BAT DANG THU'C VA CUC TRI

“If a man’s wit be wandering, let him study the mathematics.”

Francis Bacon (1561-1626)

1 Dé bai

Bai 1. Cho x, y, z 1a cac s thuc duong. Ching minh rang

Py +2) + y2 (2 x) + 22 (x+y) > (y vz z0) 3 (Hy) (v +2) (2 + ).

Bai 2. Cho 4, b, c la cac s6 duong. Chiing minh rang

5015 1 5) (a3 B3 o 3
(1—|—abc)a 1 1 1 }2(61 +b°+c)(a®+ b+ )

T+b0)  b(lto) e(lra) P

Bai 3. Cho ba s6 thuc khong am x, y, z théa man dieu kién x + y +z = 1. Tim gia tri nho
nhéat cta biéu thirc

1
P=x3+y3+§z3.

Bai 4. Choa, b, c1a cac sb thuc duong thoéa man abc = 1. Chung minh réng

(b7 +c+1) (" +a+1) @’ +b+1) S 9

Vib+1)(c+1)  (c+1)(a+1) a’(a+1)(b+1) ~ 4

Bai 5. Choa, b, ¢ la cic sb duong thoa man abc = 1. Ching minh réng

(Ba—1)> (3b—1)> (Bc—1)?
242 +1 2h24+1 2c2+1 7

Bai 6. Chung minh réng véi moi g, b, c duong, ta déu c6

1 n 1 n 1 S 3
a(l1+b) b(l+c) c(1+a)” 1+abc

Bai 7. Cho 4, b, c la cac s6 duong. Chiing minh rang

ab? n bc? n ca® o a+b+c
a2 +202+ 2 2422442 24202412 4 '
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Bai 8. Cho cac sb a4, b, c duong thda man ab + bc + ca = 1. Chiing minh bat dang thic

1 1 1
3+ 2(a% — bc) +3—|—2(b2—ca) +3—|—2(c2—ab)

> 1.
Bai 9.
(a) Tim gia tri 16n nhat va gia tri nhd nhét cta ham sb

flx) = 2cos§—|— V6sin x.

(b) Chiing minh rang véi moi tam giac ABC, ta déu c6

5v/10

sinA+sinB+\/EsinC < 1

Bai 10. Cho a, b, c 1a cac s6 thuc khong am c6 téng bang 1. Chitng minh rang
4(a® + 1> + %) + 15abc > 1
Bai 11. Cho céc s6 khong am phan biét a, b, c. Tim gia tri nho nhat ctia biéu thic

1 1 ]
+ .

(2 2 2
P = (a"+b"+c) (a—b)2+(b—c)2 (c—a)2

Bai 12. Cho ba s6 duong 4, b, ¢ théa man abc < 1. Tim gid tri 16n nhat cta biéu thirc

p_ a’>+a s b2+0b i c2+c
a2+a+1 b2+b+1 2+c+1

Bai 13. Ching minh rang v6i moi a € R, ta c6

V17 < V/cos?a +4cosa + 6 + \/cos2a —2cosa +3 < V2 + V11.
Bai 14. Cho a, b, c 1a ba s6 duong c6 téng bang 3. Chiing minh rang

a b c 3(a? + b* + ¢?)
7 T 7 T IS T @ :
14+ (b+c) 14 (c+a) 1+ (a+b)® a*+b°+c*+12abc

Bai 15. Choa, b, c la cac s6 thuc khong 4m théa man diéu kién a + b + ¢ = 1. Tim gid tri 16n
nhat cta biéu thic
P=(a—0b)>3+b-c)?+(c—a)

a?ae

2 Lai giai va binh luan

Bai 1 (Hung Yén). Cho x, y, z la cdc s6 thuc duwong. Chiing minh ring

Py +2) + Pz + )+ 2(xHy) > (y+yz+ 20 Y (r+y) (v +2) (2 + 2).
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Loi gidi. St dung bat dang thitc AM-GM, ta ¢6

f/(x—l—y)(y—i—z)(z-i—x) < (x+y)+(y;rz)—|—(z+x) = %(x—l—y-l—z).

Tir d6 suy ra, bat dang thitc da cho sé dugc chiing minh néu ta chi ra dugc
3 [XZ(V +2)+ Y (z+x) + 2 (x + y)] > 2(x +y+z)(xy + yz + zx).

