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BAI TAP LUYEN THI OLYMPIC TOAN HOC TOAN MIEN NAM LAN THU XVIII
Chii dé: BAT PANG THUC
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)

0 XXy X,

1. (Russia 1991). Cho )’ |x —x.,|=1991. Dt s, = . Tim gia tri nho nhat cia
i=1

|5, = S|+ |5, = Sy + -+ [S1990 — 1901 -
HD:
Dt M =|s, —,|+[S, = 5|+ ... +[S1900 — Sig01] -

i+1 i i i

zxk Zxk iXi+1_ZXk k(Xk+l_Xk)
vV 1<i<1990 taco: s, —§ =L ——KkL = kL kil :
i+1 i i(i+1) i(i+1)
zk|xk+l_xk|
k=1
1SS i(i+1)
Cho i chay tir 1 dén 1990, ta thu duge 1990 bat dang thirc va cong chiing lai, ta co:

Suy ra: |s;

1990 1990 ; k |Xk+1 Xk | 1990 1990 1
I IE 3 e L sy S

i=1
1990 1990 1 1990 1990
- z( 1991)|XH1 i| < z(l_@j| i+l i| 19912|XI+1 || =1990.

=1 i=1

2. (United Kingdom 1992). Cho X, Y, z,w > 0. Chtrng minh: 12 < ! §§(£+l+£+£j
X+y+z+W Gax+y 4(x Yy z w

HD:
Ap dung bét dang thirc Cauchy Schwarz, ta co:

1 62 12 3(1 1 1 1
> = . < =—| =4+=4+=+=.
;x+y_2(x+y) X+y+z2+W ’ Syzmx+y Syzm(M 4yj 4[x+y+z+wj

sym

3. ( Italia 1993). Cho a,b,c €[0;1]. Ching minh: a’+b?+c* <a’h+b’*c+c’a+1.
HD:
Bét dang thic can ching minh tuong duong véi: @’ (1-b)+b®(1-c)+c*(1-a)<1.

Vi a,b,c [0;1] nén ta co:

a’(1-b)+b*(1-c)+c*(1-a)<a(l-b)+b(1-c)+c(1-a)=(a—-1)(b-1)(c—1)+1-abc<1.

4. (Poland 1994). Cho ne N". Tim gia tri nho nhét cua biéu thic: X, +X?2+X—33+...+X—” biét rang:
n

T ST A | 1
X;s Xyy.0y X, >0 théa mén dicu kién: —+—+...+—=n.
X X X

n
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HD:

k-1

k
Vé6imdi n>k >1, ap dung bat ding thirc AM-GM ta dugc: X, +(k —1).12kx, :X?kz X ==

Cho k chay tir 1 dén n ta thu dwoc n bat ddng thirc va cong chung lai voi nhau:

2 3 n .
x1+X?2+X€3+...+XF”2(x1+x2+...+xn)—(%+...+n—lj (1)

Mat khac, theo AM-GM thi X, + X, +...+ X, > =n (2)

2 3 n
Tur (1) va (2) ta thu duoc: x1+ % X +...+X—”21+£+...+£.

Déau "="Xdy ra<> X, = X, =...= Xn =1.
5. (India 1995). Cho x,,X,,...,

|<l va X, =21 voi moi

|+1

i=12,..,n (X, =%). Ching minh ring: KXy v Mconaa,
XZ X3 Xl
HD:
Do XX X _1 nen 3 chisé k sao cho <1 (1)
XZ X3 Xl Xk+1
Tur gia thiét= x, <%, +1< 2%, = <2 Vi @)

i+1

Tir (1) va () tasuy ra; 24224+ 20 =3 5 4 R co(n_1)41=2n-1.
X2 X3 Xl izk X|+1 Xk+1

