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Len ma eAu 

//m• (min dal IP" hyr sink vei .sink vien Wan lubn Cti hue phi% phon 
IS unwed IA (Mein hai lap. Pluin hdi yip e ri nhieW mur dirk : /) glop la 

mim rung hat, car khiti nicm oa dinhV dm, nt (twig IS Unnej ; 2) tint 
din lading kit qud hot, ma IS thuyie kitting du li i gift de rap ; 
.1) qua Wee him nhieu Nil hip, to nMnr diresc l@ dwyei ?thud,' nhuvin hdp 
de ter dei is"; nhien khd ming dug dyng 1 ,ao &lieu hinh sill kluic rung 
(rung lode hay wong ithang iron khan hyr .khae... Dieu ma shill vier con 
rhu V ht phdi hye lv thitvei rho kc dude di. roi mai IGm bai icy) ( Mai 
quiet, khong hoc hav hoc qua Ion IS Mused, ithung der dolt oao lam 
Ina yip -  el dung hyr. Milt /utJllg Owing tit churn:A bye login reia sink vien 
er hull dyi Jun - . 

• 
Cuin hal hip nay giap.vinh vien lain (au line pip dint tree curkit —roan 

ado veil).  (A ,), Phein dyi Si) tuyin lirdi„gni° (kWh dank (WI ( - tic twang 
ray thing sa phym eau Nguyen Dm' Thucim.'lkong nrlii chdang (then 
tiling (min sack tren), chUng tree irdM- lud tonkteit IV thrived eda chilang 
da, cent do gull twin Id reir ben hip dung 4.1neenig idiom ha di nlidtig hai 
'dung Id. lit hey sung them mat so' bai yip di dap dug yell edit di d 
tree. Chin sac h nay gilt() cid si viii hm- ;Wm Dpi su tuveit tirslt d Ink 
(to clang, elM hey, va n Aing midi; rho sink viett rki,Bro hi ihi vita oar Salt 

Jul lun•, uhlA kitting thwin My rho sink vier hoc Cup thing Sit pliant. 

Cluing (di xin Muir 	 mil (I bea t : nmin lam Inii hip 
dn.& hei filth vier phdi mint AS K Ihuvir di, let (nail heii telp chi ghip 
sink vie,' khdi dyng 11101, khi hy vein 40 col(rYeil rule chi has g6Ah Rich Ioi 
ni ben Ili nay lant vier AJr lap. Chat• tar Nen liter bai 

114 Ni;., 14444 )4 Mang S num 1999 
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Chafing 0 

SO Luroc ye Krim NIEM NHom, vANH, TRUeING 

§1. TOM TAT LY THUlt 

Co the: min to tido hoc doh (rung hoc, ogulti ta liun loan chit you Iron 
nhErng s6. CO flitting tinh chht dac hicat quan Ming nhtr tinh giao het, 

. tinh ket hop cam phtip (Xing va phep than nhang sCi d 1 &roc day tU nhang 
mint (Mu caa.tidu hoc, vi cac tinh chat de lam cho vile tinh man don gian 
him nhieu. Sau nay khi lam loan et bac dal hoc, ngtroi ta lam Man iron 
'thang d6i tirong kh6ng phtli la sO nine, nhtmg ngtriti la lai gap kit nhang 
tinh chat dft *hay trong phep tieing hay phtip nhan nhfmg so, vii chinh do 

eau Linn chit gap lai du ngtati ta da thay rang dieu gi ma phep cOng:hay 
pluip nhan nhErng sCi co tin cling xay ra d6i vOi nhang deli along clang 

xet. Ti) do Mei hinh thanh Ichai niarn rait bile dyi !rung loan dm the 

Ii9 20. Chang ban, ta xitt mitt tap hop nen do di mit phep man, ma to dal 

ten la "phep Ong" my tap hop clii eking co lien quan gi den cite con sci 
ea ; nen phep cong clang xet co tinh chht kith hop thi ta hao tap hop cling 
vdi phep Ong do lap thanh root eau Ink din s6 mil dufri day tase thay no 
dintgoi lh hitt nhom, nab no co them OM giao hinin thi ta hao ta co 

nfra nham giao hoan. 

cho tien vied ky hieu, cat: pilaf, loan Den mOklap hop duckt k9 

hien hang dciu + (lac do goi la phi? Ong) hay hang dau x (hie do goi 
phep nhan) throng Marc thay hmg dhu ., ma sau dti nguoi la he di ; 

chfing him a x b duty vier la a .1) vii cuiti ding la oh, nhis the nhanh gon. 

Ll. Dinh ughia nits ghoul 

Gia su X la mot tap hip co in01 phtip loan k9 hietu than. 
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X cling vOi phep than la my( nth; nhom nen phep nhan co tinh kdt 
kw, nghia la x(yz) = (xy)z, voi rnyi x, y, z e X. 

Neu phdp than con c6 linh ehth giao hotin, nghia la xy = yx, voi mgi 
x, y e X, (hi X la myt win',/rim giao 

Nita nhom X gyi la mett ri nhom nett ea myt phan tit c e X sao cho 
ex = xe = x, voi myi x e X. Ta goi clap/min rirdrm gala vi nheim. Nthl 
phep loan e6 them t bah chal giao horin, ta co myt ri idiom giao lain. . . 

L2. Dinh nghia nhom 

MO( vi Mona X gyi IS myt /thorn nen voi tnyi phAn lir x e X, ton tai 
myt phrin tit x' e X S110 cho x'x = xx' = e (ngtidi ta chnng minh dttye_ 
rang x' la duy nha3 va ky hiou nti bang tr', gui la ',glitch aria elm x). 
Nhim X gyi la then hay giao (roan neat phop loan co them loth' 
gi ao hoan. 

Neu phep Man cut nhOm X dugs; ky hiou hang dal' cOng, thi phan tit 
khong gui la phan tit don vi nfra, ma gyi la plain tirkhong va k9 hien la 

0 (I wog iv nhtt ky hieu cut so 0) ;-va phan In nghtch thio.cim Inca phan 
tnx sc gum h dot raft .v va kj,  hiQu la -x. 

13. Dinh nghia vanh 

Chi sir X la myt lap hip co hai phep man cOng va nhAn. 

X ding voi hat phep roan do la myt wink near : 

I) X cling voi phep cyng la men nhom giao hoan ; 

2) X sung wit phep nhan la myt nisi nhom 

3)phep ninth pitch, final;  dal poi phi]) (Ong, nghia la : 

x(y + 	 xy + xz 

(y + z)x = yx + 73( 

vui tnyi x, y, z e X.  

Neh phep nhan co them OM chM giao hoin thl ta bat) X la myt van h giuo both!. Neat phik) nhan 06 plan air dim vt thl to hao X la mei wish co 
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thro vi. Nth pile!" Muhl vita Man hoan vim e dim Nit thi ta him X la nuAt 

(alb giao bootie!) doll 

1.4. Dinh nghia trninig 

Gia sO X lit mot tap him (Ai hai phep loan citing 0 nhan. 

X ding vOl hai phep Man do linnet tritang nth : 

I) X la mitt vanh giao hutin co don vi ; • 

2) inyi x x 0 thuQc X co nghich dao, nghia la ne:u ta dat X .  = X - (0I 

thi X .  lit mot nhOm giao hotin d6i via phep nhAn. 

§2. I4AI '1411  

I. Xot tap hop the só phric 

C.= la+ hi I a, h E R ) 

(a + hi) + (c + di) = a +c + (h + d)i, 

(a + hi)(e + di) = ac - bd + (ad + hc)i.. 

Ray ?ft" ta hay chting minh C ding vOi hai phep Man trth la InOt 
(meting. Try& Iv& ta nhan kat the s6 thirc a IA nhOng sir ph(re co phan uo 
hang 0 : a = a + 0i, vit a thing hay nhitin hai '36 phtic YOi nhau ta c8 trim 

hinh thirimg nhtr din v6i the hioat thOe dia s6 chira i, nhtmg chn 9 la i2  = -I, 

vit bong Let qua eu6i Ong  IMO nhont ithan (hire vOi nhau cling nhtr 

nhont phan au v6i nhan. f.Xt chilng minh loaf hai tap kith ram th6 nay, ta 

hay vital ra (ten nhap dinh nghia mtlyt triritmg va thi gang 06( khOng can 

'thin vim stick San do to Lin Itrytt ch(ng ninth the tinh chin is tareng 

Law thou man d6i vrn d6i tilting clang xet. Ta có vOl cac s6 phirc : 

I) 	 + b l i)+ l(a2. + 11,0+ 	 + 10)) =. 

(a, + h 1 1) + (02  + ad + (h, + hdi) = (a, + (a, + ad) + (11, + (11 2  + hd)i = 

	

= ((a l  + a,)+ a3) + ((hi h,)+ hdi = (a l  + 	 + (h, + h i )i + a, + 	 = 

= ((a, +11,i) + (a, + h,i)) + a, + h,i. Map cOng kit 

mil phep citing 

vl phep nhan 



2) (a, + h,i) + (a, + h21) = (a, + 	 + (h, + 	 = 
= (a, + a,) + (h, + bdi = (a, + 	 + (a, + 	 Phep ceng giao hoan. 
3) 0 + (a + hi) = (0 + a) + hi = a + hi. Phan id khang cua phep ceng la via 

4) Vol mei s6 phdc a + hi, sdphirc - a - hi la ddi dm no vi 

(a+hi ) +(-a - hi)=a- a +(h-h)i=II+Oi=0. 

5) (a, + b,i)((a, + 	 + lid)) = 

= (a, + b,i)(a.,a, - 6,63  + (a2113  + b,a3)0= 

= a, (a,a, - h,b,) - h,(a,b, + b.a„) + (a,(a,h, + h,a,) + b,(a,a, - b,b,))i = 

= (a,a, - h,hda, - (a, h, + b rad!), + ((a,h, + h, ada, + (a,a, b,b,)b,)i = 

= ((a,a, - b,b,) + (a, h, +11,4 2)0(a, + = 

= ((a, + b,i)(a, + b,i))(a„ + hd). Philp nhan kat hop. 

6) (a, + b, i)(a, + h,i) = a,a, - b i b, + (a,h, + b,adi = 

= a,a, - b,h, + (a,b, + h,adi = (a, + h,i)(a, + h,i). Phcp nhan giac 
hone. 

7) Ida + be= a + hi. Phan Id don vi cua phdp nhan la s6 I. 

8) Gia sit a + bi # 0 = 0 + Oi la mei s6 phdc khiic 0, cliCti db co nghia 
a va h khOng Ming Mei hang 0 hay + # 0. Xet s6 phvc 

a 
	 —b 

a 2 +13 2  

to co 

1  2 	 2 	 2 	 (atbi)r- a +b 	 a +11 2  

a 2  	 b 2  
+ 	 ab 	 ah 	

— 
a2 +b2 	

— a 2 + b2 a 2 ± b2 	 a 2 1..b2 a
2  +h2 	 a 2 h2 

Vay m6i s6phati lchac 0 co nghich dao. 
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9) X6T(a, + b,i)((a, + b,i) + (a, + b,i)) va 
(a, + hit)(a, + M1,0+ (a, + b,i)(a, 	 Ta c6 : 

(a, +11,0((a, + a3 ) + (11, +1100 = 

= aTa, + a,) - b,(1), + b3)+ 	 + b6 + b,(2t, + a,))i; 

(a, b,i)(a, + b,i) + (a, + h,i)(a, + b,i) = 
= a, a, - b i b, + 01,b, + b, aTi + a, a, - b,h, + (a, b, + b,a,)i = 

= tt,a, - b,h, + a, a3  - b,b, + (a,b, b,a, + it,h, + 

sanh ca"c kei qua thy duct ia co.phep nhan phan pheii dOi vOi 
ph6p cOng. 

Kr ' Juan : C vat hai phtIp loan Ong va nhan nhtr Iran la mOt InrOng. 

Aquitt v6t : I) Khi chimp Minh C la nun Indmg , to da sir dung caT 
tinh chin dm phep cOng Nth ph6p nhan coc s6 time : kei hop, giao holm, 

66 phep tir !thong, c6 phan 16 deii, c6 phan Iir don vi, meti set thkre # 0 c6 
nghtch ciao va phep nhan phan ph6i d6i vol phep cOng, nghia la R la 
met turemg ; 

2) Ta c6 hinh ve dtr5 day sau khi lion ky bat tap Iron : 

va ngtriri la n6i rang it la inn( (riding con etla C, immg ur to 66 Q Ia me?' 
I ((Ong con ciao, R ; 

3) Set di mOt bat tap kith' nay phai lam ti mi nhtr vay, vi sinh vier] mai 
van dal hue Mt bet nt0 khi gap lout bat tap nhtr the nay. 

2. Thus: hien cac phep linh : 

a) (-8 + i) - (2 - 7i) = -10 + 8i. 
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i 7 (5 + 2i) 

( 	 I 

=-5-i.  

I 5 	 13. 
c)  -3i 3+ 	 t 

2 	 , 4 2 	 4 

d)  -1)(r3 - 	 VF) 	 - (2 + 11))i 

c) ifil)(11( - kir)) = k + h. 

3. Phan rich die. (Ong sau (hanh rich ciia hai than s6 phdc lion hop : 

a) 16 + ;11 = (4 + :6)(4 - ai) = (a 40(a -  41). 

10 (a > 0) a + I = ( ni; +1)(VT1 - i)= (I + 	 i)( I -IR i). 

4. Thdc hicar clic pheplinh : 

4 	 4(1+2i) 	 4 + gi 	 I 	 71 
a) 	 - 	 - + i. 

1- 2i 	 (I- 20(1 -( 21) 	 I + 4 	 5 	 5 

h) 	  
- 2[1 +1 

-
(-2173 + i)(I  - 243) -2r3 + 2r3  + (I+12)i 

I + 2i./3 	 (I +21-1:3)(1-21,./X) 	 1+12 

Ta co ihS (hay ngay kel qua khi nhan get - 2V.Ir +i 741+ 2r3i) 

5. Tinh we lily thira : 

a) Vi 1 2  = 	 V:\ i 4  = I, nen : (-0 	 = (-0 2A-0= 1; (-OM  = I ; 
= i j2 i 3  = 	 ; i IIP = 	 = -I. 

= 3 
-1 1F i43 	 I 

hl 	
2 	

( I + 3i .13-  +9 -311[31= I 

Ta +6 (lad (hay ngay kei qua khi chuydn sang clang WO giric : 

1-0 
113 	 ( 	 2 -1+1 	 7( 	 27r - 

	

- cos 	 + i sin — = cos2n + isin2a = I. 
2 	 3 	 3, 
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6. Tinh czc s6 awe x va y say cho : 

a) 2 + .51x - My r- I 4i + 3x - Sy. Di: hai sic phtic do hang nhati, ta phai 

có phan thqc cna cluing Yang nhau, va phdn 3u  dot chting Wing nhau. TCr 

to có hai phuung trinh sau day vol the An la x va y : 

3x - 5y = 2 

5x - 3y = 14 

Tir do, to duct x = 4, y =- 2. 

ii11 51  
11) + - + - - 1 + — Mich philn thqc va phan an .na hai 

x y 6x y 

la dliVe : 

1 	 I 	 5 
- + - = - 
x Y Y 

9 
Tir de, x =

2
y = 1K. 

7. Giiii aic phirong trinh : 

4x z  + 3x + 1 = O. Ta tinh biCt se; A = 9 - 16 = -7 = 7i'. Vay phinnig 

trinh cO hai nghiyin : -3+r7i 

	 -3-ft 

8 

h) (2+ 0x 2  - (5 - i)x + (2 - 2i) = 0. Ta có A = (5 - 	 - 4(2 + 1)(2 - 2i) = 

= -2i = (I - 0 2 . Vey plumy trinh cG ciic nghican nhir say : 

	

5 - i + I - i 	 6 - 2i 	 3 - i 
x, -    	 I-i.  

2(2+1) 	 2(2+i) 2+i 

	

5 - i -1+ i 	 4 	 2 	 4 2 

x- 	 2(2+0 	 2(2+i) 2+i 5 5 
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8. nye hign one pliep Iibh sail dmii clang lining ginc : 

a) =3(cos18" + isin18") 	 (cos42" + isin42") = 

= 3.— (cos(18" + 42") + isin(18" + 42")) = 
3 

= cos60' + isinNT = 1 + i — 
2 	 2 

(7 
7, N 7  

h) — I  — I-3-  7 	 = (COS 47C  ± i Sill 4- = 
2 2 	 3 	 3 

( 	
A13+3+; 

= cos-47r  + i sin --‘j.- 	 =cos-
4n 

+ i sin —
4n 

=- 3 	 3 	 3 	 3 

1 1/73 
= — 2 
	 3 

— — 	 4 
vi cos—

n 
 + 	 — 4n) = cos4n + isin1/2 = 1. 2  3 

C) VI =cosl — 
2 
7C  = 2kn +i sin —71 

2 
+ 2kn . TO do cho k Inn luo enc. 

gia 10 0, 1, 2, ... 8, la dugs 9 gin tri cOa VI ; do Ili : 

It 	 - 	 71 
COS — ± i sin ---. 

18 	 18 

2n)( n 2n 
—+—  + i sin —+—,  18 	 9 	 18 	 9 

cos( + 	 + i sin( Tr  ± 47  j. 
18 	 9 	 9 

cosy—m  + i sin( +F 
\ 18 	 9 ) \ 18 	 9 

cos( + —thr  + i sin( 	 +" ), 
18 9 18 	 9 

cos 
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cos 

cost 

cos( Tr- 

cos( 

'n 	 10er 
—+— 

1 7C 
 + i sin — 

18 

n 
+ i sin 

18 

+ i sin 	 ' 
18 

( a  
+ 	 sin 

18 

18 	 9 	 , 

12'  

10n) 
+—, 

9 

± I2n 

9 ) 

14'  + 

. —R  + 
9  18 

+ 14' 
18 	 9 

+ 

9 

16n 

. 

18 	 9 9 

(I  – ix5)(cos  ere+ i sin ep) (1 – iV:3)(cos  tp + i sin  (p) 2  (I)    	 _ 
2(1 – i)(cosip – i sin ep) 	 2(1-1) 

2(cos(–n/  3)  + i sin(–n/ 3))(cos  2ep= i sin 2cp) = 	 = 
2J(cos(–n / 4Y+ isin(–er /4)) 

I 	 r 	 n 	 et) 	 re 	 11 = —cos 2ep + – – – + i sin 2ep + – – –) = 

	

sh ‘ 	 4 3  	 4 3 

1 	 3 7I 	 II = -c  COS( ip – --j+ i sirli2p – H. 
xe2 

 
12) 	 12 

c) (I + i)" = ( 	
4 )) 

fitcos—
x
4 

 + i Sill -n )1 = (ii)nr cosn 7-1  + i sinnr). 

	

\ 	 4 	 4 

9: Giiii Ohirong rinh 	 - I = 0. Ta vie) : 

- I = (x 2  - I)((2  + I). 

