b a+b b+c a+c

a b c
> (g — z _ 2) (g — -
> (a b)(b+2>+(b J) <c+2) (a c)(a+2)
__Z(a_b)2
— TR

Bing cach tuong tu ta c6 thé chiing minh ring
a® — b (a — b)*
<

Z a+b _Z 4

va ta c6 diéu phai ching minh.

[Titu Andreescu] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh rang
(a®> —a®>+3)(0° —b* +3)(c® = +3) > (a+b+c).
USAMO, 2004

Loi giai:
Ta bat dau v6i bat dang thiic @® — a* +3 > a® + 2 <= (a®> — 1)(a® — 1) > 0. Vay, con

phai chi ra rang
3
[ +2) > (Z a) .
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St dung bat dang thitc AM-GM | ta c6

a® n 1 n 1 S 3a
ad+2 B4+2 A+2 7 YT(ad+2)

Ta viét hai bat dang thitc tuong tir va cong cac bat ding thic lai. Ta thay rang

H(a3+2) > (Za)g,

day la bat dang thic mong mudn.

[Gabriel Dospinescu] Cho n > 2 va x4, 29, ..., x,, > 0 thoa man

() () -

(ixi) (i%) >n2+4+ﬁ.
e~ i n(n —

k=1

Chitng minh rang

Lai giai:

Trong bai toan nay, su két hop giita cac dong nhat thic va bat dang thic Cauchy-

Schwarz la céch dé chiing minh. Vay, ta bat dau vé6i biéu thiic
T T 2
> (GeE)
— X X
1<i<j<n
Ta c6 thé thay ngay riang

T ? x? ; T
oo (Z+E-2) = > (Z+EZ-47-4246
i ZT; [L’j T X ZT;

— x; —
1<i<j<n 1<i<j<n

) (z:;x2> (,-:1 %> - <§:w> (z:; %) 302,

Do d6 ta c6 thé suy ra tit bat dang thic

3
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(£ (£2) e
i=1 i=1 "1

Tiéc rang, diéu nay chua di dé két luan. Vay, ta hay c¢d gang cuc tiéu hoa biéu thitc

Z; X 2
v J
> Z24+2-2) .
— X &£y
1<i<j<n

Diéu nay c6 thé lam béi sit dung bat dang thitc Cauchy-Schwarz :

2
ZT; ZT;
e
(SL’Z’ T ) 1<i<j<n Z; X
2 > .
1<i<j<n ' n
2

Béivi > <%+%—):1,tasuyrar§ng

1<i<j<n
A DD L T ——
( x)( ﬁ)_?H Tl =1y

1=1 =1 !

d6 1a diéu ta mudn chiing minh. Tat nhién, ta can chiing minh la ding thitc khong xay
ra. Nhung dang thic sé dan dén z; = 5 = ... = x,,, n6 mau thuan véi gia thiét

(55 (55) -

[Gabriel Dospinescu, Mircea Lascu, Marian Tetiva] Chting minh rang v6i bat ky s6 cac
s6 thye duong a, b, ¢, ta c6

a® + b+ + 2abc +3 > (1 +a)(1+b)(1+ ¢).
Loi giai 1:
Dat f(a,b,c) = a®>+b*+ 2 +abc+2—a—b—c—ab—bc— ca. Ta phai chiing minh rang
tat ca cac gia tri clia f déu khong am. Néu a, b, ¢ > 3, thi ta c6 E+E + o< 1, diéu nay
c6 nghia 1 f(a,b,¢) > a>+b*+c* —a—b—c > 0. Vay, ta c6 the gid st rang a < 3 va

b+c (3—a)(b—c)’

dat m = — D@ tinh toan dé chi ra rang f(a,b, c) — f(a, m,m) = 1 >0

va chi con phai chitng minh f(a,m,m) > 0, diéu nay chinh 1

(a+1)m? —2(a+1)m+a*—a+2>0.
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Béat ding thic nay hién nhién ding, bdi vi biét thic clia phuong trinh bac hai 1a
—4(a+1)(a—1)*2<0.

Lai giai 2:
Nhéc lai bat dang thitc Turkevici
ot oyt 42t 2uyat > 2ty PR A P a2 4 g

v6i moi s6 thuc x,y,z,t. Dat t = 1,a = 2%,b = y?,x = z? va st dung hé thic
2v/abc < abe + 1, ta c6 duge bat dang thitc can chiing minh.

[Titu Andreescu, Zuming Feng| Cho a,b, ¢ 1a cac s6 thyc duong. Chitng minh rang

(2a+b+c)?  (2b+a+c)*  (2c+a+b)?
202+ (b+c¢)?2 202+ (a+c)? 22+ (a+0b)?2 ~

USAMO, 2003

Loi gii 1:
Béi vi bat déng thiic 1a thuan nhat, ta c6 thé gia sit a + b+ ¢ = 3. Khi dé
(2a+b+c)?  a®>+6a+9

202+ (b+c)?2  3a2 —6a+9
1 4

3 2+ (a—1)2
1 4a + 3
< —-[|1+42.
_3( 20 )
4a + 4

3
Suy ra

2a+b+c)? _ 1
Zm252(4a+4):8.

Lai giai 2:

b b
Ki hieu =z = _I—C,yzc_ll;a,z:ohL

2
(z +2) 2e+1 5 (r—1)2 _ 1
<8 «— < — <— > .
Z:c2+2 - Z:c2+2—2 Z:c2+2 -2

Nhung, tit bat dédng thitc Cauchy-Schwarz , ta c6

. Ta phai chiing minh réng

Z(x—l)z S (Ety+2-3)

24+2 T 224y 42246
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7.

Ta con phai ching minh rang

20 +y? + 22+ 20y +2yz + 220 — 62 — 6y — 62+ 9) > Pyt + 22+ 6
=’ + Yy + 2 A ey +yz+o2x) — 12+ y +2) + 12 > 0.

Bay gio xy + yz + zx > 3/ x%y?22 > 12 (bdi vi xyz > 8), vay ta van con phai ching
minh rang
(x+y+2)?+24—12(x+y+2)+12>0,

Bat ding thiic nay tuong duong véi (x +y + z — 6)% > 0, diéu nay hién nhién ding.

Chitng minh rang v6i moi s6 thic duong z,y va véi moi s6 nguyén duong m, n, ta c6

(n—1)(m—1) (™" +y™ ) + (m+n—1)(@"y" +a"y™) > mn(a™ "y +y" ).
Austrian-Polish Competition, 1995

Loi giai:

Ta bién doi bat déng thic nhu sau:

mn(z —y) (™" =y > (m4n = 1) (2™ — y™) (2" — y")
e A et i
(m+n—1)(z—y) =~ mlx—y) nlz—y)

m+n—1 __ m

T T

(ta gia st rang = > y). Hé thitc cudi ciing c6 thé viét lai thanh

xT x x

(z — y)/tm+”—2dt > /tm—ldt./t”—ldt

Y Yy Yy
va bat dédng thic nay suy ra tit bat ding thitc Chebyshev cho tich phan.
Cho a, b, c,d, e 1a cac sd thiyc duong thdéa man abede = 1. Chiing minh rang

a + abc N b+ bed N ¢+ cde N d+ dea N e+ eab >1
14+ab+abed 1+bc+bcde 1+cd+cdea 1+de+deab 1+ea-+eabc — 3

Crux Mathematicorum

Loi giai:
Xét phép thé
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79.

voi z,y, z,t,u > 0. Ta co

1+1
a + abc oyt
11 1
1+ ab + abcd L
r oz ou
PSP . Coenea 1 1 1 1 1
Viet cac hé thiic khac tuong tu, va ki hieu — = a1, — = ag,— = a3, — = a4, — = as,
T Y z t U

a; > 0, ta co

Z as + ay >E
a; +as+as 3

St dung bat dang thic Cauchy-Schwarz , ta lam nhé vé trai béi

452
252 — (ag + &4)2 — (CLl + CL4)2 — (ag + a5)2 — (ag + a5)2 — (a1 + CL3)27

5

v6i S = 3" a;. Béi ap dung bat dang thitc Cauchy-Schwarz mot lan nita cho mau s6
i=1

clia phan s6, ta thu dugc két luan.

[Titu Andreescu] Chitng minh ring véi moi a, b, c € (0, g) bat dang thiic sau ding

sina.sin(a — b).sin(a — ¢) sinb.sin(b — ¢).sin(b — a) sinc.sin(c — a).sin(c — b) _
sin(b + ¢) sin(c + a) sin(a + b) -

TST 2003, USA

Loi giai:
Dit o = sina,y = sin b, z = sinc. Khi d6 ta c6 x,y, z > 0. Dé thay rang hé thic sau la
ding:

sina.sin(a — b).sin(a — ¢).sin(a + b).sin(a + ¢) = z(2? — y?)(2? — 2?)

Stt dung nhitng hé thiic tuong tu cho nhitng s6 hang khac, ta phai chitng minh rang:
Zx(wz — ) (2 = 2% > 0.

Véi sit thay thé » = /u.y = /v, 2 = y/w bat dang thtic tré thanh >° /u(u—v)(u—w) >
0. Nhung bat dang thitc nay suy ra tit bat dang thitc Schur.

Chitng minh rang néu a, b, ¢ 1a cac s6 thyc duong, thi

Vat + bt + A 4 Va2b? + b2c2 + c2a? > Va3b + b3c + Ba + Vab3 + be3 + cad.
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KMO Summer Program Test, 2001

Loi giai:
Hién nhién ta chi can chiing minh cac bat déng thtc

Za4+2a2b2 > Zagb+2ab3
(3 at) (3o a2) = (Y a) (S at?).

Bét dang thic dau suy ra tit bat ding thitc Schur

Za4+acha > Za3b+2abg
Za2b2 > acha.

Bét dang thic thi hai 14 mot hée qua don gidn ciia bat déng thitc Cauchy-Schwarz :

va

va hé thuce

(a®b + bPc+ c*a)?® < (a®b® + b*c? + *a?) (a* + b* + )
(ab® 4 bc® + ca®)? < (a®b* + b*c® + Fa?)(a* + b* + ¢*).

[Gabriel Dospinescu, Mircea Lascu] Cho n > 2, tim hang s6 k, nhé nhéat c6 tinh chat:
Néu aq, as, ..., a, > 0 co6 tich bang 1, thi

aia asag apQy

+ 4o+ <k,
(a2 +ag)(a2 +ay) (a2 +az)(a? + as) (a2 + ay)(a? +ay,) —
Loi gidi:
Dautien tadat ay =as = ... = ap_1 = T, 0y, = ——. Ta suy ra
-

b o> 2g2n—1 N n—2 - n—2
nE G D@1 1) (a2 (1+a)?

v6i moi x > 0. Ro rang, diéu nay suy ra k, > n — 2. Ta chitng minh réng n — 2 13 mot
hing s6 tot va bai toan sé duge giai.

Dau tien, ta sé ching minh rang (22 + y)(y*> + x) > zy(1 + z)(1 + y). That vay, bat
dang thitc chinh 1a (z + y)(z — y)? > 0. Vay, chi can chiing minh rang

1 1 1

(1+a1)(1+ as) i (1+a2)(1+ a3) Tt (1+a,)(1 + ay) <n-—2.
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x x P
Bay gio, ta dat a; = —1, ..., a, = — va bat dang thiic & trén tré thanh
i) T

- (1 . Lr4+1TE+2 )> 9
pt (g + Tp1) (Tps1 + Tpgo) )

bat ddng thic nay ciing c6 thé duge viét dudi dang

n

2
Z Tk I Lit1 > 9.
] Tkt Tt (@ + Tp1) (Thg1 + Trg2)

Ro6 rang,

Tk ~ Tk .
Zx,ﬂtxk sz + 2o+ .. F =t
+1 k=1 1 2 n

Vay, ta phai chitng minh bat dang thiic

22
(h + Tpo1) (Tpr1 + Trg2)

Stt dung bat dang thitc Cauchy-Schwarz, ta suy ra rang

" 2
2 (Z xk)
Tra > k=1

(@ ) (Ts1 + Ter2) = > (@r + Tpg1) (Trgr + Tigo)
k=1

va ta chi can chiing minh rang

n 2 n n n

(Z ) >3 242w+ wires
k=1 k=1 k=1 k=1
Nhung bat dang thiic nay tuong duong véi
n n
2 Z T > QZkukH + Zxkka
1<i<j<n k=1 k=1

va diéu nay la hién nhién ding. Vay, k, = n — 2.

81. [Vasile Cirtoaje] V6i moi s6 thuc a, b, ¢, 2, y, z, chiing minh rang bat dang thiic sau ding

2
ax+by+cz+\/(a2+b2+02)(:172+y2+22)2§(a+b+c)(:)s+y+z).
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Kvant, 1989

Loi giai:

. %+ y2 + 22 ) 2 N
Ta ki hiéu t = {/ ————. St dung su thay the x = tp,y = tq va z = tr, dieu nay
suy ra a? + b + 2

PR+ =+ P+
Bét dang thiic da cho trd thanh

2
ap+bq+cr+a2+b2+022g(a+b+c)(p+q+r),

Wl

(a+p)?+b+q°+(c+r)?>(a+b+c)p+q+r).

