VE MOT PANG THUC LUGNG
GIAC CUA RAMANUJAN

NcGUYEN MINH TUAN - K62CLC MATH - HNUE

Bai viét 1a mot chat tim toi ciia t6i vé mot dang thic lugng giac rat dep ciia luong giéc
so cap va mot s6 dang thitc khac cung loai v6i né. C6 thé bai viét khong lam théa man
ban doc do sy hiéu biét c6 han ché clia toi, moi ¥ kién dong gép cac ban c6 thé giti cho
toi qua dia chi www.facebook.com/minhtuan1210.
Trudc hét ching ta sé mé dau bang mot bai toan.

Bai toan : Ching minh rang
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Nhiéu ban sé thay bai toan nay quen thudc bdi vi né da xuat hién trong mot s6 cuén sach

nhu "Heé thtc lugng giac" ctia thay Tran Phuong, "Mot s6 bai toan chon loc vé luong
giac" ctia thay Nguyén Van Mau va Pham Thi Bach Ngoc. Day 1a mot ding thiic tuyét
dep ctia luong gidc so cap ma ngudi tim ra né la mot nha toan hoc ngusi An Do tén la
Ramanujan. Ban dau khi thay cong thitc nay trong sach, toi ¢t dinh ninh day 1a mot dé
thi nao d6, tuy nhién, khi doc mot bai viét ctia thay Hoang Chung trén bao THTT vé
nha todn hoc nay, t6i lai nhin thiy cong thitc d6 va thuc sy hiing thi, tim toi né. Trude
hét ching ta sé tim hiéu mot chat vé nha toan hoc nay.

Ramanujan (22/12/1887 - 26/4/1920) 1a mot nha toan hoc, mot than dong toan hoc ctia
An Do. Ong séng va lam viec trong hoan cinh ngheo khé, benh tat. Ong la mot tAim
guong sang vé tinh than tu hoc, tu tim toi. Ong dé lai khoang hon 3000 cong thic va
dinh 1y, chii yéu trong linh vitc phuong trinh va dong nhat thitc. Mot s6 két qua khong c6
chitng minh. Nam 1976, ngudi ta tim thay mot cudn so that lac ciia ong trong thu vién
clia truong Cambridge, v6i 600 cong thitc. C6 mot s6 két qua khién nhiéu nguoi phai sing

sot. Mot s6 cong thiic ciia Ramanujan
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Cong thiic dau tién chitng minh kha don gidn, nhung hai cong thitc sau thi khong don

gidn mot chit nao. O bai viét nay ching ta sé tim hidu cong thitc s6 2 va sé thiy ring
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- T la bo ba géc tuyét voi ctia lugng giac.



Viéc dau tién chiung ta sé dén v6i Dinh Ly Vi-et cho phuong trinh bac 3.
Dinh 1y : Gid stt a, b, ¢ 1a 3 nghiém ( ké ca phiic ) ctia phuong trinh 22 4+ pa? + gz +7r = 0.
Khi do

a+b+c=—p

ab+ bc+ ca = q

abc = —r

Trong phan nay viéc quan trong 1 tim A = /a + v/b + /¢ theo cac hé s6 nhu nao. Ta
dit them B = vab + /ac + v/be. Khi dé ta c6
A*=a+b+c+3(Va+ Vb+ e)(Vab+ ac + Vbe) — 3v/abe = 3AB — p + 33/
B? = ab+bet-ca+3(Vab+Jac+/be). N abe(at/b+/c) —3Va2b2c? = q—3¢/r AB—3/r?
Ta duge hé

