SUDUNG PHUONG TRINH TIEP TUYEN CUA PO THI HAM SO
TRONG CHUNG MINH BAT PANG THUC
Lé Phi Hung
Truong THPT Ndng Khiéu Ha Tinh

Trong céc dé thi hoc sinh gioi ctia Viét Nam ciing nhu nhiéu nudc khéac chiing
ta gap rat nhiéu c4c bai toan bat dang thiic (BDT) c6 dang nhu sau:

Cho s6 n € N* va cac s6 a;, a,... a, € Dthoaman a, + a, + ... + a, = na, v6i
a € D. Chiing minh rang f(a,;) + f(a,) + ... + f{a,) > nf{ @) (hay hoan toan tuong tu la
fla,) + fla,) +... + fla,) < nf{a)), dang thic xayrakhi a,=a,=...=a,= «

Dang todn ndy c6 tinh chat ndi bat: vé trai 1a biéu thic doi xing doi vé6i céc bién
a,, a,..., a, nén thuong cé nhi€u cach giai. Tuy nhién viéc tim ra mot phuong phap
chung d€ c6 thé gidi duoc hang loat bai toan nhu thé thi hoan toan khong don gian.

Trong phuong phdp cua bai viét nay ching ta s€ van dung gia thi€t a;, + a, + ... +
a, = no. mot cach linh hoat, d6 1a ta s& tim cac hing s6 A, B thich hop dé c¢6 danh gia
f(x) = Ax + B v6i moi x € D, dang thiic xay ra khi x = o. D6i v6i nhiéu bai toan, biéu
thic y = Ax + B dugc chon & day chinh la phuong trinh ti€p tuyén cua do thi ham s6
y=f(x) taix=oa.

Mot kién thifc co ban xin dugc nhac lai & day: phuong trinh ti€p tuyén cta do thi
hams6y=f({x) taix=ala:y=f(a)x —a) + fla) .

Nhin qua phuong phap nay ching ta s€ thdy n6 “twong tu” véi phuong phap su
dung BDT Jensen - con goi la BDT ham 16i. That su & day phuong phap nay sé “tot”
hon. Néu st dung BDT Jensen duoc thi phuong phap nay ciing st dung dugc nhung
diéu nguoc lai thi c6 thé khong xay ra. y

Ta c6 su minh hoa bang do thi:

Ham s6 y = f{x) khong 16i trén mién

D = [p, g] nhung c6 d6 thi van “ndm trén” ti€p
tuyén y = AX + B clia n6 tai x = a € D. Trong /

bai todn nay khong thé 4p dung BDT ham 16i
duoc nhitng van c6 thé dung “phuong phép tiép

tuyén” dé giai quyét bai toan. P~ o q X

Sau day chung t61 xin trinh bay tng dung
ctia phuong phdp dé gidi quyét mot s6 bai toan duoc trich din tir mot s6 dé thi
Olympic clia nuéc ta va cdc nudc trén thé gidi. Trong mot s6 bai todn c6 thé ching ta
phai str dung linh hoat céc gia thiét va tinh chat ctia céc biéu thifc trong bai toin dé van
dung phuong phap mot cach hiéu qua nhat.



Bai toan 1. (Hong Kong, 2005). Cho cac s6 duong a, b, ¢, dthoaman a + b + ¢ + d = 1.
Ching minh ring

6(a° +b3+c?+d?) > a2+b2+c2+d2+% 1.1)
Lot gidi
Tir gia thiét ta cé a, b, ¢, d € (0, 1) va BDT tuwong duong véi
1
fla) + f(b) + flc) + fld) = 3 (1.2)

trong do f(x) = 6x° — x°.

Xét f{x) trén (0, 1). Tié€p tuyén cta do thi y = f{x) tai x = % c6 phuong trinh

=2 .1 Mat kha R A S BS- DA S PP Y.
y=g¥ 8.Me_1tkhacf(x) (8x 8) 6x° — X2 (8x 8) 8(4x ’Bx+1)=0

v6i moi x € (0, 1) hay f{x) > gx i % v6i moi x e (0, 1). Tir d6 suy ra

fla) + f(b) + flc) + fid) > g.(a tbh+c+d -4 % - %

Vay BDT dugc chitng minh. Pang thitc xdyra<>a=b=c=d = % .