Tit
dla+b+e)prag+r)<[la+b+c)+(p+qg+r)%

suy ra chi can chiing minh rang

[(a+p)+ (b+q)+ (c+7)*

Wl =

(a+p)?+b+q)°+(c+r)?>

Bét dang thic nay hién nhien 14 ding.

[Vasile Cirtoaje|] Chitng minh ring cac canh a, b, ¢ ctia mot tam giac théa man bat dang
thic ) )
3(r4+24+S—1)>2(2+5+2).
b ¢ a a b ¢

Ta c6 thé gia st rang ¢ 1a s6 nhé nhat trong cac s6 a,b, c. Khi d6 dat o = b —

Lai giai 1:

a-+c
5

Sau mot vai bude tinh toan, bat dang thic trd thanh
(3a — 2¢)z* + <x+c—%) (a—e)?*>0
<=(3a —2¢)(2b — a — ¢)* + (4b + 2¢ — 3a)(a — ¢)* > 0.

Diéu nay tric tiép suy ra tit cac bat dang thic 3a > 2¢, 4b+2c—3a = 3(b+c—a)+b—c >
0.

Loi giai 2:
Thuc hien mot phép thay thé a =y + 2,0 = z + 2, ¢ = 2 +y vA quy dong mau s6. Bai
toan quy ve chitng minh rang

2?4y’ + 2 2Py + P+ 2Pr) = 3wy + 2+ 2a?).
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Tat nhien ta c6 thé gid st ring = 14 s6 nho nhat trong cac sé z,y, z. Khi dé ta c6 thé
viet y = v +m, 2z = x +n v6i m va n cac s6 khong am. Mot sut tinh toan ngan chi ra
rang bat dang thic quy veé

22(m? —mn + n?) + m® + n® + 2m?n — 3n’*m > 0.
Ta chi con phai chiing minh rang
m?® +n® 4 2m?*n > 3n’m <= (n —m)®> — (n —m)m* +m* >0
va bat dang thitc nay truc tiép suy ra tit bat dang thic t3 —t+1 > 0, ding véi t > —1.

[Walther Janous] Cho n > 2 va xy, 7, ..., 2, > 0 ¢6 tong bing 1. Ching minh ring

Crux Mathematicorum
Loi giai 1:
Y tuéng tu nhién la sit dung hé thiic

n_xi—l—l— n—1
1—2; 24Tt Tig + Tisr F o+ T

n — x; - 1
< 1
H(l — xi)_ H< o "\1/1'1.1'2....l’i_1.1'i+1...l’n)

j#i i=1

Vay ta co

va ta phai chiing minh bat déng thiic

n

1 - 1
1+— = 1+ .
H( I‘Z) E( "\1/,13'1.33'2....1’@'_1.,1'2‘4_1...1’”)

i=1

Nhung bat dang thiic nay khong qua khé, béi vi bat dang thitc trén suy ra triuc tiép
bdi phép nhan cac bat ding thic

n 1 T\"!
1+— > (1 n—1 —
(15 )= (111

thu dugc tit bat ding thitic Huygens.
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Loi giai 2:
Ta sé chiing minh bat dang thitc manh hon la

1(5)=(57) s

i=1

R6 rang 1a bat ding thic nay manh hon bat ding thic ban dau. Dau tién, ta ching

minh ring

i=1

Bat dang thic nay suy ra tit bat dang thiic Jensen v6i ham 16i f(x) = In(1 + x) —
In(1 — ). Vay, chi can chitng minh rang

(n + 1)”

1) 2 gy
G s (o)

, n
; i=1
=1

Nhung ta thay ngay ring day chinh la bat ding thitc duge ching minh trong 1oi giai
cua bai toan 121.

[Vasile Cirtoaje, Gheorghe Eckstein] Xét cdc s6 thuc duong 1, T, ..., z, théa man
T1Ts...7, = 1. Chitng minh rang
1 1 1

+ + ...+ — <1
n—1+x; n—1+xs n—14z,

TST 1999, Romania

Loi giai 1:
Gia st bat dang thic khong ding véi mot hé n s6 nao do. Khi dé ta co thé tim duge

mot so k> 1 va n so ¢ tong bang 1, gia su cac so do la a;, sao cho ———— = ka;.

n—1+ux;
Khi do6 ta ¢6

1 :le(k; —n+1)< }j(a% —n+1).
O day ta st dung heé thic a; < ﬁ Bay gio, ta viét 1 — (n — 1)a, = by va ta thay
Zn: b, = 1 va cling co ﬁ (1 — bk) < (n —1)"b;...b,. Nhung diéu nay mau thuan véi sy
lfgéln la v6i moi j ta C(’;Zl

1—bj=bi+by+..+bj_14+bjs1+..+by > (n—1)"Yby..bj_1bj11...b,.
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Loi giai 2:
Ta viét bat ding thiic viét dudi dang

n—1 n—1 n—1
— — —em——>—(n—-1)
n—14+r; n—14x n—1+x,
n—1 n—1 n—1
—1-— l1-— 1l————— )Y >n—(n—-1
( n—1+x1)+( n—1+x2)+ * n—1+xn)_n (n )
il ) Tn
> 1.

+ o —
n—1+x; n—1+x9 n—14+z,
Bét dang thic cudi suy ra tit tong clia cac bat dang thic dudi day
1-1 1—1
X " Tn Tn "
> .
n — 1 _|_ xl — 1 1 1 1

>
-3 == =27 =1+, — I 1= 1=
Ty " Hxy " A+ e Ty "+xy "+ ..+ T

Bét dang thic dau tien trong céc bat dang thic trén tuong duong véi

1

1 1 1-1 -1
r, "Hxy "ty "> (n— 1)z "

duge suy tit bat ding thitc AM-GM .

Chau y.
. . . . .11 1 .. .
Thay the cac s6 x1,xs,...,x, lan lugt bang cac so0 —, —,...,—, bat dang thic tré
o)) Tn
thanh
! + ! + o ! > 1
1+n—1z; 1+nh—-—1Dzy —~ 14+m—1)x,

[Titu Andreescu| Chitng minh rang v6i moi s thiyc khong am a, b, ¢ thdéa man a® + b* +
c® 4 abc = 4, ta ¢
0 <ab+ bc+ ca— abe < 2.

USAMO, 2001

Loi giai 1 (bdi Richard Stong):

Can dudi khong khé. That vay, ta ¢ ab + be + ca > 3v/a2b?c? va chi can chiing minh
rang abc < va2b2c2, Diéu nay suy ra tit he thic abe < 4. Ngudc lai, can trén 1a kho.
Dau tién ta thay rang c6 hai trong ba s6 cting 16n hon hoac bang 1 hoac cting nhé hon
hozc bang 1. Gid st hai s6 d6 1a b va c. Khi d6 ta c6

4>2bc+a*+abc= (2—a)(2+a)>bc(2+a) = bc<2—a.

Vay
ab+ bc + ca — abc < ab+ 2 — a+ ac — abe
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va chi can ching minh bat ding thic
ab+2—a+ac—abc<2<=b+c—bc<1l<= (b—1)(c—1) >0,

bat ddng thiic nay ding do cach chon ctia ching ta.

Loi giai 2:

Ta khong ching minh lai can dudi, vi day la mot bai toan dé. Ta tap trung vao can

tren. Gid stt a > b > cvagid st a = x +y,b = x — y. Gia thiét tré thanh

?2+c)+y*2—c)=4—¢
va ta phai chiing minh rang

(2% — ) (1 —¢) < 2(1 — zc).

2 N Z 2
Béiviy?=2+c— 5 i Cx2, bai toan yéu cau chiing minh bat dang thiic
4% — (4 — 2)
—(1—¢) <2(1 — .
Do <1 - e
Ro6 rang, ta cé ¢ < 1 va
2+c

O§y2:2+c—2 =t <2—c=1<V2—-¢

—c
(ta stt dung sy kien laa > b=y >0 and b > 0 = x > y > 0). Bay gio, xét ham s6

422 — (4 — 2)
2—c

f:00,vV2—¢ =R, f(x) =2(1 —cx) — (1—2c).

¢ <0, suy ra f la ham giam va f(z) > f(v/2 — c). Vay, ta
—c

1
Ta c¢6 f'(x) = —2¢ — 8[E2
phai chiing minh réng
f(W2—=¢) =0

—=2(1l—-cvV2—¢c)>2—-¢)(1—¢)

—3>ct+2vV2—c

—=(1-vV2-¢c)?>0
diéu nay hién nhién dang. Vay, bai toan da gii xong.
[Titu Andreescu] Chitng minh rang v6i moi s6 thuc duong a,b, ¢, bat dang thic sau
ding

a+§+c—mgmax{(\/_—\/5)2,(\/5—\/5)2,(\/5_\/5)2}'
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87.

TST 2000, USA

Loi giai 1:
Mot ¥ tudng tir nhién 1a phai gid sit ngugc lai, diéu nay c6 nghia la

b 3
u—\/abc>a+b—2\/%

3
%M—\/Babc>b+c—2\/%
b
L Vabe > cta- 2/

Cong cac bat dang thiic lai, ta thiy ring
a+b+c—3Vabe > 2(a+b+c— Vab — Vo — /ca).
Bay gio, ta sé chiing minh ring a + b + ¢ — 3vabe < 2(a+ b+ ¢ — Vab — V/be — /ca)
va bai toan sé dudc gidi. Vi bat dang thiic trén 13 thuan nhat, ta c6 thé gia st ring
abc = 1. Khi d6, bat dang thiic tré thanh
2\/@+2\/%+2\/ca—a—b—c§3.

Bay gio, stt dung bat déng thic Schur, ta thiy ring véi bat ki cac s6 thuc duong
x,y, %, ta co

9xyz ‘
Qry + 2z + 2z — at — 1 — 2 < T <3 a2y222,
y y y T rt+y+z y

Ta chi con phai diat x = \/a,y = V/b, z = \/c trong bat ding thiic trén.

[Kiran Kedlaya] Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh riang

a+\/ab+\3/abc<</ a+ba+b+c
a. . )
3 - 2 3

Loi giai (bSi Anh Cudng):
Ta c6

a+\/%+v:5abc§a+\S/aba;—bijgabc.

Bay gio ta sé ching minh

a+\3/aba;b+\/gabc§ f/a.a;b.a+§+c.
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Béi bat ding thitc AM-GM | ta c6

14 2a . 3a
,v12a 3o _ " "a+b atbtec

‘at+bat+btc ™ 3

2_|_37b
5111 3b < a+b+c

‘a+b+c 3 '
14 2b n 3c
vl 2b 3¢ " "a+b atbte
‘a+ba+b+c ™ 3 '

Bay gio, chi can cong cac bat dang thic lai, ta c6 bat dang thiic can ching minh. Dau
bang xdy ra khia = b = c.

88. Tim hang s6 k 16n nhat sao cho vdi moi s6 nguyen duong n khong 14 mot s6 chinh
phuong, ta c6
(1 + v/n) sin(mv/n)| > k.
Vietnamese IMO Training Camp, 1995

Loi giai:
Ta sé chiing minh rang 5 la hang so tot nhat. Hién nhién ta c6

E<(1+Vi2+1)

sin(ﬂ\/m)’

v6i moi s6 nguyéen duong . Bdi vi [sin(rv/i® + 1)| = sin ta suy ra rang

T
i+ V21
T ) T k
————— >sin > ,
1+Vi2+1 1+Vi2+1 1++vVi2+1

< T < P 2z P ?2
. Bay gio ta ching minh rang 5 la hang so tot. Ro rang, bat dang

tur day suy ra k <

thitc ¢6 thé viét

o

sin(m{y/n}) > ek

Ta ¢6 hai truong hgp
. 1 .
i) Truong hop thi nhat: khi {{/n} < 5" Hien nhién,

1

{\/E}Zf—m:\/ﬁ+— —
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e . 3 PN
va bdi vi smxzx—gta thay rang

it = et (o) i (o)

Ta chting minh dang thic cudi ciing it nhat bang . Diéu nay dan dén

2(1+/n)

2+\/_—\/m> 2
1+ +/n 3(vn+vn—1)2

hodc 6(v/n++vn — 1)2+3(y/n++vn — 1) > 7%(1+/n) va diéu nay la hién nhién ding.
1 1
ii) Truong hop thit hai: khi {y/n} > 3 batz =1-{/n} < 3 van = k?+p,1 <p <2k,

1 R
Béi vi {/n} > 5 =P >k + 1. Khi d6 dé thay rang x > va ta chi

1
T k+14+VEE+2k

can chiing minh rang

T T

sin > .
k+1+vVE2+2k  2(1+Vk2+k)

. s 3

St dung mot lan nita bat dang thic sinx > x — 5 ta suy ra

2\/k:2+k—\/k:2+2k—k:+1> 72
1+ VE2+Fk 3(1+4 k+ VEZ +2k)2

Nhung tit bat déng thiic Cauchy-Schwarz ta c6 2vk2 + k — Vk2 + 2k — k > 0. Béi
2

vi bat déng thic (1 + &k + Vk? + 21{:)2 > % (1+ Vk*+ k) dtng, truong hop nay ciing

duge gidi quyét.

