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Mo dau

Bdt dang thitc (BDT) 1a mot trong nhitng ndi dung quan trong trong chirong
trinh toan phé thong, nd vira 1a ddi twong dé nghién citu ma cung vira la mot
cong cu déc lire, véi nhitng mg dung trong nhiéu linh virc khac nhau cia toan hoc.
Trong cac dé thi chon hoc sinh gidi toAn & cac cap, nhitng bai toan vé chitng minh
BDT thuomg xudt hién nhr mot dang toan kha quen thudce, nhung dé tim ra loi
gidi khong phdi 1a mot viéc dé dang.

Ly thuyét BDT da dwoc kha nhiéu tai liéu dé cap va cac bai tap vé BDT cung
khé phong pht, da dang, trong d6 cic phwong phap ching minh BDT 14 phan noi
dung quan trong thwomg gap trong nhiéu tai liéu.

Mot trong nhirng phwong phap chitng minh BDT hoac sang tao ra nhitng BDT
mai la viee lam chat BDT.

Gia st ta c6 (hodc can chiing minh) BDT A < B (twong tw v6i BDT A > B, A <
B, A > B). Néu tim duwgc bicu thitc C' sao cho A < C' < B, thi ta nbi rang BDT
thit nhat da dwoc lam chit (nghiém ngit) bdi BDT thir hai va hién nhién, BDT
thit nhat dwoc suy ra tir BDT thit hai. Viéc chiing minh dwoc BDT thit hai cho
ta mot cach chitng minh BDT thit nhat va dong thoi sing tao ra nhitng BDT mdi.
Do db, viéc tim ra cac phwong phap dé lam chat BDT la rat ¢ ¥ nghia.

D6 cung la noi dung ma luan van nay dé cap.

Luan van day 74 trang, gom cac phan muc luc, M& dau, 4 chwong noi dung, Két

luan va Tai liéu tham khao.

Chuong 1: Phuong phdp sit dung tinh chdt cia ham 10i (lom) .

Day la phwong phap co ban v quan trong nhat dé lam chat BDT ma mot s6
tai liéu hién hanh cung da dé cap, dac biét la tai liéu [1]. Phan dong gop cda luan
van, chi yéu la viéc cu thé hoa 1y thuyét cia phirong phap nay bang nhing vi du
va bai tap cu thé, co thé tach riéng thanh nhing bai tap vé BDT kha phong phi.
Kh4 nhiéu BDT quen thudc, 1 trirdmg hop riéng cia cac BDT da duoc tao ra tir

nhirng minh hoa nay. Trong phan cudi chwong, luan van cung da dwa ra dugc kha



nhiéu ham 16i (Iom) dé ban doc c6 thé ap dung sang tao ra nhieu BDT khac.
Chuong 2: Phuong phap lea chon tham sé.
Co6 thé minh hoa ¥ twdng clda phwong phap nay bdi mot vi du sau day: Gia st
a,b,cla 3 s6 khong am cb tong bang 3. Dé dang chitng minh dwoc bat ding thitc

\/a—l-\/l_)—l—\/azab—l—bc—l—ca.
1
Nhu vay, voi k > 3 thi BDT sau day luon ding
a® +bF + ¥ > ab + be + ca.

1 N
Mot cau héi tu nhién dugc dat ra, véi k < 3 thi khi nao BDT trén van duang?

~ 1 9 ~ A~ x , A~

Viéc tim dwoc so k (k < 5) nho nhat sao cho BDT trén van dung cho ta mot
phuwong phap dé lam chat BDT.

b6 cung 13 noi dung ma luan van deé cap trong chwong nay, trong d6 tham so

k duwoc xét & hai dang, 14 tham s6 doc 1ap hoac con phu thuoc vao mot tham sé khac.

Chuong 3: Phuong phap si dung tinh chdt cia ham don diéu.

Phuwong phap nay cung da dwge mot so tai lieu dé cap, dac biét 1a tai liéu [1].
Phan dong gop cua luan van & chwong nay chi yéu la viéc hé théng hoa mot so
phwong phap sdp thit tu cac dai lwong trung binh va cu thé hoa 1y thuyét cia
phwrong phap bang nhing vi du va bai tap cu thé. Kha nhieu BDT méi duwoc luan
vin sang tac, thong qua viéc lam chit BDT bang cach sit dung phwong phap nay.

Chwong 4: Phuwong phap hinh hoc.

No6i dung chwong nay dé cap dén mot s6 phwong phap lam chit BDT dai so
thong qua nhitng wéc lrong triec quan tir hinh hoc, véi nhitng vi du minh hoa kha
cu thé.

Luan van dwoc hoan thanh dwéi sy hudéng dan khoa hoc cida Tién sy Trinh
bao Chién - Nguoi Thay rat nghiém khac va tan tam trong cong viéc, nguoi Thay
khong chi gitp do, cung cap tai liéu, goi md cho tic gid nhiéu ¥ twdng hay va
truyén dat nhiéu kién thitc qui bau, cung nhu nhirng kinh nghiém nghién citu khoa
hoc méa con chi bdo cho tac gid trong tac phong lam viéc, thong cdm, khuyén khich
dong vién tac gid virot qua nhitng kho khian trong chuyén mon va cudc song. Chinh
vi vay ma tac gia luon to long biét on chan thanh va suw kinh phuc sau sac d6i véi
thay gido huéng dan - Tién sy Trinh Dao Chién.

Nhan day, tc gia cung xin bay té long biét on chan thanh dén Ban Giam Hiéu



treong Dai hoc Quy Nhon, Phong dao tao Dai hoc va sau Dai hoc, khoa Toan, qui
Thay co gido trie tiép gidng day da tao moi diéu kién thuan loi trong thoi gian tac
gid tham gia khoa hoc.

Dong thoi tAc gid cung xin bay to long biét on dén UBND Tinh Gia Lai, S&
Gi4o duc va dao tao Tinh Gia Lai, Ban Giam Hiéu trwomg THPT Ia Grai, da dong
vién va tao moi dieu kién thuan loi dé tac gid c6 nhieu thoi gian nghién ciu va
hoan thanh dé tai.

Trong qué trinh hoan thanh luén van nay, tac gid con nhan dwoc su quan tam
dong vién cla me, vo, cac anh chi em trong gia dinh, caAc ban dong nghiép, cAc anh
chi em trong 16p cao hoc khoa VII, VIII, IX cia trieomg Dai hoc Qui Nhon. Thc gid
xin chan thanh cam on tat cd sw quan tam va dong vién do.

D& hoan thanh luan van, tac gid da rdt co gang tap trung nghién ctru, song do
it nhieu han ché ve thoi gian, cung nhir vé nang lirc nén chic chin trong luin vin
con nhiéu van dé chuwa dé cap dén va kho tranh khoi nhirng thiéu s6t nhat dinh.
TAc gid rat mong nhan dwgc su chi bdo cia qui thiay co va nhitng gop ¥ cia ban

doc vé luan van nay.

Quy Nhon, thang 02 nam 2008

TAc gia



Chuong 1

Phuong phéap sitt dung tinh chat

ham 16i (16m)

1.1 Tht tu sip dwoc cda day bat ddng thirc
sinh b&i ham 16i (16m)
Truede hét, véi hai s6 thue a > b, ta stt dung ki hiéu I(a;b) dé ngam dinh mot

trong bon tap hop (a;b), [a;b), (a;b] va [a; b].
Trong [1], hai két qud sau day da dwgce chitng minh:

Dinh 1y 1.1.1. Gid s cho trudc ham sé y = f(x) ¢6 f"(x) > 0 (ham 16i) trén

I(a;b) va gid s x1, 22 € I(a;b) véi x1 < xo. Khi dé, véi moi day sé tang dan {uy}

T+ X2
trong <x1; 7)
2
x1:u0<u1<uz<...<un<x1;—x2 (1.1)
va day so gidm dan {vy} trong <x1 i xz;l’g).’
xl;xz < Uy < Vpep < oo < U7 < Vg = To (1.2)
sao cho
uj+vj=x1+x2, Vj=0,1,....0n (1.3)
ta déu cé
fuo) + f(vo) = f(ur) + fvr) = ... = flun) + f(vn). (1.4)

NG6i cich khac: Day {f(u;) + f(v;)}, = 0,1,...,n, la mét day gidm.



Dinh 1y 1.1.2. Gid su cho trudc ham sé y = f(x) c6 f"(x) <0 (ham lom) trén

I(a;b) va gid s x1, 22 € I(a;b) véi x1 < xo. Khi dé, véi moi day sé tang dan {uy}

( l’l—l—l’z)
trong | x1; :
2
T+ X2
T =Ug <UL < Uy < ... <Up < 5
\ ~ ~ . = T +$2
va day $é giam dan {vg} trong ( ;1’2) :
T+ X2
5 < Up < Upo1 < ...<V1 < Vg =29
sao cho
U —l—’Uj =T —I—I’Q,Vj = 0, 1, ey 1,
ta déu co

f(uo) + fvo) < flur) + f(v1) < oo < flun) + f(vn). (1.5)
N6i cach khac: Day {f(u;) + f(v;)}, 5=0,1,...,n, la mét day ting.

Nhan xét rang, dé co6 dwoc nhitng két qua tir Dinh 11 1.1.1 hoac Dinh 1i 1.1.2,
diéu quan trong trude hét 1a phai xay dung trén I(a;b) hai day {ux} va {vx} thod
man nhtng diéu kién cia dinh 1i. Sau d6 1a viéc tim nhirng ham s6 y = f(x) cd
f"(x) > 0 hoac f"(z) <0 trén I(a;b) dé ap dung.

Dudi day 14 mot vai minh hoa cho hai dinh 1i trén, véi nhimg day s6 va ham
s6 don gidn nhat. Ban doc c6 thé tim ra nhitng két qua khac, phong phii hon.

Véi hai 56 thue cho truée 71 < 9, hinh dnh cda cac diém u; va v; lan lwgt

T1+ T o A
Lt T2 trén truc so gitp ta xay dung

"tién déu” ve trung diém cia doan [z179] 14
duge hai day {ug} va {vx} thod man nhirng diéu kién cia Dinh 1i 1.1.1 va Dinh 1i
1.1.2 nhu sau:

Vi du 1.1.
o = T1,u1 = T1 4+ 2L Uy = +nI2_I1—(n+2)I1+mE2.
O T S )y T T T e D 2n+1)
o = T 1 = g — 22T o — _niz—atl_nzcl+(n+2)a:2

Bay gio, xét ham so
f(z) =2%z € R

Ta co
f"(x)=2>0;Vx € R.

Do do, theo Dinh 1i 1.1.1, ta co



Bat ding thic 1.1.

<2na¢1 + 2x2)2 <2$1 + 2nx2>2

2 2 (2n + 1)z + x2\2 /21 + (2n+ 1)x9\2
o sgs(Brln sy ns o e,
2(n+1) 2(n+1) 2(n+1) 2(n+1)
2<(n +2)z + n:rg)2 <nz1 + (n+ 2)x2)22 (a:l + xz)z;Vxl,xg cR.
2(n+1) 2(n+1) 2
Tiép tuc, néu xét ham so
f(l’) =T > 0
Ta co 9
f'(x) = — > 0;Ve > 0.
x
Do do, theo Dinh 11 1.1.1, ta co
Bat ding thic 1.2.
1 N 1 - 2(n+1) 2(n+1) - 2(n+1) 2(n+1)
1wy 2n+Dxi4+2ze 1+ 2n+ Dxe — 2nxy + 210 211 4 2019

2(n+1) 2(n+1) - 4
T (n+2)z+nxe nri+(n+2)xe T 21+ 20

Bay gio, xét ham so

Vo, xe >0, n > 1.

f(x) = a;z > 0.
Ta co
f(w) = -
Do do, theo Dinh 11 1.1.1, ta co

1
> 0;Vx > 0.
doy/x ~ v

Bat ddng thirc 1.3.

(2n + 1)x1 + a2 1+ (2n 4 1)3z, . 2nxy + 2xo 211 + 2nxy
2(n+1) 2(n+1) 2(n+1) 2(n+1)

(n+2)x1 + naxy nxy + (n + 2)xs 1+ T2
<o < <y =2 Va1, > 0n > 1.
S \\/ e o(n+1) —\ 2 T =

Tiép tuc, néu xét ham so

PR

SINT
= ——: 2z € (0;m).
fla) = 7o a e (0im)
Ta ¢cb . ) )
() = _sinx + 1+ cos™x < 0; Yz € (0:7).

(1+ sinx)?
Do do, theo Dinh 1i 1.1.1, ta co



Bat ding thic 1.4.

- 2n4+ Doy + 22 x4 (2n+ 1)z,
. . sin sin
SinTy SiNTo 2(n+1) 2(n+1)
: + ; < <
1+ sinz; 1+ sinxs — C(2n+ 1Dz + a9 w1+ (2n 4 1)ag
14 sin 14 sin
2(n+1) 2(n+1)
_(n+2)x1 + nag . nxy+ (n+2)x
sin sin
2(n+1) 2(n+1)
~
. (n+2)zy + nay . nxy+ (n+2)xs
1 1
+ sin 2n+1) + sin 20n + 1)
. T1+ T2
sin—,
<2 . xl_l_xz;‘v’xl,xgE(O;w),nzl
14 sin 5

Bay giv, trd lai véi Dinh 11 1.1.1 va Dinh 1i 1.1.2. C6 thé chitng minh dwoc
rang két qua (1.4) va (1.5) van dang néu thay (1.3) bdi mot gid thiét manh hon.
Ta cb cac két qua sau day:

Dinh 1y 1.1.3. Gid su cho trudec ham sé y = f(x) c6 f"(x) > 0 (ham 10i) trén
I(a;b) va gid s x1, 22 € I(a;b) véi x1 < xo. Khi dé, véi moi day sé tang dan {uy}
T+ $2) )

trong (:.171; 5

T+ X2
2

T =Ug <UL < Uy < ... <Up <

T1+ 22 )

va day so gidm dan {vy} trong ( 5 a2 )

T+ X2
2

< Up < Upo1 < ...<vV1 < Vg =22
sao cho
T1+To=Uy+ Vg > U+ V1> > Uy + Uy, (1.6)
ta déu co
f(uo) + f(vo) > flur) + f(v1) > - > f(un) + f(vn).
N6i cich khac: Day {f(u;) + f(v;)}, 5=0,1,--- ,n, la mét day gidm.
Chitng minh. V&imoi j € {0,1,--- ,n}, tir cac gid thiét, ta cd

Uj4+1 —|-’Uj+1 < Ug + Vo - 1+ 22
< =
2 2 2

Uj < Ujp1 < < Vj41 < V5.



Bay gio, véi moi j € {0,1,...,n}, dat

Uj+1 — Uj = €41
Uj = Uj+1 = Oj41-
Thé thi
0< €5+1 < 5j+1;Vj S {0, 1, ,TL}
Bay gio, véi moi j € {0,1,...,n}, theo Dinh li Lagrange, ta c6
flujn) — fuy) = f(cjn)(wipr — uy) = f(cira)€j41, VOI i € (ug;ujp1);
f() = f(vj) = f(djp1)(v; —vje1) = f(djy1)dj41, Vi dj1 € (Vjg1;05).
Hon ntta, vi ¢j11 < djq1; Vi € {0,1,....,n} va f’(x) > 0, nén ta co

f/(cj-l-l) < f/(dj-l-l)av] € {07 17 ,TL}
Do do, ta co
f(uj-l-l) - .f(uj) < .f('Uj) - .f(vj—l—l);vj € {07 17 "'>n}>
hay
flug) + f(v;) = flugen) + f(vjm): V5 € {0, 1, ... n}
Ta c6 diéu phai chitng minh. O
Twong tu, ta co

Dinh 1y 1.1.4. Gid s cho trude ham sé y = f(x) ¢6 f"(x) < 0 (ham lom) trén

I(a;b) va gid s x1, 22 € I(a;b) véi x1 < xo. Khi dé, véi moi day sé tang dan {uy}

< ZE1+ZE2)
trong | x1; :
2
T+ X2
T1=Ug <UL < Uy <+ < Up < 5
o e “ T+
va day sé giam dan {v} trong < ! 2;:B2).'

