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Trebwsep

GV P4 Kim Son

Cho2 | Cungting : a<b va A<B Mot tang , mot giam: a<b va A>B
cap so a.A+b.B>a+b A+B a.A+b.B<a+b A+B
2 2 2 2 2 2
dau “=“ xdyrakhi a=b vaA=B dau “=*“ xdyrakhi a=b vaA=B
Cho3 | Cungting : a<b<c va A<SB<C Mot tang , mot giam: a<b<c va A>B>
cap so aA+bB+cC_a+b+c A+B+C C
3 -3 3 a.A+b.B+c.C<a+b+c A+B+C
ddu“=“ xayrakhi a=b=c vaA=B=C ’ 3 -3 3
dau “=* xdyrakhi a=b=c vaA=B=C
ChOQ Cungtiang : aj<a;<...<a, vab; <b, <...< | Mdt tdng ,mot giam: aj<a; <...<a,,b;>by>
capsé | b, ... >by
ab +..+ab, S t.ta, b, +..+b, ab +..+ab, S tta, b, +..+b,
n B n ' n n B n ' n
dau “=“xdyrakhia;=a,=...=a, vab;=b, | dau“="xayrakhia;=a;=...=a, vab;=b;
=...=b, =...=b,
Bai tap ap dung :

Bail: Cho2sda,bthéa a+b>2. CMR: a"+b" < a™' +b™ v4in=1,2.,3,....

Bai2:

Bai3:

Bai4:

Bai5:

Bai6:

Bai7:

b C

. , a
CMR véia, b, cduongtaco: + +
b+c c+a

Choa,b,c duong va abc = 1 . Chimg minh ring :

a+b+c

Choa,b,c>0.CMR: ab".c®>(abc) 3

Cho n sb khong am a; . Chung minh véi moi sb tunhién m=1,2,3, ...

m m m
a' +a, +..+al

n

Jfata, +.+a,
n

m m m k k
Suy ra af tay +..+a; 3 +a, +..+a, 3

a+b

> % ( BDT Nesbit cho 3 6 )

1 1 13

+ + _3
a’(b+c) b'(c+a) c*(a+b) 2

Eoamtpaltt

tacoh:

m+k

+a

n

m+k

voim, k 1a cac so tu nhién

n n

n

Cho x , y dwong . Ching minhrang : (x+y) (X +y’ ) (x' +y )< 4(x'"+y'")

Chonso duonga;,a;,...,a, théa a; +aj+..+a. >1 vaS=a +a+..+a,.CMR:
3 3 3
a . 4 S 1
S—a, S-a, S—a, n-1
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Bai 8 :
1/Choa;,a,...,a,>0thdaa; ay.....a,>1.CMR: a" +a) +..+a" < a"' +al"" +..+a™"
2./Choaj,ay, ..., a, thoaa;+a,+...+a,>n.

m+1 m+l m+1

CMR véimlasdléthi: a +a) +..+a™ < a' +al" +..+a"
3./ Cau 2 con dung khong néu m 14 s6 chin . Giai thich .
4./ Trong truong hop n =2 va m 1a s0 chan thi két qua ctia cau 2 nhu thé nao ?

Bai9:
Trong tam giac ABC goi m, , my , m la g‘i(f) dai 3 duong trung tuyén kétr A,B,Cvah,, hy,h.la
ba duong cao tuong ung . Chiing minh rang :
(m} +m] +m?) (h} +h] +h}) >27S* (Sladiéntich ABC)

Bai 10 :
Cho a,b,cla3 canh tam giac, chuvi2p . CMR : ab + be T >4p
p-¢ p-a p-b
Baill : ‘ ‘
Goi a;,a,, ..., a, la cac canh ciia mét da gidc c6 chu vi bang 2p . Chiing minh rang :
e E SN S 2n . Khi ndo xay ra dau bang ?
p—a p—a, p—a, n-2
Bail2: ’
Cho a,b,cla3 canh tam giac, chu vi 2p var, R Ia ban kinh cdc dudng tron ndi , ngoai tiép .
Ching minh rang : 2 b ¢ < RV3

