Maths287 SANG KIEN VA KINH NGHIEM

UNG DUNG TINH DON DIEU CUA HAM SO VAO GIAI TOAN THPT

Gido vién : Nguyén Minh Tién

KIEN THUC CO BAN

I. Tinh don diéu ctia ham sb

1. Dinh nghia

v

v

v

Ham s6 y = f(x) goi la dong bién ( tdng ) trong khoang (a;b) néu v6i moi x15Ta € (a;b) ma
T < xo thi f (331) < f (.%'2)

Ham s6 y = f (z) goi la nghich bién ( giam ) trong khoang (a;b) néu v6i moi @3z € (a;b) ma
z1 < g thi f(z1) > f(22).

Ham s6 y = f (z) dong bién ho#c nghich bién trén khoang (a;b), ta néi ham s6 y = f (x) don dieu
trén khoang (a;b).

2. Piéu kién dé ham sbé don diéu trén mot khoang

Gia st ham s6 y = f (z) ¢6 dao ham trong khoang (a;b)

v

Ham s6 y = f (z) dong bién trong khodng (a;b) < f (x) > 0 v6i moi x € (a;b) va f'(xz) = 0 chi

x4y ra tai mot s6 hitu han diém trong khoang (a; b)

Ham s6 y = f (x) nghich bién trong khoang (a;b) < f/ (z) < 0 v6i moi x € (a;b) va f'(x) = 0 chi

x4y ra tai mot s6 hitu han diém trong khoang (a;b)

Néu f/ (x) > 0 véi moi x € (a;b) V& f(x) lien tuc trén doan [a;b] thi ham s6 y = f (z) dong bién

trén [a; b

Néu f" (z) < 0 v6i moi x €(a;b) va f (z) lien tuc trén doan [a;b] thi ham s6 y = f (z) nghich bién

trén [a; b]

I1. Cac tinh chat vafdinh 1y

1. Dinh 1y

Néu ham s64/ = f (z) don di¢u va lién tuc trén khodng D thitacé véimoiz,y € D: f (z) = f(y) S x =y

2. Cac b6 dé va tinh chét

v

Néu ham s6 y = f (z) don digu va lién tuc trén khodng D thi phuong trinh f (z) = 0 ¢6 nhiéu nhat

mot nghiém thude D

Néu hai ham s6 y = f (z) va y = g (z) lién tucj va don diéu nguge chiéu trén khodng D thi phuong
trinh f (z) = g (z) c6 nhiéu nhat mot nghiém trén khodng D

Néu ham s6 y = f (x) lién tuc va dong bién ( nghich bién ) trén khodng (a;b) thi véi moi z;y € (a;b)
taco f(z) < f(y) e z<ylz>y)
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UNG DUNG TINH DON DIEU VAO GIAI TOAN
1. Ung dung tinh don diéu vao giai phuong trinh va bat phuong trinh
Mot s6 dang phuong trinh bién doéi thudng gap
v Dang 1 : 2 —b=a.Var+bvéia>0
Phuong trinh < 22 + ax = (az +b) + a.Vazx +b
Xét ham dic trung f (t) = 3 + at
v Dang 2: az® + bz’ +cx+d=m.ex + f
Phuong trinh < m (pz +u)* 4+ n (pr 4+ u) = m (ex + f) + ndex + f
Xét ham diic trung f (1) = mt® + nt
v' Dang 3 : ax? +br+c=avex +d
Phuong trinh < m (pz 4 u)? + n (pr + u) = m (ex + d) + nv/ex +d
Xét ham diic trung f (1) = mt2 +nt v6it >0
Vidu 1 : Gidi phuong trinh
23 +322 +4x+2=Bz+2)V3z +1
( HSG - Qudng Binh - 2010)
Loi giai : Diéu kién xac dinh : x > —%
Tacopt & (z+1)° 4+ (z+1) = @z B 1]vV3z + 1
S @+1)>+ (@+1) = (V3z FL b Bz + 1
Xét ham dic trung fi(t) =+t v6it >0

Ta ¢ f'(t) = 3t + 1. 5.0 y6i moi ¢ > 0 suy ra ham s6 dong bién trén [0; +oco)
Ma phuong trinh cédang f(z+1)=f(V3z+1) @z+1=3r+1& [ =
xTr =