T+ X2
2

< Up < Upo1 < - <01 < V=22

sao cho

T1+Tog=1uy+ Vo> U +V > > Uy + Uy,
ta déu cé
fluo) + fvo) < flur) + f(or) < -+ < flun) + f(vn).
N6i cich khac: Day {f(u;) + f(v;)}, 5=0,1,--+ ,n, la mét day ting.
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~ [EN 7. . ’ N 7 o N
Béy gitr, véi hai s6 thue cho trude 2y < 22, hinh dnh cda cac diem wu; va v; lan
1+ T2

lwgt 7tién cham dan déu” vé trung diém cia doan [z12,] 14 trén truc so
gitp ta xay dung duwgce hai day {ux} va {vx} thod man nhing diéu kién cia Dinh

i 1.1.3 va Dinh 1i 1.1.4 nhw sau:

Vi du 1.2.
To — X1
uole,ulle—l— 92 yaeny
To — X1 To — X1 (2n+1 - 2" + 1)1’1 + (2” — 1)1’2
un — 1’1 _I_ “ e — ’
22 gn+1 on+1
To — X1
’Uozl‘z”vlzl’z— 22 ’...’
To — X1 To — X1 (2” — 1)1’1 + (2n+1 - 2" + 1)1’2
Unzfz—T ———— ont1 = on+1 .

Ngoai ra, c¢6 thé phoi hop chc cach tao day nhw trén, ta thu duwoc cac cip day
{up} va {vx} thod man nhitng dieu kién cia Dinh i 1.1.3 va Dinh 1i 1.1.4, ching

han:
Vi du 1.3.
Uo = T1. Uy = Ty + Tg —x1 T2 21
0=7T1,U1 =11 2t Pmrn
T2~ T2 — 1 Tp — I To — T
Unp x1+n2(n+1) (22(n+1) 23(n+1)‘|‘ +2n+1(n+1))
((n+ 12" — (n = 1)2" — D)oy + ((n — 1)2" + 1)y
= (n—|—1)2"+1 ;
Vg = X2,V1 =T R S T~ _nx2_$1 _nwy+ (n+2)xy
0= T2,V1 = T2 omt+ 1) T 2 2(n+1) 2(n +1)

Cudi cung, vGi viée chon cac ham s6 y = f(x) ¢6 f”(x) > 0 hodc f”(x) < 0
trén I(a;b), ta se thu dwgc kha nhiéu vi du phong phi.

DGi véi cac ham s6 161 hodc lom, ngoai cac dinh 1i néu trén, cac dang cia Bat
dang thitc Karamata con cho ta nhirng phwong phap lam chat bat dang thitc rat
hiéu qud. Sau day la cic két qud co dién, da dwoc trinh bay trong [1], ma ta cb

thé mo ta thong qua mot s6 vi du.
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1.2 Bat didng thirc Karamata

Dinh 1y 1.2.1. (Bdt dang thitc Karamata)

Cho ham sé y = f(x) ¢é dao ham cdp hai tai moi x € (a;b) sao cho f"(x) >0
vdi moi x € (a;b).

Gid s ay,ag, -+ ,an V4 T1, T2, , Ty la cdc $6 thudc [a;b], thod man diéu kién

T1 2> Xg 2> 2> Ty,

alzagz---zan

T+ a2+ ... +xTp1 2 arHaz+ .+ ap
(T1+ T2+ ...+ Tp=a1 + a2+ ... +ap

Khi do, ta luon co

flax) =) flaw).

k=1
Nhén xét rang, cac gid thiét cia hai day {z3} va {as} 1a kha nhiéu. Véi nhitng
kién thitc co ban ve dai s6 tuyén tinh, ta co thé chirng minh két qua sau day
Dinh 1y 1.2.2. (I.Schur)
Diéu kién cin va di dé hai b6 day sé don diéu gidm {xy, apk = 1,2,--- ,n},

thod man cac diéu kién

1+ 2o+ -+ Tpor 2 ar a2t A+ apa
T+ Tt T = aiFas - Fa,

la gitta ching c6 mot phép bién do'i tuyén tinh dang

n
a; = E tijl’j;’i: 1,2,"- , N,
=1
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trong do
tkl 2 O’Ztkj = 1’Ztﬂ = 1’]{;’l — 1’2’... , M.
J=1 j=1

C6 thé m6 ta ma tran (¢;;) qua mot vi du sau day:

Vi du 1.4. Xét day sé khong am bt ky o, oo, -+, an c6 tong bang a > 0.
Véimoii=1,2,---,n, ta dat
Q
o
Thé thi ma tran (ai;); i,5 = 1,2,--- ,n, c6 thé zdc dinh nhw sau
Qi = Qj4j5-1; néu 1 —l—] < n+1
Ajj = Qjpj—n—1; néu 1 ‘l‘] >n+ 1.
Vi du 1.5. Gid st €1, €, €3 la 3 s6 duong c6 tong bang 1. Chon k thod man
1 1 1
0< k<min ; ; .
= = 61(1 — 61) 62(1 — 62) 63(1 — 63)}
Thé thi ma tran (ai;); i,5 = 1,2,--- ,n, c6 thé zdc dinh nhw sau

aij =ke; —ke;+1 ;néui=j
a;; = keiej ; néu i # j.
Twong tu Dinh 11 1.2.5, ta co

Pinh 1y 1.2.3. Cho ham s6 y = f(x) ¢6 dao ham cdp hai tai moi x € (a;b)
sao cho f"(x) < 0 vdi moi x € (a;b).

Gid sit ay, a9, ,ay V4 Ty, Ty, - -

, Ty la cdc $6 thudc [a;b], thod man diéu kién
T ST <0 K Ty,

a;r < az < KAy

(
T < ap

T1+ T2 < a1+ az

Ti+To+ -+ Tp1 <at+ax+- -+ apg

21+t Fa, = a b a o a,
Khi dé, ta luon co

n

flae) <D flaw).

k=1
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Tuy nhién, khi gid thiét cudi cting
T1+x2+ - +rp=ar+a+---+ay

trong Dinh 11 1.2.1 va Dinh 1i 1.2.2 bi pha v&, can phai c6 nhimg két qua manh hon
dé thay thé. Ta co hai két qua sau day

Dinh 1y 1.2.4. Cho ham sé y = f(x) ¢6 dao ham cdp hai tai moi x € (a;b)
sao cho f'(x) > 0 vdi moi x € [a;b] va f'(x) > 0 vdi moi x € (a;b).
Gid st ay,ag, -+ , @y V4 T1,Ta, -+, Ty ld cde $6 thudce [a;b], dong thei thod man

cac dieu kién

T1+ T2 > a1+ a

(T1+ 22+ Fx, >artat ot a,

Khi dé, ta luon co

flax) =) flaw).

k=1
Dinh 1y 1.2.5. Cho ham s6" y = f(x) ¢6 dao ham cdp hai tai moi x € (a;b)
sao cho f'(x) >0 vdi moi x € [a;b] va f"(x) <0 vdi moi x € (a;b).
Gid st ay,ag, -+ , @y V4 T1,Ta, -+, Ty ld cde $6 thudc [a;b], dong thei thod man
cac dieu kién
a; < az <+ < Ay,
TIS TS S Ty

(
1 < aq

T1+ 22 < a1+ az

(1 + 22+t <artart - ta,

Khi dé, ta luon co

flae) <D flaw).

k=1
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Ta thay rang, doi véi cac dang cia bat dang thirc Karamata, viéc tim ra cac
cap day {ar} va {z;} thod man diéu kién cida dinh 1{ 1& rat quan trong. Sau day

14 mot s6 vi du vé viée xay dung cac day nay.
Vi du 1.6. Gid sw cho trudce day s6 giam
T1 > X9 > ... > Ty
Khi dé, luon ton tai day sé khong am oy, ao, -+, u_1 Sao cho

Ti—Qp 2 Ta+Qp —Qa > 2 Tyg + Qg — Q1 = Ty + Q1.

That vay, ta chi can chon day ay, s, , a,_1 nhu sau
T —T To— T Tp1—T
0<a < =2 0<a< 22 [ 0<apy <
2 2 2
Chang han, xét day s6 {z,}, v6i 2, = —n, n=1,2,---

Khi do, ta co x1 > 29 > -+ - > xy,.
Ngoai ra, v&éi moi n > 2, ta cod

Tp—1— Tp 1

2 2
Vay, néu chon day s6 oy, ag, -+, a,_1, trong do
1 > 2
ap = —3n
2n
thi ta co .
0<a, < i;Vn > 2
va .
Oy — Olpy] = ;Vn > 3
? T2 —2)(n—1)

Thé thi, ta co
T —Qp 2 Ta+Qp —Qa > 2 Ty + Qg — Q1 = Ty + Q1.

Bay gio, xét ham 16i f(z) = 2%; x € R. Thé thi, theo nhan xét trén, ta co két

qua sau day

Bat ddng thirc 1.5.

2 2 2 1\2 1\2
i R i SR o <$1—§) +<a:2+1) +---

+<I"‘1 o= 2;(71 = 1))2+<33" + ﬁ)z

Yl . A~
VoL moi SO thuc x1,xa, -+, Ty.
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Vi du 1.7. Gid s ay, a9, ,a, la cic s thuc dwong.

Ta xét bo b = (bl,bg,"' ,bn) la bo hodn vi cia day (lnal,lnag,--- ,lnan)
z€p theo thit tw gidm dan. Véi moii € {1,--- ,n}, c6 thé coi b; = lnay,, vdi
(K1, ka, -+ kn) ld hodn vi ndo dé cia (1,2,--- ,n).

Bay qio, ta lai zét bo ¢ = (01,02, e ,cn) la bO hodn vi cia day

2 2 2 2
a® a a a
(ln—l,ln—z,--- Jn n_l,ln—")
a9 as (07% aq
2
2€p theo thit tw gidm din. Véi méii € {1,--- ,n}, ¢é thé coi ¢; = In—2—, véi
Ak +1

(K1, k2, -+, ky) la hodn vi nao dé cia (1,2, ,n).
Dé ding kiém tra dugc ring cdp day {cx} va {bx} thod man dieu kién ciia Dinh
i 1.2.1.

Bay gio, xét ham 161 f(x) :ln(l + em), x € R. Thé thi, theo Pinh 1i 1.2.1, ta

co

Bat ddng thirc 1.6.

(1 a) (1+a) - (1+an)< (Ha_?) (Ha_%)...(Hﬁ)

as as ay
V61 moi 8O thuce dwong ar,as, -+, ay.
Hé qua 1.2.1.
a? a’ a?
(14 a1)(14as) - (1+an)< (1+—1) (1+—2)--- (1+—")
as as ay
aja asa ata
<(1+¥)(1+2_44)...(1+ n42)<...
s a3 ay
v&i moi s0 thuc dvong ay,az, - , ay.

Ta thiy rang, v6i cap day {ci} va {bx} trén, néu chon ham s6 phu hop, ta
se thu dwoc nhieu bat dang thitc khac. Chang han, xét ham 16i f(z) = /1 + e*,
x € R, ta dugc

Bat ddng thirc 1.7.

a? a’ a?
\/1+a1+\/1+a2+---+\/1+an<\/1+—1+\/1+—2+---+ 14—,

a9 as aq

YO . e
voi moi s thuc duong ay,as, -+, ay.
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Hé qua 1.2.2.

a? a’ a?
\/1+a1+\/1+a2+---+\/1+an<\/1+—1+\/1+—2+---+ 1+ =

a2

ata ata ata
<\/1+1—43+ L 20 4 1+ 22 <

Qg as ay
YO . e
v moi SO thuc duong ay,ag, -+, ay.
Vi du 1.8. Trudc hét, ta cé6 nhan zét rang: Néu hai day $6 {xg,yr €

I(a;b);k=1,2,--- ,n} thod man cic diéu kién
Ty 2Ty 20 2 Ty,

Y1 = Y2 > > Yy

— 2 y_avz <]7
Lj Yj

thi chiing thod man diéu kién cia Dinh i 1.2.1.

Chirng minh. That vay, xét hai bo s6 (x1, e, -+ ,xn) VA (Y1, Y2, , Yn)-
Véi i lan lwot bang 1,2, -+ ,n, ta cd
Ty Y
I n

Cong cac bat dang thitc nay theo vé, ta co

R R S
T o Y1 '

Suy ra
r1 2> Y-

Bay gio, tiép tuc xét hai bd s6 (x1 + 2,23, -+ ,xn) VA& (Y1 + Y2, Y3, » Yn)-
Chitng minh twong tu, ta co

1+ 22 2 Y1+ Yo
Tiép tuc qua trinh twong tuw, ta co

1+ Te+ -+ Tp 21 F Y2+ F Yna
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Nhu viy, cung véi nhitng gia thiét ban dau, nhan xét trén da dwoc khang dinh.

Bay gio, xét aq, as, ..., a, 1a cac s6 thuc dwong. Véi moi i € {1,...,n}, ta dat

Q;
Yi = ;
ay+az+ -+ ay
a?
xX; =

ai a3+ +a2
Khi do
T1+retct T =ttty =1

Khong mat tinh tong quat, gia st a1 > as > ... > a,. Khi do

T1 2> Xg 2> 2> Ty,

Y1 2 Y2 2 2 Yne
Ngoai ra, v&i moi ¢ > j, ta cod
T4 G Y

2
_ Y _
j i Yy

S

L

Nhu vay, theo nhan xét trén, ciap day so {zx} va {yx} thod man diéu kién cuia

binh 1i 1.2.1 va do do6, véi ham s6 161

ta co6 két qua sau
Bat ddng thirc 1.8.
aq anp a% a?L

+...+ < R
as+as+ -+ a, artaz+-+any  aj+adi+---+ad a}+aj+-- +a2_

YO . e
voi moi s thuc duwong ay,as, -+, ay.
Hé qua 1.2.3.
aq Ap, a% a?L

et < +..+
az +az+ -+ ap, a1+ ag+ - +an  ai+ad+--+al ai+aj+ .. +a’_,

4 4
a a
1 n

Sai+ai++adl al +ay+---+ay_,

YO . e
voit moi s thuc duwong ay,as, -+, ay.
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Luu y:  Nguoi ta da chitng minh dwoc rang, cac két qua cia Dinh 1i 1.2.1
va Dinh 1i 1.2.4 van ding ma khong can dén gid thiét
Ty 2> Xg 20 2 T
biéu nay cung twong tu doi véi gid thiét
1 ST < S Ty
trong cac Dinh 11 1.2.3 va Dinh 11 1.2.5.
Khi do, ta quy udc goi cac dinh li twong tw lan lwot 1a Dinh 11 1.2.1a, Dinh 1i
1.2.3a, Dinh li 1.2.4a va Dinh 11 1.2.5a.
Ngoai ra, trong [1] cung da trinh bay mot s két qud vé cac dang Dinh I
Karamata md rong ma ban doc c6 thé tham khéo.
Hon nira, kha nhieu két qud ve do gan déu va thit tu sap dwoc cia mot day
cac tam giac cung da duwge dé cap trong [1]. Pay chinh 14 mot phwong phap kha
hiru hiéu dé lam chiit cac bat ding thitc lrong gidc cla tam giac. Vi du sau day

se cho ta mot minh hoa don gidn vé van deé nay.
Vi du 1.9. Xét tam giac ABC. Khong mdt tinh tong qudt, cé thé gid si
A>B>C.