6. (Romania 1996). Cho X, X,,.. >0 théa man: X, + X, +...+ X, =X,

" n’ n+1

Chu’ng minh rang Z \[ n+1 Z Xn+1 n+l i

HD:

n

n
Ta Co. zxml(xml i = n+1 Xn+1 XI = n 1 n+1'
i= i=1

Bt dang thirc d4 cho dugc viét lai dudi dang:

n
i=1

Ap dung bét dang thirc AM-GM ta thiy: 1= %4‘

7. (Iran 1997). Cho X, X,, X;, X, >0 thoa min: x,x,x,x, =1. Chimng minh rang:

3 .3 .3 .3 1 1 1 1
X, X+ X5 + X, 2 Maxq X + X, + Xy + X, —+—+—+—¢.
X, X5 X,
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HD:
Ap dung bat dang thirc AM-GM véi mdi i taco: x* +1+1>3x, .

Suy ra: X} + X5+ X3+ Xg +8> (X, + X, + X + X, )+ 3(X + X, + X + X, )
> X+ X+ Xy + X, + 24X XXX, =X + X, + X, + X, +8
SR AR A X ZX AKXy + X+ X,
Lai 4p dung bét dang thirc AM-GM ta co:
1
X+ + X+ X :5[(xf+x§+x§)+(x§+x3‘°’+x§)+(xf+x§+x§)+(xf+x§+xf)]
1 1 1 1

21(3§/X13X§X33 +33EX + 33K +3€/xfxfx§):_+_+_+__
3 X, X X X

Déau "="xdy ra<> X, =X, = X, = X, =1.
1 1 1
+ ot = .
x, +1998  x,+1998 " x +1998 1998

8. (Vietnam 1998). Cho n>2 va x,X,,..., X, >0 thoa mdn:

V%% 5 1908,

Chirng minh:

HD:
Véimdi i (L<i<n), sk dung bat ding thirc AM-GM, ta co:

(x +1998)""

[T(x +1998)

j#i

X; 1 1 =3 LEERN n-1 = X >1998(n-1)
1998(x; +1998) 1998 x +1998 47 x;+1998 N H(Xj +1998) n

J#i
Cho i chay tir 1 dén n, ta s& thu dwoc n bat dang thuc va nhan chdng lai v6i nhau ta duoc dpem.
Diu "="xdy ra < X, =X, =...= X, =1998(n-1).

. 1 1 1
9. (Korea 1999). Cho a,b,c >0 thoa abc >1. Chirng minh: Tt T+t ———F— <L
a+b"+c” a'+b+c” a'+b"+c
HD: o )
Str dung bat dang thirc AM-GM cung véi gia thiet abc >1 ta dugc:
4 4 4 4 2 2
1
bt 4t = S0 *C b+ 2bc(b2+cz)2b e < az -
4 £ , a atb’+c’  a'+b"+c , ,
Lam tuong tu cho hai s6 hang con lai ¢ vé trai cta bat dang thirc can chirng minh. Sau do, cong vé theo vé
e 1 1 a+b+c
Cua cac bat dang thirc ta dugc: + + < .
8 " a+b*+ct a'+b+ct a'+b'+c at+b’+c?
< , L 42 , R . a+b+c 3 1
Mat khéc, theo bat dang thirc Cauchy Schwarz va AM-GM thi —————< < <1.
a“+b°+c” a+b+c <3abc
Vay L + 1 + 1 <1.

a+b*+c* a‘+b+c* a*+b*+c
3 3

10. ( Singapore 2000). Cho a,b,c,d >0 théa min ¢’ +d* =(a’ +b2)3. Churng minh %+%21.

HD:
Ap dung véi bat ding thirc Cauchy Schwarz va két hop voi gia thiét bai toan ta co:
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R R (i (R

2[\/%73.\/5+ %3\/@} =(a2+b2)=\/(a2+b2)(cz+d2) >ac+bd.

Suy ra diéu phai chirng minh.
11. (Belarus 2001). Cho X,,%,, %, €[-L1] va v,Y,, Y, €[0;1). Tim gia tri 16n nhét cta bicu thirc:
1-x, 1-x, 1-x
1-%Y; 1- XY 1- XY, .

