Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

(8BTS L DALH

é/ 17 A 1n x

LE XUAN PAI
(GV THPT Chuyén Vinh Phuc)

Bit dang thic (BDT) 12 mot trong nhitng dang todn thudng c6 trong cic dé thi DH-
CD. Cic thi sinh cua ching ta déu rat so va ling ting khi gap phai bai todn ching minh
BDT hodc tim gid tri 16n nhat, nhé nhat. Don gian 1a do cédc bai todn vé BDT thudng 1a bai
toan khé trong dé thi, nham phan loai va chon duoc cac hoc sinh kha gioi. Thuong thi céc si
tlr khong biét bat ddu tir dau dé€ giai quyét bai todn vé BDT. Bai viét nay muoén hé thong cho
cdc ban cdc phuong phap co ban va mot s6 dang bai tap vé BDT. Hy vong s& gitip cdc em
hoc sinh 16p 12 dat két qua cao trong ki thi DH- CD sap t4i.

Nhiing 1oi khuyén bo ich khi hoc vé BPT:

1. Nam chéc cdc tinh chét co ban cia BDT

2. Nam vitng céc phuong phdp co ban chiing minh BDT nhu: PP bién déi tuong
duong; PP stir dung BDT C6 si; PP str dung dao ham...

3. Dac biét chi trong vao on tap cac ky thuat st dung BDT Co si, luon biét dat va tra
101 cdc cau hoi nhu: khi nao dp dung; diéu kién cho cdc bién 1a gi; diu bang xay ra khi nao;
néu 4dp dung thé thi c¢6 xay ra ddu bang khong; tai sao lai thém bét nhu vay...

4. Luon bat dau vé6i cdc BDT co ban (diéu nay vo cling quan trong); hoc thuoc mot s6
BDT co ban cé nhiéu 4p dung nhung phai chi y diéu kién 4p dung dugc, chang han nhu:

* a®+b*+c*>ab+bc+ca (1) v6i moi a,b,c

* (a+b+c)®>>3(@+bc+ca) (2) v6i moia,b,c

* (@a+b+c)*<3(@ +b*+c”) (3) véi moi a,b,c

(4) v6i moi a,b,c duong

*
|-
J’_
ol

> 4.
a+b

|-

+1+EZL
b c

a+b+c

a4 x2 +4Jb? +y? = J(@a+ )2+ (x+y)? (5) v6i moi a,b,x.y.

N x2+y_2Z (x+y)?

(6) v6i moi a,b duong va x,y bat ky
a b a+b
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2 2 2 2
# XY 2 (X+y+2)” (7) v6i moi a,b,c duong va x,y,z bat ky
a b c a+b+c

Dau bang xay ra & cac BDT (1), (2), (3) va (4) 1a a=b=c.

Dau bang xay ra 6 BDT (5) va (6) 1a

® | x

=Y 5M1a 2=Y =2 (v6i miu khic 0).
b a b c

(C4c em hay bat tay ngay vao viéc chitng minh cac BDT co ban trén nhé. Hay tim cho minh
mot cdch giai nhat quan, nhG né va khi 1am bai thi déu phai ching minh lai, réi méi dugc ap
dung)

Truéce hét xin dua ra 3 phuong phap thong dung nhat dé chitng minh BDT
I. PHUONG PHAP BIEN POI TUONG PUGNG:
1. Phuong phap chung

Dé ching minh A > B ta thudng thuc hién theo mot trong hai cach sau:
Cach 1: Ta chiing minh A —B>0. Pé 1am duoc diéu nay ta thudong sit dung hing dang thiic
dé phan tich A —Bthanh téng hoic tich ctia nhitng biéu thic khong am.
Cach 2: Xuit phat tir mot BDT ding nao dé ta bién déi dén BDT cén chitng minh. D6i véi
cdch nay thuong cho ta 101 giai khong duoc tu nhién cho 1am va thudng sir dung khi cdc bién
¢6 nhiing rang budc dac biét.
Chu y: Mot sO két qua hay st dung

* x*>0 v6imoi xeR vd xX’=0=x=0

*|x|>0 v6imoi xeR va [x|=0<x=0
2. Mot so vi du
Vi du 1: Chiing minh ring v6i moi a,beR tac6: a®+b*>2ab (1)
Gidi: Tacé & +b*—2ab=(a-b)*>0=a’+b”>2ab (dpcm).
Pang thitc x4y ra khi va chi khi a=b.
That don gian phai khong cac ban, néu tinh y thém mat chit thoi cac ban s€ tim ra nhiing
két qua téng quat hon va niém tin dé vuot qua bai BDT trong dé thi DH 1a hoan toan kha thi.

Cu thé 12 v6i ba s6 thuc a,b,c bat ky ta cé a®+b*>2ab; b*+c*>2bc va a’+c* > 2ac

2 2 2
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C6 thé thiy ngay c6 hai BDT tuong duong véi (2) rat quen thudc l1a
(a+b+c)>>3(ab+bc+ca) (3) v6imoia,b,c
(a+b+c)’<3@ +b*+c®) (4 v6imoia,b,c
Chiing ta s& n6i thém ung dung tuyét voi cua 3 BDT (2), (3) va (4) & nhitng phan sau
Vi du 2: Chitng minh ring v6i moi a,b,ce R tacé: a*+b* +c¢* > abc(a+b+c)
Giai: ap dung lién tié€p BDT (2) trong vi du 1 ta duoc:
a'+b*+c*=(a’)? +(b*)* +(c?)?

> a’b® + b’c? + ¢’a® = (ab)® + (bc)® + (ac)®
> ab.bc+ab.ac+ bc.ac=abc(a+ b+ ¢)

Nhut vdy néu dé thi hoi cac ban mot bai nhu sau:

“Cho 3 s6 a,b,c thod man a+b+c=1. Chiing minh ring: a’+b*+c*>abc” thi chic
céc ban da c6 co hoi cao dé dat diém 10 r6i! (hdy ct tu tin 1én nao)
Vi du 3: Chitng minh rang v6i moi a,b>0 ta c6:

a’+b’>a’b+ab’

Gidi: Ta bién déi a° + b’ —a’b—ab’ = (a-b)*(a+b) >0, suy ra dpcm.
Nhdn xét: BDT trén that don gian nhung cling ¢6 kha nhiéu tng dung véi cédc bai todn kho
hon, ching han ta xét 3 bai todn sau:
Bai 1. Cho a,b,c>0. Ching minh rang:

T, ————
a+b’+abc b’+c’+abc a’+c’+abc abc

Hudng gidai: Ta cé a’+b°>a’b+ab’ = ab(a+b) = a’ + b’ +abc > ab(a+b+c)

1

Suy ra — ;L < .
a’+b’+abc ab(a+b+c)

Cung hai BDT tuong tu ta dugc

VT< ! + ! + 1 = L (dpcm).
ab(a+b+c) bc(a+b+c) ac(a+b+c) abc

Xin dua ra thém hai hé qua clia bai toan trén (coi nhu bai tap cho cac ban luyén tap)

1 1 1

* Cho a,b,c>0 thoa min abc=1. Khi d6: ————+—-—7—+—-—">—<1
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* Cho a,b,c>0 thod man abe=1. Khidé: —+ +_ - 4 1 4
a+b+1 b+c+1 a+c+1

(che ddu ban chat hon)

Bai 2. Cho a,b,c khong am thoa man a+ b+ c=2009. Tim gia tri nho nhét ctia biéu thic

P= %/4(a3 +b°% +§/4(b3+c3) +€'/4(a3 +c%)

Huodng gidi: Mé6i nhin BDT ta cam thdy rat kh6 khan vi ¢6 can bac 3 va diéu quan trong 1a
phai st If duoc biéu thiic trong dau can. Bat dang thitc a®+ b’ > a’b+ab? cho ta mot “manh
moi” dé giai quyét bai todn, nhung néu 4p dung nguyén si thi chua 6n. Ta bién déi mot chiit
BDT nay

a’+b’>a’h+ab® < 3(a’ +b%) > 3(@’b+ab’) « 4(a’ +b’) > (a+b)*
Nhu vay ta ¢6 thu duoc BDT 4(a® +b®) > (a+b)®.
Chic cac ban ciing dong y v6i toi ring phép bién déi d6 rat tu nhién.

Bay gio 4p dung BDT vira tim dugc ta c6

P=34(a° +b%) + J4(b* + %) + J4(a® + %) 2 (a+b) + (b+C) + (c+a) = 2(a+b+c) = 4018

Dang thitc x4y ra khi va chi khi a=b=c= % .

Vay GTNN cua P bang 4018.

Bai todn tong qudt: Cho a,b,c khong am thoa min a+b+c=k. Tim gid tri nho nhét ctia

P=3m(a +b) + ¥m(b*+ ) + Im(a® +c%)
(m,k Ia cic hiang s6 duong cho trudc)

Bai 3. Goi A,B,C la ba géc ctia mot tam gidc bat ki. Tim gid tri 16n nhat cua

_ JsinA +3¥sinB +3sinC

P=
%/ cos™ + i/ cos> + %/ cos™
2 2 2

Huong gidi: Day qua 1a mot bai toan kho, ta hdy mo mam theo cac ddu moi nhd nhé

* Tht nhat: Ta da c6 mot danh gia rat quen thudc trong tam giac:

sinA+sinB:2cos%.cosA_B < Zcos%
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* Thit hai: Cdc can bac 3 goi ¥ ta nghi t6i BDT: a+b< §/4(a° + b°)

Nhu vay, ta c6 JsinA +¥sinB < 3/4(sinA +sinB) < §/4.2cos% = 2.§/cos%

Tuong tu ta cé JsinB +3/sinC < 2.3 /cos% va JsinA +3sinC<2.3 /cosg

Cong tung v€ 3 BDT trén ta dugc

3YsinA +3sinB +JsinC Si/cos%+§/cos% +§/cos%

Vay P<1. Ddu bang xdy ra khi va chi khi A=B=C, tiic 1a tam gidc ABC déu
Vi du 4: Chiing minh rang véi a,b,c 1a 3 canh mot tam gidc bat ky ta c6:
ab+bc+ca<a’+b*+c’ < 2(ab+ bc+ ca)
Gidi: BDT bén trdi da ching minh, dé chiing minh BDT bén phai ta xuat phat tir mot BDT
co ban trong tam gidc 1a |b—c<a<b+c.
* Néu st dung |b—c|<a thi ta bién d6i nhu sau:
a>|b-c=a’>(b-c)’=b’+c’-2bc=a’ > b’+c’-2bc
Tuong tu b’ >a”+c¢*—2ac; ¢ >a’+b*—2ab. Cong theo tiing v€ ba BDT ta dugc dpcm.
* Néu st dung a< b+c thi ta bién déi nhu sau:

a<b+c= a’ <ab+ac, cing hai BDT tuong tu ta ¢6 dpcm.