A3 =3AB —p+3Yr

B =q—3{/rAB - 3V1?
Nhan vé véi vé ta duge phuong trinh bac 3 an AB. Giai ra sau d6 thay lai ta sé tim ra A
va B [ |
Tiép theo chiing ta sé dén véi mot sb6 bd dé quan trong vé bo s6 1a nghiem clia phuong

trinh bac 3.
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B6 dé 1 : Ba sb cos - cos - cos - la nghiém cua phuong trinh
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Byt -t — - =0
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Chitng minh : Dé § 77T7 77T, 77r la cac nghiém ctia phuong trinh

cos4r = cos3r <= (cosx — 1)(8cos’x +4cos’r —4dcosz —1) =0
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Do cos TW, cos 77T, cos 77r deu khéac 1 nén ta c6 dieu phai chiing minh [ |
B3 dé 2 : Ba s6 — ! la nghiém ctia ph trinh
0 de 2 : Ba so 5 T g la nghiem clia phwong trin
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Chtng minh : Thay ¢t bang n 6 bo de 1 ta c¢6 ngay dieu phai chiing minh [ |
PN . o 2T o 4m o 8T . . ) .
Bo6 dé 3 : Ba so cos 7,COS 7,003 - la nghiém cta phuong trinh
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4 8 64
16 2 . 4 8 16
Chiing minh : Do cos TW = cos 77T nén ba so cos ;,cos 77r’ coS TW ciing la nghiém

ctia bd dé (1). Ma dé thiy cos2a = 2cos?a — 1 nén thay t bdi 2t — 1 vio bo dé 1 ta c6



ngay diéu phai chiing minh [ |
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cos? 77T cos? il cos? or
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3 — 24t + 80t — 64 = 0

B6 dé 4 : Ba sb

la nghiém cta phuong trinh

? N P 1 N
Ching minh : Trong bo de 3 thay ¢ bdi n ta c6 dieu phai chiing minh |

i < 7z 2 4 8
Bo dé 5 : Ba sb sin® 77T, sin? 77T, sin? 77T la nghiém cta phuong trinh
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Chitng minh : Trong bo dé 3 thay ¢ béi 1 — ¢ ta c6 diéu phai chiing minh |
2 s . 1 1 1 ‘
Bo6 deé 6 : Ba so 5 , la nghiém cua phuong trinh
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sin® — sin” — sin® =~
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Ching minh : Trong bo 5 thay t bai n ta c6 ngay dieu phai chiing minh |

N . 2 4 8
Bo6 deé 7 : Ba s6 sin 77T, sin TF, sin 77T la nghiém cua phuong trinh
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Dua vao bo dé 5 ta dé& dang tinh dugce cac dai luong a + b + ¢, ab + be + ca, abe theo céc
dai luong ctia a2, b?, ¢ [ |
N . 2 4 . , .
B6 dé 8 : Ba sb tan? 77T, tan? 77T, tan? 77T 13 nghiém ctia phuong trinh

3 =212 +35t—7=0

Chitng minh : Vi =1+ tan?a nén tit bo dé 4 thay ¢ bing 1 + ¢ ta c6 ngay diéu

cos? a
phai ching minh [ |
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Bo6 dée 9 : Ba so cot - cot - cot - la cac nghiém cua phuong trinh
3 2 1
" —=5t"+3t—-=0
7
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Ching minh : Trong bo deé 8 thay ¢ bdi i ta c6 ngay dieu phai chiing minh |
? ~ z 2 4 8
B6 dé 10 : Ba so0 tan 77T, tan 77T, tan 77r la nghiém cua phuong trinh

£+ VT =Tt — VT =0

Chitng minh : Nhu bo dé 7 |
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B d& 11 : Ba s6 cot 2, cot —, cot SUINT nghiém cta phuong trinh
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Ching minh : Trong bo de 10 thay ¢ béi n ta c¢6 ngay dieu phai ching minh |
? ~ Z 2 4 8
Bo dé 12 : Ba s6 sin® 77T, sin® 77T, sin® 77T la nghiém cta phuong trinh
7 21 T
poVTp 2 VT
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St dung b6 dé 7 ta dé dang tinh duge cac dai luong a® + b + ¢, a®b® + b*c® + 2a?, ®bPc?

theo a + b+ ¢, ab + bc + ca, abe [ |
5 3 2T 4 4T
Bo dé 13 : Ba s6 cos - cos® = cos® 7 la nghiém cta phuong trinh
1 11 1
Bttt — =
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B6 dé 14 : Ba sb sm%cos %T sm%cos 77r 81n77rcos - la nghiém ctia phuong
trinh \/_ v
3 7
3 — - t+ — =0
32 512

Chiing ta sé diing cac bo dé trén va he phuong trinh ta xay dung bing Dinh 1y Vi-et dé
giai quyét dédng thic cia Ramanujan ciing mot s6 dang thic khac.