Vay eac nghicln cua phirong trinh x 4  - I = U la ode nghiQin cira 
phateng tenth 	 -I= U vii 	 + I = 0. Phinmg Irinh x 2 - I= (I cho to hai 
itgl*m ± I, vii pinning trinh x 2  + I =U chi, is hai nghiem i i ; 	 vtly 
nhirong Dinh del oho co 4 righitin I, - 

Tcing yuat, ngtreri to cluing ininh throe rang nun phirong trinh bac n : 
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an/0 + 	 +...+a,,= 0; a,e C 
• 

co n nghi6m trong triig s6 phis: C, cac righierrico the Phan biCt hay 

triang nhau to ban C la de* dui Ming khi mriing s6 thtit R khAng 

c6 iinh chat nhu vity. 

10. it) GiA sir Z i  va z, In hai selphirc. Chang minh 

1 1 +Z 2 =1 1 +7, 2' 

111.2 =1.1 Z2. 

Gia sir z, = a, + 	 z, = + h t i.Ta cO 

ZI +z2 ' a l t a i +(h i + 6 2 )i  ' a l +az -(h1 

a, -h,i + 	 - h,i = 	 +z 2 ; z i z 2  =il i a, -11 1 1, 2  +Oah ?  + ap t  )= 

= 	 - h t h,, - Ra t h, + 	 z, = (a, - h,i)(ii, 

= a ] ila - b i b,- 	 + 	 vay i 1 i 2  =it z2. 

hl Gia sir phinIng frinh hoc n 

	

ax' + 	 + + a„-= 0, a, E R 

co min nghiem phtic z. = a + hi. Chang minh lien hop z =a c hi ding la 

nghi6m cua phirdng trinh. 

That vay, vi zla nghilem, nen to co : 

+ 	 + + a, 

Lily lien hip dm hai ve etia slang thirc 

• a z n  +a tri z n  +....+a 0  -0 - 0 

Ap ((king a) va chi 9 lien hop Clia mJl sA glue la chibh 
	

Mut d6. 

la &roc : 

(Z) n  + :1 11 _ 1 (71 11 	 1- - 4 a , , =O. 

(lieu do Lai nghia z = a - hi cling IS nint righiem cua phirtmg tfinh 
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cos(- —27r  )+ isinrn  = cos-
2n 	 — 

-isin-
27 

= x 1 . 
n 	 n 

Taco cac hinh vC sau day vOi n = 2, 3, 4, 5, 6: 

V 

15 

11. Giai phuong trInh x" - 1 = 0. Cac nghigm cua phuong tfinh 
n can bac n &Fa don vi 

- cos 	

 

	

2kx 	 2kn 
+ i sin— , k - 0, 1,...,n- 1.  

n 	 n 
Viet tubng mirth ra, to &roc 

k= 0, xo  = 1 = x i°  
2n 

k = 1, x, = cos 
2n 

 —+ i sin— 
n 	 n 

411 	 4n  
k = 2, x, = cos— + i sin— 

2 

n 	 n 

k = n - I, 	 - cos 
2(n -1)n -F i sin 

2(n -1)7( x
„_, 

• rt 
n gia to do nam lien during tran don NI, lam thanh niOt da gide ddu n 
canh c(5 dinh xo  = 1 la thuc, va ngu m la chin thi da giac con co mOt dinh 
thut ntra, do la -1, s dinh can lig la lien hop veli nhau timg dOi mOt, 
chang han 

x„., - cos 
2(n - 1)n + i sin 

2(n -1)n 
- 

n 



12. X61 tap hop X cite can hne n cua don vi (xcm hat lap 12): 

tOChting mink x i tt, e X ; = 	 n - I, j = 0, 	 n - 1 3  That v(ty taco 

(x,x,)" = x : I x = 1.1 = I, 

vay x,x, 13 mill can hkc n et don vi, cho nen x,x, e X. Ta co Old not 
phep nhan CAC s6 phdc Ih met phep loan trong X. 

+ xy  co thuoc X khOng ? Ta c6 thd Ira lift ngay la khOng, vi neat 
lay = x 3  = x„ = I, (hi ta co x, + x 3  = I + 1 = 2 (z X (cat: phan tit et X 
ddu nitro tree diretng Iron don vi ). Ta suy ra phep cOng cac s6phtic khong 
phi lu n I phop toan Bong X. 

c) Ch'ing minh X cling vitt phep nhan la niOt nhOm giao hotin. Dd tra 
IN cau nay, la lal lam nhtr hat I, viol ra iron nhap dinh nghia cua nhom 
giao hotin. Ctic link chat Lel hop, giao hotin, co phlin lir don vi, - ta dal nhin 
(hay trong hat tap I. Bay gigs la hay lay mOi phan tir thy y x, e X ; JC L 

 Bien Ilh roll la MO sd phite khzic (I, nen nghich dal) x 	 tint no tan tai 

lap I). Ta phiii Chimg minh 	 e X. Wain vay, xel 

(x - ')" =(x: . ) 	 =1=1. 

Vay 	 cling In met can hac n cirr turn vi. nen x r l  e X. Vky X 

clog vhi ph6p nhan la met 'thorn giao !akin got lit tlluttn rtir edn her n 
czni don ri. NhOm nay la mot nhOm hem km; no et) n phAn tCr, trong khi 
nhCint nhan 	 = C - 101 cti vit Bin 'than M. 

13. Giii sCr X c C =C- 101 la met Lip hop co fl phan l l (n I) va X Et 
miit nhOrn d6i vat ph(4) nhan Lac se( phae. Chang minh X la nhom cite 
can hitc n dm don vi (xcm hilt 12). 

Tonic It to xet ma -mg hop n = I, nghia lit X = (xi chi co Inca phfin 
It x. VI X la mOt !thorn &Si via phep nhan, nghia la phdp than cac s6 
phtic oil met phep unin Bong X, cho nen x 2  e X. Nhtmg X chi cu phlin tit 
x. nOfi: 

x -  = x = 
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hay sau khi gian incO via x (ban dyc hay nghi tai sm. to lam duct): 

x = I. 

Vay X = I 

Bay gi6 ta xel torang hop n e 2. Ta hay chting minh cac phan fir cua 

X den nam,tren throng trOn don vi, nghia la vai myi z E X modun 

Ix; = I. Gia sir u, v e X co motion lan Mgt he nhat via lOn nhat trong car: 
mOdun cua cac s6 phuc thuye X. Neu X c6 myt sCi phut.: 06 mOdun < 1, 
thi 81 c6 lul < I (vi lul be nhat), nen lue < lul. Vky u2  c6 modun 

lu = 1= lul. lul = 1u1 < lul. Nhung [Mop than cac s6 phtic la mOt phep loan 

trong X, nen e X. Matt thuan via gia tbiet u co modun he nhm. L9 

luan I tnmg tjr vOl truism hyp X c6 myt s6 phtac cO mOdun > I va sir dung 

v, ta cling di den myt 'tau 
thuan. Vay lx1 = I via myi 

x E X. Ta d6 clang May I e X. 
That vay, gia sir c la phan iff 
dim vi cua nhOm X va x la myt 
phan ltf trty y cita X, ta e6 

c.x = x 	 I.x, 

hay sau khi gian mac vin x : 

e = I. 

Ta atria: hinh ve sau day ye 

we phan 14 x0 = I, x„ x j, x„., 
cna X trim sitaing Iron dim vi : 

Chung dune sap xep ben 
dirimg trim, ngtajc kim dOng 

they negumen cua chting : 

0 = arg(x„) < arg(x,) < arg(x 2)< < arg(x„.,)< 2x. 

Bay giir ta hay xet Laic lily thin 	 = I , x,, x 2, , 	 x,, 

cluing dett thltyc X va khOng Ihi4 phan hiet vi nhtr vayX se vO han. Vky 

phat c6 nhiing lily think bung nhau, (Mang han x; =x1, v6i i # j, gia 

i < j. Vay 	 = I, nghia lil ton Lai nhCrng sCi to nhien k x 0 sao cho 

2-BTOSTLA 
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x k, = I. CIA su m l3 s6 Itr nhirin # 0 hd nhai sao cho 	 = I. V4y x, la 

inOt can hdc m cua don vi ; xi = 1, x,, x j2 , 	 xr 1  d6u ilmi0c. X, vay 

n. Ta chang minh m = n. That way, gia sOx,*z e X. Cling Rip Inn 
lining tir nhu doi vdi x„ to cii z la m01 can line p Nit don vi vii arg(z) phai 

bang —
2n 

> —
2n 

= arg(`d. Vay m > p. Lay m chid eho p, to throe 
p 

m=N+r,Orp- I 

irony dO q In (hums var la chi. X61 z. x7 c X : 

arg(z. x;(1) =
2n 2nq  =2nrn pq 

 – 
P 	 m 	 inp 

r 	 2nr 
=2n 	 < — ,vl 	 I. 

nip 	 in 

Vny ta.phal co 2nr 	 nghia la 	 = I, hay z 	 , vny z la m01 
nip 

can line ni that don vi. Ta vim chimp. xong Inca phiin tir cua XIii mOl can 
bac. m cent don vi, nhung X co n Nan la, vay n = 

14. X6f imong s6 Mire R vit 'Morn than it = It - 10) dm no. Chang 

minh Ming R , la chi có hai nhOin him him d6i win phop nhan caa R, dO 
( ) ya 	 -Id D.%i vin truinig him li Q thi Sa0 ? 

Ban doe CO 1h6 ip dung hai 13 dO May ngay k61 qua. 
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Chzicmg I 

DINH THUG 

§1. TOM TAT 12 THUYEK.T 

Chting ta da gap nhang he phuong trinh tuyen 6nh vai met 6n hay hai 
an hay den khi ba ao trong chucng trinh trung hoc va qua de chang ta da 
c6 khai Mem dint' thtic cap hai va ba. Trong thyc den ta phai xet nhCmg 
he phtamg unlit tuyen tinh v6i s6 phuong trinh va s6 an IOn ban nhieu va 
do dO phai Mill nhang dint thtic có cap rat IOn, clang ban cac ky su thief 
ke may hay 1u6n gap nhang dinh fink cap 1000, tat nhien ilk dO khOng 
the tinh tay duce ma phai Sir dung may Mill. De dua ra dinh nghia dinh 
thOc cap n, ta phai c6 khai niem phep the va ma Iran. 

1.1. Dinh nghia phep th6 cua flint tap hop him Ilan 

Gia sir X = 	 xj, 	 x„ hay d6 cho gon X = (1, 2, ..., n). Melt song 
ant' a : X —> X goi la met phep the dm X. Ngubi ta kg hien $,1  tap cac 
phep the cila X. 

Ngubi ta thuOng viet Wit phep the a nhu sau : 

a = ( 1 
	 2 	 •• • 	 n 

a(2) •• • a(n) 

Vi a la meg song ant_ nen a(i) # a(j) khi i m j, cho nen a(1), a(2), 
a(n) la melt hodn vi cac (1, 2, ..., n). Td d6 ta suy ra sd cac song anh cna 
X bang s6 hoan vi cna (1, 2, ..., n nghia la bang n!. 

Vida. Lay X =(1, 2, 3), taco 3! = 6 phep the cita X, d6 la : 

(2 3)' t' —  j. 2 3 1)1 3=  ( 0 1 2)' 
(1 2 31 2 3 

e= 
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f  _(1 2 3) (1 2 3) 1 2 3 .) 
3  - )2 1 3)'

1  
— )3 2 1)' (1 3 2) 

trong d6 e la phep th6 Wong nhat. Ta ch5 y khOng that thief phili via 
deng (Tau cud phep th6 theo tint tit tv nhien, ta co thd vi6t theo this tv 
khac mien la anh cud cat s6 phai via true ti6p dual cluing ; chang han 

f  = (1 2 3) (3 2 1‘ (2 1 3) 
)2 1 3) 3 1 2, )1 2 31 

D6 dinh nghia duoc dinh fruit, ta con phai dud ra deu eau mot phep 
thicr. GiA su 

a 
 = (

I 	 2 
a(1) a(2) • • a(n)) 

Dau die, a, ky hieu sgn(a), 

n 	  a(1 ) —  au.) 

ji chay lchap tap hop cac by phan co 2 phan fir dia X. 

Ta thay ngay 
sgn(a) = (-OS  

trong d6 s la s6 nghich th6 dm a (khi a(i) > a(j) vai i <j thi ta bao do la 
mot nghich th6 dm a); s la chin 06) thl a la phep th6 chin (le). 

Trong of du trOn, ta co : 

sgn(e) = (-1)° = 1, sgn(f,) = (- 1 = 1, sgn(f2) = (-1)2 =1, 

	

sgn(f,) = (-1)' = -1, sgn(G) = 	 = -1, sgn(f5) = 	 = -1. 
Ta cling can nh6 tinh chit v& ddu ctia Lich hat phep the nghien am 

dinh that : 
sgn(a.t) = sgn(a).sgn(t). 

1.2. Dinh nghia ma [ran 

Throng K a trong chaung nay co thd la twang sd him ty Q, twang s6 
thy° R, hay twang sdphilt C. 
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MOt nit Pan A la met hang aim x n s' uj  Iuy d Qui-mg K, vie nhusau: 

ta li  a l2 

A= a 21 a 22 

• • 	 • • • • 

a ad amt a
111.11 

Cac s6 a,j  Mtge via thrih m dong va n cOt, chung mang hai chi s6: 

chi s6 i not len Jong var nil Ion cet ma a,
j 
 dirge dal trong hang. MAi a,„ 

thrice goi la mgt Mona plain ca a inu Iran. Aitit nut tr17n kien On. n) la mOt 
Ina Iran gei m clang v3.n cgt. Khi m = n tai la ban to co mot ma (ran 
Pining rap n. 

Ma Iran B gOi 19 Mil /run ehtly61 vi caa ma Iran A nen mAi thanh 

phati h ,t  elm B h deng Mit i v0 eel tar j bang thanh pith sip  dm A a thing 
j va cgt (hit i, nghia la la cluqc ma tran B tit ma gar, A bang each via 

cac Or cila A ,thanh deng elm B khOng !hay deli Ilia tit. Ta k9 hien B 
hang 'A. Nhu vay ni .iu A có m deng v3 n cgt, Ihi B cd n Bong va m cgt. 

1.3. Dinh nghia dinh thirc 

Gilt sir A la mOt ma Iran vuOng etfp n (n I) : 

a l l 	 a lt 	 • 	 a in  

a 21 a 22 • 	 a 2n  

a 	 ant 

Dinh tin& elm ma Iran A la met so D dirge dinh nghia Ia t dng sau day : 

(I) 	 D= 	 sgn(a)a " o a 2,(2)  • • •a nc(n)  

aeS„ 

va duo: k9 hien hAi 

a 11 • a 12 a in  

(2) 	 D= 
a 21 

a nt 

a22 

a nt 

a2n 

A= 
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A/h(in .lit : Theo (I) D la tang cull n! sa hang vil a chay khep S t  (SR  la 
tep hap cdc phep the Gila 11, 2, ...., ni co n!phen tir); mai sir herig cOdang : 

sgn(a) a In-(1) a  2rt(2) •-• a nrr(11) 

(ung do sgn(a) = I hay -I thy Theo phep the a IA chin hay le, 14 then 
IA Lich cita n s6 ley to ma trAn A ma mai dOng chi ea met inat len va 
ding filth vey vbi mai eat. NgtriA la dua ra ky hien (2) caa D de they cac 
s(S ma lir do nguiri to viel there (I), va der  lie Seca Ia (se they) tinh loan 
dinh thin de thing him la filth true hap to Wing ( 

Nguai (aeon Icy hien dinh attic cart ma Ulan A hang IAI hay dct(A), dot 
ia ha chi)* deo cita. determinant (tieng ntroc ngoai, ma la dich la dinh thdc). 

: Xet ma IrAn vueng 

A= 

cep 3 

a ,, 
a 21 

s eat 

a 
11 

8 22 

832 

a 	 n 
13 

a23 

a33 

Vi S3  LA') 3! = 6 phep lir, nen lir vi du (rung (IA) Ia co 

IAI = :Tr(e) a,,,,, 	 + sgn(T) a it, 	 21 121 x 31 01 +  

+ sgn(16 a It:,(1)a 2f, (2)' 1 31 2  (3) ± Sgn(lI) 11 ‘ (1) a 21 3 (2 ) 11 3ti  (3) ± 

+ sgn(f4) a 1f4 (1)a2f4  (2)H314  (3) 1-  agarf0 11 it.3 (021,(2)a3( 5 (3) — 

= a, ,a„it,, aua„a,, + a, ,a2 , a„, - a „an  it,, - a, - a, ,a„a„. 

TA vi du tren, to they rang de: tinh min dinh thirc clip n, la phili vigi ra 
tin cit crie phep the filmic S. va filth dila Lela cluing, en(i cling to via n! 
hang tir cent dinh thac lien cc sit hiel het cric phip the thtelle SR  va deu 
caa cluing. Lam flint vey qua la chi) nen ngtrie la dil nghien can mot 
sa tinh chef cua dinh thirc chi) phep rut ngen 	 Irinh tinh loan lei. 

1.4. Clic tinh chat clia dinh thitc 

Gill sir U lit dinh flit ci a ma tran A vuOng cep n 

	

a ll 	 a lz 

	

21 	 a 22 	 4.. 	 a 2ii 

a nt 

A= 
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7 Mit ( /an 7. IAI = l'Al. 

Tinh chat nay se cho phep la sari nay chuyitnOt tinh chat ve' dong 
cutt dinh thdc IAI thanh mot tinh chat vel cot tha no va Min tai, vi dOng 

thot dinh thdc IAI la cot elm dinhiMe l'Al va citt cna IAI Id d6ng caa l'Al. 

Tinh eh& Neu cat: thanh phan cna mitt dong thir i cna A c6 dang 

a„ = j + a u , = I, 2, ..., n, Ihi IAI = IA'l + IA"1 trong do ctic thanh phan 

ena dOng (tali dm A' la a:u
, ena A" la a:, On ale &Ong Mt: elm A' va 

A" giCing nhtr &Cm A. 

Tinh eh& 3. Ndu the thank phan dm dOng thir i dm A co dang 

a„ = ka u , j = I, 2, ..., n, thi IAI = kiA'I trong do A' la ma Iran ed the 

thanh phan cith ding thd i hang ai i , j = I, 2, ..., n, con ale dong kthic 

cut' A' gi6ng nhdcim A. 

Thili daft 4. Nifu diii chO hat Mug eua A thi ta dude rrit ma tran A' 
sari cho IA1 = -IA'I. 

Tinh chtii 5. Neu A cet hai dong gi6ng nhau thi IAI = 0. Tinh chat nay 
suy ra lir tinh chat 4. 

Tinh (ha O. N26 ta Ong vim ale thanh phan ceut Jong thd i uc thanh 

than efia mtit dOng khae da Mtge nhan Ion vti null h2 só k thi ta durtc 
niett ma Iran A' sat) cho IAI = IA'I, Tinh chat nay soy ra to the tinh chat 
2,3 va 5. 

Tinh chtil 7. Cie tinh chat 2, 3; 4, 5, 6 phat hith cho dong thing Ming 

chit eitt. Dien do say ra tit tinh chat I. 