Dit A =24— B, B =2B —C, C' =2C — A.

Ro rang A’ > 0 va B' > 0. Do dé, néu thém gid thiét C' > 0 (tic la A < 2C),
thi A", B, C' cung la 3 géc cia mot tam giae. Hon nita, ta cé

A>A
A+B>A+B
A+B +C'=A+B+C

Do dé, hai bo day sé {A,B,C} va {A', B',C'} thod man cic diéu kién cia
Dinh Ii 1.2.1a.

Bay gio, néu xét ham s6 161 f(z) = sinz; x € (0;7), thl ta c6 két qua sau

Bat ding thirc 1.9. Gid sit tam gidc ABC c¢6 géc I6n nhdt nho hon hai lan
géc nhé nhat. Thé thi, ta cé

sin(2A — B) 4+ sin(2B — C) + sin(2C — A) > sinA + sinB + sinC.

Phan nay se dwoc khép lai véi viee gidi thiéu mot s6 ham 16i, lom dé ban doc
c6 thé ap dung.
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1.3 Gidi thiéu mot s6 ham 16i va ham 16m

1.3.1 Mot s6 ham 16i

flx)=2%;2>0,a<0.

flx)=(S—x)*;5>0,z€(0;9), a<0.
f(z) = (x;z— %)a s >0, a> 1.
f(x):xl+5;5>0,x20.
fla)=—=;2>0
fla) = Sf 1S >0,z € (0;,5).
flx)=e**;2€ R, a>0
f@) == e 20021
f(a:):(em%—e%)z;xER
1

(z)
f(x) :ln(l +e‘”) ;s €ER, a>0.
f(z) =In(e” + 6%) ;r €R
f(z) =sin*z ; x € (0;7), k < 0.
f(z) =In(1+ sz’nzx) ;€ (05m).
f(x) =costz ; x € (0; 5), k <0.
f(x) =tankz ; x € (0; z), k> 1.
f(z) =arcsinz ; x € (0;1).
f(z) =arctan(e®) ; x < 0.
f(z) =arctan ;S >0,z € (0;9).

=z%;2>0,0<a<l.
=(S—2)*;95>0,z€(0;9),0<a<l
=lnz'/" ;2 >1,n=1,2,..

f(z)
f(z)
f(z)
f(x) :ln(e‘”—l) x>0, a>0.
f(z)
f(z)
f(z)
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—costr ;x € (0; g), k€ (0;1).
x) =In(1- cosz) ; = € (0; ).

. 2
;x> 0.
x

;S >0, x>0.

()

()

@ :
(z) =cosz tanz ; z € (0; <).
()

(x) o

()

1.4 Bai tap

Bai tap 1.1. Cho a,b,c > 0. Chitng minh rang véi a > 0, ta cé:

a+by> (b+c\* sc+a\e 2a + b\~ (2b+c\* [2c+a\“
<

(%) () +(57) = (55) +(5) ()

2(4a + )\ [24b+)\" [2dc+a)\”
= <T> +<T> +<T> =

Hudng dan: Xét ham s6 f(z) = 2% = >0

Bai tap 1.2. Choa >b > ¢ > 0. Chitng minh rang

1 4 9 1 4 9

ey T

= <2a+ib+c> + <a+{b+c> + <a+§+20) =

N v 1
Huéng dan: Xét ham s6 f(x) = —; >0
x

S . 1 s
Bai tap 1.3. Cho a,b, c khong am.Chitng minh rang voi o > 57 ta co:

(1 + az)a+<1 + bz)a+<1 + cz)a > <1 + ab)a+<1 + bc)a+<1 + ca)a

> 3<3 +V azbzcz)a.

Hudng dan: Xét ham s6 f(z) =vV1+ 2% >0
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Bai tap 1.4. Cho a,b,c € (0;1). Chitng minh rang:
Vica+Vi—b+vVi—c < \J1—=Vab+\/1—Vboc+/1—/ca
< \/1—\/4ab2c+\/1—\/4bc2a+\/1—\/4ca2b§---

Hudng dan: Xét ham s6 f(z) = V1 —z; z € (0;1)

Bai tap 1.5. Cho a,b,c € (0;1). Chitng minh rang
VIi—a+Vi—b+vV1-c < \/1—@+\/1—¢%+\/1—@
< \/a+b—2ab+\/b—l—c—2bc+\/c—l—a—20a
a+b b+c c+a

Hudng dan: Xét ham s6 f(z) =1 —z;2 € (0;1)

Bai tap 1.6. Choa >b>c> 0. Chitng minh rang:

a+2Vb+35/c > Vab+2yca+3Vea
> Va2be + 2Vab%c + 3 Vabe® > - -

Hudng dan: Xét ham s6 f(x) =e* ;2 € R
Bai tap 1.7. Cho a,b,c > 0. Chitng minh rang

a+tb+c < Va2b+ Vb2 + Vcta

> Vatbte + Vbicta + Vctath > - -

Hudng dan: Xét ham s6 f(z) =e* ;2 € R
Bai tap 1.8. Cho a,b,c > 0. Chitng minh rang véi o, 3 >0 va a+ 3 =1, ta cé:
a+b+ec > at’ + 0" + *a’
> @ 2B 4ot 2By 0® 20857 > L
Hudng dan: Xét ham s6 f(z) =e* ,z € R
Bai tap 1.9. Choa,b,c duong. Chitng minh rang

Vab+ Ve + ea < Va2 + Vb + Vc2a
< Vb + VB + Va2 < - -

Hudng dan: Xét ham s6 f(z) =e* ,z € R
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Bai tap 1.10. Cho a,b,c khong nhd hon 1. Chitng minh rang:

“ b L < Vab Ve Vea
I4a 140 1+c¢c™ 14+Va2b 1+ Ib2¢ 1+
o Ve | Yda A
T 1+ Vatle 1+ Vbicta 14+ Veladb T
o

Hudng dan: Xét ham s6 f(z) = The® >0
6"E

Bai tap 1.11. Cho a,b,c khong nhé hon 1. Chitng minh rang véi o, 3 > 0 va
a+ [ =1, ta co:

a n b n c a®bP n b P n c®aP
1+4a 1+b 14+c— 14a*® 1+0b2cF 14 cxaf
a®® h2aB P pe? 2B g @ 298 pP?

= 1+a* b8 1 + bo? 208 1 + 0% q208 B? <.

Hudng dan: Xét ham s6 f(z) = 1 j_ ;x>0
6"E

Bai tap 1.12. Cho a,b,c lé6n hon 1. Chitng minh rang

a b c S Va2b L Vb n Veta
a—1 b—1 c¢—17 Va2b—-1 b2c—1 ~/c2a—1
R G LR i
~ Vatble—1  Vbida—-1 Vetath-1 "

xT

e
et —1
Bai tap 1.13. Cho a,b,c l6n hon 1. Chitng minh rdng véi o, 3> 0 va o+ 3 =1,

ta co:

Hudng dan: Xét ham s6 f(z) =

;x>0

a n b n c N a®bP n b P n caP
a—1 b—1 c—1" a®f—-1 2P -1 c*a® -1
a®® b2 B’ po? a8 o @ q208 ps?

> ...
T oap2eB e — 1 pet 2B gft — 1 @ q208 87 — 1 T

6(E

et —1
Bai tap 1.14. Cho a,b,c € (0;1). Chitng minh rang:

(1 - Vab) (1= vVbe) (1 — v/ca)

<1 -V ab%) (1 —V bcza> (1 —V ca%)ﬁ

Hudng dan: Xét ham s6 f(z) =

;x>0

(I1—-a)(1=0b)(1—¢) <
<
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Hudng dan: Xét ham s6 f(z) =In(1 —x) ;2 € (0;1)
Bai tap 1.15. Cho a,b,c € (0;1). Chitng minh rang:
(1—a)(1—=b)(1—c)< (1—Vab)(1 - Vbe) (1~ eca)
< a+b—2ab\ (b+c—2bc\ [c+a—2ca
- a+b b+c c+a

Hudng dan: Xét ham s6 f(z) =In(1 —xz) ;2 € (0;1)
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Chuong 2

Phuong phép lra chon tham s6

Truée hét ta xét bai toan sau

Chitng minh rdang néu a,b,c la 8 s6 khong am cé tong bang 3, thi ta cé
Va+ Vb4 /> ab+be+ ca

Loi gidi cho bai toan nay khong quéa kho.
Ta co
2(ab + be + ca) = (a+ b+ c)* — (a® + b*c?).

Do d6 ta can chirmg minh rang

A2+ +E+2(Va+Vh++e)>9

Str dung bat ding thitc gitta trung binh cong va trung binh nhan (thwong goi 1a
bat dang thitc AM-GM) cho 3 6, ta ¢

a’+va++va> 3a
v +Vb+ Vb > 3b

4+ /e + /e > 3c

A 7 7 M 7 A B 7 .
Cong cac vé cua cac bat dang thitc trén, ta dwoc diéu can chitng minh.

Nhén xét rang, bat ding thitc trén co thé viét lai dudi dang
1 1 1
az +b2 +c2 > ab-+bc+ca
1 fo 2 . « L
Nhu vay, voi k > 3 thi bat dang thitc sau day luon diang

a® + v+ F > ab+ be + ca.
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1 o0 a2 o
Mot cau hoi tw nhién dwoc dat ra: Véi k < 3 thi khi nao bat dang thitc trén
van con dung? Noi cach khéc, ta cd bai toan.
Tim hdang s6 k t6t nhdt (nhd nhdt) trong bdt dang thite sau

ak+bk+ck2ab+bc+ca,

trong dé a,b,c la cac s6 thwc khong am va a + b+ c = 3.

Cach dat van deé va viéc gidi cac bai toan twong tu nhur trén cho ta mot phuwong
phap dé lam chit bat ding thitc: Phwong phap lira chon tham s6 (t6t nhat).

C6 thé chia nhing bai toan thudc phwong phap nay bdi hai dang nhu sau.

+ Dang 1: Tham s6 k la tham s6 doc lap (khong phu thude vao mot tham
s6 nao khac) va chi c6 mit & mot vé cla bat dang thitc (ching han & bai toan
trén) hodc co6 mat & hai vé cia bat dang thitc.

+ Dang 2: Tham s6 k 13 tham s6 phu thudc vao cic tham s6 khac (chang
han k = k(n), véi n 1a 86 cac s6 thue cho trude).

Trong chirong nay, luan van se dé cap dén mot s6 bai toan minh hoa cho phwong
phap lrra chon tham s6 (t6t nhat) v4i cic dang néu trén, cing véi viée dé xuat 1o

gidi phu hop.

2.1 Céc dang todn chira tham s6 doc lap

2.1.1 Tham s8 chi thuéc mot v& cia bat ding thirc

Khi tham s6 chi thuoc mot vé cia bat dang thirc thi vé con lai cia bat dang
thitc dwoc xem 1a khong déi. Phwong phap nay dwoc minh hoa bdi cac bai toan

sau
Bai toan 2.1. Tim hdng s6 k t6t nhdt (nhé nhdt) trong bdt dang thite sau

a + b+ F > ab+ be+ ca,
trong dé a,b,c la cic s6 thwc khong am va a +b+c =3
Lo&i gidi. Theo phan gidi thiéu ta da chitng minh bat dang thitc trén véi k = %,
do d6 nd van ding véi moi k > % Bay givr ta xét bat dang thitc khi k < % Truée
hét ta xét bo dé sau

Bo6 dé 2.1.1. Gid sit a+b=2t > 1, khi dé

a® +bF —ab > mz’n((2t)k, 2h — t%).
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That vay, gid stt a > b. Ton tai mot s6 khong am x véia =t +x, b=1t — .

Xét ham so

flx)=({t+z)"+ (t — )% — 12 + 22

fl(x) =kt +2)" —k(t — )" 4+ 22
fl(@)=k(k—1)t+2)" 2+ k(k— 1)t —2)2+2
(@) =k(k — 1) (k—2)((t+2)"? - (t —2)F?)

Nhu vay f”(z) ¢6 duy nhdt mot nghiém x = 0, do d6 f”(x) 1a ham don diéu va
c6 qua khong qua mot nghiém, suy ra f/'(z) c6 khong qua 2 nghiém (¢ > z > 0).
Vi £7(0)=0 va

f7(0) = 2k(k — 1)t*F 2 +2=2—2k(1 — k) >0,

Do d6 gia tri nhd nhat cia f se ldy tai x = 0 hodc x = t.

Vi bo deé trén, bai toan dwoc chitng minh nhw sau: Khong mat tinh tong quat
tagidsta>b>c Data+b=2t>1, khi do

a® +bF + cF — (ab+ be+ ca) > mz’n((Zt)k, - t2) —2ct + c*.
(i) Néu (2t)F < 2t* — 2, 4p dung bo de véi 2t va ¢

D= t+3)?).

a7+ cF — (ab+be+ca) > (2t) 4 cF —c.2t > min<(2t+c)k,2(t—|—2

Vi 2t + ¢ =3 nén

3F 9
a® + b + ¥ — (ab + be + ca) > mz’n(3k,22—k — Z)

(i) Néu (2t)* > 2tF — 2. Ta cb thé coi treomg hop nay giong nhw
a=b=2z>1,¢c=3—2z Xét ham s0
g(z) = 22" + (3 —22)" —22(3 — 22) —
= 22F + (3 —22)% — 62 + 322
g (2) = 2k2*"1 —2k(3 — 22)"1 — 6+ 62
J"(2) = 2k(k — 1) <zk 2 _ 93— QZ)k_2)+6
§"(2) = 2k(k — 1)(k — 2) (%—3 43— 2z)k_3)

Dé thiy ¢”(z) vo nghiém vGi z > 1, suy ra ¢'(z) c¢6 khong quéa hai nghiém.
~ ) 3
Vi hm g(z) = —o0, nén gia tri nhd nhit cua g(z) véi 1 <z < = lay & 2 dau

z—2

2

3F 9
g(z) > min<0,22—k — Z)



27

Két hop cd hai truomg hop ta tim dwoc
k| ko, ok : 389
a” 4+ 0"+ " — (ab+ bc + ca) > mzn<0,22—k — Z)
Dé c¢b a¥ + bF + ¢* > ab + be + ca, ta phai co

k 2In3 — 3In2
PRA S I bk L e
2k 4 n3 — In2

Khi d6 se co6 hai treong hop xdy ra dang thitc 1a a = b = ¢ = 1 hoic

a=b= g €= 0, hoac cac hoan vi twong ng. O

Bai toan 2.2. Tim hang s6 k tot nhdt trong ba't ding thitc sau
1 L 1 L 1 S k
(=0 (b—0c)? (c—a)® ~ a®>+ b+ 2
Lo&i gidi. Nhan xét rang: C6 dinh |al, b, |c| thi bat ding thitc nhé nhit khi
abc < 0, no6i cach khac ta c¢d thé gid st @ > ¢ > 0 > b. Diéu nay twong duwong véi

viéc ta chitng minh bat ding thitc sau (sau khi da déi ddu cia b) 1a

= >
(a—l—b)2 + (b+C)2 - (a_c)2 — a2_|_b2_|_02 (a,b,C_ 0),

trong do6 k van la hé s6 ma ta chua biét. Viéc dau tién 1a ta loai bo ¢ khdi biéu
thitc vé trai nho bat dang thitc don gidn sau
1 1 8
610 la—2 = (atb)p

Do d6 hién nhién ta co
9 9 9

T> > >
VT2 (a+0)2 = 2(a®+b%) — 2(a®+ b2+ 32)

~ ~ N 9 ~ V] 7 . V] 7 b} .
Ta tim dugc k tot nhat la 3 bat dang dwogc ching minh, dang thitc xay ra khi

a = —b, ¢ =0 hoac cac hoan vi twong tng. O

Bai toan 2.3. 1. Céc s6 thuc duong a,b,c thod man a® + b3 + ¢3 = 3. Xét bd't
dang thitc
ab bc  ca
CTrr >3
c a b

(i)  Chitng minh bdt dang thitc khong thé luon ding véi moi a,b, c.
(ii)  Chatng minh rang bat dang thitc se ding néu a,b, c thod man diéu
kién
a’b® + b + a® > abe(a® + b° + ).
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2. Tim hang s6 dwong k tét nhd't sao cho véi moi sé thuc duong a,b,c bdt ding

k| 1k k
a_b+@+gzgk/a +b* +¢
c a b 3

Lo gidi. 1.(1). Choa=b=0.8, ¢ = V/1.976
(ii). Theo bat dang AM-GM ta co

thitc sau luon ding

a’b+ b%a + 1 > 3ab,

Ve+cb+1> 3bc,
Aa+a*c+1 > 3ca
= abc(ab(a +b) 4+ be(b + ¢) + ca(c+ a)) > abc(ab + be + ca).