Do (x +y +z)(xy + yz +zx) = x2(y + z) + y?(z + x) + z2(x + y) + 3xyz nén bat dang thiic
trén tuong duong voi

3[R +2) + R +x) + 2 +y)| 22 [Py +2) + 2+ ) + 2P (x +y) +3xyz],
hay
¥y +2z) +yP(z+x) + 22 (x +y) > 6xyz.
Lai do x2(y + z) + y*(z + x) + 22 (x + y) = x(y* + 2%) + y(2% + x?) + z(x? + y?) nén ta chi
phai ching minh
x(y? +22) + y(22 + x%) + z2(x? + ) = 6xyz.
Tuy nhién, sau khi viét lai bat dang thiic & dang nay thi ta thdy ngay né hién nhién ding
theo AM-GM, cu thé 1a
x(y* +22) +y(22 + x2) +Fz(x® +y?) > x - 2yz +y - 2zx + 2 - 2xy = 6xYZ.
Phép chitng minh dugc hoan tat. Chd ¥ rang dang thitc xdy ra khivachikhix =y =z. [0
Bai 2 (Ha Tinh). Cho a, b, c la cic s6 duong. Chitng minh ring

5 5 5 3 3 3
(1+ ab) LZ ! ! } s @b+ )@+ b+ )

A+b0)  b(lto) e(lta) BB

Loi gidi. St dung két qua bai 6 (dé thi chon doi tuyén thanh phé H6 Chi Minh), ta c6

1 1 1
(1+abe) L(Hb) T +c(1+a)] > 3

Tir d6, ta dua dugce bai toan vé chiing minh
3(a®+ 8+ 8) > (2 +0° + ) (@ + 1P+ P).
Va day la mot két qua diing (theo bat dang thitc Chebyshev ap dung cho hai bo don diéu

cting chiéu (a°, b° c®) va (a3, b3, ¢®)). Tuy nhién, & day ta cling c6 thé chiing minh né bang
cach khac dua vao tinh thuan nhat ctia bat dang thitc nay. Cu thé nhu sau:

Do tinh thuan nhat nén ta cé thé chudn héa a® 4 b8 + ® = 3. Khi d6 bat dang thitc can
ching minh duoc vieét lai thanh

(@ + b0 +)(a®+b°+c) <. (1)

Str dung bat dang thitc AM-GM, ta ¢6

5-a84+3-1>8¢/(a8)5-13=8a>, 3-a%+5-1=8¢/(a8)3-15 =84
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Tir d6 suy ra
8 8
a5 < 55[ + 3’ a3 g 3ﬂ + 5
8 8
Tién hanh danh gid tuong tu cho cac biéu thic cta b va ¢, ta thu duoc

5¢+3 5+3 58+3
(P R Tl s i s e s Y 2)
8 8 8
va 8 b8 b8
3 5 3 5 3 5
<t +dg 22 2 Y g (3)

8 8 8
Tir (2) va (3), st dung phép nhan hai bat dang thitc duong cting chiéu, ta thu dugc ngay bét
dang thitc (1). Va nhu thé, bai toan da dugc chiing minh xong. Dang thiic x4y ra khi va chi
khia=b=c=1 O

Bai 3 (THPT chuyén Luong Thé Vinh, Dong Nai). Cho ba s6 thuc khong dm x, y, z théa man
dieu kién x +y + z = 1. Tim gid tri nhé nhat cia biéu thitc

1
P = x3—|—y3—|—§zs.
Loi gidi 1. St dung bat dang thic Holder, ta ¢6

(x3+y3+£) (1+1+v2) (141++2) >

2
3
V31 3/13.1- T
>< B L1+ {11445 ﬁﬁ)
= (x+y+z)?>=1

2
VlP:x3—i—y3+§néndénhgiénéychotaP- <2—i—\/§> > 1, tac

1
P>z———.
(2+v2)
Déng thic xay ra khivachikhix +y+z =1va
Z
r_Y_
1 1 /2
cre 1A s S 1 s o W2 ) ~ PN ‘A R A .
G’1a1 h/e. nay, ta tim dugc x =y = 2rva YAz = thoa man diéu kién dé bai. Vi vay, ta di
dén két luan min P = (2+1ﬁ)2. ]
Loi gidi 2. Ap dung bt dang thitc AM-GM, ta c6
1 1 1 1
x 3T 32350 3 3
(2+v2) (2+v2) (2+v2)" (2+v2)
3
= _x,

(2+\/§)2-
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tir do suy ra

3 3 2
x° = 5 X — 3
(2+v2) (2+v2)
Danh gia tuong tu nhu vay voéi y, ta cing co
3 3 2

) e

Yy

Bay gio, ta sé tim cach thiét lap mot danh gid cho z. Ta c6

2\ (v Y L. 2\ (v Y
Z“(uﬁ) *(zwz) 23%(2%) '(zm)