HD:
Vil-xy,=(1-%)y,+(1-y,)>0 ; 1+x >0 va 1-y, >0 néntaco:

1% 2 @x)@-y) o g 1% 2
1-xy, 1+y,  (1+Y,)(1-xy,) 1-xy, 1+y,
1-x, <2 0< 1-x,
1_X3Y1 1_X1YZ
1-x, _1_X2 . 1-x% _ 1-x ll—xz ll—xs <8
1_X2y3 1_X3Y1 1_X1yz 1_X1y2 1_X2y3 1_X3y1
D& thay diu "=" c6 thé xay ra chang han liy X, =X =X=-1,y=Y,=Y,=0.
Vay 8 1 gié tri 16n nhit cua bai toan.
12. (China 2002). Cho (P, P,,...P,) (n>2) 1a mot hoan vi bat ki cia (1,2,...,n).
1 1 n-1

+ ot > :

P+P, P +PR P,+P, n+2

<2.

Tuong tu ta cling chung minh dugc 0 <

Suy ra:

Chirng minh rang;

HD:

Pt A= 1 1 1

+ TR
P1+P2 P2+P3 Pn—1+Pn
Ap dung bét dang thirc Cauchy Schwarz ta co:

As (n-1)°
~ (R+PR)+(P,+P)+..+(P,+P)

_ (n-1)° _ (n-1)°

" 2(R+P,+..4P)-P-P, 2(1+2+..+n)-P-P,
= (n_l)z S (n—l)z _ (I’l—l)2 . (n—l)2 _ n_l,
n(n+1)-P-P, n(n+1)-1-2 (n-1)(n+2)-1 (n-1)(n+2) n+2
sina.sin(a—b).sin(a—c)20.
sin(b+c)

13. (USA 2003). Cho a,b,c e (o;%j . Chimg minh ring: >’

HD:
bat x=sina,y =sinb,z=sinc. Khido x,y,z>0.

DE thay sina.sin(a—b).sin(a—c).sin(a+b).sin(a+c)= x(x2 - yz)(x2 - zz).
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Can chimg minh: Z:X(X2 - yz)(xz —22)2 07?
Dat x=+u, y =+, z =+/w . Bét déng thirc thanh: Z\/U (U-v)(u-w)=0 ding theo bat dang thirc Schur.
a,b,c>0 . 1+a 1+b 1+c 2(b+c aj

14. (Japan 2004). Cho . Chtirng minh rang: —t—+—
a+b+c=1 1-a 1 b 1 C a b c

HD:
1+a (a+b+c)+a_ 2a
l1-a (a+b+c)-a b+c

Ta co: +1.

Bt ddng thirc cAn chirng minh tuong dwong véi: Z(—b ——2b j 3 Z a( : - a) %
+

Str dung bt dang thirc Cauchy Schwarz ta co: z

b*c® (ab+bc +ca)’ 3
abc(c+a) 2abc(a+b+c) 2

)_Z

95
15. (Taiwan 2005). Cho a,a,,...,a, > 0. Chimg minh: Zak <94+ [max{la,}.

k=1 k=1

c+a

HD:
95 95 95

95
bit b=max{a,,1} thitaco: [ [max{lLa }=]]b va [Ja <]]bs -

k=1 k=1 k=1 k=1

95 95
Can ching minh: z b, <94+ H b, ?
k=1 k=1

95 95
That vay, > b <94+] [b < (1-b)(1-b,)+(1-bb,)(1-b;)+...+(1-bjb,..by, ) (1-bys ) 2 0, hicn nhién
k=1 k=1

dang vi b, >1 Yk =12,...,95

16. (Bulgaria 2006). Cho b®+b <a—a®. Tim gia tri 16n nhit cua a+b .
HD:

Dit a+b=c. Tu gia thiét, ta co: (c—a)3+(c—a)£a—a3c>3ca2—(3c2+2)a+c?’+c£0.
4 N 3R 3o , \ , A r 4
Néu ¢ > 0 thi dé dang thirc nay diing, ta can c6 A>0 < 4-3c* 20©C££.

n_n 3C2 +2

Dau

xay ra khi a la nghiém kép ctia phuong trinh bac hai tuong tmg ( cu thé a= ). Do d6 gia tri