. [Tran Nam Dung| Cho z,y,z > 0 théa man (z + y+ 2)* = 32zyz. Tim gia tri nho nhat
va gia tri 16n nhat ctia biéu thiic

x4+y4+z4
(x+y+2)%

Vietnam, 2004
Loi giai 1 (bdi Tran Nam Dung):

Ta c6 thé gia st ring = +y + 2 = 4 va zyz = 2. Suy ra, ta phai tim cac gia tri cy tri
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4 .4 .4
, TH+y +z N p
cua —Z4 . Bay gio ta co

Pyttt =2y 42— 2) 2y

= (16 — 2ny)2 -2 (ny)2 +dxyz(x +y + 2)

= 2a* — 64a + 288,

2 8 ...
viia=xy+yz+zr. Biviy+z=4—xvayz = -, ta phdi c6 (4 —z)? > —, diéu
T T

nay suy ra rang 3 — /5 < o < 2. Do tinh déi xting, ta c6 x,y, z € [3 —+/5,2]. Diéu nay
c6 nghia la (r —2)(y —2)(z — 2) < 0 va

(x—3+V5)(y—3+V5)(z—3+V5)>0.
Hién nhien tit cac biéu thitc trong ngoic, ta suy ra rang

|

ooty 2t (a—16)7 — 112
Nhung béi vi 1 = 198

383 —165v5 9 .
—f dat dugc véi cac bo ba so tuong tng (3—\/5,

, ta tim thay cac gia tri cuc tri ctia biéu

1+\/5’1+\/3)’

thtc 1a

(2,1,1).

256 128’ 2 2

Loi giai 2:
Nhu trong 16i giai trén, ta phai tim cac gia tri cuc tri clia 22 +y? + 22 khiz +y+ 2 =

1, 2yz = 3 bdi vi sau do cac gia tri cue tri ctia biéu thite 2* + y* + 2* ¢6 thé duge tim
. . . a b c
thay tryc tiep. Ta st dung su thay the x = Z,y =7 z= 37 V6l abc = 1,a+b+2c = 4.
a? 4+ b? + 4c?

Khi d6 a2 + y? + 22 = va do do ta phai tim cac gia tri cuc tri ciua

16
2 N
a’ + b* + 4c. Bay gio, a® + b® + 4c? = (4 — 2¢)? — = + 4¢® va bai toan quy vé tim
c
gid tri 16n nhat v gia tri nhé nhat clia 4¢> — 8¢ — — Vi a,b, ¢ 1a cac sd thyc duong
c

) N ~ z 4
théa man abc = 1,a + b + 2c = 4. Hién nhién, diéu nay dan dén (4 — 2¢)? > —, hoic
c

Ve {3 —2\/3

N N . 1
,1]. Nhung diéu nay quy vé viéc xét ham s6 f(r) = 42 — 8r — ~ xéac
x

V5

dinh trén [3 , 1} , day 1a mot bai toan dé.
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90. [George Tsintifa] Chitng minh rang v6i moi a, b, ¢, d > 0,
(a+b)>b+c)*(c+d)>*(d+a) > 16a*b*cd*(a + b+ c+ d)*.
Crux Mathematicorum

Loi giai:
Ta ap dung bat dang thiic Mac-Laurin cho

x = abc,y = bed, z = cda,t = dab.

Ta sé thay rang

4 4 a 4

(2 abc>3> Sabebed.eda  a*B*Ad? Y a
Vay, ta chi can chiing minh bat dédng thitic manh hon
(a+b)(b+c)(c+d)(d+a) > (a+ b+ c+ d)(abc + bed + cda + dab).
Bay gio, ta nhan xét rang
(a+b)(b+c)(c+d)(d+a) = (ac+ bd + ad + bc)(ac + bd + ab + cd)
= (ac +bd)* + ) a*(be + bd + cd)
> dabed + Y _ a*(be + bd + cd)
= (a+ b+ c+d)(abc + bed + c¢da + dab).

va bai toan da giai xong.
91. [Titu Andreescu, Gabriel Dospinescu] Tim gid tri 16n nhat ctia biéu thic

(ab)”  (bc)" | (ca)"
1l—ab 1—bc 1-—ca

V6i a, b, ¢ 1a céc s6 thuc khong am ma cé tong bang 1 va n 1a mot s6 nguyen duong.

Loi giai:
Dau tién, ta sé gidi quyét truong hop n > 1. Ta sé chitng minh gia tri 16n nhat 1a
1
VISR Ro6 rang ab, be, ca < 1 va do do
(ab)™ (ab)" (ab)™ 4
< = (ab)" + (be)" ",
l—ab 1—ab 1—ab ™ 3 (ab)” + (be)" + (ca)
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N ]' .2 ? N £ 2,
Suy ra, ching ta phai chiing minh rang (ab)™ + (be)™ + (ca)™ < L Gid sit a 1a so 16n
nhat trong cac s6 a, b, c. Khi dé ta c6
1
ye >a"(1—a)" =a"(b+c)" > a"b" +a"c" +na"b" e > a"b" + 0" + ca”.
Vay, ta chiing minh dugc rang trong truong hop nay gia tri 16n nhat nhiéu nhat bang

EWIEE Nhung véi a = b = 5 ¢= 0 gia tri nay dat dugc va diéu nay chi ra riang gia tri

16n nhat 1a

véi n > 1. Bay gio, gia sit rang n = 1. Trong trudng hop nay ta co

ab 1
Zl—abzzl—ab_g’

Stt dung gia thiét a + b + ¢ = 1, khong khé dé chiing minh ring

3 4n—1

1 N 1 N I 3—> ab+ abc
l—ab 1—bc 1—ca 1-> ab+abc— a2b?c?’
. b P
Ching ta sé ching minh rang > 1 a4 2 < 3 V6i sit nhan xét & trén, van de nay quy
—a

ve

_ 2
Z ah < 3 27(ablci + 19abc‘

1 + 9abe

Nhung stt dung bat dang thiic Schur ta suy ra rang > ab < va vay du dé chi

ra rang
9abc + 1 - 3 — 27(abc)* + 19abc
4 - 11

<= 108(abc)* + 23abc < 1,

R 1 ) 3
dieu nay ding bdi vi abe < 77 Do do6 v6i n = 1, gia tri 16n nhat la 3 dat dugc véi
a="b=c.
Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang
1 1 1 3
+ + > 3 3 :
a(l1+b)  b(1+c) c(l+a) = Vabe(1l+ vabe)

Li giai:
Su quan sat sau day 1a chi yéu

1 1 1 1+ abc+ a—+ ab
(1+abc)(a(1+b) v +c(1—0—a))+3zz a(l+0)

B 1+a b(c+1)
_Za(ler)jLZ 1+b
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93.

Bay gio sit dung hai lan bat dang thiic AM-GM ta dugc

1+a b(c+1) 3 3
> be.
LTI L

Vay ta con lai v6i bat dang thic

3
+ 3vabc — 3
vabe 3

> Y
1 + abe ~ Vabe(1 + Vabe)

thuc té day 1a mot dong nhat thic!

[Tran Nam Dung] Chiing minh ring véi moi s6 thuc a, b, ¢ théa man a? + b* + ¢* = 9,
ta co
2(a + b+ c¢) — abe < 10.

Vietnam, 2002

Loi gidi 1 (bdi Gheorghe Eckstein):

B6i vi max{a,b,c} < 3 va |abc] < 10, ta chi can xét cac truong hgp khi a,b,¢ > 0
hodc c6 ding mot trong ba s6 1a am. Dau tién, ta gid st rang a, b, ¢ 1a khong am. Néu
abc > 1, thi ta c¢6 diéu phai chitng minh, béi vi

2(a+b+c) —abe < 24/3(a? + b2 + ¢2) — 1 < 10.

Nguoc lai, ta ¢ thé gia si rang a < 1. Trong trudng hop nay ta co

2, 2
2(a+b+c)—abc§2<a+2 b ;—C >:2a+2\/18—2a2§10.

Bay gio, gia st rang chi c6 mot s6 am va gid st ¢ < 0. Suy ra, bai toan quy vé ching
minh ring véi moi z,y, z khong am cé tong binh phuong bing 9, ta cé

d(x+y—2z)+ 2zyz < 20.
Nhung ta c6 thé viét nhu la
(x—2)%+(y—2)?+ (2 — 1)* > 2zyz — 62 — 2.
Bai vi

20yz — 62 —2<w(y? +2%) —62—-2=—22+32-2=—(2 - 1)*(2 +2),
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bat dang thiic ding.
Loi giai 2:
Hién nhién, ta c6 |al, |b], |c| < 3 va |a+ b+ ¢|, |abc| < 3v/3. Ta ciing c6 thé gia sit ring
a, b, c khac khong va a < b < ¢. Néu ¢ < 0 thi ta c6
2(a+ b+ c) — abe < —abe < 3v/3 < 10.
Ciing vay, néu a < b < 0 < ¢ thi ta c6

2(a+b+c) <2c¢<6 <10+ abe

bdi vi abc > 0. Néu a < 0 < b < ¢, stt dung bat dang thitc Cauchy-Schwarz ta duge
2b+2c—a < 9. Suy ra

20a+b+c¢)=2b+2c—a+3a <9+ 3a

va chi con phai chitng minh ring 3a — 1 < abe. Nhung a < 0 va 2bc < 9 — a?, vay chi
can chitng minh

9a — a®

>3a—1<+<= (a+1)*(a—2) <0,

bat dang thitc nay ding. Do dé, ta chi con truong hop 0 < a < b < ¢. Trong truong
hop nay 2b+ 2c+a <9 va2(a+b+c) <9+ a. Vay, ta can chiimg minh a < 1 + abe.
Bat dang thitc nay hién nhién ding néu a < 1 con néu a > 1 ta cé b,c > 1 va bat dang
thitc van dung. Vay, bai toan da duge giai xong.

[Vasile Cirtoaje] Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh rang

o) (bl o)) o)

Loi giai 1:
1 1 1 s
Vi céac ki hiéux:a—l—g —1l,y=b+4+-—1,2=c+ — — 1, bat dang thiic tré thanh
c a

Yy +yz+zx > 3.

Khong mat tinh tong quat ta gid si ring x = max{z,y, z}. Tit

1 1 1 1
1 1 1) = ab — b [T
e+ Dly+ 1+ 1) CLc—i_abcha—i_ +C+a+b+c
1 1 1
>24a+b+c+—+ -+ -
a b ¢

=5+x+y+z,
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95.

ta co
ryz +xy +yz + zx > 4,

1 (c—1)*

v6i dau bang xdy ra khi va chi khi abc = 1. Bdiviy+2 =~ +b+ > ( ta phan
a

c
biét hai truong hop a) x > 0,y2 < 0; b) z > 0,y > 0,z > 0.

a) x> 0,y2 <0. Taco xyz <0 vatit zyz + zy + 2o > 4 ta ¢ vy + yz + zx > 4 > 3.
b) x>0,y > 0,z > 0. Ta ki hieu zy + yz + 2o = 3d> véi d > 0. Tit cac bat ding thiic

trung binh, ta c6
Yy +yz + zx > 3/ x2y?22,

tit d6 ta suy ra rang xyz < d°. Dua trén két qua co ban nay, tit bat ding thc
ryz + xy + yz + zx > 4, ta duge

d*+3d*>4,(d—1)(d+2)*>0,d>1,
vay xy +yz + zx > 3. Véi diéu nay bat dang thitc da cho duge chiing minh. Ta c6 dau
bang x4y ra trong truong hop a = b= c = 1.

Loi giai 2:
batu=x+1,v=y+1,w =2+ 1. Khi dé ta co

1
uvw:u+v+w+abc+72u+v+w+2.
abce

Bay gio, xét ham s6 f(t) = 2634+t?(u+v+w) —uvw. Boi vi tlim f(t) =oc0va f(1) <0, ta
c6 the tim duge mot s6 thuc 7 > 1 sao cho f(r) = 0. Xét cac s6 m = E,n = g,p _ v
r r r

Chtng théa man mnp = m +n + p + 2, tit bai todn 49 ta suy ra rang
mn+np+pm>2(m+n+p) = uww+ovw+wu > 2r(u+v+w) > 2(u+v+w).

Nhung béi viu =2+ 1,v = y + 1,w = z + 1, tit dicu nay hé thic cudi cing tuong
duong véi bat dang thiic xy + yz + zx > 3, day la bat ddng thitic mong muén.