1.5. Tinh dinh thiic 

aid sit D Id dinh thtic 

a l I a 13 

= 
a 2 I a 22 2' 

• 	 • 	 • 

a nt a nt nn 

B6ng each khai Men D then ctic thanh phan ctla (long thd i 

(I) 	 D = a„A„ 	 + 
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trong do An  = (21)'"M„ vdi 	 dinh ihuc cap n - I suy rat lir D bang 
each ho dOng (hal va vet thd j, A 1 , goi la phrin bit dot sti 	 a„, ta di den 
viec tinh n dinh thin cap n - I, c6 nghia la to dan viec 	 dinh Mire cap 
n den viec tinh dinh, fink cap n - I. TM nhien trong (I) nen ta:c6 nhieu 
bang 0 thi set dinh aide cap n - I phiii linh se nit xuCng nhi6u. Ud cd 
nhialu au  bang 0, to sir dung Mill chili 6. Sail do la tai tiep toe dtra viec 
tinh dinh thde cap n - I thanh cap n - 2,•ed ntar the cho den cap 2 ma la 
tinh dune dB dang. Trong (I) (a da khai tridn D ihen (long, la c(ing co the 
khai tries Theo cOt do tinh chat I. 

1.6. trig dung dinh [Ink vao viec Oat milt he phinmg trinh Cramer 

Met he platting 'firth Cramer lit met hen (n 2 I) phdong trinh Wye') 
linh deii vai n fin x,, x„ 	 X„ : 

a„x, + a„)a, + + a,„x„ = b, 

+ a,,x, + + a,„x„ = b, 

a„,x,+ a„,x, + 	 a„„x„= b,, 

dong de eac a u  va b, a K, i = I, 2, 	 n, j = I, 2, ..., rt, va dinh thdc D 
thanh lap boil eat) he s6 au  la khae 0. Nghiem cilia he Cramer la duy nhat, 
cho bdi eac efing thdc Lau : 

a ll 
a 21 

a nt 

a 12 	 • 

a 22 

a nt 
	 • 

• • 	 b I 
h 2 

• • 	 h n 

a In 
a 2n 

Di  
= 1, 2 n x, = 

a l I 

21 

a nd 

a  12 

a  22 

a nt 

a 

2n 

• • • 

a  nn 

hong do D, suy ra ti, D hang each thay cet thd j c6a D bang cOl ede s6 
hang to do h, etla hC phut-mg !firth. 

Qua c6ng tilde ben, to (hay viec tim nghiem Lana mOt he Cramer dude 
dint vC viec tinh cat: dinh thde D va Dr  j = I, 2, 	 n. 
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§2.11A1 TAP 

I. Tim tat ca can phep the' cua mOi tap hap sat' : 

X= (I, 21, X =11, 2, 31,X= 11, 2,3,41. 

a)e=( 1 2)'
r 	

2 	 )' s
gn(e)= 1, sgn(11 = -I. 

h) Xem of du trong 1.1. 

c) Sy  CO 4! = 24 phan tit. 	 vi6t 24 phan lir do To, la )(et mat phth th6 

có ma phan tir cei dinh, chang han to x6t phep 'hi.' a di a(4) = 4 : 

I 	 2 	 3 	 4 	 .) 

a(I) 0(2) a(3) a(4)= 4 

Vay a ban chi van he) phan 11, 2, 31 ehfith lit mrt trong 6 phep th6 

ciia vi du gong I.I . Nhu vay mbi kin cd dinh mat phan lir eila X =11, 2, 
3, 41 to via &roc 6 philp the nhir vi du trong 1.1 ; 4 hin via aur fly la 

dark 24 phth th6 (tit nhien lit phial hie). 

Dint am a c6 4 e6 dinh hang dal it a han the vac, 1.1, 2, 31, ding 

nhu vay (16i vOi (tau tha a ai I cei dinh. Chi c6 eat: a có 2 e6 dinh vie 3 
ea dinh %hi kheng ;Thu Nay. Chang han la xet a ca 2 66 dinh 

( 	 2 	 3 	 4 ) 
— 

0(1) 0(2) = 2 a(3) a(4) 

day la cb sgn(a) = (sgna, „ i ) neu a(1) = I va dGt dau nhau nth 

a(1) = 3 hay a(I) = 4 vi to c6 them ma nghich th6 voi cap (a(1), a(2)). 

2. Xei lap hap S R  the phep the ono X = 11, 2, nl. Chi'mg mirth S R  la 

mat nhOm d6i voi phop nhan anh xa. 

Chi sir a va T ihuac Sn . Tich cua hai song anh a.t lu mOt song anh ttr 

X Win X. Vay a.t e SR , cho nen phep nhan anh xa la mat phep tean 

trong SR . To hay chimg mirth phep loan do (him man can tinh chit ono 

ma nh6m. 
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Tonic het to e6 C.(q.C) = (4.q).0 voi 	 q, ES vi Itch tinh xa eit 
anh kelt hap. 

Anh xa dun vi 

e  = (I 2 

2 	 • • 	 n 

la phan tit don vi vi ea = ae yeti moi a e S„. 

Cavil Ming voi mai a e 	 vi a la song tinh lir X den X, nen ton tat 
:nth xa tigmyc 	 : X —* X cling la song anh 	 cr.cr)  = cr ) a = c. Vay a' 
E S„ latighich Min call a. 

Vu i ha Mill chfit IrEn, S„ la mot [cholla clOt yeti phep nhan auk xa, to 
gal lh hhom ear phep the ctia X. Ta c6 the dat cat hoi Ilt 5„ c6 then 
khOng ? Hien nhiOn 5, Ill when. Lay Ito vi du Ining I. I, to c0 1 3 1, =13 , f,f, 
= 1, ; gay S ir  khOng gian hullo. Tir S, khOng gian hot-m i ta co the sty ra S„ 

3) khOng giao hotin (hitting clan ; set hai phep the Muerte 	 de ea 
(filth cite phan tir nil. 4 va Ihu hap clot chting vat) I I, 2, 31 la 1, va 1 3 ). 

3. Xet ahem cac phep the S„ (xem hai 2). Da( 

A =IC ES , I sgn(a) = 11 

vit 	 X= la E S„ sgn(a) =- -11. 

a) Chung minh A, va X co set phan tir hang nhau va hang In!. 
2 

Chting mirth A,, lam thatch inCro nhCm deli viii phep nhan (th xa. 

Tonic h61 la hay thing mirth a). GM sir T e S„ la molt chuyen ta, the 
thi spi(r) = -I. Xet Lich TG, a E A,, ; la co 

sgn(ra) = :sgn(r).sgn(a) = -1.1 = -I, 

vay TO e X. Vari T, la Ihnnh 14p &M.: anh xa 

: A, —> X 

11(  I-2  ((a) = To 

Ida m01 don tinh vi tit (1g thtic 
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= TO, 

ta soy ra a, = a, (bang gian tr6c hai 	 via x, ban doc hay soy nghT tat 

sao ta lam duty nhtr vay 7). Ngoai ra I la mot loan tinh. That way, giti sit 

tt la mot phap the le thy 9, nghia l3 p e X. Ta co Tµ e A„ vi 

sgiOrta)= sgn(r)sgn(1.1) = (-1)(-1) = I. Ngrati ra, Ow.) = !certA = t i = 

Cr' = e vi T l'a mot chuydn tri). Nho vay, vat !lint µ e X, ton tai a e A„, 

San chi) t(a) = p, nghia la t loan tinh. I la sung tinh tit A„ dan X, vay s6 

'than Iv cOa chting bang than va bang 
2  -

I
n! (s6 phan to cUa S. hang n!). 

Ray gift to thing minh h). Troac hat to phili chimg minh phop than 

anh xa la mOt phop totin hung A n . Su.  a, 'I e A,,. Theo a) to co 

at e S„. Xet sgn(aT). Ta co sgn(aT) = sgn(a).sgo(t) = 1.1 = I, nghia la 

at A„. chimp minh A„ lain thanh nail nht'an dal via phop roan do, 

ban doe lam toong to nho trong hid tap 2. Nguai la gyi AT, la ;thorn con 

rLor phien clot nhOn) tic phdp the 

Ban doe co the oral can hAi va to Ira lui twin be, phan X etic phdp thd 
le co lam thanh rnAt nhom ddi vat phop nhan tinh xa khOng 7 

4. Ttnh cat Binh thOc sat!: 

3 5 -g 
a) D= 4 12 -1 

2 5 -3 

To co thd khai tridn dating han than dAng thO hat :      

-R 
-4 5  - 3 

+12 
3 - 
2 -3  

3 5 
2 5             

= -2( 
I -8 

+12
3 -8 _ 3 I = 

1 -3 	 2 -3 	 2 I   

= - 20(-3 + g) + 12 -9 + lb + 5(3 - 2)= 

= -100 +154 +5 = II. 
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Ta ding eó thd !rude khi khai Men, lam man hi6n nhieu 0 hung d1nh 
hire hang each dp dung kinh chili 6 Ming (1.4). Main vdy, to hay lay 

(long thu nhat trd di dOng thaN , la dagic : 

I 0 -5 

4 12 -I 
2 5 -3 

va cOng via cca 3 : 

I 0 0 

4 12 19 

2 5 7 

	

Cudi ding to nhan Sing (ha ha 	 -2 Mi cOng via) (long thd hai (vied 
lam nay edt de?  Iinh phan N6 dal s6 don gian him): 

	

1 	 0 () 
D = 0 2 5 

2 5 7 

Bay gift la hay khai tri6n D thus Sing thd nhat : 

2 5 
5 7 

-6 1 7 -6 I 7 
11) D = 5 -2 3 5 -2 3 (eons deng hai vim (long ha) 

-3 4 5 2 2 8 

-6 1 7 
5 -2 3 (dim Ihira sd Chung o (long ba rx ngeiti) 
I I 4 

0 	 0 14 
= 2 5-2 3 (cOng deng hai va ha vac dens mot) 

1 	 1 4 

= 2 x .14 x 7 = 196 (khai Men thee doing m(t). 

D = 

Ting thee), ta nhan e0t 1 yin 

D= 

D = I. =14 - 25 = -1 1. 
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5. Giai pining trinh 

	

4 - x 	 5 =
0 

-2 x -1 

Sau 	 chnh that b vgtnii, la throe 

(4 - x)(x - I) + 10 = 0 

hay 	 x -  - 5x 7 6 = 0 

Day la met phtrong tfinh bac hai có hai nghiern x, - I, x, = 6. 
Ta cbng c6 thd 19 loan nhlr sau ad thay hai nghiem ena pinumg trinh. 

Tar& ha, nhin Binh thuc to thay ngay to 06 Inca piing trinh bac hai 
&Xi nit x. Ngu tinh [a thay ngay nghigni x = - I, vi sau khi thay x hang 

-I, to duck: clink thtic 

5 	 5 

- 2 7 21 
• 

ma gia In hign nhign bang 0 vi et') hai eet hang nhau. D61 voi nghiem dui 

hai x = 6, la thay Binh that ce gia tb 0 : 

=0 
-2 5 

vi có hai &mg bang nhau ; tat ton vicx: tim ra nghignt x = 6 cuing do 

lime loan nhigu thi nhin thgy. 

	

2x 	 5 

x - I x + 2 

Tinh Binh tilde Iv vg teat to drive Owing trinh 

2x(x + 2) - 5(x - I) = 0 

hay 	 2x 2  - x + 5 = 0 

Phirong trinh ce hai nghiein phat lien help 

I + if39 	 1- i  39  
x l  - 

4 — 4 

a) 

2 5 

=(1 
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6. Tinh dinh th(re 

2 —3 I 40 

0 3 —I 5 16 

a) 0 0 — 4 I 0 8 = 2 x 3 x (-4) x (-7) x 4 = 672 

0 0 0 —7 5 

(1 0 0 (1 4 

filch Lac phan tir nam Iren throng choo hinh). 

0 0 2 0 0 

15 —1 (1 

h) D = 2 3 7 3 I 

I 0 4 —2 0 

— I 2 0 —I 2 

Ta co the: (hut Binh 	 D dth'i dang tarn giac thur sau : 

0 2 0 0 

0 I 5 0 0 

D= 2 3 7 6 I 

I 0 4 —2 0 

— I 2 0 I 2 

(cOng col hai vao col hero ( 6 Hun xual hign ha 0 (' (long hai vhi di6u kign 
Irin ha 0 do co ha (1thong tmg Odin* m01). 

0 0 2 0 0 

0 I 5 0 0 

D= 2 3 7 10 I 

I O 4 0 0 

—1 2 0 —I 2 

(nhan 0111101 val 2 roi cOng van eth Min de lam mat hicn h(ki 0 (long 
11(in, thing dmn hai 0 ex dung hai). 
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0 0 2 0 0 

0 1 5 0 0 

(*) U= 2 3 7 10 21 

1 0 4 0 0 

-I 2 0 -1 2 

(nhan 601 Kan vii 2 va cOng van nig num di: co mi:g 0 & dOng Ham, men 0 
dO la ha 0 caa d6ng m(1, hai tea hein). 

Ray gin la thug 	 nhitng vice dOi Sing va dni cot dC duo dinh Mac 
va clang tam gide. Ban doe nen oho rang khi Mg) d(Si vi ni cira hai d)ng 
hay hai apt (hi dinh thug doi MM. 

0 0 2 0 () 

0 I 5 0 0 

= 10 4 Il 0 

-1 2 0 -1 0 

2 3 7 I() 21 

((lea an dbng ha Ian burn vni clang heat va ding nam). 

2 0 0 -0 0 

5 0 I 0 ll 

D 4 I Cl 0 0 

0 -I 2 -I 0 

7 2 3 10 21 

idea chi) con ha In Mot via Lay hai va cY1l mia). 

2 0 0 0 0 

5 1 0 0 (1 

D= - 4 0 I 0 0 WM ehia hai enl hai vu bal. 

0 2 0 

7 3 2 11) 21 

Cuoi ding D = -(2 x1X1)( 	 x 21) = 42. 
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Ta cling Co the khOng can th(re hi(In one vice din dung va din OE ma 
e0 the eo kel qua ngay bang each nhin van D b dung (*), roi dant, daIu 
ode phan id ma sat' khi dfii dung va cO1 chting nam 1ren dtrOng chef). 
Tritoc h2t : 

Sing mot: chile than s6 2 la s6i a Iffy 

dOng hai : cb hai sA Ude 0, do lit I vit 5, ta lay so I, vi s6 5 cling cot 
vOi 2; 

(16ng bon : ta lay so I (lid San ?) ; 

((Ong nftm : ta lily sCi -1 (Jai sao •?); 

(king ha : ta Iffy s( 21 (tai Sao '?). 

TruOc mtd sCi phai co mot clan, ban doe hay ty dm hidu, VI San 
kfifi qua flint sau : 

D= (-0'2 x (-1)'1 x (-1) 2 '1 x (-1) 2 + 1 (-1) x (-1) 1 '21 = 

= 2 x (-I) x(-I)x 1 x 21=42. 

Ta cling co did link D hang khai tridn then dung Ina nhSt (v1 oti (kin 0): 

0 I -1 0 

	

2 3 	 3 I 
D = 2 

I 0 -2 0 

-I 2 -1 2 

Ta Mayo mot dinh that cap 4. Ta hay wing cut aid hai vat cul OM id: 

	

0 I 	 0 0 

	

2 3 	 6 I 

I 0 -2 0 

	

-1 2 	 I 2 

By gift ta hay khai Iridn dinh (Mc cap 4th vdong Ihd 'Mat, to duct 
niOt dinh thin: cap ha 

D = 2 

D = (2)(-I) 

	

2 	 6 I 

I -2 0 

	

-1 	 1 2 



Nhan eOt tha nhat voi 2, r01 1 cOng v(10 c(1)1 thit hai : 

2 10 I 

D = (2)(- I) I 0 0 

—1 —1 2 

Khai tridn dinh that cap ha thcc ac phdri tit Lila dbng MU hai : 

1(1 	 1 

—I 2 

7. Tinh dinh tithe bang each dua ye dpg tam gide : 

1 5 —2 3 

a) D = 
0 2 7 1 

2 10 5 

- 3 —15 —6 13 

Ta hay nhan e01 Ihu nha twin iu voi -5, 2, -3, 6i cOng yao vol cOt tinu 

hal, thti ha va thti ttr : 

I 0 0 0 

0 2 7 I 
= 

2 0 3 — I 

0 - 12 22 

Ray gier to than deng thtr ha vol 4 roi ciing va 'Sing thin tu : 

1 0 0 0 

0 2 7 I 
(*) D = 

2 0 3 —1 

5 0 0 18 

DC cG dung lam gide to thtre hicin viee (16i (1141g va diffi (x)t, nhung xin 

nhir ehti y  d6n &Cu khi dbi dOng va ddi cOt : 

= (2)(-1)(-1)(20 + I) = 42. 
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I 0 0 0 1 0 0 0 1 0 0 0 

D = 5 0 0 18 5 18 0 0 = _ 5 DS 0 0 

2 7 1 0 1 2 7 2 -1 0 3 

2 0 3 -1 2 -1 0 3 0 1 2 7 

I 0 0 0 

5 I8 0 0 
= log. 

2 -1 3 0 

I 7 2 

Ta ding có th6 co ngay gia ni ciia D ma khOng can dint if6 clang lam 
gidc bang each khai tridi then ding vii cOt to clang (*) cua D: 

2 7 	 I 

D = I. 3 	 -1 

18 

3 	 -1 
= 1 . 2 = 2 x 3 x IS= 108. 

0 	 IS 

1 2 	 3 	 n -1 	 n 

-1 0 	 3 	 n -1 	 n 

h) D= 
-1 -2 	 0 	 n -1 	 n 

-1 -2 	 -3 	 0 	 n 

-1 -2 	 -3 	 -(n-1) 	 0 

Cling man tic climg inOt ifihi clang ha& clang mOt vt5i (Jong ha, 	 (long 
mOt vOi Sing ihu n , to duck :- 

1 2 3 ••• n -1 n 

0 2 6 ••• 2(n-1) 2n 

D= 3 -• • 2(n -I) 2n 
= n! 

0 0 n -1 2n 

0 0 0 0 
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c) U= 

I 

I 

I 

I 

x i 
x 

x 1 

X I 

 XI 

x 

X 2 

X 2  

x 0_ 1  x 11  

x, 

Nhan 
la dude 

(long met vai -I rai Laing turn ttr voi dung hai, 

I 	 XI 	 X  2 	 ... 	
X 

ha, 	 n - I, n ; 

0 —  X I 0 0 

0 	 0 X — X 0 0 
= 2  

0 	 0 0 ... 	 s—x 0 

0 0 0 x — 

(x - x,)(x - x 2 ) (x x„.,)(x - x„). 

,Ta L 	 .sad co thd co ngay kid qua tren hang nhan xer 	 day : net khai 

trien D to se dude and da [Mc kx) bac n dal vai x yeti hest? cua xn la 1, 
hang tt,r nay nhan dude tit vice nhan cac thanh phiin nam trCn during cheu 

chink Cuil D. Mat khac D = 0 khi la Ihay x = x, Yr Sang hai, hay x = x, 
ding ha, ..., hay x = x„ Cr dung n. Didu nay noi len x,, x ;„, 	 x„ la 

nhCmg nghiCm Gila 1(x) nIumg 1(x) 	 cho nen no chi có n nghiern, 

vary x,, /c 2 , 	 x„ la Laic nghidm cim 1(x). Vey is co : 

f(x) (x x i )(x - x 2 ) 	 (x - x„). 