Bai 1 : Chitng minh réng
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Lot giai DétAzi’/cos%r—l—(’/cos??T—l—{’/cos%,

2 4 4 8 8 2m
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trinh trén ta dudgce
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Nhan vé v6i vé va dat AB =t ta thu duoc

3, 5 37
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Thay lén phuong trinh (1) ta duge A3 = \/_ hay
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Tt nhitng vi du sau, ching ta sé thong nhat dat A va B nhu trén

Mot s6 két qua "an theo" ciia bai toan trén (cac ban c6 thé thit sic) :

Két qua 1 : Chitng minh ring
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Két qua 2 :
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Bai 2 : Chitng minh rang
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Lot giai Quy dong vé trai thanh
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{’/ cos 2n cos in cos sn
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St dung két qua 1 ciing bo dé 1 ta dugc

Bai 3 : Chitng minh ring

{’/tan 2m + i/tan47T + i/tan il =
7 7 7T
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Lot gias Dit A va B nhu trén, sit dung bo dé 10 va hé phuong trinh xay dyng ta
thu dugce

A®=3AB — T -3V7

B3 =3V/TAB - 3J7 -1

Nhan vé v6i vé va dat AB =t ta thu duoc

5 = OV/Tt? — (18V/7 + 3V/49 + 21)t + (V7 + 3V7)(3VT +7)



Phuong trinh nay ta sé phai doi bién va sit dung cong thiic Cardano dé giai =)). Ta sé

giai ra
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Dén day lay can bac 3 hai vé va ta thu dugc
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Bai 4 : Chitng minh ring
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Bai 5 : Chitng minh rang
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Lot gias St dung cong thitc nhan doi véi chi ¥ sin TW = sin - ta sé thu dugc
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Day chinh 1a bai toan 1 [ |

Mot bai tuong tu
Bai 6 : Chitng minh réng
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Bai 7 : Chitng minh ring
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Loi gidi Khong khé khan dia vio bo dé 1 ta sé chi ra

2 4 8
1+ 2cos ;, 1+ 2cos 77T, 1+ 2cos 77T la nghiém cua phuong trinh

th—22 2t +1=0
Dén day cong viéc c6 1& kha don gidn [ |

Mot vai bai toan ¢ thé ap dung ngay céc bo de.

Bai 8 : Chitng minh rang
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Bai 9 : Chitng minh réng
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Bai 10 : Chiing minh ring

cos 2& cos 8T
cos &&
8m
cos X cos 4T cos & o,
z = la nghiém ctia phuong
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Loi gidi Ta sé tim xem 3 6 x =
trinh ndo. Ta sé ding 1 s6 bo dé § trén dé tim.

Dé thay zyz = 1. Tiép theo ta sé tim xy + yz + zz 1a cai gl.
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A®=3AB -7
B? =3AB

= AP =T



cos & cos 4r COS i3
Vay ¢ T [ |

Cubi cuing 1a mot vai két qua khac, nhitng déing thitc nay thuc sy 1 khé hon so v6i nhitng
bai todn & trén va sit dung bién dbi dai s6 v6i cac bai toan nay 1a rat lau. C6 1& sé phai
stt dung mot s6 két qua ctia da thic va day so.

Bai 11 : Chiing minh rang
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Bai 12 : Chiing minh réng

Bai 13 : Chiing minh rang
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Bai 14 : Chiing minh réng
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Bai 15 : Chiing minh ring

Bai 17 : Chiing minh ring
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Bai 18 : Chiing minh ring
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Bai 19 : Chiing minh ring
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Bai 21 : Chiing minh ring
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Bai 22 : Chiing minh ring
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Bai 23 : Chiing minh ring
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Bai 24 : Chiing minh ring
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Bai 25 : Chiing minh réng
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Bai 26 : Chiing minh réng
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Bai 27 : Chiing minh ring
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Bai 28 : Chiing minh réng
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Bau 29 : Chiing minh ring
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