Vi du 5: Chiing minh riang v6i moi a,b,x,y e R ta c6 BDT sau (BDT Mincopxki)

Va? +x2 +4Jb2 +y? = J(a+b)? + (x+y)? (1)

Gidi: Binh phuong hai v€ va bién déi tuong duong:

a2+x2+b2+y2+2\/(a2+x2)(b2+y2) >a’+x?+b*+y?+2ab+2xy

o J@+x3)(0%+y?) zab+xy ()

+ Néu ab+ xy <0 thi hién nhién (*) ding
+ Néu ab+xy >0 thi (*) < (@ +x?)(b*+y?) > (ab+xy)* < (bx —ay)” >0 (luon ding)

Vay bai toan dugc chitng minh. Dang thitc x4y ra khi bx=ay.
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Chii y: C6 thé chitng minh BDT trén bing cach sir dung BDPT véc to rat don gian nhu sau
(khi 1am bai thi DH cac ban phai chiing minh BDT nay néu muén dung nd, lic d6 cac ban

hay chon mot phuong an chiing minh ma cac ban cho 1a hay va dé nhg nhat. OK).
Pat u=(a;x) va v=(b;y), khi dé u+v=(a+b;x+y).
Tu BDT véc to |a + \7| < |a| +|\7| va cong thitc do dai véc to ta c6 ngay dpcm.
Nhdn xét: BDT Mincopxki c6 rit nhiéu ing dung hay va c6 thé giai quyét dugc nhiéu bai
BDT héc bda. Xin dugc minh hoa diéu nay qua 3 bai todn sau day:

Bai 1. Cho a,b khong am thoa man a+b=1.

a) Chimg minh ring: V1+a’ +v1+b? >/5

b) Tim gi4 tri nho nhat cia P= \/a2+é +\/b2+i2
a

Huong giai:

a) Ta ¢6 \1+a® ++1+b? > /(1+1)° + (a+b)? = /5. Dang thiic x4y ra khi a=b= % .

2 2
b) Ta co P=\/a2+i2+\/b2+i22 (a+b)2+(1+1j > (a+b)2+(—4 j =17.
b a a b a+b

Ping thiic xay ra khi a=b= % . Vay GTNN ciia P bang /17 .

Bai 2. Cho x,y,z duong thod man X +y+z=1. Ching minh rang:

\/X2+x_12 +\/y2+%+\/zz+z—12 > /82

Huong gidi: ap dung lién tiép hai lan BDT (1) ta dugc:

2
\/x2+i2+\/y2+i2+\/22+i22\/(x+y+z)2+(1+1+1j
X y z Xy z
9 2
2\/(x+y+z)2+( J =82
X+y+2z

Bai 3. Cho x,y,z duong thod man X+y+z=+/2. Tim gid tri nh6 nhét clia

P=+/223+ X% +/223+y? +/223+ 72
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Huong gidi: Van nhu bai 2 ta ¢6 huéng giai quyét ngay nhu sau:
P=(223) + X? +/(N223)2 + y* +/(N223)? + 22 = /(3v/223)? + (X + y + 2)? = /2009

Pang thitc xdy rakhi x=y=z= % . Vay GTNN ctia P bang /2009 .

* C6 1€ khong phai ndi gi thém nita thi cic ban ciing da thdy vé dep va stc manh cta
BDT Mincopxki. Nhung toi nhac lai rang phai chiing minh lai BDT nay trudc khi dp dung
nhé!
3. Bai tap tu luyén

Bai 1. Chitng minh rang: Va,b,c,d,e € R, ta cé:

a) +b’+ct+d*+e*>ab+c+d+e).

3 3
b) a’+b 2(a+b
2 2

3
J (a+b=>0).
Bai 2. Chitng minh rang:
a) (a®+b°)a+b)=(a* +b*)a®*+b?), Va,b:ab>D0.

1 1 2
S+ - > :
1+a° 1+b 1+ab

Va,b>1.

Bai 3. Cho A ABC. Chiing minh rang:
a) ab-c) +blc—a)P +cla-b?<a®+b>+c>.
b) a® +b? +c? < 2(ab + bc + ca).

Bai 4. Chitng minh rang:
a) \/mz\/gﬂ/a, Va,b,c,d >0

b) J(a+c)? +(b+d)? <va?+b? +yc? +d? ,vab,c,dcR

c) b{1+1]+1(c+a)g(c+a){£+1] Ya>b>c>0
c a) b c a

—t—+—2—+—+— Vaxb>c>0

Bai 5. Cho a, b > 0: a + b = 2. Chiing minh rang ab <a®*b®

Bai 6. Cho hai so thuc a ,b thod min a + b = 2. Chitng minh ring : a* + b* 2 a’ + b’
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Bai 7. Chobasoa,b,c € [0;1]. Ching minhrang:a+b+c—ab—bc—ca <1

Bai 8. Cho a,b,c thod man a+b+c=1. Chiing minh rang:

ilie{ bcj
F P 7 3 F

Bai 9. Cho a,b,c duong. Chiing minh rang:

Jal—ab+b? +b*—bc+c? +ya?—ac+ >a+b+c
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IL. PHUGNG PHAP SUDUNG BAT PANG THUC CO SI
1. Bat dang thirc Cosi

a) Cho a>0, b>0. Khi d6 aLZb >/ab . Dang thiic xay ra khi a=b

a+b+c

b) Cho a>0, b>0, c>0. Khi d6 > Jabc . Déng thac xay ra khi a=b=c

2
Céc dang tuong duong la: a+b> 2Jab ; ab< (a%bj

3
a+b+c>33abc; abcé(a+:+c)

¢) Tong quat: Cho n s6 thuc khong am a,,a,,...,a, (n>2) . Khi dé6 ta c6

a,+a,+..+a >ngaa,.a, (1)

Déng thic xay ra khi va chikhi a, =a, =...=a

Chii y: Vi céac bai thi PH- CD thong thuong chi can ap dung BDT Cosi véi 2 hoac 3 so.
2. Mot so vi du
Vidu 1: Ching minh rang:

2 2250 vapso b [24+2>2 vab-0
b a b a

Gidai. a) ap dung BDT Cosi cho hai s6 duong ta co: %+E >2, /%E =2 (dpcm)
a a

D4u bang xay ra khi a=b
b) Ta khong thé d4p dung ngay BDT Cosi vi chi ¢6 diéu kién a,b= 0. Bién ddi tuong
duong BDT bang cédch binh phuong hai vé:

2 2 2
22©(§+9j 24@a—2+b—222
a b a

a b
_+_
b a

bén day theo BDT cosi thi BDT sau la ding, vay ta c6 dpcm
Chd y 1a dau bang xay ra khi |a| = |b|

Vi du 2: Cho a,b,c duong. Chiing minh rang:
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1 1 4
“r=>—(
2) a b a+b M

a b c a+b+c
Gidi. a) Néu viét lai BDT cén chiing minh dudi dang (a+b) (L%J > 4 thi huéng giki quyét
a

la qua ro rang. That vay, ap dung BDT Cosi cho hai s6 duong ta dugc

11 /1
a+b>2yab va =+=>2 [—.
ab ab

Suy ra (a+ b)(%\JF%J > 4@%

b) Hoan toan tuong tu véi phan a) bang cach dp dung BDT Cosi véi 3 so.

= 4. D4u “=" x4y ra khi va chi khi a=b

Nhdn xét: Hai BDT trong vi du 1 c6 rat nhiéu ting dung va ciing 1a con dudng sdng tao ra vo
van ciac BDT hay. C6 thé néi phan 16n cdc BDT trong dé thi PH- CD c6 goc tich cha hai
BDT nay. N6i ra cdc 4p dung hay ctia hai BDT nay thi nhiéu vo ké va khong biét s& t6n kém

bao gidy muc, toi xin chi din chitng ra vai bai toan dién hinh:

Bai 1. Cho a,b,c duong. Chiing minh ring:

1+£+E22( 1 + 1 + 1 j 3)
a b c a+b b+c a+c

Huong gidi: ap dung ba 1an BDT (1) ta duoc

114114114
> —t—>— - —2>—

5ba+bbcb+caca+c

Cong timg v€ 3 BDT trén ta dugc diéu phai chiing minh
Dau bang xay ra khi va chi khi a=b=c.