$. Tinh dinh that hang each tip dung dinh 19 Laplaxd : 

3 I 2 —I I 

3 2 2 

a) U= 0 2 —I 0 0 

I 5 3 0 0 

0.2 3 0 0 
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Ta hay chop cyt thd to va Mir nam vi có nhiOu 0. Hai 01 nay chi cho 
i a mot dinh thdc can 2 khiic 0, do IA 

M= 
—1 

=-4 
2 	 2 

Phan hs dal sd cua M IA 

0 	 2 	 —1 

A = I 	 5 	 3 

0 	 2 	 3 

Cric s6 I, 2, 4, 5 chi cac s6 ding va 01 ma dinh thtic M Marc nit ra tit 
D. Khai Men dish thdc cap ha hen the() cyt myt, ta dune : 

I 
A = — 

2 

2 	 3 

Nay .  D= M . A = 32 . 

I 2 0 0 0 

3 4 0 5 0 

M D= 0 0 2 I 5 

0 0 6 I 6 

0 0 0 0 9 

Truk': Mi to hay 16y (long MO ha trA viM d6ng Ihri hr : 

1 2 0 0 0 

3 4 0 5 0 

D= 0 0 2 I 5 

0 0 4 0 I 

0 0 0 0 9 

Bay MO to hay chyn &mg hi" to va dOng Ihu nam. Hai Sing nay cho 
la chi mot dinh thtic cap hai kink 0, do la 

4 I 
NI = 	 =36 

0, 9 
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Phan Mr dai s6 cua M la 
2 0 

A 	 (-1).1E5+3+5 3 4 5 
0 0 1 

VayD=M.A=36 x 2=72. 

9. Tinh Binh thdc bang phmmg pip  quy nap 

1 	 1 	 1 	 1 	 1 

a1 	 a 3 1 	 an 
2 	

a n a 	 a 2 	 a  
2 	 3 	 a n-1 	 n 

... 	 ... 	 ... 	 .. 	 ... 	 •• • 
n-2 

a2 
n-2 	 n-2 	 n-2 

a n a 1 	 a 3 n-1 	 n 
n-1 	 n-1 	 n-1 	 n-1 

a n al 	 a 3 1 	 n-1 	 n 

tinh bang quy nap, ta hay tinh D, va D, dE phOng down clang cim 
D„. Tinh 

D,_ I 	 1 	 1 
a l 	 a2 

va D, = 
1 

a l 
a  1 

1 
a2 
a 2 

a3 
a2 

3 

ta duac D2=  a, - a„ D3 = (a2 - a,)(a, - a,)(a, - 

Mr 46, ta phong down clang am D n  : 

D„ = (a2 - al)(a3 - al)(a3- 	 (an - al)(an - az) 	 (au -  a.4) 

= n(ai  —ap,i=2,...,n;j=1,...,n- 1. 
I>j 

Ta hay chung mirth cOng thdc hen bang quy nap theo a Ta [hay cOng 
thde dung cho n = 2, 3; ta gia sit dung cho n - 1 va chting minh citing 
cho n. Truck It ta rthan xet rang D r, = 0 khi ta lan luot cho a, = a22 

= a,, ..., a, = an. Vay nEu ta khai tridn Do  theo cOt thd shat, ta se duce 
mOt da thdc bac n - 1 dt51 yea do a, va da thdc nhan n - 1 nghicm : 
a2 , a5, ..., a,. Cho nen Dn  co dang 

D„= A(a, - a2)(a, - a,) (a, - 

a) D = 

1 2 
3 4 

=2 
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b) D = 

- a l 	 a t 	 0 	 0 
O -a 2  a2 
0 	 0 -a3 

O 0 
0 	 0 
O 0 

- a l 	 a l 	 0 
O -a 2 a 2 0 
O 0 - a, 

O 0 	 0 	 0 • 

0 0 
0 0 

0 0 

-a 0 
1 	 1 	 1 	 I 	 • 	 1 	 n + 1 

trong do A la h@ s6 cua 4 -1 . , 6614 phan ba dai &O &M 	 trong dish 
aide D„, no bang :   

A=(-1)"- 

1 
a 2 	 a n  

a  121-2 a311-2 	 n-2 
 n-1 an     

Theo gia thi& guy nap, ta duce 

A = ( -1 )"' l (a3 - a2)(a, - a2)( 114 - a3) • (an -  a2)(43 -113) 	 - 
Ter do 

D. = 	 a,)(a, - a,) (a.„ - a,)A 11(a, -ai) 

O 0 	 0 	 0 	 • -a„ a n  
1 	 1 	 1 	 1 	 - 	 I 	 1 

Ta c6 thd tlnh D bang phuung phap quy nap, nhung o day ta My dtra 
D v6 dang tam giac vl nhanh hon. Ta hay cOng cac cOt 1, 2 ..., n vao eca 
n + 1, ta duce : 
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Bay gid khai trim D Theo ent n + I, (a duct. : 

— a l a l 0 0 0 

— a 2 a
2 

0 

D = 01+ I) 0 

••• 

—a  3 

••• 

a, 0 =(-1)(n + nala, ••• an- 

0 (3 0 0 n 

10. Qiai he phnong ninh hang quy tae Cramer : 

2x, + 3x, - x,=4 

a) 	 x, + 2x, + 2x, = 5 

3x, + 4x, - 5x, = 2 

Ta phai tinh bAn dinh Ihnt de: eó nghi'em tha pluming Irinh, nhung 

day la may man thin thify ngay nghiem cna phaung trinh 

xi =x:=x,= I. 

Thqc ra vi de hat not 1,31 guy Inc Cramer, dial d6 có nghia hg plurong 

trinh la Cramer, cho nen có nghiem duy nha. Iten he .phirkmg tginh 

khOng phai la Cramer Ihi no et', ve nghiem hay co vo s6nghigm, dux 

nhthi ra met nghiem clura co Old not ring dit giiii xong hat 

hl 	 x, + 2x-+ x, = g 

3x, - 2x, - 3x, = -5 

3x, - 4x, + 5x, = 10 

Bang quy the Cramer, to duly x, = 73/38, x. = 71/38, x, = 89/38. 

c) 	 x, + x, + 2x, + 3x, = 1 

3x, - x, - x, - 2x, = -4 

2x, + 3x, - x, - x, 

x, + 2x, + 3x, - x, = -4 

x, = 	 = -1, X3 = 	 I 
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cl) 	 x, - 3x, + 4x, = 

x, 	 - 2x, + 3x, = -4 

3x, + 2x, 	 - 5x, -= 12 

4x, + 3x, - 5x, 	 =5 

x, = 1, x 2 = 2, x, = I, x, = 
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Chuang II 

KHONG GIAN VECTO 

§1. TOM TAT IA? THUYE'T 

Trpng chuong 0, ehting to n6i tai bein eau twit dap s6 ma In sinh 
gap trong su6t mutri hai nam hoc a phr3 thOng, tv 16p I den lap 12, do la 

Laic ado trtic nira nh6m, nhOm, yank, va twang. Trong churn* nay chang 
to dila vao mOt cat' trite dai s6 quan nrmg: khOng gian vecto, nen tang 
qua mOn hoc Dai s6 tuyert tinh. Cat' tnic khOng gian vecto cla duct 
hue sinh lam quen khi hyc khai niem vecto trong hinh hoc a Wing hoc 

phi') thOng ma the em thuang ve nhu nhEmg min ten. a day car' vecto da 
duty ma rang, chi gin lai nhimg tinh chat co him nhat cua vecto 6 trong 
hue pile) thong, cho nen chting khang than ve duty nhu nhimg min ten 
nth roi. 

1.1. Dinh nghia khang gian vertu . 

Trong chucnig nay va the abating sau K la net tnarng ma chn ytht la 
cac tnrang C, R hay Q. 

Oia sit E Ja mot tap by ma the phan hr May ki hiau bang 2,9, -4... 

(trong nhieu tai lieu, ngtnai la ha mai ten va chi vial don gian x, y, z, ...; 
day la van de miii ten dd giu each viet it trong hqc vi tang quat hda 

qua nhanh c6 the gay Mir nai cho ngtrin doe) va K la mot twang ma it 

phrin ta duck k5r hrrIm bang X, t, v, Gia sir dip hai phep loan : 

- phep Ong : 

ExE—*E 

(ir.50 
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- pile() nhfut met phan tit cita K vol met phan tit cim E : 

K x,E -+ E 

	

(k, g ) 	 kg 

thea man cat: drib chat sau Vefi myi z,Y e E va myi 2,p e K; 

I) E ding vol phop ceng la met nhom alien, 

2) ph6p nhan phan ph6i dOi vol phap ceng am inning K : 

	

(k+ p)ic = 	 + (tY , 

3) phep nhan phan phtai dei vol phep ceng dui E: 

Arg +59 = + AY , 

4) phep nhan kat he() 

k(91)=- 04t1g , 

5) IR =ic, I la don vi taut trtrimg K. 

Lk de la hao E ding vat hat phep tat.: Ong (rung E ya nhan viri 

met phCin ICI et tnrOng K. thou man clic tinh chat I), 2), 3), 4), 5) la met 

khong gian veeto tren truing K hay K - kheng gian yen( (ding gyi tat la 
khOng gian vecto khi khOng can chi 65 K); khi K = C, to bao. E la khOng 
gian went phtic ; K = R, E la khOng gian vecto thuc ; K = Q, E la kheng 
gian vecki him IY. Chic phan IC( dna E gyi la ate veco; cac ph:in tir cua 
IC gyi lit vO hotting ( der phan hiet wit ve=al). Philp twin + gyi la phep 
cimg vccbt, phep man nlian-y6i met phan tir cua inrong K gyi la ph6p 
'than vectd vol vO huong. 

Mel se" he qua don gian suy ra ngay ttrdinh Aglaia ma to can nhO vi 
ang tOl Wen. . 

Vi E la met nhom abet) del wit pile() ceng, non E c9 take tinh chat dm 
met Mom alien, ma a day chting Ia cling nen nh&c lai met sta tinh chat. 

I) Phan Iv trung hoa 6 dm phep ceng vecto la duy nhat, gyi la wort 
khOng (hay vecler zero). 
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2) MO vecld i e E chi cri 17101 weld den duy nhat kg,  hieu - z . 

3) Lug( gran trdc : +5. = fl+(7. 	 = h. 

4) Phuong Dinh deli voi 

+ 

c6inet nghiem duy nhat la h— a. That vay, (a co 5 + (h — 	 h gay 

h tit la nghiem cua phuong trinh. 	 plimmg trinh co hai nghiem 

vac : 

a 	 = +c' = h , 

Uwe hien lust gran troc CI thing thin: ihti nhal to duty c= u'' . 

Sau day la nhiing tinh chat lion (pan dOln [then nhan vectd with vo 

tufting. 

5) l'hap nhan phan ph6i den vol phop tit trong K : 
—1.05= 1rz — ter . Th4t vay, taco : 

= ((X— 14+ [05 = (X — 1.)5 + 4R: 

cOng 	 vao vi5 tau va cc: can La duty. tiring (hire mong nuern. 

6) OR = 	 That vay, to chi din lay k= p ming tiring thtic trCn. 

7) (-OR = 	 That vay, ap dung 5) va 6) bang each dat X = 0. 

Cluing minh nrong tic, to dtroc : 

8) Mop nhan phan phOi d61 vin phop trir (Tong E: 

X(ir — yr)= 	 — X-y 

9) ko= O. 

10)A(-R)=-A.R. 

I I) Quan he .X x = 0 ken thee boric X = 0 hoc ii = 	 Th4t vay gia 

sir X # 0, flan X co ngInch ciao X I  v4y : 

5=15 =(X I X)5 -=1r l (X5)=X l 0 = O. 
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1.2. Dinh nghia khang gian (vecto) con 

Gia sit E la mot K - khOng gian vecto, A la mot hi) phan cum E (in 
dirt del voi hai phep town caa E, nghia la z+y e A va 2.x e A yea moi 

, y e A va E K. Nhu vay hai phdp loan cim E cam sinh hai phep 

loan tren A. Ta bao A 14 mot K - khOng gian vecto con (goi Lit la Bang 
gian con) cim E nail A cling voi hai phep loan cam sinh lam thanh mot 
K - Icheing gian vecto. 

}id nhan biet mot 66 phan A khOng rang c6a K - khOng gian vecto E la 
mot khOng gian con caa E, to c6 dinh ly sau day duck Men hien sir dung : 

A la Ichang gian con dm E <7> V , y e A, VX, p E K, 

	

+1.1.y e A ' Vi,y e A, vx 	 ty EAva 2.x E A. 

1.3. KhOng gian con sinh b&i mOt ht' vecto 

GiA sir E la mot K - khOng gian vecto, Ji4g, la mot he n vecto cua 
E. Nguati to da clang thay bO phan 

A ={X,R, + X.2 1 2 +...+kR„176, E K, i = I,2,...,n) 

lam thanh mot khOng gian con &la E, goi la khang gian con sinh bari he 
vectef(2,),.rls,,. 

1.4. nog coa nhiing khOng gian con 

	

Gia sir E la mat K - khOng gian vecto, 	 la mot h9  m khOng 
gian con dm E. Da clang May hO phan 

F= I 	 + )1 2  + 	 + 	 E F,,i = 1, 2, ..., m) 

la mot khOng gian con caa E, goi la tdng elm cac khOng gam con 

	

F„F2,...,Fm va k9 hien F, + F2  + 	 +Ern- 	 • 

1.5. Giao cim nhkng {thong gian con 

Gia sir E la mot IC - kheng gian vecto, (F,), s ,sm  la mat ho m khOng 
gian con cim E. Giao 

G.= nFi=F,nFi n...n Fm  
mism 



la mOl khOng gian con &la E, gyi 13 kheing gian Mao ci'm can. 

F„ i = I, 2, ..., m. 

1.6. enc lup tuyiCn tinh via phy thunc tuyen tinh 

Giasu 3( ,x 2 	 X n 	 I) n 	 K - khAng gian vecto E va 

la n phan to chit inning K. Vett, 

= X i  x, +X2 x 2  +...+Xn x„ 

din throc viol la 

R=-1 i eE 

vu gyi la to hop itlydn tinh na S vectu x i , x 	 Lac h 

X,, 	 ..., ?in  (hay dm he venni 	 z:  „, voi hp he in (X,),, 	 _J. 

Trong trui'mg hop K lit min truing s6, die k se gyi lh h@ sei thay chi) 
he tu. 

Khi x lil met tei hop tuyen tinh dila he vent (R ,), 	 :„, to eon not 
R hitAt thi tuyein tinh dug.; qua he went do. Qua cad vi du sau, is sc. thlfy 
each hidu didn 

x- 	 Ti  xi 

khong eh& duy nhilt, Mc la con eó thd tai 

E A: x 

mit khOng phai X.', = X, viii myi i = I, 2, ..., n. 

Vi dp. Fixing R - khAng gian vector R 1 , cho clic wield x, = (0, -I), 

= (I, 4), x 3  = (2, 3). Khi de): 

-2x, +x 2  +0x, =(1,6)=3x i +3x 2  - x,, 
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5 x i  +2x 2  - 	 = (0,0)= 0=Ox i  +0x 2  +Ott,. 

T6 hop my& linh cua he yectit 	 vat hy h6 tit (Ai  = O)a:.  

gyi 10 id hyp tuyEn tinh tam linking am he vet:16(16. Trong of du tren, Or 

da hlen thi tuygn tinh vect6 ti qua cite vectit x i  ,x 2 .x, hang hat each, 

Irony (16 myt Mien thi Wye +, Iinh la tam thirimg. 

Tdng gnat, vertu O cult myt khOng gian vertu E had gal Laing c6 it 

nhal myt hidu Ihi toydn tinh qua mot he vector (x i  ) r _ u....di  caa E, do la 

hidu !hi tuydn tinh tam thoimg : 

=0x 1  +0x 2 	 . 

He n vector 	 (n 2 I) trong K - khOng gian yacht E goi In 

rids' 	 00.61 fink khi vecto 0 chi c6 myt hiCti Mt Wye)) Unit do la bleu 
, , 

thi wyen tirth tan thtamg, qua he vecto d0. Vay he (X. 	 dye lap 

Wyatt tinh khi v3 chi khi 

E x 	 keit then X, = 	 = = 0 
, 

Hg vecto (x i )khong dye lap my& tinh thi gyi la pay thaOr 

on:CO nab. Vay h4 (16 phu thuyc Myth tinh khi verb' 0 c6 it nhat myt 

hiCiu thi tuyen tinh khac tam thtrtmg, nghia)a E A l  x r  =l1 trong d6 c6 ft 

:=: 

ithat mbt A„ # 0. 

)iy. Ta hay lay lai vi dy4ren. He (x 1 , x, ,x, ) dye lap tuyeal tinh 

vi 0 co 2 hidu-thi tuyen tinh qua he (16. He (x 1 ,x 2  )(lye lap Ittydn tinh 

vi : (16u X I  X AA 2  I QC la :4,(0, -I) + X2 (1, 4) = (0, 0) hay 

4X2)= (0, 0) thi k, = 0, -X, + 4X, = 0, do d61, = = 0 ' 
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Sau day In met s6 he qua don gian, nhong rM quan trong vi to se. sit 
June luOn. 

I) Gia sit I la met lisp hrrp him Into va 0 x J c I. Cho he vecto (x i  ) ini 

 gong K - khOng gian vecto Eva he con (x ) ) )Er  Lila n6. Vi my* t6 hyp 

tuyen tinh ciia he con et) thr.  xem lit met 16 hyp tuyt:n tinh cita he ban 

dint (coi my' he tit k, = 0 vin i c I - .1) nen : 

- nth he (x i  I iel  deg hip Inyen tinh thi he con (x i ) 	 ling disc lap 

tuyiin tinh ; 

- riC5t1 he con (x i 
 )1 i 

 phu thuly tuyeh tinh *hi Iv; ban dditt (x i  ) iiel  phy 

thuye turcn tinh. 

2) Cho he Went (7.) -hi co men vecto. He nay la phu antic. tuyEn tinh 

khi va chi khi x = 0. That vgy, nth (7) phu thuye tuyeln anti, dithi do co 

nghia c6 0 4 A e K say cho X7c = O. Vi A 4 0 la guy ra z =O. Dao 

gui sir = 	 Lay X x 0, to có A.R.  =6, vay (K) phu thuyg tuyen t(nh. 

3) Cho hg vecto ( x 1  ,x2 	 xi.  ). n > I. He lit phu thoy)c. tuyeb Hnh 

khi va chi khi có min vecto ena he bide thi toyeb tinh qua the vecto con 
I yi 1:.1e1 he. That vyy, gia sir hg la phy thuye toyen tit-1h, nghia lit e6 he the 

he iit(X, X_ 	  A,) trong do co it nhift nicin A,, # 0 San eho 
 

A. I x I +...+ Xi-I x I-I + X I x i + X ]+I x 1+1 +...+ X x 11 = 0 11  

VI A., # 0, nen eó nghich dtio A: I , va to (xi 
_ — 

x = -X. -1 (A. I x I +...+ X x 	 + X x 	 + . .+ X x ). IT IT 	 1+1 1+1 	 . 	 11 n 

, 	 =* 
Dk lai, gni su co x, bid]] t1-0 tuyeh firth qua cac vccio con lyi cna he 

x i  = r i x 1  + ...+ y i _ i  x i _ i  + p. i+i  x i+i  +.,.3  n n  x i, 

The thi la co tin: viol 

n i rr i 	 +n i x, +4 1+1 x 1+1  +.. +no n  =0 

yin p = -I m O. Vay he wen, (x 1 	 x n  ) phu thuye tuyen tinh 
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4) Ndu mg( vect0 y hide thi tuydn ((oh qua mot hi: vector (x,),,,, 

dgc lap wygn tinh, thi ,9" chi co mgi hidu thi tuydn tinh qua hg wen/ dd. 

