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1. Loi gioi thi¢u
Jovan Karamata sinh ngay 1 thang 2 nam 1902 tai Zagreb, Serbia. Bit dau hoc & khoa co khi tir
nam 1920, nhung dén nam 1922, 6ng chuyén dén khoa toan dé hoc. Tét nghiép nam 1925, ngay lap tirc
Karamata duoc nhan 1am trg giang cho gido su Mihailo Petrovic. Ong nhan dwgc hoc vi tién si nim
1926, tré thanh gido sur Pai hoc Belgrade vao nim 1950. Nam 1951 Karamata roi Belgrade, dén gidng

day tai Pai hoc Geneva. Ong séng va lam viéc ¢ day dén cudi doi. Karamata mat ngay 14 thang 8 nam
1967.

Bit dang thirc Karamata 1a mot dang tong qudt cta bat ddng thirc Jensen.
2. Bit ding thirc Karamata
Trudce hét, ta s& dinh nghia céc bd troi.
2.1. Dinh nghia.
Néu X Z2X 2w ZX Y2V, 2 Z VX 2V, X, X 2V Y,y X, X, X

n—1 —

Znt ety
va x, +x,+..+x, =y +y +..+y, thitanoibd (x Xypeen X, ) trdi hon bo (yl,yz,...,yn) va ta ki hiéu

la(l Xyperns X ) (yl Vyseee )hay (yl,y2,...,yn) (xl Xy xl).

Hién nhién, néu x, >x, >...>x, thi (x,%,,....,x,) > (x,x,...,x), trong d6 x= s
n
2.2. Bit ding thirc Karamata
Néu ham s6 £ (x) 1a ham 16i trén doan 1 =[a,b] va (%, X, X,) = (3, ¥yes 3, ) VOi Moi x;, y; €1 thi

Fx)+f(n)+t ()= )+ )+t 1)
Dang thic xay ra khi va chi khi x = y,i=1,2,...,n.
Ta ciing c6 phat biéu twong ty d6i véi ham sb 16m bang cach doi chidu dau bat dang thic.
Chirng minh. Vi f (x) 12 ham 10i nén f(x) —f(y) > (x— y).f'(y),Vx,y € 1. That vay:
f(x)=F0)

xX—Y

« Néu x>y thi :f'(a)Zf'(y),ae(y,x).

. NéuxgythiW#'(ﬂ)gwﬂe(m-

Txdésuyra f(x)— f(y)>(x—y). (). Y,y €Li=12,..n.
Chi y rang f'(yl.) Zf'(yiﬂ),xl + X F X, >y Y, A+t y,i=12,..,n—1, sit dung khai trién
Abel, ta co

n

> 1 ()= f(y, ]>Z % =3 () = (6 = 30) F (1) (6 = 32) £ (02) e (6, = 3 ) £ (30)

= (x5 =) )= ()] + (5 + x5 = 3 =3[ (32) = (33)] + -

o X ot X, = = ¥y == ) ) = L 0] (8 2 X, = 3 =3y == 3,) £ (3,) >0.



Do d6
Fx)+f(x)+et f(x)=> )+ () ++ F ()
2.3. H¢ qua. (Bat ding thirc Jensen). Néu ham sé f(x) 1a ham 16i trén doan 7 ={[a,b], thi v6i moi

x,€l(i=12,..,n),tacé

F)+F () 4ot £ (5) 2 0f +++]

Chimg minh. Do tinh chat d6i xtng, khong mét tinh tong quat, ta c6 thé gia sir X >X > X, .
Khi d6 ta c6 (xl,xz,...,xn) — (x,x,...,x) , trong d6 x= al +x2’—1|—..+xn . St dung bAt d?mg thirc Karamata
ta c6 ngay diéu can chting minh.

Dang thic xdy ra khi va chi khi x, = x, =...= x,.

Sau day ta s€ néu mot s6 vi du dé minh hoa cho viéc ung dung cua bat déng thirc Karamata.
4. Mot so vi du
4.1. Vi du 1. Cho 2n sb thuc duong a,,b,(i=1,2,..,n) thoa man cdc diéu kién sau @, >a, >...>a,,
b >b,>..>b,, a >b,aa, 2bb,,...aa,..a, >bb,..b, . Ching minh rang
ata,+..+a,2b+b,+..+b,.

Loi gidi. Dat x, =Ina,,y, =Inb, (i =1,2,...,n). Véi cic diéu kién da cho, ta d& dang kiém tra dwoc
rang (%, X, X,) = (¥, Yy0esy, ). DE thiy rang f(x)=e" 1a ham 16i trén (0,+<), do d6, 4p dung bat
d?mg thirc Karamata, ta cé

el +e? +..+e" e +e? +...+e" hay g +a,+...+a,2b+b,+..+D,.