Tir d6 két hop véi dieu kién a®0® + b3¢® + 2a® > abe(a® + b3 + ) = 3abe, ta suy
ra
(ab + be + ca)(a®b® + b*c® + c*a®) > 3abe(ab + be + ca)
b b
= a’b? + b*c? + ?a? > 3abc = a—+—c—|—% > 3.

c a

2. Ta xét bai toan ngwoc lai, gid sit rang a, b, ¢ 1a cac s6 thue thod man

ab bc ca

_
c a+b ’

Ta can tim gia tri 16n nhit cua

S = aF + bk 4 ¢~
a_b be

,y:—,z:%.Khid()z%—y%—z:&
c a b

bat x =

[ME
(ME
[ME

S=(zy)? + (y2)? + (22)2.

Theo mot két qua quen biét thi
3k
S < max (3, 2—k)

Va do db gia tri tt nhat dé bat ding thitc con dang la

3k In3

l = ——— ~2.709511... < 3
2k n3 —In2
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Bai toan 2.4. Gid si a,b,c la cic s6 thuce duong cé tong bang 3, hay tim sé k

to't nhdt sao cho bat dang thitc sau luon ding
(ab)* 4 (be)* + (ca)* < 3.

Lo&i giai. Ta thye hién phirong phap don bién. Hién nhién véi moi k < 0 thi bat

dang thitc trén luon dang. ta xét trong truomg hop 1 < k < 2.

a-+b a—2>
bat t = =
e 9 T Ty

Flu) = (4 u)* + (0 — ) ) +(2 = w2,

£(w) = kek (8 )~ = (¢ = w)* ) = 2hu(t? - u2)!

P N 1 B 1 _ 2u
= ke (#7 ) ((t —u)kt (t+u)t k)

Theo dinh 1§ Lagrange véi ham g(z) = x'=%, ton tai tg € [t — u,t + u] sao cho

=a=t+u, b=t —u. Xét ham

(t+u)'F — (t —u)F = 2u(l - k:)tak

o1 1 2u(k—1)
(t —u)=1  (t+u)=t  th
\ﬁtozt—chnéntISch, mat khac do £ < 2 nén
1 1L 2u(k—1) _2u
(t—uwh1  (t+u)=t  th T k]

Do d6 f'(u) < 0= f(u) < f(0). V&i két qud nay ta chi can xét bai toan khi

a=0>b>12>c Xétham so mot bién cia a

h(a) = 2a"(3 — 2a)* + a**,

W (a) = 2ka" (3 — 2a)* — 4ka® (3 — 2a)" + 2ka®* !
k

_ k=1(a o \k—1(q _ @
— 2ka*1(3 — 2a) (3 4a+(3_2a)k_1).

Xét phwong trinh

ak

@) =0 —&  —4q-3.
h'(a) 0(:)(3—2a)’f—1 a—3

- 3 “ . 3 -
Ro rang phwong trinh vo nghiém khi a < 7 ta chi can xét khi a > 7 khi do
phuwong trinh twwong dwong vai

klna — (k — 1)In(3 — 2a) = In(4a — 3).
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Xét ham sé sau
q(a) = klna — (k — 1)In(3 — 2a) — In(4a — 3),
Lok 2k—1) 4
q(a)—a+ 3—2¢ 4a-—3

2(k—1)a  4a

3 —2a 4a — 3’

aq'(a) =k +

14 cAc ham s6 téng nén phwong trinh

. a a
Ch/ /. N 2 h\ ~ N _

@y rdng cac ham s6 —- Vi —
aq'(a) = 0 c6 khong qua mot nghiém, do dd phwong trinh g(a) = 0 c6 khong qua
2 nghiém, suy ra phwong trinh A'(a) = 0 ¢6 khong qua 2 nghiém. Do A/(1) = 0 va
¢(1) =k+2(k—1)—4=3k—6 <0 nén tr bing bién thién ta suy ra

h(a) < maz (h(l), h(g))
Bai toAn duwoc chitng minh khi 2 > k> 1. Néu k < 1 thi
3<(ab)k + (ba)* + (ca)k)g (@b + bk + k)2 < 3.
Con néu k > 2, v4i gid thiét a > b > ¢, ta se chimg minh
(ab)® + (be)* + (ca)* < (ab+ ac)*,
nhung diéu nay hién nhién vi VP > (ab)* + (be)k + a*~2bc > VT.

9
Ngoai ra a(b+c¢) =a(3—a) < 1 nén

(ab)* + (be)" + (ea)* < (3)"

Tl cac chitng minh trén ta di dén két luan sau

(ab)* + (be)* + (ca)* < max (3, (g)%)

N ~ ~ ~ ~ N N l 3
Va hang so k tot nhat can tim la m O
2.1.2 Tham s6 c6 trong hai vé cia bat ding thirc

Trong triromg hop nay ca hai vé cia bat dang thitc se thay doi theo gia tri cia

tham s6. Phwong phap nay dwoc minh hoa bdi cac bai toan sau
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Bai toan 2.5. (i) Chitng minh rang véi a,b,c la cdc sé thwc tug) § ta luon cé
at + b* + ¢t + ab® + bc + ca® > 2(aPb + b + cPa).
(ii) Gid sit a,b,c la cic s6 thwe dwong thod man a® + b? + ¢ + ab + ba + ca = 6.
Chitng minh rdang
a’b+b’c+ c*a+ abc(a + b+ c) < 6.
(iii) Tim hdng s6 k t6t nhdt (I6n nhdt) sao cho bdt dang thitc sau
a® + b + ¢+ k(ab+ be + ca)? > (14 3k)(a®b + b3c + Aa)
luon ding voi moi a,b,c € R
Lo&i giai. Xet khai trién sau
(2% — kay + krz — 22)* + (v* — kyz + kyx — 22)* + (22 — k2o + kzy — y°)? > 0.
Tir khai trién trén ta suy ra
at + b+t + (K% — 1) (a®V* + b + ?a?) + k(ab® + be® + ca?)
> 2k(a®b + b’c + *a) + (K* — k)abe(a + b + ).
(i). Cho k=1 ta dugc
a* + b+t + ab® + b + ca® > 2(a’b + bPc + Fa).
(ii). Cho k =2 ta duoc
(a® +0* + 2)? + (ab® + b* + 2a?) + 2(ab® + be® + ca®)
> 4(a’b + bPc + c*a) + 2abc(a + b+ c)
& (a* + 0>+ 2+ ab+ be + ca)® > 6(a’b + bc + *a) + 6abe(a + b + c).
Vay néu a® + b? + ¢ + ab + bc + ca = 6 thi
a’b+bc+ cta+abcla+b+c) <6
(iii). Xét khai trién
(@ =0+ 2e(a— ) +((0— ) +2006~ 1)) +((c ) + 2b(c 1)) > 0
& 6(a* + b + c*) +dabe(a + b+ c) + 2(a®b? + b2 + *a?) > 12(a®b + bPc + cPa)

1
= at + b+t + g(ab+bc+ca)2 > 2(a®b + bc + c*a).

Y ~ ~ ~ 7 A ~ v i N 1
Vay hang s6 k tot nhat (16n nhat) cho bat dang thic 1la k = 3 O
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Bai toan 2.6. Tim hdng s6 dwong k 16n nhdt dé ta ¢6 bt dding thitc

a b c ab + bc + ca 3
+ + 2 ) 22 =
b+c c¢c+a a-+b a’+ b +c

dung voi moi a,b, ¢ khong am.

Loi gidi. Trong loi gidi nay, ta ky hieu > - Tong ddi ximg, sym la viét tit cia
sym
symmetric, chang han
S aP(b+c+d) =a*(b+c+d)+b*(c+d+a)+A(d+a+b)+d*(a+b+x)
sym

Ta st dung bién doi

a 3 1 (a —b)?
Zb+c_§_§z(a+b)(b+c)

sym sym

Bat dang thitc dwoc viet thanh

(a—b)? (a—b)?
Syzm(a+b)(b+c) zszma2+b2+02
o a®+b* +
@2 la=?) (g —4)zo

+ Cho b = ¢, khi d6 k phéi thod man diéu kién sau véi moi a, b khong am

a’+ b + 2 a? + 2b?

Slatobte  2b(a+d)

Co thé dé dang tim dwoc véi a, b > 0 thi

, a?+20®  V/3-1
mmf(a,b):%(a_l_b) =G

Ta se chimg minh day 1a gia tri tot nhat cia k.
V3—1

+ Vé6i k = . Khong mat tinh tong quat ta gid st a > b > c.
a4+ a4+ bo§ a’+b* + 2 g
“Tlat+o(atd) TP bra)b+e) 7 (cta)e+b)

Khi d6 dé thay S. > S, > S,. Ngoai ra

(a®> + 0%+ ) (a+ b+ 2c)

O P STC RS TS

— 2k.
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b " s . .
bat t = %, khong may kho khan ta chirng minh dwoc

2t + ) (2t + 2 2t% + 2
S 45, > 2 HA)RH2) 2 HE
2t(t + c)2 t(t +c)

(Theo sir xac dinh ctia s6 k, ma ta khong can tinh cu thé tir trwéce). Vay gia tri

_1 v ’ 9 . N 9 . N 7’ N

5 Dang thitc xay ra khi va chi khi a = b = ¢ va c6 thém

V3+1 V3-1 -
7

5 ¢ (hoac cac hoan vi) khi k =

Bai toan 2.7. Tim hdng s6 k tét nhdt dé bat ding thite sau luon ding

tot nhat cia k 1a

treomg hop a =b =

(@+b)(b+c)(c+a) k(ab+ bc+ ca) S84k
abe a? + b2 + 2

trong dé a,b,c la cac s thwc khong am tuy 1.

Lo&i gidi. Ta st dung cac bién déi sau

(a+b)(b+c)(c+a) s cla —b)2+a(b—c)? +b(c —a)?
abc abc
ab+bc+ca  (a—b)*+(b—c)?+blc—a)
@+ 2(a2 + b2+ ¢2)

Vay ta phai tim k thod man bat dang thitc

S a0 (2(a2 +al§ +) k) > 0

sym

&> (a—b°8.>0 (2.1)

sym

trong do cac hé s6 S, Sy, S duwgc xac dinh bdi
S = 2a(a® + b* + ¢*) — kabe,
Sy = 2b(a® + b* + ¢*) — kabc,
S. = 2c(a® + b* + ) — kabc.

(). Diéu kién can:
Lay b=c, tacd S, = S.. D& (2.1) ding thi phai cb

Sy > 0 < 2(a® + 2b%) > kab.

Theo bat dang thitc AM — GM ta tim dwoc ngay gia tri t6t nhat cla k 1a 4v/2.
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(ii). Diéu kién du:
Véi k < 44/2, ta chitng minh bat ddng thitc cia dé bai luoén ding. That vay,
khong mat tinh tong quat, ta gid st a >b>c= S, > S, > S..

Sa = 2a(a* + b* + ¢*) — kabc > 0 13 hién nhién

Sp+ Se =2(b+ ¢)(a® + b* + ¢*) — 2kabe > 4z(a® + 222) — 2kaz? > 0.
B4t ding thitc trén hién nhién ding theo su xac dinh cia s6 k, & day © = Vbe.
Két lugn: BAt ding thitc dtng véi moi a, b, ¢ > 0 khi va chi khi k < 4v/2.
Néu k = 4v/2 thi dang thitc xdy ra khi a = b = ¢ hodc a = V2b = /2. Ngoai
gia tri do chi c6 mot trwong hop xdy ra dang thic lda =b=c O

Bai toan 2.8. Tim hang sé k lon nhdt d€ bat ding thitc sau ding véi moi a,b, c

khong am.
A+ kab  b*+kac  a®+ kbe - 3(1+k)

@t0?  (ateR T hteor o 4

5 ~ »

Loi gidi. Choc=0vaa = b rat ra k < R Ta se chitng minh day chinh la két
~ ~ ) ~ N ~ , . ~ & , , 4. . 5

qua tot nhat cia k. Ro rang dé chimg minh bat dang thitc ding vGi moi k < 3

“ . : < . b
ta chi can chitng minh bai toan trong truong hop k = 3"

202—|—5ab+ 262—|—5ac+ 2a® + 5bc > 2_
(a+ b)? (a+ c)? (b+ c)? 4
Ta co
2a* + 5bc T 8a® + 6bc — TV — 7c*  4(2a° —b* — ) = 3(b—¢)?
(b+c)2 4 4(b+ c)? B 4(b+ c)? '

Ta phéi chitng minh

1 1 (b—c)?
12 (e (b+c)2‘(a+c)2)238yzm(b+c)2

sym

— 2 —b)?
@42 (a—b*(a+b)(a+b+ 0)23Za b)
sy

-’ (b+¢)*(a+ c)? ~ (a+0b)?
@Z( (a+0)3(a+b+2¢) —3(atc)2(b+c)a—b?>0
sym

Lay twong tng S, Sq, Sy 1a cac hé s6 cia (a — b)?, (b — ¢)?, (¢ — a)? trong khai
trién co s& trén. Khong mat tinh tong quat ta co thé gid st a > b > c.
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Dé thay S. > S, > S, va nhu vay phan con lai cia bai toan ta chi cin chimg
minh bat dang thic S, + S, > 0, hay
4(a+c)(b+c) ((a +e)*+ (b+ 6)2)+4(a +b) ((a +¢)* + (b+ c)3) >
> 3(a + 5)2((5 +e)?+ (a+ c)2).
C6 thé nhan thiy rang hé s6 cia ¢ va ¢ & vé phai nhé hon & vé trai. Do do ta
chi can chitng minh trén khi ¢ = 0, hay
4ab(a® + b*) + 4(a + b)(a® + b*) > 3(a + b)*(a* + b?).
Bat didng thitc ndy twong dwong véi

a* +b* + 2ab(a® + b*) > 6a%b* < (a — b)*(4ab + a® + b*) > 0.

