PAI HQC SU PHAM HA NOI

NHIN BAI TOAN DUOI QUAN DPIEM CUC TRI

I - Ly thuyét
Gia st f(x) 1a ham s6 thuc xdch dinh trén mién M. Khi do:

1. Néu f(x) c6 gia tri nho nhat trén M thi:
Nguyén li 1: f(x)>c v6i moi xe M khi va chi khi min f(x)>c.
xeM
Nguyén li 2: Bat phuong trinh f(x)<c ¢6 nghiém thuoc M khi va chi khi

min f(x) <c.
xeM

2. Neéu f(x) c6 gia tri 16n nhat trén M thi :
Nguyén li 3: f(x)<c v6i moi xe M khi va chi khi max f(x)<c.
xeM
Nguyén li 4: Bat phuong trinh f(x)>c ¢6 nghiém thuoc M khi va chi khi

max f(x)2C
xeM

3. Néu f(x) c6 dong thoi gia tri nho nhat va gia tri 16n nhét trén M, thi phuong
trinh f(x) = m c6 nghiém khi va chi khi

mglf(x)ﬁmﬁma[bxf(x)

Sau day toi xin gidi thiéu mot vai ting dung cua 4 nguyeén Ii cuc tri trén dé giai
quy€t mot so bai toan.

II- Ung dung.

1.Ung dung trong phwong trinh va bat phwong trinh.
a) Xét tam thirc bdc hai f(x)= ax’ + bx + ¢ ( a»0) dwdi quan diém cuc tri:

2 2
Ta ¢6 £(x) = a(x+2iJ _ b7 mdac

a 4a

2
af(x) = az(x+2iaj —%

A
f(x) > -—.
= af(x) 2 1
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Tur d6 ta nhan thay:

+)a>0, minf(x) = -4£ . maxf(x) =+
a

+) a< 0, maxf(x) = —4A , minf(x) = -oo.
a

a>0
a>0
+) f(x) 20 VX & (:){

mjnf(x)z—AZO A<0
da

+)Phuong trinh f(x)=0 c6 nghiém khi

a>=>0
{minf(x) = —f—a = 0 < maxf(x) = +ow.

a<0 =8z0
{maxf(x] = —f—a = 0 = minf(x) = +ow.

7 P 2 . P . >O
Vi du 1: Dé chiing minh ax* + bx + ¢ 20 ,Vxe R ta ching minh {aA<0

CMR: x*y* +2(x* +2)y*> +4xy+x* 24xy’ , Vx,y

Gidi

Ppecm < x*(y*+1)? + 4y(1-y)x +4y* > 0

Dit f(x) = (y> +1)*x* + 4y(1 - yH)x + 4y?

Tacé A’ =4y*(1 - y*)> —4y*(y* + 1) =-16y* < 0 Vy.

A'<0

(2 1) >0 = f(x) 20 Vvx,y (dpcm).

Suy ra {
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VD2: Tu a.f(x) >0 Vx suyra A<0.

Chitng minh bat dang thic Bunhiacopki

Gidi
+) Néu Y a,° =0 thi BDT dugc chitng minh.

+) Néu Ya,° #0 thi

1) o (iaibi) —(iaizj(ibfjso

Patf(x) = (Za) x> — 2(Zab, )X + ¥b’

=3 X>-2ab X -b?)
i=1

=3(a,X-b)"20, VX.
i=1
20 n 2 n n
taco: (7020 wfan ] (507 507)<0
a=a 20 i i
= Dpcem.

2 2, 2 _
VD3: Cho x,y,7 12 nghiém cita hé phuong trinh {x +y’ +2 =8
xy+yz+xz=4

CMR: -3 <y y.. <2
3 3
Gidi

) 24322852
Tacé {F 77 ¢
xy=4—-z(x+y)

=8-7"=(x+y)" =2xy=(x+y)> —8+2z(x+y)

= +y ) +2z(x+Y)+72° =16 > x+y+z==14

3
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+)x+y+z=4hayx+y=-z+4
Thay vao phuong trinh dudi ta suy ra xy= (z -2).
Vay X, y 1a nghiém ctia phuong trinh X* - (4 - 2)X + (z- 2)* = 0.