[Gabriel Dospinescu] Cho n la s6 nguyén 16n hon 2. Tim s6 thyc m,, 16n nhat va sb
thyc M, nho nhat sao cho v6i moi s6 thyc duong zy, o, ..., 7, (VOi 2, = X0, Tpy1 = 1),
ta co

n
i

< M,.
Ti_q + 2(71, - 1)Z’Z + Tir1

my, <

i=1
Lai giai:

Dau tién, ching ta thay bat ding

N 1
Ta sé chiing minh rang m,, = 5

thic

n

T; 1
>
Z Tiq + 2(71 — 1)5(3@ + Tiv1 - 2(n — 1)

i=1
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n

la tam thuong, boi vi x;1 +2(n — Da; + 241 < 2(n — 1). > xp, v6i moi i. Diéu nay

k=1
. 1 R
chi ra rang m,, > —— . Dat x; = 2’, bieu thic tré thanh
2(n—1)
1 N (n—2)x N !
r4+av 1 4+2n—-1) 14+2n—1Dz+22 1+4+2(n—1)ant 4272
1 1

va lay gi6i han khi 2 tién dén 0, ta dudgc m,, < VA suy ra m, =

2(n—1) 2(n—1)

N 1 R .
Bay gio, ta sé chiing minh rang M,, > 7 RO rang, ta chi can chiing minh rang v6i moi

1, T2, ..., Ty > 0 ta cod

<.
1 Ti_q + 2(71, - 1)2152 + Tit+1 2
Nhung ta c6
" 20, n .
> e S L e
i—1 Ti—1 + 2(7’L — l)l’Z + Lit1 i—1 2 Ti—1Ti41 + 2(7’L — 1)!13'2
I =
Ti—1T; ’
Z;
VZi-1Ti v 1 . N P L& 1
Dat Yo a;, ta phai ching minh rang néu [[a; = 1 thi ) —— <
T i=1 i—in—1+a

L as 1
Nhung bat dang thiic nay da dugce chiing minh trong bai toan 84. Vay M,, > 3 va bdi

PN 1 .. .
vi cho 1 = 25 = ... = x,, ta c6 dau bang, ta suy ra M, = 3 dieu nay giai quyet bai
toan.
[Vasile Cirtoaje] Néu z,y, z 1a cac s6 thuc duong, thi
1 1 1 9
2 3 T3 5 T 2 5 2 2"
22+ry+y? PHyz+22 P2tzz+a® T (v+y+2)

Gazeta Matematia

Loi giai:

Xét dang thic

Prayt+y=(@+y+2)’—(tyt+yz+z)— (2+y+2)z,
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97.

ta co
(r+y—+2)? 1
x2+ajy+y2_1_1’y+yz+zz_ 4 ’
(z+y+2)° T+y+z
hoac
(x+y+z)2_ 1
2 +axy+y? 1—(ab+bc+ca)—c’
vii a = z b= 4 ,C = — Bt déng thic c6 the duge viét lai
rT+y+z rT+y—+z rT+y+=z
nhu sau ] ] ]

>
—d—c i a s 1-a-a2?

Vvéi a, b, ¢ 1a cac s6 thuc duong thod man a+b+c =1 va d = ab + bc+ ca. Sau mot vai
budc tinh toan bat dang thic trd thanh

9d% — 6d°> — 3d + 1 4+ 9abe > 0

hoac
d(3d — 1)* + (1 — 4d + 9abc) > 0.

day la bat dang thitc Schur.
[Vasile Cirtoaje] V6i moi a, b, c,d > 0, chitng minh rang
2(a® +1)(0* + 1)( + 1)(d* + 1) > (1 + abed) (1 + a*) (14 b*)(1 + ) (1 + d?).
Gazeta Matematia

Loi giai:
Stt dung bat dang thitc Huygens

H(l +a*) > (1 + abed)?,
chi ¥ rang ta chi can chi ra
2! T(@® + 1)* > ]+ a*) (1 +a®)"
Hién nhién, ta chi can chitng minh
2(a® +1)* > (a* + 1)(a® + 1)*
v6i moi s6 thiyce a. Nhung
(@® +1)" < (a+1)*(a’® + 1)?
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va ta chi con phai chitng minh bat dang thic

2> +1)* > (a+1)*(a"* + 1)
=20’ —a+1)*>a" +1
—(a—1)*>0,

diéu nay la hién nhien.
Chiing minh rang véi moi s6 thyc a, b, ¢, ta c6

(a+b)'+(B+e) +(c+ta) > =(a" + b + ).

1| o~

Vietnam TST, 1996
Loi giai:
Ta thay thé a+b = 2z,b+c = 2z, c+a = 2y. bat dang thiic trd thanh > (y+2z—2)* <
28 5"z, Bay gio ta c6 mot chudi dong nhat thiic sau

Sytz-a)'=Y" (Zx2 +2yr — 23y —2x2>2
=3 () 4 () (S —ay—22) + 43 oy + 22— y2)?
() —a(Xaw) () 1163 w27 4 (Y
(X ) vy (Xa)
<28) a,

boi vi (3 a22)° > 33 2t S a2y? > ot

Ching minh rang néu a, b, ¢ 1a cac sd thuc duong thoéa man abe = 1, thi

1 N 1 N 1 - 1 N 1 N 1
l+a+b 14b+c 14+c+a 24+a 24+b 24c

Bulgaria, 1997
Li giai:
Dit 2 = a+b+c vay = ab+ bc + ca. D& thay rang vé trai cia bat déng thic la

244 3 , 12+ 4 o
TAWHTYFO 4 ong khi vé phai 1a —— * Y Bay giy bat ding thitc trd thanh
22+ 20 +y+ Yy 9+ 4x + 2y

2 _ _
xr*+4r+y+3 1<12+4x+y_ 2v+3 — a2y - 3—y

22+ 2 +y+ 2y 9+ 4x + 2y 24+ 2r+y+ay — 9+4dr+ 2y
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100.

V6i bat dang thiic cudi cling, ching ta quy dong mau s6. Sau do sit dung cac bat dang
thic z > 3,y > 3,22 > 3y, ta c6

5 5 2 7%y 2 .2 N 2

gx Yy > ow 3 >y, xy” > 9z, dxy > 15z, 2y > 3y va x7y > 27.

Cong cac bat dang thiic nay lai, ta duge bat ding thic can chiing minh.
[Tran Nam Dung] Tim gid tri nho nhat ctia biéu thitc

1 2 3

4245

a b ¢

trong do6 a, b, ¢ 1a cac sd thuce duong théa man 21ab + 2bc + S8ca < 12.
Vietnam, 2001

L&i giai 1: (bsi Tran Nam Diing):
1 2

Dat = = =, A Khi d6 dé kiém tra diéu kien ctia bai toan tré thanh
a c

2xyz > 2x + 4y + 7z Va ta can tim gia tri nho nhat cia x + vy + z. Nhung

20y > 7
2(2xy —7) > 2z + 4y = Z>2x—|—4y
T 22y —7

Bay gio, ta bién doi biéu thiic dé sau khi 4p dung bat ding thic AM-GM tit s6 22y —7
can triet tieu

20+ 4
rt+ytzzrt+y+ i
20y — 7

14

Zx—l—%—l—y—% 20y — 7

11 7
>r+ —+24/1+ —.
2x V 2

3+ —
. / 7 3 9
Nhung, chiing minh truc tiep duge 24 /1 + — > 5 L vadodox+y+z> —+a+-— >
x x

2
15 PR ) e : .
CR Ta c6 dau bang v6i ¢ = 3,y = —, z = 2. Vay, cau tra 16i cho bai toan ban dau la

4
-, C
57

1
—h=
37

l\D'I oowl o

15
5 dat ducc véi a =
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Loi giai 2:
Ta stt dung sy thay thé tuong tu va quy bai toan vé tim gia tri nhé nhat ctia oz +y + 2
khi 2zyz > 22 + 4y + 7z. Ap dung bat ding thic AM-GM ta thiy ring

U U J I UL A Ul ILLAL T IRE YAt
= — — — — —Z — .
TYTE= 15 [ 27 gt T T YT 1| =\
%/_/ . - _
2 5 s0 B
6 sO 4 so

Va ciing ¢6

1
20 +4y + 7z =1 10x + ...+ 10z + 12y + ... + 12y + 152 + ... + 152

g

3 s0 5 sb 7 s0

Diéu nay c6 nghia 1
225
(x+y+2)?2Qr+4y+72) > —~ TY?:

Vi2zxyz > 20 + 4y + 7z, ta sé c6

225 15
(9:+y+z)2272>x+y+22?,

dau bang xdy ra véi v = 3,y = =, 2 = 2.

DO | Ot

101. [Titu Andreescu, Gabriel Dospinescu] Chitng minh rang v6i moi z,y, 2, a, b, ¢ > 0 thoa
man xy + yz + zx = 3, ta co

a b
+ + + > 3.
(y + Z) - a(z 1’) (517 y) >3

b+ c a-+b

Loi giai:
Ta sé chitng minh bat dang thic

b
L(y+z)+c+ (x+y)2\/3(xy+yz+zx)

(z+2)+ —
ZT T
b+c a a

+b

v6i moi a, b, ¢, z,y, z. B6i vi bat dang thitc thuan nhat véi z,y, 2 ta c6 thé gia st ring
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z+y+ 2= 1. Ap dung bat ding thic Cauchy-Schwarz ta c6

ax by cz
+ +
b+c c+a a+bd

V2 (7)) Ve WV W
S\/Z <bic)2+;\/2x2—l—22xy
:¢§:<bic)?+;

Vay, ta con phai chiing minh bat ding thic \/ >

+ \/S(xy+yz+zx) <

2
3 a .
- <Y —— Nh bat

) +2_Zb+c g ba

b+c
. b 3 L s .
dang thiic nay tuong duong véi > m > 7 day la bat dang thiic tam thuong.
Chii ¥
Mot bat ding thitc manh hon sau day:
b c
m(y—i—z)jL C+a(z—i—m)+ a+b(x+y) > Z\/(m—i-y)(x—i-z) —(z4+y+2),

c6 thé thu dugce béi ap dung bat déng thitc Cauchy-Schwarz , nhu sau

L(+)+b
yzc+

e a(z+x)+

c
a+b($+y)_

y+z z+x T+Y
b+c c+a a+bd

:m+b+@( )—2@+y+@

Z%(\/y+2+\/z+x+\/x+y)2—2(x+y+z)
=3 VeE+yla+2) - (@+y+a2).

Mot bai tap hay cho ngudi doc la: chiing minh rang

Z\/(x+y)(x+z)2x+y+z+\/3(xy+yz+zx).

102. Cho a,b, ¢ 1a cac s6 thuc duong. Chiing minh rang

(b+c—a)*  (a+c—0)?* (a+b—c)?

3
(b+c)+a? (a+c)?+0*  (a+b)?+c? '

> 2
— 5
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Japan, 1997

Lai giai 1:

Stt dung bat dang thitc Cauchy-Schwarz , ta c6

Z(x—l)2 - (r+y+2—3)2

2 +1 ~ a4yt + 22 +3

va chi can ching minh rang

(x+y+2-3)72 _ 3 2
221 y2 2243 25@ (2327) —15Zx+32xy+1820.

Tit bat dang thitc Schur, sau mot vai bude tinh toan, ta suy ra > oy > 2> .
Vay ta co

(Zx)2—152x+32xy+182 (Zx>2—9zx+1820,

bat dang thiic cudi ciing hién nhién ding vi 3"z > 6.

Loi giai 2:
Hién nhién, ta c6 thé dat a + b + ¢ = 2. Bat dang thic tré thanh

4(1—@)2 3 1 27
> e _ < —
ZQ+2(1—&)2_5 Zl+(1—a)2_10

Nhung vé6i sut thay thé 1 —a = 2,1 —b = y,1 — ¢ = 2, bat dang thic dugc suy ra tit
bai toan 47.

103. [Vasile Cirtoaje, Gabriel Dospinescu| Chitng minh rang néu ay, as, ..., a,, > 0 thi

a;+ag + ... +ap_q >n
— Qap )

al +ay + ...+ a, —najas...a, > (n—1) < o

trong d6 a, 1a s6 nho nhat trong cac s6 ai, as, ..., ay.
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Loi giai:
bat a; —a, =z, > 0v6ii € {1,2,3,...,n — 1}. Bay gio, ta xem

n n
i=1
g a?—nHai—(n—l) —a,
, , n—1
i=1 =1

nhu 14 mot da thic ctia a = a,,. Thuc té 1a

[y

n—

a" + (a+xi)"—naH(a+xi)—(n—1)(

1 i=1

xry+xo + ... +In_1)n

‘ n—1

Ta sé chiing minh rang hé s6 ctia a* 1a khong am v6i moi k € {0,1,...,n — 1}, béi vi
hién nhién 1a bac ciia da thitc nay nhiéu nhat la n — 1. Véi k = 0, diéu nay suy ra tit
tinh 16i ctia ham f(z) = 2"

n

n—1
n—1 Z xZ;
i=1

n—1

V6i k > 0, hé s6 cia a* 13
n n—1
n—k
(k’) 5 Z; —n E Tjy Lig Ly -
i=1 1<i1 <2< <tp_p<n—1

Ta sé chiing minh day la s6 khong am. Tit bat dang thiic AM-GM ta c6

n g Tiy Tiyon Ty, <

1<y <ig<...<ip_p<n—1
n
< ) A I
n — k‘ 1 2 n—k

1< <9< <, <n—1

Eo(n\n n\ e s ‘ . - .
doaltt < > 7" Diéu nay chi ra rang mdi hé s6 cia da

RO rang
n—1 i=1
thiic 1a khong am, vay da thic nhan gia tri khong am khi han ché trén tap nhing s6

khong am.