That vay, gia sir co 

Y=/ x, = X' 
= 1 

la suy ra 
	

(X i  – X x =0 

Nhtmg 	 la dgc lap tuydn tinh, vay T, - 	 = 0, i = I, ..., 

I), hay X, = X",, i = I, 

5) Ndu ho vecto 	 dgc lap toydn tinh thi ho (x 1 	

 phy thuyc tuy6n tinh khi vit chi khi week, .9/ bide thi tuydn Mill dupe qua 

he (x,), = , 	 Thgt vay, neat 9 hidu Ihi Ittydn tinh qua 	 thi 

That 3) hg (x 1  x,,,y) la phy thuye tuyein link. Nguqc, ndu hg 

(x,,...,xn S) la phy thugc tuydn tinh Ihi e4 tti hgp tity6n Mill khOng 

tarn thtrong 

+X9=6 

trong do X, khOng 016 hang 0, vi ndu X, =t) Ihi tg hyp tuydn tinh khOng 

tam thueng do chang la he (x,), ,,,,„ phu thugc tuydn tinh, Thai vai gia 

Vay to co : 

y=–X 1 (X,x, +...+X„x) 

X — 	 X — I 	 11 
X 	 '' 

1.7. Hang cua milt he hire han vectur 

OM sir I la mgt tap htq' him han va 0 x J c I. Gia sir rho ho vertu 

(x) IEi trong K - khOng gian vechr E 	 con (x 1 ) 10  gyi la mgt he con 
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dde trip driver tinh tei dyi elm he da cho flea no la mot hg clfic lap lay& 

nth va n6u them bat lei vecto x. dab, i e 1 - J, vao he con da thi ta den 

dude mfa he phu thu0c tuyOn troll 

Tina chili. I) Ndu he con (x,..x 2 	  x ii  ) caa he (xdie, la mot he 

con dOc lap tuyen tinh t6i dai thi moi wen/ x, , i e 1 , hi& thi tuy6n tinh 
dirge qua he con do va bid° thi tuyen tinh &arc m(t each duy nhat. 

2) Cho mfa he him han vecto (x i  ) ie , hong E va cho ho con des: lap 

tuyen (x .) (0 z J c I), thi to co the xay dung met he con dOc 

lap tuyen (fhb tai dM caa he (x i  l ie , chaa he 

That vay, gia sit dal /ray dung dude he con (x i 	 ,IcLc I, dale lap 

tuyen tinh ma van chua phai die lap taygn tinh tdi dai, tae van con cc) 

vecat x i  ,IEI- L, khong phai la mot tc hdptuyeil tinh eau 	 , 

thd thi to 14y he (x iii ) iem  , M = L 	 1, he nay van dOc 19p tuyen tinh. 

Vi s6 phan t1r ctia I - L la him han, sau met s6 him han bade, x4y dung 
(Imre he din hoi. 

Cho he hint han weal (x i  l ie, bong K - khOng gran vocal E. ThE (hi 

to chang minh thrye rang sd phan tit ena mdi he con ddc lap Myth tinh 
tdi dai ctia no Ea bang nhau vi gdi 14 hang caa he vecro da cho. Hang dm 

he vocal (0) dtrcirc coi bang 0. 

1.8. Hang dm ma trail 

Cho met ma (ran A = (4,) m clang va n cia vdi a ii  E K. Hang elm A la 
hang curl ho years 01 vi nguiti to chang minh nO Lang bang hang dm he 
woo &mg va Wing cap Imo nhal cua Lac dinh that con kit 0 cila na. 
Khang dinh cudi cling nay gitip Ia tinh hang caa ma tran. 

Ngaiti to chting minh dude rang nett ma tr(in A chita met ma tran 
vtiOng cap p c6 dinh thac khiic 0 sao cho moi ma trail vuOng cap p + I 
(tan no co dinh thac bang 0, thi ma tran co hang p. Vice tinh hang dm 

4-EITESTT-A 	 49 



ma Iran cho phep to khang Binh myt he pluumg tnnh tuyEn tinh[ling 

qua( co nghigm hay khOng. 

1.9. Cosa via se( chieu char nit K - khOng gian vecto 

0 day cluing ta chi de cap till (the khOng gian veer° co ehigu him han. 

Gib sir E la mist K - khOng gian vecto. Gal sir ton tai trong E mot hO 

wear dhc lap (nye), tinh (e 1 ,e 2 e n  ) sag cho myi vecto cith E deu 

higu thi tuygn tinh qua he d6. Ltic d6 (a cilng cO the not he (e i  

la doc lap myth that tiii dai trong E. Hai he (e 1 	 e n ) va 

(g 1 	 e' .) dOe lap Eh dai Irong E phai co s6 vecto hang nhau : n = n'. 

Vi du. Gth sir E IA khOng gian vecto gom tat ca cite vecto co ding 

diem gOc 0 Hong khOng gian. WI ha welt( (e .e 2 ,e 3 ) khOng citing 

phang la die lap tuygn tinh va myi vocal caa E deu bieu thi tuyeIn tinh 

qua chting. 

GU) ;((r E 'a min K -thong gian vecto. Gth sir (e 1 .e 2 	 e ar ) la mht 

hg - vecto dyc lap tuygn tinh tiii dal trong E, nghia lit co eac tinh chat sau : 

I) doe lap (nye)) tinh, 

2) ingi veeto elm E deu bigu thi Myth) tinh qua (e 1 ,e 2 	  ) va milt 

each duy nhgt v7 (e i  - 	 ) doe lap tuyeh tinh. 

Lac do ta hao (e t 	 e n  )1a milt co s6 caa K- khOng gian veeto E va 

s6 (Non (hay van tat Et (Align) city E,1(.5/ hien dim E, la s6 vecto thm co 

sit Ta vith dimE = n ; vii gyi Ela K - khOng Man vecto n chigu. Neu 

dim E = n, ta suy ra myi he vecto doe lap tuyeit rinh Lath E gem n vecto 

la mOt co sircimE 

Chu Nguili la cluing minh rang myi K - khOng gian vec(cr E den cO 

or sir vu sn stem caa CO sir co the him han hay vi) ham Nth' E ea myi co 

.sit him han ihl myi cO sir khac cua E cling him han va co ding sd vecto. 
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Neu E tth mOt co sir vO 	 thi moi co sO khde eim E cling vO hhn, va 

chang clang Mt vai nhau. Trong trthhig hop E eó co sir vO han, to hao 

dim E = m, va goi E la K - kliang glut! recto r6 hyn 

day khi not tOi co sier cha mOt K - khOng gian vecto to hien rang nn 
hini him; vi 19 do su pham. Tht nhien to cling thi Iham khAo them 
nhiing thi lieu khac di tim hidu ye chi; K - khOng gian vecto có co set vo 

hhn. Gth sir E ra mOt K - khung gian vecto, (e 1 ,e 2  ) la InOt co s& 

eua E, Nth x 	 mot vecto thy 9 cha E. Lk do x Neu thi tuyen tinh melt 

(shish duy nhilt qua co s('r (e i ): 

x =Al e, +X 2 c 2  +. H" 	 ch 

X,, X,, 	 X. gui la oho, tya JO cha veeto x d61 vat eac vecto 

C 
I 

C
2 	

e dm co ser. 

Vi di,. Xet khOng gian nitre 	 n I, 

	

12" = ( (x,, x„, 	 x„) Ix, e It, i= 1, 2, 	 n1 

Chc vecto c 

- 

= (I, 0, . 

	

e 

- 

= (0, I, 	 0) 

= (0, 0, .:., I) 

lam thanh mOt co sir dm R", goi la 03 se, chfnh the. Myi vecto 

x = (x,, 	 x„) eo thi vidt thanh mot td hop tuydn tinh chit cac vecto 

(0, 1 .0 2 	 ) nhu Sall : 

=x i  e t  +x 2 e 2  +...+x„e n . 

Nhir vhy .  x,, 	 . , 	 lira (10 cha x 	 vii cd ser 	 . 

Neill A Ifi mot khOng gian eon cha K - kherig gian veeto n ehien E,1111 

dim A n. Trong Inning him dim A = n, thi A = E. 
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Sau day la Ong thitc cho s6 chi@u dm Wing hai khOng gian eon, Iidn 

loi cho vide lam mot s6 bai tap 

dim (F, + F,) = dim F, + dim F 2  - dim (F, n 

1.10. Ma trim chuye'n tit co se, nay sang co sit khan: 

Gill sit I e l 	  e,,, IIa co sit di dna E 	 I la co sit mai. 
Ta cu: 

c'i = T e + ..+ 	 C 
I) 	 I 	 ' 	 inj 	 in 

Ta dune ma trail vuOng cap m : 

T IC 
T= 

\ 	 • • 	
T

Min 

• Ma [ran T edt hang m vi the vecto eAt Lila no chitin la the vecto 
— — 
e'  	 Lila co sZ m61 hidu thi tuydn tinh qua co sit di. \fay T kha 

nghich, Id) goi la ma Iran chuye'n itt co so { e l 	 e n, I sang co sa 

}- 

• 1.11. Lien W glint the tna db (Ma mot vecta d0i 1/01 hai ay WI 
khitc ohm" 

Gni sit NEE,) e l 	 e n , I ,I 	 e',,, I la hai co silt dm E. T = (TO 

Ili Ina Iran chuydn iu ell sit tha nhat sang co sit thu hai. Ta Co CAC Ina d() 

caa x dOi vol co sit tha Mal hidu dien qua the int) do cut' x &it v61 co 

sit MO hai 4hOng qua ma Iran T nhu sau : 

x.= e, + 	 + 4,„ 	 = 	 +...+ 	 = 

= 	 (r, e + 	 ) + + 	 (r  e l  + + 	 e ) 

= (r i , 	 +...+ T tin  cin )e1 +... + +r un 	 +...+ 
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Tir do 

= Inc] + 

= 721 c + 

§2. IIAI TAP 

CAC RNA NIEM CCI BAN 

I. Flay ehting td the tap san la nhUng khOng gian vectcs 

a) Tap s6 him ti Q vol phep eOng va phep nhan the s6 hvu ti ; 

h) Tap s6 thin R v6i phep cOng the s6 thvc va phep than mQt s6 thvc 

yin mOt s6 hitu ti ; 

c) Tap hop cac da thus: cua Cin x, voi 110 s6 him li vat phep cOng da 
thac va phep nhan nun da that voi mOt s6 him ti ; 

tO Tap hop the da ihac dm an x voi he set time vOi {Map cOng the da 
that: va phep than nun da Mac vOi nun s6 (hue ; 

e) V = Q x R vOl phep Ong nth dinh bOi : 

(a, h) + (e, d) = (a + e, h + d) ; 

[Map nhan nun than tit cila V Veil mQt S15 but ti xac dinh htti 

r(a, h) = (ra, rh) 

(6 day Q la tap s6 Min ti, R la tap s6 guy) ; 

Tap s6 phric C voi phep Ong hai set phtic va ph6p nhan s6 ph& vOi 

mOt s6 thvc. 

2. Gic tap sau cd phai la khOng gian vecto tren R hay khOng ? 

a) Tap Q veil phep cOng va phep nhth met s6 him ti voi mOt s6 thvc ; 

h) Tap s6 nguyen Z vOl phep cOng phep nhan mQt s6 nguyen yea 

mOt s6 thin: ; 

53 



c) Tap V tai trong hai tap I.e) wai phep cOng va prier, than voi sri 

hue r sac Binh bar cac clang Oak trong bait I :c). 

3. Ching mirth rang lap hop F cac ham s6 Uwe sac (Firth non loan la, bj 
vt. pile)) cOng cac ham s6 v3 phep than met ham s6 via mot s6 thtm la 
mat khOng gian vectutren R. 

4. Cho A va Fi la hai khOng gian vecto nen InrOng It, V = A a R. ten V 

sac dinh phep cOng : 

(cc oPt )± (€( 2 43 2 ) 7 (al ±a 213 1 ÷ P2 ) ' 

phep nhan via s6 Ham r sac dinh hOi : 

r(d. 	 (rd, (i). 

Cluing minh rang V la. mot khOng gian vecto nen R. 

S. Tren lap M = I al xac dinh phtSp cOng va phep nhan voi mitt s6 Kit ti r 
tam sat : 

a + a = a; ra = a, r e Q. 

Ching minh rang M la met khOng gian vectir nen Q. 

6. Chung minh tap hop R" caie lday s6 thtrc lu mOt R - khOng gian vecto 
d65 wai phep cOng v5 phep nhan voi met sei thgc thOng thrriang. 

7. Chung minh tap hop C" talc day so phtic la mot C - khOng gian weld 
Sir wit phep Ong va phep than via InOt s(i plata: thong thrrOng. 

Led giai 

I. a) Ta hay nhln lei din)) nghia Ichong gian veci 	 ing (§I, 1.1). O day 
E = Q va K = Q. Cie phi))) town la nhtr sat 

ExE=QxQ—>Q 

(x, y) H x + y (phep cOng hai set' him 11) 

KxE=QxQ—>Q 

(X, x) H Xx (phep nhan ha 	 Mu 19) 
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De dung kie'm nghiem hai phep man Men them man 5 tinh chat cua 
dish nghia khong gian veco Tong 1.1. Vay Q la myt khong gian 
vecto tren trOng Q. Cdn chid 9 la cac khan at cua Q, khi coi la 	 - 

klMnggianvecto, la nhfing vecto ; con khi n6i Vri trtiOng Q (truing 

K trout; 19 thuyea) 1111 cac phdn to cua Q la nhiing ve htOng. 

b) Trong hai nay E = R va K = Q. Cling lam nhtr hai a) to duce R la 

mot Q - khOng gian vecto. 

c) 0 day E = Q[xl va K = Q. Ta eó Qlxl la mot Q - khOng gian 

wens. 

d) R1x1 la mot It - khOng gian went 

• Trong hai nay E = Q x R, K = Q. Tae plat roan cOng va nhan yea 
vO hudng nhu sau : 

E xE= (QxR)x(QxR)-->QxR 

((a, 	 (c, d)) t7-> (a + c, b + d) 

K xE=Qx(QxR)—>QxR 

(X, (a, 11))1-4 (ka, kb) 

11:1 hay Ian him ',hang minh hai phap man tren them man 5 tinh 
chdt Tong (§1, 1.1). Hiiht nhien vi Q va R Ia nhang nhom alien 

(161 vhi pliCip Ong cac 1M, nen tich Q x R cling la mtt nhom alien 
vari phep Ong (hut hien ten cac thanh phdo Oa cap, ngi„thi to gyi 
:16 la nhom tich cria cac nhom Q va R. Mat khac to c6 cac ding 

thin: sau day : 

(A + k)(a, b) = ((X + k)a, (X + k)b) (Xa + [ta, kb + kb) 

= (Xa, kb) + (ka, kb) = X(a, 	 + p(a, 	 ; 

X((a, b) + (c, d)) = 	 + c, h + = (Ma + c), Mb + d)) 

= (ka + a,c, 2W + Ad) = (ka, kb) + (kc, Ad) = Ma, h) + Mc, d) 

(k41)(a,b) = ((kk)a, (kk)b)= (k(ka), T(M)). 

= k(ka, kb) = X(k(a, 	 ; 
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I (a, b) = (I a, 111) = (a, b). 

Vay Q x It la mQt Q khOng gian vecto, goi la Q - khOng gian vecto 

t(eh cita Q - kh6ng gian vecto Q va Q - khOng gian vecto R. 

I) O day E = C vat K = R. Ta d@ kidm nghiem C la mQt R - khOng 
gian vecto. NEu thay R hang C ta ding Lai C la mot C - khOng gian 

- 	 yam). T6ng qua( mai trueng K la mot K - khOng gian vecto, 

2. a) 6 day ta 12y E = Q va K = R. Philp Ong (rang Q la phep ming 
dad s6 hini t9 ; hidn nhien Q la mot nh6in :then vOi phep Ong CAC 
s6 him t9/. Ta hay xet phep nhan v6i v6 Inning : 

KxE=RxQE=Q 

(X, x) 	 Xx 

• 	 k la omit s6 that:, x lit mQt s6 him t9, the thi trit khi 	 him t9, eon nEu 
X 4 Q thi ax E R, nhung kx e Q. Val plulp nhan vO twang dinh nghia 
nhu vay, ta khOng c6 mat anh xa to It x Q van (), nghia la ta kheing co 

phep nhftn voi mot v6 huOng, vay Q khOng phai la mOt R - khOng gian 
vecto. 

h) Z khOng phai la mat R - khOng gian vecto cling Ming 19 do tihts 
hai a). 

c) Trong hal I.e) la xot Q - khOng gian vecto Q va Q - kitting gian 

vecto R, va ta &roc Q - khOng gian vecto Itch Q x R. Ray gia ta mu6n 

sfra trufing vO hating hang each thay Q bang R, 15c do Q khOng phai IB 
- khOng gian vecto.then a), vay ta sc khOng co khOng gian tich Q x R 

vi kiting eel phep than vO Song : 

KxE=-14x(QxR) -->QxR 

(A, (a, I))) H (ka, kh) 

do la E Q v6i X c 12 vA a e Q. 

3. day E = F, vai 

F= If : [a, 5] 	 anh xal 
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va K = R. Cdc phi'? cOng va phep nhAn vat v6 hating la nhtt sau : 

ExE=FxF—>F 

(f, g) [—> f+ 
	

[a, h] -->12 

x Ha f(x) + g(x) 

KxE=RxF—>F 

(A., 0 Ha 	 : [a, b] —> R 

x 	 (Xl)(x) = X.1(x) 

Trade het to My cluing minh F la myt nhorn ahen doi voi pilot> cyng : 

f + g : [a, b] —> R 	 ; 	 g + f : [a, —> R 

x Ha f(x) + g(x) 	 x 	 g(x)+ f(x) 

Nhtmg f(x) + g(x) = g(x) + f(x) vol myi x e la, bi nen f + g = g + f, 
nghia la phop cOng giao hodn. 

(f + g) + h: [a, h] --> R 

x H (f(x) + g(x)) + h(x) 

f (g + h) : [a, b] —> R 

x H f(x) + (g(x) + h(x)) 

Do (f(x) + g(x)) + h(x) = f(x) + (g(x) + h(x)) via moi x e [a, hi, nen 
(1+ g) + h = I + (g + h). Vay phop cOng kS htm. 

0 : [a, b] —> R 

x 

0 + f : [a, h] —> R 

x H 0 + f(x) = f(x) , 

Vay 0 + f = In% moi f e F, ham 0 la phtin to khOng. 

-L [a, [a, h] —> R 

x Ha -f(x) 

D15. tiang (My tang -f xtic thrill nhu (ten lit ham dOi dm ham f. 
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Vay F Iii mat nhatn alien ddi voi phop chug. Mat ;chile ta có : 

(X. + [)f : [a, hi —> R 

x 1—> (X.+ 1.4.).1(x) = k.f(x) + t.f(x) 

if:la,h[—> It  

x H ),,.f(x) + p..1(x) 

vi.ty 	 [.0(= 7rf +121 ;_.  