+ <
h,+h, h +h, h, +h, 2r

Bai 13 :
Tam gidc ABC c6 ba goc nhon ndi tiép dudng tron ban kinh R = 1 . Chtrng minh rang :
SinA.Sin2 A + SinB.Sin2B + SinC.Sin2C _ 2S . .., . -
- - - < — . Dau “=" xdy ra khi nao ?
SinA + SinB + SinC 3

Bai 14 :
CMR véi moi tam giac ABC taco:
I/ SinA +SinB + SinC > E(Sm 2A+5in 2B + Sin ZC]
2\ CosA+CosB+CosC
2./ Sin A+ Sin B+ Sin C > Sin 2A + Sin 2B + Sin 2C
3./ \/g(CosAJrCosBJrCosC) > Sin 2A + Sin 2B + Sin 2C

Bai 15:
aA +bB+cC

Cho tam giac ABC . Chtrng minh ring :
a+b+c

>
r A 3
(A, B, Ccoso0dobang radian ) .
Bai 16:
SinA + SinB + SinC < tan A.tan B.tanC
CosA+CosB+CosC 3

Cho ABC la tam giac c¢6 ba goc nhon . CMR :
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C“ Choa b, c duong thoaa®+b*+c¢*> 1. Ching minh ring :

3 3 3 2 2 2
1./ a+b+czl 2./a+b+02—3
b+c c+a a+b 2 b+c c+a a+b 2
(--:"lt Choa,b,c,dduwong thoaa’+b*+c?+d*>1. Chimg minh rang :
3 3 3 3
1./ a + b ¢ + d 21
b+c+d c¢c+d+a d+a+b a+b+c 3
a2 b2 CZ dZ

2./ > % . C6 thé mé rong duoc khong ?

+ + +
b+c+d c+d+a d+a+b a+b+c

C'J CMR v6i moi tam gidc ABCtaco:
1./ Sin 2A + Sin 2B + Sin 2C < Sin?A + Sin’B + Sin’C
5 Sin A+SinB+SinC <

CosA+CosB+CosC

1 tgA+tgB+tgC
3

a+b a’+b* a’+b’ - a® +b°

Cﬂ Chung minh rang néu a + b > 0 thi S

n n iai
C"ﬁ Cho nsd duonga; ,a,, ..., a,. Ching minh rang : H af‘ > (H a )'1
i=1

i=1

Oi CMR vé1 moi tam gidc ABC ta co :
1/ atb+c>2(aCosA+bCosB+cCosC)
i A.SlnA+B.SlnB+C.SmC< (A,B,Ctinhbéngradian)

2/ Z< <
C >9\/§
2

T
37 SinA+SinB+SinC 2
3./ (Siné + SinE + Sing].[cotgé + coth +cotg— | >
2 2 2 2 2 2
C'? Cho tam giac nhon ABC . Ching minh rang :
(tgA +tgB + th).(cot gA + cotgB + cot gC) > (tg% + tgg + tg%).(cotg% + cotgg + cotg%)

(}'f Cho n s6 duonga;,ay,...,a, théaa,+a,+...+a,< S<n ,V('fiSléh:fmg s6 cho trude . CMR :

1 1 1 2y
n J4 9y 2 LY
a12+—2+ a§+—2+...+ aiJr—2 > | SP 4| — . Dau “=" xdy ra khi nao ?
a; a, a, S
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- é
¥ TREBUSED....

Bail: Cho2sda,bthéa a+b>2. CMR: a"+b" < a™' +b™ v6in=1,2.,3,....