I6n nhat cia tong a+b 1a: i/g .
17. (Austria 2007). Cho 0 < Xy, X+, Xess <1 12 C4C 6 thuc khac nhau ting d6i mot. Chimg minh rang ton tai

X;) s20 cho: 0.<xx; (% —X;) <

ca sé( L
P 2007

i j

668
HD: Khdng mét tinh tong quat, gid stit 0 < X, < X, <...< Xgo <1. Dt S = z X1 X (X — Xi) .

i=0
Ap dung bat dang thirc AM-GM, ta co:
668 668 ( X .+ X 668

1
S= Z X|+1X Xig — i Z %j (Xi+1 =X ) = ZZ(XHI - X + X|+1X X|+1Xi2)

i=0 i=0
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_:|.6683 N NE s 118
_Z Z(X”l_xi)—i—Z(XiﬂXi_Xi+1Xi) —Z(Xeeg_xo‘i' )<Z( + )

i=0 i=0

Suyra: S < % Goi XX (Xc,. — X ) 12 s hang nhé nhat trong 669 s6 hang cua S thi theo danh gid trén, ta

1 1
co: §>S2669xk+1(xk+1—xk):>0<xk+1(xk+1—xk) %:m( pem).
18. (Indonesia 2008). Cho s6 tu nhién n >3 va c4c s6 thuc X, X,,..., X, >1. Ching minh rang:
X% 445k [ XK s gy
X, —1 -1 x,-1
HD:
Ap dung bat dang thre AM-GM ta duoc:
X].XZ ++ Xn—lxn anl 2 2X1X2 2anlxn + zxnxl
X, —1 -1 x,-1 x3+4_1 x1+4_1 x2+4_1
4 4 4
Totn B0 s ang| 202 Sotke 2R g
XZ X3 Xl X2
Déu "= ="xdyra X =X, =...=X, =

19. (Moldova 2009). Cho x,Y,z e[ } va a,b,c 1a mot hoan vi tlly y ctia chung. Ching minh ring:

60a* -1 N 60b* -1 N 60c” -1
4xy+5z 4yz+5x 4zX+5y

>12.

HD:
Do x, yeB } nén (x-2)(2y-1)+(y—-2)(2x-1)<0=4xy <5(x+y)-

60a’ -1 S 60a® -1

Do 60a”—1>0 nén > :
4xy+5z 5(x+y+z)-4

Thiét 1ap hai bat ding thtrc twong tu nhu thé va rdi cong vé theo vé ba bat dang thirc nay ta duogc:
60a°-1 60b°-1 60c*-1_60(a’+b’+C’)-3
4xy+5z 4yz+5x 4zx+5y  5(x+y+z)-4

Ta chi can chimg minh: 20(a’ +b* +¢*)-1220(x+y+2)-16 ?

Do a?+b?+c? = x> + y* + 2% nén bét ding thirc ndy twong duong véi:
20(X* +y* +2°)-20(x+y+2)+15> 0 < 5(2x-1)' +5(2y -1)° +5(2z-1)° > 0, luén dung.

Déu "="xdyra < X=y=27=

I\.)lH
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20. ChO X, X,,..., Xpor, €(0;1). Chitng minh rng: 2/X,X,...X,0,, +201\1/(1—X1)(1— X, )er (1= Xp0, ) <1.
HD:
Dé y ring: “¥/x <®¥/x voi xe(0;1).

Nhu vay: 2Ol\l/xlxz...x2012 <% X Xy (1 %) (1%, ) e (1= gy ) <212 ) (1= %, ) (1= X0 )

X, + X, + o4 X0,
2012

L ) < ) k) (1) < B (),
Suy ra: 5%, X, . Xpopy + 21 %) (1= %, ) oo (1 Xy, ) <1.