:—6 -z
(+va)
Do do s /3
z 3 2+/2
27 (2+v2)’ Z (2+v2) ?
T (1), (2) va (3), ta suy ra
3 _ A+2v2
P> <2+\/§>2(x+y+z) <2+\/§>3
3 2 1

(2+ﬁ)2 ) (2+\/§)2 - (2+ﬁ)2'

Dang thitc xay ra khi va chi khix =y = 2+1 Nl 24\_/\%. RO rang bd s6 nay thoéa man diéu

kién cta dé bai, vi vdy ta c6 min P = o \/5)2' ]
Lovi gidi 3. Stt dung dénh gid coban a? —ab+ b2 > Y va b € R, ta 6
3., .3 2 2 (x+y)?* _ (1-z2)p
oy =@y ) 2 hy) = (1)

v6i dang thite xy ra khi va chi khi x = y. Tir d6 suy ra

1-2)2% 22 (1-2z2)P2+27°
> 4 s _
Pz 13 4

Xétham sb f(z) = (1 —z)> +2z3 v6iz € [0, 1]. Ta co

flz) = -3(1-2)>%+6:2 =3 [22-2 —(1-2)?].
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s < / o ) _ . P _ 1 N A
V6i z € [0, 1], phuong trinh f/(z) = 0 tuong duong véi 2z = 1 — z, tlic z = T day,

ta c6 bang bién thién cta f(z) trén [0, 1] nhu sau

z |0 ﬁﬁ 1
f@) - 0 +
1 2
@ 5 (2a)

Dua vao bang bién thién, ta c6

1 1Y 2 2
f(Z)>f( )z(l——> + s = 5, Vze[0,1]  (3)
1+v2 1++2 <1+\/§> (1+\/§>
va dang thirc xay ra khi z = ﬁ Tix day, két hgp vdi (2), ta thu dugce
1

P>—
2(1+ﬁ>

Déng thutc xay ra khi va chi khi gia thiét ctia bai toan dugc théa man, dong thai cac bat dang
thitc (1) va (3) cling phai trd thanh dang thirc. Diéu nay c6 nghia la ta phai c6
(x,y,z2>0

x+y+z=1

X =1y
1

Z:
X 1++2
1

Gidira, tatimdugcx =y = -~ _-vaz= —1_

2442 142"

Vay minP = —1 ]

2(1+v2)"
Bai 4 (Pai hoc Khoa hoc Tu nhién, Pai hoc Quéc gia Ha No6i). Cho a, b, c la cdc so thire duong
théa man abc = 1. Chirng minh ring

a3 (b” +c+1) (" +a+1) @’ +b+1) S 9

Vb+1)(c+1) (c+1)(a+1) a’(a+1)(b+1) " 4

Loi giai. Do
(b’ +c+1) a N a
V(b+1)(c+1) (b+1)(c+1) b7(c+1)

nén bat dang thic can chiing minh c6 thé dugc viét dudi dang P+ Q > 2, trong do

ad b3 c3

T ) T e @y T @i e

va

ad b3 c3

C=Veer) " Pt  FoT1)
Ta sé tim cac danh gia thich hop cho P va Q.
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(a) Ddnh gid cho P. Stt dung bat dang thitc AM-GM, ta c6

3 3
a +b+1+c+1>33 a .b+1‘c+1:3_a,
(b+1)(c+1) 8 8 (b+1)(c+1) 8 8 4
tu do suy ra
al >6a—b—c—2
(b+1)(c+1) 8 '

Tién hanh danh gia tuong tu cho hai biéu thitc con lai, sau d6 cong ca ba bat dang
thac cung chiéu theo ve, ta dugc

6a—b—c—2 6b—c—a—-2 6c—a—b—-2 2a+b+c)-3

> .
P> 3 + 3 + 3 1 (1)

(b) Pénh gia cho Q. Giéng nhu P, ta cling stt dung bat dang thitc AM-GM va thu dugc

3 3 3
a —|—C+1>2 a ‘c+1: a_'
b7(c+1) 4 b (c+1) 4 b7

ad a3 c+1
- 2 0 0
b7(c+1) b7 4

Do do

Thiét 1ap hai bat dang thiic tuong tu cho hai biéu thiic cting dang, ta c6

a> c+1 b a+1 3 b+1
> Z _ & - _ 2= - _ 7=

as b3 c3 a+b+c+3
_<\/W+\/c_7+\/?>_f'