) .
Il
—
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104. [Turkevici] Chiing minh réng v6i moi s6 thuc duong v, z, t, ta c6
ot oyt 2 2oyat > 2%yt 4yt 4 2 P 2t 4yt
Kvant

Loi giai:
Hién nhién, ta chi can ching minh bat dang thic véi xyzt = 1, do dé bai toan duge
xét v6i gia thiét nay.
Néu a, b, c,d c6 tich bang 1, thi

a4+ b0+ +d* 42> ab+be+ cd + da + ac + bd.
Gia st d 1a s6 nhé nhat trong cac s a, b, ¢, d va dit m = v/abe. Ta sé ching minh
a? + 0>+ +d*+2— (ab+ be+ cd + da + ac + bd) > d* + 3m* + 2 — (3m? + 3md),
Bét dang thic nay thuc té 1a

a? 4+ 0>+ —ab—be — ca > d(a+ b+ ¢ — 3V abe).
Béi vi d < v/abe, nen dé chimg minh bat ding thic dau tién ta can ching minh

a? 4+ 0%+ — ab — be — ca > Vabe(a + b+ ¢ — 3V abe).

a b c
LU= w =

~ Yabe v/ abc’ v/ abc

WA+ wr+3>u+v+w+uw+ vw + wu,

St dung bai toan 74, ta co

bat ding thiic nay chinh xac la
a? +b* + 2 —ab—be — ca > Vabe(a + b + ¢ — 3V abe).

Vay, ta chi con phai ching minh ring d2 + 2 > 3md <= d? + 2 > 3v/d?, bat ding thic
nay hién nhién ding.

105. Chiing minh ring v6i moi sé thuc aq, as, ..., a,, bat ding thic sau ding

,j=1
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Loi giai:
Ta thay rang

n .. n 1
] L
Z mi,j_laiaj = Z iai.jaj/tl+3_2dt
i,j=1 i,j=1 0
1 n
= / (Z iai.jaj.ti_lﬂ_l) dt
0 i,j=1
1 n 2
:/ (Ziai.ti_1> dt.
i=1

0

Bay gio, sit dung bat dang thitc Cauchy-Schwarz cho tich phan, ta cé

/(z> /(z> i) - 5

0 0o \i=l
diéu nay két thic ching minh.
106. Chiing minh rang néu ay, as, ..., ay, b1, ..., b, 1a cac s6 thyc nam gitta 1001 va 2002, thoa
man
a+ay+ .. +ad=0+b5+... + b,
thi ta c6 bat ding thiic

1
(a2 +a3+ ... +a2).

(=
[y
=
)
3
=l

TST Singapore
Loi giai:
. . i 1 . . ) . 1 L s
Y tudng then chot 1a Z— € [=,2] v6i moi ¢ va v6i moi = € [5, 2], ta c6 bat dang thiic
5 (3
2+1< §m Do do, ta co

2

5
>14% azb > a? + b’

5
2 2

i
bi

va cling co

(1) —Zalb >Za+b2 :2ia.



107.

3
a;
2 2 3
Ly ; bt bt :
Bay gio, ta thay rang Z—; = bb va bat dang thtic 5 Z— > 1+ Z—2 cho ta 2a22 > & + a;b;
i Q; i i

va cong cac bat ding thiec lai, ta dugc
2) DIED WS IS
el

St dung (1)) va (2) ta co

al  ad ad 17
Dp 2y < (B ad .+ ad),
by by w1

day la bat dang thiic can ching minh.

[Titu Andreescu, Gabriel Dospinescu] Chiing minh réang néu a, b, ¢ la cac s6 thuc duong
c6 tong bang 1, thi

(a® + b*)(0* + &) (c* + a?) > 8(a*V? + b*c* + Fa?)>.
Loi giai:

1 1 1 1 1 1
Dat x = —,y = 3 E= . Ta tim thay dang tuong duong néu — + + —=1thi
a Y

(2 + ) (y* + 2 (22 + 2?) > 8(2® + y* + %)%

Ta sé chiing minh bat ding thiic sau

o1 1)
@A+ A+ (T4 D) 28 b2

v6i moi s6 thite duong z,y, 2. Viét 22 4+ y? = 2¢, % + 2% = 2a, 2? + 22 = 2b. Khi d6 bat

déng thic tré thanh
abc
s )
2\ rre—az e

Nhéc lai bat ding thitc Schur
Za4+abc(a+b+c) > Za?’(b+c) <= abc(a+b+c) > Zag(b+c—a).

Bay giv, sit dung bat dang thiic Holder, ta c6
3

S dbte—a)=Y ¢ .
(=)
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Két hop hai bat dang thiic trén, ta duge

b
Y.z 2

va bat dang thiic duge chitng minh.
108. [Vasile Cirtoaje] Néu a, b, ¢, d 1a cac s6 thuc duong théa man abed = 1, thi

1 1 1 1
> 1.
A AT Y

Gazeta Matematia

Loi giai:
Bét dang thic can ching minh duge suy ra béi tong cac bat ding thic
1 n 1 S 1
(1+a)? (140~ 1+4ab
1 1 1
>

(1+c¢)? * (14d)? ~ 1+ecd
Cac bat dang thic nay suy ra tit

1 N 11 ab(@®+ ) —ad®V —2ab+1
(14+a)?  (1+b)?2 1+ab  (1+a)2(1+b)%(1+ab)
_ab(a —b)* + (ab—1)?

(1+a)2(1+0)2(1+ab) ~

Dau bang xdy ranéua=b=c=d = 1.
109. [Vasile Cirtoaje] Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh ring

a? b? ? a b c

+ + + +—
24+c2 2+a? ath®? " b+c c+a a+bd

Gazeta Matematia

Loi giai:
Ta c6 cac dong nhat thiic sau
a? a  abla—0b+acla—c)
+c2 b+c  (b+co)(b®+c2)
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» b be(b—c)+abb—a)
2+a?2 c+a  (cta)(+a?)
¢ ¢ aclc—a)+be(c—b)
a2+ a+b  (b+a)(b®+a?)

Vay ta co
2 D242 2. b+ec
B abla—b)  abla—"b)
_Z {(b+c)(b2+02) (a+c)(a2+c2)]

=(a® + 0"+ +ab+bc+ca). Y

ab(a — b)?

brocta@t ) Era) =

110. [Gabriel Dospinescu] Cho ay,as, ..., a, 1a céc s6 thyc va S 1a mot tap con khac rong
ciia {1,2,...,n}. Chiing minh rang

2
(Za2> S Z (ai—l—...+aj)2.
€S 1<i<j<n

TST 2004, Romania

Loi giai 1:
Ki hiéu s, = a1 +as + ... +a, v6i k =1,...,n va s,,1 = 0. Bay gio¢ dinh nghia

b 1 nbu i€ S
t 0, nfu ¢S

St dung tong Abel ta c6
ZCLZ' :a1b1 -+ a2b2 + ...+ CLnbn
i€s

:Sl(bl — bg) -+ 82(b2 — bg) + ...+ Sn—l(bn—l — bn) + Snbn + 3n+1(_b1)-

Bay gl(\j, dﬁt bl — b2 = 7y, b2 — bg = X9, ...,bn_l — bn = l’n_l,bn = Tp, Tpt1 = —bl. Vay

ta co
n+1
E a; = E €X;S;
€S i=1
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2 ntl N Z
va x; € {—1,0,1}. Hien nhién, > x; = 0. Mt khac, sit dung dong nhat thic Lagrange
i=1
ta co

> (ai—l—...—kaj)z:Zs?—i— > (sj—s1)

1<i<j<n 1<i<j<n
2
= > (si—s)
1<i<yj<n+1
n+1 n+1 2
_ E 2 2 :
=1 =1

Vay ta can phai chiing minh réng
n+1 n+1 2 n+1 2
(n+1) Zsf > (Z simi> + (Z si> :
i=1 i=1 i=1
Nhung ta co
n+1 2 ntl \ 2 ntl
(Z Sx) i (Z s’) =D sil+al)+2 Y, sisilwia;+1),
i=1 i=1 i=1 1<i<j<n+1

Bay gio, st dung hé thic 2s;s; < 52 + s?, 1+ 225 >0, ta co thé viét

2 > sis(mri+ 1)< Y (sS4 (1 wmy) =

1<i<j<n+1 1<i<j<n+1
2 2 2 2

=n(s]+ ... +5.4) Fsiri(ze+as+ ... +2,)+ ..+ Sixn(x1 + 20+ .+ T 1)

_ 2,2 2,2 2 2

= — 577 — ... — Sox, +n(s]+ ...+ 8.

Vay

n+1 2 n+1 2 n+1 n+1 n+1
(Z sixi> + (Z Si> < Zsi(xszl) —i—Zsz(n—xi) =(n+ 1)25%
k=1

i=1 i=1 k=1 k=1
va ta c6 diéu phai ching minh.

Loi giai 2 (bdi Andrei Negut):

Dau tién, ta chitng minh bd dé

B dé
V6i moi ay, as, ..., askr1 € R ta co bat dang thitc

(Z CL22‘+1> S Z (CLZ' + ...+ aj)z.

1<i<j<2k+1
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Chitng minh ciia b6 dé. Dat s, = a; + ... + a;. Ta ¢

k

E Q241 = S1 + 83 — S+ ... + Sop+1 — Sok,
i=0

vay vé trai trong bo dé la

2%k+1
E s +2 g S2i4182j+1 + 2 g S9i82j — 2 g 82i+152;
0<i<j<k 1<i<j<k 0<i<k
1<5<k
va vé phai 1
2%k+1
(2]{7 + ].) E 822 -2 E S5iSj.
i=1 1<i<j<2k+1
Do d6, ta can chitng minh rang
2%k-+1
2k E S > 4 E 8$2i4+152j4+1 +4 E 52;59;

0<i<j<k 1<i<j<k
va bat dang thic c6 dude bdi cong cac bat dang thic
259115941 < Sai1q + 55 259:59; < 53; + 55
2j+152i+1 = S2i41 2j+1> #9292 = ©2 25
Bay gio, ta quay lai 161 gidi clia bai toan. Ta ¢6 the bieu dién S dudi dang sau
S = {aip Qi 415 ooy Qigtkyy Qigy Qg1 o5 Qigtkgs ooy Dy ooy air"l‘kr'}

VOl i; + k; < ij41 — 1. Do do, ta viét S nhu 1a mot day, theo sau 1a mot khoang trong,
theo sau 13 mot day, theo sau 1a mot khodng tréng, van van. Bay gio ta dit

S1 = G4, + ...+ iy ks S2 = Qg+ +1 + ...+ Ajo—1y ooy Sor—1 = Q4 + ...+ i+ ky -

Khi do

Z&i :(81 + 83+ ... + Sgr_1)2

€S
< D (sitatsy)

1<i<j<2r—1

< > (et +ay)

1<i<j<n
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111.

Bat dang thitc cudi cting hién nhién ding, bdi vi cac s6 hang & vé trai nam trong so
céc sO0 hang 6 vé phai.

Loi gii 3:

Ta sé chiing minh bat dang thiic bang quy nap. Vi n = 2 va n = 3 bat dang thiic dé
chitng minh. Giai sit bat ding thitc ding cho moi k < n vi ta phai chitng minh bat
dang thitc ding cho n. Néu 1 ¢ S thi ching ta chi 4p dung budc quy nap cho cac s6
s, ..., ap, boi vi vé phai khong giam. Bay gio, gid stt 1 € S. Néu 2 € S, thi ta ap dung
budc quy nap véi cac s6 a; + ag, as, ..., a,. Do do, ta co thé gia thiét rang 2 ¢ S. Dé

(a+0b)?

thay rang (a + b+ c)? +¢* > > 2ab va suy ra ta co

(1) (a1 +ag + ... + ap)* + (ag +as + ... + ap_1)* > 2a,a;.

Ciing vay, bude quy nap cho as, ..., a, chi ra rang
2

Z a; | < Z (a; + ... + a;)>.

ieS\{1} 3<i<j<n

Vay chi can chitng minh rang

ai+2a Y ;<Y (a1t ta)+ D (a2t .. +a)

i€S\{1} i=1 =2

Nhung bat déng thiic nay ré rang vi a? xuat hién trong vé phai va bdi tong cac bat
dang thitc trong ().

[Dung Tran Nam] Cho 1,29, ..., 2004 l& céc s6 thuc trong doan [—1,1] thoéa méan
3+ a3+ . 4 2350, = 0. Tim gia tri 16n nhat clia o1 + xa... + 22004

Loi giai:

Ta ddt a; = 23 viham sb f : [—1,1] — R, f(z) = 3. Dau tien ta sé chiing minh nhing
tinh chat cia f:

L flx+y+1)+ f(—=1) > f(z) + f(y) néu -1 < z,y < 0.

2. f1a16i tren [—1,0] va 16m tren [0, 1].