~ oA i V] z ) N 5 . v
Hién nhién ding, dang thitc xay ra trong trwong hop k = 3 khi @ = b = ¢ hoac

a =b,c =0 hoac cac hoan vi. O

Bai toan 2.9. Tim hdng sé k lén nhdt dé€ bdt ddang thitc sau ding véi moi a,b, ¢

khong am.
a®+kbe  b*+kac  *+ kab - 3(1+k)
b2 + 2 a? + c? a?+ b2 — 2

~ A~ 1 ~ 7 . .7 . N 9

Loi gidi. Talayc=0,a =b dé suy ra k < 5 Ta se chitng minh gia tri nay thoa
~ ~ M s ~ x , . . 1
man, va do d6 bat dang thitc se van dung véi moi k < 3"

2a% + be n 20> +ac  2¢2 + ab
b? + 2 a? + 2 a? + b2

v

J
2

Dira vé cac tong binh phwrong bang khai trién

20> +bc 3 2(2a* —b* —*) — (b—c)?

R4z 2 2(% + ?)

Va do d6 ta can chitng minh bat dang thitc

1 1 (a —b)?
9 2 _ 2 _ >
Z(a b)(bz+c2 a2+c2)_syzm a? + b?

sym

& (20a+b)*(a® + 1) — (@® + )b + ) (a—b)* > 0.

sym

LAy Sa, Sy, S, 1a cac hé s6 twong tmg cia (b — ¢)?, (c — a)?, (a — b)? trong bat
dang thitc trén, khong mat tinh tong quat gid st a > b > ¢, khi d6 S, > S, > S.,.
Ta phai chitng minh thém S, + S, > 0, hay twong dwong véi

2(a + c)?(a® + ) +2(b + c)*(b* + ) > (a* + b*)(a® + b* + 2¢2).
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Cung dé dang nhan thay hé s6 cia ¢ & vé phdi nhoé hon vé trai, va do do ta chi
can chitng minh khi ¢ = 0, hay

2% 1 2b* > (a2 + b2)? & (a® — b?)% > 0.

Bat dang thitc da dwoc chitng minh xong. Diang thitc xdy ra khi a = b = ¢ va

M Lo . ., L
neu k = 3 thi ¢6 thém 1 truwong hop a = b, ¢ = 0 hoac cac hoan vi. O

2.2 Céc dang todn chita tham s6 phu thudc vao

tham s6 khac

Vé mit ban chat, caic dang toan nay khac han véi cac dang toan & phan trén
va thwong co 1oi gidi kha phitc tap. Duwéi day 1a mot s6 bai toAn minh hoa cho
phuwong phap nay.

Dinh 1y 2.2.1. (Inequality General Induction,).

Cho cac so thue duwong x1, 29, ,x, € [ CR va (¢,) € I' C R la mét day sé
thuc khong gidm cho trude. Vi diéu kién x1.x09---x, = k" (k = const). Xét bd't
ddng thitc sau

f(c,a:l)—I—f(c,xg—l—---—l—f(c,a?n)an(c,k‘) (*)
Trong d6 f(c,x): I' x I — R thda man hai diéu kién
1. f la ham thudn nhat véi hai bién c,x, titc la ton tai sé d sao cho
flac,ax) = a’f(c,x), Va € I,ce I
2. Bdt dang thite (*) ding véi moi ¢ > ¢, trong truong hop
1 =T2="""=Tp-1.

Khi dé (*) luon ding véi moi ¢ > ¢, va véi moi day x1, T2, -, Tn.

binh 1y Inequality General Induction thudmg dwoc goi l1a dinh 1y 1.G.I ( 14y theo
chc chir cai dau trong tén tiéng Anh)

Bai toan 2.10. Tim k = k(n) nhd nhdt dé bdt dang thitc sau luon ding véi moi

day s6 thuwc x1,T2, -+ ,Tp

a4 (wr+m) + o (bt ) <kl ad+ a2l

n
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Loi gidi. Str dung bat diang thite Cauchy - Schwarz

k 9 n k 2

k=1

k
Sk = Z% ci >0
i1

Chon cac s6 ¢;, i =1,n

S1+S5-2+4 48 _ St St 4SS,
c1 C2 Cn
.. . . 7T
= ¢; = sinia — sin(i — 1), a = 1
T do suy ra )
k= kn) = 4sin?

O

Bai toan 2.11. Tim s6 thuc k = k(n) lén nhdt dé bdt dding thic sau luén ding

V61 moi day $6 x1, T, , T, €R
2 2 2 2 | 2 2
o1+ (T 4+ x)* + -+ (v + 2o+ xn)* > k(e + a5+ -+ 27)
Loi gidi. Str dung bat dang thite AM — GM cho hai s6

1
ay; + a—y% + 24192 > 0
1

1
an—lyi_l + a_yi + 2yn—1yn 2 0

trong do6 a1, as, -+ ,a, 1a cic s6 thue dirong ma ta chon sau. Cong theo vé cac bat
dang thitc trén lai ta dwoc

1

Ap—2

2 1 2
+ an—l)yn—l + yn_l_
(n—1 (2.2)

+ 2y1y2 + 2?/2?/3 + -+ 2yn—1yn 2 0

2 1 2
a1y1—|- a1+a2 yg‘l"l‘

Chon cac s6 thure dwong a;, i = 1, n dé

1 1
a1:—+02:"':
ai an-1

-1
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Ta tim dwoc
sin(k+ 1)a 21

= sin(ka) R

T (2.2) ta cd

2cosa(y + s + -+ Y2) + 2(y1y2 + yays + -+ Yn1Yn) + Y2 >0

& 2(1+cosa)(yi+-+vy2) >2wi+-+v2) =20y + -+ YnaYn) — Y2
S 2(1+cosa)(yi+ys+-+v2) >vi+w — 1)+ + Yno1 — Un)?

Thay cac s6 y;, i = 1,n bdi y; = 1 + 29 + - - - + x5,ta duoc

«
4c052§(x§+(x1+x2)2+---+(zl+x2+---+xn)z)zx§+x§+---+x2

n:

~ ~ ~ ] 1 M 7z b .
S6 k = k(n) tot nhit bang ————, dang thitc xay ra khi
2n+1

x, = (—1)* (sinka + sin(k — 1)a).

]
Bai toan 2.12. Tim hang s6 k =k, t6t nhdt dé bat ding thitc sau ding véi moi
S0 T1, X9, Tn, T; > 0Vi=1,n vd 21092, = 1
O S S
.« o e _— n_
\/1—|—/€nl’1 \/1—|—/€nl’2 \/1+k5nl'n N
Loi gidi. Chory =29 =--- =2, = 1, suy ra
L 1 ek, > 2n —1
—<n- D —
Vk,+1 (n—1)2

Dé chitng minh diéu kién du, ta se chitng minh bai toan hoan toan twong dirong

L SR B 1 (n—1)?
e — n—1,véic, = — = ~—
Ve +x1 0 Ven +ao Ven +xn — kn 2n — 1
Nhung ta se chitng minh két qua tong quat hon, do la
1 L 1 L L 1 < n Ve >
) s C =~ C’]’L
Vet e+ ag Vet r, T Ve+l
That vay, dé cho gon ta xét trong truong hop ¢d n + 1 6.
LAy 21 =29 = -+ = X, = T VA Tpy1 = . Ta phdi chiitng minh
1 1
n n—+ (2.3)

- <
Vetr  Vetram T e+l
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Gid str f(x) 1a vé trai ciia bat dang thite. St dung dao ham

n nz—"!
fi(w) = - +
(@) Ac+z)z  2c+am)?
Va do do
/ _ 1 _ I_n_l n 3 _ _n—2 3
fl(z)=0«< = & (ca"+ 1) =2"(c+x)°.

(c+z)%  (c+am)?
g(z) = (ca" + 1) — 2" %(c+2)*
— 631,3’n _I_ 362$2n _ l,’fl—l—l _ 3C2$n—1 _ C3$n—2 _I_ 1

— (a,:’rl—l-l _ 1)(03$2n_1 _I_ 3C2$n—1 _I_ C3$n—1 _ 1) — 0

Do ham 222"t +3c22" 1 4 32" 1 — 1 don diéu tang nén c¢6 duy nhat mot nghiém

trong khodng (0;1). Chii ¥ rang g(1) = 0 nén ta co

ngif(a:) = max[f(0), f(1)] = max(%’ \7/1%—11)

2

T d6, két hop véi diéu kién ¢, > 5 n+ T (2.3) da dugc chitng minh xong.
n
bat f(e,z) = . Hién nhién f(c,x) 1a mot ham thuin nha't.

1
vVe+x

Ta phéi chitng minh
.f(cal’l) +f(07$2) +oe +f(07$n) < n.f(cal)> VCZ Cn-

x ~ v (n - 2)2 N N ~ ~ v
De thay rang ¢, = o1 la mot day s6 dwong tang.
n p—
Theo chitng minh trén thi f(c,x) da thod diéu kién (2) cida dinh 1y I.G.I. Vay
bat dang thitc da dwoc ching minh hoan chinh. Pang thitc xdy ra khi va chi khi

cd n s6 x; bang nhau hodc c6 n — 1 s6 bang 0, s6 con lai bang +oo O

Bai toan 2.13. Gid s n va k la hai s6 tw nhién thoda man n > k > 2. Tim so
thwc I6n nhat g(n, k) cé tinh chdt: bat ky k trong n sé thuc dvong x1, 2, - , Ty
se la do dai k canh cia mot da gidc 101 néu

1 1 1

<m+xyk~+zmQ—+—w~~+—ﬂ<gmm>

X1 i) T
Loi gidi. Chang ta biét rang ap > aper > -+ > ap 1a do dai k canh cia mot k
giac 161 khi va chi khi aq +as + - - +agp_1 > a. Do dd bai toan sau co thé dién dat
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lai 1a: véi dieu kién @, > o1 + 2o+ -+ + X VA T, > Tpoq > -+ - > 21, tim gia tri
nhd nhat cia ham s6

1 1 1
([L’l—l-l’z—l-""l‘l'n)(_‘l’_+"'+_)<g(n>k)'
T ) Tn

Dé lam diéu do ta se thiét lap hé thirc lién hé g(n + 1, k) va g(n, k).

Gid str rang gia tri g(n, k) da xac dinh va dang thitc c6 xdy ra tai(Zy, T2, -, Tn)

v6i Ty, > Ty > -+ > 77 Xét dieu kién
O<mi<wo < - <Xpp1 221 +T2+ -+ Tp.
Dit

A=x1+T0+  + 21+ Ty

1 1 1 1
B=—+4+—+4---+ + —.
T ) Tp—1 Tn

1
Xét ham s6 f(z) = (x—l—A)(; —I—B) véiz >0

Do A <nz,y1, B> = 20 < Tny1. Tai o, ham f dit cuc tiéu vi vay

Tn+1

f(x) = flxo) = (\/%+A)( §+B)= (VAB +1)%

Theo gid thiét AB > g(n,z) va dang thitc xdy ra duwge nén

gn+1.2)> (Volmh) +1)

bang thirc xdy ra tai

(T1, T2, Ty T1) = N T
1, L2, y<bmy In+l + Lo L)

Bay gio ta chi can tinh gi4 tri cia g(k, k), xét véi dieu kién
O<zi <o <---<ap>a1+aT0+ - -+ap_1. Tavan dat A' =z + 20+ +xp_1

-
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1 1 1
vaB' = —+—+---+ .
1 ) Tk—1
Xét ham s6

1 A
h(z) = (v + A’ (— B’):>h’ —_p-=
(0) = (x+4) (- + (0)=B-
AN . A .
Véi dieu kien ¢ > o1+ a9+ - + X1 > Tp_1, Vi §<:Bk_1<znen

1
h(z) > h(w1+ 2o+ -+ 5p1) = h(A) = 2A'(E + B’): 24 24'B'

1,1 1
:2+2(x1+x2+---+xk_1)(—+—+---+ )
1 To Tk—1

>242(k—1)* =2k —4k + 4

vay g(k, k) = 2k? — 4k + 4, dang thitc x4y ra khi va chi khi

Tk
k—1

T =Tg =" "= Tk-1—

Tt két qud trén suy ra

Vol k) = /gln — Lk) + 1= g(nk) = (n— k + V2k2 — 1k + 4)*

Va do d6 n? + 1 chwa phai 14 danh gia tot nhat cho bat dang thitc ban dau, gia
tri t6t nhat phdila (n —3 ++v10)* > n? +1, Vn > 3. O
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2.3 Bai tap

Bai tap 2.1. Tim s6 thuc o nhd nhdt dé bat dang thitc sau luon ding véi moi

x>0 ) )
2(&7“+—+3)23(x+—)
xro x

Bai tap 2.2. Tim tdt cd cic s thuc k sao cho ton tai hing s6 Cy > 0 dé bdt

dang thite sau ding véi cic s6 thuc a,b,c tuy §
(a® + 1)(b* + 1)(c* + 1) > Cy(ab + be + ca)*

Bai tap 2.3. Tim tdt cd cdc s thuc k sao cho ton tai hing s6 Cy > 0 dé bdt

dang thitc sau ding véi cic s6 thuc a,b, c tuy 7
(a®>+ 1)1 +1)(* + 1) > Crla + b+ c)F.

Bai tap 2.4. Tim hdng s6 k t6t nhdt dé bat dang thitc sau ding véi moi x,y, z

khong am cé téng bang 1

Vet k(y =22+ Vy+k(z—2)2 +z+klz—y)?2<V3
Bai tap 2.5. Tim hdng s6 dwong k t6t nhdt sao cho véi moi a,b, c khong am thod
man a + b+ c =3 thi ta c6 bat ding thitc
1 L 1 L 1 >
2+ a 240 24

Bai tap 2.6. Tim hdng s6 dwong k lom nhdt dé bdt ding thitc sau ding véi moi

a,b,c khéng am cé téng bang 3
a® +b* + ¢ + kabe < 3+ k

Bai tap 2.7. Tim hdng s6 duong k t6t nhdt dé bdt ding thitc sau luén ding véi

cac bo sé thuwc khong am a, b, c tuy 4

1 n 1 n 1 S 442k
VE2a2 +bc  VER2+ca  VE2E +ab  k(a+b+c)

Bai tap 2.8. Tim hang s6 thuc k t6t nhdt cho bdt dang thitc sau

1+ be 1+ ca 14+ ab 12
+ + >
ka2 +bc  kb24ca  kc2+ab k41

véi a,b,c la cic s6 thuce khong am thod man ab + be + ca = 1.
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Bai tap 2.9. Tim hdng s6 thuc duong k nhé nhdt cho bdt ding thitc sau

ab N be N ca N a2—|—62—|—02>§+é
(a+0)?  (b+¢)? c+a)? (a+b+c)?2 — 4 3’

trong dé a,b,c la cic s6 thuc khong am tuy 7.
Bai tap 2.10. Tim hang sé thuc duong k nhd nhdt cho bdt dang thitc sau

8abc a’+b* + 2 k
+ > 142,
(a+b)(b+c)(c+a) (a+b+c)? 3

v&i a,b,c la cic s6 thwce khong am tug) 4.