Taco A=(4-2)"-4(z-2)" =20

oo

=28-32)<0=0<z<> (1)

W

+) V6i x+y+z = -4 hay x+y =-z—4
Thay vao phuong trinh sau ta suy ra xy = (z + 2)%
Vay x,y 1a nghiém ctia phuong trinh: X> — (4 + )X + (z +2)*=0

=>A=(4+2)"-4(z+2)* 20
8
= z(3x+8)<0 :>—§£z30 2)

Két hop (1) va (2) ta duge —%sm%.

~ . Y 2 N A ~ 7/ 8 8
Vi vai tro cua x, y, z 1a nhu nhau nén ta cling c6 -3 <x,v,z< 3

Bai tap tham khao

1) CMR: 19x* +54y* + 162> — 16xz - 24yz + 36xy > 0 Vx,y,z
2) Cho ab,c thoda man diéu kién a+d = b+c. CMR: néu ldy m sao cho
|ad —bd <2m thi (x - a)(x- b)(x - ¢)(x - d) + m? >0 Vx.

3) Choax +by >,/xy , Vx,yduong. CMR: ab 2%.

4) Cho cic s6a , b >0 (i=12,71n) thod man: 0<m<Z<m ,vi.
a.

l

CMR: a) b’ + mMa® < (m+ M )a,b,

o B SE) ey

n : AmM
B
i=1
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b) Tinh chdt ciia ham sé f (x) = acosx + bsinx + c_nhin theo quan diém cuc tri

nhu thé nao
Gidi
Ta biét rang ham nay duogc quy Ve

fx)=vVaZ+brcosx(x— @) +c ,v6i cosp = —

VaZ+bZE

Khi d6 ta thiy ngay min f(x)=c - 1/a? + b* va max f(x)= c+y/a? + b? . T d6 ta
ta suy ra:

i) f(x) 20 v61i moi x khi va chi khi min f(x) = c—- ya?+b* =0 va do do
c=+va® + b?

ii) f(x) =<0 v4i moi x khi va chi khi min f(x) =c+ v/ a* + bh* < 0 va do
dé6 c=+a*+b?

iii) Phuong trinh f(x)=0 c¢6 nghiém khi va chi khi c-ya? + b = 0
=c+ Va*+ b2

diéu nay twong duwong véi |c| = +va? + b*hay ¢ =a+ b’
iv) Bat phuong trinh f(x) <0 c¢6 nghiém khi va chi khi
min f(x) =c-+/aZ+ b2 = 0hay c =+ a? + b?
v) Bat phuong trinh f (x) >0 ¢6 nghiém khi va chi khi
maxf(x) = c++/aZ + b? = 0 hay c= —/aZ? + b2

vi) f(x)ddng nhat khi va chi khi f(x)=maxf(x)=0 twong dwong
c-va®+b* =0 =c++va?+ b* ,hay a=b=c=0.

cosx+2sinx+3

Vi du: Tim gid tri 16n nhat gi4 tri nho nhat ctia ham s6 y= trong

2cosx —sinx+4

khoang [-: 7]

Vi 2cosx — sinx + 4 = (0 nén
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cosx+2sinx+3

Y, thudc mién gid tri ctia hamsd : y, = .
2Cosx—sinx+4

& 2y, — Deosx — (v, + 2)sinx = —4y, + 3 (1)
(1) c6 nghiém < (2y, —1)*+ (v, +2)* =2 (3 —4y,)*?

S11yW —-247 +4=0

2
=y, =
{:}11_}!0_2

Suy ra miny = % , maxy = 2.
BAI TAP THAM KHAOQ

1) Cho ham s6 y = 4x? — 4ax + a® — 2avéi x€ [—2;0].
Tim a dé min y=2.

2) Cho ham s6 y = cos*x + sin*x + msinxcosx. Tuy theo m tim min, max cua

ham sb.
3) X4ch dinh m dé 1 + cosx + éms&r +§£033x = m, VX.
4) X4ch dinh a dé v6i moi x thi :
3cos*x — Beos3x — 36sin°x — 15c0sx + 364+ 24a—120= 0.