Két hop.véi diew kién ta c6 phuong trinh c¢6 hai nghiém phan biét x = 0;z = 1
Vi du 2": Giai phuong trinh

(22 +1) (2+vVEZ+ 42 +14) + 3z (2+ V027 +3) =0
Loi gidi :

Ta c6 pt < (2z + 1) <2 + m) = (—3x) (2 +1/(=32)* + 3) (*)

X6t ham dic trung f () = ¢ (2 FVET 3) véi t € R
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2
Taco f'(z) =2+ Vt2+3+ >0 v6i moi t € R suy ra f (t) dong bién trén R

1
Phuong trinh ¢6 dang f 2z +1) = f(-3z) < 2x+1= -3z &z = —

. 1
Vay phuong trinh ¢6 nghiém duy nhat x = —x
Vi du 3 : Giadi phuong trinh
823 — 362% + 53z — 25 = /3x — 5

Nhan xét : Ta dua hai vé ctia phuong trinh vé dang f[g (z)] = f[h(z)] trong d6 f(t) latham dic
trung c6 dang f (t) = mt3 + nt. Ta can dong nhat sao cho biéu thitc vé phai ctia phuong trifth c6 dang
m (V/3z — 5)3 +n (/3z —5) vA so véi vé phai ta c6 thé chon luon n =1

Cong viéc con lai la tim cac he s6 sao cho m (px + u)® + (pr + u) = m (V/3z — 5)3 + (/32 —5)

Dé thay (2x)3 = 8 nén ta c6 mp> = 8 vi m, p thuong la cic s6 nguyén nen'ta’ €6 thé chon m = 1;p = 2

hoac m =8;p=1
Néu m = 1;p = 2 thi f (t) = t> + t do dé phuong trinh can viét vé dang
m (pr +u)® + (pr +u) = m (V3z — 5)3 + (¥/3z —5)

& (20 +u) + (22 +u) = (\3/335—5)3—1-{”/3:1:—5

& 823 + 12ux® + (6u2—1)x—|—u3+u—|—5: J3r =5

Dong nhat hai vé ta duge u = —3. Két quéraichin nén ching ta khong can xét truong hop con lai
Lai giai tham khao :

Phuong trinh < (2 — 3)° + (2z — 8)'s (V32 —5)° + (V32 — 5)

Xét ham dac trung f (t) =3 +t trén tap R

Ta c6 f' (t) = 3t2 +'1{>.0 v6i moi ¢t € R suy ra ham dong bién tréen R

Nén ta c6 phuong teinh tré thanh f (22 —3) = f (V32 —5) © 22— 3= 3z -5

5++3
4

& 813 — 3622451 —22=0=1=20=

Vi du 4#=Giai phuong trinh

23— 622+ 120 +7= 23 +922 — 19z + 11

( Dé dé nghi Olympic 30/4/2009 )

Y tudng : Ciing giéng nhu vi du trén ching ta dua phuong trinh vé dang

m(pq:+u)3+n(px+u):m(fa:3+9332719m+11)+n(\3/7933+9x27191:+11)

& (mp® +m) 23+ (3mup? — 9m) 22+ (3mpu? + p + 19m) z+mud +u—11m = V-2 + 922 — 19z + 11
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3 _
mp 2—|— m=1 p=1
R . £ 3mp“u — 9m = —6
Dong nhat hai ve theo phuong trinh ta dugc b 9 S 4 om= L
3mpu® +p+ 19m = 12 2
u=-—1

mud +u—11lm= -7

Lai giai tham khao :

(—2®+92% =192 +11) + (V=2 + 927 = 192 + 11 )

N

1
Phuong trinh & - (z — 1+ (z—1)=
Ta e L3 S
Xét ham dic trung f (t) = §t + ¢ trén tap R

3 . .
Ta c6 f'(t) = §t2 + 1 > 0 v6i moi t suy ra ham dong bién trén R

Phuong trinh ¢6 dang f (z — 1) = f <\3/—x3 + 922 — 197 + 11)

sr—1=vV-234+922—-192+1ler=1z=22=23
Két luan phuong trinh c6 ba nghiém phan biét x = 1;20 = 2;2 = 3