Bai tap 2.11. Tim diéu kién cho cic s6 dwong k,l dé bdt ding thitc sau ding

voi moi a, b, c khong am

a_ b L_C . ole—bc%—cou_0L2+62+02>§+k+
b+c c+a a+bd a?+b+c (a+b+c)? 2

| ~

Bai tap 2.12. Tim hdng s6 thwc k lén nhdt dé bd't ding thitc sau ding véi moi

a,b,c khong am

2 2 2
a® + kbe b° + kac c® + kab > 3(14 k).
b>—bc+c?  a?—ac+ 2 a?—ab+b?
Bai tap 2.13. Cho cdc s6 thuce duong ay,as, -+, a, thod man diéu kién

aias---a, = 1. Tim gid tri t6t nhdt cia k dé bat ding thitc sau luon ding

1 1 1 n

. - >
(1+oz1)’fJr (14 ag)* T (1+ap)k — 2k

Bai tap 2.14. Tim hang s6 k = k(n) I6n nhdt sao cho bt dang thic sau ding

v&¢i moi day s6 khong am a1, as, -+ ,ay
(a1 +ag + - +an)® > k(araz + asas + - - + ap_1a, + a,a;).

Bai tap 2.15. Cho cdc s6 thuc duong ay,as, -+ ,a, 6 tich bang 1. Tim hdng sé

thwe k = k(n) Ién nhdt sao cho bdt dang thitc sau luon ding

1 1 1
+ o e >n—1
\/1—|—k‘na1 \/1—|—k‘na2 \/1+k5nan N
Bai tap 2.16. Cho cic s6 thuc khong am 1, T, - - , T, 6 téng bang n. Tim hdng

s6 duong k =k, t6t nhdt dé bat ding thitc sau luon ding

1 1 1
I1I2"'In<—+—+---—|——)§n+kn($1I2"'$n—1)-
X1 i) Tn
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Bai tap 2.17. Cho x1, 2o, ,x, la cdc s6 thuc khong am cé témg bang n va k la
s6 thue duong tuy 4. Hay tim gid tri lén nhdt cia biéu thite sau
(i) Skmo1 = (v1.22 2y 1)* + (vo.3- - 2,)F + -+ + (1.2 Ty _2)".

(i) Skp = > :Eflatfz coeqh

ip*
1<i1 >i9--<ip<n
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Chuong 3

Phuong phap sit dung tinh chat

cdia ham don diéu

3.1 Ham don diéu

Mot ham s6 f(x) xac dinh trén tap I(a,b) C R va thod man diéu kién: Vi

moi x1, s € I(a,b), ta déu co
f(z1) < f(22) & 71 < 29,

thi ta noi rang f(z) 1a mot ham don diéu tang trén I(a, b).

bac biét, khi ing v6i moi cap z1, z2 € I(a,b), ta déu cod
f(x1) < fz2) & 21 < 29,

thi ta noi rang f(z) 1a mot ham don diéu tang thuc suw trén I(a,b).

Nguwoc lai, khi
f(z1) > f(xe) & x1 < x9; V1,22 € I(a,b),
thi ta noi rang f(z) 1a mot ham don diéu gidm trén I(a,b). Néu xdy ra
f(z1) > f(x2) & x1 < wo; V1,29 € I(a, ),

thi ta noi rang f(z) 1a mot ham don diéu gidm thuce s trén I(a,b).
Nhirng ham s6 don diéu tang thuwe sy trén I(a,b) duge goi 1a ham dong bién
trén I(a,b) va ham don diéu gidm thye su trén I(a, b) dwge goi 1a ham nghich bién

trén tap do.
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Nhén xét 3.1. D6 vdi nhicu bai toan, dé chitng minh tinh chdt don diéu cia
ham sé trong mot khodng, doi khi viéc ap dung mot sé ky thudat co bdn lai té ra
khong hiéu lee bang viéc dp dung nhitng tinh chdt sau day (tinh chdt phdn s ¢
bac ti€u hoc)
Pinh 1y 3.1.1. Cho ham s6 f(x) ¢6 dao ham trén khodng (a,b).
(i) Néu f'(x) > 0 vdi moi x € (a,b) thi ham sé f(x) dong bién trén khodng dé
(i1) Néu f(x) <0 véi moi x € (a,b) thi ham s6 f(x) nghich bién trén khdng dé.
Dinh 1y 3.1.2. ham f(x) zdc dinh trén RT la mot ham sé don diéu ting khi va

chi khi véi moi cdp bo s6 dvong ay,as, -+ ,ay V4 T1,Ta, -+ , Ty ta déu co

gakf(zk) < (i ak)f<ixk).

k=1 k=1

Dinh 1y 3.1.3. Cho phan s6 £ vdi ¢ > 0 va s6 dwong d. Khi d6
q
(i) Néu phan so b duwong thi
q

.. ~ o ~ D . N
(ii) Néw phan sé = am thi
q ¢~ q+d

Dudéi day 1a mot so bai toaAn ma viée st dung tinh chat cda ham s6 don diéu

nhw 14 mot phwong phap hitu hiéu dé lam chat bat ding thitc.
Bai toan 3.1. Véi moi bo s6 dwong cho trude, ham sé
al b c
T) = + + ,
/(@) b+ cd4+al at+ b

la mot ham sé dong bién trong [0, +00)

t

€R,

Chirng minh. Khong mat tinh tong quat gid st @ > b > ¢ > 0.Khi d6 véi moi
tl 2 tg, ta co
b 4 et <t a't < a4 b

b2 + 2 < 2 4 o' < a2 + b2

Suy ra
_ att B at? _ at? btz (at1—t2 _ bt1—t2) + atz.ct? (at1—t2 _ Ct1—t2) -
byt b 1 cte (b 1 ) (b2 + ci2) =
bt btz btz ct2 (bt1—t2 _ Ct1—t2) + btz gtz (bt1—t2 _ at1—t2)
ch+atr 2 4 a2 (ctr 4+ atr)(ct2 + at2)
P ch B ct2 _ at? .otz (Ct1—t2 _ at1—t2) + btz ct2 (Ct1—t2 _ bt1—t2) <0

al* + bt a2 4 btz (at + btr)(at? + bt2)
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mat khac
atz‘btz (at1—t2 _ bt1—t2) + at2.0t2 (at1—t2 _ Ct1—t2)

(ctr 4+ atr)(ct2 + at2)

bt2.0t2 (bt1—t2 _ Ct1—t2) + btz‘atz (bt1—t2 _ at1—t2)
B (et 4+ atr)(ct2 + at?)
at2.0t2 (Ct1—t2 _ at1—t2) + bt2.0t2 (Ct1—t2 _ bt1—t2)

(ctr + atr)(ct2 + ate)

M >

N

P>
Do d6 M + N + P > 0, hay

aht b ch - at? bt2 ct2
bt + ch * ch + ah * atr + bt T btz + ct2 * ctz + a2 * atz + bt2

Tc la

f(t) = f(t2)

Vay f(x) dong bién trén [0, +00) O
Hé qua 3.1.1. Cho a > 3> 0. Chitng minh rdang véi moi bé sé dwong a,b,c, ta
deu cé

aa+ba+ca>a5+bﬁ+cﬁ
b+ 4a®  a®+b* T bW +P P +adf af+ b8

Bai toan 3.2. Cho a,b,c la 3 canh cia tam gide. Chitng minh rdang ham sé

f(8) = (%—I—?)Q%)t_l—(% +3Qba — b)t+<2a +3QCb — c)t'

la mot ham sé dong bién trén [1;400)

Chitrng minh. Nhan xét rang véi a, b, c 1a 3 canh cia tam giac, thi

3a n 3b n 3c -1
2b+2c—a 2¢c+2a—-b 2a+2b—c —

Khi do, vai Vt > 1, ta cod

<Qb +32ac - a)t+<2c +3Qba — b)t+<2a +3QCb — c)t2 s

That vay, bat dang thitc ding véi t = 1. Ta xét trweong hop t > 1. Ta co

( Sa )t+t 1>t< S )
2b +2c —a — \2b+2c—a/’

(ﬁba_b)t” -1z t(ﬁba_b)
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( 3¢ )+t 1> t( 3¢ )
2a +2b—c 2a +2b—c

3a 3b 3c
— > —1 0, vVt > 1.
(t 1)(26+20—a+2c+2a—b+2a—l—26—c)_3(t ) va,b,e>0, vt 2

Cong theo vé 4 bat dang thitc ta thu dwoc dieu phai chirtng minh

<2b —|—32ac - a)t+<20 +3Qba - b)t+<2a +3QCb - c)tZ s

Tiép theo ta ching minh ham f(¢) dong bién trén [1; +00),
tite 14 Vi, te € [1;400),t1 < t2, ta can chitng minh f(¢;) < f(¢2) hay can ching

minh
3a ta 3b ta 3c t2
(rr2e=a) ) +( =
2b+2¢c—a 2c+2a —b 2a +2b—c

t1
2a+26—c)

S 3a t
_<2b+20—a) (20+2a—b

Ta ¢b

3b 12 tg
()1
2c+2a—b t1 1
N 1>
<2a—|—2b—c) +E_ t_

(-i_j - 1) ((26 +32ac— a>t1+<20 +326a — b) 2a + Qb - c)tl) Ry

Cong theo vé 4 bat dang thitc trén, ta thu dwoc

(e om0 g >

t t t
z( sa )1+( 3 )1+ 5 )1,\7t2>t121

t1

~
no

)’
(%iﬁ)ﬁ f 1>t_j< b—|—2c—a) I
t1
(2 +2a—b)
O

2a—|—26—c

2b+2c—a 2c+2a—b 2a +2b—c
Vay f(t) dong bién trén khodng [1; +00) O
Bai toan 3.3. Chitng minh rdng véi moi bé s6 ay,as,--- ,a, € R ta luén c6 da
thitc
-3
=1 j5=1 Z_I—]

la mot ham dong bién trong [0, +00)

Chitrng minh. Nhan xét rang khi n = 1, ta co

2

. 1

B2 Q'(x) = alr* = ~(a;x)* > 0, Vo > 0
T

Q) =4
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van =2, tacod

2
1 1 2
= ;(alx + ap2?)? = ;( E aixi) >0, Vo >0

i=1

Do do6 khi

n

Qx) = Z Z ;f; it

=1 j=1

n n

= Q'(x) = % Z Z a;a;r' ™
=1 j=1

— 2 :(aialﬂﬂ +aia21,z+2 4. _l_aianl,z—i-n)
i=1
1 4
= a1a12” + a1a92” + - - + a1a, 2" 4 aga 2 4 agaga® +

n+1

+ o Fapar ™+ apase™ + - 4 apanr®

= a2z’ + alrt + -+ a2* 4 2010077 + - - 4 2apa10™ !

1 1 N 2
= —(a1x+a2x2+---+anx")_—<g aixl) >0, Vx>0
x n\&

<o-+ agan®

2+n_|_

3.2 Tinh don diéu cdia ham cdc dai lugng trung

binh

Bat dang thitc vé cac dai lrong trung binh déng mot vai tro kha quan trong

trong viéc nghién citu va sang tao bat dang thitc. Do do, viéc lam chit cac bat

dang thitc nay la rat c6 ¥ nghia. Nghién citu tinh don diéu cia ham cac dai lwong

trung binh la mot trong nhirng phwong phap do.
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3.2.1 CaAc dai lvong trung binh

K¥ hiéu a = (a;)"; 1a day clda n s6 khong am. V&i n ¢ dinh, ta ki hiéu

=1 "

Ala) = %Zai, G(a) = (Hai)z, H(a) = % (a; >0, Vi=1,n

Ta biét rang, A(a), G(a), H(a) twong ng duoc goi 1a trung binh cong, trung
binh nhan va trung binh diéu hoa. Hon nita, dinh 1§ quan trong sau day da dwoc

nhiéu tai liéu chitng minh
Dinh 1y 3.2.1. C6 cdc bdt dang thitc sau
Ala) = G(a) = H(a)

Ddu dang thitc xdy ra khi va chi khi ay = as = -+ = ay,.

3.2.2 CAc dai luvong trung binh suy rong

Véia = (a;), a; >0, r € R,r # 0, ky hiéu

Ro rang 13
Mi(a) = A(a), M_; = H(a).

St dung quy tac Lopital, dé dang chirng minh dwoc rang

lim M, (a) = G(a).

r—0

Néu ap = max(a), thi véir >0, ta cd

ay 1; < M,(a) < ay.
nr
Do do
Tllrglo M, (a) = max(a).
Mt khac, tir hé thic
M_y(a) = —

ta co
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Vi vay, ta dinh nghia

My(a) := G(a), Mix(a) =max(a), M_(a) = min(a).

Ta cb két qua sau day

Dinh 1y 3.2.2. Vi day sé dvong a = (a;)l~y, 11 < 72, thi M,,(a) < M,,(a).

Ddu dang thitc xdy ra khi va chi khi ay = as = -+ = ay,

Chirng minh. a) Truong hop r; <0 < ra:

Theo bat dang thitc gitta trung binh cong va trung binh nhan, ta co

n 1 n
[Tor) < 2o
(3 —_ n ' (3

A . ~ ~ z N 7. ~ - 1 /.
Nhan hai vé cia bat dang thitc nay véi s6 mu — < 0, ta co
A1

n 1 n 1
1) (5o

Vay Mo(a) = M,,(a)

Twong tu ta cung chitng minh dwoc

Mo(a) < My,(a).

Suy ra M, (a) < M,,(a).
b) Truomg hop 0 <r; <ra:
bat k = M,,(a). Khi do

Pit

Thé thi, ta co




Ngoai ra, ta co

k
= ‘Z\4,r1 (a) = E = 1
Suy ra d; = n.
i=1
bat di=1+4x;i=1n,v6i > x;=0; z; > -1, Vi=1,n.
i=1
Vi 2 > 1 nén theo bat dang thitrc Bernoulli, ta cd
A1
T 2
At = (1 +:pi)”z 1+ 20 i=Tn
A1
Suy ra
n ry n
Z d’* >n—+ 2 T =M. (3.2)
X -
i=1 i=1
Bdi (3.1) va (3.2), ta suy ra
MTZ(a) 2 1
M;,(a)

hay M, (a) < M, (a).
¢) Trudng hop r; < rp < 0: Lap luan twong tir phan trén va 4p dung bat ding
thitc Bernoulli voi 0 < 2 <1, taco

B
~ 2 N~
;di <n+ o ;xl—n.

T do suy ra

M,,(a) >1

M;,(a) —

hay M, (a) < M, (a).

Dinh Iy duwgc chitng minh. O

Nhan xét 3.2. Dinh lj (3.2.2) cho ta mot phwong phap lam chat bat dang thitc

vé cac dai leong trung binh suy rong

Bay git, gid st p; (i = 1,n) la cic s6 dwong théa man diéu kién > p; =1 va
i=1
T = (xi)?zl 14 day s6 khong am. Ta ky hiéu

n 1
M) = (St
=1
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va goi M,.(x,p) la trung binh véi trong p.
Nhan xét rang, néu dat
1 1
Ty = n_;pi "ag; L= 1727"' » 1,

thi ta duoc

M, (z,p) = (%Za;) = M,(a).