Bai toan 2. (My, 2003). Cho céc s6 thuc duong a, b, ¢. Chiing minh rang

(2a+b+c)®>  (2b+c +a)? (2c+a+b)2<

< 2.1
2a’+ (b +c)® 2b%+(c+a)® 2c?+(a+b)? 1)
Loi gidi
Do tinh ding cép clia cdc s6 hang & VT nén ta c6 thé dua vé xét véia + b + ¢ = 3.

(@+3)*  a*+6a+9

= va hai sO0 hang tuong tu ta sé
2a®+(3-a)> 3a’-6a+9 e &

Khi d6 s6 hang dau tién s€ la

c6 BDT tuong duong

a’+6a+9 b?+6b+9 c?+6c+9
+ + <

< 24 2.2
a’-2a+3 b?-2+3 c?-2c+3 2.2

; X2+6X +9 . o, .
Xét ham so f(x) = oy a3 trén (0, 3). Phuong trinh ti€p tuyén cua y = f(x) tai
+

X2 +6X +9

x=11lay=4x + 4. Ta xét hiéu flx) - (4x + 4) = —
X —=2X +3

- (4x + 4) =

C(x —1)*(4x +3)
X2-2x +3

<0v6imoix € (0,3). Tudé f{x) < 4x + 4 moi x € (0, 3).



Ap dung chocac s a, b, c € (0,3)taco fla) + f(b) + fic) <4(a+ b + c)+ 12 =24,
BDT (2.2) duoc chitng minh. Péng thiic xay ra & (2.2) <> a =b = ¢ = 1. Tt d6 BDT
(2.1) ding va dang thifc xdyra<>a = b = c.

Bai toan 3. (M¢ rong bai todn thi Olympic Ba Lan, 1996 va Olympic 30 - 4, 1999)
Cho céc s6 thuc a, b, ¢ thoa man a + b + ¢ = 1. Chiing minh rang

a b Cc g

+ + < 3.1
1+a®  1+b?  1+c? 10 ©-1)
Loi gidi
Pat fly)= X Khi d6 BDT (3.1) trd thanh
+ X

9
fla) + f(b) + flc) < T (3.2)

1-x2 X =—

Taco fi(x)=———, f(x)=0&
0=z £ L:l

, v ~ NV I 1 N
Bang bién thién (ta s€ dua thém vao mot so gid trinhu x =-3, x = ~3 x=2va

gid tri ciia ham s6 f{x) tai d6 d€ so sanh)

X |- -3 -1 -1/3 1 2 +00
7(x) - 0 + 0 _
0 1/2
f(X) & y 25
-1/2 0
) 3 1 3 2
Gtréen BBTthi A-3)=——,f(-=)=——vaf(2Q)= =
(0 trén 1f(=3) 10 S 3) 10 va f(2) 5)

Xét cac truong hgp xay ra:

Truong hop 1. C6 mot so, gia st a € (-0, -3] = b + ¢ > 4 nén c¢6 mot s6, gia st
b>2.Khidé tacé: fla) +f(b) + flc) <0+ % + % - %

Truong hop 2. C6 mot so, gia st a € (-3, —%]. Khi d6 f{a) + f(b) + f(c) < —% +
1 1 7 9
ST+ =<2,
27271010

Truomg hop 3. Caba s6 a, b, ¢ € (-%, + o). Khi d6 ti€p tuyén clia y = f(x) tai

X
1+x?2

1 18 3 18 3 18 3
x==cophuong trinhy = —x+ —.Tacédf(x)-(—=x+ —) = -(—x+ —
3 P 8 Y 25 50 T (25 50) (25 50)

2
= B DT E3) < ygimoi x> - hay flx) < o v+ > v6i moix> -2
50(L+x ?) 3 257" 50 3



Ap dung BDT nay cho céc s6 a, b, ¢ > -% vaa+b+c=1tacédfla)+ f(b) + flc)

SE(a+b+c)+3.i=g.
25 50 10

Vay trong moi truong hop BDT (3.2) déu ding. Vay bai toan dugc chiimg minh,

dang thitc xay rakhi vachikhi a=b=c= %

Nhdn xét cdch gidgi: Day 1a mot bai toan kho, khong thé sir dung phuong phép
ham 16i @€ giai (nguoi doc cé thé xem & [2]). Chiing ta da giai bai todn bing cdch phan

. ¢ o1 s . ) 1. .1 < . Y
chia truc so thanh cdc khoang (-oo, -3], (-3, -5] va (—5 , + 00) va st dung linh hoat gia
thi€t @ + b + ¢ = 1 dé 4p dung tinh chét ctia ham s6 f{x) cling véi ti€p tuyén clia né tai
diém x = % mot cach nhu mong muon.