?1/4.(f + g) : la, hi —> 

x H X.(f(x) + g(x)) = X.1(x) + k.g(x) 

AS+ ?n,g [a Fi 	 R 

x 1—* ),.f(x) + X.g(x) 

vty 	 + g) AI+ ?g. 

(A.p.)f : [a, hi —> R 

x 1—> (41).1(x) 

X(0) : [a, Ill —> 

x [—> ?‘..(..t.f(x)) = (A.1-)-Rx) 

vay 0401= k(pt) 

1.1: [a, hi —> R 

x 1-4 1.1(x) = f(x) 
qy 15= f vai myi f E F. 

Ta keit luau Fla miiit khong gian year/ trCn R. Trong chang minh ta 

nhan xot, se, di cac phep Ong ya phop nhan via vO hming thea man et 
you eau caa mat khOng gian vecto vi R la mat 12 - khOng gian yecto R. 

Cho nen ta có hid fling quilt bai loan bang each shay It - khOng gian 

welt/ II hang mat K - khOng gian wick, G, fa, hi hang mat tap hap I thy 
y 'chile rang ; hic do tap hap F hr . 

F= if :1 —>Gilanh xal 
v(ti phep ring La phep than vita vO h[Ong xac dish [ming hr 
dm Wan : 
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F F —> F 

(f, g) 	 f + g: I —> G 

x H f(x) + g(x) 

(1) 

KeF—>F 

(X, f) 	 7„f: 	 G 

x F—> (1„1)(x) = 2‘..f(x) 

Viec chung minh Fla rnyt K - khOng gian yeah/ hoan Loan Wong ttr 

Mut nen do G 13 mot K '-'khOng gian veetn. Ngirea La Mitemg k9 hieu F 

hang G'. Nhung tap hop G' Iti la itch De the [j G „  vdi G, = G cho moi 

el 

is e I. That vay cho 

f —> 0 

i H f(i) 

la (hare by 	 E jj 0, , va ngugc !di cho ho(g ^ ) IEI e  f G 1  

let 	 el 

Ia dude anh xa 

f:1—>G 

i H f(i) = g, 

Cho nen ngtrin tit thuting via! tich De cac FIG„ Voi G ,  = G hang G'. 

Trona trudng hop l= II, 2, ..., 	 ta co G" =GxGa 	 x G. 

Tit cac dieu not tren, to duck: khi G la mot K - khOng gian vectd, thi 
la ceing co tich De cac G' la mot K - khOng gian Vectd, veil phop cOng va 
',hap nhan vO Mrang xac dinh thin (I) ma ngudi Ia not la cam sinh hai 
cac phep loan (Ma K - thong gian vecto G. 

4. Ta tien hank tudrig to nhu hiti Le) va duct V la mot R - khOng gian 
yacht, Ifch caa K - khOng gi an vent, A vii K - thong gian weld B. Chu 

khi not tdi tick "MI hai khOng gian vecto thi phop cyng phdi la phdp 
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eOng tren the ;Wirth phan va phep than vat v0 Song thing Iii phep than 
tren the thanh phan, nghia la cac phep ton tha khOng gian vecto tich 
dime cam sinh hlii cac phep Man elm moi thrmh phan cha tich. Bai nay 
da tgng quat boa hai I. e) let mOt tante bang each thay Q hang A, R 
hang B va trilling vO furling Q hang R. Ta ding (76 the t6ng (mat hob nlia 
hang each thay A va B la nhfmg K - khOng gian, va to duke K - khOng 
gian vecto tich A x B. 

Tren day (a d3 xet tich city hai K - khOng gian vecIa , to cling c6 the' 
xet tich tha nhieu K - khOng gian vecto, cA thd to xet mOt ho (A ;  ) ter  

nhiing K - khOng gian vectu va K - khOng gian vecto tich H A, era cae 

phep tozin sail day : 

(x).,• I + 00. E 	 (x, + y,) 

= 

Khi cac A, = A, Ihi 11 A = A', va to Ella)/ Ira diet, da not Hong brii 3. 

5. Hien nhien M = fa) IA mOt nham alien vOi phep Ong da xac eh, de 
IA nhom tam thrtling chi ehda phan tit khOng ma 6/ day la a. DOI yea phep 
nhartytti the s6 hint tY, dung vai trO the vO hitting, a Co day du cac tinh 
chat ma mOt Q - khOng gian vecto phai thOa man. pay la Q - khOng gian 

vecto tam thuling chi co mot vecto 0, do la phan tir doe that a 
dm M. 

6. Tap hop cac day s0 thyc chinh la tap hop RN the anh xa tv N vao R. 
Day la mOt ;ruling hqp dac hiet elm truling km tong quat da de cap Y 
(tong the hai 3 va 4 ; 	 la mOt R - khOng gian venni vrti cac phep roan : 

(a,),E N 	 (1/), N 	 1-  b.). E 

k(a)1(= N = (aai)a N 

7. C" la mot kheong gian vecto tren Huang s6 ghat C ; day cling la mOt 

inrong hop dac bier Clia (ruling hop tong qua( da de cap b trong the bai 3 
vii 4. 
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KHONG GIAN CON 

It. Ch'ing mirth rang : 

a) Q la khOng gian vecto can caa khOng gian vecto It tren Q ; 

b) Tap P. gdm da tithe 0 va die da thirc f(x) E Rjx] vdi bac f(x) < n, 

(n la mat set to nhien-c6 dinh),la met khOng gian can ciaa khOng gian 

void R[x] ben throng R. 

9. Cho khOng gian vecto R' tren tnrong s6 thtrc R. Car. tap con sau cith 

12 3  e i phAi la khOng gian con dm R' hay kitting : 

a) E = 1(a,, 0, a,) I a, E R 

h) F 	 {(a 1 , az , -a,) I a, e 	 ; 

= ((a, az , a, + a z) I a, E R ; 

d) H = f(a„ 	 a, + a, + a, = 0, aEHi; 

e) L = t(a,, az , a, a2) a . e RI. 

10. Chang minh tap hop E the ham sr) tithe lien tut ben mat Ichthing I 

ena It la mOt R - khOng gian vecto. 

I I. Chang minh tap hop E the ham sir nitre et') duo ham tren m(it khoang 

I 'ant It la mot R - khOng gian weld. 

12. Chang minh tap hop E the day sfi thric hi than la mot R - khOng gian 

vecto. 

13. Ching mirth tap hop F the day s6 Owe hang 0 tat ai thr mOI so hitu 

Ilan la nny R - khOng gian vecto. 

14. Cho khong gian theta V nth truing sO tithe R, a la mot vecto cd 

dinh thitOe V. Chung minh rang tap hop 

W = Ira reRI la mot khOng gian con dm V . 

15. Cho (W, i e I) 1a mal. ho thy 9 nhitng khOng gian con cilia khOng 

gian them V. Ching minh rang 

w = 11 VV I 

la mot khOng gian con ctia V. 
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. 16. Cho U, W la hat khOng gian con cilia khOng gian vecto V. Chung 
minh ding U 4- W IA giao ciut lift cu cite khOng gian con cilia V chilli U 
va W. 

17. Hop dm hai khOng gian vecto con caa E la mitt khOng gian vecto 
con cua E khi va chi Ian cal nay chtia trong cat kia. 

IS. Gin sir A la miy khOng gian vecto con elm E. Phan bit E - A ci lia A 
trong E la mOl khOng gian vecto con hay khOng ? 

Lid glib 

S. a) Del lam cite biti tap lotti nay, la xcm Ita (§I, 1.2) v6 khOng gian 
vector con. Tarot: heCt to ail 0 k Q c R. Mat khac, nett x, y, Q to dO 

tiling shay tx+y EQ va Ax c Q. Vay Q l3 khOng gian vecto con elm Q 
- khOng gian vent, R. 

N Hier nhien P„ # 0. Mat khac gin sir l(x), g(x) e Pr, va E R. 
rite: 'hi 

h4c (1(x) + g(x)) < n, neb 1(x) + g(x) 

bac (k (x)) < n, nett XI(x) k 0 

Vay 1(x) + g(x) vii 11(x) la nhOng da thOc. thiNe. P„ Chi' y neb 

1(x) + g(x) = 0 hay Xf(x)= 0 Ihi hi6n nhien ehting thine P„. 

Y. Ta kin Itritt 6.6 : 

• E 0 

* (a 1 , 0, a,) + (1) 1 , 0, b3 )= (a, + h,, 0, a, + 	 e E 

* k(a,, 0, a,)= (la,, 0, ka,) E E. 

Vity E Et mOt khOng gian vecto con caa R'. 

h) F # 0 

* (a,, a„ -a,)+ (b,, b,, -1)0= (a, + h,, a, +1,,, -(a 

* k(a,, a„ -a,)= (la,, X412, -la,) e F. 

Vay Fla mot khOng gian vecto con dm IL% 
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c) Thing-tn. 

(1)* H # 0 vi (0, 0, 0) E H 

* (a 1 , a„ a,)+ (b 1 , 112 ,11 3) = (a, + h„ a, + h„ + 	 e H vi 

a, + h, + a, +b„ + +11, = a, + a, + + M, + b, + h,= 0 + 0=0 

* X(a, a„ a,)=(Xa„ la., ka,) e H. 

c) - L # 

* Xet (I, I, I) e L. Ta có (I, I, I)+ (I, 	 I ) = (2. 2, 2) e L Vay L 
khOng phai la mot khOng gian vecto con cna R 3 . 

10. (J day ta phai hien ngam 13 phep cling va phep nhan vcii vO huOng 

E R dture thuc hien nhtr trong hai tap 3. Neu chting minh th&ng E la 
met khOng gian tied,/ tren It, ta phai Mn lum chting minh long c6a hai 
ham se; lien Mc trCn I la met ham sit lien tut yen 1 va tich cna nictl s6 
Mgt; viri mot ham s6 lien me trim I la mot him] s6 nitre tren 1. Tiep Theo 
ta eun phai chirng minh e is hien de ena mot khong gian vectu dirge theta 
man Nil vgn E. Chting ta se. khOng lam nhtr vAy. Ta lay lai hid tap 3 on 
khong gian F la khong giant:tic ham s6thgc xac dish tren khoang I. Nhtr 

vOy 0 # E c F vi ham 0 e E. Mat khrie Wing dui hai ham lien me tren I 
la lien Inc trCn 1, va tich vita met s6 thtrc viri mitt ham lien Inc tren I la 
inet ham lien Mc lue E'en 1. Vay E !it met khOng gian void con eta F, 
chi) non E la mot khong gian vccto Oren It). 

I I. Cling lam nhtr hai 

12. Cfing tin hash on huh than nhir da lam on clic hai 10, I I, ta xem 
lai hai 6 trong do R N  lit mitt R - khOng gian vein. Ta hay chang minh E 

c RN  la mitt khOng gian weir/eon Dna R N . Ta Mn hitch co : 

• E # 	 vi day (a,), 	 vOi.moi a, = 0 thuric E; 

* Gia sir (a) va (IQ thate E. Dieu do co nghia ton tai hai s6 Ihue 

timing A va B sao chu la,' < A va 16,1 < B voi nuii i e N. Hien nhien ta 

e6 la, + 11,1 < la , l + D,1< A + B. Vay Wing tha hai day hi than la mil day 
hi than; 

* Gizi sir (a,) e E v3 X e R. Hien nhien ta co Ika,1= lAlhtil < IXIA. Vay 

tich en:, clay (a) vOi mot s6 thqc X. Laing la mot thy hi chain. Vay E la 
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Inyt khOng gian veal(' con dia RN  cho nen no la my( khOhg gian vecto 
lien R. 

13. Gia sit (a)„- N E F. dieu do co nghia co my( tap hyp him han 1 c N 
sae cho a, # 0 voi i e I via a , = 0 voi i o I. Ta Ian haft co : 

* F # 0 vi day (a,), „ voi mui a, = 0 thoye F Wong tririttg hop nay 
I = 0) -  

Hai sit (a,) va (b) thoyc F. Dieu de co nghia kin tai hai hy phan him 
han va .1 elm N sao cho a, * 0 voi i e I va a , = 0 viii i & 1, 11, * 0 voi 
i eJ va h, = 0 will o .1. Hien nhien ta co a, + = 0 viii ioluJ va Min 

Is7 J (hi a , + b, co thd khac 0 hay hang 0, nghia la a, +1), khae 0 voi i 
thoyc myt by phan eua I u I, nOt myt each kfale clay (a +11,),,, e F. 

Giii sit (a) e F va a E R. than nhien day (Xa,),„ N bang 0 Mt ea trO 
'licit se( him han. Vay Fla myt khOng gian vecto con aim R N , the nen no 
In myt R - IchOng gian vent 

14. Trude lust w x O vi cli= I. a E W. Gia su r, s e R, the.  thi 
ra+ seri = (r + s) a e W, va s(r ) = (slid e W. Vay W la IchOng 
gian con dm khOng gian Weill V, sinh heri he yen( { Ei chi co myt 
web, d (xem §1, 13). 

• 

IS. W # 0 vi weld 0 thuoc moi W, nen thuOc W. Gia sir x,y e W va 

e K (la giii sO V la mot khOng gian wick, tren m(alrueng K). Taco R , 

W, voi 1119i I e I. Do die W, la nhimg khOng gian eon dm V, nen i< + 
e W, vu XS( e W, voi moi i e I. Vay 	 + y e W va 

A R e W. Do de W la khOng gian con dm V. 

16. Theo (§I, 1.4) 

U+W-0 it +Vs,' 	 EU,Vvi E WI 

lit khOng gian con cent V, tang 	 U 	 W. Hidu nhien U + W chda U 
 

va W vi ti = + 0 va 	 = 0 + )7v voi u E U Va IX/ e W. Mat khile 
Xet ho (V,), , the khOng gian con coo V chila U va W. Hy nay khAng 

'Ong vi U + W la myt khong gian con thufle ho. Vay nv,, u+ W. 
tel 
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Nhtmg to co u+ w e V, IRYi mqi 5 e U va Cv e W, vay U+ W c V„ 

Vi E 1. Tit de U + W c nVi  Kel hop vdi bao ham that ngtmc & tren, 

IEt 

la &kill U W = n V i 
1E1 

17. Gia sit F va G IA hai khOng gian con dm E. Neu F c G thl F u G =G, 
vny F v G IA mOt khOng gian con ena E. Dna ha gin Sir F u G IA mot 

khong gian con dm E. Ta hay cht'mg mirth hoac F c G hoac G c F. Ta 
hay cluing minh bang phan chimg. Gia sir F At G va G ¢ F, die° do c6 

nghia ton tai f e F sao cho f eG va ton tai g e G sao cho g iz F. Vi 

F v G la khOng gian con, nen + g e F u G. Vay + g thuOc F 

	

hoac thutic G. Neu f + g e F, thi 	 + g ) -i=g e F, Mau thuan v6i 

e F. Neu f + g E G, thi (t + g)-g=iEG, mau Oman WA 

e G. Vay ta phni co hoac F c G hone G c F. . 

IS. Xet E - A. Hidn nhien E - A khOng thd la khOng gian con vl 

O e E - A. 

	

Ski DOC LAP TUYEN TINH 	 PHI) THUOC TUYEN TINH 

19.XS xem cac he vecto sau trong R3  I* nito dOc lap tuyen tinh : 

a) e l  = (1, 1,0), E 2  = (0, I, I), e 3  = (1, 0, I); 

h) a i  = (2, 0, 3), a 2  = (I, 1,2), a 1  = (-1,2, -n ; 

c) 13 1  = (0, -2, 3), P 2  = (4, I, 0), p 3  = (3, I, I); 

y = (-I, 2, 3), y2  = (2, 0, -1), y = (-5, 6, II). 

20. Xel xem cac he vecto sau trong khfing gian cac da fit. R[x] tren 
trtreng Owe R, he Mu) dOc lap tuyen tiAM : 

5-BTDSTT-A 
	 65 



a) a 1  = I, a 2  = x, cr 3  = x - ; 

=I , 132 = X, 13 3  = x2, P4  = 2X2  ± 3 . 

21. Ching mirth rang Mu 4 vector 

a l  ,a 2  •••, a, 

cija khOng gian vecto V tren twang K co hai vecto 	 va a t  

sao cho = ka thi do RI he phi, filmic tuyen link 

22. Chung minh rang he vain, 

a 1  a 	 a 1 , 2 • "" 	 r 

phu thuOc tuygn tinh khi \dr chi khi co mOt vecto a, la to hi:1p tuygn tinh 

trim we vecto thn hi. 

23. Chang minh rang ngu 

a 1 r at a a 

la mot he vecto pc 14p thy& tinh Gong khOng girui veer(' V Iron truing 
K (hi he vecto : 

— _ 
Pi = a i • 	 L32  2 ' 

P 3  = al  + a 2  + a 3  04 = a l 1-  122 + 11 a 43 

ding la mot he vecto dire lap thy& tinh dm V. 

24. Xet R - khOng gian vecto 1tx  clic ham sir (hue rule dinh tren R. Girl 
sir F =If .1 

' '' 

,,
aill 

la miN ho cati ham the Binh nhff sau : 
a 2 '  

1 R -. R 

lx - 	 a, 	 R, = I, 2, ..., m 

'rung do a, m a:  khi i j. Ching minh hC F dee lap thy& tinh. 
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25. Xel R- khOng gian veer(' RR . cia sir G = jg 1  ,g a2 ,g a f 15 mOt by 

cac ham xac dinh nhu sau : 

g a  :R—>R 

x 	 x - a,, a, E R,i= I, 2, 3 

iron? do a x a, khi i x j. Chang mirth he G phu thueyc tuyen tihh. 

giaii 

19. a) Chung to My tim nhCrng s0 dare x, y, z de: xe i +ye 2  + ze 3  = 

x(1, I, 0) + y(0, I, 1) + z(1, 0, 1) = (x + z, x + y, y + z) = (0, 0, 0). Ta 
dugs he phuong trinh tny6n Ilnh : 

x+ z 

x + y 	 =0 

y+z=l) 

ma dinh thdc et. he s6 

1 

1 

0 

(1 

I 

1 

I 

0 

1 

=2 

Ta có met he Cramer voi nghiem duy nhfit lax = y = z = 0. \Tay he 
went dOc 14p tuyen tinh. 

b), c), d) lam Wong fly Nur a), to 	 cat: he vecto da cho la dQc 14p 
tuyen firth. 

20: a) Chung to hay tint nhang sd thtrc a, b, 

aa + ha 2 + ea ? = a.I +11.x + c.x 2 = O. 

Da' dat thtic a + bx + ex 2  bang da that: 0, tat phai (I a = b = c = 0. V4y 

hd yecto .1 a I , a 2  ,a, ) la &3c 14p tuyeh tihh. 
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h) Chong to hay tam nhitng s6thkre a, II, e, d dd 

a + bx + ex =  + d(2x 2 + 3) = + 3d + bx + x 2(e. 2d) = 0. 

Vay to phai co 

To nhan xet to co tfid lay a = -3, b = 0, c = -2, d = I 	 da Mire tren 
bang 0. Vay taco : 

— _ 
-3 13 1 + o p2 2 133 + 1 413 4 

nghia la he veeta ( p i  , 32  , 3 3  , 34  l phu thuQe tuyen tibh. 

