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LOI NOI DAU

Trong sach gido khoa 16p 12 Giai tich da trinh bay cach tim gia tri 16n nhat, gia
tri nho nhat ciia ham s6. Vi vay mot s6 dang bai toan tim gia tri nhé nhat, gia tri
16n nhat ctia mot biéu thic chita mot bién tré nén don gian. Bai toan tim gia tri
nhé nhat, gia tri 16n nhat 13 mot bai toan bat dang thiic va day 1a mot trong nhing
dang toan khé & chuong trinh trung hoc pho thong. Trong céac bai toan tim gia tri
16n nhat, gia tri nhé nhat clia mot biéu thiic danh cho hoc sinh kha, giéi thi bieu
thiic can tim gia tri nhé nhat, gia tri 16n nhat thuong chita khong it hon hai bién.
Khong nhitng thé, cac bai toan khé thuong c6 gia thiét rang buoc giita cac bién.

Viéc chuyén bai toan tim gia tri nho nhat, gia tri 16n nhat ctia mot bicu thic
khong it hon hai bién sang bai toan tim gia tri nhé nhat, gia tri 16n nhat ctia ham
s6 chita mot bién sé gitip ching ta gidi dugc bai toan tim gia tri nhé nhat, gia tri
16n nhat ctia mot bicu thic. Van dé dat ra 1a nhiing dang bai toan tim gia tri nho
nhat, gia tri 16n nhat nao thi chuyén vé dude dang bai todn tim gia tri nhé nhat,

gi4 tri nhé nhat ctia ham s6 chita mot an. Vi vay ching toi chon dé tai

"Ung dung dao ham dé tim gia nhé nhit, gia tri nhé nhit ciia mot biéu

thue".

Trong qua trinh gidng day, boi dudng hoc sinh gidi va on thi dai hoc, cao dang
ban than da duc rat duge mot s6 kinh nghiém. Vi vay trong bai viét nay ching toi
trinh bay chi tiét mot s6 dang bai toan tim gia tri nhé nhat, gia tri 16n nhat cta
mot biéu thic chita hai bién ma diéu kien rang buoc ciia hai bién hodic biéu thic
thé hien tinh déi xting hodic tinh dang cap, trinh bay mot s6 bai toan tim gia tri
nhé nhéat, gia tri 16n nhat ctia mot bieu thic chita ba bién ma bang cach danh gia
ching ta thé duge hai bién qua bién con lai.

Véi muc dich nhu vay, ngoai 10i mé dau, muc luc va phan tai lieu tham khdo, bai

viét dugce trinh bay trong hai chuong.
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Chuong 1. Gia tri nhé nhat, gia tri 16n nhat ctia ham s6. Trong chuong
nay, ching t6i trinh bay céc kién thiic co s§ can thiét dé gidi bai toan tim gia tri
nhoé nhit, gid tri 16n nhat cia ham sb6. O cudi chuong, ching t6i dua ra mot sé vi
du minh hoa.

Chuong 2. K¥ thuat gidm bién trong bai toan tim gia tri nhé nhat, gia
tri 16n nhat ctia biéu thic. Trong chuong nay, ching toi trinh bay chi tiét céc
dang toan tim gi4 tri nhé nhat, gia tri 16n nhat ctia mot biéu thic chita hai bién
ma diéu kién rang budc ciia hai bién hodc biéu thic thé hien tinh déi xting hoic
tinh déng cap, trinh bay mot s6 dang toan tim gia tri nhé nhat, gia tri 16n nhat
ctia mot bieu thic chia ba bién bang cach dat an phu hodc thé hai bién qua mot
bién con lai.

Tac gia xin gii 101 cdm on chan thanh téi cac thay gidgo trong t6 Toan, cling cac
em hoc sinh 16p 12A-K30, 10C1-K33 truosng THPT Dang Thuc Hua da cong tac,
gitp do tac gid trong sudt qua trinh nghién ctu va hoan thién bai biét.

Trong qué trinh thuc hién bai viét nay, mac dit da rat c6 ging nhung khong thé
tranh khéi nhitng han ché, thiéu sot. Tac gid rat mong nhan duge nhiing v kién
déng gép clia quy thay co, cac ban va cac em hoc sinh dé bai viét duge hoan thien
hon.

Xin tran trong cam on!
Thanh Chuong, thang 05 nam 2011

Tac gia
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CHUONG 1

GIA TRI NHO NHAT, GIA TRI LON NHAT CUA HAM SO

1.1. Mot sb kién thic cd sé vé dao ham
Trong muc nay ching to6i trinh bay lai mot s6 kién thiic vé dao ham va maot s6

cong thic vé dao ham.

1.1.1 Dinh 1y. Néu hai ham s6 u = u(z) va v = v(z) ¢ dao ham trén J thi

1. (u+v) =u 4+

2. (u—v) =u -

3. (w) = v+ w;

4. (ku) = ku';

5 (1) = e g u(z) £ 0

1.1.2 Dinh 1y. Dao ham ciia mot s6 ham so thuong gap.

(z) =1
(z") = na"'(n € R) (") = nu"tu!
3y =% (y =%
(Vo) = 5= (x> 0) (Va) = 3%
(e7) = ¢ (eb) = etal
(Inz) = L(z > 0) (Inw) =%

(sinz)’ = cosz

(cosx) = —sinz

(sinu)" = u' cosu
(cosu) = —u'sinu

(tanu) = u'(1 4 tan®u)

= —u/(1 + cot? u)
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1.1.3 Nhan xét. Dao ham ciia mot s6 ham phan thiic hitu ti thuong gap

1. Cho ham s6 y = %+ v6i a.c # 0,ad — cb # 0. Ta c6 yf = 24=<b;

cr+d (ca+d)?"
3 2 ax’tbrdc o4 < 1 amaz’+2anztbn—mc
2. Cho ham s0 y = #2725 vl a.m # 0. Ta ¢6 y' = e :
3 2 ax’t+brtc A4 . 1 (an—mb)z?+2(ap—mc)z+(bp—nc)
3. Cho ham so6 y = maTtnop VOL a.m #0. Tacoy = T .

1.2. Gia tri nhé nhat, gia tri 16n nhat ciia ham sb

Trong muc nay ching toi trinh bay lai mot s6 kién thtic vé bai toan tim gia tri

nho nhat, gia tri 16n nhat ctia ham sé.

1.2.1 Dinh nghia. Gi4 sit ham s6 f xac dinh trén tap hop D c R.
a) Néu ton tai mot diém zo € D sao cho f(x) < f(z¢) v6i moi x € D thi s6
M = f(zo) dugde goi la gid tri [6n nhat cia ham so f trén D, ky hieu la M = magf(:c).
Tre

b) Néu ton tai mot diem zy € D sao cho f(z) > f(z¢) v6i moi =z € D thi sb

m = f(xo) ducc goi 1 gid tri nhé nhat cia ham s6 f trén D, ky hieu la m = mizrjlf(x).
re

1.2.2 Nhan xét. Nhu vay, muén chiing t6 rang s6 M (hosic m) 1a gia tri 16n nhat
(ho#ic gia tri nhdé nhét) ctia ham s f trén tap hgp D can chi ro:
a) f(z) < M (hoac f(x) >m) v6i moi x € D.

b) Ton tai it nhat mot diém xq € D sao cho f(zg) = M (hodc f(zg) = m).

1.2.3 Nhan xét. Nguoi ta da chitng minh dugce rang ham so6 lién tuc trén mot
doan thi dat dudgc gia tri nhé nhat va gia tri 16n nhat trén doan dé.

Trong nhiéu trudng hop, c6 thé tim gia tri 16n nhat va gia tri nhdé nhat ctia ham
s6 tréen mot doan ma khong can 1ap bang bién thién clia no.

Quy tac tim gia tri nhé nhat, gia tri 16n nhat ciia ham f trén doan [a;b] nhu
sau:

1. Tim céac diém 1, x9, ..., z, thudc khoang (a;b) ma tai d6 f c6 dao ham bang 0

hoac khong c¢6 dao ham.
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2. Tinh f(xl)vf(lé)a EREE) f(xn)a f(a) va f(b)
3. So sanh cac gia tri tim dugc.
S6 16n nhat trong cac gia tri do6 la gia tri 16n nhat ciia f trén doan [a;b], s6 nho

nhat trong cac gia tri d6 1a gia tri nho nhat cia f trén doan [a; b].

1.3. Mot s6 vi du tim gia tri nho nhét, gia tri 16n nhat cia ham
s6

Trong muc nay ching toi trinh bay mot s6 vi du tim gia tri nhoé nhat, gia tri 16n

nhat ctia ham so.

1.3.1 Vi du. Tim gi4 tri nhé nhat va gia tri 16n nhat ctia ham s6 f(z) = v+ V4 — 22

Bai lam. Tap xéc dinh D = [-2;2], f(z) =1 — \/49‘_7552, fl(x) =0 <z =+/2. Bang

bién thién

1) / \
79

Tu bang bién thién ta c6 min f(z) = f(—2) = =2 vd max f(z) = f(V/2) = 2V2.

x€[—2;2] x€[—2;2]

1.3.2 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham s
Fl@) = V1 -2 +23/(1— 2?2,
Ban doc tu giai.
1.3.3 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham s

f(z) =bcosx —cosbr v6i — — <z <

=] 3
=] 3

Ban doc tu giai.
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1.3.4 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham sd

2Vl —at+VI+ a2+ V1 —a? 43
Vi+a?2+vV1l—a?+1 '
Huong dan. Dat t = V1 + 22 +V1 —22, V2 <t < 2.

/()

1.3.5 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham sb
flx)=(z+1)V1—22
Ban doc tu gidi.
1.3.6 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham sb
f(x) = 2%+ 4(1 — 23, véi z e [-1;1].
Ban doc tu gida.
1.3.7 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham sb
f(z) =sin2x —x, v6i x € [—g; g]
Ban doc tu giai.