C6 thé chirng minh dwoc ring

; _ Di
lE%Mr($>p) - Hl’z )

i=1

lim M, (z,p) = max(x),

r—-+00

lim M,(x,p) = min(x).

r——00

Twong tw cac trung binh A(a), G(a), H(a), ta dinh nghia
A(z,p) = Mi(z,p) = Zpiil?i>
i=1

G($>p) = MO($>p) = HI€Z>
=1

H(z,p) = M_(z,p) = (;i;ZMIZT)_J-

Tuwong tu, ta cd két qua sau day

DPinh 1y 3.2.3. C6 cic bdt ding thitc
a) A(z,p) > G(z,p) > H(z, p)
b) M, (x,p) < M,,(z,p), Vri <rs.

Nhan xét 3.3. Dinh lj (5.2.3) tié€p tuc cho ta mét phwong phap lam chdt bdt dang
thitc vé cac dai leong trung binh véi trong p.

Tiép theo, ta ky hiéu

Ro rang 13

Ta cb két qua sau day
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Pinh 1y 3.2.4. Néu 0 < o < 3, thi
S5(a) < Sala)
Dang thite zdy ra khi va chi khi ay = ay = - - = a, = 0 hodc chi ¢6 mot a; # 0

Chitng minh. Ta chitng minh bang phwong phap quy nap.

Truwée hét ta chirng minh véi n = 2, nghia la chitng minh bat dang thitc
1

1 1
(af%—a?)ﬁg (a?%—ag)a, 0<a<p.
That vy, néu a; = 0 hodc a; = 0, thi bdt dang thitc ding.
Gid stt a1 > 0,as > 0. Khong mat tinh tong quat, gid st a1 > as > 0.

, a N
TacoO<—1§1.\ﬁﬁ>a,nen
a2

B8 a 3 o
0< ()= (@) e (e) =1+ (3)
a2 Qa2 a2 a2

N L ey
o <1+(ﬂ) ) < <1+(ﬂ) ) .
a9 a2
Dang thitc x4y ra khi va chi khi a; = as.

o , R ai\P . 1
Matkhac,wl—l—(—) >1va0< —= < —, nén
o

<1 ! <Z_:)ﬁ> < <1 * (Z‘l)ﬁ> (3.4)

Tu (3.3) va (3.4), suy ra

Q|-

- =

/N
—_
+
~
Q|Q
N | =
N

@
~_—
A\
RS
—_
+
~
Q|Q
N | =
N

R
~_—

Q|-

hay
1 1
(af + ag)ﬁﬁ (a? + ag) :
Ta c6 diéu phai chitng minh.
Bay gitr gid stt bat dang thitc dtng véi n s6 khong am aq, ag, - - - , a,. Khi do, ta
cod

1
B

B 8
<<a?+a§++ag)—|—a§+l> §<<a?—l—a§—l—+ag)a—|—a§+1> S

< <(a?+a§+---+ag)“+ag+l> = (a?+a§+---+ag+ag+1)

Q|-

Ta c6 diéu phai chitng minh
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Nhan xét 3.4. Dinh lj 3.2.4 cung cho ta mét phwong phdp lam chat bdt ding

thitc vé cic dai lwong trung binh suy réng mot cich téng qudat nhdt.

3.3 Tinh don diéu cia ham cic da thikc doi xing

»~
SO’ cap

Trude hét ta nhic lai cong thire khai trién nhi thite Newton:
n . n n—k, .k
r+a) = a " txv.
o =3 ()

Néu ta coi (x + a)™ nhu la tich cda n thtta s6: (x +a)(x +a)--- (x + a), thi khi
do tich
(x4 a1)(x+az) - (x+ay)
cung cb thé viét dudi dang mot biéu thire twrong tu nhw cong thite khai trién nhi

thitc Newton nhu sau:

(@ +a1)(z +az) - (z + ap) = i (Z)pgzgx’f,

k=0
trong do
( ay+az+ -+ ay
b1 = n ’
2 = Zl§i<j§n a;a;
2 n ?
() (3.5)
(pn = a1a2- - ap.
Vay nén, néu cac s6 ap,as, - ,a, déu duwong (hoac khong am va khong dong

thoi bang 0) thi khong méat tinh tong quat, ta co thé coi cac s6 pi,p2,--- , P, déu
14 s6 duwong (khong am). Tur (3.5), ta thu dwoc

( ay+ag+---+ay
y41 = n ;
» _ Zl§i<3§n a;a;
2 =T
(%) (3.6)
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Ta thay, p; chinh la trung binh cong, p, la trung binh nhéan, va do do6 cac p;
khéac cung la cac dai lwong trung binh can dat tén cho ching nhw 14 nhimg ddi

twong co ban can tap trung nghién ciru.
Pinh nghia 3.1. Cho @ la bé n s6 dwong {a1,as, - ,a,}, (n > 1,n € N). Khi dé
flx)=(zr+a1)(z+az) - (x+a,)
=2"+ Ey(a)z" ! + Ey(@)a" 2 + - + E,(a),
trong do
El(a) = Zai, Eg(a) = Z aiaj, T En(a) = a1a9 - - Qp.
i—1 1<i<j<n

Dat Eg(a) =1. Ta goi E.(@), (r € {1,---,n}) la cdc ham (da thitc) A6 xiing so
cdp thit r (E.(@) la tong cia tdt cd cac tich r s6 khac nhau cia bo s6 a@).
K3 hiéu

orlin—=r)t
P.(a) = TET(a).
Dinh nghia 3.2. Gid st x1,2o,--+ , 2, la bd n cdc s6 thuc khong am (ki hiéu bdi

(T)) va y1,Y2, -, Yn la bO cde s0 thue khong am khac (dvoc ki hiéu boi () ).
Hai day () va (y) dvoc goi la dong dang (va ky hiéu (T) ~ (y)) néu ton ta
A€ R (A#0) sao cho ta c6 x; = Ay; (j=1,2,--- ,n).

Bai toan 3.4. Cho @ la bo (ay,as, -+ ,a,) cic s6 thuc dvong. Ddat Py =1,
P, = Pi(a); E, = E.(a). Chitng minh rdng

Po1.Po <P (k=1,2,--- ,n—1).

(Néu cac a; déu duwong va khong dong thoi bang nhau thi ta cé ddu bdt dang thitc
thue su).

Chitng minh. Gitr st
f(z,y) = (z+ ay)r + ay) - (x + apy) = Eox" + Bra™ 'y + -+ + E,y°,

E; 1 tong tat ca cac tich i s6 khac nhau,

I(n —k)!
P kl(n k)'ek.

n!

Vi tat cd caca; > 0 vat =: T 0, v:= Yo khong phéi 1a nghiém cia phwong
Y x

trinh f(t,1) = 0 va f(1,0) = 0, twong tmg, nén — = 0 va 2 = 0 khong phai 1a
Yy xXr
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nghiém boi trong cac phwong trinh nhan tir dao ham cua no.
T do6 ta co két luan rang cac s6 P; > 0, titc 1a phwong trinh
Pi12® + 2Py + Poay® = 0

nhan dwgc tir f(z,y) = 0 bing cach 1y vi phan lién ti€p theo x v y. Do phuong

trinh nay c6 nghiém thyc nén

Pi1.Poy < P?

[
Bai toan 3.5. Chitng minh bdt dang thitc
E, 1B, < E-
Chitng minh. Tir bat dang thitc trong bai toan 3.3 ta co
Py 1.Pe1 < P
Suy ra
(k — 1)!(n‘— k+ 1)!Ek—1 (k + 1)!(n'— k— 1)!Ek+1 < (k:‘(n T l{;)!)2El3
hay
(h+ lirzo(zn—_k:l; ) Ey 1B < B
Vi (k+ Din—k+1) > 1 nén, ta c6 diéu phai chitng minh. O

k(n — k)

Bai toan 3.6. Cho cic s6 a; >0 (i € {1,2,--- ,n}) va khong dong thoi bang nhau.
Chatng minh bd't dding thitc

1 1 1
P >p3 >P}>--->Pr. (3.7)
Chitng minh. Theo bat dang thitc trong bai toan 3.3, ta co
PP, < P12

(Pl.P3)2 <P24

(Pr—l-Pr—l—l)T < Pfr
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Suy ra
(Po.Py)(Py.Ps)* -+ (Po_1.Pry1)" < PEPy -+ P
1 1
=P, <P =P >P
[
Nhéan xét 3.5. Ta dé dang chitng minh P,_; P,y < P? bang phwong phdp quy nap.
Thét vay, gid stt bat ding thitc dung véi n — 1 s6 dwong aq, as, - -+ , an_1 v dat
E!, P! lacac E,, P, tao bdi n — 1 s6 dy va gid st tat cd cac s6 dd khong dong
thoi bang nhau.
Khi d6 B! = a,E'_, = —P + —a,P'_,.
n n
T do suy ra

n?(P,_1 P41 — P?) = A+ Ba, + Cd?,

trong do

A= ((n =1 =1) PPy = (n=r)P,
B=m-r+ )+ )P P+ n—r—1)-1)F_ P~
—2(r — 1)Pr/—2PT/+1
C=(r*—1)P_,P,.
Vi céc a; khong dong thoi bang nhau nén theo gid thiét ta co
Pl Py <PP_,-P <P
P _,P_ ,<P_P.=A<-P,B<2P_P,C<P_,
n*(P,_P,y1 — P) < —(P' —a,P_,) <0.
biéu nay van dang khi ay =ay = -+ = a,_;. Khi d6 a, # a;.
Tir bat dang thitc (3.7), ta thu dugc bat dang thitc sau:

Hé qua 3.3.1. Ta c6 p1 > py > -+ > pp, trong dé

( ay+ag+---+ay
b1 = n >

P2 = Ta

\pn = {/a1a2 - Qp.

Ddc biét, p1 > pn. D6 chinh la bdt dang thite gitta gid tri trung binh cong va trung

binh nhan.
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Bay gio ta xét trwomg hop riéng ciia s xen ke vao bat dang thitc gitta trung
binh cong va trung binh nhan (véi n = 4). cu thé ta cd két qui sau:
Véia,b,c,d> 0, ta c6 day bat dang thitc

Yabod < ;\;/abc+abd+acd+bcd - \/ab+ac+ad+bc+bd+cd cafbtetd
- 4 6 4
biéu hay & day 1a ta dung chinh bat ding thitc gitta trung binh cong va trung
binh nhan dé chimg minh
Truge hét ta chitng minh

i/abc+azml+acaz+bcaz<\/ab+ac+aaz+bc+bal+cal )
4 = 6

That vay, sau khi luy thira ba ca hai vé, ta co

abc + abd + acd + bed 2
<
3~ 3V6
<\/ab+ac+ad+bc+bd+cd)

bat S = ab + ac + ad + be + bd + cd va cht § rang

abc 1 Va2be. ab?e.v abc? 1
VEIVE T Vsvsvs Ve

Khi d6 theo bat dang thitc gitta trung binh cong va trung binh nhan, ta co

abc 1 - 1 a’bc + ab’c + abc? N 1
(vVS)3 V6 ~ 4 S? 62

abc - @ a?bc + ab’c + abc®? V6

T ey S 4 52 "6

Ly luan hoan toan twong tiu, ta co

abd V6 a?bd + ab®d + abd®> /6

557 [ e

IN

B

acd - @ a’cd + ac?d + acd*> /6

557 Sz e

bed - @ b%cd + bcd + bed? N V6
B 52 1.62

B

B

(

Cong ting vé cua cac bat dang thitc trén, ta duoc
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abc + abd + acd + bed < V6
3 — 2
<\/ab—|—ac—|—ad+bc—|—bd—|—cd) 45

(a®bc + ab®c + abc® + a®bd + ab*d+

1
+abd® + a*cd + ac*d + acd® + b*ed + be*d + bed?) + ——=

61/6
Ta hay chimg minh
157 —— (a®bc + ab*c + abc® + a*bd + ab*d + abd® + a*cd+
+actd + acd® + b?cd + bcd + bed?) + L2
6v6 ~ 3v6
V6

IEN E( a’be+ ab’c+ abc® + a*bd + ab*d + abd® + a*cd + ac*d + acd*+

+b%cd + bePd + bed?) < ——
<57
& a’be+ ab*c+ ab? + a?bd+ ab*d+ abd? + a*cd + ac?d+ acd®+
1
b2cd + btd + bed? < §S

& 3(a*be+ab’c+abc® +a*bd+ab*d+abd* 4+ a*cd+acd+acd*+
b?cd + bcd + bed?) < (ab + ac + ad + be + bd + cd)?
That vay, dat X = ab+cd; Y = ac+ bd; Z = ad + be, thi

(ab+ac+ad+bc+bd+cd)? = (X+Y +2)*>3(XY +YZ + ZX)
hay
& 3(a’bet-ab’c+abc® +a*bd+ab*d+abd® +a*cd+ac’d+acd*+

b’cd + bc*d + bed?) < (ab + ac+ ad + be + bd + cd)?

Khi d6, bat dang thitc (*) dwge chitng minh.
Bay gio ta chitng minh

\/ab+ac+ad+bc+bd+cd< a+b+c+d
6 = 4

@ab+ac+ad+bc+bd+cd< (a+b+c+d)?
6 - 16
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& 8(ab+ac+ad+bc+bd+cd) < 3(a+b+c+d)?
& 2(ab+ ac+ ad + be + bd + cd) < 3(a® + b + ¢ + d°)
Sa—b’+(a—cP+(@—d?+b—c)+(d—b>+(c—d)?*>0

dieu nay hién nhién ding. Ta chitng minh vé con lai

bc 4 abd + acd + bed
4 < @ a
\/abcd_\/ 1

That vay, theo bat ding thitc gitta trung binh cong va trung binh nhan, ta co

LSS SR SO
a b ¢ d— abed

1 1 1 1
(abcd)(— oot 3)
= P05 > (abed) /(abed)?
N abc + abd 1— acd + bed > /(abody
N i/abc+abd1—acd+bcd > Y

Vay day bat dang thitc (ing véi n = 4) dwoc chitng minh.
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Chuong 4

Phwong phap hinh hoc

Kha nhiéu bat dang thitc dai s dwoc lam chat nhd vio nhitng nhan xét truec
quan tir hinh hoc. Duéi day 14 mot s6 vi du minh hoa.
4.1 Hinh hoc héa cac dai luong trung binh

Trong mat phing toa do Ozy cho ba diém A(a;b), B(c;d), X(x;y). Goi M(p;q)
13 diem thuoc doan AB (M khac B). Khi d6 diem M chia doan thing AB theo ti

so m <0 va ta co

X4

%
%,
A B
M
_a—mc _b—md
P=a 1T 1,
Bay giv, trén doan MX 14y lan lirot cac diem X (z1;11), Xo(@;y2), -+, Xo(Tn; Yn)

sao cho
MX>MX1>MXy>--->MX, >0.
Khi d6, néu X; khac X, thi véi mdi i = 1,2,--- ,n, diém X; se chia doan MX
theo ti s0 k; < 0.



63

Ro rang
ki <k <--- <k, <0
va véimoi i =1,2,--- ,n, ta co
p — kix q— kiy
xT; = s P = .
& T 1k
Do do

XA+ XB=+(r—a)2+ -2+ (x—c?2+y—d?=f,

XiA+ XiB=/(x; —a)? + (4 = 02+ /(2: — ¢)* + (i —d)> = f; (i =T,n)
MA+ MB=AB=+/(a—¢)?+ (b—d)? =: f*.

Theo tinh chat trong hinh hoc phang, ta thu duwoc bat dang thitc sau day
fo>fiz-2>fu>f

Bat ding thitc 4.1. Cho cic s6 thuc a,b,c,d, z,y. Vi méisé m <0 va day sé

ki, ko, -+, k, thda man
ki <ky<--- <k, <0,
dat
a —mc b—md
P 1T 1o
p— kix q—kiy

i T

fo=V(z—a)?+(y =02+ (z— 02+ (y—d)?
fi= V(@ —aP+(y =02+ (&~ +(y—d)?