4.2. Vidu 2. Cho ABC 1a tam giic nhon. Chimg minh rang
1<cosA+cosB—+cosC g%.

Xéc dinh khi nao xay ra dang thirc?

Léi giai. Khong mét tinh tdng quét, gia st ring A> B> C. Khi d6 Azg,cgg.wngng
2

va 7TZA+B:7T—CZ—7T nén Z,E,O >—(A,B,C)>— E,E,E )
3 272 3’33

™
,—

Xétham f(x)=cosx, dé thay f(x) la ham 1o6m thét sy trén doan I = [0 5|+ do 46, theo bt dang

thirc Karamata, ta co

s

g]+f(0)§f(A)+f(B)+f(C)§3f[§] hay 1§cosA+cosB—|—cosC§%.

O bat dang thuc thir nhét, dau dang thirc khéng xay ra (vi hai géc clia tam gidc khong thé ciing
vuong). O bat dang thirc thir hai, dang thirc xay ra khi va chi khi tam gidc ABC déu.

4.3. Vidu 3. Cho ABC 1a tam gidc khéng nhon. Chiing minh rang
tané + tan£+ tang > 2\/5 —1.
2 2 2

Loi giai. Khong mat tinh tong quat, gia st A> B > C. Khi d6, dé dang kiém tra dugc



N |

|

B C T T

T s - DN E

2 2 4 8 8

T , 2sin x
O,EJ.Taco f(x)= =

1 s
,f ' x)= >0 véimoixec|0,—]|.
cos’ x / ( ) cos’ x [ 2]

Xéthamsd f(x)=tanx,x €

Tir d6 suy ra f(x) 1a ham s6 16i trén [Og] . Str dung bt dang thic Karamata, ta nhan duoc

tané—I— tanﬁ—f— tan£ > tanz—f— tanz—f— tanzz 2\/5—1.
2 2 2 4 8 8

Dfmg thirc xay ra khi va chi khi (A,B, C) = [%’%’2] va cac hoan vi.
4.4. Vidu 4. Cho a,b,c lacac $b thuc duong. Chirng minh ré“mg
1 1 1 1 1 1
+ + <—+—+—.
a+b b+c c+a 2a 2b 2c
Loi giai. Khong mat tinh tong quat, gia st a > b > ¢. Khi d6, dé dang kiém tra duoc

(2a,2b,2¢)(a+b,a+c,b+c).

1 X L
Vi f (x) = — la ham 161 trén khoang (O, +oo) , nén theo bat dang thurc Karamata, ta c6
X

f(2a)+ f(2b)+ f(2¢)> fla+Db)+ f(a+c)+ f(b+c) hay
1 1 1 111
+ + <

a+b b+c c+a 24 2 2¢
Ding thirc xay ra khi va chikhi a=b=c.
4.5. Vi du 5. [IMO 2000/2] Cho a,b,c 1a céc sb thyc duong thoa diéu kién abc = 1. Chimg minh ring

1

1
[a—H—— b—1+4+—
b c

1
[c—1+—]§1.
a

Loi gidi. Vi abc =1 nén tdn tai cac ) duong x,y,z saocho a=—,b= l,c = i. Bét d:fmg thirc
Z

X
y X
can chimg minh tré thanh
(x—y+z)(y—z+x)(z—x+y)§xyz.
Ta dé y rang, (x—y+z)+<y—z+x):2x>0, do d6, trongbasd x—y+2z,y—z+x,z2—x+y
khong thé c6 truong hop hai s ciing 4m. Néu trong ba s trén ¢6 mot hodc ba sd am, hién nhién ta c6
bat dang thtrc can chung minh. Trudong hop cé ba s6 déu duong, bang céch lay logarit hai vé, ta c6

ln(x—y+z)—|—ln(y—z—|—x)+ln(z—x+y)glnx+lny—|—lnz.
Khong mat tinh tong qudt, gid sit x>y >z.Khidé, (y—z+xx—y+z,z—x+y)=(xy,2).
Vi f(x)=Inx laham Iom trén (0,400), do d6, st dung bat ding thirc Karamata, ta duoc
1n(y—z+x)+ln(x—y—l—z)—l—ln(z—x—i—y)glnx+lny+lnz.
Ding thirc xay ra khi va chikhi x=y=z hay a=b=c=1.
4.6. Vidu 6 Cho a,b 1a cic s6 thyc khéng am. Chirg minh ring



Ja+3a+3b+b <Ja+3b +3lb+a.
Loi gidi. Gia sit b>a > 0. Gitta cic s6 x =b+3b,x, =b+3a,x, =a+Ib,x,=a-+a, thi x 1asb
16n nhét, x, 1a s6 nho nhat. Vi x, +x, =x, +x, nén (x,,x4> - (xz,x3> hoac (x,,x4> - (x3,x2>. Dé thay
f(x)= 3x 1a ham 16m trén [0,4-00), do d6, theo bét dang thirc Karamata, ta c6

Fx)+ f(x)< F(6)+ f(x) hay Ya+a +3b+ b <a+3b +3b+a.