3.Néuz >0vay<O0vaaz+y<0th f(x)+ fly) < f(=1)+ f(z+y+1) va néu
z+y>0th flz)+ fy) < flz+y)

Chitng minh cac két qud nay dé dang. That vay, véi két qua dau tien ta dat x =
—a® y = —b® va bat ding thic tré thanh

1>a®>+0+(1—a—0b)°
1> (a+b)(a®—ab+b*)+1—3(a+b)+3(a+b)?—(a+b)?
<—3(a+b)(1—a)(l—-0) >0,

115



112.

bat ding thiic nay ding. Két qua thi hai 1a hién nhién va két qua thi ba co thé dé
dang suy ra nhu trong cach ching minh cia 1.
Tit lap luan trén ta suy ra rang néu (t1,to, ..., tagos) = ¢ la diém ma ham so

2004

g: A= {x € [-1, 1]2004‘% + T+ . Ty = 0} — R, g(z1, ..., T2004) = Z f(zy)
k=1

dat gia tri 16n nhat (gia tri 16n nhat ton tai boi vi ham s6 xac dinh trén mot tap

compact) khi d6 ta c6 tat ca cdc thanh phan duong ctia ¢ phai bing nhau va tat ca

cac thanh phan am bang —1. Vay gid st ta ¢6 k thanh phan bang —1 va 2004 — k
k

thanh phan bang s6 a. Boi vi t; + ty + ... +togs = 0 ta c6 a = va gia tri

2004 — k
) N . k .
clia g tai diem nay bang (2004 — k) 2004 =% k. Vay ta phai tim gia tri 16n nhat
. k .
cia (2004 — k)¢ 2004 — % k, khi k trong tap {0,1,...,2004}. Bang cach dung dao

ham ta thay rang gia tri 16n nhat dat dugc khi & = 223 va gia tri 16n nhat bang

/223.4/17182 — 223.

[Gabriel Dospinescu, Calin Popa] Chiing minh ring néu n > 2 va ay, as, ..., a, 1a cic s6
thic ¢6 tich bang 1, thi

2n

a4ai4 .. +al-n>

— 1.\"/71 —1(ay +as + ... + a, — n).

Loi giai:

Ta sé chitng minh bat dang thitc bang quy nap. Véi n = 2 bat dang thitc 1a tam thuong.
Bay git gia st bat dang thic ding véi n — 1 6, ta chiing minh bat déng thic ding
cho n s6. Dau tién, dé thay rang ta chi can chiing minh cho ay, ..., a3 > 0 (ngugc lai ta
c6 thé thay thé ay, ..., a, V6i |ay], ..., |an|, ma cé tich bang 1, khi d6 vé phai ting). Bay
gio, gid st a, la s6 16n nhat gitta cac s6 ay, as, ..., a, va gia st G 1a trung binh nhan
clia ay, as, ..., a,—q. Dau tién, ta sé ching minh rang

2n

_1.\”/n—1(a1+a2+...+an—n)
2n A/n—1(a,+(n—1)G —n),

n—1

2 2 2

>al+(n—1)G*—n—

bat dang thiic nay tuong duong véi

2, 2 2 n1fo2 2 o
aj+az+...+a,_; —(n—1)"\/af.a3...a>_,

2n
vn—1 (a1 +ag + ...+ Ap_1 — (n — 1) "ql/al.ag...an_l) .

n—1
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VI nyarag0p g < 1vaar+as+ ... +an1 — (n— 1) ar.az...a,_1 > 0, nén deé

chitng minh béat dang thiic trén ta sé chitng minh bat dang thiic

1) @+otd —(n-1G> % U= 1.G. (a1 + oo+ ays — (n—1)G).

p  a ap-1 . 3 N
Bay gio ap dung gia thiet quy nap cho cac so El’ ceey Gl c6 tich bang 1 va ta suy ra

rang

2 2
Tota? 2n — 1 T ta,
@ 2a"1—n+127(n_2).”1n—2<a1 a 1—n+1),
vay dé chiing minh bat dang thitc (1)) chi can chiing minh réng

2n

n —

2(n—1)

n— 2

R e— (a1+,.,—|—an_1—(n—1)G) > : n—1 (a1+...+an_1—(n—1)G),

bat dang thitc nay tuong duong véi 1+ > . Bat déng thic tré thanh
n

(n—2) = "v/n—2

bat ding thiic trén ding véi n > 4 vi

o e !

e 1
(1+

)n—2 <

) < 2.

n—2 n—2 n—2 n—2

V6i n = 3 v n = 4 diéu nay dé kiém tra. Vay ta da chiing minh dugc ring
2

a?+a3+ ... +ai—n— - nl.\”/n—1(a1+a2+...+an—n)
(2) P

2n
> a’ ~1)G*—n—
>a;+(n—1) n=

An—=1(a,+(n—1)G—n).

1

Dit o = rel khi d6 vé phai cia bat dang thiic (2) tuong duong véi

n —

-1 2 —1
G —n— Vn—1 (2" + z —n|.
x? 1 x
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Dé két thiic budc quy nap ta chi can chitng minh ring

-1 2 -1
G S —n > & \"/n—1<xn_1+n——n)
x n—1 T
v6i x> 1. Xét ham sb
—1 2 —1
f(z) = 22D r S —n— LI /| (x"_l—i- z —n)
n_
Ta co i ™ 41
f'(x) —92 ; : (n= (" + >—n\"/n—1} >0
x x
béi vi
TR S SIS Sy S
T (n—Lz 7~ (n—1)x — (n—1)n=1

Vay f 1a ham tang, do d6 f(x) > f(1) = 0. Diéu nay chiing minh bat dang thric.

L&i ngudi dich: Cach chiing minh nay chua giai duge bai toan, vi tac gia van chua
chitng minh dugc bat dang thic (2). Bdi vi, vé phai clia bat dang thiic (1) khong 16n
hon vé phai ciia bat dang thic do G := »Yaj.az...a,_1 < 1.

[Vasile Cirtoaje] Néu a, b, ¢ 1a ca s6 thuc duong, thi

2a 2b 2¢
— + + < 3.
a+b b+c c+a

Gazeta Matematia
Loi giai 1:
S b c a. ..o s o s
Bang cach dat © =/ —,y = i =AG bai toan quy vé chiing minh rang zyz = 1
a c

suy ra
2 N 2 +\/ 2 -3
1+ 22 14 y? 1422~ 7
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Tagidstx <y <z dieundy suyrazy <1va z>1. Taco

2
\/ 2 N 2 - 2 N 2
1+ a2 1+y2 )] = \1+22 1+y?

1 — a2y?
(1+22)(1 +y2)}
<4 [1+1—7x2y2]

(1+ xy)?
8 &
Cl4ay 241

\/ 2 N 2 <5 22
1+ a2 1+y? — z+1
2z 2
2 <3
\/z+1+\/1+z2 -

~t |1+

Vay

va ta can chiing minh

Béi vi
2z 2
<
z+1 7 142
nén ta chi can ching minh
2z n 2 <3
24+1 14z~

Bét dang thiic nay tuong duong véi
1+32—2y22(1+2)>0,(V2z—+vVz+1)2>0,
va ta c6 dieu phai chiing minh.

Loi giai 2:
Hién nhién, bai toan yéu cau ching minh ring néu zyz = 1 thi

2
Z\/:)H—lSB'

Ta c6 hai truong hgp. Truong hop dau 1a dé khi oy +yz + 2z > o +y+ 2. Trong truong
hop nay ching ta c6 thé 4p dung bat ding thitc Cauchy-Schwarz dé cé

Z\/xil S\/gzxil'
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Nhung

1 3
2155
r+17 2
= 2Avy+r+y+1) <324z +y+z+ay+yz+ o)
rtytz<azyt+yz+zx

va trong truong hop nay bat ding thitc duge chiing minh.
Truong hop thi hai khi xy +yz + 22 < x +y + 2. Suy ra

(x—)y—-1)(z—1)=z+y+z—ay—yz—zzx >0,

do d6 c6 chinh x4c hai trong cac s6 x,y, 2 nhé hon 1, gid su 1a z va y. Vay ta phai
chting minh réng néu x va y nhoé hon 1, thi

2 2 2zy
i/ —+ <3.
r+1 y+1 xy + 1

St dung bat dang thic Cauchy-Schwarz, ta c6

2 2 2y 1 1 2xy
e > 2 +——+
x+1 y+1 xy +1 r+1 y+1 xy +1

va ta chi can ching minh ring s6 hang cudi cing nhiéu nhat 1a 3. Diéu nay tuong
duong véi

1 1 2
+— -1  —
r+1 y+1 < xy +1

1 T - 20y
1+ TR Y
r+1 y+1 xy +1

1 . s N .
+ —— > 1, ve trai bat dang thic trén nhieu nhat la
r+1 y+1

2.

Béi vi ta ¢o

1 1 1 -2y

1=
r+1 y+1 (z+1D(y+1)

Ta con phai chitng minh bat dang thiic
1—xy 1—xy

(+Dy+1) 2xy
(xy + 1) <1+ :):y+1)

2xy
xy +1

x4y > 2ry(ry + 1),

bat dang thiic nay suy ra tit /2zy(xy + 1) < 2,/7y < x + y. Bai toan da giai xong.

—=ay+ 1+ (xzy+1)

<zy+l+x+y
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114. Ching minh ring bat dang thiic sau ding véi moi s6 thuce duong .y, 2

1 1 1 9
vt (et ar ) 2 1

Iran, 1996

Loi giai 1 (bdi Iurie Boreico)
V6i sy thay thé o +y = ¢,y + 2 = a, 2z + x = b, sau mot vai bude tinh toan bat déng

thic tré thanh ) .

Gid stt a > b > c. Néu 2¢®> > ab, mbi s6 hang trong biéu thitc & trén la duong va ta
c6 diéu phai chitng minh. Vay gid sit 2¢> < ab. Dau tién, ching ta chitng minh rang
20 > ac,2a* > be. Gid st 20* < ac. Khi d6 (b + ¢)? < 2(b* + ?) < a(b+ ¢), do do6
b+ ¢ < a, mau thudn. Hién nhién, ta cé thé viét bat dang thic nhu 1a

(Z-%) -0+ (2-2) 02 (5-3) @

Chiing ta c6 thé nhin thay ngay rang (a — ¢)? > (a — b)? + (b — ¢)? 1a ding va ta chi
can chiing minh rang

2 2 1 1 ,_ (1 1 2 2 ,
S el — >4 - -2 = — b)2.
<ac * bc  a? b2) (b=e) 2 <b2 * 2 ab ac) (a=9)

11 2 2 1IN®

Nhung ta c6 -+ — — — — — < (- — — ] va ve phai cta bat dang thitc nhiéu nhat
2 2 ab ac c

(a—b)*(b—c)?

b2 c?

la

. Cling dé thay rang

2 02 1 11 1 (a=bp
ac  bc  a? b2 " ac be b2c?

(a—b)*(b—c)*

22 va ching minh dugc hoan
c

diéu nay chi ra rang vé trai it nhat bang
thanh.

Loi giai 2:

Vi bat dang thic la thuan nhat, ta cé thé gia st ring xy + yz + 2o = 3. Ta ciing ¢6
thé dit +y+ 2 =3a. T (v +y+2)? > 3(zy +yz + 27), ta cé a > 1. Bay gio ta viét
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bat dang thiic nhu sau

1 1 1 3
(3a — 2)? * (3a —y)? * (3a — x)? = 4
=4 [(zy + 3a2)” + (yz + 3az)” + (22 + 3ay)’] > 3(9a — zyz)?,
<=4(27a* — 18a® + 3 + daxyz) > (9a — xyz)?,
«=3(12a* — 1)(3a® — 4) + 2yz(34a — zyz) > 0, (1)

<12(3a*> — 1)* + 208a* > (17a — xy2)*. (2)

Ta ¢6 hai truong hop.
i) Truong hop 3a® —4 > 0. T
1

3 [34(x +y + 2)(xy + yz + zx) — zyz] > 0,

3a — xyz =

suy ra bat dang thic (1) ding.
ii) Truong hop 3a® — 4 < 0. Tt bat dang thitc Schur
(x+y+2)°—4(x+y+2)(vy +yz+ 2z) +92y2 > 0,
suy ra 3a® — 4a + xyz > 0. Vay
12(3a® — 1)? +208a® — (17a — xyz)* > 12(3a® — 1)* + 208a* — a*(3a* + 13)?
3(4 — 11a* + 10a” — 3a°)
3(1 — a®)*(4 — 3a*)* > 0.

Chiing minh rang v6i moi x,y trong doan [0, 1],

Vit +/1+2+ V0 —2)2+ (1 —y)2> (1+V5)(1—ay).

Lai giai (bGi Faruk F. Abi-Khuzam va Roy Barbara - " A sharp inequality
and the iradius conjecture"):

Cho ham F: 0,12 - R, F(z,y) = V1+ 22+ 1+ 2+ /(1 —2)2+ (1 —y)2 — (1 +
VE)(1 — xy). F 1a ham déi xing v6i o v y va tit tinh 16i ctia ham 2 +— /1 + 22 suy
ra F(z,0) > 0 v6i moi x. Bay gio ta ¢6 dinh y va xem F nhu 13 mot ham ctia 2. Dao
ham la

T 1—=zx

@) = (1 +V5)y+ V21 JO—22+ (1—y)

va
1 (1—y)?

+ .
422 (-2 + (1 -y’

() =
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Vay, f la ham 1oi va f’ 13 ham tang. Bay gio dat

[ e
r—\/l (1+\/5)2, =1+ 5.