Vi du 5 : Gidi phuong trinh

V323 +322+62+16=2V3+V4—x
Lai giai tham khao :

Diéu kién xac dinh : z € [—2;4]

Khi d6 phuong trinh < /323 + 322 4 62 4+ 16— V4 — z = 2/3

Xét ham sb f () = V323 + 322 + 6.+ 16 =.\/4 — = trén doan [—2;4]
£ 3(a*4 22 +1 1
Ham s6 lién tuc va ¢ [/ (z) = ( ) + > 0 v6i moi z € (—2;4)
VB3 + 322 + 62+ 16 2V/4—x

Nén ham s6 dong bién trén_(—2;4) = phuong trinh f (z) = 21/3 c¢6 nghiém duy nhat tren (—2;4)

Ma f (1) = 2¢/3. Vay phuong trinh c6 nghiém duy nhat 2 = 1

Vi du 6 : Giai batphuong trinh
Ve+2)22-1)-3Vz+6<4—\/(z+6) 2z —1)+3/z +2

1

2

Khi d6 bpt & (Vz +2+ vz +6) (V2r —1-3) <4

Loi giai tham khao : Diéu kién : x >

v V6i (V22 —1-3) <0< 2 <5 bpt luon ding

v V6ix >5

Xét ham sb f (z) = (VZz + 2+ V& +6) (V22 — 1 — 3) lien tuc trén khodng (5; 4+00)

1 1 VT+2++/xr+6 ..
! = V2r—1-3 >0 v6 > 5
f'@) <zm+2m>( SR v vOi mot
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= ham s6 f (z) dong bién trén (5;+00) va ta c6 f(2) =4
=>bpte f(z) < f(I)ex<T
Két hop véi dieu kién ta c6 tap nghiém ciia bat phuong trinh 1 S = [; 7]
Vi du 7 : Giai bat phuong trinh

3V3 — 2z +

—2x <6

5
V2r —1

N 1 3
Lai giai tham khéao : Diéu kién 3 <x< 3

bpt 33 =22 + o—— <22+ 6 & f(z) < g() (+)
a;‘_
PRI 2 ) . ~ ) 13
Xét ham so f (x) = 3V3 -2z + 5 1 lién tuyc trén khoang 5; 3
T —
3 5 13 . 13
f'(z) =— - 7 <0 vl moi x € <; ] = f (x) nghich bién trén (; }
3-2c (V2r—1) 2’2 2’2

13 R £
Xét ham g (z) = 2z + 6 trén khoang (2; 2] la ham dong biemwva f (1) =g (1) =8

vV Néuz>1taco f(z) < f(1)=8=g(1) < g(z)bpt luon ding

v Néux < 1taco f(z)> f(1)=8=g(1) > g (@) bpt vo nghiem
Két hop véi diéu kién ta c6 tap nghiem ctiaybatiphuong trinh 1a S = [1; g]
Vi du 8 : Gidi bat phuong trinh

8x3 +2z < (x+2)Var +1

Loi giai tham khao : Diéu kien z > —1
bpt & (22)° + 22 < ({o 1) + (Vo + 1)
Xét ham dac trung f(#) =2+t v6it >0
Ta c6 f(t) lien tuc va f/ (t) = 3t2+1 > 0 véi moi t > 0

= ham s§'dong bién véi t > 0

1+ V17
bptc()dangf(Qm)<f(\/x+1)<:>2x< x+1<:>—1§x<+T
. . . 1+ 17
Keét hop véi dieu kién ta cé tap nghiém cta bat phuong trinh 1a S = [—1; +8>
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2. Ung dung tinh don diéu vao giai hé phuong trinh
Vidu 1 : Giai hé phuong trinh

3 — 322 — 92 +22 =93 +3y%2 — 9y

1
Py ety =g

(Khéoi A £ 2012)

Phan tich va dinh huéng : 0 phuong trinh (1) ta thay bac clia x vd y ciing 14 baes3 fién kha
nang st dung dong bién va nghich bién 1& rat cao. Do hai vé déu c6 cling hang tit bac hai nén ta can tim
nhitng s6 théa man m(pz + u)® + n (pz +u) = m(ky + d)* +n (ky + d) (1').