Bai toan 4. (Rumania, 2005). Cho cac s6 thuc duong a, b, c thoaman a + b + ¢ = 3.
Ching minh rang

ai2+bi2+ci2 >a’+b% +c? (4.1)
Loi gidi
Theo gia thiét a, b, ¢ > 0 = a’ +b?+c? < (@ + b + ¢)*> = 9. Tir d6 néu c6 mot
trong ba s6, gia st a < % = ai2+bi2+ci2 >9> a’+b%+c? nén (1) ding.

Ta xét truong hop a,b,cZ%.Vla+b+c=3:>a,b,c£%.Vaya,b,ce E%}

1

BDT (4.1) & —-a° + L pzs L c2s 4.2)
a

b_z_ 2

Xét ham so0 f(x) = iz—x 2 trén E%} Tiép tuyén cia do thiy = flx) taix=11a
X

y=-4x+4.TaC(’)f(x)-(-4x+4)=LZ_XZ_(_4x+4)=_(x 1)(X2 2X 1)20
X X

2
v6i moi x e E%} (doglx)=x*-2x-1=(x-17%-2%< (gj — 2 <0 trén E%})

hay f{x) > - 4x + 4 v6i moi x e Eg .

Ap dung cho cc s6 a, b, ¢ %ﬂ ta c6 fla) + f(b) + flc) > —4(a + b + ¢) +
4.3 = 0. Vay BDT duoc chitng minh. Dang thitc xay ra khi vichikhia=b=c=1.

4



Nhdn xét cdch gigi: Tuong tu bai todn trén, tir gia thiét bai toan ta méi chi c6

diéu kién a, b, ¢ € (0, 3). Viéc xét céac trudng hop dic biét dé dua vé xét truong hop

a,b,ce E , %} va ap dung tinh chat ctia f{x) trén d6 1a hét stic can thiét.

Bai toan 5. (Trung Qudc, 2005). Cho céc s6 khong am a, b, cthoamana + b + ¢ = 1.
Ching minh ring

10(@®+b3+c®)-9(@@° +b° +c°) >1 (5.1)
Loi gidi
Pat f (x)=10x®—9x®. Khi d6 BDT (5.1) tré thanh
fla) +f(b) + flc) 2 1 (5.2)

Tritong hop 1. Trong ba s6 a, b, ¢ c6 mot s6, gid st a = % Khi dé thi
a e [3, } Vi b, ¢ e {o, i}. Xét ham s6 f(x) trén [3,1} c6 Fi(x) = 3002 — 45¢* =

10 10 10
1522 — 33 < 0 véi moi x e [% } Vay f(x) nghich bién trén [%1} va tir d6
fla)>f(1)=1khia e {% } Hon nita véi b, ¢ e {o, %} thi f{b) = 106° — 9b° > 0 va
flc)=10c®>-9¢> >0 nén fla) + fib) + flc)>1+0+0 =1 hay (5.2) ding.

Truong hop 2. Cic s6 a, b, ¢ e {o, %} Khi d6 tiép tuyén cia y = f{x) tai x = %

cO phuong trinh y = %x

16 25 25 16
—. Tacé —————103 O — (=x-=2)=
o7 1aco fie) = ( 5 ) ( = 27)
-2—17(3)6 — 1)*27x + 18x* — 21x — 16). Pat g(x) = 27x° + 18x* — 21x — 16. Xét ham so
g(x) trén {0, %} Tacod g'(x) =81x* +36x—21,g'(x) =0 <> x = % hoac x = -g.

Bang bién thién cua g(x) trén {O, %} :

X 0 1/3 9/10
9'(x) 7 /
o / ~ 7 /
7 |
Tu BBT va g(0) = -16, (—)—-% = g(x) <0 trén {0, %_ :>f(x)—(§x- %)20
trén {0 %} hay la f(x) > %x— % véi moi x € { %}



Apdungchocéc s0a,b,ce [0, %} via+b+c=1taco
25 16 .
fla) + fib) + flc) > 5 (a+b+c)- 3.5 =1 hay (5.2) ding.

Vay trong moi trudng hop BDT ding. Déng thiic xdy rakhi vachikhia=b=c= %
hodc (a, b, ¢) 1a mot hoan vi bat ky cua (1, 0, 0).