Mat khéc, ciing theo bat dang thicc AM-GM thi

a3 b3 c3 3| [a3 b3 c3 of 1
\/W\/c—?*\/ﬁ>3\/vﬁ'vﬁ'\/ﬁ:3\/mz3-

Két hogp hai danh gia trén lai v6i nhau, ta thu duoc

_atb+c+3 9—-(a+b+¢)

>3 . 2
Q : ! @)
Tir (1) va (2), ta suy ra
2(a+b+c)—-3 9—(a+b+c) a+b+c—-3 9 _9
> = Z Z

trong d6 bat dang thiic cubi ciing ding do a + b + ¢ > 3v/abc = 3.
Phép chiing minh duge hoan tat. Dé thiy dang thic xay rakhivachikhia=b=c=1. O
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Bai 5 (THPT chuyén Thai Binh, Théi Binh). Cho a, b, ¢ la cdc S0 duwong théa man abc = 1.
Chitng minh ring
(Ba—1* (Bb—1)> (3c—1)

> 4.
2a2 +1 2b% +1 2c2 +1

Loi gidgi. St dung bat dang thitc Cauchy-Schwarz dang phan thiic, ta c6

(32— 1) N (Bb-1)7  Be—1)"_ (32 —1)+ (3b—1) + (3c — 1)]?

202 +1 202 +1 2c24+1 7 (202 +1) + (22 +1) + (2c2 + 1)
_ 9a+b+c—1)?
2@+ b2+ %) +3

Do do, ta chi can chitng minh dugc
Ia+b+c—1)>%>4 [2(a2+b2+c2)+3] .
hay
9 [(a2+b2—|—c2) +2(ab+bc+ca) —2(a+b+c) +1] > 8(a® +b* + %) + 12.
Sau khi thu gon hai vé, ta dugc
(a®> 4+ b*+c*) +18(ab+bc+ca—a—b—c)—3>0.
Dén day, ta c6 dé y rang, v6i abe = 1 thi

(1-a)(1-b)(1—c)=1—(a+b+c)+ (ab+ bc+ ca) —abc
= (ab+bc+ca) — (a+b+c).

Do d6, bt dang thiic trén tuong duong v6i
A+ +c*+18(1—a)(1—-b)(1—c) -3 >=0.

Khong mat tinh tong quat, gia st ¢ = max{a, bc}, suy rac > 1. Dat t = Vab thi ta c6
O<t<lvac= tlZ Theo bat dang thuc AM-GM,

a* +b* > 2ab = 2%, (1)
Ngoai ra thi
(1—a)(1—b)=1—(a+b)+ab<1—2Vab+ab=1—-2t+1> = (1—1t)
Mal—c<0néntaco
(1=a)(1=b)(1—c) > (1 - 1?1 —oc). (2)
Tix (1) va (2) suy ra, ta chi can chiing minh

212 + ¢ +18(1 —t)*(1—¢) =3 > 0.
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Thay ¢ =  vao, ta viét dugc bat dang thiic dudi dang

1 1
2 2
(Zt +t—4—3) +18(1—¢) (1_?2) >0,

tuong duong

2t +1 -3t + 182 (1 — t)2(1—13) > 0.
Thuc hién phan tich nhan ti, ta c6 2t° + 1 — 3t* = (2t> 4+ 1)(#* — 1)%. Do d6, bat dang thiic
trén tuong duong voi

(F=12(t+1) [ +1)(E+1) —182(1 - 1)] >0,
hay
(F—1)2(t+1) [(21‘3 F2R 4 t+1) — (182 — 18t3)} >0.

Sau khi thu gon, ta dugc

(t—1)2(t+1)(2082 — 162+t +1) > 0.
Bat dang thic cubi ciing ding do 20t — 16t +t +1 = (5t +1)(2t — 1)% > 0.

Bai todn dugc chiing minh xong. Véi gia thiét ¢ = max{a, b, c}, dang thitc xay ra khi va chi
khia:b:c:l,hoéca:b:%,624. l

Bai 6 (Thanh ph6 Ho Chi Minh). Chitng minh ring vdi moi a, b, c duong, ta déu co

1 n 1 n 1 S 3
a(l+b) b(1+c) c(1+a)” 1+abc

Loi gidgi 1. Nhan ca hai vé ctia bat dang thitc v6i 1 + abe > 0, ta viét duge né dudi dang

1+ abc 1+ abc 1+ abc

=
d010)  bAtc) eita)

Bay gid, ta ¢6 dé y & dang thic sau

1+abc _ 1+abc+a(1+D) 1= (14+a)+ab(1+c)

a(l+0b) a(l+b) a(l1+0b)
_ 1+4a b(1+c)
(T T

-1

Tir day va hai dang thic tuong tu, ta suy ra bat dang thitc da cho twong duong véi