¢) Bai todn bién ludn sé nghiém va tinh ¢ nghiém ciia mot phwong trinh va bt
phwong trinh 1u6n 12 mot bai todn quan trong, st dung cuc tri dé giai bai toan nay

12 mot cong cu hét stre hiéu qua. Trong phan niy t6i xin gidi thidu mot sd bai todn
ap dung tinh chat 3 dé giai quyét twong ddi d& dang.

Vi du I: Xic dinh m dé phuong trinh sau ¢6 nghiém:

X+y2x2+1 =m
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Xéthaimsb y = f(x) =x +/2x2 + 1

. 1+ 1 A V2xZ+1+ 2x
X) = — 4y = ——
(x) 24227 +1 V2xZ+1

Px)=0=+2x*+1 +2x= 0
= y2x2 41 + 2x c}x:—%
Ta c6 bang bién thién :

X —_

2 (x) - 0 4

f(x) | 40 \? /m

A . ) A 2
Vay phuong trinh f(x) = m c6 nghiém < m = %
Vi du 2:Giai phuong trinh sau:
. n T
sin"x +cos"x= 2 = (x € (G;;jj
Gidi
xétham sd f(x) = sin™x + cos™x (x € (G;E)]

f’(X)=n sin™ 1x cosx + cos™ *x sinx
=n sinxcosx(sin™ *x +cos" *x )

trong (0; g] thi n sinxcosx > 0
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g Faa—2 n—2 b T _r
’(x) =(sin""“x +cos™ “x =DmaxE(o;5) @x—;

4o

& | =
SRR

f*(x)

N

Vay pt da cho c6 nghiém duy nhét E

f(x)

Xét phuwong trinh f(x) = g(x) xdc dinh trén mién M.
Néu f(x) = c = g(x) V¥ x € M thi phuong trinh twong duong véi phuong trinh

sau: f(x)=c=g(x) .

Xétvidu

sint®x+cost%x sin®x+cos®x

Giai phuong trinh = -
p & 4 4cos22x+5in°2x

Giai
Phuong trinh da cho tuong duong voi
sin*°x + cos*°x 1 _%sz 2x
4 4 —3sin?2x
& sint%x+cosx =1
Ta c6 =1 sin*’x < sin’x
cos'®x < cos’x
suyra sin*®x+cost?x =1
Do détaco:

sin®x = sin*x o

= {
cos%x = cos?x (3
{sim.::{] hode |sinx| =1

cosx =0 hodc |cosx|=1

©x=k; k€L
Vay nghiém cua phuong trinh 12 : X = k;l ke L

e

Chii y Tir cdch giai trén bang cach tuong ty giai bai todn tong quat sau:
V&1 m, n nguyén 16n hon 2 , giai phuong trinh sau:

sin™x +cos™x =1
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Khi d6 ta thdy n6 twong duong véi hé sau:

{sinmx = sin®x

cos™x = cos*x

C6 4 kha nang sau xay ra:

1.Néu m=2k ,n=2] (trc m,n cung chﬁn)
X = t;_l te T

2. Néum =2k, n = 21 +1 (m chin ,n 1¢)
x=‘21 +to,x=2tn ;t€ T

3.Néum ,n cung l¢
T
x = 2tm; x=§ +tr

4.Néum lé ,n chan :

=L, xr= ;T— + i

BAI TAP THAM KHAO
1) Giai phuong trinh
9
sin*x + cos*x+ sin*(x+y) = 2
2) Giai phuong trinh
sin®x + cos®x = 32( sin**x + cos**x)
3) Giai phuong trinh

sinx + cosx = 2 (2 —sin3x) .
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2. Bit diang thire nhin dwéi quan diém cuec tri:

Chung minh 1 bat déng thirc dai sb fx)=a Vx; (f(x)=a)) x€ R"
nhin dudi quan diém cuc trj 12 tim cyc dai hodc cuc tiéu ctia ham sd : min f(x)
(max f(x) ) roi chirng minh min f(x)= a; (f(x) < a).trong viéc khao siat ham
sb,cuc tri ctia ham sd 13 gia tri 16n nhét hodc nho nhat ma ham sb dat duoc trong
lan can du nho.