21. Xem @I, 1.6, he qua 3). 

22. Xem @I, 1.6, he qua 3). 

23. Ta hay tim nhiing phan tux, Y, z, t e K dd 
— — 

x0, + yP 2  +03  +W4  = xa, + y(a, + a 2  )+z (a, + a 2  + a 3  )+ 
— 	 - 

+ t(a, + a 2  +a3  +a 4  ) = 	 y Z 	 (y + z + Oa, + 
— _ — 

+ (z + t) a 3  ± a 4  = 0 . Vi he wen, ( a, ,a 2  , a 3  , a 4  J d6c lap tuyeh 
nnh nen to phai 06 

x+y+z+t=0 

y+z+t=0 

z+t=0 

t =0 

Day la mot he Cramer d6i vai x, y, z, t vi dinh thdc cac he s6 bang 

I I I I 
0 1 1 1 

= I # 0 
0 0 I I 
0 0 0 1 
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He ea met nghiem duy nhat : x = y = z = 1 = O.Vay he vecto 

I P i  , P2 , P3 , P 4  } dQc lap tuyen tinh. 

24. Gia sir he F phu thuee tuyen MM. The thi theo (§I, 1.6, he qua 3) se 
c6 met vecto it F, ei day la met ham, ehang han ham f 	 thi tuyen 

iinh qua cac barn dim lai cua F, nghia la di X, e R, i = I, 2, ..., in - 1, c16 

l a 	 A l fa, + A2 fa, ± ••• + A m-i f2„_, 

hay 	 Ix - aml = X,Ix - ad + X,Ix - ad + ... + X m .,Ix - a„.,I 

v6i 10 x e R. Nhung hidn nhien v6 Illa am clang thirc la met ham 
khOng ce dao ham tai x = am , trong khi v6 phai ha c6 dao ham tai x = am. 
Vay F kh6ng the pile thuectuyen tinh, n61 each kit F la mot he vecto 
dee lap tuy6n tinh. 

25. N6u he G phu thnec tuyen tinh, ta phki co met wet(' dm he hi& thi 
tuyen tinh qua core vecto con lai cita he. VI ha WOW cua G deu c6 vai 'tit 

nhir nhau, nen ta Iffy ga  chang han, va tim each bleu thi tuyen tinh n6 

qua g a  va g a  , nghia la tim A.,, X, e R- sac, clio 

g a, =Xig ai  +kig a, -  

hay 	 x - a, = X,(x - a l ) + 2idx - ad = (X, + X)x - (Alai + Xiad 

viii mot X E R. Ter do ta phai c6 

I X, + X, =1 

a,X, + a,X, = a, 

Day la met he Cramer d6i vai X va a, vidinh Mac 

I 	 I 
= a 2 — a =0 

a l a 2 

Tir d6 to dude met nghiem duy nhat 

Xi= (a2 - a3 )/(a2  - a l ), A, = (a3 - a,)/(a,  - ad. 
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Vay h6 G la phu thuOc tuyen tinh, nhutg cac vecto g a  va g a  la dOc 

16p tuy6n tinh vi g bidu thi tuyEn (nth met each duy nhdt qua ehting. 

Ta con có thd not cac vecto cua G dfii mQt dOc lap tuy6n Mill vi chting 
có vai Ere nhu than. 

Ta co thd m& rQng bai toan bang each xet he 

G' = g a,  ,g az  ,ga, ...., gn  I, a, E R 

trong do g ai  = x - a„ vdri d x a, !chi i s j. Hi& nhien G' la phu thuOc 

tuyEn nth vi he con G cua no phu thuOc tuyeh tinh (xem §I, 1.6, he qua I). 

HANG CUA H E  Hal HAN VECTO - HANG BOA MA IRAN 

26. Tim hang cna ma Iran sau 

a) A= 

	

—2 	 8' 

3 	 —2 	 4 
4 	 —6 	 12, 

B= 

I 	 — I 

2 	 —I 

3 	 I 

3 

3 

3 , 

I 	 4 3 6' 
I 	 2 	 —3 	 I 	 3 

e) C = 0 	 1 	 3 	 4 	 5 d) D = 
—I 	 0 I I 
2 	 I —1 	 it 

0 	 2 	 3 	 I 	 R 
2 2 	 4, 

27. Trong R4  tIm hang eila cae he vecto sau : 

a) a t 	 =(-1, 2,0, 1), a 2 	 =(I, 2, 3,-1), a 3  =(0, 4, 3, 0); 

b) 13 1 	 = (-I, 4, 8, 12), P 2  = (2, I, 3, 1), 

Pa = (-2, 8, 16, 24), 3 4  = (I, I, 2, 3). 

28. Tim ha con pc lap tuyen tinh tai dal cua hC vecto sau trong IchOng 
gian 124  : 
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a i 	 (1 	 2 0 -I) 	 a 2 	 = 

a s  = (-1, 0, 2, 4), 	 a 	 = 

29. Tim gia Iri cua x de hang dm Um Iran 

(0, 1 

(3, 	 1 

3 -2) , 

-11 	 0). 

2 	 I 3 \  

A = I 	 -2 11 

4 	 x 6 

bang 2. 

30. Col It nha me4 Q - khong gian vecia, tinh hang ega hC veers, 

11, sh,173 1. 

31. R - khOng gian vecks R it  cat: ham s6 (hue xac dinh nen R. TInh 

hang cila h¢ vecta 	 trong de 

1 :R->R 

x 1--> sin ix ,i= 1, 2, ..., n 

Lin giai 

26. a) Ta c61A1= 0 va dinh thiic con clip 2 ei gee tru 

I -4 =-2+12=10#0. 
3 -2 

Vgy hg A = 2. 

h) 011= 6 # 0 ; vay hg B = 3. 

c) O day hang ecia C nhidu nhat la bang 3 vi. C chi c6 3 elOng. Ta 
dinh thin; cap 3 vgec trai . 

12 -3 

0 	 I 3 = -3 s1 

2 3 

Vay hg C= 3.  
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-1 4 8 12 

1 2 	 3 1 

d) Ta cd DI= 0 va dinh on cap 3 

4 6 

I 0 I = 1 # 0 

2 1 0  

Vay hg D = 3. 

27. a) Ta thay ngay : 
— — — 

a 3  = a 1 ÷ a 2 

trong khi f a l  ,a 2  1 la drac, lap myth tinh vl eac tya do dm cluing khOng 

ty le via nhau. Vay hang ctia he la 2. 

h) Ta thay ngay 13 3  = 213 1  , cho nen van de duct dtra ye tim hang cila 

(13 1  , P2  , P4  1. Ta xot ma Iran nhan dirge to he wen,/ do : 

gong de dinh thtle con cap ha narn 5 goc trai có gig tri la 5. Vay 

hg 113 , , P2 9 13 3 9 134 = 3 - 

28. Ta xet ma Dan A tao boi he vecto a t  ,a 2  ,a 3  a4  : 

1 	 2 	 0 	 - I' 
A- 0 I 3 -2 

-I 0 2 	 4 
3 	 1 - 1 I 	 0 

WA the vecta (Jong Ian luoi 14 a i  , a 2  ,a 3  , a 4  .Ta cang co IAI = 0 va 

dinh thin: con cap 3 o goc trai cd gig tri -4 # 0. 3/4ya 1 ,a 2  ,a 3  1 la 
mQt he con dQc lap t6i dai. Ta cling co the link dd thay : — — — — 

a 4.  =2a 1 -3a 2 - a 3 ' 
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2 

r 2 
3= r, s E Z #0 

29. Trek; het dinh that con cap 2 el g6c trai c6 gig In -5 # 0. Vay 
hgA ? 2. Mu6n hg A = 2, la chi can cho x mot gia tri de Al =0. TinhIA1 
Ia duet IAI = 3x - 6. Vay chi c6 mOt gia tri cua x lam Al = 0, do IA x = 2. 
Thkrc ra nhin ma tran to ding (hay ngay khi x = 2 thi demg th6 nhat va 
Mir ha tY IC vOi than va chi co met gia tri x = 2 Km) triet tieu IAI vi Mut 
hiein dinh that IAI theo dong tha ha to chive mot da thew bac nhat d6i 
yin x. 

30: Trude het I, IF2 ) l5 doe lap tuyEn tinh, n6u khOng to se c6 

hien thi tuy6n tinh qua I, nghia la se co 

= 	 v6i ,p, q e Z, q # O. 
q  

Binh phutcmg hai 	 &Ong that la antic : 
2 

2 = P 2 

hay 

(I) 	 2q2 = p2 . 

Vay 2 e6 mat 6 vE trAi dm clang that voi lay Mira le va 6 v6 phai vei 
lay thaa chan, man thuan v6i sir phan lich duy nhat mOt s6 nguyen thanh 

thira s6 nguyen t6. Vay he (I, f } dee lap tuyen 11th. 

Gth ser he 	 phu thuOc tuy6n tinh. ThE thi ta 	 c6 

hien thi tuy6n tinh qua I vi
i

, nghia la c6 	 X, e Q sa6 cho : 

Binh phuong hai vE (a dirge : 

3 = A., 2 + 2X2,2 + 2X,X,f2 

NI& X, = 0, to se c6 : 

hay 

(2) 
	 3s2 = r. 
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Ly luau nhu d6i voi dang that (I), to di (Oi mgt luau than. 

NEU X, = 0, to sea,: 

2 
U 

2 
= Z--- u, veZ,v zO  

V 

hay . 

• 	 (4) 	 3v1 = 2.112 . 

thang (hire (4), la cling di (01 man (ham nhu vin (I). 

NOu 7r, va X2 den khan khOng, (ir thing HIM.. (2) (a se di tai 	 hi runt 
s6 him ty, nhuug (lieu nay to tha they la khOng the say ra throe o dang 

thin: (I). Ktt loan he 1 I, la doe lap tuy6n tfith, cho non hang 
dm he la 3. 

31. Ta hay chting minh hang quy nap than n rang he vecto 1111,„,„ la 
doe lap. ICH n = I he (I,/ hien nhien 18 (10c lap tuyEn (Inh vi f, 
khOng phai la ham 0. Ta gia sir ff,, 	 t„_, I dOe lap tuy8n tinh. N8u 

11, t,, ..., 	 f„ / phu thutic Myth Orth thi to phai co 1„ bidu thi tuyEn 
Iinh qua I. f2, 	 „ gia sir 

= f + 	 + 	 ,f 

hay vai mni.x e R, la cii : 

(1) sinnx = 	 + 	 + Xtsin kx + 	 (n - 1)x 

(rung do cafe 9., ((Mitt dflng then hang 0 vi f„ # 0, gia sir X, # 0. Lay dao 
ham hai Ian 	 vacua (I). Ta throe : 

(2) -n2sin nx = -X,sinx + 	 - X, k'sin kx + 	 - 	 Itsin (n - I)x 

hay Chia hai 1/6 dm thing than (2) vin -r1 2 , la duly : 

X t A 
(3) sin nx = n 2 —sinx +... + 	 sin kx 	 + 	 111  sin(n + Ox 

n
2 

VI, I 	 1.. 1 1 14 thic lap, non f, hieu din mgt each duy nhat qua 
cluing. So sanh (1) va (3), to phai 1.:(1 cafe he s6 ciurvE phai bang nhau, cu 
he: tai phth 
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A k = n 

hay 	 1,2 (1- 1  ‘ =0 
0- , 

Nhung 1 - -, # 0 vi n # I, vey Al  = 0, man than vol giathigt At # 0. 
ir 

Vay hg 	 f2 , ..., 	 = n. 

CO so dux KNCING GIAN VECTO 

32. Cac he vectn sau 06 phai la en s& cUa khOng gian vecin R3  hay 
khong? 

a) a 1  = (0, 0, I), a 2  = (0, I, I), a l  = (I, I, I); 

h) p i  = (4, 2, -I), 13 2  = (0, 2, -1), p l  = (-2, 0, I). 

33. Vol gia tri nth) dia x dE cac veep( a i  = (x, I, 0), a 2  = (1, x, I), 

a, = (0, 1, x) lap thanh mOt co so cnit khOng gian R1  

34. Trong cac h@ vectd sau co tan tai mOt co so dui R 3  khOng ? Hay chi 
ra CAC en so ay n611 co. 

a) a 1  = (1 ,0, I), 	 = (3, -2, 0), 	 = (-I, 2, 3) a = (3, 0, -2) ; 

h) p i  = (-I, 0, 2), 13 2  = (0, 3, I), p, = (2, 9, -0, P4  = (-I, -15, -3). 

35. Tning R4, xet tap 

W = f(al, a2, a2, a.,) 	 + 	 +223+ a4  = 	 . 

a) Chung mirth rang W la mOt khOntgian eon (Ma 14° . 
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h) Chang minh rang cac vccto 

a l  =(1,0,0,1), a2 = (0, 1, 0, - I), 

a 3  = (0,0,1,-I), a4  =0,1, -I, -I) 

thuOc W. 

c) Tim en sizi Ira sti chieu dm W. 

36. GA P3  la khOng gian VOCRI gOm da thin; 0 va cac da that. f(x) c Rix] 

co bac fix) 5 3. 

a) Cluing minh rang hai h@ vccto 

a = I, a 2 = X, a = x 2, a 4 = X 3 ; 

- - 	 - 
p i  = I , p 2  = (x - 2), p, = (x - 2) 5 , p4 = (x - 2) 1  

In hai co Sa dia 

h) Tim ma Iran chuydn tit ca so tht3 nhiit sang cm sb thd hal: 

c) Tim Loa (10 c(a vecia 

Ei = x - 2x + I 

ddi voi co se, thd hai. 

37. Cho hai he vecto 

a l  = (0, I, 0, 2), a 2  =0, 1, 0, 	 I), 
(I) . 

a 3  =(1,2,0, I), a 4  = (-1, 0, 2, 1); 

13 1  = 0, 0, 2, -I), p2 = (0, 3, 0, 2), 
(2) 

13 3  = (0, I, 3, I), p4 = (0, -1,0, 	 I) 

trorig khOng gian vecto R4 . 
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a) Chang mirth eht ng la hai co sir cria R° . 

b) Tim ma Iran chuyen la ca s& (I) sang co so (2). 

c) Tim toa dB cila a = (2, 0, 4, 0) ddi veil co so (2). 

d) Tim Wart) Gila a doi voi co so (I). 

3$. Trong K - khOng gian vecto V, cho hg vecto doe lap tuyeh tinh 

a  , a2, 	 ' a 4 I' 

U la khOng gian con sinh bai { a, , a 2  , cr 3  I, W la khOng gian con 

sinh beh l  a 2 ' a t  ,a 4  I . 

a) Chang minh rang U n W co co sir gOm a 2 ' a l . 

h) Tim co.s& va s6 chitu et a U + W. 

39. Girl sir U va W lit hai khOng gian con alit khOng gian vecto V. Chang 

mini* rang V = U + W vh U n W = {0} khi va chi khi mot a e V có 

each bleu dien duy nhat dtrai dang & = (i 	 veri f3 E U, y E W 

Trong tnrbng hyp nay to ntii rang V la wing Inrc tiep cua hal Ichhng 
gian con U va W va via V = U QF) W. 

40. X6I R - khOng gian veer,/ R" cac ham sr; thut xac Binh Mal R. Dal E 
Et bO phAn cac ham s6 chrin va Fla be) Stan cac barn s6 le. Chang minh 
Eva F la nhang khOng gian con dm 	 RR  = E O F. 

41. Ka khOng gian vecto 	 (xein hai 40). 

a) Chang minh ham f : x eosx (WO,: E va ham g : x 1—* sinx thuOc. F. 

h) Chang minh khOng gian con E, sinh bin f data trong E va khOng 
gian con F, sinh beri g chera (Tong F. 

c) Chang minh 	 g I 13 mOt co sir city E, + F,. 

ch Trong R" xa ha ham sau day : 

• 
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h x 1--> sin (x + 1) 

112 : x i–> sin (x + 2) 

119 : x 	 sin (x + 3) 
Chang minh ching thuac E l  + F,. Chang minh fh b  113 ) On lap tuy6n 

tinh. Vidt 113 bidu thi tuyen tfnh qua h„ h 2 . 

e) Viat ma tran chuydn taco sb (f, .g 1 sang ca ser 	 M. 

Loi gili 

32. a) X& ma tran cua cat vecta a l  , a 2  , a 3  

0 0 1' 

A = 0 1 1 
1 1 1 )  

Ta c6 IAI = - 1 # 0. Vay { a l  , a 2  , a 3  ) la Inca co sei clia R. 
. — — — c6 . 

b) Ma tran cua {pi , f3 2 , X3 3 ) co dual thac bang 8, vay he vecta 
thanh lap mot ca ser cila le. 

33.X& ma tran cna { a l  , a„ a 3  

x 1 0 ' 

A= I x I 
0 1 x 

Ta c6 IAI = x(x2  - 2). Day la malt da anIc bac 3 c6 3 nghiem 0 va 
± V27. Vay Al# 0 lchi x khOng lay gia tri nghiam cna da auk. 

34. a) XS ma pan dm { a t ,  a 2  , a4  ) 

[1 

	 0 	 1 \  
A = 3 – 2 0 

3 0 – 2 

78 



— — — 
Ta c6 IAI = 10. Vay to eh thd Iffy a,., a 2  , a 4  } lam co sh cho R3 . 

h) Ta c6 the thy ngay 1 p, , p 	 dOc lap myth (nth va 13 3  = -2(3 1  + 

± 3 (32 ) P4 = 13 , - 5 13 , V4Y /Wig eila l 13, 	 ) b'ing 2, he 
weal khOng thd co mot he con lam co so cho R 3 . 

35. a) Tnr& Mt W x 0 vi (0. 0, 0, 0) e W- ivlih khac xet (a,), , . 4 , 
(b,), , e W vu 7r e R. Ta c6 

(a, a., a,, a4) + (1-3, b„ h,, 112) = (a, +11,, a, +11„ a, + b, a, + b4) e W 

vi 	 /(a, +13,)=Im +Lb, =0; 
I<iS4 

k(a„ a,, a,, m) = (ka„ 	 ka„ ka,) e W 

vi 	 ka, + ka, + aa,f ka, = k(a, + a. + a, + a4)= AM = 

b) Hidn nhien. 

c) Ta (My ngay 
	

- 	

a 2 

 - 

- a 3 

 - 

va ma (ran A cha 

I a l ' a 2 , a 3 

'I 0 0 – I 

A = 0 I 0 –I  

0 1 – 

c6 dinh thdc con chp ha niim 	 gac trai bang I. Vay c6 thd Iffy 

I a t a 2 ' a 3 ) lam co sit cho W, do de dim W = 3. 

36. a) Ta hilt mai 1(x) e P , 1(x) = 	 + a,x + tt,x -  + t,x3 , vide duy nhdtt 
dtroi (king 

1(x) = a l  + a, a 2  +a, rx , +a, 	 . 

Vay t a. , a 2  , a 3 , a 4  I la mat co sot &la P, gat la co sachinh thc. 
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Mat Ichac, ap dung cOng thac Taylor cho f(x), ta có 

f(x)= f(2) + 
f'(2) 

 (x 2) + 
f"(2)(x 

 2)2  + 
f"'(2)(x 

 —2)3 
' 	 1! 	 2! 	 3! 

va clang tren la duy nhit. Vay 114 weeks 

PI = 1,  F2 = - 2,  Pi = (X - 2 ) 1 , P4 = (X - 2)3 1 

la mot co so cila P. 

b) Ta co 

P = a 1  

1, =-2a 1  +a2  
— - 
P 3  =4a 1  -4a 2  + a 3 ((x- 2) 2 =4 -4x+x) 

p4  = -8a, + 12a 2  - 6a, + a 4  ((x - 2)3 =-8+ 12x -6x2 +x3 ). 