1.3.8 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham s6

2z + 3

fle) = 2241

Ban doc tu gidsi.
1.3.9 Bai tap. Tim gia tri nhé nhat va gia tri 16n nhat ctia ham sb
fx)=z(v/1—2%+x).

Ban doc tu giai.
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CHUONG 2

KY THUAT GIAM BIEN TRONG BAI TOAN TiM GIA TRI
NHO NHAT, GIA TRI LON NHAT CUA BIEU THUC

Tu két qua ctia Chuong 1 ching ta thiy ring viéc tim gia tri nhé nhat, gia tri
16n nhat ctia ham sé kha don gidn.Viéc chuyén bai toan tim gia tri nhé nhat, gia
tri 16n nhat cia mot bieu thitc khong it hon hai bién sang bai toan tim gia tri nho
nhat, gia tri 16n nhat ctia ham s6 chita mot bién sé gitup chiung ta giai duge bai toan
tim gia tri nhé nhat, gia tri 16n nhat ctia mot biéu thiic.

2.1. Bai toan tim gia tri nhé nhét, gia tri 16n nhit cta biéu thiic
bing phuong phap thé

Trong phan nay chting toi trinh bay mot s6 dang bai toan tim gia tri nhé nhat,

gia tri 16n nhat cfia bic¢u thiic chita hai bién bang cach thé mot bién qua bién con

lai. Tt d6 xét ham s6 va tim gia tri nho nhat, gia tri 16n nhat ctia ham s6.

2.1.1 Vi duy. Cho z,y > 0 thod man z +y = 2. Tim gia tri nhé nhét cla biéu thiic

4 1
P=—4+—.
r 4y

Bai lam. Tt gid thiét z +y =2 ta c6 y = 3 — 2. Khi d6 P = 2 + =L Xét ham

w

Séf(x)zé-kﬁ,xe(o;%). Tacéf’(x):_f_Q_Fm' f@)=0sz—1ve=>2

(loai). Ta c6 bang bién thien

x 0 1 %
f(x) - 0 +
+00 +00
f(x) \ /
5
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T

=

bang bién thién ta c6 min f(z) = f(1) = 5. Do d6 min P = 5 dat dugc khi
ze(0;2)
r=1y= }L.
Nhan xét. Bai toan nay dudc gidi bang cach thé mot bién qua mot bién con lai

va xét ham s6 chita mot bién.
2.1.2 Vi du. Cho z,y € R thod man y < 0,2? + 2 = y + 12. Tim gia tri nho nhéat,
gi4 tri 16n nhat cla biéu thic P = zy + = + 2y + 17.

Bai lam. T gia thiét y < 0,22 +z = y+12tacéy = 2> +r—12 vA 22 +2—12 < 0 hay
—4 <2 <3.Khid6 P = 23+322—-92—7. Xét ham s6 f(r) = 23 +322 927,z € [—4;3].

Ta c6 f'(z) = 3(z% 4+ 22 —3), f'(x) =0< 2 = -3 v v = 1. Ta ¢6 bang bién thién

z [—4 -3 1 3
f(x) + 0 -0 + |

20 20
" —13/ \ —12/

Tir bang bién thien ta c6 min f(z) = f(1) = —12, max f(z) = f(=3) = f(3) = 20.
z€[—4;3] x€[—4;3]

Do d6 minP = —12 dat dugc khi x = 1,y = —10 va max P = 20 dat dugc khi

x=-3,y=—6 hoac z =3,y =0.

Nhan xét. Bai toan nay dudc giai bang cach thé mot bién qua mot bién con lai
nhung phai danh gia bién con lai. Tt d6 tim gia tri nhé nhat, gia tri 16n nhat cta
ham s6 chita mot bién bi chan.

2.1.3 Vi du. Cho z,y > 0 thod mén z +y = 1. Tim gia tri nho nhat ciia biéu thiic

z Y
p— + |
Vi—z VJ1—-y

Bai lam. T gid thiét 2,y >0, v +y=1tacoy=1—2,0 <z < 1. Khi do

z _ T l—x 4 3 A _ T 11—z _ 2—x z+1
ta o P = =+ & Xét ham so f(x) = =T fl(x) = s~ e
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f'(z) =0 <z = 1. Bang bién thien

T 0

O ol

+ |
+00 +00

f(z) \ /
) 2

Tit bang bién thién suy ra min P = r%nl)f( z) = f(3) = V2 dat dugc khi z =y =
xe(U;

Nhan xét. Bai toan nay dudc giai bang cach thé mot bién qua mot bién con lai
va stt dung céc gia thiét dé danh gia bién con lai. T d6 tim gia tri nho nhat, gia

tri 16n nhat ctia ham s6 chita mot bién bi chin.

2.1.4 Vi du. Cho z,y > 0 thod man = +y > 4. Tim gié tri nhé nhat ctia biéu thic

3x2+4+2—|—y3

P = 5

4x Y

Bai lam. Ta c6 P = 3“’ 244 + 5 2 +y. Ap dung bat déng thitc AM -GM ta c6 P =

32°4+4 , (2 32244 2.y. . 9
ML (B Y 2 B3 s = e+ (G DHE 2 242/ H 8 = 4.
Do d6 min P = % dat dugce khi z =y = 2.

Nhan xét. Bai toan nay dugc giai bing cach danh gia biéu thic P va cb ging

2 X ~ s X
chuyén ve mot bien.

2.1.5 Bai tap. Cho z,y € [-3;2] thod man 2% + y3 = 2. Tim gia tri nhé nhat, gia

tri 16n nhat ctia biéu thic P = 22 + y2.
Ban doc tu giai.

2.1.6 Bai tap. Cho =,y > 0 thod man = + y = 1. Tim gia tri nhé nhat, gia tri 16n
nhat ctia bieu thic P = ;& + 5.

Ban doc tu giai.

10
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2.1.7 Bai tap. Cho z,y > 0 thod man z + y = 1. Tim gia tri nhé nhat clia bicu
thﬁcP:x2+y2+m—12+yi2.
Ban doc tu gidi.
2.1.8 Bai tap. Cho z +y = 1. Tim gié tri nhé nhat ciia biéu thiic
P =2’ +y° +3(2* — %) +3(z +y).
Ban doc tu giai.

2.1.9 Bai tap. Cho a,b,z,y €e RthoAman 0 < a,b<4,a+b<T7va2<z<3<y.

222 2 4+2x+y

Tim gi4 tri nhé nhat ciia bicu thic P = )

Hudng dan. Tim gia tri 16n nhat clia Q = a? 4 b2, Xét ham s6 g(y) = f(z,y) v6i
an y va x 1a tham s6, tim gia tri nhé nhat ciia g(y) 1a h(z). Sau d6 tim gia tri nho

nhat ctia ham s6 h(x) véi x € [2;3].
2.1.10 Bai tap. Cho z,y € R thod méan z3 < y. Tim gia tri nhé nhat ctia biéu thic
P:x2+y2—8x—|—16.

Hudng dan. Néu z > 0 thi 2% < ¢? tit d6 xét ham s6 f(z) = 2° + 22 — 82 + 16.

Néu = < 0 thi 22 +y? — 8z + 16 > 16 v6i moi = < 0, 23 < y.

2.1.11 Bai tap. Cho z,y € (0;1) thod man = +y = 1. Tim gi4 tri nh6é nhat cta

biéu thic P = 2 + V.

Hudng dan. Xét ham sb f(x) = 2%, x € (0;1). Chttng minh w > f(5HY).

Taco P=a"+(1—2)""" = f(z)+ f(1 —2) > 2f(3) = V2.
2.1.12 Bai tap. Cho z,y > 0 thod man = 4+ y = 2. Chting minh rang ry < 2%yY.

Ban doc tu gidi.

11
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2.2. Bai toan tim gia tri nhé nhét, gia tri 16n nhit cta biéu thiic
dbi xtng
Trong phan nay chtng toi trinh bay mot s6 dang bai toan tim gia tri nhé nhat,
gié tri 16n nhat clia biéu thiic chita hai bién ma gia thiét hoac biéu thitc dé thé hien

tinh ddi xing. Tu d6 xét ham s6 va tim gid tri nhé nhat, gia tri 16n nhat ciia ham

Oon

S

2.2.1 Vi du. Cho 22 + y%2 = 2 + y. Tim gié tri nhé nhat, gia tri 16n nhat cta bicu

thitc P = 23 + 3 + 2%y + 2y?.

Bai lam. Dat t = z+y, ti gid thiét 22 +y? = z+y ta c6 2y = (v+y)>—(z+y) = t2—t
hay xy = tQT’t Ap dung bét ding thiic (z+y)? < 2(22+y?) = 2(z+y) hay 2 < 2t suy
ra 0 <t < 2. Khi d6 bi¢u thitc P = (x4 y)* — 2zy(z + y) = 2. Do d6 ta c6 max P = 4
dat dugc khit =2 hay s +y=2vazy=1suyraz=1vay=1,tacomnP =0
dat duge khi t =0 hay z =0 va y = 0.

Nhan xét. Bai toan nay gia thiét va biéu thic P dudce cho dudi dang déi xing
v6i hai bién. Vi vay, ching ta nghi dén cach doi bién ¢ = 2 + y. Nhung dé giai bai
toan tron ven thi phai tim diéu kién ctia bién ¢. Sau day 14 mot s6 bai toan véi dinh

huéng tuong tu.

2.2.2 Vi du. Cho z,y > 0 thod man 22 +zy+y? = 1. Tim gié tri 16n nhat ciia bicu

e _ :L‘y
thic P = T

Bai lam. Dat t = x +y. T gid thiét =,y > 0 va 22 + 2y +y? = 1 suy ra oy = t* — 1.