mp? ~ 1

3

. = ¢6 thé chon m= 1,p =1,k =1 lic dé
n ~

Ta c6 cac hé sb ciia 2® va 3> trong (1°) théa méan {

e @+u)’+n@+u)=@y+d’+ny+d 2)

. . 3u= -3 =-1
ta lai ¢6 cac hé s6 ctia 22 va y? trong khai trién (2’) théa mén{ 32 5 :>{;L ) .Lac doé
) (@-1)’+n@-1)=@y+1D’+ny+1) 3
Chon cac hé s6 clia x trong (3’) ta duge n = —12
Dodé (3) e (x—1)P°—12(x—1)=(y+1)>-12(y% 1) (&)

Luu y tit phuong trinh (2) ta duge
1 3 1
(2)@(90—2) +(y+2) =1= , & 1 5
1< - <1 —— < 1< =
SYTg s g SYTI=3
Lai giai tham khaeo :
(2=1° 12w +1) = (y+ 1)’ -12(y+1) (1)
(%) & 12 1\*
- ) =12
(o) -
(1) c6 damg(flw=1) = f(y+1) (3)
1 3 1
Ttr(Q)@(:c—2> +<y+2) =1= 1 & 1 3
1< - <1 —— < 1< =
SYTg s g SYTI=3
o . [ 33
Xét ham dic trung f (t) = t° — 12¢ trén ~3i5
Py 2 2 33 . oz R 3 3
Ta co f/'(t) =3t2 —12=3(t? —4) <0,Vt € —5i5 = f (t) nghich bién trén ~3i5 (4)

Ti(3),4d)=fz-1)=fy+1l)er-—1l=y+lsr=y+2(5H)
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1\ 2 2
Thay (5) vao (2) ta dugc <x—2> +<:L'—) =le4?-81+3=0&

Véi —1:> = 3 6l =
ix=— =——vavliz=
T=5=Y 5 V& x

P 1 1
Két luan hé phuong trinh c6 hai nghiém (x;y) = {<2; _§> , (2, —2>}

Vidu 2 : Giai hé phuong trinh

{ Vi —1—/5=8—z3(1)
(-1 =y(2)

Lai giai tham khao :

Diéu kien : o > 1;4 > 0

Thay (2) vao (1) ta dugec vz —1— (z —1) =8 -1 & vz — 1 = -2t 22 — 22+ 9(3)
Nhan thay z = 2 1a mot nghiém ciia phuong trinh (3)

Xét ham 86 f (z) = v/ — 1 trén [1; +00)

Ta c6 [/ (z) = > 0= f(x) dong bién trén[1;+o0)

1
2V —1
Xét ham s6 g (z) = —a3 + 2% — 22 + 9 trén doan [1; +eo)

Ta c6 ¢’ (z) = —32% + 22 — 2 < 0,Vx > 1 =g (%) nghich bién trén [1; +00)
Do d6 z = 2 1a nghiém duy nhat clia phuweng trinh (3)

Thay = = 2 vao (2) ta dugc nghigm duy nhat ctia he (z;y) = (2;1)

Vi du 3 : Giai hé phuong trinh

2 (4y* +1) +2 (2> +1) Vo =6(1)
22y <2+2\/4y2 n 1) — 2+ V21 1(2)

Loi giai tham khéo :
Dicukien.: » >0

Do z = 0 khong phai 14 nghiém ciia hé nén ta ¢6 = = 4+ vz2+1 > 0 v tU phuong trinh (2) =

x2y(2+2\/4y2+1> S0=y>0

Chia hai vé clia phuong trinh (2) cho 2 ta dugc

(2) & 2y +2y\/4y? + —7+ 22 +1

+(2y) / (2y)? i %,/ +1<:>f 2y) = < >(3)
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Xét ham s6 f (t) =t + tVt2 + 1 trén khoang (0; +00)
t N P

taco ff(t)=1+Vt2+1+ ——— >0v6imoit >0 = f(t) dong bién trén (o;+o0) (4
fH (@) NGRS [ (t) dong ( ) (4)

()

Thay vao (1) ta dudc 2® + z + 2 (z* + 1) /z =6 (5)