21. Gia st phuong trinh x* +mx® +2x% + nx+1=0 ¢6 it nhat mot nghiém thyc. Chimg minh m? +n? >8.
HD:

Ap dung bat dang thirc AM-GM, ta co: 201\J/X1X Koggp < 201\/X1X Xpo12 <

(x“+2x2+1)2
X2+ x°
22. Cho x,y >0 thoa min: x* +y* = x—y. Chirng minh rang: x> +4y?*<1.
HD:
Ta co: (x3+y3)(1 x> —4y? ) (x +y‘°’)—(x3 y )(x2+4y2):x3+y3—(X—y)(x2+4y2)
>0

Ap dung bat dang thirc Cauchy- Schwarz ta c6: m* +n® > 28 ..o (X2 —1)4 >0 ludn ding.

=2013. Tim gid tri 16n nhit cua biéu thic:

1 1,1
2a+b+c a+2b+c a+b+2c

+

HD:

Ap dung bit ding thic AM-GM , ta ¢6: 4xy <(x+y)’ < 1 §1(£+£j
X+y 4{x vy

Déu “=" xdy rakhi x=1y.

. 1 1/ 1 1 111(1 1 1}
Ta co: <= + <Z|zl=4=
2a+b+c 4(a+b a+cj 4{4(a b 4 } a 2b 2C
N
2b

1 1 _j
C

[1 1 1) 1 (
Tuong ty: ————— <=| —+—+— |, ————<—| —
a+2b+c 8\2a b 2c) a+b+2c 8\2a
Cong vé theo vé ciia ba bét dang thirc trén ta duoc:

p<l 1 (1 1 1) 2013 .
4la b c) 4
NP , 5 , . X 3a 3b ab 2 2
24.Cho a,b,c la cac so duong thoa mén ab+a+b =3. Ching minh rang: + + <a“+b+

b+1 a+l1 a+b
HD:

Tir gia thiét a,b >0 va ab+a+b =3 tasuy ra ba diéu sau day:
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. (a+b)2 ) a+b>2
() 3=ab+a+b<-——++a+b=(a+b) +4(a+bh)-12>0= :
4 a+b<-6
a+b <—6 khong xay ra. Vithé a+b>2 (1)
(i) ab+a+b=3=-0 493 38 4, 3 (9
a+b a+b a+b a+b

(iii) ab+a+b=3=a(b+1)+b+1=4=(a+1)(b+1)=4 (3)
Sir dung (2),(3) dé bién doi bat ding thirc can chimg minh ta dugc:

a2+b2+§2 s, 3 + ab :3aa+1+3bb+1+ 3 1
2 b+l a+l a+b 4 4 a+b
=§( 2+b2)+§(a+b)+i—l
4 4 a+b
12
Hay 4(a?+b%)+6>3(a?+b?)+3(a+b)+—-4
y 4(a®+b?)+6>3(a® +b?)+3(a+b)+ =
@a2+b223(a+b)+£—1o (4).
a+b

2
L, a+b C 4 e
Pé yrang a® +b% > % nén (4) s¢ dugc chirng minh néu bat dang thirc sau 1a dung:

2
(2+b) 23(a+b)+a1—+2b—1o 5).

Pit a+b=s. Tir gia thiét va (1) ta suy ra: ab<1. Khi d6 bit dang thic (5) tré thanh:

s’ —6s—%+2020©(s—2)(52 ~45+12)>0 Vs>2 (ludn ding).

Déu “=” xdy rakhi s=2<a=b=1.
25. Cho sb nguyén n (n>2) va hai s thyc khong 4m x, y .Chimg minh VX" +y" > Y™ 4y Dau
“=" xay ra khi nao?

HD:
+ Néu x=0 hodc y =0 thi bat dang thtrc luén ding.

+ Xét truong hop x>0,y >0.

Vai tro ciia X, y nhu nhau trong bat dang thirc can chirng minh nén khéng giam tinh tong quat c6 thé gia
S X>VY.