Ap dung bat déng thic (z +y)2 > day suy ra 0 < t < \/Lg Khid6 P=t—-1< —\/%_3.

Vi vay max P = Y32 dat duoc khi (r;y) = (Z; —) hodc (z1) = (-

LL)
V37 V37

3
2.2.3 Vidu. Cho 2,y €c RthoAman z+y # —1va 2>+’ + oy =2 +y+ 1. Tim

., . - Z ., © 14 % 5 : 2 g o Ty
gia tri nho nhat, gia tri 16n nhat cua bieu thic P = — T

12
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(z+y)+1 hay oy = 2 —t — 1. Ap dung bat ding thic (z + y)? > 4zy suy ra
3t* — 4t —4 < 0 hay —g <t <2 Khido P =t-t1 Xét ham s6 f(1) = Li

<t< T 1
f'(t) = t2+2t , f'(t) =0&t=0vt=—2(loai). Bing bién thien
t -3 0 2
f1®) - 0 + |

1
3

:
0 \ ) /

Tu bang bién thién ta c6 min P = min f(t) = f(0) = —1 dat dugc khi (2;y) =
te[—2;2]
(=1;1) hodc (z;y) = (1;—1) va max P = max f(t) = f(—3%) = f(2) = 1 dat dugc khi
te[=3;2]

x:y:—% hoac z =y = 1.

2.2.4 Vi du. Cho z,y € R thoa man 0 < x,y <1 va z +y = 4xy. Tim gia tri nho

nhét, gia tri 16n nhét ctia biéu thic P = 22 + % — zy.

Bai lam. Dat t = x +y. T gid thiét 0 < 2,y <1 vad z+y = 4zy suy ra zy = £ va
1<t<2 Khid6 P = (v+y)>—3zy =t2—3t. Xét ham s0 f(t) = t2 =3¢, f'(t) = 2t—3,

f(t) =0« t = 3(loai). Bang bién thien

t 1 2
F() + ]
5
2
F(t) /
1
4

T bang bién thién ta c6 min P = n}i%}f(” = f(1) = 1 dat duge khi 2 =y = 1
te

va max P = m[zli)Qc]f(t) = f(2) = 3 dat dugc khi (z;y)
te|l;

(557 555).

(2542; 252) hoge (

Ty y) =

g
g

13
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2.2.5 Vi du. Cho z,y € R thod méan =,y # 0 va ay(z +y) = 22 +3?> —x —y +2. Tim
gia tri 16n nhat cta biéu thic P =1 + %
Bai lam. Dat t = x +y. T gid thiét zy(z +y) = 22 +y> —2 —y +2 hay zy(z+y) =

(x4+y)? =22y — (x+y) +2 suy ra vy = ﬁtjr—t;? Ap dung bat ding thic (z+y)? > day

12 —2t244t—8 v 3z _xty P42t ~ 5 %
suyraH—220hayt<—2vt22. KhldoP—x—y—tg_tH.Xethamso

f(t) = g2, F/(8) = AL f(H) =0 ¢ =2 v t = —3(loal). Béng bién thien

t -0 —2 —% 2 +o0
JHO - 0 +0 -

1 2
£(b) \ / \
— ™

T bang bién thién ta c¢6 max P = . m2a>t(>2f(t) = f(2) =2 dat dugc khi x =y = 1.
<—2vt>

=N

2.2.6 Vi du. Cho z,y > 0 thod man zy + = + y = 3. Chting minh rang

3T 3y Ty 9 9 3
< —.
y+1+x+1+x+y_$ Ty +2

Bai lam. Dat t = z + y tit gid thiét =,y > 0, 2y + = + y = 3, bat ding thic

(z+y)? > 4wy tacd vy =3—t,t > 0 vat2+4t—12 > 0 hay t > 2 hodc t < —6(loai). Khi

;1 £ 2 . N ’ . 2, N 3(z+y)2—6zy+3(z+
d6 bat dang thiic cAn ching minh trd thanh 3¢ g; ) +(1x ) +ol < (4y)*—2ay+3
hay 359118 | 3t <42 4 op 9 o y3 2441 —12>0 & (t—2)(t2 4+t +6) > 0 luon

dang V¢ > 2, dau bang xay ra khi t =2 hay z =y = 1.

2.2.7 Vi du. Cho z,y > 0 thod man z% + 3? = 1. Tim gi4 tri nhé nhat cta biéu
- 1 1

thic P=(1+2z)(1+ )+ (1 +y)(1+ 7).

Bai lam. Dat t = x +y. Tu gid thiét 2,y > 0 vd 22 + % = 1 suy ra zy = t22’1

va t > 1. Ap dung bat ding thic (z + )% < 2(22 + ¢?) suy ra 1 < ¢t < /2. Khi
d6 P = [1+ (z +y) + ay][EY] = L5 Xeét ham s6 f(1) = 2, f/(1) = 5522

f'(t) =0 &t =14+ +/2(loai). Bang bién thién

14
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t 1 V2
HOIR I |
—+00
f(t)
44 3v2

Tu bang bién thién ta ¢6 min P = mir\lf f(t) = f(v2) = 4+ 3v2 dat dugc khi
te(1;v2]

l’:y:

=

2.2.8 Vi du. Cho z,y > 0 thod man z +y+ 1 = 3zy. Tim gia tri 16n nhat cta biéu

e _ 3z 3y 1 1
thu‘C P = y(a:+1) + x(y+1) 2 Y2

Bai lam. Dit t = x +y. Tit gid thiét z 4+ y + 1 = 3zy suy ra zy = 2L Ap dung

3
bat déng thic (z +y)? > 4zy taco 3t2 —4t —4>0hay t >2v 1 < —%(loai). Ta ¢6

Say(ety)+3(@ty)® boy _ (etyl-2ey _ O(P—t-2)  3(3°-20-2) _ 3(5142) wap p3r g
P = zylzy+(z+y)+1] z2y2 T A () Al (A Dol Xét ham so
flt) = 395 () = 2252, f/() = 0t = E(loai). Béng bién thien
t 2 +00
f't) - \
1

Tu bang bién thién ta c6 max P = max )f(t) f(2) =1 dat dugc khiz =y =1
te(2;+00

2.2.9 Vi du. Cho z,y khong dong thoi bing 0 thod man = +y = 1. Tim gi4 tri nho

2

z B .2 p o 1 z? Y
nhat cta bieu thic P = premy By N g e

Bai lam. Dt t = 22 +y?, ta c6 (v+y)? = 1 suy ra (22 +y?)+ 22y = 1 hay zy = 13L.

Ap dung bat dang thic (z +y)? < 2(22 + y2) suy ra ¢t > £. Khi d6
Y 2

1 (2t + )+ (@2 +9?) 1 224+ 8t -2
P=—a—"5+t 735 2 1 .2 =t 3 '
22 +y 2y?+ (2?2 +y?)+1  t 242t+45

15
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Xet him s6 £(t) = ¢ + B S = —& + T
f(t)=0e (t—1)(t+1)%(t—5) =0.

Ta c6 bang bién thién

% 1 5 +o0

'ty — 0 +0 -
%

URNVN

T bang bién thién ta c6 max P = ?ax ]f(t) = f(3) = f(5) = £ dat dugc khi
te %H—oo
(z;y) = (3;3) hodic (z;y) = (2;-1); (z;9) = (-1;2) vamin P = min f(¢) = f(1) =2
te[ ;400

dat dugc khi (z;y) = (1;0); (z;9) = (0;1).

2.2.10 Vi du. Cho 2% + 42 = 1. Tim gia tri nhé nhat, gia tri 16n nhat cia biéu
thic P =21+ y+yv1+ z.

(x+y)°=1 _ 221 _ 1.4

Bai lam.Dat ¢t = x + y, tir gid thiét 2% + y? = 1 hay zy = “4— = L1 va bat

déng thitc 2y < % ta c6 —v2 <t < /2. Khi do6 ta co

-t (2 -1t+1
P? = (v +y)? — 2zy + 2zy(x +y) + 2ey\/1 + (x +y) +ay =1 + _|_( ) |

2 V2
Néu —1 <t <2 thl P2 =1[(1+v2)t3 +v2t2 — (1+ v2)t + 2 — v/2]. Xét ham s6
) =3 +V2)+V2t2 — (1+V2)t+2—V2], f'(t) = LB(1+V2)12 + 22t — 1 — /2],
flty=0et=v2—-1vt= —#. Ta c6 bang bién thién

to-1 12 V21 V2
i |+ 0 -0 + \
38—23\/5 2+ /2

(1) / \ /
1 S0

16
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Tt bang bién thién ta c6 f(t) < 2++/2 dang thiic xay ra khi t = /2 hay P2 < 2++/2
suy ra max P = /2 + /2 dat dugc khi ¢ = v/2 hay z =y = ¥2.

Néu —v2 <t < —1thi P2 = 1[(1—v2)t3 — V2> — (1 — v2)t + 2+ /2]. Xét ham s6
g(t) = 31— V2) = V212 — (1= V2)t+2+ V2], ¢'(t) = 3[3(1 = V2)t* = 2v2t — 1+ V2],

J(t) =0t = —(v2+1)(loai) v t = —¥2-L(loai). Ta ¢6 bang bién thien
t | —=v2 —1
g'(t) +
1

g(t) /
92— \/2

Tt bang bién thién suy ra ¢(t) < 1 dang thitc xdy ra khi t = —1 hay P? < 1 suy ra

min P = —1 dat dugc khi ¢t = -1 hay = -1,y =0 hodic x =0,y = —1.