Giai: Giast a>b = a>|b| (do a+b>2>0) = a">|b|" >b"

azb n+l n+l n n n n
Theo Tchébycheff : =2 b >3 b .a+b >4 b
a">b" 2 2 2 2

e =

Bai2: CMR vé6ia,b,cduongtaco: a_. b T~ Zé ( BDT Nesbit cho 3 s6)
b+c c+a a+b 2
Gidi: Gidsu a>b>c>0 =a+b>a+c>b+c (1)
=2 > b > ¢ (2) . Ap dung Trébusép cho (1),(2).
b+c a+c a+b

Diu “="khia= b=c¢

—————— S

Bai3: Choa,b,cduong va abc =1 . Chimg minh ring : 5 ! +— ! +— ! 22
a’(b+c) b'(c+a) c(a+b) 2
Giai :
- 1 1 1 ’ ~
bit x=—,y=—,z=— .Tacd x,y,z>0va xyz=1
a b c
Theo Cauchy : x+y+2z>3. Theo Nesbit: R A Zé
y+z z+X Xx+y 2
2 2 2
BPTcinCM < X + y + z Zg(doxyz:l)
y+z z+Xx x+y 2

Gidst x2y>2z>0()=> —— > >_2  50(2). Apdung Tchébycheff cho (1) vi (2)
y+z Z+X X+Yy

e =

a+b+c

Bai4: Choa,b,c>0.CMR: a*.b’.c®>(abc) ?

Gidi: Giast a=2b=>c>0 (1)= loga >logb=>logc (2)
Ap dung Trébusép cho (1) va(2)
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Bai 5 : Cho n s6 khong am a; . Ching minh v&i moi s6 ty nhién m,k =1,2,3,... taco:
al" +a) +..+a" a +a5+..+a’ _a"F+altt+.. +am+k
n n B n

m m m
Suy ra : al +aj) +..+al >(al+az+...-|ran

j véim 1a soO tu nhién
n

Ap dung BDT Tchébycheff cho(1)va (2)

—— —

Bai 6: Chox,yduong .Chung minhring: (x+y)(x°+y’ ) (x +y )< 4(x'"+y'")

Gigi: Giasr 0<x<y(l) =2x’<y (2) ;x'<y* 3) ;x' <y 4
Ap dung Trébusép cho (1) Va (2) ; (3) va(4) sau do nhan lai véi nhau .
L =
= T
Bai7: Chonsbduonga;,ay,...,a, thoa aj +a+..+a>>1 vaS=a +ay+...+a,.CMR:
a; . a; al -
S—a, S-a, S—a, n-1
Gidi :
a; <a<..<al (1)
Gidst O<a <a,<..<a =1 a By )
S-a, S a, S-a

n

Ap dung BDT Tchébycheff cho(1)va (2)taco :

3

a a 1 a a a
— 2 4 4 2—(af+a§+...+aﬁ) — 2 4 40
S-a, S-a, S- n S-a, S-a, S-a

— EE——
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Bai 8 :
1/Choa;,a,,...,a,>0thoaa; ay.....a,>1.CMR: a" +a) +..+a" < a"" +al" +..+a""
2./Choaj,ay, ..., a, thoaa;+a,+...+a,>n.

m+1 m+l m+1

CMR véimlasdléthi: a +a +..+a™ < a' +al" +..+a"
3./ Cau 2 con dung khong néu m 14 s6 chin . Giai thich .
4./ Trong truong hop n =2 va m 1a s0 chan thi két qua ctia cau 2 nhu thé nao ?
Giai :

1./Gidst O<a, <a,<..<a, :>{ o va dit S=a, +a, +..+a,

a-1<a,-1<..<a -1
:>(a}“ +a) +...+alnm)(al -1+a,-1+..+a, —I)Sn[a{“ (al1 —1)+a‘2]rl (a2 —1)+...+anm (an —1)]

m+1 m+l

:>(ai“ +ay +...+anm)(S-n)Sn[(ai‘”1 +a” +..+al )—(ai“ +al +...+a§‘)}

Do a >0nén S>nga .a,...a, >n.