VD1

Cho a; @5 ,..@,, by by ,..b,> 0. Ta cé thé chimg minh mot cich rat dé

dang bat dang thirc sau:

’a12+h22 +o+ [a,,f+£;=,ﬂ2 = Jla,+ - +a)? + (b, +-3+b,)’

Giai
A
B, Ca A
B, z
B; [T 7 G4
o0 4, 4, A, g

Trén truc hoanh va tryc tung ta dit lién tiép cdc doan thang sau:

khi d6 ta thy ,theo Pitago thi:

0C, = /alﬂ +b,?% ..5C_.C,= |a,2+Db,°

0C, = [ ()

Nhu vay VT 1a téng cua nhitng dudng gap khdc tir O toi C,-

10
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VP la d¢ dai doan OC,
Vi vy hién nhién 1a VP = 0C,, = VT.

Dau ‘="xay ra khi 0: Cy; Gy . €, thang hang .

a3 s _ Oy

Tuc la

bi by by
BAy gid ta thir nhin bai toan trén theo quan diém cuc tri.

Xét ham s6 :f;, (x) = a,, sinx + by cosx

va c6 max fk{:X] = 'ﬂ.kz‘f' bkz

bat f(x)=f()+ ..+ f,(x)=(a,+ ---+ a,)sinx+ (b, +---+ b, )cosx

max f(x)= /(a;++a,)? + (b +-+b,)?
Ta co

max f;(x)+---+max f,(x)=maxf(x)

Bai todn dugc chiing minh.
Nhdn xét

Ta thay rang d6i voi cdch nay, diéu kién cic s6: a; a, ,...a,, by b, ,..b,>0
12 khong can thiét.

Nhu vay ,v6i céc s6 @y @y ,...@,, by b, ,..b, € R thi cich 1 1a khong thoa

man? Li€u khac phuc nhu thé nao?

RS rang van 1ay céc doan thang nhu trén nhung bang cich véi nhitng s6 duong
ta 1y cdc diém trén truc hoanh sang bén phai diém lién trudc(truc tung ldy 1én
trén) va lay sang bén trai diém lién trudc néu gidi tri Am ( tryc tung ldy xudng
dudi). Ta duoc BPCM.

11
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VD2 Chohamsé f(x) =x" +(c—x)%c> 0,n= 1.

a+p"
2

Chiig minh £ (x) = 2(5)". Tix d6 chimg minh (25)" <
Gidi
Mién x4c dinh: D =R ;
fre)=nx"""—(c—x)""]
fllx)=0=x""1=(c—x)"?

[

Véinchin:(1) e x=c—x<x =g.véyf’(x} = 0 c¢6 nghiém duy nhat x =3
Tacd f"(x)=nn—1)[x"*—(c —x)""?]

f'(§)=2ntn- DO >0

s
Ta c6 bang bién thién nhu sau:

G
X —_—
2

£(x) 0

£(x) \2 & _—

Suy ra f(x) dat cuc tiéu tai X = gva f G) — 2(2)?1

Chonx=a:c=a+b;a+b>0taco

a™ +b" at+b
= (
2 2

jﬂ

n n at+b
a +b E(Tj hay

12
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VD3: Cho n nguyén duong . CMR:

1—x

Y x € (0;1)
Gidai

Bat dang thiic can ching minh tuong duong 1*"(1 — x) < —

2ne

Xéthamsd f(x)= x™(1—-x) O<x<1

Ta c6 f'(x) = x"""12n— (2n+ 1)x]
r . _Im
fflx)=0 {:}x—mﬂ x >0

Suyra f(x) < f(z +1) - (2n+1}2”+1

2n?h 1

Tacm —_—
(Zn+1)2n+1 2ne

(23

an y2ntl 1
=

@s (

Zn+1

2141 2n+1
e (EZ2) e
2n

a

1\2n+1
{:}(1+— > e
2n

Tacé day sda, = (1+)" laday sd gidm va c6 gii han lae
S(1+9" >e ¥VneN

Vay ta c6 dpcm.

