UNG DUNG LUOI PIEM NGUYEN GIAI TOAN
SO HOC VA TO HOP
Huynh Tan Chau?

Trén mat phing toa do Ozy, mdi diém c6 cac toa do déu nguyen goi 1a mot diém nguyén va
tap hop cac diém nguyen goi 1a ludi diem nguyén (hay lusi Gauss). Do chi gi6i han trong tap
7 nén viéc st dung luéi diém nguyén toé ra thuan lgi khi giai quyét cac bai toan S6 hoc.

Bai viét nay sé trinh bai mot s6 tng dung clia ludi diém nguyeén trong giai toan. Trude hét,
ching ta sé bat dau bang bai toan sau day:

Bai toan 1. Cho p, ¢ € Z" va (p, q) = 1. Chiing minh rdng
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d day |a| la phan nguyén cia s6 a, tic s6 nguyén lén nhat khong vugt qud a.

Chitng minh. Trong mit phang toa do Ozy, xét cac diem nguyén nim trong hinh chit nhat
dudng chéo OA, véi A(p, q). Ta thay ngay c6 (p — 1)(¢ — 1) diém.
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Do (p, ¢) = 1 nén khong c¢6 diém nao nim trén dudng chéo, do d6 OA chia chiing thanh hai
phan déi xing nhau. Xét phan ndm dusi OA, ta thay s6 diém nim trén dudng thing z = 1,

O0<i<pla
OM-ABJ B VqJ
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Vay s6 diém nam dudi dusng chéo OA la

pi V_CIJ _ (p—l)Q(q—l)_

1=1 p

Do tinh déi xting clia p va ¢ nén ta c6 diéu phai chting minh. O

2Giao vien trusng THPT Chuyén Luong Van Chanh, Phi Yén.
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2 Ung dung Iuéi diém nguyén giai toan S& hoc va Té hop

V6i cach nhin nhu trén, ban doc c6 thé dé dang giai quyét dugce bai toan:

Bai toan 2. Choa, b€ Z" va (a, b) = 1. Tim s6 cdc so6 tu nhién n sao cho
n ¢ {ax +by|x, y € N}.

Bay gio, ta tiép tuc véi:

Bai toan 3. Vdi moi t > 0, goi d(t) la s6 cdc phan so toi gidn Ema0 <p,q<t Vo

s=a(g)va(y)sa(s)

Loi gidi. Trong mat phéng toa do Ozy, ta dong nhat mdi phan s6 ¢ (khong nhat thiét toi
gian) véi diem M (a, b). Xét cac diem nguyén khong nim ngoai hinh chit nhat dusng chéo AB,
v6i A(1, 1) va B(m, n). Gia st mot dudng thang [ nao d6 qua O va chiia cac diém nguyén

m, n € Z*, hay tinh tong

(p, @), (2p, 2q), ..., (kp, kq) v6i (p, ¢) = 1. Vi kp < m va kg < n nén ta co

<m< mn < <m <n< n < <n

PS% S k-1 [ Sy | 1
Suyraphansétéigién%’du’(jctinhkléntrongcécséd(%),d(%),...,d(%).Diéudécho

thay S chinh la sb tat ca cac diém khong ndm ngoai hinh chi nhat duong chéo AB, va nhu
vay ta c¢6 S = mn. m

Bai toan 4.
(a) Chitng minh rang vdi moin € N, ton tai x,, y, € N sao cho
o = (T + yn)’ + 3Zn + Yn.
(b) Vi cdc cap (Tn, yn) tim duge ¢ cau (a), hay ching minh
T+ X+ -+ Toois = Y1+ Y2+ -+ Yoo1s = 41664
Chitng minh. Trong mit phang toa do Ozy, goi T, 1a diém th n trong day diém chi ra trén
hinh vé duéi day.
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Dé dang chiing minh néu toa do ctia T, 1a (2, y,) thi ta ¢6 (z, + yn)2 + 3z, + y, = 2n. Do
do, két qua cau (a) 1a hién nhién.