T (3) va (4) = 2y =

S R

Xét ham s6 f (z) = 2® + z + 2 (2% 4+ 1) /z trén khoang (0; +00) ta c6

2 +1

NG

T (5) va (6) suy ra z = 1 1a nghiém duy nhét ctia phuong trinh (5)

(@) =322 + 1+ 4ay/z + > 0 v6i moi z > 0 = ham s f (x) dong bién (6)

. 1
Thay = =1 vao (*) ta dugc nghiém duy nhat ctia hé phuong trinh 1a (z;y) = <1; 2)

Vi du 4 : Gidi phuong trinh

(4 +1)z+ (y—3)v/5-2y=0
42 + 92 4+ 23 -4z =7

(Khéi A - 2010)

DO | Ot

Loi giai tham khao : Diéu kién : x < Z;y <
Phuong trinh (1) < (422 +1)2z = (5—-2y+1)/5 -2y
Xét ham dac trung f (t) = (t* + 1) ¢ trén khodng [0; +00)
Ta c6 f/(t) = 3t> + 1 > 0 v6i moi £ € [03+060) = f (t) dong bién trong khoang [0; +00)
x>0

Phuong trinh (1) ¢6 dang f (2z) = f (V5 —2y) =2z =5 -2y & 5 — 42
y =
2

) 5 ?
Thé vao phuong trink (2)/ta duge 422 + <2 - 2x2> +2V3 -4z =17 (3)

P 3
Nhéan thay z= 0wva z = 1 khong phai la nghiém ctia phuong trinh (3).

2
Xét ham s6 f (z) = 422 + (g — 2552) + 2v/3 — 4 trén khodng (O; i)

4
Ta ¢6 f'(z) = 8z — 8x <5—2m2> - = 4z (42% - 3) —

5 y— <Ovéimoi:c€(0;>:>f(x)

3—4x
nghich bién

1 p 1
Ma f <2> = 7 = phuong trinh (3) ¢6 nghiém duy nhat = = B

. 1
Thay vao phuong trinh (1) ta suy ra hé c6 nghiém duy nhat (z;y) = <2; 2)

Giao vién : Nguyén Minh Tién - 0916.625.226 8



Maths287 SANG KIEN VA KINH NGHIEM

BAI TAP TU LUYEN

Bai 1 : (B - 2010)Giai phuong trinh : /32 +1 -6 — 2+ 322 — 142 —8 =0
Ddp s6 : x =5

Bai 2 : (Cao diang - 2012)Giai phuong trinh : 42 + 2 — (z+1)v2x +1=0

o L+5
Ddp so : z =
4
Bai 3 : Giai phuong trinh : (22 + 3) vAz? + 12z + 11 + 3z (1 + V022t 2) 52 +3=0
f 3
Dap 's6 : x = —=
ap 'so : x 5
Bai 4 : Giai phuong trinh : —223 + 1022 — 172 + 8 = 222 V/bx — 22
. 17+ /97
Dap s60 : 6 = ——
12
Bai 5 : Giai phuong trinh : 2 (z — 2) (Vdz — 4+ 22 —2) > 3z — 1
Dédp s6 : x> 3

(23—32)V7T—2+ (37 =20)/6—y =0
V22 +y+2— /7382y F 8+32% — 142 -8 =0

Bai 6 : Giai hé phuong trinh {

Ddp 50 : (z;y) = (5;4)

23 — 2y 4 1= 0

Bai 7 : Giai hé phuong trinh
°P & {(3—1:)\/2—3:—2y\/2y—1:0
Dap 6 : (r;y) = (1;1)

2P +y+2vl—2=3/1—x
V292 +1+y=4+Vz+4

Bai 8 : Giai hé phuong trinh {
Ddp 56 : (z;y) = (—=3;2)

Bl 9 : Gidi ha - (42 +1)+2(2>+1) V2 =6
: 11(0)
“ QY s T x2y<2+2 4y2+1>:x+\/m
o 1
Dap so : (z;y) = <1; 2)

(x/xQ +1— 42’y + x) ( 4y? +1+ 1) = 8z?y3

Bai 10 : Giéi hé phuong trinh
2y —z+2=0

. 1
Ddp so : (z;y) = <4; )
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