V€ trdi khongam . DAu"=" khi a,=a,=..=a_
2./ CM tuong tu .

3./ Néu m chin , bai toan khong con dung . Vidu:n=3, m=2 (chin)
Choaj=a;=4,a3=—5 Tacdé: ay+ta+taz=3; a]2+ a§+a§=57 >af+ a§+a§=3
4./ Xem laibai 1.

— —
Bai 9 :

Trong tam gidc ABC goi m, , my, , m, la gi(f) dai 3 duong trung tuyén ké¢tr A,B,Cvah,,hy,h:la
ba dudng cao twong ung . Chirng minh rang :
(m?+m; +m?)(hl+h} +h>) >27S> (Sladiéntich ABC)
Gidi: Taco: m’>+m’+m’> = 3(a’+b°+c”)/4
BDT tro thanh (a>+b”+c”) (h? +h! +h?) >36 S
Giast : a>b>c=h,<hy<h. (vi ha=2S/a).Apd1_1ngTrébu’sép.

— —
Bai 10 :
Cho a,b,cla3 canh tam giac, chuvi2p.CMR: ab + be + ca >4p
p-c¢ p-a p-b
Giai :

bat x=a+b-c ; y=b+tc—a ; z=c+a-b.

Taco : x,y,z>0 vax+y+z=a+b+c=2p

Ngoai ra ta con co : ( xty)( x+z) =4ab ; (y+x)(ytz)=4bc ; (ztx)(zty)=4ac ;

BDT < 4ab N 4bc N 4ac >3

2(p-c) 2(p-a) 2(p-b)

L EHNEHD) G0+ 2+))Etn)
X y z

> 4(x+y+72)

2 2 2
<:>x +x(y+z)+yz+y +y(x+z)+xz+z +z(X+Yy)+Xxy

>24(x+y+2z)
X y z

<:>E+ﬁ+K 2 X+y+z

X 'y z
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2 0<1Slﬁl 11 1 1
Giasu O<x<y<z = Z y X =>—|—+—+— (xy+xz+yz

)SE+&+E
X y Z

X 'y z
Xy <Xz<yz

yz

1
:>§[—+x+y+Z+E+x+y+z+ﬁ](xy+xz+yz)sﬁ+ﬁ+E
y z

X X 'y z

=>X+y+z < E+ﬁ+E

X 'y z

Bai 11 o
aill:

Goi aj,az, ..., a, la cac canh cua mdt da giac c6 chu vi bang 2p . Chung minh rang :
a a a 2n Coa A1y
L2+ > . Khi nao xdy ra dau bang ?
P-4, P—a, p—a, n-2

Giai :

Gidst a, >a,>..>2a >0 = a,
2p-2a, 2p-2a,  2p-2a

\Y%
\Y
\Y%

=

al az an
+ +..+ d(p-a,)+(p-a,)+...+(p-a
{zp-zal 220, t g, [P EoE) et (o3,

(n=2)p

Zn{(p-al) 4 +(p-a,) 2 +..+(p-a,) &, }:np

2p-2a, 2p-2a, 2p-2a,

_— =i
Bai 12 :

Cho a,b,cla3 canh tam giac, chu vi 2p var, R Ia ban kinh cdc dudng tron ndi , ngoai tiép .
a b c R\/g
+ + <

Ching minh rang : <
h,+h, h +h, h +h, 2r

Giai: Giast a<b<c (I)= he<hy<h, = he+hy<h,+he<hy+h,

1 1
= > > 2) Ap dung Trébusép cho (1), (2)taco :
hoh “h +h h +h (2) Ap dung p cho (1), (2)
a_, b ¢ sl(a+b+c) CHRS S
h,+h, h . +h, h +h 3 h,+h, h +h,  h +h,

£l2R(SinA +SinB + SinA)(hL +L+LJ .