Ding thirc xay ra khi va chi khi a =5 .

4.7.Vidu7Cho —1<a,b,c<la+b+c= —% . Hay tim gi4 tri 16n nhét ctia biéu thirc

F:a12+b12+012
v eoe R £, .. 2 e e ol 1 1 1
Loi giai. Khong mat tinh tong quat, gia st aZch.Khldolza,azl—zz—c——:a—kb.
Do d6

1 : o
L= 1] = (a,b,c). Viham f(x)=x" 16i trén [—1,1], theo bat dang thic Karamata, ta c6

1 1
B = @)+ )+ O 0+ S| ) =245
, : . 1
Dang thtrc xay ra, chang han khi a =1,b = —l,c = —1.Do d6 gié tri Ién nhat cua Fla 2+ —-.
2

4.8. Vi du 8 [IMO 1999/2]. Cho Xx,%,,...x, 1a cdc s6 thuc khong am, n > 2. Hay xéc dinh hing s6 C
nho nhét sao cho

4
n
Z xixj(xi2+sz.)§C in] .
I<i< j<n

i=1

Loi giai. Néu x, = x, =..=0 thi bat dang thiic ding véi moi C>0. Néu c6 it nhat mot sd
x,>0,suyra x, +x, +...+x, >0. Vi bat dang thirc trén ¢ dang thuan nhat nén ta c6 thé gia sir rang
X +x,+...4+x,=1.Khid6

F(xl,xz,...,xn): Z x,.xj<xl.2+x5>: Z x?xj+ Z xl.x?

I<i<j<n 1<i<j<n I<i<j<n

— 3 _ .3 4

—Exing—g Ef V(nf)x—x.
1<i<n Jj=i 1<i<n

Vi vy, ta can xdc dinh hang s6 C nho nhét sao cho Zf < C,vol x+x,+..+x,=1,

i=1

trong d6 f(x)=x’ —x* laham 16i trén [0,1/2] (vi f'(x)=3x" —4x’, f "(x) = 6x(1—2x)).

Do tinh d6i xtng, khong mat tinh tong quat, gia sir X, > x, >...2>x,. Ta s€ xét cac truong hop sau.

Truong hop 1. %z x, . Khi d6, d& dang kiém tra duoc

11 ,
5,5,0,.“,0] = (X, %,,..., %, ) . St dung bat
d?mg thirc Karamata, ta cé

n

Zf(xi)Sf[%]+f[%]+f(0)+...+f(o):_

i=1



Truong hop 2. %le. Ta kiém tra dugc (1—x,,0,...,0)> (x,,....x,). St dung bat ddng thic

Karamata, ta co

D)= F )+ (R) S S () £ (=5)+ F(O) ot £(0)= £ (5) + £ (1),

i=2

. 1
Mt khéic, bang cich diat y = x, — 5 >0,tacd

F)+ £ (1=5) = (3 =2 )+ (1= 5) = (1= 2)° | = 5 (1= )| + (1= )|
S o SR S

4 2
z - 1 A M A 5 A A 2 . N 1
Do 4o, Zf (xl.) < r Vay hang s6 C nho nhat can xdc dinh 1a 3
i=1

D¢ két thac bai viét, moi cdc ban giai mot so bai tap ty luyén.

1. Cho tam gidc ABC, chimg minh rang

oA . .,B . .,C_3 .
a) sm"‘—+s1n°‘—+sm°‘—22—0L voi a<0.

b) 1<sinaé+sina§+sin“£Si voi 1> a>0.
2 2 2 7 2°

1+
2

volr a<0.

«

QA (lB «
¢) cos“—+cos" ——+4cos"—>
2 2 2

1+5
2

voli O0<a<1.

A B
d) 2<cos"—+4cos” —+cos”—<
2 2 2

«

2. Cho a,,a,,...,a, la cac s6 thyc dwong. Chting minh rang

2

145
4

2
144
a,

2
1+&
as

(H—al)(l + az)...(l —|—an) <

3. [APMO 1996] Cho tam gidgc ABC . Chimg minh rang
Ja+b—c+b+c—a+et+a—b<Ja+b+ec.

7. Chung minh rang

4.Cho x,%,,...,x, €

cos(2xl — xz) + cos(2x2 — x3) +..+ cos(an — xl) <cosx, +Ccosx, +...4COsX, .
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