13
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BAI TAP THAM KHAQ

1.CMR xE'—I—(l—x]E‘i_}i VxeR

2CMR V2=V1-x+3{l+x=2Vxe [0;1]

3.Véi{]==:x=::g thildx— x® <

gsin 2x

3) Ung dung vao cic bai toan cwe tri hinh hoc

Trong todn hoc gidi tich, nguyén Ii cuc tri “ham nhan gié tri thyc va lién tuc
trén tap compact ludn c6 gid tri 16n nhat va gid tri nho nhat trén d6”. Dung nguyén
li nay ta c6 thé dé dang chirng minh sy ton tai cuc tri cua bai toan hinh hoc.

Xét bai todn -

Trong mot da gidc 16i A, 4, ... A, 1udn ton tai cdc diém I 1am cho
3r_, a,IALF dat gid tri 16n nhat,nhd nhat (a;, 12 cdc gid tri thuc khong am).
Gidi

Trong mat phéng toa d0 Oxy,goi toa dd cic diém la:

Aoy ); s Ay (s 1) 5 106 )

Pit f(x,y) = I2, 4, (J(x— )2 + (7 — V)P = X0, ap IATF .

Vi 4,4, ..A, 1amot da gidc 16i nén f(x,1)1a ham 2 bién s6 xdc dinh trén
tap compact; cac e;, khong am nén f(x,y) la ham lién tuc .Vay theo nguyén i trén
thi f(x,1) ludn dat gid tri nho nhét ,16n nhat trén d6. Téc 1a ludn ton tai diém I
thoa man yéu cau.

Bai todn 1 Cho hinh vudng c¢6 canh huyén 1a a khong d6i . Cho dudng thing d
quay xung quanh canh huyén. Hoi chi€u cao tuong ing v6i canh huyén 1a bao
nhiéu dé€ hi¢u 2 hinh nén sinh ra dat gia tri max.

14
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VD1: Cho tam gidc ABC vudng hodc tii. Ching minh rang Ry V2 +1
r
GIAI
Bét dang thirc can ching minh twong duong:

(:)1+—<\/_
R \/_+1

<:>c0sA+c0sB+c0sCS«/§

Khong giam tinh tong quat , gia sit A=max{A;B;C} > %;

. ., A A B— ., A . A
TaCO:cosA+cosB+cosC=1—251n25+251nzcos S—251n25+251n3+1

- . A 5 e N ] E
bat x=smE.B01V1H Egsuyra:%ﬂ x < 1.

PR £ .. A2
Xét ham so f'(x):—4x+2=0<:>x=l voi L=y <1
2 2

Lap bang:
1 V2
X — — 1
2 2
(%)
f(x) \
flx)< f(% =/2;Vxe [%1)
(:)cosA+cosB+cosCS\/§ Vxe [g;l)
B-C
cos =] B=C
Dang thuc xay ra khi A 5 S94-7
sin—=— 2
2 2

GV: Trin Quang Thudn 0912.676.613 — 091.5657.952



PAI HQC SU PHAM HA NOI
VD2: Cho tam giac ABC vdi a, b,c 1a d6 dai 3 canh

Chtng minh rang : absin® A+ bcsin® B+ casin® C < p’
Giai
Bdt can chirmg minh twong duong

(a+b+c)* —2ab(1—cos2A)—2bc(1—cos2B) —2ca(l—cos2C) =0
& fla)=a” +2(bcos2A+ccos2C)a+ (b° +c* +2bccos2B) >0
Xem f(a ) la tam thirc bac hai cda
V'=(bcos2A+ccos2C)’ +(b* +c* +2bccos2B) >0

=—b”sin’ 2A+2bcsin 2Asin 2C — ¢ sin® 2C)