W

h, h

c b a

TSy

p W3 1 1_RY3
r

<1 _
3 2r

—— i
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Bai 13 :
Tam gidc ABC c6 ba goc nhon ndi tiép dudng tron ban kinh R = 1 . Chtrng minh rang :
SinA.Sin2A + SinB.Sin2B + SinC.Sin2C < 2S
SinA + SinB + SinC a
Giai : Trong tam giac ABC taco: Sin2A + Sin 2B+ Sin2C= 2S/R*=2S doR=1.

e O0< SinA < SinB < SinC ) ) )
Giast A<B<C = = Sin2A > Sin2B > Sin2C

. Dau “=" xay ra khi nao ?

Cos A > CosB > CosC
A;p dung Trébusép cho 1 day ting va 1 day giam :
(SinA +SinB + SinC j ( Sin2A +Sin2B + smzc} ., SinA.Sin2A +SinB.sin 2B + SinC.sin 2C
3 3 3
- SinA.Sin2A + SinB.sin 2B + SinC.sin 2C < Sin2A +Sin2B + Sin2C _ §
SinA + SinB + SinC 3 3

. m—— =
Bai 14 :

CMR véi moi tam giac ABC ta c6 :

1./ SinA + SinB + SinC > %[

Sin 2A + Sin 2B + Sin 2C
Cos A+CosB+CosC ]

2./ Sin A + Sin B + Sin C > Sin 2A + Sin 2B + Sin 2C

3./ \3(Cos A+ Cos B+ Cos C) > Sin2A + Sin 2B + Sin 2C

Giai :

1/Giast a<sb<c = SinA<SinB< SinC (2) va CosA 2 CosB 2 Cos C (3)
Ap dung Trébusép cho 1 day tang va 1 day giam :

(smA +SinB + SinC ) ( CosA + CosB + COSC) . SinA.CosA +SinB.CosB +SinC.CosC

3 3 3
_Sin2A +Sin2B +Sin2C
6
Suy ra : SinA + SinB + SinC > é Sin2A +Sin2B +5in2C
2 \ CosA + CosB + CosC

do CosA + CosB + CosC =1+4 Sin%SingSin% >0 .DAau = khi ABC déu .

2./ Twcau2tacd:
(SinA +SinB + Sian(CosA +CosB + COSC) S Sin2A + Sin2B + Sin2C

3 3 6

Suy ra : %(COSA + CosB + CosC)(SinA + SinB + SinC) > Sin2A +Sin2B + Sin2C

ma : CosA + CosB + CosC < % nén SinA + SinB + SinC > Sin2 A + Sin2B + Sin2C

3./ Tuong tu

SinA + SinB + SinC > % nén \/§(C0sA +CosB + CosC) > Sin2A + Sin2B + Sin2C

— =
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Bai 15:
aA +bB+ cC T

Cho tam giac ABC. Chimg minh rang : —
a+b+c 3

(A, B, C c6 sb do bang radian ) .
Gidi: Giast a<b<c = A< B<LC
Theo Trébusép : (atbtc)(A+B+C) <3 (aA+bB+cC)

Bai 16 :

Cho ABC la tam giac c6 ba goc nhon . CMR : SinA +SmB+5inC - (gA (gBgC

CosA +CosB + CosC 3

GL{/.(’ii tam gidc ABC nhon ta c6 : tgA + tgB + tgC =tgA . tgB . tgC

tgA > tgB = tgC

CosA < CosB < Cos C

N (tgA +tgB + thj(CosA + CosB + CosC j (tgA.CosA + tgB.CosB + th.CosC)
3 3

Gia st A > B > C(nhon) tacé'{

= (tgA * tg3B * tgCj(CosA + CosB + CosC) > (SinA + SinB + SinC)
Q, e P

C“ Choa b, c duong thoaa®+b*+c¢*>1. Ching minh ring :