C6 1€ cac ban da cam thdy qua an tugng véi 161 giai cta bai toan, kién thic sit dung &
day la rat don gian nhung hiéu qua. Néu tiép tuc ap dung mot lan nita BDT (3) ta duoc BDT

Sau:

1 1 1 1 1 1
+ + >2 + + 4)
a+b b+c a+c 2a+b+c a+2b+c a+b+2c

Tur (3) va (4) ta dugc BDT:
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1+1+l24 1 + 1 + 1 5)
a b c¢ 2a+b+c a+2b+c a+b+2c

Dén day cdc ban cé nhd t6i dé thi DH khéi A nam 2004 khong. Xin dua ra day cho cac ban

¢ cam giac “rriing 1’ nhé:

Bai 2. (Dé khéi A- 2004): Cho a,b,c duong thoa man diéu kién 1 +%+1 =1.
a Cc
Ching minh rang: L + L + 1 <1 (6)
2a+b+c a+2b+c a+b+2c
Bai 3. Cho a,b,c duong. Chiing minh ring:
ab bc L& _a+ b+c 7
a+ b b+c a+ c 2
Huong gidi: Theo BDT (1) ta c6:
L L1 1) &b _ab(1 1) 1.
a+b 4\a b atb 4\a b) 4

Cung hai BDT tuong tu ta duoc BDT (7) can chitng minh.
H¢é qud: Néu cho tong ba s6 a,b,c thi tim duoc GTLN cta biéu thic v€ trai ctia (7)
Chang han ta dua ra bai to4n kh4 hay sau:

* Cho x,y,z duong thod man X + 2y + 4z =12. Chiing minh rang:

2xy 8yz 4xz
+ + <
X+2y 2y+4z 4z+X

Vi bai toan nay, cac ban chi can coi a=x;b=2y;c=4z thi a+b+c=12 va BDT céan

chiing minh tr& thanh: & + be + X <6
a+b b+c a+c

(day chinh 1a hé qua cua (7) roi. OK)
Bai 4. Goi a,b,c 12 ba canh ciia mot tam gidc, p 1a ntta chu vi tam gidc d6. Chiing minh rang:

1 N 1 N 1 2(1 1+1j 8)
p—-a p-b p-c a b c

Huong gidai: Dé thdy p—a>0;p—b>0;p—c>0 va nhan xét rang

(p—a)+(p-b)=2p-a-b=c
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

1 1 4 4
+ > =
p-a p-b (p-a+(p-b) c

Cung hai BDT tuong tu ta duoc BDT (8) can chiing minh

Bai 5. Cho a,b,c duong. Chiing minh rang:

(a2+b2+c2)( t .t jzé(a+b+0) )
a+b b+c c+a) 2

9 _33@°+b*+c)
‘2(a+b+c) 2 a+b+c

Hudng gidi: Ta c6 VT(9) 2 (a® +b% +¢?) zg(a+ b+¢)

(do(a+b+c)?<3(@ +b?+c?))
Bai 6. Cho x,y,z duong thod man X +Yy+z=1. Tim gia tri I6n nhat cta biéu thic

X y z
= + +
x+1 y+1 z+1

Hudng gidai: Dé c6 thé dp dung dugc BDT (2) ta bién déi P nhu sau:

Xx+1-1 y+1-1 z+1-1 1 1 1
P= + + =3- + +
x+1 y+1 z+1

x+1 y+1 z+1
Ta cé ! + ! + ! > 9 :g,suyra PSS—g=§
Xx+1 y+1 z+1 Xx+y+z+3 4 4

Lo , e s 1 \ . 3
Dau bang xay ra khi vachi khi X=y=z= 3 Vay GTLN cua P bang 2
TAt nhién v6i 10i gidi nhu trén cac ban c6 thé lam hoan toan twong tu véi bai todn téng quat
hon
Bai 7. Cho x,y,z duong thod man X +Yy+z=1 va k 1a hang s6 duong cho trudc.
Tim gid tri 16n nhét cta biéu thic

p-—* 4+ Y 2
kx+1 ky+1 kz+1

Bai 8. Cho a,b,c duong thod man a+b+c<1. Tim gid tri nhd nhit cta biéu thic

1 1 1
=2 V) T
a“+2bc b“+2ac c+2ab
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

9 9
a?+2bc+b?+2ac+c?+2ah (a+b+c)?

Huong gidi: Ta c6 ngay P>

a=b=c

D4u béng xay ra khi { <a=b=c==.Vay P;,=9

(.DlH

a+b+c=1

Bai 9. Cho A,B,C 1a ba géc cia mot tam gidc. Chitng minh rang:

1 1 1 §
2+ cosZA 2+ cosZB 2—-cos2C 5
Huong giai: Ta c6 1 1 1 > 9

+ + >
2+C0S2A 2+c0s2B  2-cos2C 6+ cos2A + cosZB — cos2C

Dé chiing minh dugc raing cos2A + cos2B — cos2C Sg (cac ban hay tu chiing minh nhé)
1 1 S 9

+ + >
2+Cos2A  2+c0s2B  2-cos2C o 3
2

Suy ra

6
=— (dpcm
5(p )

Bai 10. Cho a,b,c duong thoa man a+ b+ c=1. Chiing minh rang:

%+i+i+i>30 (10)
a’+b’+c® @ bc a

Huong gidi: Ta danh gia v€ trdi ctia (10) mot cach rét tu nhién nhu sau:

1 1 1 1 1 9
7 2.2 et e 2t
a+b’+c®> a bc ac a?+b?+c® a+bc+ca

=(2 12 - 1 . 1 j+ 7
a“+b°+cc a+bc+ca a+bc+ca) ab+bc+ca

\2

=30

9 7 g
(a+b+c)? ab+ bc+ca 1

OOH—‘|\I

(do BDT co bin ab+be-+ cas%(a+ b+ c)? :% )

3. Bai tap tu luyén
Bai 1. Cho a, b, ¢ > 0. Chiing minh rang:

a) (a+b+c)(1 L1 1) >0, b) (1+a)(1+b)(1+c)2(1+3abc)3
a b c
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

2 2 2 a’+b*> b*+c® c’+b?
a b, ¢ arbsc d) a+b+c< + +

C >
)b+c c+a a+b 2 2c 2a 2a

Bai 2. Tim gi4 tri nho nhat clia méi biéu thic sau:

| 3 ..
A=2a+— véia>0. B=x*+-= v6ix>0.
a X

Bai 3. Choa, b, c>0thod min: a+b+c=2. Tim gid tri nhd nhat ca: T = a® + b* + ¢*
Bai4. Chox,y,z>0:x+y+z=1.Tim Min: R = x* +y* + z*.
Bai 5. Tim gid tri 16n nhét ctia m6i biéu thic sau:

M=x(3-2x); (0<x<3/2).

N=(-x)2-ydx+y): (O<x<1, 0<y<2)

P=x(1-x)® 0<x<l1.

Bai 6. Chiing minh rang véi a, b, ¢ > 0 ta cé:

a+b b+c c+a
+ +

>6
c a b

a)

a b c 3
+ + > =,
b+c c+a a+b 2

b)

bc ca ab
C) —+—+—>a+b+c
c

d) (a2+b2+c2) t 1.1 zi(a+b+c)
a+b b+c c+a) 2

a b c 1(1 1 1
e) 2 P PR 2S_ PRI
a“+b° b°+c° c“+a 2la b ¢

a+b b+c c+a 1 1 1
“la b ¢

2 2+2 2+2 2<_+_+_
a“+b® b°+c° c“+a

a b c

>3.

b+c—-a c+a-b a+b-c

Bai 7. Cho A ABC véi ba canh la a,b,c. CMR:

Bai 8. Cho a,b > 1. Chting minh ring: avb-1+bJa-1<ab.

Bai 9. Cho A ABC. Chiing minh rang:

a) (p-a)p—b)p—-c)< éabc.
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

b) 1 + 1 + 1 22(l+l+
p—-a p-b p-c a b

1,
C

Bai 10. Cho a,b,c>0 vd a+b+c <1.Chiing minh rang:

1 1 1
+ + >9
a’+2bc b?+2ca c?+2ab

Bai 11. Ching minh rang:

>3, Va>b>0 b) a+;222\/5,Va>b>0

a) a+
b(a—b) b(a—b)

2
>3,va>b>0 d) 2*2 55 vaer

C) a
vai+1

4
+—
(a-b)(b +1)?

x? y? 1 (1 2
e) + <= vx,yeR f) x+1)7| -+=+1[=216 vx>0
1+16x* 1+16y* 4 X* X

Bai 12. Cho a,b,c>0 va a+b+c=1. CMR: abc(a+b)(b+c)(c+a)s%

Bai 13. Cho ab,c>0 vd a®+b?+c?=1.CMR: —& P ¢ L33
b?2+c? c?+a? a?+b? 2

2 CMR: 2*b  c+b .,
2a-b 2c-b

Bai 14. Cho abc>0: S+t
a C

Bai15.a) Choa,b,c>0va —— 41 . 1 55 CMR:ab.c sé.

1+a 1+b 1+c

b) Cho ab,c,d>0 thoaman —+—2 41 , 1 53 CMR: abca<t
l1+a 1+b 1+4+c 1+d 81

Bai16. Choa,b,ce Rvaa+b+c =0. CMR: 8%+8°+8°>2%+2°+2°.

Bai 17. Chiing minh ring (x+2)2+i223 (x>0)
X+

Bai 18. Choa>0,b >0 va a + b = 1. Ching minh rang ab2£2i7.

Bai 19. Ching minh rang néu x > - 3 thi 2x + LZ >1
(x+3)

4

Bai 20. Chiing minh rangnéua>b> 0thi a+———>3
(a—b)(b+1)

Bai 21. Tim gid tr nhé nhat ctia bidu thic Q = x + y biét x> 0, y > 0 thod man: 2+ =1

2 (W3
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Bién soan: Thay Lé Xuan Pai cvp

Chuyén dé Bat dang thitc

2 2 2

Bai 22. Véixyz=1,x,y,2>0.CMR: X4+ Y % >3
Z+y X+z X+y 2

3 3
S as b . RN
Bai 23. Tim gid tri nho nhat cta P = 1o + 1 voi a, b la cdc s6 duong thoa man diéu
+ +a

kién ab = 1.