Nhan xét. Bai toan nay gia thiét va biéu thiic P dude cho dusi dang déi xing
v6i hai bién nhung biéu thiic P chua dua dude vé dang «+y, zy. Vi vay dé gidi duge
bai toan nay, ching ta binh phuong biéu thic P. Sau day 14 mot bai toan tuong

t.

2.2.11 Vi du. Cho 2% +4? = 1. Tim gia tri nhé nhat, gia tri 16n nhat ctia biéu

_ Y
thic P = \/ﬁ T
Bai lam. Dat t =z +y, tit gid thiét 22 + ¢ = 1 hay oy = E=L = 221 4y pag

déng thic zy < (”y) ta c6 —v2 <t < /2. Khi do ta co

p2_ @Hy) —3uy(wty) + (@+y)* — 22y 21y
1+ (z+y) +ay \/1 + (z+y) +zy
—t3 4+ 3t +2 262 —1) .
= ot +\/_< )v61t7£—1.
2 +2t+1 |t + 1|

Néu -1 <t <+v2thi P2 = (vV2-1t+2—-+2. Do d6 P2 < 4—2/2 suy ra
max P = \/4 — 2v/2 dat dugc khi t = v/2 hay z = y = 2.

17
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Néu —v2 <t < —1thi P2 = —(1++v2)t+2+ 2. Do d6 P?2 < 4+ 22 suy ra
min P = —\/4+ 22 dat dugc khi t = —v/2 hay = = y = —¥2.

2.2.12 Vi du. Cho z,y # 0 thay doi thod man (z+y)zy = 2® +y?> — zy. Tim gi4 tri

16n nhét ctia biéu thic P = 5 + .

Bai lam. Dat x = 2,y = 1. Khi d6, gid thiét (z + y)zy = 2% + y? — zy trd thanh
a+b=a*+b>—abhay (a+

b) = (a + b)? — 3ab v& biéu thiic

P=a* 40 = (a+b)® - 3ab(a + b) = (a +b)[(a + b)* — 3ab] = (a + b)>.

Datt =a+0. Ap dung bat dang thitc ab < (“+b)

, tit gid thiét (a+b) = (a+b)?—3ab
tacoab—t_t < L hayt2—4t<()suyra0<t<4 Khi d6 P = t*> < 16. Vi vay

max P = 16 dat ducc khit:4haya:b:2hayx:y:§
2.2.13 Vi du. Cho z,y € R thod man 22 + zy + 3? < 2. Tim gi4 tri 16n nhat cta
biéu thic P = 22 — zy + y2.

Bai lam. Dat t = z +y. T gia thiét 22 + 2y +y? <2 hay (v +y)? — 2y <2 ta co
2y > 12 — 2. Ap dung bat ding thic zy < % ta co t2 < % hay —\/ggtg \/g.

Khi d6 P = (z +y)? — 32y < —2t> + 6. Bang bién thién ham s6 f(t) = —2t> + 6

6
(1) / \

Tu bang bién thién ta c6  max  f(t) = f(0) = 6 suy ra max P = 6 dat dugc khi
tel-v/Ev/3]
(z;y) = (=v2;V2) hoac (z;y) = (V2; —V2).

Nhan xét. Bai toan nay gia thiét 1a mot bat ding thitc dbi xting va biéu thiic

ol
Lolno

P dudc cho duéi dang déi xting véi hai bién. Dé giai dugc bai toan nay, ching ta

18
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danh gia biéu thiic P, doi bién ¢t = 2 +y va tim diéu kién ctia bién ¢. Sau day 14 mot
sO bai toan vdi dinh huéng tuong ti.
2.2.14 Vi du. Cho z,y > 0 thod mén z+y < 1. Tim gié tri nhé nhat ctia biéu thitc

2 2
4ty +z 1 1 3
P:#_F__’___}__
T4y T Yy xy

Bai lam. Dat t = 2 +y. Tt gia thiét suy ra 0 < ¢ < 1. Ap dung bat déng thic

(z+y)2 > dzy suy ra zy < & Khido P = (Hgly*zy + TS > 3y AE5) X6t ham s6

Flt) =3t 4 A3 gy 8 AES) _ 8PPo161-96 y6i ) <+ < 1 ta c6 bang bién thien

t 0 1
HOIN
+00
f(t) \5
“67
4

T bang bién thién ta co6 n(1(i)nl]f(t) = f(1) = % suy ra min P = % dat dugce khi
te(0;

—_

2.2.15 Vi du. Cho z,y € R thod man 2(z? + 4?) = 2y + 1. Tim gi4 tri nhoé nhat,

gia tri 16n nhat ctia biéu thic P = 7(z* + y*) + 42292,

Bai lam. Dat t = 22 4+ ¢2. T gid thiét 2(2? +¢?) =2y + 1 ta c6 zy =2t — 1 va ap
dung bat déng thiic 22 + y? > 22y va bat déng thic 22 +y? > —2zy ta c6 2 <t < 2.
Khi d6 P = 7(2?+4?)? - 102%y? = —33t2+40t — 10. Xét ham s6 f(t) = —33t2+40t — 10,
f/(t) = =66t +40, f'(t) =0« t = 2. Ta c6 bang bién thien

;12 20 p)
; 5 33 — 3
JHO) + 0 |
609
160

£t / \

19
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Tu bang bién thien ta ¢6 minP = min f(t) = f(2) = £ dat duge khi (z;y) =

(=755 75) hote (w5y) = (J55 —75) vA maxP = tg[lg_g]f(t) = f(2) = 99 dat dugc khi
)= <\/33§73\/6; \/33;73\/6) v (z;y) = (\/33;*3\/65 \/33;%\/6) v (zy) = (*\/3‘%\[; *%ﬁ)
v (zy) = (R0 ),

Nhan xét. Bai todn nay gia thiét va biéu thiic P duge cho dué6i dang doi xing

(z3y

v6i hai bién. Dé giai duge bai toan nay, ching ta doi bién t = 22 + y2? dé bac cla
biéu thiic cang nhé cang t6t. Sau day la mot bai toan tuong tu.
2.2.16 Vi du. Cho 7,y € R thod man 2?(22% — 1) +y?(2y?> — 1) = 0. Tim gi4 tri nho

nhat va gia tri 16n nhat ctia biéu thic P = 22(22 — 4) + y%(y% — 4) + 2(2%y? — 4).

Bai lam. Dat t = 22 + 2. Tu gid thiét 22(222 — 1) + »?(2y> — 1) = 0 hay 2(2® +
y?)? — 4a?y? — (22 + %) = 0 ta c6 2%y = #. Ap dung bat ding thic 22 + 42 > 22y
suy ra 2t> —t < t> hay 0 <t < 1. Khi d6 P = (2% +y?)? — 4(2%2 +9?) — 8 = > — 4t - 8.

Xét ham s6 f(t) =2 —4t — 8, f'(t) = 2t — 4, f'(t) = 0 < t = 2(loai). Bang bién thién

T bang bién thién ta c6 max P = m[(;a}l(}f(t) = f(0) = —8 dat dugc khi (z;y) = (0;0)
te|0;

va min P = min f() = f(1) = —11 dat dugc khi (z;y) = (Y2, V62 (4. —

t€[0;1] ’
(o2, OV () — (22, V6V e ( =62, —VB+y2),

I ' 4

z3y) = (
2.2.17 Vi du. Cho z,y thod man (z%+y?)? — 3(2® +¢?) + 2 = —2% — 32%y%. Tim gia
tri nhé nhat, gia tri 16n nhat cia biéu thiic P = 22 + 2y% — 32242

Bai lam. Dat t = 22 + 2. T gia thiét (22 +32)2 —3(22 + %) + 2 = —2% — 32%% ta
c6 12 —3t+2<0hay 1 <t <2 KhidéP=—(22+32%2) +2a®+4y?)=1>—t+2.
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Xét ham 6 f(£) = £2 — ¢ +2, f/(t) = 2t — 1, f'(t) > 0 V¢ € [1;2]. Vi viy max P =
max f(t) = f(2) = 4 dat ducc khi (2;9) = (0;4v/2) vA min P = min f(t) = f(1) = 2
te[1;2] te[1;2]
dat dugc khi (z;y) = (0; £1).

Nhan xét. Bai toan nay gia thiét va biéu thiic P dudc cho dusi dang khong déi
xiing véi hai bién. Dé giai ducc bai toan nay, ching ta danh gia gia thiét va dat

t:x2+y2.

2.2.18 Vi du. Cho z,y € R thod man (z + )3 + 42y > 2. Tim gia tri nhé nhat cla

bidu thic P = 3(z* + y* + 22¢2) — 2(22 + ¢2) + 1.

Bai lam. Dat ¢t = 22 + y2. Ap dung bat ding thic (z + y)2 > 4zy. Tir gia thiét
(x +19y)3 +4ay > 2 suy ra (v +y)3 + (z +y)? > 2 hay » +y > 1. Khi d6 ap dung bat
dang thic 22 + 42 > M ta co t > 3. Ap dung bat ddng thitc (2 +y2)? > 422y ta
c6 P =3[(z® +y*)? — 22?] — 222 + y?) + 1 > 3(2® + 1?)? — w —2(x? +y?) + 1
hay P> % —2¢ 4+ 1. Xét ham s f(1) = 2 — 2t + 1, f/(t) =L -2, f(1) =0 & t = 2.