Nhdn xét cdch gidi: Pay 1a bai toan rat khé va dac biét 1a déng thic xdy ra tai

a=b=c= % hoac (a, b, ¢) 1a mot hoan vi bat ky cta (1, 0, 0). Hon nita ham s6 xuét

hién trong bai todn ciing 1a mot ham da thic bac cao (bac 5). Dé giai bai todn nay
chiing ta phai chia mién gia tri ctia cdc bién mot cach chat ché. Trong cdch giai trén

viéc chia tap [0, 1] thanh [o, %} va {% ,1} I mot céch chia hop 1y.

Bai toan 6. (Moldova, 2005). Cho cic s6 duong a, b, ¢ thod man a*+b*+c*=3.
Ching minh ring

1 1 1
+ +

<1 (6.1)
4—ab 4-bc 4-ca
Lo gidi
2 2
Viab< @ nen L < 2 4ods
4-db  8-(a’+h?)
1,1 12 2 2

< + +
4-ab 4-bc  4-ca  8-(a®+b?) 8-(b?+c?) 8-(c’+a?)
Dé van dung gia thiét a* +b*+c*=3ta dat x = (B’ + ), y = (¢ + &),

z=(@ + PP thitacdx,y,z>0vax+y+z= (B> +2)f + (P +d)f + (@ + D)<
4@ +b*+ ) =12.Tirdé O0<x,y,z<12.

. 1 1 1
Ta s€ chiing minh = 6.2
s 8- Vx 8- [ 5_v7 2 (€2
Xét ham so f(t) = 5 ! T trén (0, 12). Phuong trinh ti€p tuyén cua do thi y = f{z)
tai t = 4 c¢6 phuong trinh —iz‘+i Hon nita ta co : —(1t+£)—
phiong Y= a2 7 36 "8_Ji 144 36

_ﬁ(\/f_z)zm—\/f) <0véimoit e (0, 12). Vay fit) < ﬁt+ % v6i moi ¢ € (0, 12).

1 15 1
Tu do: f(x)+f(y)+f(z)<—(x+y+z)+3—<m12 % 5'

Vay BDT duogc chitng minh. Péang thic xdyra < x=y=z=4<a=b=c=1.



T mot s6 vi du duoc chon, ching t6i da tu giai d€ minh hoa duogc tinh than
chinh ctia phuong phap. Ngudi doc ¢6 thé so sdnh phuong phap nay véi viec giai cac
bai todn trén bang nhiing phuong phap khac. Tuy nhién v6i nhitng han ché€ nhat dinh
clia nguoi viét va khuon kho bai viét chiing t6i khong thé dua ra nhiéu hon nita cc bai
toan khac. Viéc md rong két qua cua nhitng bai todn trén theo nhicu hudng hay dua
thém cdc bai tap vé luong gidc chac chan s& thu dugc nhiéu két qua thd vi. Ching toi
rat mong ngudi doc déng gbp nhitng ¥ kién va bé sung nhiéu bai tap dé cho bai viét
nay dugc ddy du hon. Chidng t6i xin chan thanh cam on! Cu6i cing 1a mot s6 bai tap dé
céc ban c6 thé rén luyén viéc van dung phuong phdp nay.

Bai toan 7. (Nhdt Bdn, 1997). Cho céc s6 duong a, b, c. Chiing minh rang

(b+c—a)? N (c+a—bh)? (a+b-c)® _ 3

(b+c)®+a®> (c+a)’+b®> (a+b)?+c? 5
Bai toan 8. (Du bi Olympic 30 - 4, 2006). Cho cac s6 thuc duong a, b, ¢, d thoa man
a+ b + ¢ +d<4. Chiing minh rang

1 1 1 1 > 1
2 + 2 + 2 + 2
1+a) (@+b) (1+c¢) @+d)

Bai toan 9. (Vasile Cirtoaje). Cho céac so6 khong am a, b, c thoAman a + b + ¢ > 3.
Ching minh ring

1 + 1 + 1 <1

a?+b+c b*+c+a c*+a+b

Bai toan 10. (Trung Quoc, 2003).

’ > 1 s S, X
Cho c4c so x;, x5, ..., x5 >0 va =1. Chin h ra ——<1.
0 C4C SO X}, Xy, ..., X5 >0 va ;1+Xi g minh ring ;4+Xi2
Thang 5 nam 2007
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