Bat dang thirc d4 cho tuong dwong véi:

L o e T e

n n+l
Tacé:0<l£1:>0<(lj 2(lj .
X X X

n n+l n nn il R
Suy ra: [1{1) } ={1+(1j }{u[lj } >{1+[1J } {1{1) } |
X X X X X
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Trong truong hop X,y > 0, bat dang thitc khong c6 dau “=" xay ra. Vay dau “=" chi xay ra khi x=0 hoac
y=0.
26. Cho X, Y,z la cac sé duong. Tim gié tri nho nhat cia biéu thirc:

P :3/4(x3+ y‘°’)+§/4(y3+23)+§/4(23+x3)+2(12+212+%j.

y

HD:
Véi x,y,z >0 taludn co:

a) 4(x3+y3)2(x+y)3. Déu “=" xay ra khi va chi khi x =y.

b) 4(y°+2°)=(y+2)". Dau “=" xay ra khi va chikhi y=z.

¢) 4(z°+x°)2(z+x)’. Déu “=" xay ra khi va chi khi z = x.

Ta chirng minh a). Viéc chirng minh b) va c) 1a hoan toan twong ty nhu viéc chirng minh a).

Taco: a) < 4(x+y)(x* —xy+y?) 2 (x+ y) < 4(xF —xy+y?) = (x+ y)’
c>3(x2+y2—2xy)20c>3(x—y)220.

Bt dang thic a) c6 dau “=" xay ra khi va chi khi x =y.

Khi d6: §/4(x3+y3)+§/4(y3+23)+§/4(z3+x3) >2(X+y+2)=63xyz .

Lai ¢o: 2(l+l+ijz

. Dau “=" xay ra khi va chi khi x=y=1z.

2 2 2

y YA X 3IxXyz

1
Suyra: P>6| 3/xyz + >12.
yra oo |
x q xyz=1
Dau “=” xay ra< S Xx=y=z=1.
X=y=12

27. Cho a, b, ¢ la cac s6 thuc thoa min a+b+c=3. Tim gid tri nho nhit cua biéu

thire M = /42 + 9P 416 + 92 +16° + 4 + /162 + 40 1+ o°
HD:
bt l]=(Za;Sb;4C),\7=(2C;3a;4b),W=(2b;3°;4a):> M :‘G‘+‘\7‘+‘W‘

L. 2 2 2
Mz‘u+v+w‘=\/(23+2b+2c) +(3a+3b+3c) +(4a+4b+4°)
Ap dung bét dang thirc Cauchy ta c6:22 420 4 26 > 332 b+C g
32 +3° 43¢ > 33324040 — 9 43 1 4P 4 4° > 4R/43+D*C _16.
Vay M >3/29. Diu bing xdy ra khi a=b=c=1.
xyz(x+y+z+\/x2+y2+zz)<3+\/§

(X +y*+2%)(xy+yz+2x) 9

28. Cho X, Y,z >0. Ching minh ring:

HD:
Ap dung bét dang thirc Cauchy-Schwarz ta co:

(1.x+1.y+1.z)233(x2+y2+22):> x+y+zg\/§, /X2+y2+z_z .
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Talaico: x> +y* +2° >33 (xyz)2 Va Xy + Yz + 2x > 33 (xyz)2 :

xyz(x+y+z+\/x2+y2+zz) xyz(lﬁtx/é)«/xzjty%rz2
< =
(X2+y2+zz)(XY+yZ+ZX) (x2+y2+zz).33(xyz)2
:1+\/§ %/XT/Z <1+\/§=3+\/§
3 '\/x2+y2+22_3\/§ 9

29. Cho a,b,c>0 thoa ab+bc+ca=1. Chung minhréng: a b + s <\/1_0.

+ <
1+a®> 1+b° Jf14¢?

Do d6

HD:

bat a=tana, b=tan B, c=tany voi a,ﬁ,ye(o;%)

Theo gia thiét ab+bc+ca=1< tanatan §+tan ftany +tany tana =1
_fana+tany

S (tana+tany).tan g =1-tanytana < =
( 7/) p 4 tanf l1-tanatany

o cotf=tan(a+y) <cos(a+pf+y)=0 (1)
Vi a,ﬁ,ye[O;%} nén a+,8+;/e[0;37ﬂj.Dodé (1)c>a+,3+;/:%.