Bang bién thién

t % +00
f(t) +
400
0 /
9
16

T bang bién thién ta c6 teél;ifoo)f(t) = f(3) = &. V1 vay min P = % dat dugc khi
r=y= %

Nhan xét. Bai todn nay gid thiét 14 bat dang thitc ddi xing va bicu thic P
dugc cho dudi dang déi xiing vé6i hai bién. Dé gidi dude bai toan nay, ching ta danh

gia biéu thic P va dit t = 22 + 2.
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2.2.19 Vi du. Cho z,y > 0 thod man 24y = 1. Tim gia tri nho nhat ctia bicu thic

T Y
pP= + .
Vi—z 1-y
Bai lam. Dat zy = t. Ap dung bt déng thitc (z+y)? > 4y suy ra0 < ¢ < 1. Khi d6
2 _ (z4y)*—2ay—ay(z+y) 2zy _ —3i41 AL S oA _ -3t
P = st i reiala +2v/t. Xét ham so f(t) = =2 +2v/¢,
flt)=—%+ \/%, f'(t) =0 <t = 1(loai) v t = 0(loai). Bang bién thién

Tu bang bién thién ta c6 té}f(lég]f(t) = f(§) = 2 suy ra min P = v2 dat dugc khi
v—y=1 i

Nhan xét. Bai toan nay gia thiét va bicu thitc P dugce cho dudi dang déi xiing
v6i hai bién. Ngoai cach doi bién t = z + y ta c6 thé giai bai toan nay véi cach doi

bién t = zy. Sau day 13 mot bai toan véi dinh huéng tuong t.

2.2.20 Vi du. Cho céac s6 thiuc z,y thod man 22 + 42> — 2y = 1. Tim gia tri nho

2 (2®+1)+y* (y°+1)
2+y?—3

nhat, gia tri 16n nhat cta biéu thic P =

Bai lam. T gid thiét 22 + 92 —ay = 1 taco 1 = 22 +¢y> —ay > oy va 1 =
x2+y2—£€y=($+y)2—3wy2—3my suy ra —%S:Uygl.

. . 24,22 942021 1] 2 ) . . 2
Dat t = zy. Khi do P = & y(LQer“;)y_?) S = 32 Xet ham 6 f(t) = —LEE2

f) = =t <ovee [-4;1]

Do d6 min P = min f(t) = f(1) = —4 dat dugc khi 2 =y =1hoacz =y = —1
te[—331]

va max P = max f(t) = f(—%) = —& dat dugc khi (z;y) = (ﬁ; _\/?3) hoac (z;y) =
€
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2.2.21 Vi du. Cho z,y > 0. Chitng minh ring ((x“Ly))—k;/J;z%

Bai lam. Do bat ding thic dang véi z,y thi cling ding vé6i tz, ty nén ta chuan
hoa z+y = 1. Dat t = \/zy. Khi d6 P = (22 + %)% — 2222 + /7y = [(z +y)? — 2zy]* —
22y? + Jay = 2t* — 42+t + 1. Xét ham s6 f(t) =2t1 — 44>+t + 1 v6i t € (0; 3]. Ta
co f'(t) =83 — 8t + 1, do f/(—2)f(0) <0, f(0)f'(3) <0, f(3)f (1) < 0 nén phuong
trinh f/(t) = 0 ¢6 dang 1 nghieém ¢, € (0;3) ta ¢6 bang bién thien

t D to :
f1) + 0 - ]
f(to)
|
| / \\g

Tir bang bién thien ta c6 min P = min f(t) = f(3) = § dat duge khi t = § va
te(0;]
r+y=1lhayor+y=1, /zy = Suyrax:y: .DodéPZ%,Vw,y>0.
Nhan xét. Bai toan nay gia thiét va biéu thic P dude cho dusi dang déi xing

v6i hai bién. Dé giai dude bai toan nay ching ta diing phuong phap chuan hoa.

2.2.22 Vi du. Cho z,y > 0 thoa man x4+ y =1 va m > 0 cho truéc. Tim gia tri

nho nhat cia biéu thic P = Tz +y2 + o
Bai lam. Dat o = 3+t,y = 3—t v6i0 < [t| < 3. Khid6 P = 4t2+1 4t2 -. Xét ham s6
_ 2 16t 32mt 16t[A(y/m=1)t* +y/m+1][A(ym+ Dt*+/m—1]
f(t) = g — g [0 = —aEnE T aeene = = (16t -1)?

Néum >1thi f/(t) =0&t=0. Kho d6 min P = min f(t) = f(0) = 2 + 4m.
t 1.1

*5;5)

NéuO<m<1thi f/(t) =0t =0vi2= 4@%@1) v 2= 4({_@%) > L(loai) hay

t=0,t=— J\}T\/i),t = 4(1\;%@1). Ta c6 bang bién thien
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1 1—y/m 1—y/m 1
t -3 _\/4(m+1) 0 \/4(\/m+1) 2
f’(t) — 0 + 0 - +
24+ 4m
2m + 3y/m +1 2m + 3y/m +1

T bang bién thién ta co

1 _
min P = min —2m+3\/ + 1.
te(—3:3) /) \/ (v/m —i— \/ (v/m + 1

Nhan xét. Bai toan nay gia thiét va biéu thic P duge cho dudi dang doi xing
v6i hai bién. Ngoai nhitng dinh huéng quen thuoc bai toan dugce gidi véi phuong

phap doéi bién khac.

&=

Py
Hudng dan. Dat t = § + %, dicu kien [t| > 2.
2.2.25 Bai tap. Cho z,y > 0 thod man 22 +y? = xﬂ%—ym. Tim gia tri
nhé nhat cta bidu thic P = 22 + y? + 7 + %
Hudng dan. Dat t = 2? + 2, v6i 0 < t < 1.

2.3. Bai toan tim gia tri nho nhét, gia tri 16n nhit ctia biéu thiic
thé hién tinh ding cp

Trong phan nay chtng toi trinh bay mot s6 dang bai toan tim gia tri nhé nhat,
gié tri 16n nhat clia biéu thiic chita hai bién ma gia thiét hoac biéu thitc dé thé hien
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tinh déng cap. T dé xét ham s6 va tim gia tri nhé nhat, gia tri 1én nhat ctia ham

Oon

S
2.3.1 Vi du. Cho z,y > 0 thod man z2+y? = 1. Tim gia tri 16n nhat ciia biéu thiic
P=yz+y).

Bai lam. Dat y = tz tit diéu kién 2,y > 0 suy ra t > 0. T gia thiét 2? + 4% =1

ta ¢6 22 = 7. Khi d6 bieu thic P = 2%(t + 1) = gii Xét ham s f(t) = j:f,
fl(t) = ’t;flt;gl, flty=0&t=+v2+1vt=1—+/2(loai). Ta c6 bang bién thién
t V2+1 +00
(@) + 0 - |

2
f(t) / \
0 1
Tu bang bién thién ta c6 maxP = max f(t) = f(vV2+1) = # dat dugc khi

te(0;+00)
Y AV, Y BV |
:z:—,/—%/i vay—,/—%/i.

Nhan xét. Bai toan nay gid thiét va biéu thiic P dugc cho dudi dang dang cap

v6i hai bién. Sau day 1a mot s6 bai toan véi dinh huéng tuong tu.

2.3.2 Vi du. Cho z,y € R thod man z? + zy +y?> = 2. Tim gia tri nhé nhat, gia tri

16n nhat ciia biéu thitc P = 22 — 2zy + 3y2.

Bai lam. Néu z =0 thi y> =2 suy ra P = 6.

Néu x # 0 thi dat y = ta. Khi d6 ti gid thiét 22 + 2y + y?> =2 ta c6 2% = t2+t+1 Vi
- 3t2—2t+1
vay P = (t2+t+:—)

. N £ — 244 — P

Xét ham so f(t) = Q(izﬁzjl“ , fl(t) = %, flt)=0&t= %ﬁ. Ta c6

bang bién thien
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t |—o0 —_2_5\/E _—Q?/E +00
4O + 0 — 0 + \
500+100f

o / \ _ /

Tu bang bién thién ta c6 min P = Itrélﬂgf(t) = f(_z?/ﬁ) = 500_%?)0\/5 dat dugc khi

T;y) = (5\/38+2m5 \/38+2\ﬁ(—2+\/_)) hogic

(2:9) = (=55~ ey (2 + VIO) v

max P = maxf(t) = f(=* V19 — S00+100V19 qat duge khi
5\/38r\/38r —2—/19)) hoic

(r:9) = (=5 /552 5 @+ VI9))

2.3.3 Vi du. Cho z,y > 0 thod man z2+y? = 1. Tim gia tri l6n nhét ciia biéu thic

42% + 62y — 5

p=t T
2ry — 2y — 1

Bai lam. Néu x = 0 thi tit gid thiét 22 + 49> =1 vay > 0suy ra y = 1. Khi d6

_5
P =3.

Néu z # 0 thi dat y = to. Tir gid thiét z,y > 0 va2?+y% = Isuyrat > 0 va 2? = Z1.
Coasop o @PA46)-5  _ B52—6t41 Wit ham <A _ 52—6t+1 _ _8t’+4t—4
Khi do P = x€(2t72t2)71 = 3E—orr X6t ham sO f(t) = sy, f1() = Btr—2t+1)2

f(t)=0&t=73vt=—1(loai). Ta c6 bang bién thien
t 0 % +00
f'(¢) - 0 + |
1 5
3
f(t) \ /
—1
T bang bién thien ta ¢6 f(t) < 3 V&t > 0 va minP = te%iunm)f(t) = f(3) = -1
dat dugce khi z = % va y = \/Lg Vi vay max P = g dat dugc khi x = 0,y = 1 va
; - _ — 2 »yy=_1
min P = —1 dat dugc khi z = FVay=
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2.3.4 Vi du. Cho z,y € [2010;2011]. Tim gia tri nho nhat, gia tri 16n nhat cta bicu

thic P = ery(m +92).