{1+a b(1+c)_1}+[ 1+b C(1+ﬂ)_1} [1“ ”(1+b)—1}>3,

a1+b) " T14b b+ " T+c cA+a)  1+a

hay

[a(lltrab) a(11jab)1 {b(lltrbc) b(sz:)] L(ii)*cglif)lw

Va ta c6 thé thay ngay bat dang thitc cudi nay ding do x + % > 2, ¥x > 0. Dang thic xay ra
khivachikhia=b=c=1. O
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Loi gidi 2. Dat abc = k. Khi d6, ta thay ton tai x, y, z > 0 sao choa = kyy, b= % vac=k

(chzfmg han, ta ¢6 thé chon x =1, Y= %, z = Z—é’). Thay vao, ta cé
1 1 X

a(l+0b) ’%(1+'§7‘Z> k(y+kz)

Va do do, bat dang thic da cho tuong duong véi
X y z 3k
> .
y+kz YR x+ky T 1+K3

Bay gio, st dung bat dang thirc Cauchy-Schwarz, ta ¢6

X y z (x+y+z)?
+ + =
y+kz z+4+kx x+ky  x(y+kz)+y(z+kx)+z(x+ky)
(x+y+z)?
- (kD (xy Fyz+2x)

Lai c6 (x +y +z)? > 3(xy + yz + zx) la mot danh gia quen thudc. Thé cho nén
x v b4 3
> .
ytkz T ztkr T xRy k41
Tir day, ta dua dugc bai toan vé chiing minh
3 3k
= .
k+17 kK +1
Thé nhung, day lai la mot két qua hién nhién viné tuong duong v6i3(k+1)(k—1)> > 0. O

Loi gidi 3. St dung bat dang thitc co ban (x +y + 2)? > 3(xy + yz + zx) v6i x = L

Y= pire 2= iy o
LR SR .
a(l1+0b) b(l+c) c(1+a)
S 3 1 n 1 N 1
T lab(14+b)(1+c)  be(l+c)(14a)  ca(l+a)(1+Db)

_ Blc(1+a)+a(l+b)+b(1+c)]
y abc(14+a)(1+b)(1+¢)
3(a+b+c+ab+ bc+ ca)
abc(a+b+c+ab+bc+ca+abc+1)

Do ham s6 f(x) = %5 1a ham lién tuc va dong bién trén R™ v6i moi t > 0 va

a-+b+c+ab+ be+ca >3V abe + 3V a2b2c2,

nén ta co
3
3(a+b+c+ ab+ bc+ ca) N 3(3V3‘1bc+3v‘12b2‘32>
abc(a+b+c+ab+bc+ca+abc+1) ~ 3,5, <3 abe + 3922022 + abe + 1)

_9%(1—1—%)_ 9
- 3abc (1—!—%)3 - W(l—k%)z.
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Tir d6 suy ra

1 1 1 77 9
T [
a(l+b) b(l+c) c(1+a) W(ler)

hay
1 1 [N 3

a(110) b+ Telra) Yabe (1+ abe)

bit k = v/abc. Bai toan duge dua vé ching minh

3 .. 3
k(k+1) 7 KB+1

Day chinh la bat dang thitc da duoc xét & cudi 16i giai 2. O
Bai 7 (Thanh phé Ho Chi Minh). Cho a, b, ¢ la cdc s6 duong. Chitng minh ring

ab? N bc? N ca? a+b—+c
a2 4+202+ 2 V2422442 24202412 4

Loi gidi 1. Bt dang thirc cAn chiing minh tuong duong véi

16ab? + 16bc? n 16ca®
a2+ 202+ 2 b2+2c2+a> 2+ 20+ b2

<4(a+b+o).

St dung bat dang thirc Cauchy-Schwarz, ta c6

(1+3)2 1 N 9
b2+ (a2 +b2+c2) " b2 a2 +b2+c?
Tir d6 suy ra
16ab? 9ab?

- <At 5.
a2 + 2b2 + ¢2 +012~|—bz—|—c2
Cong bat dang thiic nay v6i hai bat dang thiic twong tu, ta dugc

16ab? n 16bc? n 16ca? <adbtct 9(ab? + bc? + ca?)
a2 +2b2+c2 b2 +22+a? 24242+ b a% + b% + 2

Bai toan dugc dua vé ching minh

3(ab? + bc? + ca?)
a% + b% + 2

<a+b+e,
hay
(a+b+c)(a®+b* 4 c?) > 3(ab® + bc* + ca?).