=—(bsin2A—csin2C)*> <0

a=-bcos2A - ccos2C

dang thirc xay ra khi _ ,
bsin2A—csin2C =0

bcos2A =-a - ccos2C(1)
bsin2A =csin2C

= b=(a+cos 2A)* +c*sin*20)
s a’+c¢? —2accosB=a’ +c¢?cos2C

& cos2B+cos2C =0

2C-B 2C+8B
08 =

& Cos C 0
2 2

{2c ~B=7(3)
=
2C + B = 7(4)

Xét dang thuc(3):2C-B=7=2C=7+B

16
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C>£
2

sin2C =—sin B

=

Thay vao (2): bsin2A=-CsinB.

= gin2d = —sinC <0
A= T
=A=>=-
2
Vay (3)khong xay ra.

Tu (4) = A = C.Thay vao (2) ta c6 : bsin2A = ¢ sin2A
Can nhan xét A <= = sin24 > 0

Tudéosuyra b=c.Vaythi A=B=C.

BAI TAP THAM KHAO

1) Cho hinh vudng ¢6 canh huyén 12 a khong d6i .Cho duong thang d quay xung
quanh canh huyén. Hoi chiéu cao twong (mg voi canh huyén 13 bao nhiéu dé hiéu 2
hinh nén sinh ra dat gia tri max.

2) Cho tam gidc ABC v6i A>B >C; goid =0l CMR:
cosA<§ — %{msB < %—!— % < cosC

3) Cho tam giac ABC .CMR
a*b(a—b) +b?c(b—c)+c?alc—a)= 0

4) Cac bai toan lién quan dén dang f(x) + | g(x)|

Dé giai céc loai bai todn ndy, thong thuong ta phai phd dau tri tuyét doi, vi
vay can giai phuong trinh g(x) = 0. Ma phuong trinh nay khong phai ltic nio ciing
giai dugc. Nhung ta biét rang :

Vi 2 s6 thuce a, b thi:

17
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bl—|a-b
) min{ap)= 2F }2|a _
B {(a+b)+|a—b|
11) max{a,b}= — ;

Nguoc lai, thia- |b| = min{a+b,a—b}vaa+ |b| =max {a +b,a — b}

Nhu vdy dua vao nhitng tinh chat nay dé giai cdc bai todn tim min, max cta nhing
ham sd ¢6 dang y= f(x) + |g(x)| don gian hon nhiéu so véi viéc pha dau tri tuyét

doi.
Ta c6: max,gy V = max,y[max {f(x) + g(x), f(x)— g(x)}]

= max{ maxyey (9(x) + £(x)), max(f(x) — g(x)))

miny = il‘élﬂ [min{f (x) + g(x),f(x) — g(x) }]

xEM

= min{ min,,,(g(x) + f(x)), xmelmlfl(ﬂ:x] —g(x))}

Vi du : Tim gi4 tri nho nhét ctia ham s6 y = 2cosx + sinx - |cosx + 3sinx — 2|.
Gidi
bat f(x) = 2cosx + sinx + (cosx+ 3sinx -2) = 3cosx + 4sinx -2.

g(X) = 2cosx + sinx - (cosx+ 3sinx -2)= cosx — 2sinx +2.
Dé thay rang min f(x) = -2 - /32 + 42 = —7
min g(x) =2 - Y12+ 22 =2-4/5.

Vay miny =-7.
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BAI TAP THAM KHAQ

1)Chohamséy=|3x%—6x+2a—1|véi-2=x =3,
a) Xac dinh a dé gid tri 16n nhét ctia ham s dat gia tri nho nhat.
b) Tim a dé gi4 tri nho nhét ctia ham sb bang 29.

2) Tim gié tr1 nho nhé ctia ham sd sau: y = |cosdx + cos2x — 2| + cosx — 11.

KET LUAN

Cé4c bai todn so cap la rat da dang va phong phu. Doi véi mot s6 dang bai todn,
néu nhin dudi quan diém cuyc tri c6 thé dua lai cho ta nhiing cach giai rat doc ddo.
Mong dugc ti€p tuc trao doi vaoi ban doc.
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