Bai lam.Dit ¢ = £. Khi d6 P = D,

Xét ham s6 f(t) = LLEHD gy —op 41— L f(1) =0 283 + 42— 1 =0,
Néu 2010 < = < y < 2011 thl 379 <t < 1. Ta ¢6 f/(t) > 0, Vt € [313;1] suy

ra max P = max f(t) = f(1) = 4 dat dugc khi = y va min P = min f(¢) =

telZoirill telZoirill

F(319) = 3,999005965 dat dugc khi x = Z12.
Néu 2010 < y < o < 2011 thi 1 < ¢ < 285 Ta c6 f/(1) > 0, ¥t € [1;24]

ey

min P = min f(¢) = f(1) = 4 dat dugc khi z = y.

2011
[1’ 2010]

Nhan xét. Bai toan nay biéu thitc P c6 tit va mau ciing bac. Dé giai bai toan
nay ta dat t = Z va stt dung gia thiét dé xét cac truong hgp xay ra cla t.
2.3.5 Vi du. Cho z,y € R thod man z,y # 0 va 2% + y* = 2%y + 2y?. Tim gia tri

nho6 nhat, gia tri 16n nhat cta bieu thic P = 2 + 1.

y
Bai lam. Dat y = ta. TU gid thiét 22 + ¢ = 2%y + 2y? suy ra z = + i do
12 4-t) (241 £1 1s 2 2 —32 1+
P =B Xet ham s6 f(r) = 2LA2EL f(1) = S p() = 0 t = —gﬁ.
Bang bién thién
0 1—?\)@ 1+%/ﬁ 1o
1) — 0 + 0 -

9 3+2\@
f(t) \ / \
<Q 75/% 2

Tit bang bién thien ta ¢6 max P = max f(t) = f(EA0) — 310 dat duge khi

N 204210, 40422v10 <3
(x’ y) o (14+5\/10’ 42+15\/10) va

min P = min f(t) = f(1510) = 2=/10 dat duge khi (z;y) = (22010, 022910,
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z ~ . X 431:y2 1
2.3.6 Vi du. Cho z,y > 0. Ching minh rang oY =i <3

Bai lam. Dat t = £. Tir gia thiét z,y > 0 suy ra ¢ > 0. Khi d6 bat dang thiic

can chitng minh tuong duong véi (H‘tﬁ < 1 hay t(vV#2+4 —t)® < 2. Xét ham
$6 f(t) = tWVE+A— 1P, f1(1) = (VEFA—1)p - EHD _ W) Ve
ffy=0&t= \/75 Ta c6 bang bién thién
t 0 @ +00
MO + 0 - ]
2
f(t) / \
0 © 0

Tit bang bién thien ta c6 max F(£) = f(¥%2) = 2 hay t(vZ +4 —t)3 < 2 dau bing
te(0;+o00

xau ra khi t = @ hay y = v/2z.

2.3.7 Vi du. Cho z >y > 0. Chting minh rang %5 > ey > VY-

Bai lam. Bat dang thiic can chiing minh tuong duong véi \/% < % < #
Ta chitng minh In% > @ Datt = % T gid thiét > y > Osuyrat > 1. Chiing
t—1 —(t—=1)
minh Int¢ > g+1) Xét ham s6 f(t) = gﬂ) (t):(tfw—%:ﬁgo

Vt > 1. Ta c6 bang bién thien

T bang bién thién ta cé f( ) <0Vt > 1 hay (t—l—l) Int vVt > 1.
Ta chiing mmh\[ <l . Dt t = \[ Bt ding thitc trd thanh 2—2¢int—1 > 0.
Xét hamsog()—t2—2tlnt—1,g()—?(t—lnt—l), ") =2(1-1) >0,Vt>0.

Suy ra dpcm.
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2.3.8 Vi du. Cho z,y > 0 thod man zy < y — 1. Tim gié tri nh6 nhat ctia biéu thic

2 3
T Y

Bai lam. Dat « = ty. Tu gia thiét z,y > 0 va 2y < y — 1 ta c¢6 ty?> + 1 = y hay
1:t2y+% >2tsuy ra 0 < ¢t < 3. Khi d6 P = ? + 5. Xét ham s6 f(t) = 2 + 3,
fl(t) =2t — ?—Z, f'(t) =0t = {/%(loai). Bang bién thien

t [o 3
flln -
400
f() \Z
“289
4

Tt bang bién thién ta c6 min P = min}f(t) = f(%) = % dat dugc khi (z;y) = (1;2).
te(0;3

Nhan xét. Bai toan nay gia thiét c6 cac s6 hang khong ciing bac. Dé giai bai

toan nay ta danh gia gid thiét rang buoc gitta hai bién z, .

2.3.9 Bai tap. Cho z,y > 0. Chiing minh rang 32> + 7y% > 92y
Ban doc tu gidi.

2.3.10 Bai tap. Cho z,y > 0. Ching minh rang z* + y* > 23y + zy3.
Ban doc tu giai.

2.3.11 Bai tap. Cho z,y > 0. Ching minh réng 2 + z—i +y3<ipzgy
Ban doc tu gidi.

2.3.12 Bai tap. Tim gia tri nho nhét clia biéu thie P = 3(Z; + %) — 8(
z,y # 0.

Hudng dan. Dat t = £ + L |t| > 2.

z
y
2.3.13 Bai tap. Cho 0 < z < y < 1. Chting minh rang z?Iny — y?Inz > Inz — Iny.
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Hudng dan. Xét ham s6 f(t) = {24

® 4y’ +7ry(z+y)
xy\/:c2+y2

2.3.14 Bai tap. Cho z,y > 0. Tim gia tri nhé nhat ctia biéu thic P =

Ban doc tu giai.
2.3.15 Vi du. Cho a,b > 0 vd 2 > y > 0. Chiitng minh rang (a® + b*)¥ < (a¥ 4 bY)*.
Ban doc tu giai.

2.4. Bai toan tim gia tri nhé nhét, gia tri 16n nhit cta biéu thiic
chita ba bién

Trong phan nay chtng toi trinh bay mot s6 dang bai toan tim gia tri nhé nhat,
gia tri 16n nhat ctia biéu thiic chita ba bién bing cach dit an phu hoic thé hai bién
qua mot bién con lai. Tt d6, chuyén dugc bai toan vé bai toan tim gia tri nhé nhét,
gia tri 16n nhat cia ham so.

2.4.1 Vi du. Cho z,y,z > 0 thod man z+y+ 2 = 1. Chting minh réing - + yiz > 16.

Bai lam. Dt t = 2+y. Tt gid thiét ta c6 z = 1—(z+y) hay z = 1-tva0 < t < 1. Ap

Z 2 p 2 s 32
dung bat dang thic (z+y)? > 4zy hay vy < L. Khi d6 P = %*171;; = xy(fft) > =

Xét ham sb f(t) = %th’ () = %, f(t) =0« t= 3. Ta c6 bang bién thien

I
+ |

t [0
f'(t) -

—+00 —+00
£t) \ /
S 16

Tu bang bién thién ta c6 rr(lin)f(t) = f(3) =16 dat dugc khiz =y =1 :=1 Wi
te(0;1

(e} NI

so 1,1
vay - + vz > 16.
Nhan xét. Bai toan nay kha don gidn, chi can thé bién z theo bién z,y va doi

bién t = = 4+ y ching ta da chuyén dugc bai toan vé mot bién.

30



www.VNMATH.com

Giao vién: Tran Dinh Hién - Truong THPT Diang Thic Hita - Nghé An
2.4.2 Vi du. Cho 22+ y? + 22 = 1. Tim gia tri nhoé nhat, gia tri 16n nhat cta biéu
thic P=z+y+ 2z + 2y +yz + 2x.

Bai lam. Dat t = z +y + 2. Ap dung bat ding thic Cauchy -Schwarz ta ¢
(x+y+2)2 <32 +y?+22%) suy ra —v/3 <t < /3. Khi d6

1 1
P=(z+y+2)+5laty+2)? =@+ + 2] =5 +2t - 1),

Xét ham s6 f(t) = 3(t> +2t — 1), f'(t) =2t +2, f'(t) =0« t = —1. Ta ¢6 bang bién
thién

t | —V3 -1 V3
f't) - 0 + |
1 1+ 3

| \ P

Tu bang bién thién ta c6 min P = min f(t) = f(—1) = —1 dat dugc khi t = —1

te[—v/3;v/3]
hay (x;y;2) = (—1;0;0) va cac hoan vi cua no;
max P = max f(t) = f(v3) = 1+ /3 dat duge khi ¢t = /3 hay (z;y;2) =
te[—v/3;v/3]
1.1.1
(75 75 va):

Nhan xét. Bai toan nay doi xiing vé6i ba bién, bing cach dat t = v+ y+ 2 chung
ta da chuyen dudce vé mot bién. Sau day 1a mot s6 bai toan v6i dinh huéng tuong

tu.

2.4.3 Vi du. Cho z,y,z > 0. Tim gié tri 16n nhat ctia biéu thic

1 1
T4y +z+1 QI+ (1+y)Q+2)

($+y+z)2 N

Bai lam. Dat t = x + y + z. Ap dung bat dang thic zy + yz + zz < 5 va,

3
xyz < % Ta co

1 1 1 1
— <
(+y+2)+1 ayz+(ay+yz+aa)+(@+y+2)+1 - t+1 BB 44
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! 27
ot (t+ 3)3'
1w [0 =~ t e fO) =06 (E43)* = [0+ 1))

hay t =0 v t = 3. Ta c6 bang bién thién

Xét ham s6 f(t) =

t 0 3 +00
7@ + 0 - ]
T
8
£(b) / \
0 0

T bang bién thien ta co max )f(t) = f(3) = § suy ra max P = § dat dugc khi
te(0;+o00

r=y=z=1.
2.4.4 Vi du. Cho z,y,z > 0 thod man z + y + z = 1. Chitng minh rang

7
0<a:y—|—yz+z:c—2:cyz<§

Bai lam. Tu gid thiét z,y,2 > 0,2 +y + 2 = 1 ta ¢ zy + yz + 20 — 20yz =
zy(1 — 2) + yz(1 — x) + zx > 0. Dau bang x4y ra khi (z;y;2) = (1;0;0) va cac hoan vi
clia no.