Do (a+b+c)(a?+ b> +c?) = (a® + b® + 3) + (a®b + b?c + c?a) + (ab? + bc? + ca®) nén bat
dang thiic trén c6 thé viét lai thanh

(a® + 0% + ) + (a®b + b*c + c?a) > 2(ab* + bc* 4 ca?),
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tuong duong voi
(6% 4 a®b — 2ab®) + (3 + b*c — 2bc®) + (a® + c*a — 2ca®) > 0,

hay la
b(a—b)?+c(b—c)®+a(c—a)*>>0.

Day 1a mot két qua hién nhién, do d6 bai toan dugc chitng minh xong. Dang thiic xay ra khi
vachikhia =b =rc. O

Loi gidi 2. Ta c6 bat dang thic can chiing minh tuong duong véi

ab? bc? ca? a+b+c
L N . — SR P AP
(a a2+2b2+c2)+< b2+2c2+a2>+(c c2+2a2+b2) aroTe 4

Doa — a2+gZ§+C2 = a{ggi“;l;ii) nén ta c6 thé viét lai bat dang thirc thanh
2 2 2 a b C 3(a + b+ C)
b > :
(e + +C)<a2+2b2+c2+b2+2c2+a2+c2+2a2+b2) 4
Bay gio, ap dung bat dang thitc Cauchy-Schwarz, ta c6
a n b n c S
a2 +2b2+c2 b2 +2c24+a2 24222 +0b2 7
N (a+b+c)?
~ a(a? 4 262 + c2) + b(b? + 2¢2 + a?) + c(c? + 242 + b?)
(a+b+c)?

(a3 + b3+ B3) + (a%b + b2c + c2a) + 2(ab? + bc? + ca?)’

Nhu thé, phép chitng minh sé dugc hoan tat néu ta chi ra dugc
4+ + A (a+b+c) >3 [(a3 + % 4 ¢3) + (a®b + b?c + c?a) + 2(ab® + bc® + caz)] .

Do (a4 b+c)(a? +b%> +c?) = (a® + b3 + c3) + (a®b + b*c + ca) + (ab® + bc? + ca®) nén bat
dang thic trén tuong duong véi

4a®+ 1 +)(a+b+c) =3 [(a+b—i—c)(a2+b2—|—c2) + (abz—i—bcz—i—caz)] ,
hay

(a+b+c)(a®+b*+c*) = 3(ab® + b + ca?).

Day chinh 1a bat dang thic vira dugc ching minh trong 16i giai 1 & trén. O

Bai 8 (Phd thong Nang khiéu, thanh phd H6 Chi Minh). Cho cdc s a, b, ¢ duong théa min
ab + be + ca = 1. Chiing minh bit diang thitc

1 1 1
3 +2(a%? — be) +3—|—2(b2—ca) +3—|—2(02—ab)

> 1.
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Loi giai. Datx = bc, y = ca vaz = ab thi ta c6

2_ Y2 22 2_ Y

x+y+z=1, a .
x y z

Do dé
1 1 X

3+2(a2—bc) 3+2 (L —x) T 3x+2(yz— 22)

Thuc hién bién d6i tuong tu, ta viét dugc bat dang thitc dudi dang

X y z
> 1.
3x +2(yz — x2) +3y+2(zx—y2) +3z+2(xy—zz) 21

Do 3x +2(yz — x?) = 3x(x +y +z) + 2(yz — x*) = x> + 3x(y + z) + 2yz > 0 nén cdc mau
thirc déu duong. Tir d6, sit dung bat dang thitc Cauchy-Schwarz, ta thu dugc

x Yy z

=
3x +2(yz — x?) * 3y + 2(zx — y?) T3 +2(xy — 22) ~
N (x+y+2)
Z X[+ 2yz — )] T+ y Py + 2(zx — y2)] + 2 3z + 2(xy — )
1

T 32+ yr+22) —2(x3 + yP 28 — 3xyz)
Mat khdc, ta lai c6 hang dang thic

B4y 428 —3xyz = (x+y+2) (P + v+ 22— xy — yz —2x)
:x2+y2—i—z2—xy—yz—zx,

nén két hgp vdi trén, ta suy ra

X y z
>
3x +2(yz — x2) + 3y + 2(zx — y?) + 3z +2(xy —z2)
1
>
T 3(x24+y2+22) —2(x2+y2 + 22 — xy — yz — zx)
1 1

(¥ +y?+22) +2(xy +yz+zx)  (x+y+2)?

Bai toan dugc chiing minh xong. Dang thiic xay ra khi va chikhia = b =c =

s

Bai 9 (Thai Nguyén).