Bai 24. Tim gia tri nho nhat ctia P= 2 +§ Vdi X, y 1a cac s6 duong thoa man x+y=1
Xy

Bai 25. Cho x, y, z > 0. Chitng minh rang
V42 ox+2) 1gV+X) ;o6
X y z

Bai 26. Cho x + y = 1, x, y > 0. Tim gid tri nho nht cla biéu thic: A=———
X“+y?  xy

Bai 27. Cho x,y>0, x>+ y2 = 1. CMR: %gx ry? <l

Bai 28. Choa+ b =5, a,b>0. Tim gid tri nho nhat P==
a
Bai 29. Cho x,y,z duong thoa man xyz=1. Tim gi4 tri nho nhit cta
1 1 1
b)P:\/;+ y+\/; C) —+—+—F
W NN AN
2\/— /b 2\/— 1 1 1
2 +°3 s _2 2t 2

Bai 30. Cho 3 s6 a,b,c > 0. CMR: 2+b T 4o 3+ a2

a) P=x+y+z

1
Bai 31. Chox,y,ze [0;1]. CMR: 2"+ 2" +2)(27*+2V+2 %)< %

ab\/c -2 + bC\/a -3 + ca\/b —4

abc

Bai32.Cho a=23;:;b24;c22.Tim GTLN cua A =

Bai 33. Cho a,b,c duong . Chiing minh rang:

1 1 4 16 64
—t
d a+b+c+d

Bai 34. Cho a,b,c duong thoa man a+ b+ c=1. Chiing minh rang

§/a+b+§/b+c+§/a+cs§/ﬁ

Bai 35. Cho a,b,c duong thod man ab+ bc+ca=5. Chiing minh rang
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

3x%+3y*+7°>10
Bai 36. Cho a,b,c duong thoa man abc=1. Chiing minh rang:
a) a+b>+c>a+b+c
b) @ +b%+c®>a%+b%+c?

Bai 37. Cho a,b,c duong thoa man abc=1. Chitng minh rang:

it

Bai 38. Gia sir a,b,c 1a ba canh cia mot tam gidc. Chiing minh rang:

a+b+023
at+b-c b+c-a c+a-b

Bai 39. Cho a,b,c duong thoa man a+ b+ c=1. Chiing minh rang:
@+a)(l+b)(d+c)>8(1-a)(d-b)1-c)
Bai 40. Cho a,b,c duong thoa man a+ b+ c=abc. Ching minh rang:

§%+£%+é%21

Dé cdc ban c6 thém ky thuat khi 4p dung BDT Cosi toi xin gi6i thiéu mot chit vé
phuong phép chon diém roi cosi. Pay c6 thé néi 1a mot “tuyét chieu” doc ddo gidp cidc em
nhanh chéng tim ra 10i giai bai toan.
III. PHUGNG PHAP THEM HANG TU VA CHON PIEM ROI COSI

Tur viec du doan dugc dau bang xdy ra (di€ém roi Cosi), thém bét cac s6 hang cho phu
hop va stt dung khéo 1éo bat dang thiic Cosi ta c6 thé dat duoc nhitng két qua khong ngd. Dé
c¢6 mot dinh huéng ding ching ta thuc hién cac budc phan tich bai todn nhu sau:

1. Du doén dau bang xdy ra hay cdc diém ma tai d6 dat duoc GTLN, GTNN.

2. Tir du dodn dau bang, két hop véi cac BDT quen biét, du dodn cdch danh gia (tat
nhién 12 thém mot chit nhay cam va kha nang todn hoc ctia moi ngudi) cho méi bai
toan. Chi y rang mdi phép ddnh gid phai dam bao nguyén tac “dau bang xdy ra &
moi budc nay phai giong nhu dau bang ma ta da du dodn ban dau”.

Dé lam rd diéu ndy toi xin phan tich cach suy nghi tim ra 10i giai trong céc vi du sau:

Vidu 1. Ching minh rang vé6i Va,b,c> 0 ta co:
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

2 2 2
a b c
—+—+—>a+b+c

C a
Phan tich bai toan:
* Truéc hét ta nhan thay néu 4p dung ngay bat dang thitc C6 si cho 3 s6 thi khong ra
duoc két qua mong muon.
* Bay gid ta du doan dau bang xay ra khi nao, dé nhan thdy dé lakhia=b =c.
2 32

Khi dé% =b. Vi vay ta thém b vao phan ti dai dién Y dé c6 ching minh sau:

Loi gidi.

Ap dung bét ding thic C6 si cho hai s6 duong ta c6:

2 2 2
a b C
—+b>2a—+c>2b;—+a>2c
b c a
a2 2 CZ a2 2 2
= —+b+—+c+—+a>2a+2b+2c=> —+—+—>a+b+c
c a b ¢ a

Vi du 2. Chiing minh rang vdi x,y,z > 0 ta ¢6

3 3 3
X
XY 2 oxeiy?yz?
y z X
Phan tich bai toan:
X3
Ta thdy ring v6i hang tir — c¢6 thé ¢6 hai huéng sau:

y

3
Huéng 1: Thém L Xy > 2x?, cuing v6i BDT co ban x? +y? + 7% > Xy + yz + zX
y

cong cac bat dang thic lai ta c6 diéu phai chiing minh.

3 3 3 3 3 3

Huéng 2: Thém XL X y? > 3X2;y—+y—+ 2’ > 3y2;Z—+Z—+ x? > 3z° r6i cong lai
y z z X X

ta ¢6 di€u phai chitng minh.

Vidu 3. Cho x, y, z 1a cdc s6 duong thoa man xyz = 1. Chiing minh rang:
X+y +2>x+y+z

Phan tich bai toan:

* Du doan dau bang xay rakhix=y=z=1

* Ta muon dat hai muc dich 1a danh gia giam bac tir bac 3 xudng bac 1 va dam bao
dau bing khi x=1, nhu vay phai st dung BDT cosi vé6i 3 s6, d6 1a diéu dé hiéu. Vay thi phai

N . c N ; .
tham h3na o0& nda o w&i v Chic cde han dAn th&na nhat A4 15 o& 1 »As
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Loi giai: 4p dung BDT Cosi cho 3 s6 duong ta duoc
x}+1+1>3x; Y2 +1+1>3y; 2°+1+1>32
Cong timg vé& 3 BDT ta dugc : x> +y* +2° > 3(x +y +2) -6
Mat khac x+y+223§/x_yz:3nén 3X+y+2)—-6>X+y+2Z
Vay bai todn dugc chitng minh.
Vidu 4. Cho a, b, ¢ duong thoa man abc=1. Chitng minh rang:
a’ b® c’ 3
Lrb)+0)  @+od+a) A+a)l+b) 4

Phan tich bai toan:
3

* Ta s& them cho —— nhitng hang tir gi? Dé tra 16i duoc cau hoi d6 cac ban
(A+b)d+c)

3
du dodn d&iu bing xdy ra khi a=b=c=1. Lic d6 thi —= _1_1+41_1+b_1+c
1l+b)(@+c) 4 8 8 8

Vi vay ta c6 cach chiing minh sau:

Loi giai: Ap dung BDT Cosi cho 3 s6 duong ta duoc

a’ 1+b l+c>3\/ a’ 1+b 1+c 3

+ + 3 : : ”
1+b)l+c) 8 8 (l+b)l+c) 8 8 4

Cung hai BDT tuong tu ta co:
a’ b c’ 3.1

+ + +—2—(a+b+c)2§ (dpcm).
I+b)(1+c) (@A+co)(1+a) @+a@+b) 4 2 2

Diéu phai chiing minh.
Vidu 5. Cho a, b, ¢ duong. Chiing minh rang:

a’ b° o 1
+ + >—(a+b+c)
b(c+a) c(a+b) alb+c) 2

Phan tich bai toan:
* Du dodan dau bang xay ra khi a=b=c.

3 3
a a a c+a b _.. . ., Y
=—=——=—. Viét nhu vay vi dung y cua ta la phai

* Khi d6 = =
b(c+a) a(a+a) 2 4

khir dugc mau s6 & v& trai. Nhu vay c6 thé thuc hién 16i gidi don gian nhu sau:

Loi giai: Ap dung BDT Cosi cho 3 s6 duong ta duoc

3 3
a ic+aibsqg/ a c+ab 3_
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Cung hai BDT tuong tu ta c6 diéu phai chiing minh.
Vidu 6. Cho a, b, ¢ duong thoa man a+ b+ c=3. Tim gia tri 16n nhit ctia

P = %/a+ 2008b + ¥/b+ 2008c + ¥/c + 2008a

Phan tich bai toan:
* Du doan P dat GTLN tai a=b=c=1 (tat nhién khong phai lic nao diéu du dodn

cla ta cling ding)

* Khi d6 ¥a+2008b = /2009 va du dodn gi4 tri 16n nhat ctia P bing 3%¥2009 (diéu
ndy cling phan nao néi nén 1a khong nén thi tric nghiém vé cdc bai todn tim GTLN, GTNN)

* Bay gio v6i mot tham s6 m>0 nao do, ta viét

Ya+2008b = 3/1_2 {/(a-+2008b).mm < — ! _ a+ 20082) +m+m
m Im
Vén dé bay gio 1a ta chon m bang bao nhiéu thi phi hop?
a=b=1

Dé thdy dau bang xay ra khi = m= 2009
a+2008b=m

Loi giai: Ap dung BDT Cosi cho 3 s6 duong ta c6:

Yfa+ 20080 =~ 3f(a+ 2008b).2000.2000 <~ (8+2008b) +2009+2009

32009% " 320097 3

Cung hai BDT tuong tu va cong lai ta dugc:

oo 1 ( 2009(a+ b +c) + 6.2009) _ 2.2/5008
320092 3

Déu béng x4y rakhi a=b=c=1. Vay GTLN cta P bing 332009 .