Do vai tro clia z,y, z binh dang nén ta luon gia sit dudce & = min{z, y, z}. Tit gia
thiét z,y,2 >0,z +y+2=1tac6 0 <z < % Viy+z=1—a Ap dung bat dang

thite yz < @52° va 1 — 22 > 0. Khi d6 bidu thitc

(y +2)*
P=uaxy+yz+ze—2zyz=a(y+2)+yz(1 —22) >2(1 —x)+ (1 —2x) 1
2
zx(l—x)+(1—2x)%:}1(—2x3—|—m2+1).
Xét ham s6 f(z) = =223 + 22 +1 v6i z € [0;3]. Ta ¢ f/(z) = —62% + 22, f'(z) =0 &

x=0v z =3 Tac6bang bién thien

32



www.VNMATH.com

Giao vién: Tran Dinh Hién - Truong THPT Diang Thic Hita - Nghé An

8
e}
ol

Tu bang bién thien ta ¢6 max f(z) = f(3) = 2. Do d6 max P = I max f(z) = -
IG[ ’3] l‘e[ 73]

dat dugce khi z =y =

W=

Nhan xét. Bai toan nay déi xing véi ba bién, dé chuyén né vé theo mot bién
chiing ta phai chon phan tit dai dién, tim cach danh gia phan t& d6 va bién doi biéu
thitc vé theo phan tit dai dién. Sau day 1a mot s6 bai toan v6i dinh huéng tuong

tu.

2.4.5 Vi du. Cho z,y,z > 0 thod man z + y + z = 1. Chiing minh rang

15 1
3 3 3 L
o4y —I—z+4:£y 1

Bai lam. Do vai tro ctia x, y, z binh dang nén ta luon gia st duge x = min{z, y, z}.
T gid thiét z,y,2 >0, v +y+z=1tac6 0 <z < % VA y+z=1—z. Ap dung bét

déng thic yz < (yﬂ) va 2 — 3 < 0. Khi d6 biéu thiic

15
P=23+y¥+23+ "z

TR
15 15
:x3+(y+z)3—3yz(y+z)+ Zyz :x3+(y+z)3+yz[Tx—3(y+z)]
27 2 97
:x?’—i-(l—a:) +yz(—x—3)>x + (1 - ) +(y—|—z) (—x—3)
4 4 4
1
16(27510 — 1822 4 3z + 4).

Xét ham 6 f(z) = £ (272°—182°+32+4), f'(z) = 1:(8122—362+3), f'(z) =0 < 2 =

Nellom

v 2 = 3. Bang bién thien
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1
3

O ol

@+
7
27
f(x) / \
1 "1
4 4

Tu bang bién thien ta ¢c6 max f(z) = f(0) = f(3) = 1. Do d6 P > } dau bang xdy

z€[0;4]

ra khi (z;y;2) = (%, %; %) hodic (z;y;2) = (0; 3;3) va cac hoan vi clia no.

2.4.6 Vi du. Cho z,y, z > 0 thod man =z +y +z = 1. Tim gié tri nhé nhat cta bicu
thitc P =

N - N z ;S A _ €T 2—$ N £ £
Bai lam. Xét ham so f(x) = T f(x) = )i Phuong trinh tiep tuyen
clia d6 thi ham s6 y = f(z) tal diem M(3; V3 (155 — 1).

1
7o y=57
0

Ching minh 22— V3 (150 —1). Néu 0 < x < ﬁ thi bat dang thic dung.

w/1—3[; = 12v2
Néu = < z < 1 thi bat déng thiic tuong duong véi (3z — 1)%(252 — 1) > 0 luon

ding, déng thitc xay ra khi 2 = %

Tuong tu ta co m > 15([(153/ —-1), A=> —\([(15,2 —1).
Cong theo vé ta c6 P > 15\[[[15(x+y+ -3 = % Do d6 min P = ‘[ dat dugc
khixz=y=2= %

Nhan xét. Bai toan nay doéi xing véi ba bién. Biéu thiic chita mdi s6 hang ma
trong moi s6 hang chi chitia mot bién. Dé gidi bai todn nay ching ta thuong nghi

dén phuong phap tiép tuyén. Sau day 1a mot bai toan véi dinh huéng tuong tu.

2.4.7 Vi du. Cho z,y,z € (0;1) thod man xy + yz + zx = 1. Tim gi4 tri nhé nhat

2 - 2 - _ €T Yy 4
cua bieu thic P = =5 + 77 + ==

N . 2 2 22 4 < Z 2,
Bai lam. Ta ¢6 P = = T y(ly_yg) + oy Xét ham so f(x) = m véi
0<z<l, fliz) = xf’ff ;2, fllz) =0 2 = \/ig V= —\/Lg(loai). Ta c6 bang bién

thién
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~—|

Tu bang bién thién ta c6 (1;2 > 33 vy € (0;1). Vi vay
3\f 3V/3 3v3
2

(@ +yt 2% > ey s+ am) = =

P>
Do d6 min P = T\[ dat dugc khiz =y =2 = \}5 .
2.4.8 Vi du. Cho z,y,z > 0 thod man 22 +3? + 22 = 1. Tim gia tri nho nhat cla
2

- 2 2
+ 2 e T Yy 4
bieu thitc P = Pzt o e

NN P 2 2 2 D N Z
Bai lam. Ta ¢6 P = 175 + %5 + 17z. X6t ham s0 f(z) =

1 42
mV010<$<1,

fl(x) = xf”l” _xi 5 fl)=0s2= \/Lg V= —\/Lg(loai). Ta c6 bang bién thien
T 0 \/Lg 1
f'(z) - 0+ |
“+00 +00
f(z) \ /
) 3v3
2

Tit bang bién thien ta o6 — L > 32 v € (0;1).

Vivay P > %g(x3+y3+z ).

Ap dung bat ding thic AM-GM ta c6

25 4 233 + 23y > 3x4y2; 28 4+ 2323 + 2323 > 3x422; o w3y B3 323 > 302222
Khi d6 3(25 + 40 + 26 4 223y3 + 2323 + 22323) > 26 4 6 + 26 + 32y? 4+ 32122 + 32294 +
3ytz? 4 32224 4 3y?2t + 622y222.

Vi vay ta chiing minh duge bat dang thic 3(z% + 33 + 2%)2 > (22 + y? + 22)® hay

1
73

DodoP>3‘[(x +y3+23) > 3 suy ramin P = 3 dat dugc khiz =y =

2yt >
— L
75 -
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2.4.9 Bai tap. Cho z,y,z > 0 thod man diéu kién z + y + z = 1 Chitng minh

2 9
q:y—l—yz—l—z:cg?—i—?:cyz.

Hudng dan. Néu g <z <1thiyz< %xyz vay+z < %. Suy ra zy + yz < % < %
Néu 0 < z < § thi bat déng thic can ching minh tré thanh (z + 1)(3z — 1)2 > 0.

2.4.10 Bai tap. Cho a,b,c 1a do dai ba canh clia mot tam gidc c6 chu vi bang 1.

Chiing minh % < a2+ b+ A+ dabe < %
Ban doc tu gidi.

2.4.11 Bai tap. Cho z,y, z > 0 thod man = +y + 2z = 1. Chting minh rang

W] ot

2+ P + 23 + 32 + 2 + 2 + 1222 >
Ban doc tu gidsi.
2.4.12 Bai tap. Cho 1 < 2,7,z < 3 thod man z + y + z = 6. Chitng minh ring
? % 4 2% < 14

Hudng dan. Gid st v = max{z,y,z}. Khi d6 2 <2 <3 va P = 22 +¢? + 2°

IN

2?4+ > 4+ 224+ 2(y — 1)(z — 1). Xét ham s6 theo an z.
2.4.13 Bai tap. Cho 0 < z,7, 2 < 2 thod méan z + y + z = 3. Chitng minh ring
2?48 2% <0,

Hudng dan. Gia stt 2 = max{z,y,2}. Khi d6 1 <2 <2va P =234+ ¢y3 4+ 23 <

2% 413 + 23 + 3yz(y + 2). Xét ham s6 theo an .

2.4.14 Bai tap. Cho z,y, 2 € R thod man 22 + 4% + 22 = 2. Tim gia tri nho nhat,

gia tri 16n nhat cla bieu thic P = 23 + % + 2% — 3zyz.
Hudng dan. Dat t =z +y + 2.
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2.4.15 Bai tap. Cho z,y,z > 0 thod man = +y + z = 3. Tim gi4 tri 16n nhat cta
biéu thic P = xy? + yz2 + 222 — 2yz.
Ban doc tu gida.

2.4.16 Bai tap. Cho z,y,z > 0 thod man z +y + z = 3. Tim gia tri 16n nhat cta

biéu thiic P = 9zy + 10zz + 22yz2.

Hudng dan. P = 9xy+10(z+y)z+12yz = —10(z+vy)? +30(x +y — 12y% + 36y — 3zy).

Xét ham s6 f(t) = —t? + 3t v6i t € [0;3]. Suy ra

P=10f(z+y) + 12f(y) — 22y < 22 m[ax]f(t).
tel0;3
2.4.17 Bai tap. Cho z,y,z > 0 thod man x + y + z = 3. Tim gia tri nhé nhat cta

1 + 1
1+y)—z ' 44+2in(1+z)—=z"

.2 . o 1
bieu thic P = Tt —y + 1520

Hudng dan. Ap dung bat ding thic Cauchy -Schwarz va xét ham sb

F(t)=2In(1+1) —t.