(a) Tim gid tri I6n nhat va gid tri nhd nhat ciia ham so
f(x) =2cos g +V6sin x.
(b) Chiing minh ring vdi moi tam gidc ABC, ta déu cé

sin A + sin B + v65sin C < ST\/E
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Loi gidi. (a) St dung tinh chat cta dau gia tri tuyét doi, ta c6
f(x)| = ‘ZCOSE + \/gsinx‘ <2 ‘cosf‘ + V6| sin x|

—2‘cos—‘+2\/—’sm cos—‘

i1l
Mat khdc, theo bat dang thicc AM-GM, ta thiét 1ap dugc cac danh gia

X 4 x| v10 4 x 5
Z‘COS—‘:—-2-’COS—’-—<—(COSZ—+—>
2 V10 2 4 /10 2 8
va
.X x| 2 . 2 X 5 X
2\/6‘51115)’@55‘—— 2- ‘\/_sm ‘ ‘\/gcos ‘\\/—1_0(55111 E+3cos E).
Tir hai bat dang thiic nay, két hop véi danh gia & trén, ta thu dugc
4 x 5 2 % X
<= 2X 2 = (5sin2X £3c0s2 %
|f(x)| \/1_0(cos 2+8)+\/1_0< sin” = + 3 cos 2)
_ 2 2 2\, 9| 2 2 (5,2)_>vI0
—\/_[<cos —i—sm2>—i—4]—\/1_0(5—|—4)— 1
Do do
V1 V1
—54—0<f(x)<u, Vx € R.
Mat khéc, dé thay vdi x = 27 — Zarcsm\f thi f(x) = 5\ﬁ va voi x = Zarcsm\[ thi
fx) = %.Dwu nay cho phép ta di dén két luan
5v10 510
minf(x):—T, maxf(x):T.
(b) Dé y rang
. . . A+B A—B C A—B
sin A +sin B = 2sin y s — —2cosEcos o
Do0 < § <2nencosz>0MacosAT 1 nén ta co

sin A +sin B < 2COSE.

Tir do suy ra
sin A +sin B + vV6sinC < 2cosE + v65sin C.

2
Mt khac, str dung két qua cau (a) véi x = C, ta lai c6
C 5v'10
2 cos > +V6sinC < —

Két hop hai danh gia trén lai, ta thu dugc

510

C
sin A + sin B + v6sin C < 2(:055 +/6sinC < 1

Day chinh 1a két qua can ching minh. O
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Cich khdc cho cdu (a). Vi f(x)1a ham tuan hoan trén chu ky 471 nén dé tim gia tri 16n nhat
va nhé nhat cta ng, ta chi can xét x € [—27, 27| 1a da. Ta ¢

! = —si E :—. E p— '25
fi(x) = smz-l—\/gcosx sm2—|—\/6(1 2sin 2).

Do g(t) = —t + v/6(1 — 2t2) c6 tat ca hai nghiém la @ va —@ nén phuong trinh f'(x) =0
tuong duong voi
V6 x Ve

X
sin—- = — Vsin- = ———.
2 4 2 3
Giai cac phuong trinh nay v6i chd y x € [—27, 271], ta tim dugc cac nghiém cua f'(x) 1a
X1 = 2arcsin \/Tg, Xp = 27T — 2 arcsin ‘/Tg, X3 = —2arcsin \/Tg va x4 = —27 + 2arcsin \/Té. Tu

day, ta c6 bang bién thién ctia f(x) trén [—271, 271] nhu sau (cht y rang x4 < x3 < x1 < x)

x |2 X4 X3 X1 X 27

ff®) 4+ 0 — 0 + 0 — 0 +

2y3 5v10 _
f(x)_z/s\_%g/zl\_%ﬁ/z

Véi két qua c6 dugce tir bang bién thién, ta thay ngay:

e max f(x) = %ﬁ dat dugc chang han khi x = 2 arcsin \/Tg.

e min f(x) = —%ﬁ dat dugc chang han khi x = 271 — 2 arcsin %. O
Bai 10 (Hai Phong). Cho a, b, c la cdc s6 thuc khong dm cd tong bang 1. Chitng minh ring