3 3 3 2 2 2
1./a+b+C l 2./a+b+02£
b+c c+a a+b 2 b+c c+a a+b 2
Giai :
a; <a; <a; (1)
1/ Gidst O<a <a,<a,= R R S

a, +a; a +a, a, +a,

Ap dung BPT Tchébycheff cho(1)va (2)tacd :

3 3 3

a a a 1 a a a

L2 4 2—(af+a§+a§)( L+ =2 4+ 3 ]
a,+a, a +a, a,+a, a,+a, a +a, a,+a,

1 a a a
2 Ly 2 3
3\a,+a, a +a, a,+a,

1 1 1

23%(a1+a2 +a3)( + + ]

a, +a, a, +a, a, +a,

11 1 1 1
=—.—(a +a,+a, +a, +a, +a,) + +
92 a,+a, a, +a; a,+a,

\%

1 1 1
a,+a; a +a, a,+a, 2

9\/(3 +a, )(a,+a;)(a; +a,). \/
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C-E Choa.b,c,dduong théa a*+b>+c>+d”>1.Ching minh rang :

a’ b ¢’ d’ 1
1./ + + + > —
b+c+d c+d+a d+a+b a+b+c 3
2 2 2 2
2 b ¢ d 22 . C6 thé mé rong dugc khong ?

2./ + + +
b+c+d c+d+a d+a+b a+b+c 3
Tuong tu chirng minh ctia bai 1 ( hodc xem 1oi giai tong quat trong bai 7)
e e e e e~ e e e =
(23 MR v6i moi tam gide ABC ta c6 :
1./ Sin 2A + Sin 2B + Sin 2C < Sin’A + Sin’B + Sin’C

Sin A+5in B +5in € Sl(tanA+tanB+tanC) voi A, B, Cnhon.
CosA+CosB+CosC 3

2./

Giai :
2./ Xem 101 giai trong bai 16 .

p 2 w2 3 13 6 , 16
Cﬂ Chtrng minh rang néu a + b > 0 thi a;b.a ;b 2 erb <3 erb

Gidi :
Giasttr a>b ,vi a+b>0nén a>—b .Suyra a> |b| . Dodoa’>b’

Theo Trébusép :
a+b a’+b? <a3+b3 a+b a’+b* a’+b’ <213+b3 a’+b’

. S — . . .
2 2 2 2 2 2 2 2
a+b a’+b”* a’+b’ <al6+b6
2 2 2 T 2

e e e e e e e — o~ e — e e

C'n Cho n sé duong a; , ay, ..., a, . Ching minh ring : (H afi ) > (H a )il
i=1 i=1

Gidi :

n n n iai n n iai
(Ha) > (Hai)” = n.ln(Ha?i)Zln (Hai)”

i i=l1

i=1

= n.zn:ai.lnai > Zn:ai.znllnai
i=1 i=1 i=1

GiastO0<a<ap<...<a,=>a<lna, <...<lna,

Ap dung Trébusép :
Ya.y.lna <n)> a.lna
i=1 i=l1 i=l1
e e e
C"i' CMR vé1 moi tam gidc ABC ta co :
1/ atb+c>2(aCosA+bCosB+cCosC)

10



www.VNMATH.com

2/E A.SinA+B.SinB+C.SinC E (A,B,Ctinhb'flngradian)

3 Sin A+SinB+SinC 2
j 93

3./ Siné+SinE+Sing coté+c0t—+cot—
2 2 2 2 2 2

Gidi : Tu giai

Cﬂ. Cho tam giac nhon ABC . Chimg minh rang :

(tanA+tanB+tanC).(cotA+cotB+cotC)2(tan%+tang+tan%).(cot%+cotg+cot%j

Gidi: Tu gidi

0 Cho n s duonga;,a;,...,a, théaa; +a,+. < S<n,v6iSla hang $d cho trude . CMR :

2
\/ +i+\/a2+—+ A+ /a iz / — . Dau “=" xay ra khi nio ?

Gidi : Ty giai

11