2.4.18 Bai tap. Cho a,b,¢ > 0 thoa man 21ab + 2bc + 8ca < 12. Tim gia tri nhé

nhét clia biéu thic P =1+ 2

o lw

Hudng din. Dat z = L,y =%, 2 = 2. Bai toan trd thanh: cho z,y, 2z > 0 thod méan

olw

22 4 4y + Tz < 2zyz. Tim gid tri nhé nhit cia P =z +y+ 2. Ap dungzzgi;ﬁ ta

cO
20 + 4y — 1 4 1 2 2o+ 11 2zy—7 22+ 4
P>x+y+ Y = >rt+y+ -+ T gy 2 + L.
r(2y — 1) r  2xy—7T 2z 2z 2oy — 7

Ap dung bat déng thitc AG-MG va xét ham sb f(z) =z + 2 4+2,/1+ L.
2.4.19 Bai tap. Cho z,y, z € R thod man 22 + 3? + 22 = 9. Chitng minh rang
2(x +y+ 2) < xzyz + 10.
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Hudng dén. Ap dung bat ding thic Cauchy-Schwarz ta c6
[2(z +y +2) —ayz]* = [2(2 - y2) + 2(y + 2))° < [2° + (y + 2)?[(2 - y2)* + 2%).
hay [2(x +y + 2) — 2yz]? < (9 + 2y2)(y?2% — 4yz + 8). Dit t = yz ta co
[2(x +y + 2) — xyz]? < 26° + 2 — 20t + 72.
Gia st |z| > |y| > || tit gid thiét 22 +y? + 22 = 9 suy ra |z|> > 3. Vi vay
y2 +22 9— g2

t] = [yz| < ;=5 <3

2.4.20 Bai tap. Cho z,y, z € [0; 1]. Chting minh 2(z3 4334 23) — (2%y +y%2+22%2) < 3.

Hudng dan. Xét ham s g(z) = f(x,y,2) v6i an x va y, z 1a tham s6. Ham s6 g(x)
dat gia tri 16n nhat tai # = 0 hodc # = 1 nhung f(0) < f(1) nén ta ching minh
f(1) < 3. Tiép tuc xét ham sb h(y)...

2.4.21 Bai tap. Cho a,b,c > 0. Chitng minh ring

(2a+b+c)?  (2b+c+a)®  (2c+a+0b)?
202+ (b+¢)? 202+ (c+a)? 22+ (a+b)? —

Huédng dan. Do bat dang thic ding véi a, b, ¢ thi ciing dang véi ta, tb, te. Vi vay

gid st a+ b+ c = 3. Ap dung phuong phap tiép tuyén.

2.4.22 Bai tap. Cho z,y, z € [1006;2012]. Tim gia tri 16n nhat ctia bicu thiic

ZE3 +y3 + 23
TYz '

P =

Hudng dan. Gid st 1006 < » < y < z < 2012. Dat y = kx, z = tx, khi d6
1<k<t<2vaP= kit

Chiing minh P < H42 X6t ham s6 f(k) = 542 v6i k € [1;2).

2.4.23 Bai tap. Cho cac s6 thuc a, b, ¢ khong dong thai bang 0 thod man a?+b*+c? =
2(ab + be + ca). Tim gia tri nho nhat va gia tri 16n nhat ciia bicu thiic

B ad + b3 +¢c3
(a+b+c)(a®+b>+c2)
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Hudng dan. Dt z = a+b+c, Yy = aflﬁrc, z = a+b+c Khidotacoz+y+2z=4va
zy +yz + 2z = 4. Ap dung bat ding thiic (y + 2)2 > 4yz suy ra 0 <z < §.

Khi d6 P = 55(2% + 33 + 2%) = 55(32% — 122% + 122 + 16).

2.4.24 Bai tap. Cho z,y,z € [1;2]. Tim gi4 tri 16n nhat ctia biéu thic

1 1 1
P= S E—
(x+y+z)(x+y+z)

Hudng dan. Giasitl <z <y<z<2suyra(l-7)(1-%)>0va(1-¥)(1-2) > 0.

Nhan ra rdi cong theo vé ta co

Dat t =2, v6ite[§;1]. Taco (2—t)(3 —t) <Ohayt+1 <3

2.4.25 Bai tap. Cho z +y # 0. Tim gia tri nhé nhét ctia cac biéu thic

1—=zy . xy — 12 5
P=2>+y+ 2va Q=42+ 13y% + :
v, e v

—ay

Hudng dan. Dat z = Hy

2.4.26 Bai tap. Cho z,y,z > 0 thod man 22+ y? + 22 = 1. Tim gia tri 16n nhat cta

biéu thitc P = 6(y + 2z — x) + 27zyz.

Hudng dan. P < 6[y/2(y2 + 22) — 2] + 27$.y2;z2 = 6[\/2(T — 22) — 2] + m(;x )

3
3
v+ ey 2 8-

2.4.27 Bai tap. Cho a,b,c > 0. Chiing minh rang ( )3 1

b+c +a)?
Hudng dan. Dat z = g, y=1¢, 2= 2suyraaxyz = 1. Bat ding thic tré thanh
1 1 1 3
A2 (19P Areop =
Ap dung bat ding thic AM-GM ta c6 (1+ i (1+x)3 +i> (1—?;:1:)2'
Ta can ching minh bat déng thic ( )2 + (1+y)2 + (1+z) > 3

Ap dung bat ding thiic (HlI)Q +1 Y,y > 0.

1+y)2 - 1+:ry
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A _ 1 1 _ 1
Taco P = (1+x)2 - (1+y>2 * <1+z>2 2 Tray ¥ WP = Ter T e

2.4.28 Bai tap. Cho z,y, z > 0 thod man z? + 3 + 22 = 1. Chitng minh rang

T n Y n z >3\/§
y2+z2 22_’_1.2 $2+y2_ 2 ’

Ban doc tu gidi.

2.4.29 Bai tap. Cho z,y, 2z € [0;1] thod man x +y+ 2z = 1. Tim gi4 tri nho nhat va

., . 2, £ 2 « 2 2, _ 1 1 1
gia tri 16n nhat ctia bieu thic P = 7 + o7 + =27

Hudng dén. Ap dung phuong phap tiép tuyén va bat ding thic

1 1 1
> 1+ ——5—Vz,y > 0; <1
P R N S E R R

2.4.30 Bai tap. Cho z,y,z > 0 thod man = 4+ y 4+ z = 1. Tim gia tri nhé nhat va
gia tri 16n nhat cta biéu thic P = \/1+x \/1+y \/1+z

Hudng dan. Ap dung bat ding thic [ 1 > 1 —z va bat dang thic

l—x 1—y 1—(z+vy) 4
+y/— <1+, /|——=Ver+y< -,
\/1+:p 1+y I+@+y) V=5

2.4.31 Bai tap. Cho a,b,c > 0. Chitng minh ring w/f—fg, + \/%’C + \/Ci—ca <3

Hudng dan. Dat = = /%, y = \/é, z=,/% suy ra zyz = 1 va bat dang thitc

1 1
<
1+x2+1+y2—1+xy

Voy < 1.

2.4.32 Bai tap. Cho z,y,z > 0 thod man (z +y + 2)? = 32zy2. Chting minh rang

383—165\/5< ot 4yt 4 24 -9
2 T (r+y+2)?t T 128

Hudng dan. Gia stz +vy + 2z = 4. Dat t = vy + yz + 2.
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2.4.33 Bai tap. Cho z,y, 2z > 0 thod man = + y + 2z < 1. Chitng minh rang

1 1 1
3z+y+z)+2(—+-+-)>2L
r oy =z

Huéng dan. Dat t =x +y + 2.

2.4.34 Bai tap. Cho z,y, z > 0 thod man z? + 32 + 22 = 1. Chitng minh rang

11 1
(=+-+-)—(z+y+2z)>2V3
r Yy =z

Hudng dan. Dat t = x +y + 2.
2.4.35 Bai tap. Cho z,y,z > 0. Tim gia tri nhé nhat cia biéu thiic

2(z +y + 2)% + 9xy2
(x+y+2)(xy +yz+ 2x)

/4, X * 2 2, o N _ . 1
Hudng dan. Gia stt x +y + 2 = 1 va z = min{z,y, 2z} suy ra 0 < z < 3.

2.4.36 Bai tap. Cho % = 1. Tim gi4 tri nhé nhét, gid tri 16n nhat ctia biéu

7 _ oottt
Hudng dan. Gia st x +y+2z=1va z = min{z,y,2} suy ra 0 < z < %
2.4.37 Bai tap. Cho a,b,¢,d > 0 thod man a? + 4> = 1 va ¢ — d = 3. Chitng minh

réngP:achbd—cdg%i.

Hudng dan. Ap dung bat ddng thic Cauchy-Schwarz ta ¢6

P < /(a2 +02)(2 +d2) — cd = \/2d% + 6d + 9 — d* — 3d.
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KET LUAN

Bai viét thu dudc cac két qua sau.

1. Trinh bay cu thé cach tim gia tri nhé nhéat, gia tri 16n nhat ctia ham sb.

2. He thong mot s6 dang bai toan tim gia tri nhé nhat, gia tri 16n nhat ctia mot
biéu thiic chita hai bién bing cach thé mot bién qua bién con lai.

3. He thong mot s6 dang bai toan tim gia tri nhé nhat, gia tri 16n nhat cia
mot biéu thiic chita hai bién bang cach dat an phu theo tinh déi xing t = z + v,
t =22 +y? hodc t = xy.

4. He thong mot s6 dang bai toan tim gia tri nho nhat, gia tri 16n nhat ctia mot
biéu thiic chita hai bién bang cach dat an phu theo tinh ding cap t = .

5. He thong mot s6 dang bai toan tim gia tri nho nhat, gia tri 16n nhat ctia mot

biéu thiic chita ba bién bing cach dat an phu hodic thé hai bién qua mot bién con lai.
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