Bt dang thic can ching minh twong dwong véi: sin2a +sin28 +6siny < 2410 2
VT (2)=2sin(a + B).cos(a — B)+6siny =2sin (%—yj.ces(a —B)+6siny

= 2c0sy.cos(a - f3)+6siny < \/[40052 (= B)+6](cos’y +sin’y) </4+36 = 2/10.
X (x+7y)+y?(y+7x)
\/X4y2 +x2y4

30. Cho X,y >0. Tim gié tri nho nhit cta biéu thirc: A=

HD:
Ap dung bat dang thirxc AM-GM ta c6:

X2 (X+7y)+y2 (y+7x) =X+ y +Txy (x+y)=(x+ y)3+4xy(x+ y)24\/x_y(x+y)2

2
Sy extyt = (2 faxy (¢ +y?) < |2 Ky 2y Py (x+y)
2 N2 2 22
qu ra: A>82.
Déu "=" xay ra khi va chikhi x=y.

Vay min A=82.

\ 7 X i ~ l e =z c 17 A 5 <R I
31. Cho a,b,c la c&c so duong théa mén a+b+c= > Tinh gi& tri 16n nhat cta biéu thirc:

P:\/( (a+b)(b+c) +\/( (b+c)(a+c) +\/( (a+c)(a+b)

a+b)(b+c)+a+c b+c)(a+c)+a+b a+c)(a+b)+b+c

HD:
bat x=a+b, y=b+c, z=a+c.Suyra: x+y+z=2(a+b+c)=1.
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Khidé:P:\/ s +\/ yz +\/ X

xy+z \yz+x \zx+y

Ta co: Xy = Xy = Xy = Xy = X . y Sl L_FL .
Xy+z xy+z(x+y+z) (x+z)(y+2) Xy +2 X+2Z y+z 2\ Xx+7 y+1z

Chirng minh tuong tu ta dugc: yz Si y + . ; X Si i+L.
yz+Xx 2\y+Xx z+X IX+y 2\z+y X4y

A A A 7 A < , A 3
Cong ve theo veé cac bat dang thuc trén ta dugc: P < 2

Déu "=" xay ra khi va chikhi a=b=c =%.

Vay maxPzg khia=b=c==.

(1—«/tanatan,6)

32. Cho a, B la céc gdc nhon. Tim gié tri 16n nhit cta biéu thic P =
cota +cot

HD:
Ap dung bét dang thire AM-GM ta co:

(1—«/tanatanﬁ) 1

2
2jootacotp  4° tanatanﬁ'(l_\/ta”“ta”ﬁ)-(l—x/tanatanﬁ)SE.

P<

X2 +y?+22°
Xy+vyz

33. Cho X, Y,z >0. Tim gia tri nho nhat coia A=
HD:

) )

X—= =Y | +2| 2—,|=Y

. 8 3 6 X 1 : 8 .. 2 1
Taco: A— 5: >0. Dé dang suy ra MinA = 3 khi x = Eyva Z= gy.

Xy +Yyz

34. Tim gia trj 16n nhét, nhé nhét cia ham s6: f (x) = x(2012 ++/2014 - x? ) trén mién x4c dinh cua né.
HD:

Diéu kién: —/2014 < x <+/2014 .

Ap dung lan luot co béat dang thirc Cauchy-Schwarz va AM-GM ta co:

2 2
[F(x)]=[|(v20124/2012 +1/2014~ ¢* ) <|x|2013 2012+ 2014 - X* < 2013.% — 201342013

Suy ra: 20132013 < f (x) < 20134/2013.
D& dang kiém tra dugc: f (\/2013) = 2013/2013; f (—\/2013) = -2013+/2013 .

bva . cvb . avc o1
4bJc—cva 4ca-avb davb-bve
bva a

>
4bc—ca  a+b+c
Dé dang suy ta dugc dicu phai chirng minh.

35. Cho a,b,c €(1;2). Ching minh:

HD: Chirng minh: C>...C>(a+b)(b+C)Z4b\/E ludn ding.
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