Thé thi, ta cé

Nhan xét 4.1.

Cho nira duwomg tron tam O, dwong kinh BC, ban kinh OD vuong goc vai BC.
Trén tia CB 14y diém A sao cho B nam gitta A,C. Ve tiép tuyén AE véi nira duong
tron. Ha EF vuong goc véi BC (hinh ve)
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bat AB = a;, AC = ay. Ta co

2

_\/AB2+AO2_\/a§+a§
B 2 B 2

Vay AD la trung binh binh phwong ciua a, as.

AB+AC_a1+a2

A pr—
* A0 2 2

Vay AO la trung binh cong cia aq, as.
o AFE =VAB.AC = \/ai.as.

Vay AE 14 trung binh nhan cia a; va as.

AE2 a1.0a9 2
.AF:AO:a1+a2:1 T

2 a1 a2

Vay AF 1a trung binh diéu hoa cia a; va as
Ta co
AD > AO > AE > AF

Do d6 ta co6 bat dang thitc sau

Bat ddng thirc 4.2. Cho a; > 0, ay > 0, a; # ay. Thé thi

\/a%+a%>a1+a2> arag > ———
2 2 142 1

__l__
a2

a1

\/(AO — OB)? 4 (A0 + 0C)?
2
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4.2 Mot s6 phuong phap khac

Trong qué trinh day va hoc toan, chiing ta da gidi nhiéu bai tap, chitng minh
nhiéu BDT, ... nhung théng thuong chi dirng lai & nhirng bai tap roi rac do, it khi
tran tré, suy ngam tim moi lién hé gitra chiing véi nhau, dac biét 14 moi lién hé
gitta cac bai toan dai s6 véi cac bai toan hinh hoc, tir dd c6 thé khai thac va sang

tao ra nhiéu bai toAn magi day tha vi. Sau day la nhing vi du minh hoa.
~ A z - ~ \ 7T A 7
Bai toan 4.1. (Bai toan dai s6) Déi voi bat ki x € (0; 5), ta luon co
T r 2 :
— <tan—- < — < stnx < .
2 s
Chatng minh. Dwéi day chi chitng minh hai bat dang thirc

. 2r . r 2z
sinr > —, vatan— < —
s 2 2

1 o e ,
a) bat f(zr) = —sinz 1a ham s6 xac dinh va lién tuc trong (0; g} Ta cb
x

TCoST — SINT
fl(x) = — 3

x

bat g(x) = zcosz — sinx trong [0; g}, khi do6 ¢'(z) = —zsinx < 0 = g(x) nghich
bién trong doan [0; g} nén g(z) < g(0) =0 véi z € (0; g}
Do d6 f'(x) < 0 véi moi x € (0; g}, suy ra f(x) > f(

c (0-”)
X ,2

1
b) bat h(x) = —tcmg xac dinh va lién tuc trén (0; g}
x

m . xz .
— = — hay sinx > — v&i
2 0w s

Ta co :
h'(x) = % >0, Vx € (0; z)
2x2%cos? — 2
2
nén ham s6 h(z) dong bién, do do
2 2
h(z) < h(g = hay tang < % véix € (0; g) O

Bay gi¢ xét tam gidc ABC v6i cac ki hiéu quen biét, BC = a,CA = b, AB = c.
Goi A, B, C 1a do 1ém cac goc trong tam giac tinh bang radian; r, R, p, S thit tu 1
ban kinh duong tron nodi ti€p, ban kinh dwong tron ngoai tié p, nira chu vi va dién
tich tam giac; l,, he, Mg, 1, twong ng la do dai duwong phan giac, dwong cao,

duong trung tuyén va ban kinh dudmng tron ban tiép ing véi dinh A.
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Bai toan 4.2. Trong tam giac nhon ABC, ta luon co

5 A , B C
% < Acos? E—I—Bcos E—l-CCO 25 %
Tt dinh Iy ham s6 sin quen thudc trong tam giac ta co
sinA + sinB + sinC = %
A A 4 A
A0052§ < Qtan500525 = sinA < ;Acoszg

Bai toan 4.3. Trong tam giac ABC nhon, ta luon cé

\/% < \/rasz'nA + \/rbsz'nB + \/rcsz'nC < g\/%

o . N . A B
Bai toan nay duoc xay dung tir cong thire r, = ptang, rp = ptanE, r. = ptan—,

~ ’ . ~ 9 A . A A
két hop véi ket qua — < sm§ < 3 ta duoc
T

< \/Ty81nA ﬁsm— < 21
Do do

V2 A+B+C
—p(A + B+ C) < \/TasinA + \/rpsinB + \/resinC < %\/2]9.
T

Bai toan 4.4. Trong tam giac nhon ABC, ta luon cé

tenlie onl Yol e

Bai toAn dwoc xuat phat tir két qua

sz'nB:@:E, sz'nA:@:E, sz’nC:@:@
c a c b b a

va két qud cia bai toan dai s6, ta co 2 < sinA + sinB + sinC < 7. Do d6 bai toan

dwgc chitng minh.

Bai toan 4.5. Trong tam giac ABC nhon, ta luon cé

128 _ab  be ca_gop
T LT,
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2bccos—

——= va két qua bai toan trén
b+c

Bai toan nay dwoc xay dung tir cong thire [, =
R 2(C'+ B)
R(B+C) be  b+c  2R(sinB+ sinC) S
o A 2,(% A) - A
cos sin{ 5 — 3 5

T—A 7T>la

m
2

TR(B+C) bc 4R B+C

> — > —.
B+C lq ™ B+C
b 4
—1R> 2> AL
la T B
Hoan toan twong tu ta cung co

4
wR>a—b>@,wR>%>—R
lc ™ lb ™

T d6 ta suy ra dwoc diéu can chitng minh.

Bai toan 4.6. Trong tam giac nhon ABC, ta coé
T(2R—7r) <aA+bB+cC <4(2R —r)

T cac két qud
C

Tg = ptcmg, Ty = ptani, Te = ptcmE

A B C
r=(p— a)tcm5 =(p— b)tcm; =(p— c)tcm;

Dan dénr, =r + atcmg, ry =1+ btan;, re =1+ ctan;.
Suy ra rq + 1y + 7. = 4R+ r. 4p dung két qud bai toan dai s6 ta dwgc

A B C 2
4R +7 = 3r + atan; + btan; +ctans < 3r+ ;(aA +bB 4 cC)

va

A B C 1
4R +7 = 3r + atan7 + btanE +ctanz > 3r + 5(@A+ bB + cC)

T db ta co6 diéu can chitng minh.

Bai toan 4.7. T dién ABCD c6 d¢ dai cic duong cao la h; (1 =1,2,3,4). Cac

mdt phdan gidc cia cdc nhi dién (cia tt dién) cat cac canh déi twong #ng ¢ cic
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diém E; (i = 1,6). Goi x; la khodng cich tir E; dén hai mdt bén khong chita E;.
Chitng minh
384 1 1
e i3
(Z?:l hz) i ? =1

Khi nao zdy ra cic ddu dang thitc?

Loi gidi.  Goi hy, ho, hs, hy 13 A0 dai cac duong cao cia tit dién Ian lwot ha tir
cac dinh A, B, C, D; S; la dién tich cua mat ing véi duong cao by (1 = 1,2,3,4).
Gid st By, Es, Es, E4, E5, Eg lan luot thuoc cac canh Ab, AC, AD, BC, BD, CD

N N AN, ’ [N , , N 7
va V 1a thé tich cia tit dién. Ta cd cac hé thitc sau

3V = (514 S2)x1 = (S1 4+ 53)x2 = (S1+ Sy)xz = (S2 + S3)z4 =
= (52 + 54)1’5 = (53 + 54)1’6 = Szhz (Z = 1, 2, 3,4)

Tw do ta duogc

(4.1)

1 1 1 1 1 1
woh ko m s
1 1 1 1 1 1
b hs w ke Mg
1 1 1 1 1 1

fs_h1 h4’ $6:h_3 h_4

ap dung bat dang thirc Cosi, ta cd6 ngay néu a > 0,b > 0, thi
(a+b)* <2(a® +b?)

T do theo trén suy ra

Lol 1), 1 (1 1
=T\ n) 2 h R

o
|

i

—_
w

1 1 1 1 1 1

§2(——|—— <2(—+—

23 R2R) 42 w2

[\
[\
|

)
N



Cong tirng vé 6 bat dang thitc trén, ta dwoc

6 1 4
D =<6
i=1 ° =1

h2
= hy = hy & ABCD la tit dién gan deu

Dau bang xdy ra khi va chi khi hy = hy
1
Mit khac theo bdt dang thitc a? + b2 > ~(a + b)? ta co

L1 (1.1 2+ 1,1
B hy ' hu

2@\ h
Hon ntra ta co A
Z ;
i—1 Z h;
i=
128

S ! 1 >

uy ra x_%_l—x%_ : 3
> hi
i=1

Ly luan hoan toan twong tu ta cod
1 1 S 128
BT Y
> hi
=1
1 1 S 128
B AT\
> hi
=1
co

Cong tirng vé cac bat dang thitc trén ta
(2~ 2
i=1 Z h
Dau dang thitc xay ra khi hy = hy = hs = hy & ABCD la tit dién gan deu. O
Bai toan 4.8. Cho tam giac ABC c6 trong tam G va noi tiép trong duong trong
ban kinh R. Cdc duong trung tuyén ké tr A, B, C kéo dai cat duorng tron ngoai

3<1+1+1<\/§1+ +
R=GA " GB " GC = AB " AC " BC

tiép tai cic diem A’, B’, C” twong #ng. Chitng minh rang
1 1 )
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Lo&i gidi. Moi M 1a trung diém cia BC. Khi d6 AAMB ~ AMA'C suy ra

MAMA = MB.MC (4.2)

A

B
WC
A

Ky hiéu a, b, ¢ 1a do dai ba canh cia AABC ddi dién véi cac dinh A, B, C; con

Ma, My, M. 12 d6 dai ba duong trung tuyén twong ttng. Nhu vay tir 4.2 ta co

a? a?
WMA = — = MA =
m 4 4m,
, 1 1 .
Taco GM = §AM = §m“’ vay

/ / 1 a2
GA'=GM +MA" = —m, + —.
3 4dm,

Theo bat dang thitc gitta trung binh cong va trung binh nhan, ta co

1 a? 1 a’ a’
GA' = —mg+ — > 24/ =my.—— =
3m * dm, — 3m dm,  4m,
suy ra
1 3 3
< V3 _ V3 (4.3)
GA a BC
~ N b} . N 9 . 1 2 a 3
Dau bang xay ra khi va chi khi -m, = — & m, = —
3 4dm,

Ly luan twong tu, ta co
1

L V3 (4.4)
GB' — AC

bv/3
2

Dau dang thitc x4y ra khi va chi khi my =

1
GC' = AB’ (45)

=
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Dau dang thitc xdy ra khi va chi khi m, =
Cong ting vé (4.3), (4.4), (4.5), ta duoc

1+1+1<\/§ 1+1+1
GA" GB" GB' — AB AC BC

ev3
e

Dau dang thitc x4y ra khi va chi khi dong thoi dau dang thite trong (4.3), (4.4),

(4.5) xay ra,
m a3 /3 /3
a —7 m - —7 C Eanl—
2 T 2
3a? 3b? 3c
PN S e SN A S
m; = e e
20% + 2¢? — a? = 3a? + 2 =2ad?
S <202 4 22 — b = 3b? a’ + ¢ = 2b°
2a% + 20> — 2 = 32 a? + b% = 2¢2

sd=V=Fsa=b=c

Hay tam gidc ABC deu.
Vay bat dang thitc bén phai dwoc chirng minh, bay gio ta xét bat dang thic
bén trai cua bai toan.

Ta ¢cb

2
GA g"Ma 8m?
GA 1 a>  Am2+3a2
gma+4—m
22024 2¢* —a?) 2% 4207 — a?
22+ 22 —a?+3a2 a?+ b2+ 2

Twong tu, ta co
GB  2a®+2¢* — b

GB' a2+ b2+ 2
GC  2a® +20* — ¢
GC' a?+ b+
N GA n GB n GC
GA"  GB GC’

=3

Mat khac, ta co

AA" BB CC GA GB GC
+ =14+ ~—+1+—— +1+

cr tap T ao GA el o O
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Do AA' <2R, BB' <2R, CC’'<2R. Suy ra

g_AA BB CC_ (1 11
TGA T ap e =T\ eAa T ap T G
11 1 _3

>_
“aror TG0 R

Dau dang thitc xdy ra khi va chi khi AA’ = BB’ = CC' = 2R < ABC la
tam gidc déu. Vay bai toan duwoc chitng minh O
4.3 Bai tap
Bai tap 4.1. Cho tam gidc nhon ABC. Chitng minh rang:

2rp —8(R+71) < aA+bB+ cC < 2rwp —2n(R+r)
Bai tap 4.2. Cho tam gidc nhon ABC. Chitng minh rang:
- <@-a)p-0)+p-0)(p-c+p-cp—a <25
Bai tap 4.3. Cho tam gigc nhon ABC. Chitng minh rang:
abe < a*(p—a) +b*(p—b) +A(p—-c) < gabc

Bai tap 4.4. Cho tam gigc nhon ABC. Chitng minh rang:

4 2 2 2
—2(A2+Bz+02)<m“+mb+mc

2 2 2
- Vi <A+ B+ C

Bai tap 4.5. Cho tam gigc nhon ABC. Chitng minh rang:

4< la(% + %)Hb(% + %)H(% + %)< o
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Két luan cda luan van

Luan van deé cap dén mot s6 phwong phap lam chit BDT. Nhirng két qud chinh
cua luan van thu duoc la:

1. Da cu thé hba 1 thuyét cia phwong phap st dung tinh chat cia ham 16i
(Iom) bang nhitng vi du va bai tap cu thé, co thé tach riéng thanh nhitng bai tap
vé BDT kha phong phi. Kha nhiéu BDT quen thudc, 1 triromg hop riéng cia cac
BDT da duwoc tao ra tir nhirng minh hoa nay. Trong phan cudi chwong, luan van
cung da dwa ra dwoc kha nhiéu ham 16i (lom) dé ban doc c6 thé 4p dung sang tao
ra nhieu BDT khac va cac bai tap do tac gid luan van sang tac.

2. Luan vin da dwa ra cac cach lwa chon tham s6 &k dé lam chit Bat ding thic,
trong d6 tham s6 k& dugc trinh bay & hai dang:

Dang 1: Tham s6 k doc lap khong phu thudc vao tham s6 khac va chi xudt
hién & mot vé cia Bat dang thitc.
Dang 2: Tham s6 k con phu thudc vao tham sé khac.

3. Luan van hé thong hoa mot s6 phwong phap sap thit tw cac dai lwong trung
binh va cu thé hoa 1§ thuyét cia phuwong phap bang nhirng vi du va bai tap cu
thé. Kha nhieu BDT méi duwoc luan van sang tac, thong qua viéc lam chat BDT
bang cach sttr dung phwong phap nay.

4. Luan van cudi cing cia luan van dé cap dén mot s6 phwong phap lam chit
BDT dai s6 thong qua nhing wéce lwong trire quan tir hinh hoc, véi nhing vi du

minh hoa kha cu thé.
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