Vidu 7. Cho a,b,c khong am thoa man a+b+c=3. Tim gi4 tri nho nhit cua
P=a’+64b’ +¢’.

Phan tich bai toan:

Pay la bai todn ma cac vai tro ctia cac bién khong nhu nhau. Tuy nhién ta van du
doan dugc P dat GTNN khi a=c. Véan dé 1a bing bao nhiéu thi chua thé néi ngay duoc. Dé
biét diéu d6 ta xét hai tham s6 o,3 >0 va viét P nhu sau:

P=@’+a’+a’)+(64b’ + B’ +B) + (¢’ + o’ + o) — 4a’ - 2p°
Ap dung BDT Cosi ta c6:
P>30’a+3.4p°b+3a’c—4a’ - 2B (*)

pdfMachine
A pdf writer that produces quality PDF files with ease!
Produce quality PDF files in seconds and preserve the integrity of your original documents. Compatible across
nearly all Windows platforms, simply open the document you want to convert, click “print”, select the
“Broadgun pdfMachine printer” and that’s it! Get yours now!



http://www.pdfmachine.com?cl

Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

a=c=a
D4u bang xay rakhi {b=/4 :>20L+%=3 (1)
a+b+c=3

Dén day van chua di dé ¢6 thé tim ra a.,f3.

Dé y rang gia thi€t cho a+b+c=3 nén tir (*) ta s& 1am cho céc hé so ding truée a,b,c bing
nhau. Cu thé 1a 3o’ = 12B° (2)

24 12

= p=—.

17 17

3
Khidé a=c=22 b= va P2i2
17717 17

Moi thit th€ 1a 6n. C4c ban hay tu viét lai 10i va “ndng ndng” trong niém vui chién thing

Tu (1) va (2)détimra o =

nhé.
Nhdn xét: Néu ta bo gia thiét a+b+c=3 thi ta c6 thé thu duoc BDT sau:
Cho a,b,c khong am. Chitng minh rang
289(a’ +64b° +c’) > 64(a+b+c) .
Loi giai ctia bai toan ndy danh cho ban doc (goi ¥ 1a c6 thé chuin hoé dé dua vé bai
todn & trén).
Vidu 8. Cho a,b,c duong thdéa man Xy + yz+ xz =1. Tim gid tri nhé nhat cua
P =3(x? +y2)+zz.
Phan tich bai toan:
Chéc khong phai binh luan gi thi cdc ban déu cong nhan vdi toi rdng bai todn nay
qud hay. Nhin rat dep nhung ciing khong hé dé dé tim duoc GTNN ctia P.
Diéu kién ring budc & gia thiét 1a d6i xiing véi x,y,z, nhung trong biéu thic P chi doi

xang véi X,y; vai tro cliia z véi X,y 1a nhu nhau. Vi vay ta du doan P dat GTNN khi x=y va

2
%:ax:ay (v6i a >0 nao d9).

Ta dua ra danh gi4 nhu sau:

v a Vi a a a
X2+ 22 =Xz ay?P+—>2|—yz va [—.[X?+Vy*)> 2. =X
R R A \lzyv\lz( v’) V2
(04 (04 (04
Do dé: a+J—-.ﬁ+—2+1222J—.x-%z+xz=2J—.
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Nhu thé ta chon a >0 sao cho a + \/% =3 (s6 3 trong dé bai), c6 thé thay ngay
mot s6 o =2.

1

= X: = —

o 7 'xy+yz+xz 1 2= 2x=2y y NG
Dau bang xay ra khi ¢ 22 , & =

E:ax =ay Xy+yz+xz=1 7

2
NG

Lic d6 GTNN cua P bang 2.
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IV. PHUONG PHAP SUDUNG PAO HAM
1. Noi dung phuong phap
a) Cdc kién thirc lién quan:
1. Ham f(x) dong bién trén D khi va chi khi f'(X)>0VxeD.
2. Ham f(x) nghich bién trén D khi va chi khi f'(x) <0 VxeD.
3. Cho ham f(x) dong bién trén D, khi d6 v6i u,ve D tacé: u>v < f(u)>f(v)
4. Cho ham f(x) nghich bién trén D, khi d6 v6i u,ve D tacéd: u>v<f(u)<f(v)

b) Phuong phdp gidi: Dé ching minh BDT bang PP dao ham, ta khao sit su bién thién
ctia moOt ham s6 f(x) nao d6 c6 lién quan téi cdu tric cia BDT can chiing minh. Tir sy bién
thién ctua ham s6 f(x) ta suy ra BDT can ching minh. Chi ¥y 1a cdc bién bi rang budc theo
gia thi€t cua bai toan

Dé cac ban c6 thé hiéu ngay tu tudng clia phuong phdp nay to6i xin dua ra mot bai
toan don gian sau:

“Cho a>b>0. Chiing minh rang: a+ 1 >b+ .

a?+1 b?+1

Cac ban c6 thé chiing minh bai todn nay biang PP bién d6i tuong duong, tuy nhién

nhin vao dic diém hai v€ cia BDT ta xét ham s6 f (X) =X + va6i x>0.

x%+1

2x  xPe2x®+1-2x x4 x® 4+ (x-1)?
(x*+1? (x*+D? (x*+1)°

Taco f'(x)=1- >0 v6i moi x>0.

Suy ra ham f(x) dong bién trén khoang (0;+o)

1 1
Ma a>b>0=f(a)>f(b), hay a+ >b+ dpcm).
(@) >f(b), hay i1 b2+1(p )

Nhdn xét: Bai toan trén da thé hién kha rd vé PP sir dung dao ham trong bai toan BDT.
2. Cac dang toan co ban

Trong céc dé thi vao DH- CD thudng xuét hién hai dang bai todn sau:
Dang 1: Bat dang thiic can chting minh chi c6 mot bién.

Vi du I: Chiing minh ring v6i moi X >0 tacé: € >1+x (1)
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Suy ra ham f(x) déng bién trén [0;+0) = f(x) >f(0) = 0. Vay e >1+Xx

D4u bang xay ra khi va chi khi x=0.
Nhdn xét: Bang viéc xét dao ham hai 14n va st dung vi du 1 ta ¢ két qua sau:

2
eX21+x+X7 vGi moi x>0 (2)

Hoic ta c6 két qua téng quat hon: Cho n nguyén duong. Ching minh ring:
2 Xn

X e
e 21+X+7+"'+_| véimoi x>0 (3)
n!

Vidu 2: Cho 0<x sg. Chiing minh rang:

3
a) sianx—% “) b) sinx> 2X (5)
Y

3
Gidi. a) Xét ham f(x) = sinx—x+% voi x € {O;g} .Tacéd

2
f'(x)=c0sx—l+%; f'(x)=—sinx+x; f"(x)=1-cosx >0

Dodé f"(x)>f"(0)=0=f'(x)>f'(0)=0= f(x) 2 f(0) =0, suy ra dpcm.

b) Xét ham f(x)=sinx —Z—X, taco f'(x)=cosx —z
T T

f'x)=0=x=ac¢ [O;g} . Lap bang bién thién ctia ham f(x) trén doan {0;%} ta duoc
T . 2x
f(x) > f[EJ =0. Vay sinx >2— (dpcm).
T

Vidu 3: Cho x >2 . Ching minh ring x+12§ (6)
X

Gidi. Néu ban nao chua thao vé viéc st dung BDT Cosi dé giai bai todn nay thi PP st dung

ham s6 1a mot “vii khi” dé 14p 16 héng d6. That don gian khi ta xét ham s6 f(x) = x +l v6i
X

2
x >2.Tacéngay f'(x)=1 —iz =X . L 0, suy ra ham f(x) dong bién trén [2;+o0)
X X
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Do d6 f(x)=1(2) =§ (dpcm).

Dang 2: Bit dang thitc can chiing minh c¢6 nhiéu bién
Vidu I: Cho a,b,c duong. Chitng minh ring:

a+b+c+ J/abc >19
Yabc  a+b+c 3

(7

a+b+c

Jabe

Gidi. bat t = , khi d6 theo BDT Cosi thi t >3.

Ta can chiing minh t+12? vGi t>3.
t

Dén day thi bai toan dugc giai hoan toan tuong tu véi viéc chiing minh BDT (6).
D4u bang xay ra khi va chi khi a=b=c.
Vidu 2: Cho a,b,c duong thod man a’ +b’ +¢’ =1 . Chiing minh ring:

a b C 3V3
+ + 2

b’+c? c?+a®> a‘+b> 2

®)

Gidi. Tur gia thiét ta viét lai (8) dudi dang:

2 2 2
a2+ b2+ C223\/§<:> a —+ b —+ c 223\/5(az+b2+cz)
l1-a° 1-b° 1-c 2 al-a’) b(1-b°) c@-c) 2

Chd y thém riang a,b,c e (0;1)

3 voi x €(0;1)

. e , ) 2
Diéu nay cho ta nghi t6i viéc chitng minh x(1—x*) <

Diéu nay thi that dé dang bing cich xét ham x(1—x°) < % trén khoang (0;1).

Vi du 3. (Khoi A-2003): Cho x,y,z duong thoa man x +y +z<1 . Chiing minh rang:

\/x2+%+\/y2 +i2 +\/z2+i2 >82  (9)
X

y zZ

Giai. Dat v€ trdi cta (9) 1a P. Theo cédc két qua quen biét ta c6:

2 2
PZ\/(X+}’+Z)2+[1+1+lJ 2\/(X+y+z)2+[ 2 J
Xy z X+y+z
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Néu gia thiét cho x +y+z=1 thi da qud 6n réi, nhung & day gia thiét lai cho x +y+z<1.