Truong hop dau tién ta xét 1a y > i Dé thay ring trong truong hop nay cy >
1
VTR
f(0) > 0. B&i vi f/ 1a ham tang, ta c¢6 f'(x) > 0 nén f la ham tiang véi f(0) =

F(0,y) = F(y,0) > 0. Vay, trong trudng hop nay bat dang thitc dugce chiing minh.
T truong hop 1 va tinh déi xiing, ta chi con phai ching minh bat déng thic ding

(dao ham ctia ham y — y2c*(y* — 2y + 2) — 1 la duong) va do d6

1 1 1
trong cac truong hop = € {0, ﬂ Yy e 0, r]vax € {7’, ﬂ Y € {r, ﬂ
Trong truong hop dau tién ta c6 ngay

1—=x

+\/1+x /It (@-12

1 1 .
Vay ta co f/(Z) < 0, suy ra f la ham giam trén [0, ﬂ Bé6i vi tu truong hop dau

f'@) <r(1+V5)

1 2
tién da xét, ta c6 f(i) > 0, suy ra F(z,y) = f(x) > 0 v6i moi diem (z,y) trong do

1
T € [O,Z} ,y €10,7].

4 4
diéem O(0,0), A(1,0), B(1,1),C(0,1), M(1,y), N(z,1). Tam giac OMN c6 chu vi

. . 1 1
Bay gio ta sé xét truong hop quan trong nhat, khi z € {7’, —} Y € {r, —} . Cho cac

1—
V122 +/1+y2+ /(1 —2)2+ (1 —y)? va dien tich 2xy‘

Nhung dé chi ra rang trong bat ki tam giac v6i chu vi P va dién tich S, ta c6 bat déng
P2

thic S < ——. Vay ta ¢6

12v/3
Vit a2+ /1+ 2+ V(1 —2)2 + (1 —y)2>\/6V3y/1—xy > (1+V5)(1 —zy),

bat ddng thiic nay suy ra tit hé thic zy > 2. Chiing minh dugc hoan thanh.

[Suranyi] Chitng minh réng véi moi s6 thue duong ay, as, ..., a,, bat dang thiic sau ding

(n—1)(a" 4+ al + ... +a") +najag...ap > (a1 +ag + ... +a,)(a} P+ a4 Fa ).
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Loi giai:

Mot lan nita, ta sé stt dung quy nap dé ching minh bat dang thitc nay, nhung chiing
minh ctia budc quy nap thuc sy khong tam thuong. That vay, gia sit bat dang thic
ding cho n s6 va ching ta sé ching minh bat ding thic ding cho n + 1 s6.

Nho tinh déi xtng va thuan nhat ctia bat ding thic, nén ta chi can ching minh bat
déng thic dudi diéu kien a; > ap > ... > apyq VA a1 + as + ... +a, = 1. Ta phai ching
minh

nz al™ + nalt + na,y. H a; + Apyy Ha,- — (1 + ans1) (Z al + aZH) > 0.
i—1 i=1 i=1 i—1
Nhung tit gid thiét quy nap ta co
(n—1)(a" 4+ ay + ... +a") + nayay...a, > a} " +ay 44 a !
va tu do

nan+1Haz>an+1E al ™t — n—lanﬂg al!

St dung bat dang thic cudi ciing, ta chi con phai ching minh

n n n
n E artt — E al’ | —apy1 | n E ay — E al~t | +
i=1 i=1

i=1
+ apta (H a; +(n—1)apn, , — aZﬁ) > 0.
i=1

Bay gio chiing ta sé chia bat dang thic nay thanh

Ap+1 (H ai +(n—1)ay,, — aZﬁ) >0
i—1

n n n n
n+1 n n n—1
n E a; — E a; —Qpt1 | N E a;, — E a,; .
i=1 i=1 i=1 i=1

Ching ta chitng minh hai bat dang thitc nay. Bat dang thic dau tien la rat r6 rang
Haz’ +(n—Dagy, —apy = H(az‘ — Q1+ ) + (0= Dap,, —an7

i=1 i=1
n

n n—1 n n—1 __
Zan1 T ani1 ) (4 = nga) + (n— Dagy —agy; =0
=1
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Bay gio ta chiing minh bat ding thic thit hai. Bat dang thic nay cé thé duge viét lai

la
n n n n
n+1 n n n—1
ngai —EaizanH(nEai—Eai )
i=1 i=1 i=1 i=1

n n o 1 7
Béivind al—> a?‘l > 0 (st dung bat dang thiic Chebyshev) va a,,,1 < —, ta chi
i=1 i=1 n
can chitng minh rang

n n 1 n n
nE a?H—E al > — ng a;‘—g ar 'y,
n
=1 =1 =1 =1

Nhung bat ding thit nay ding, vi nal™ + —a'~* > a? v6i moi i. Vay, budc quy nap
n
duge ching minh.

Chiing minh rang véi moi x1, s, ..., T, ¢6 tich bang 1,

Z (z; — x5)* > zn:xf —n.
i=1

1<i<j<n
Mot dang tong quat ctia bat ding thiic Turkevici

Loi giai:
Hién nhién, bat dang thiic ¢ thé duge viét dusi dang sau

n>—(n—1) (Zl’k>+<;$k>2

Ta sé ching minh bat ding thitc bdi quy nap. Trudng hop n = 2 la tam thuong. Gia
stt bat dang thic ding cho n — 1 va ta sé chiing minh bat ding thic ding véi n. Dat

flz1, 29, ..,x,) = —(n—1) (Zxk> + (Zxk>

va dat G = "/xyx3...0,, khi ta da chon x; = min{x;, 1, ...,x,}. Dé thay rang bat
dang thic f(z1, 29, ...,2,) < f(z1,G, G, ..., G) tuong duong véi

(n—l)in— <Zxk) > 21, (Zxk—(n—l)G> :

k=2
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n
Hién nhién, ta c6 z; < G va Y. o > (n — 1)G, vay ta chi can chiing minh ring
f=2

m—UEZﬁ—<ZpQ 2%(2}%—@—UG)

Ta sé chitng minh bat déng thiic nay ding cho moi s, ..., z,, > 0. Béi vi bat dang thtic
14 thuan nhat, nén ta chi can chiing minh bat dang thitc khi G = 1. Trong truong hop
nay, tit buéc quy nap ta co6

n n 2
(n—Q)ZxZ—l—n—l > (Zxk>
k=2 k=2

va ta chi can chiing minh rang

ﬁix3+n—1z§izm¢¢§5@k—n2
k=2 k=2 k=2

diéu nay hién nhién ding.

Vay, ta da chiing minh duge rang f(z1, 2o, ..., 2,) < f(z1, G, G, ..., G). Bay giv, dé hoan
thanh budc quy nap, ta sé chitng minh rang f(z1, G, G, ..., G) < n. Béi vi, khang dinh
cudi cliing quy vé chiing minh rang

=) (0= 16+ gy )+ = (0= 06+ Gj_l)2

bat ding thiic nay dan dén
n—2 2n — 2
+n>

G2n—2 - Gn—2
va day 1a mot hé qua truc tiép ctia bat déing thic AM-GM .

[Gabriel Dospinescu] Tim gia tri nhé nhat ctia bieu thic

0,10,2
Z (n— 1)

Vi ay, as, ..., an < : c6 tong bang 1 va n > 2 1a mot sd nguyen.
n

Lai giai:
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Ta sé chiing minh gia tri nhé nhat 1a

= That vay, stt dung bat dang thiic Suranyi,
n"-
ta thiy riang

(n—1) Za? + najas...a, > Z a’ ' = najay...a, > Z a1t (1—(n—1)a).
' ' i=1

Bay gio, ta nhan thay

3
VRS
w
S
ESES
AN
~__
w

Za (1—(n—1a) =

va do do6, béi ap dung truc tiép bat dang thic Holder, ta cé

Xn:a"‘l (1= (n—1)az) > <k§1 aks)

k

(B

Nhung v6i n > 3, ta c6 thé ap dung bat ding thic Jensen dé suy ra ring

n—1
nooa-1 n 3
3
kZ g kZ Ak 1
=1 =1
Z = n—1"*
n n n s

Vay, két hop cac bat dang thic, ta ching minh duge bat déng thic véi n > 3. Véi
n = 3 bat dang thitc quy vé chitng minh ring

abe
" >
Z b+c—a_\/a’

bat dang thitc nay da duge chiing minh trong 15i gidi ciia bai toan 107.

119. [Vasile Cirtoaje] Cho ay,as, ..., a, < 1 1a cac s6 thyc khong am thoéa man

L \/a1+a2+ +a2 V3

7L>_
n 3

Chitng minh rang
ai ) Qp, na

>
1—a? 1-—d3 1—a2 ~ 1—a*
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Loi giai:
Ta chiing minh bang quy nap. Ré rang, bat dang thiic 1a tam thudng véi n = 1. Bay
gio ta gid st rang bat dang thic ding cho n =k — 1,k > 2 va sé ching minh ring

ax az ay ka

+ ot > ,
1—a? 1-—d3 l—al =~ 1-a?

v6i

k =3
Khong mat tong quat ta gia st ring a; > as > ... > a, do dé a > a;,. Dit

al—l—a2+ +ak1: ka* — aZ
E—1 "7

V3
3

2 2 2
a:\/a1+a2+...+ak > V3

t a > a; suy ra rang x > —. Vay, bdi gid thiét quy nap, ta c6

a a ag_ k—1)z
T _( ) :
1—a? 1-—d3 1—a;_, 1 — a2

va ta con phai chi ra rang

1—a2jL 1—22 —1—a?
Tu 2 2 2 2
xz—a2—ka —ak_a2 a® — ag,
k—1 E—1"
ta dudce
(k= 1)(z — a) = (a —ax)(a+ ag)
Tr+a
va

a (k—Vz  ka
l—a;  1-—2? 1—a?

a a x a
— — E—1 _
<1—az 1—a2)+< )<1—x2 1—a2)

—(a —ag)(1+aar) (k—1)(z—a)(l+ ax)

(1—a;)(1—a?) (1 —a?)(1 - a?)
_a—a {—(1+aak) (a+ak)(1+ax)]
1—a? 1—a (1—2a2)(x+a)

(a—ap)(z — ap)[—1 + 2% + ai + za + a(z + ap) + a® + avap(x + ai) + a’zay]
(1=a?)(1 —ap)(1 —2*)(z +a) '
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ka* —ai 5 k(a—a)(a+ax)
k-1 T (k-1

N2 2
Tu 2* —ag = , suy ra

k(a — ap)*(a + ap)
(k—1)(z + ay)

(a —ap)(x —ag) = >0,

va do d6 ta phai chi ra dugc rang
2+ ai + vay + a(x + ap) + a® + axap(x + ai) + a’za, > 1.
D@ chi ra bat dang thic nay, ta can cht § ring

ka* + (k — 2)a? ka*
2 | 2 k
J— >
T % k—1 k-1

T+ap >/ 22 +al>a L
- C

va

Do do ta ¢o

2® + ai + zay, + a(z + a;) + a® + axay(x + ai) + a’zay
> (2 + ap) + a(x + ax) + d®

k k
> . . 2 2_
_<k 1+“k5 1—|—1>a > 3a” =1,

va chitng minh duge hoan thanh. Dau bang xay ra khi a; = as = ... = a,,.
Chii ¥
1. T 16i giai cudi ciing, ta c6 thé dé nhin thay ring bat ding thitc van ding cho diéu

kién rong hon
> f14 )/ —— + =
‘= n—1 n-1

Day 13 mién rong nhat cho a, bai vi cho a; = as = ... = a,_; =  vd a, = 0 ( khi d6

n—1 1
[ n n
1
\/+ n—1+n—1

3
2. Truong hgp dac biégt n =3 va a = g la mot bai toan tur Crux 2003.

a=x ), tit bat dang thic da cho ta duge a >

120. [Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, z,y, z 1a cic sd thuc duong théa man
(a+b+e)zt+y+2)=(@2+02+) (2 +y*+22) =4
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Chitng minh rang

abecryz < i
AT

L&i giai:
Stt dung bat dang thitc AM-GM, ta c6
4(ab + bc + ca)(zy + yz + zx)
=[(a+b+c) = (a® + 0"+ A)][(x +y + 2)* = (2 +y* + 27)]
=20 — (a+b+c)?(2* +y* +22) — (@@ + >+ Az +y+ 2)°
<20 —2¢/(a+b+c)2(a2 + y2 + 22)(a2 + B2 + ) (z + y + 2)2 = 4,

do do
(1) (ab+ bc + ca)(zy + yz+ zx) < 1.
Béi nhan cac bat dang thitc da biét

(ab+ be + ca)®* > 3abc(a +b+c), (vy+yz+z20)* > 3oyz(z +y+ 2),

ta dugce

(ab+ be + ca)®*(zy + yz + zx)? > 9aberyz(a + b+ c)(z +y + 2),
hoac
(2) (ab+ be + ca)(zy + yz + zx) > 36abcryz.

Tu (@) va (@), ta két luan rang
1> (ab+ bc + ca)(xy + yz + zx) > 36abcryz,

do do 1 > 36abczyz.