4(a® + b + %) 4 15abc > 1.
Loi gidi 1. Bt dang thirc cAn chiing minh tuong duong véi
4(a® + b 4 c3) 4 15abc > (a + b+ ¢)>.
Khai trién truec tiép, ta co
(a+b+c)P =@+ 4+3)+3a+b)(b+c)(c+a)
= (&> + 07+ ) + 3 P (b+ 0) + b2 (c +a) +2(a+b)| + 6abe.
Do d6, bat dang thirc trén c6 thé viét lai thanh
4(a® + b3 4+ 3) 4+ 15abc > (a®> +1° + ) +3 [az(b +c) +b*(c+a)+A(a+ b)] + 6abc,
tuong duong voi
3(a® 4+ b® + %) +9abc > 3 [az(b +c¢)+b*(c+a)+cP(at b)} ,

hay
a® 4+ b+ +3abc > a*(b+c) +b*(c+a) +c*(a+ D).
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Dén bude nay thi ta c6 thé thiy ngay day 1a mot két qua ding vi né chinh 1a bat dang thirc
Schur dang bac ba (4p dung cho ba s6 khong am 4, b, c).

Ta xét diéu kién dé dang thitc xay ra. Vi bat dang thiic da cho tuong duong véi bat dang thiic
Schur nén déng thitc ctia n6 phai trung vdi truong th dang thic ctia bat dang thitc Schur,

tirc 1a khi c& ba bién bang nhau hodc mét bién bang 0 va hai bién con lai bang nhau. Két hgp
1

Vi gia thiét a + b+ c = 1, ta tim dugc diéu kién cho dau bang G baitoanlaa =b =c = 3
hoaca =b = 2, ¢ = 0 (va cac hoan vi). O
Loi giai 2. Do

[(Ba—1)(3b—1)] - [(3b—1)(3c —1)] - [(3c —1)(3a—1)] = (3a —1)*(3b—1)*(3c —1)* > 0

nén trong ba s6 (3a —1)(3b — 1), (3b — 1)(3¢ — 1), (3¢ — 1)(3a — 1) phai c6 it nhat mot sb
khong am. Va do tinh ddi xtiing nén ta hoan toan c6 thé gia st mot cach khong mat tong
quat rang (32 — 1)(3b — 1) > 0. Khi d¢, ta c6

9ab>3(a+b)—1=3(1—c)—1=2-3c.

Suy ra
15abc > gc(z —3¢). (1)

Lai co
4(a® + %) =4(a+b)(a*> —ab+b*) > 4(a+b)- (a-zb)z =(a+b)>=(1-¢)? (2)

Tix (1) va (2), ta dua dugc bai toan vé chitng minh
5
(1—c)®+4c3+ 3623 >1.

Dol—(1-¢c)®=c[1+(1—c)+ (1=¢)?] = c(3—3c+c?) nén bét dang thic trén tuong
duong voi

4¢3 + §c(2 —3¢) > ¢(83—3c+c?),

3
hay la
¢ [122 +5(2 - 3c) =33 — 3¢+ ¢2)| > 0.
Sau khi thu gon, ta dugc
c(9c® —6c+1) >0,
hién nhién ding do 9¢? — 6¢c +1 = (3¢ — 1)% > 0. O

Bai 11 (Pai hoc Vinh). Cho cdc so khong dm phin biét a, b, c. Tim gid tri nhé nhét ciia biéu thirc

P = (a*+ 1>+ ?)

1 1 1 ]
7t 7+ 2"
(a—1D) (b—c) (c—a)

Bai 12 (Nghé An). Cho ba sé duong a, b, ¢ théa man abc < 1. Tim gid tri Ion nhét ciia biéu thirc

p_ ¢ a’+a s/ b2+Db s 2+c
a2+a+1 b2+b+1 c24+c+1
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Bai 13 (Can Tho). Chitng minh ring vdi moi a € R, ta cé

V17 < Vcos?a + 4cosa + 6 + /cos2a — 2cosa +3 < V2 + V11,

Bai 14 (Nam Dinh). Cho a, b, c ld ba s6 duong cd tong b[ing 3. Chitng minh rﬁng

a b c 3(a® + b + c?)
2—'_ 2+ 2< 2 2 2 ’
14+ (b4¢)* 14 (c+a)* 1+ (a+b)* a*+b>+c*+12abc

Bai 15 (Dong Nai). Cho a, b, c la cic s6 thic khong dm théa man diéu kién a + b+ ¢ = 1. Tim gid
tri Ion nhdt ciia biéu thitc
P=(a—b)3+b-c)?+(c—a)

GO IO

“First, it is neccessary to study the facts, to multiply the number of observations, and then later to search

for formulas that connect them so as thus to discern the particular laws governing a certain class of
phenomena. In general, it is not until after these particular laws have been established that one can expect to
discover and articulate the more general laws that complete theories by bringing a multitude of apparently
very diverse phenomena together under a single governing principle.”

Augustin-Louis Cauchy (1789-1857)