Gia thiét nay thuong lam cho cidc em HS béi roi. Tai sao khong nghi t6i ham s6 nhi. Cac ban

chi can dit (x+y+2z)’=t thi 0<t<1 va BDT cin ching minh tr& thanh t+E > 82 v6i
t

0 <t<1.Diéu nay thi qua don gian r6i. Bai todn duoc chiing minh xong.
P N o > x 2 . ~ 1
Chu y 1a dau bang van xay ra khi x +y+z=1 va x=y=z, hay x=y=z=§.

Nhu vay stic manh cta PP ham so c6 thé xuyén thing bat ki “hang phong ngu nao”
cho du gia thiét va dé bai mdi nhin di chodng. T6i xin din ching thém mot vai bai BDT
“khong doi xiing” nita thi chic cdc ban méi tAm phuc khau phuc diéu t6i néi.

Vi du 4. Cho a,b,c duong thoa man a+b+c=1. Tim gia tri nho nhat ctia
Poa’+ b+

(a+b)®

Gidi. St dung danh gia a’+ b’ > T swyna

3 A3
PZ@-F%CB :%4—%& =%(3CZ—3C+1)

Ta da thanh cong khi dua BDT véi 3 bién vé chi con 1 bién ¢, chd y 1a ce (0;1).

Xét ham () =%(3€2 _3c+1), ta c6 £(0) =%(6c—3) _0ece

N

Tix do f(c)>f (lj :i. Da4u bang xay ra khi 1<
2) 16 c==

a=b a:b:1
4
2 C—i

2

Vay GTNN cua P bing 1—Jé,khi a=b= ;C=%.

N

Vidu 5. Cho a,b,c khong am thdéa man diéu kién a+b+c=1. Chiing minh rang:

ab+bc+ ca—2abc32—77 (10)

Gidi. W.L.O.G, gia st ¢ 1a s6 nho nhat trong 3 s6 a,b,c. Khi d6 ce {O;%} .
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2
Tacé ab+bc+ca—2abc=c(l-c)+ab(l-2c)<c(l-c)+ (aLzbj (1-2c)

- cl-0)+ [1;;}2 (1-20).

2
Xét ham so6 f(c)=c(1-c) +(1;ZCJ (1—2c) véi ce [O;ﬂ

Tacé f'(c) =%C(1— 3c) > 0, suy ra ham f(c) dong bién trén [O;:—ﬂ
1 7
Do d6 f(c)<f| = |=— (dpcm).
©=1(5)-2 @em

Dau bang xay ra khi va chi khi a=b=c= :—]; .

3. Bai tap tu luyén

Bai 1. Chitng minh rang:

2
a) X>snx, Vx>0 b) ex>1+x+X?, Vx>0

c) SinXx+tanx> 2, VXe(O;%j

Bai 2. Tim m dé: m’x* —2x>+ m>0 VX.

Bai 3. a) Cho x <(0:1). CMR: x(1—x2)s¥.

b) véi Va,b,c>0:a’+b°+ ¢ =1 tace: — 2+ 2 +—C 223@
b°+c® c°+a° a“+b 2

1 1

Bai4. Choa>b>0. CMR: a+ > >b+ > .
a“+1 b +1

Bai 5. Cho a>1. CMR v6i moi x>0 thi : (1+x)a > 1+ax.

Bai6. a) CMR véi moi x thi x*+(1—x)’ z% .

b) Téng quat: a" +b" > % v6i n nguyén duong; a,b>0 thoa man a+b=1

pdfMachine
A pdf writer that produces quality PDF files with ease!
Produce quality PDF files in seconds and preserve the integrity of your original documents. Compatible across
nearly all Windows platforms, simply open the document you want to convert, click “print”, select the
“Broadgun pdfMachine printer” and that’s it! Get yours now!



http://www.pdfmachine.com?cl

Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

¢) Tim GTNN cua f(x)=sin'’ x + cos'’ x .

Bai 7. Ching minh rang v6i moi x>0 thi: Inx< Jx.

3Xx
Bai 8. Cho 03xsg.CMR: D23NX 4 ox 5 92

Bai 9. Cho O<b<a. CMR: 2~°2 c1n2 . 27b
a b b
Bai 10. 2) Cho t>1. CMR: Int—2t"D s

t+1

b) Cho x>y>0. CMR: 22¥ o _*=¥
2 Inx—Iny

Bai 11. Ching minh ring Vx* —x+1+yx’ —x/3+12+2.

Bai 12. (Khoi A-2003). Cho x,y,z>0 thod man: x+y+z< 1. Ching minh rang:

1 1 1
\/x2+—2+\/y2+—2+\/22+—22\/8_2 .

X y z

Bai 13. (Khoi D-2001). CMR véi moi x>0 va véi moi a>1 ta luon ¢6 x* +a—1>ax.

Tur d6 hay CMR: Vi ba s6 duong a,b,c bat ki ta co:
\/aﬁ3 \/b73 \/073 a b ¢
—3+ —3+ —32—+—+—.
b C a b ¢ a
2

Bai 14. Ching minh rang v6i moi x>0 ta c6: cosx > 1—% i

Bail5. Cho tam giac ABC nhon. Ching minh rang
sinA+sinB+sinC+tanA +tanB+tanC > 2n
Bai 16. Ching minh ring moi x >0 thi ta ¢6: e* —e™ > 2In(x +V1+x%).

Bai 17. Cho x e[o;gj. CMR: cosX >8.

sin”x(cosx-sinx)

2
Bai 18. Tim GTNN clia ham s6 f(x) = 4x + 2 +sinx., x>0
X

Bai 19. Cho O<a < g . Chiing minh rang 2.a + iz >3
(04
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N | X
+
< |N
+
X <
\Y4
< | %
N <
+
X | N

Bai 21. Cho x,y,z khong am thdéa man X’ + y? + z° =1. Chiing minh ring:
6(y +z—x)+27xyz<10
Bai 22. Cho x,y,z, duong thod man x+y+z=4 va xyz=2. Tim GTLN va GTNN cta

P=x*+y*+2*
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V.MOT SO PE THI PAT HOC VA LOI GIAI

Bai 1: Chiing minh ring véi va,b,c >0 tacé

1 1 1 1
+ + < (1)
a’+b®+abc b*+c®+abc c®*+a’+abc abc
Bai giai
a®*+b*® >a’b+ab?
Véi a, b, ¢ > 0 ta chitng minh duogc: <b® +c® >b’c +bc?
c®+a’®>c?a+ca?
VT (1) < ! " ! " !
a’b+ab?+abc b?c+bc?+abc c?a+ca’+abc
1 1 1
= + +
ab(a+b+c) bc(a+b+c) ca(a+b+c)
1 1 1 1 1
= | ——+—|=—.
a+b+clab bc ca) abc
Bai 2: Cho x, y, z > 0 thod man x+y+z<3. Chiing minh rang:
X y z 3 1 1 1
+ + <—< + +
1+x2 1+y® 1+2% 2 1l+x 1+y 1+z
Bai giai
*Tacod: 1+x* >22x = sl.Tuo’ngtu y L1y z 1
1+x* 2 1+y? 2 1+z° 2
Suyrax+y+2s§
1+x* 1+y® 1+z° 2
* Tacé: 1 4 15 9 > 9 9.3
1+x 14y 1+z (@+X)+A+y)+(Q+2 3+(x+y+2 6 2
<. 5 bc ca ab
Bai 3: Choa, b, c>0saochoabc=1. Tim GTNN cua P= +

+
a’b+a’c b?a+b’c c?a+c’b

Bai giai
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Bién soan: Thay Lé Xuan Pai cvp

bc ca ab

Bién doi P = + +
a’(b+c) b*(a+c) c?(a+b)

1 1 1 11
2 2 2 2 2
—_a _ b” ¢ __a . b
b+c a+c a+b 11
bc ac ab

Dén day thi moi thit trd 1én nhe nhang hon nhiéu roi

2 2 2

Tachicéindatx:l,yzl’ 2-L khidé xyz=lvape X, Y 2
a b ¢ Yy+Z Z+X X+y
2 2
4p dung BDT Cosi ta dugc: ~—+¥ 2>x Y ’ XY
y+z 4 Z+X x+y 4
X+y+2 X+y+z _3, 3 3 .
SP+———>x+y+z :Pszg xyz:E.V' wn =3 khix=y=z=1

Bai 4: Cho a, b, ¢ > 0. Chitng minh rang:

(1+ a® )(1+ b3)(1+ c® ) > (1+ ab’ )(1+ bc? )(1+ca2) (1)

Bai giai

Ta c6 (1) twong duong

a®+b®+cd®+a’b® +b3c® +ca® >ab? +bc? +ca? +a’b?c +ab®c? +a’bc’.

ap dung BDT cosi cho ba s6 duong ta co:
a®+b®+b® >3ab?
b*+c®+c® >3bc?

c®+a’+a’®>3ca?