Dé c6 1 = 36abcryz, cac dang thic (ab+bc+ca)? = 36abe(a+b+c) va (zy+yz+21)? =
36zyz(z + y + 2) 1a can. Nhung tit cac dicu kien ndy suyraa =b=cvaz =y = z,
diéu nay mau thuan véi

(a+b+e)z+y+2)=(®+0+)(a* +y* +27) =4
Vay, suy ra 1 > 36abcryz.

121. [Gabriel Dospinescu] Cho n > 2, tim gia nhé nhat cta hing sé k,, sao cho néu
x1,To, ..., Lo > 0 ¢6 tich bang 1, thi

1 1 1
+ + o+ —=<n-—1.
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Lai giai:

. 2n — 1 .
Ta sé chiing minh rang k, = (7171)2 Lay ©1 = 29 = ... = 2z, = 1, ta dugc k, >
n —_
2n — 1 .
o Vay, ta con phai chi ra rang
(n—1)

“ 1
)3 T

k=1 14—
V*(n—w“

néu r,.75...7, = 1. Gia st bat dang thitc nay khong ding cho hé n sé vdi tich bing 1,
Ty, T, ..., T, > 0 ndo dé. Vay, ta c6 thé tim duge s6 M > n — 1 va cac s6 a; > 0 ma c6
tong bang 1, sao cho

Vay ap < 1 va ta co

= [(n—1)2 1 2n — 1 i

1= -1 = < —-1).

H[2n—1 M?3a? (n—1)2 H n—l

k=1 k=1
Bay gio, ki hieu 1 — (n — 1)a, = b, > 0 va dé y rang Y by = 1. Va bat dang thiic trén

k=1
tré thanh )
2ngkH2_bk n—l (Hl—bk> .
k=1 k=1 k=1

Béi vi tit bat dang thiic AM-GM ta c6

ﬁ(Q —b) < (2nn_ 1)“’

k=1

tlr gia thiét dan t6i
n -1 2n
[T b2 < = b,
nn
k=1

Vay, ta chi can chiing minh ring véi bat ky céac s6 duong as, as, ..., a,, bat dang thic

(n _ 1)2n

H(a1 tag ot ap_y F g+ Fay)? > — aas...an(a; + as + ... + a,)"
k=1
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ding.
Bét dang thiic manh hon nay sé duge chitng minh bing quy nap. V6i n = 3, bat dang
thic suy ra tir sy kién 1a

8 2
(I + )" <9'Z“2bc'@ab> Ly

Gia st bat dang thite ding cho hé gdm n s6. Cho ay, as, ..., @11 12 cac s6 thie duong. Béi
vi bat dang thiic 1a déi xiing va thuan nhat, ta c6 thé gia thiét raing a; < as < ... < app1

abe

VA ay 4 as + ... + a, = 1. Ap dung gia thiét quy nap ta c6 bat ding thic

n -1 2n
H(]. — CL,’)2 2 ual.az..an.
, n"
i=1
Dé chitng minh buée quy nap, ta phai ching minh

n
n2n+2

2
g(an—l—l + 1 - ai) Z (n 7_'_ 1)n+1

n+1
a1a9...0p 11 (1 + apyq)" .

Vay, ta sé chitng minh bat dang thitc manh hon

n At 2 n3nt+2 "
14+ /"] > ni1 (1 4+ aner)"
(14525 > gt oned

Bay gio, sit dung bat dang thiic Huygens va bat dang thitic AM-GM, ta dugc

2n

n 2 2n
() = e | = (1)
| 110 - a)

i=1

va do d6 con lai bat ding thic

N1 2n n3nt2 )
1+ n > . 1+ . n-+
( n— 1) Z = g et (L )
. 1 2 1+a, o
néu a,,1 > max{as,as, ...,a,} > —. Vay ta cé the dat L_i_alﬂ) =14z, véixz > 0.
n n

Bét dang thic trd thanh

(o) 52
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122.

Stt dung bat dang thitc Bernoulli, ta dugc

2n
14 T 23:)3%—1.
n(x+1) r+1

ngoai ra (1 +z)" ' > 14 (n — 1)z va vi vay chi can ching minh

3:c+1> 1+ (n+1)x
r+1 — 1+ (n—1)x’

bat ddng thic nay la tam thuong.
Vay, ta giap mau thuan khi gia sit bat dang thic khong dang cho hé n s6 nao do co tich
2n —1

(n—1)

bang 1, didu nay chi ra ring thyc té bat ding thitc ding cho k, = va day 13
gia tri da yéu cau ctia bai toan.

Cha y.

V6i n = 3, ta tim thady mot bat dang thiic manh hon mot bai toan duge dua ra trong
Olympic Toan hoc Trung Qudc nam 2003. Cling vay, truong hop n = 3 1a bai toan
dude dé nghi béi Vasile Cartoaje trong Gazeta Matematia, Seria A.

[Vasile Cirtoaje, Gabriel Dospinescu] Cho n > 2, tim gia tri 16n nhat ciia hing s6 k,,
sao cho véi bat ky x1, s, ..., z, > 0 thoa man 2?7 + 23 + ... + 22 = 1, ching ta c6 bat
déng thic

(1 —2)(1 —x2)...(1 — x,) > kpx129... 2.
Loi giai:
Chung ta sé chitng minh rang hing s6 6 day 1a (y/n — 1)". That vay, dat a; = z?. Ta
phéi tim gia tri nhé nhat ctia biéu thiic

3

i=1

(1= va)

khi a;+as+...+a, = 1. Tanhan thay rang chiing minh gia tri nh6 nhat bang (/n—1)"
quy vé chitng minh rang

n

[T -a) > va -] va [0+ va).

i=1
Nhung tit két qua chiing minh trong 10i giai clia bai toan 121, ta tim thay

ﬁ(l —a)? > (@)n

i=1

n
;.
i=1
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Vay, chi can chitng minh

§(1+@)z <1+%)n.

Nhung day la mot bat dang thiic dé, béi vi tit bat dang thiic AM-GM ta c6

(]- a;) = = = L 9
1:[ +va) > |1+ 1n <<1+\/ﬁ)

bat dang thiic cudi cling 1a mot hé qua don gian ciia bat dang thitic Cauchy-Schwarz.
Cha y.

Truong hgp n = 4 da duge dé nghi béi Vasile Cartoaje trong Gazeta Matematia Annual
Contest, 2001.
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Tir dién thuat ngit

. Cong thiic tong Abel
Néu aq, as, ..., an, by, ba, ..., by, 1a cac s6 thuc hoiic sd phic, va

Si =ay+as+ ... +a,~,i = 1,2, ., n,
thi

Zazb —ZS — big1) + Suby.

. B4t dang thiic AM-GM (Trung binh cong-Trung binh nhan)
Néu aq, as, ..., a, 1a cac s6 thiyc khong am, thi

—Zaz_ a10s...0p ),

dau bang xay ra néu va chi néu a; = ay = ... = a,. Bat dang thitc nay la truong
hop diic biét clia bat dang thiic trung binh luy thira.

. B4t dang thiic trung binh céng va trung binh diéu hoa (AM-HM)

Néu aq, as, ..., a, 1a cac s6 thiyc duong, thi

S|=

i=1 —Z—

n;=—1n

dau bang xay ra néu va chi néu a; = as = ... = a,. Bat dang thitc nay la truong
hop dac biét clia bat dang thiic trung binh luy thita.

. Bat dang thic Bernoulli
V6i moi s6 thyc z > —1 vaa > 1 tacd (1 +x)* > 1+ ax.

. Bat ding thic Cauchy-Schwarz
Vé6i moi s6 thuce aq, as, ..., a, va by, by, ..., b,

(a?+ai+ ... +a2)(O? + 03+ ... +b2) > (arby + asby + ... + anb,)?,

dau bang xay ra néu va chi néu a; va b; cung tilg, i =1,2,....,n
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10.

Bit dang thic Cauchy-Schwarz cho tich phan
Néu a,b 1a cac s6 thuc, a < b, va f, g : [a,b] — R la cac ham kha tich thi

/b F(#)9(x) 2§ / Plaie | | [ P

Bit dang thic Chebyshev
Néu a; < as < ... < ay va by, b, ..., b, 1 cac s6 thuc, thi
B n 1 n n
i=1 n i=1

=1
n

j= i=1

i=1  \i=1
B4t ding thic Chebyshev cho tich phan
Néu a, b 1a cac s6 thuc, a < b, va f, g : [a,b] — R la cac ham kha tich va cuing don
diéu, thi

(b—a)/bf(x)g(x)dx > /bf(ff)dif-/bg(a?)dﬂf

va néu mot ham 1a tang, trong khi d6 ham khac giam thi bat dang thic nguge lai
ding.

Ham 16i

Mot ham s6 nhan gia tri thuc trén mot doan s6 thue I 13 16i néu, v6i moi x,y € I
va v6i moi s6 thue khong am a, 5 ¢6 tong bing 1,

flaz + By) < af(x) + Bf(y).
Tinh 16i
Ham f(z) la 1om len (xudng) trén [a,b] C R néu f(z) ndm dudi (trén) dudng noi
(a1, f(a1)) va (by, f(b1)) v6i moi

a<a <x<b <b.

Ham g(z) 14 16m lén (xudng) trén mit phang Eculid néu né 16m lén (xubng) trén
mdi duong thang trong mat phang, ¢ day, mot cach tu nhién, ta dong nhat duong
thang véi R.
Ham s6 16m lén va 16m xudng lan luot duge goi 1a 161 va 1om.
Néu ham f 16m lén trén mot doan [a, b] v Ay, Ag, ..., A, & cdc s6 khong am c6 tong
bang 1, thi

v6i moi 21, Ty, ..., T, trong doan [a, b]. Néu ham 16m xudng thi bat dang thitc bi ddo
nguoc lai. Day 1a bat dang thiic Jensen.
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11. Tong tuan hoan
Giai stt n 1a mot s6 nguyen duong. Cho f 14 mot ham n bién, dinh nghia tdng tuan
hoan clia cac bién (zy, T, ..., 7,) 12

Zf(%,@, ey Tp) = (21,29, .y )+

cyc
+ flxg, @3, ..., T, 1)+
+ f(xs, x4, ..., T, 1, )+
+ oo+ fmp, w1, 29, oy Tp).

12. Bat ding thitc Holder

2 £ 11 e
Néu r, s la cac so thie duong sao cho —+— = 1, thi v6i moi so thuc aq, as, ..., ay,, b1, ba, ..., by,
ros

S =

n n n

> ab; > aj > b
=1 < =1 ) =1
n - n n

13. B4t ding thic Huygens
Néu p1, pa, ..oy P, A1, A2, ..., Gy, b1, o, ..., by 12 cac s6 thue duong véi pr+pat...+pn = 1,
thi

n

[T+ > ﬁ &t ﬁ -
=1 i=1

i=1

14. B4t ding thitc Mac Laurin
Vé6i moi s6 thue duong 1, xa, ..., T, thi

51252 > ... = S,

kl 1<ii<iso<...<ip<n

(%)

Sk =

15. B4t dang thic Minkowski
Véi moi s6 thie r > 1 va moi s6 thyc duong ay, as, ..., ap, by, ba, ..., by,

(Y] = () + (30) -
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16.

17.

18.

19.

20.

21.

Bit dang thic trung binh luy thita

V6i moi s6 thuc ay, as, ..., a, c6 tong bang 1, va v6i moi sb6 thuce duong z1, 2o, ..., T,
ta dinh nghia M, = (a2} + agah + ... + a,2”)+ néu r 1a mot s6 thye khac khong
va My =z a9?...xf, My, = max{xy, xa, ..., xn}, M_oo = min{zy, z9, ..., x, }. Khi d6
v6i moi s6 thue s <t tacé6 M_oo < My, < M, < M.

B4t dang thic can trung binh binh phuong

Néu aq, as, ..., a, 1a cac s6 thiyc khong am, thi

- 2>
n n

Y

\/a%+a%+...+a2 a, + ag + ... + ay

dau bang xay ra néu va chi néu a; = ay = ... = a,.

Bat dang thiic Schur Véi moi s6 thuc duong ., y, z va véi moi r > 0

(v —y)r—2)+y(y—2)y—2)+ 2 (2 —2)(2 —y) > 0.

Trudng hop pho bién nhat 1a » = 1, khi d6 bat ding thic c¢6 cac dang tuong duong
sau:

1) 23+ y° 4+ 2° + 3ayz > ay(x +y) + yz(y + 2) + z2(z + 2);

2)zyz > (r+y—2)(y+z—xz)(z+z—y);

. 149
3) néux+y+z=1thixy+yz+zm§¥.

Bat dang thic Suranyi
Vé6i moi s6 thue khong am aq, as, ..., a,,

(n—l)ZaZ+nHak > <Zak) . <Zaz—1> :

Béat dang thic Turkevici
Véi moi s6 thye duong z,v, 2, t,

ot oyt 2 4 2uyat > 2ty oy A P 2 4t
Bt dang thiic AM-GM c6 trong sb

Vé6i moi s6 thyc khong am aq, as, ..., a,, néu wy, wo, ..., w, 1a nhing s6 thyc khong
am (trong s6) c6 tong bang 1, thi
w1 w2 Wn

WAy + Waly + ... + Wpay, = ay ay°...a,",

dau bang xay ra néu va chi néu a; = ay = ... = a,.
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