Bay gid, ta chiing minh cau (b). Dé ¥ ring Thoi5 1a diém thit 62 trén truc hoanh va
2015 2015 2015
v-3or - (La 3ou).
i=1 i=1

=1

Goi ¥ la vector dudng chéo hinh vuong don vi. Dé thay tong cac vector 5’7’Z v6i cac diém T,
nam trén canh huyén ctia tam giac canh k& vuong can 6 O bang MU, do do

(1-242-3+--+62-63) = —[1-2-(3—0)+---+62-63- (64 — 61)] = 416647,

N <y
RS

tir day suy ra diéu phai chiing minh. O

Ung dung luéi diém nguyen, ching ta ¢6 mot phuong phap thuan tién dé thiét lap va ching
minh cac cong thiic to hgp: Trong hé toa do Oy, ngudi ta goi mot dusng di tit M t6i N 1a
mot dusng gap khic néi M va N, con duong di ngan nhat 1 dudng gap khic tao béi cac doan
thing don vi ngang va doc sao cho s6 doan thang la it nhat. Phuong phap ching minh mot
cong thiic t6 hop bdi s6 duong di ngdn nhat goi 1a phuwong phdp qui dao.

Chéng han, cong thitc quen thuoc C* = Cﬁj + C*_| ¢6 thé nhin nhan nhu sau: ¢c6 C* dudng
di ngdn nhat dé di tit O(0, 0) t6i A(n, n — k), trong d6 gom C*~! dudng di ngdn nhat tit O téi
B(k —1,n—k) va Ck_| duong di ngan nhat tit O t6i C(k, n — k — 1) (luu ¥ réing mdi dudng
di tit O t61 A nhat thiét phai qua B hodc O).

Bai toan 5. Cho m, n, k € Z* va m > k. Chiing minh rang
Crtnrr = CpCp + O Gy + -+ Ol Oy

Chitng minh. C6 C},,, ., duong di n6i O(0, 0) v6i M(m +n —k+1, k). Mt khac, dé thay
c6 CELCE L, dudng cat duong thing « = n + 1 tai diém ¢6 tung do i (i =0, 1, ..., k) gom:

m—i -~ n+1i

Ci.; duong ndi O véi diém (n, i), 1 dudng ndi diém (n, i) véi diém (n + 1, i) va Ck" dudng

7

ndi diem (n + 1, i) v6i M. Tit d6, ta c6 diéu phai chiing minh. O

Can luu ¥y rang ban chat ctia phuong phap quy dao la st dung song anh bang cach dém s6
phan ti mot tap hop theo hai cach khac nhau. Ban doc c6 thé tim thay 16i gidi khac ctia bai
toan 5 trong bai “Phuong phéap song dnh trong toin to hgp” (xem & [5]).

V6i cach sit dung phuong phap quy dao nhu trén, ban doc hay thit giai bai toan sau:
Bai toan 6. Cho m, n € Z* va m > 2n — 1. Ching minh rang
cr=Ccr 4o Ot

Bay gio ching ta sé khao sat truong hgp phiic tap hon la cac dusng di bi chin bdi mot duong
thang nao do.

Bai toan 7. C6 m +n nguoi di mua vé (n > m), trong dé cé6 m ngudi mang tién loai 2 dong,
n nguoi mang tién loai 1 dong va moi vé gid 1 dong. Biét rang ban dau nguoi ban vé khong
mang theo tién, héi c6 bao nhiéu cich xép m + n ngudi vio mua vé dé ngudi nao cing dugc
thoi tién (néu cé) ngay lap tic?
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Loi gidi. Dat a; = 21 + 29 + - - + x;, trong d6 z; bang 1 néu ngudsi thit ¢ mang tién loai 1
dong va bang —1 néu ngugc lai.
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Bai toan quy vé viec dém s6 duong di qua céc diem A;(i, a;) ma khong nim duéi truc hoanh
trong mit phang toa do Ozy. Mudn vay ta sé dém s6 dudng di cat dudng thang (d) : y = —1.
Xay dung mot song anh tit méi duong Q nhu vay dén mot duong Q' 14 dudng nhan duge tit Q
khi cho déi xiing phan ctia Q ké tit diém dau tien gap (d). Néu Q' c¢6 x doan hudng lén va y
doan huéng xubng thi z +y=m+nvay—x=n—m+2,suy ra y = n + 1. Vay s6 duong
—cpit O

Q' 1a Ottt d6 suy ra dép s6 can tim 1a C7, — ChL

Mot cach tuong ti, ban c6 thé gidi “bai toan bau cii” noi tiéng sau:

Bai toan 8 (Bai toan Bectorang). Trong mot cudc bau ci, ong A cé a phiéu bau, ong B cé

b phiéu bau (a > b). Gid thiét rang moi phiéu déu hodc bau cho A hodc bau cho B, khong cé

phiéu trang va khong cé phiéu gach b6 cd hai. Héi zdc suat ma ong A luon thing ong B tai
a—b

moi thoi diem? (Ddp so: o=

Cubi cling, chiing ta dén v6i mot bai toan S6 hoc pha tron T6 hop tuong déi kho sau day:
Bai toan 9 (IMOSL 41). Cho p, q € Z" va (p, q) = 1. Héi ¢6 bao nhiéu tap S gom cdc so tu
nhién sao cho 0 € S va néux € S thi x + p va x + q cing thuoc S?

Loi giai. Mbi s6 nguyén n duge biéu dién duy nhat dudi dang px + qy, v6i 0 < & < ¢, nén ta
c6 thé dong nhat mdi s6 nguyén n vdi diem (z, y) trong mit phang toa do.

Ya
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R6 rang S chita moi diém n khong nim duéi truc hoanh, nén bai toan quy vé viec tim s6 céach
danh dau cac diém ndm trong tam gidc vuong canh huyén OA véi A(q, —p), sao cho néu mot
diém dugc danh dau thi nhimg diém bén phai va nam trén né ciing duge danh dau. Ta thay
ring mdi cach danh dau nhu vay tuong ting véi mot chudi gom ¢ s6 0 v p s6 1 thé hien mot
con duong di tir O t6i A (0 1a sang phéai, con 1 1a di xuéng) ma ndm hoan toan trén duong OA
(dé ¥ 1a trit hai dau mit, doan OA khong chita diém nguyén nao).

Phan hoach tat ca cac chudi thanh cic 16p, ma hai chudi bat ky trong mot 16p 1a hoan vi vong
quanh ctia nhau. Dé thay moi 16p c6 p + ¢ chudi, hon nta trong moéi 16p chi ¢6 dung mot chudi
thod man. Tt d6 ta di t6i dap s6 1a p*‘l ]

Ban doc hay suy nghi dé giai quyét bai toan sau:

Bai toan 10. C6¢ bao nhiéu cich danh diu cic diém nguyén nam trong hinh chit nhat duong
chéo OM (M la mot diém nguyén) sao cho néu diém N duge dinh dau thi tat ca cic diém
nam trong hodc trén canh hinh chi@ nhat ON (tat nhién tri N ) khong duge danh dau?

Dé két thiic bai viét nay, xin néu thém mot sb6 bai toan dé luyen tap:

Bai tap 1. Cho céac s6 nguyéen duong doi mot nguyén té6 cting nhau aq, as, ..., a,. Hay tim
sO tat ca cac so tu nhién m sao cho

m & {a121 + agxs + - - - + apx, |z, € N}
Bai tap 2. Ching minh rang v6i moi n € N, thi
5= (C0)” +(C)" -+ (O

Bai tap 3. Tim s6 cic day hitu han (a;)?, thod dong thoi cac tinh chat:

(a) ap=0vaa; € N, VI <i<n;

(b) |a;i —a;41| =1, V0 < i <n—1.
Bai tap 4. Trong mot lan bau cti, tng cit vien A dude a phiéu bau, tng ctt vien b duge b
phiéu bau (a > b). Ct tri b phiéu lién tiép. Hoi c6 bao nhiéu cach bo phiéu dé ting cit vien A
luon dan dau vé s6 phiéu bau cho minh?

Bai tap 5. Cho n la s6 nguyén khong am. Chitng minh ring né c6 thé biéu dién duge dudéi
dang (va d6 1a biéu dién duy nhat):

(z+y)>+3z+y
2 )

4 day x, y 1a cac s6 nguyén khong am.

Bai tap 6. Cho s6 nguyén duong n. Ky hiéu 7, 1 s6 u6c sé ctia n va o, 1a tong cac wéc sb
ctia n. Chiing minh rang

(@) m4+T+- -+ 7, = {2 +{EJ+...+{2J;

(b) o1+ s+ + 0 = PJJFQLEJ*'*”PJ'
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