T d6 suy ra 3(a® +b® +c®) >3(ab® +bc® +ca’) « a’ +b*+c® >ab” +bc® +ca® (2)

Tuong tu ta c6 a’b® +b’c® +c®a’® >ab’c? +a’bc® +a’b’c (3)

Tu (2) va (3) suy ra: a®+b*+c®+a’b® +b’c® +c®a’® >ab” +bc? +ca’ +a’b’c +ab’c? +a’bc?®

1 1 1
a b c

Bai 5: Cho a, b, ¢ > 0: =+=+==3. Chitng minh riang

(1+a)(1+b)(1+c)=8 (1)
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Bai giai

Tu 1+%+1=38uy ra 3abc =ab+bc+ca>3%a’h’c® = abc>1
a c

a c ) abc

Bién déi (1) < {1+ 1](1+%](1+1]_i >0 (2)

111 1 1 1 7

TacOo VI2) = 1+=+=4+ -4+ —+— 4 ————
a b c¢c ab bc ca abc
:4+i+i+i__7
ab bc ca abc
>4+3 1 7 >4+ 3 7 (do abc>1)
3azp2c2  abc abc abc

sa-—% 5o (do abc>1) (dpcm).
abc

Bai 6: Cho x, y, z > 0. Chiing minh rang:

2 2y 2 1,11
X3+y2 y3+ZZ Z3+X2 XZ yZ 22
Bai gii
Tace: 20 20y alz ok o 2ly 27 _
a co: + + < + + =
oyt Ytz 24X oyt 2\yiz? 2zx?
11 11 11
= _._+_._+_._
XYy yz zZX
111 1 11 1 1 /1 1) _ 1 1 1
e R e [ S et e e B R B
2 XZ y2 2 y2 ZZ 2 ZZ X2 X2 y2 22
Bai 7: Cho a, b > 0 thoa mén a + b = 1. Chitng minh rang
i+ 1 >6
ab a®+b?
Bai giai
At P, 1 1 <1
Theo BDT Cosi tacd (x+y)| =+= |24, vxy>0 va —> , VX,y>0
Xy Xy  (x+y)®
Do doé i+ 1 _ 1 +( 1 + L )2 4 4 4 >24+4=6.
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Bai 8: (Khoi A- 2003). Cho x, y, z 12 ba s6 duong thod méan x+y+z <1. Chiing minh rang:

\/xz < +\/y2 L +\/z2 < >+/82
2 y2 ZZ

X

Bai giai
Gap nhiing bai toan dang nay ta thuong stt dung BDT sau (BDT Mincopxki)
X+ a? +4y?+b% 2 [(x+y)?+(a+b)® (1) v6i moi a,b,x,y

I +a +\/y2+b2 N2 +C 2\/(x+ y+2?+(a+b+c)’ (2) v6i moi a,b,c,x,y,z

Ching minh BDT (1) that don gian, c6 thé dua ra 2 cidch nhu sau:
Cach 1: Bién d6i tuong duong (1) biang cach binh phuong hai vé va dua vé BDT ding
(bx—ay)*>0

Cdch 2: Stt dung BDT véc to

L. . . -— - . - -— -— -
Véimoivécto u,v tacd |u|+|v|=|u+Vv| (¥)

N e NN N -— - N —|? —| [— - - 2

Vilu+Vv| =u+Vv +2u.v <|u| +|v| +20ulv|=||u|+|V]]|)

Pat u = (xa), v =(y:b). 4p dung (*) suy ra ngay BPT (1)

ap dung hai 1an BDT (1) ta suy ra BDT (2), va ciing suy ra cdc BDT téng quat cho bo 2n
p dung y g suy gq .

PN

SO...

Tro lai bai todn: ap dung BDT (2) ta duoc:
P:\/x2+i+\/y2+i+\/zz+i2\/(x+y+z)2+{l+l+lJ > (33 xyz)2+[33/ ! J = /9t+2
x? y? z° Xy z Xyz t

2
vat:sm)zzods[%j =3

Dén day thi y tudng dung ham s6 1a kha rd rang roi

Xét ham s6 f(t):9t+% véi te(o,ﬂ
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Ta cé f’(t)=9—%<o,we[o,ﬂ — f(t) giAm trén {o,ﬂ :f(t)zf[éjzsz :
t

Vay P>f(t)>+/82.

Bai 9: (Khéi A — 2005). Cho x, y, z 12 céc s6 thuc duong thod man diéu kien 2+2+1-4
Xy z

Chéng minhring: — 4+ 1
2X+Y+2Z X+2y+zZ X+Yy+2z

Bai giai
Tir gia thiét va BDT can chiing minh cho phép ta nghi ngay t6i BDT co ban sau:

* V6i a,b duong ta co 1+12i,hay igl £+1 )
a b a+b a+b 4la b

D4u “=" xay ra khi vachikhia="b

2

* ap dung “khéo léo” BDT trén ta dugc

1 11 1) 1[1 11 1) 1(1 1 1
<= =+ <O — 4+ === 2 —+—]| (1)
2x+y+z 4\2x y+z) 4|2x 4\y z)| 8\x 2y 2z
1 1/ 1 1 11 1(1 1 (1 1 1
S| —+— || —+—| =+ =2 Z+—+—=| (2)
X+2y+z 4\2y x+z) 4|2y 4\x z 8ly 2x 2z
1 11 1) 11 11 1) 1(1 1 1
— <O | =+ = a2 = = =+—=] B
X+y+2z 4(2z y+x) 4|2z 4\ly X 8lz 2y 2x

Cong theo tung v€ cac BDT (1), (2) va (3) ta duoc

1 1 1 11 1 1
+ + <—|—+—+—1|=1
2X+Yy+Z X+2y+z X+y+2z 4\x y z

Bai 10: (Khoi B — 2005). Chiing minh rang v6i moi xeR, ta c6

12 +E +£ >3"+4%+5%
5 4 3

Bai giai

* Mau chdt ctia bai todn 1a phai bi€t phan tich cac co s6 & v€ trai
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

215_32- £§_4Z- E@

= =5
" 473

b

54 53

* Pén day ap dung BDT Cosi cho hai s6 duong ta c6
(EJ*(EJ 2| 2){7) 22 0
5 4 5) 4
12\ (20
FFE) - @
(E‘ 2] ofZ 2 s o
4 3 “\a)(3)
15) (20Y)
Cong cac BDT (1), (2), (3) ta duoc [ ] [TJ [?] >3*+4*+5* (dpcm).

D&u “=" xay ra khi va chi khi x=0.

Bai 11: (Khoi D — 2005). Cho cac s6 thuc duong X, y, z thoa man xyz = 1.

Chitng minh rang:

3 3 3 3 3 3
\/1+x +y +\/1+y +z +\/l+z +X 23\@
Xy yz zX

Bai giai
*ap dung BDT C0 si cho ba s6 duong ta cé

’ 3 3
1+x3+y® > 331.x%y® =3xy :Mz (1)

* Cung hai BDT tuong tu ta dugc

1+ +y? +\/1+y3+z3 +\/1+z3+x3

i i\
Xy yz zx \/_ \/_ \/_

v

* Ma éC'\/§+\/§+\/§> 3\/5\/5\/5
M'tkh.\/g\/y_z\/z_g\/g\/y_z\/;

3 3 3 3 3 3
3\/1+x +y +\/1+y +z +\/1+z +X 23\/5
Xy yz zX

Bai 12: (Du bi D-2005). Cho x, y, z 12 ba s6 thuc thod man x+y+z =0. Chiing minh ring

V3+4* +43+4Y +\3+47 26
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Bai giai
* Bai todn nay c6 chit gan giii v4i bai 11, néu tinh ¥ ta thiy ring
LWL = 5 =40 =1
*Tacod: 3+4* =1+1+1+4* 2444 = 3147 >24a" =2¥a*
* Cung hai BDT tuong tu ta duoc

B & 3 4 1314 > 2[\8/47&/?&/?} > 63444 4 =6

D4u “=" xay ra khi va chi khi x=y=z=0.

Bai 13: (Du bi A —2005). Chting minh rang v6i moi x,y >0, ta ¢4

1+%)| 1 Xj[l ijzz%
( +x)( +X +\/§

Bai giai
3
*Ta co l+x:1+5+5+5244lx_3
3 3 3 3

3

Tuong tuw: 1+Y =1+ Y Y 5> g4 Y
X 3x 3x 3x 3°.x

=

3 2 6
Vit 2.1, 3.8 3,09 :[hi] >16%
Wy v Wy (W) y y

2
Do dé (1+x)(1+XJ 142 | 225645 . Y .2 _o56
X 3 y?

Bai 14: (Du bi B — 2005). Cho a, b, ¢ 1a ba s6 duong thoa man a+b +c :%.

Chitng minh rang

Ya+3b+3¥b+3c+3¥Yc+3a<3

Bai giai

Cach 1
Ta cé
3/a oK 3lln 2KV 1 a+3b+1+1 l/—. L2k 9
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Chuyén dé Bat dang thitc

Bién soan: Thay Lé Xuan Pai cvp

3fo+3c =§/(b+3c)l.1s%=%(b+3c+2)

Yc+3a=3c +3a)l.1s#:%(c +3a+2)

= 3a+3b +3b+3c +§/c+3as%[4(a+b+c)+6]s§{4.§+6}:3

3
A 29 9 a+b+c=—
Dau “=” xay ra < ey oa=b=c==
a+3b=b+3c=c+3a

x=%a+3b = x*=a+3b
y=¥b+3c = y*=b+3c
z=3Yc+3a = z2®=c+3a
=>x*+y*+2° :4(a+b+c):4%:3. Ta can chiing minh x+y+z<3

BDT nay la qua don gian roi! ( cdc em tu ching minh xem nhé).

Bai 15: (Du bi 2 B —2005). Chitng minh rang néu 0<x<y<1 ta co

x\/y—y«/;s%.

Bai giai
T 0<x<1 suyra Jx2x2

Bién ddi BDT tuong duong xy < %+y\/;

ap dung BDT Co si cho ba s6 duong ta c6

%+y\/;2yx2+%224/yx2%=x\/§ :>X\/§—Y\/;S% (dpcm).

0<x<y<1 x=1
Dau bing x4y ra < {/x =x & 1
y=—
yx* =+ N
4
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Bai 16: (Du bi 2 D —2005). Cho x, y, z duong thod man x.y.z=1. Ching minh rang

X2 yZ ZZ

+
1+y 1+z 1+x

>3
2

Bai giai

2 2
Taco X 1Y 5o [ X 1HY
1+y 4 1+y 4

Cung hai BDT tuong tu ta duoc

x?  1+y y? 1+z 72 1+x
+ + + + + >X+y+2z
1+y 4 1+z 4 1+x 4

2

2 2

X Y z 23()(+y+z)—§2§-3.3xyz—izg—izg (dpcm).
1ty 14z 1+x 4 474 4 4 4 2

Bai 17: (Du bi A—2006). Cho x,y,z duong thod man 3*+37 +3% =1. Chiing minh rang:

X y z X y z
9 . 9 . 9 23 +37+3 (1)
3*+3¥ 3V 4+3F* 3F4+3Y 4
Bai giai
bat a=3*,b=3",¢c=3" (a, b, c>0)
P 1 1 1 -
Taco:37+37+37=1 & _+E+_:1 < ab+bc+ca=abc (%)
a c
BDT can chiing minh tré thanh:
a’ b? c? a+b+c
+ + >
a+bc b+ca c+ab 4
3 3 3
2a +2b +zc 2a+b+c 2)
a“+abc b°+abc c“+abc 4
Ta co: a®>+abc=a*+ab+bc+ca=(a+b)a+c) (do ab+bc+ca=abc)
Tuong tu b® +abc =(b+a)(b+c) va c® +abc =(c +a)(c+b)
3 3 3
Do d6 (2) o a b c >a+b+c 3)

(a+b)(a+c)+(b+a)(b+c)+(c+a)(c+b)_ 4

ap dung BDT Co si cho ba s6 duong ta c6

3 3
a a+b a+c a 3
+ + 23.3/ =—a
AY [o} fo} oA A

L I\ /
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

3 3
Tuong tu b sore bra, gy 3y
* (b+c)b+a) 8 8 64 4

c? c+a c+b /c3 3
+ + >23.3—=—cC
(c+a)(c+b) 8 8 64 4

Cong tung v€ ctia ba BDT ta dugc:

& + b’ + ¢’ +1(a+b+c)>
(a+b)(a+c) (b+a)(b+c) (c+a)(c+b) 2 -

3(a+b+c)
4

a® b? c? a+b+c
= + + P2
(a+b)(a+c) (b+a)(b+c) (c+a)(c+b) 4

, suy ra (3) dugc chiing minh

Bai todn dugc chitng minh hoan toan.

Bai 18: (Khoi A —2007). Cho x, y, z la cac s6 thuc duong thoa man xyz=1.
Tim gi4 tri 16n nhat cia

b X*(y+ 2) . y*(z+X) . Z2(X+Y)
y\/;+22\/2 z+2x/x x+2y\/§

Bai giai
* Gia thiét “xyz=1" thuong c6 rit nhiéu k§ thuat “xiz [ ” tinh t€, viéc dung né thé nao
con phu thuoc vao ting bai toan. Trong bai toan nay c¢6 mot lién hé nho gitra tr va mau, cu
thé ta thuc hién 10 gidi nhu sau:
Ta cé x3(y+2z) =x2y+x2z 2 2yx*yz =2x/x  (do xyz=1)

Tuong tu y?(z+x)22y\ly Vva z*(x+y)22zz

2x/x 2y\ly 22z
=>P2 + +
y y+22\/E z z+2x\/; X x+2y\/§

* Pén day tir va mau da qua “gdn giii” roi. DE bai todn don gian hon ta thuc hién phép
dGi bién “khong lam thay ddi gid thiét” sau: a=xy/x;b=y,\Jy;c= 2z, khi d6 abc=1.

2a 2b 2c

Lic do P> + +
b+2c c+2a a+2b

* Céc ban hay chiing minh BDT sau nhé (rat quan trong day, qua nhiéu 4p dung hay)
a_ . b L Cc o 3
mb+nc mc+na ma+nb m+n
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

(v6i moi a,b,c duong; m,n 1a hang s6 duong cho trudc)
* 4p dung BDT ndy ta c6 ngay P>2 (ciing chang cin dén abc=1 nita)

Dau bang xay ra khi x=y=z=1. Vay GTNN cua P bang 2.

Bai 19: (Khoi B —2007). Cho x, y, z 1a cdc s6 duong thay déi. Tim gid tri nhd nhat ctia biéu

x 1 (y 1) z 1
P=x|=+—|+Y| =+— |+2Z =+—
(2 yzj 2 2 xy

thirc

Bai giai

2 y2 Z2

2 2 2
Tacé p=2 ¥ 2 X *Y *2z
2 2 2

Xyz

2 2 2 2 2 2

XHy' Y4z 24X
2 2 2

Do dé: x®+y?+2% = > Xy +YZ+2X

x? +y?+2° S XYH+YZ+2ZX _ 1+
Xyz  Xyz X

2 2 2 2 2 2
= sz—+y—+z—+1+l+1: X—+i + y—+1 + Z—+l
2 X 2y 2 z

y tudng dung ham s6 lai dén rat tu nhién
1

2
Xét ham s6 f(t):‘T% Vo150 = f( -t

f'(t)=0 < t—tizzo < t=1. Lap bang bién thién ta dugc f(t)z%, vt>0

Suy ra Pzg. D4u bang xay ra khi va chi khi x=y=z=1

Vay GTNN ciia P bang %

Bai 20: (Khoi D- 2007). Cho a>b > 0. Chiing minh ring

b a
(Za+ij < (Zb +ibj
22 2

Bai giai
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

|n(1+4a) 3 In(1+4b)
a b

(1+4) <(14+4) =

o In(1+4) )
Xét ham so f(x) =——= v61 x>0. Ta c6:
X

4 In4g —(1+49)In(1+ 4
(2 )X ( )<O
X“(1+4%)

fi(x) =

Suy ra f(x) nghich bién trén (0;+o0).

Do f(x) nghich bién trén (0;+w) va a>b>0 nén f(a)<f(b) va ta c6 di€u phai ching

minh.

Bai 21: (Kh6i B- 2008). Cho hai s6 thuc x,y thay déi thod man hé thiic x?+y? =1.

2
Tim GTLN, GTNN ciia P= 2% 76)
1+2xy +2y
Bai gii
20 +6xy)  2(x*+6xy)

Tacéd P= = 5
1+2xXy+2y° X +y +2xy+2y

* Néu y=0thi x*=1=P=2.

2
2(5) 3
y Y)| 2t?+12t
2 24 2t+3
(XJ +2(X]+3
y y

Dén day c6 thé dung diéu kién c6 nghiém cuia phuong trinh bac hai hodc ding dao ham dé

*Neéu y=0 thi P=

2
khio sat ham s6 f(t) = =21 y6i teR.
t°+2t+3
3 1 3 1

Tatimra P, =3 X=——,y=——— hoic X=———,y=——=
" NGRS 10"

=
g B

3 2 3
P =6&X=—y=—o hoic X=——nt,y=
m RN T 37
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Bai 22: Khoi D- 2008). Cho hai s6 thuc khong am x,y thay déi . Tim GTLN, GTNN clia

p_ (X=¥)A-xy)
1+ x)%(L+y)*

Bai giai

Ta s& 4p dung BDT sau: (a+b)®>4ab

Ta c6 p|—|(x‘y)(1—><y)|< (x+y)d+xy) _1

@)@y’ [(x+y)+ @ xy)] 4

Suy ra —lsPé1
4 4
. . 1 . . 1
Khi x=0, y=1 thi P= v Khi x=1, y=0 thi P:Z.

Vay GTNN ctia P bing —% | GTLN ciia P bing :11 .

Bai 23 (Du bi A- 2007): Cho x,y,z duong. Tim gid tri nh6 nhat clia biéu thitc

P= %/4(x3 +y°) + %/4(y3 +2%) +§/4(z3 +X3) + 2(%+z_y2+x_ZZJ

Bai giai
Tacé 4(a’+b%) > (a+b)® Va,b>0 nén P=34(@ +b’) >a+b

ap dung BDT nay ta dugc

Pz(x+y)+(y+z)+(x+z)+2(12+lz+izj:2(x+y+z+i+l+ij
y 2 X y

bén day ta dung BDT cosi cho 6 s ta dugc

/ Xy z
PZ 266 Xyz??F :12

Pang thitc x4y ra khi x=y=z=1. Vay GTNN ctia P bing 12
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Chuyén dé Bat dang thitc Bién soan: Thay Lé Xuan Pai cvp

Bai 24: Cho x,y,z duong. Chiing minh ring

3 y+2 X+2Z X+Yy 5
- 3 3, .3 + 3 3, .3 3 3, 3y
x+\/4(y +2°) y+\/4(x +27) z+\/4(x +vy°)

Bai giai

. y+2z y+2
Tacod x+34(y’+2°) >x+y+z,suyra <
x+§/4(y3+23) X+y+z

Cung hai BDT tuong tu ta duoc dpem.

Bai 25: Cho a,b,c duong thoa man diéu kién a+b+c> g(1+ a%j Tim gia tri nho nhat cla
C

a’b b’c c’a
- 2t 2t 2
1+ab” 1+bc® 1+ca

Bai giai
2 2 2 2 )
Bienddi pe_ &, 0 ¢ (a+tb+q’ _  (a+b+q)
b lie lia @ibegr 220 @ipig(1e b
ab bc ca abc abe
(a+b+0)? 3

Theo gid thiét ta ¢6 1+a%s3(a+ b+c), suy ra P> 2 _3
c 3 (a+ b+c).§(a+ b+c)

D4u bang xay ra khi

a=b=c

1

2 =2 -a-1=0<= (a-D(2a’+a’+a+1)=0<=a=1
1+%=§(a+ b+C)

Vay GTNN ciia P bing g khi a=b=c=1.

Trén day chi 1a mot cédch ti€p can véi phuong phap va cach hoc vé BDT ma t6i muén
gidi thiéu v6i cdc ban, dic biét 1a cdc em hoc sinh 16p 12 chudn bi thi DH- CD. Con mot s6¢
chuyén dé sau hon toi sé ti€p tuc gui tGi cdc ban sau. Hy vong chiit it kién thiic nay sé giip
cdc em hoc sinh 12 dat dugc két qua cao nhat trong ky thi DH sap tdi. Chic cdc em thanh
cong.
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