Vay ma tran T chuydn la co sit a 1  Hang co Salp i  1 (xem §1, 1.10) 

Id 

'1 —2 4 —8' 

I —4 12 
T = 

(P 1 —6 

(1 0 0 I 

cl) Theo (I) iaa do cua f x) = x' - 2x + I dii vdi co so 1 T31,, 	 a 

1 .(2)= 5,  t.,(2) - in,  r (2) 	 6  f"'(2) 	 1.  

37. a) Tinh dinh thtic cua czic ma Iran lam thanh b âi Ite. (1) va (2), ta Idn 
lout có 2 va IS. Vay (1) vi). (2) la hai co so dm R4 . 

h) Dd tim ma. tam T chuytin tir ar so (I) sang co n56 (2) ta phai Ian 

hro tim tca do cna cac P i  qua co sit (I) . Gni sir ta 
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13 3  = (I, 0, 2, -I) = 	 I, 0, 21+ A.,(1, 1, 0, 11+ 

+ XXI, 2, 0, 11+ X„.(-1.-, 0, 2, 1) 

Ta di tfii he phrrong trinh Cramer ddi voi A, : 

A2 "I- 	 - 	 = I 

	

A. X, + 2X, 	 =0 

= 2 

	

2k, + X2 	 X,+ )r4 = -I 

Gal he plaiting trinh, ta dace 13, = -2a, + 2a 2  + ()a l  + a 4  . 

Tien hanh ttrong at ddi vol clic p , cnn lai, ta dace : 

(i2 = a 1  -2a 2  +2a 3  +0a 4
, 

_ 3  ____ 
p, = -a, +cr 2  +-2 a 3  +-2 a 4  , 

_ _ 3— 3 
134 =

22 
 +-a, - 

2
-a, +Oa, . 

Wry ma Iran T la : 

	

_2 	 I -t 	 - 
2 

	

2 -2 	 1 	
3 

2 

	

0 	 2 	
1 	 3 
- - - 

	

2 	 2 

	

I 	 0 = 	 0 
2 

d) Lan arong Iv nha bong h), ta dace 

Et =(2,0. 4,0)= -3a, +5a 2  - a 3  +2a 4 . 

Vay toa dO cila Cr ddi v6i ar sO (I) la -3, 5. -I, 2, 

T= 

6.BTOSTT-A RI 



c) Bat e„ 	 ‘; 3 , 	 la cac Ica do cUa ai deli vei CO so (2), ta doge :- 

	

(2, 0, 4, 0) = 	 0, 2, -I) + e,(0, 3, 0, 2) + c,(0, I, 3, 1) + 

e,(0, -I, 0, I) 

To do ta duce m& he Cramer 651 vOi 	 , he cho ta 

= 2, 	 = 2/5, 	 = 0, e, = 6/5. Biet ma Iran chuydn 	 se, (1) 
sang co so (2) va hi& cac toa do cila d doi via co sir (2), ta co th6 vi6t 

cac toa do 	 dm d ddi vai CO so (I) the() car; cOng that cho 
hung (§1, 1.11): 

= -2c1+ c2-4's 	 = -4 + 2/5 + 3/5 = -3 

, 	 3 
= 	 2e2 	 c ' 3 	 = 4 - 4/5 + 9/5 = 	 5 

3 
= 	 I 	 2c2 1-I  c '3 - —

2 
c = 4/5 - 9/5 	 = -1 

=e,+11e 2 + 
2

e, +tc.,=2 	 = 2 

Ta tim lai cac tom do cita d ma ta da tiro thify bang each bidu dien 
Inn; ti6p qua co so (I) , didu ma ta da trinh hay tong d). 

33. a) Trait hdt ta 06 a2 , a 3  e Ur W. Mat khac,giasv S eUn W, 

th6thi P  e U va e W. 

V45,  ta co : 

=x,a, +x,a 2  + x,a, , X, E K, 

p = y,a 2  +y,a, + y,a 4  ,y, e K. 

Tar v6 vOi v6 cac ding (Mc yen, ta &roc : 

0 =x,ct i  +(x,- ya)a 2  +(x 3 -y„)a, -y,a 4  

&hang hi) VOCtO a, ) 	 la dee lap tuyeil tinh, nen ta phai co x, = 0, 

' X2 = y2, X3 = y3, y4= 0. 
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Vay moi p eUnW c6 clang 

= x 2 a 2  x, a , x, E K, i = I, 2. 

Them nib j a 2  , a, 1  la dOe 14p tuyeh tinh vi la N con eita mOt 114 

dee lap tuyeh tinh (xem §I, 1.6,114 qua I), vay j a 2  , a 3 j la, mQt co so 

cua U n W. 

h) Gia sir p e U + W, p se hi t6ng cua hai veeto E + 

Wri e Uvaij e W . Vay p se co clang: 

= )( r a j  +x,a 2  +x,a 3  +y,a 2 +y,a 3 -FY4a 4  

fi 

= 	 + (x 2 + y2 )ot 2  + (4 3 + y,)a 3  + 

Nhtr vay moi p e U + W la mOt Ih hyp tuy6n tinh ena a l  , a 2  , a 3 , 

a 4  , ma eac vector nay lai ClOc lap tuy6n link. V4y chimp 14p thanh mot 

co so city U + W. 

39. Oa si.c co V=U+WvaUnW=(.Oj.Maid e V co th6 viet dual 
clang 

(I) 	 a = 13 +y ;OeU,T, EW 

Oia sir to con 06 : 

(2) 	 = + 	 ; 	 E U , E W 

Trit ve  volv6 cac tang thtle (I) va (2): 

6=(P -fr)-F(v -?) 
hay 
	

in 5 -15; =-0; 

Ni4y - 	 va - 	 UnW= 	 I 	 dO = va 	 y' 

hay (I) la dung duy nh6t dm a . 
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Dan lai gia sir . (I) la dang duy nhat elm ti yin myi a e -V. Xet 

a E U n W. Ta co a e U va a e W; vay taco Md. via a duet hai 
clang 

a=d +0 ;a e U, 0 E w 

= + Et ; e U,.d c W. 

VI Et chi c6 mQI clang duy nhut dtrOi t6ng elm hai vecto, mnt thuOc U 

va mot thuOc W, cho nen to pha'i co d = 	 nghia 13 U n W = { 

Khi V = U + W va u n W = {0} ngtren to not V la tong true dip cna hai 

khOng gian con U vii W, va vita V = U ® W. 

40. Tnr& ha E va. F khac rtIng vi char-1g ban to c6 ham 1: x cosx thuOc 

E va ham g : x sinx thuOc RUA sir co 1,, Fe Evaa.e R. Ta c6 

(f, + f.)(-x) =1,(-x) + f.(-x) = 1,00 +1,,(x)= (1, + 11)(x), 

Al,(-8)= A(11(-x)) = X(f ,(x)) = At (x) 

yin myi x e R. Vay f, + f, e E va 	 e E, do do. E lit mitt khOng gian 
con. Chang mirth tang tir ta co Fla myt khOng gian con. 

Gia sir f e RR. Han) 

2 
— (f(x) + f(-x)) = h(x) 

hidn nhien thuOc E, va ham 

xH 
2 
— (1(x) - I(-x))= k(x) 

thuOc. F. T0 de to co 

1 
1(x) = — 2 (1(x) + 	

2 
+ — (1(x) - 0-x)) = h(x) + k(x) 

Vay RR  = E + F. Mat kink xet IE En F. Ta c61 E E va f e F, vay 

1(x) = f(-x) 

1(x) = -0-x), vol myi x e it. 
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Cong vd vat vd, to dude 
2f(x)= 0 

hay 	 f(x) = 0, vOi moi x e R. 

5/:ly htun f la ham 0, ta suy ra E n F= 101, va RR  = E Et) E. 

41. a) Ta ce cos(-x) = cos(x) yea moi x E R, va sin(-x).= -sin(x) vdi moi 

X E R, vay f e E va g E F. 

b) Ta co E, = 1X1 IX E R) va F,= 1 pg I µ E RI (xem bai tap 14). Ttr 

dO et') thd thgy E, c E va F, c F. 

c) VI E n F = 10) nen E, n F, = 101. Cho nen tong E, + F, la tong 
age tidy. M61 h E E, + P, sc vidt duy nhtlit dutli clang (xem bai 39) : 

h = if + pg; XI E E,, tg e F,. 

Didu do chang to 	 g) 13 met cn sb cua E, + El. 

d) Ta Ian lugt co : 

sin(x + I) = sin I cosx + cos I sinx 

sin(x + 2) = sin2cosx + cos2sinx 

sin(x + 3) = sin3cosx + cos3sinx 

via mei x E R; vay 

h, = (sinl)f + (cosl)g 

h, = (sin2)I + (cos2)g 

ft, = (sin3)f + (cos3)g 

hay h,e E, + F„ i = 1, 2, 3. 

Xet ma Iran cac tea dO cua h, va h, d61 vol cd sc's If, g1 : 

'sins sin2` 
T = 

^cosl cost, 

Ta co ITI = sinlcos2 - sin2cos I = sin(-I) s O. 

Vay 1h„ h 2 1 la &X lap tuydn tinh, cho nen (h„ h 2 ) thanh lap met cd 
sit coa E, + F,. 
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Vi (h„ 11,) la mOt co sit, ntin ton (al A.,, A., e R day nhal 

sin(x + 3) = X i sin(x + I) + k,sin(x + 2), VX E R 

Dao ham hai 	 tImyc : 

cos(x + 3) = A.,eos(x + I) + X,eos(x + 2) 

Khi x = 0, to duce : 

sin3 = A.,sin I + k,sin2 

cos3 = X i cos I + 2.,cos2 

Day la mcit he Cramer den yea 1. 1 , X, ma nghiCym la -1 va 2cnsI . 

Vay sin(x + 3) = -sin(x + I) + 2eos I sin(x + 2), nghia la 

h, = -h, + 2h,Eos I. 

e) Ma tran tic co si& if ;  g) sang co sO h 11 2 1 chinh la ma (ran T 
bong d). 



Chriong 

HE PHUUNG TRINH TUYEN TENH 

§1. TOM TAT IS THUYET 

Chi sir K la mOt truang ; to d4t vin de gidi hG phuong trinh tuy6n tinh 
vol m phuong trinh van an tren K : 

(I) 	 kx, + a,,x 2  + ...+ amx„= b, (I SiSm). 

HG (I) the to ma trail A eac hC s6 
. a

ll 	 a lt 	 a in  

	

A= all a 22 	 a 2 
••• 

a 1 1 	
a 1412 

vu ma tran b6 sung B 

a ll 	 a 12 	 1— 	 a  In 	 b i 
a21 	 a 22 	 •••, a 2n 	 b 2  

	

4.. 	 ... 

a nd a mt 	 a inn 

Ta goi S la tap hop et: (x„ x„ , x i) E Kn  thaa man h6 phuong 
Irinh (I). 

1.1. Dinh Ifr Kroncckcr - Oman 

S # 0 <#. hgA = hgB. 

• 

B 
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Nhu vay khi cho he (1), nEu hgA x hgB, ta not ngay (I) v0 nghiem ; 
n6u hgA = hgB, ta se giii he planing trinh ( I ). 

1.2. Cach gal he (1) (ta phai char than ce hgA = hgB thi mica dat van 
dill giai) 

1.2.1. He phuong tfinh la vuOng (n = in) va IA1 # O. Trong truing hop 
nay la c6 -mot he Cramer, (1) chi comet nghiem duy nhSt cho ben quy 
Mc Cramer ma ta dal bi6t trong chtroug 1. - 

1.2.2. Turing hop tong quat. fiat r = hgA, rki lit cap it mot dinh 
Mot con A lay ra N A sao cho gi5 tri cila no Ichac 0 va moi dinh thfic con 
cap r + 1 lay ra M A va chira A deu bang 0. Cdt dOng cila A xac dinh cac 
phicong trinh chinh, cac cOt cfm no xac dinh cac on chink cac phuong 
trinh va an con lai, nen co, la khOng chinh. He (I) lac d6 Wong dmmg 
viii he gem r phirong trinh ehinh ; ta cho nhitng gia tri thy y cho (n - r) 

khOng chinh, tiep do ta giai m01 he Cramer d61 yin car an chinh trong 
cac phuong trinh chink. 

Chu y, trong that ti8n, rigtrOi ta Muting dung phuong phap Gauss kith' 
din cac an s6 dd xem hgA co hang hgB va nen cluing bang nhau thi bat 
day giai Oren mot he don gian hon he dau tiOn vi mot s6 Sn cla hi khir, 
dieu thueng lain i trung hgc). 

1.3. Truing Ng, (Inc biet : he pinning trinh tuyeh tinh thuan nhat (b, = 0, 
i = 1, 2, ..., m) 

Trong truang hop nay s la mot khOng gian eon cila co chiSti (n - r). 
M6i co sa elk S gyi trt mil he nghiem co ban. Nhir vay ta chi can hilt 
mOt he nghiem co ban (gOm n - r nghiem), cac nghiem khac so la eau t6 
hop tuyln tinh caa hg nenern co ban. 

1.4. Quan he gift nghiem cim he (1) va he phuong trinh toyer. tinh 
thmin nhat (2) dutyc tit (I) bang each tint cac b, = 0 

Goi S, la tap nghiem cua CO. S, la tap nghiem caa (2), va y , ES,- 
The. thi 

S, = ly, + y, I  y, E S21. 
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§2. BAITiNP 

01g11 KIEN TON TN NGH1SM 

1. He pinning trInh nao sau day c6 nghiem 1 

2x 1  + 3x 2  =5 

a) 3x 1  + x 2  =4 
IIIlll
llllll x 1 + 	 x 2  =2 

{x

1 — x 2 + x 3  —2x 4  =1 

h) x 1 — x 2  + 2x 3  — x 4  =2 

5x 1  — 5x 2  + 8x 3  — 7x 4  =3 

2x 1  +2x2 - 3x - 4x 4  = 1 

2x — 2x 2 + X 3 - X4 = 3 

x i  + 2x 2  — 3x 3  — 4x — I 

2x 1  — x 2  + x 3  — x 4  = 2 

x i  + 3x 2  — x 3  +2x — 1 

4x 1  — 4x 2 - 3x 3 -- 3x 4 = —7 

2x i  +3x 2  + 3x 3  — 3x 4  + x 5  =10 

+ x2 — x 3  — 5x 4  + 7x 5  =1 

x 2  +2x 3  +4x 4  — 8x 5  =2 

4x 3 + x 4 — x 5  =3. 

2. Cluing minh Binh H, muc 1.2.b), § 1 . 

3. Tim dieu kiQn can va du d@' he plunmg trinh sau c6 nghiem :   

x + ay + a 2 z = a3 

 x + by + b2
Z = b 3 

x+cy+c 2 z=c 3 . 

a) 

ax l + x 2 4- x 3 = 1 

X I + ax 2 + X 3 = 1 ' 
x 1  + x2 +ax —      
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4. Giai can ht Sarong trinh San : 

a) 53x
1  +2x 2  + x 3 - x 4  - x 5  =7 

2x 1 +3x 2 + x 3 =1 

4x 1  + 6x 2  5x 3  =2 

6x 1  +9x 2 - 4x 3 =2 

+ x 2  - x 3  + X 4 = 0 

2x 1  + 2x 2  + 5x 3  -3x 4  = 

7x 3  -5x 4  =- 1  

3x 1  + 3x 2  +4x 3  -2x 4  = 3 

3x 1 + x 2  -2x i3  + x 4 - x 5 =1 • 

2x 1  - x 2  + 7x 3  - 3x 4  +5x 5  =2 

x i  +3x 2  - 2x 3  +5x 4  - 7x 5  =3 

3x 1  - 2x 2  + 7x 3  -5x 4  +8x 5  =3 

x i  - 2x 2  +3x 1  - 4x 4  + 2x 5  =-2 

x i  + 2x2 - x 3 	 - x 5  = -3 

x 1 - x 2  + 2x 3  - 3x 4 	 = 10 

x 2 - x 3  + x 4  - 2x - -5 

2x 1  +3x 2  - x 3  + x 4  + 4x 5 -- 

x+ y+ z=I 

ax + by + et =d 

a 2 x+b 2  y +e• 2  z=d 2  

5. Via phuung !firth dating trOn di qua ba di6rn M,(2, I), M 3(I, 2), 

M 1(0, I). 

2x 1 +3x 2 +2x 3 -2x4 - 2x 5  =R 

d ) 

I) 
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6. Tim Sc 

	

	 a, b, c, d de JO thi eua ham se( 

y ax 3  + bx 3  + ex + d 

di qua bon digm 	 MO, -I), Ms(-1, -2), M4(2, 7). 

7. Trong R 3  cho hai co sO : 

E l  = 	 0), 6 2  = (0, I, 0), 8 3  = (0,0, I) 

vu 	 = (2, 	 3), E 2  = (-3, 1, -2), C I 3 = (0, 4, 5). 

Hay tim ma Iran choydn 18 co sO thti final sang co sir tha hai va tim 

Ina dy (Am a = (-I, 2, 0) ddi Vol CO sOr iha hai. 

8. Trong R 3  chi) hai co sir : 

E l  =( I, I, -I), E 2  =(I, I, 0), e 3  = (2, 0, 0) 

vu 	 E 1  = ( I, -I, 0),' £' 2  = (2, -1, 0), e', =(I, 1, -I). 

Tim ma Iran chuydn tic co so 08i nhat sang co sot dui hai. 

He PHUONG TRINH TUYER TINH THUAN NHAT 

9. Gifu cac he pinking irinh : 

3)( 1  -4x 2  + x 3 - x 4  =0 
a) 

6x 1  - 8x 2  +2x 3  +3x 4  = 0 

x i  - 2x 2  + 3x 3  - x4  =0 

x 1 + x 2 - x 3  +2x 4  =0 

4x 1  - 5x 2  + 8x 3  + x 4  = 0 

x i  + 3x 2  - x + 4x 4  - x 5  =0 

x i +3x 2  - x 3 + x 4  +x 5  =0 

2x 1  +6x 2  -2x 2  + x 4  

lx i  +9x 2  -3x 3  + x 4  +x 5  =0 

b)  

c)  
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2x i  -x2  + X 3  +3x 4  =0 

X ] + X 2  +3X 3  + x 4 =0 

4x 1  +x 2  +7x 3  +5X 4  = 0 

5x 1  -x2  +5x 3  +7x 4  =0. 

10. Tim h0 nghis?rm ctr ban (Mahe. phasing trinh : 

x i  +x 2  -5x 3  - 3x 4  =0 
a) 

	

h i  -x2  - x 3 	 =0 

X /  -2X 2  +X 3  - 4X 4  4 X 5  =0 
b) 

2x i  -4x 2  -x 3  + x 4  - 2x 5  =0 

-2x 1  +x 2  + x 3  - x 4  =0 

c) x 1  -x 2  - x 3  - 2x 4  =0 

5x i  -x 2  - 3x 3  - 2x 4  =0 

x i  - 6x 2  - 2x 3  +x 4  +x 5  + x 6  =0 

3x i  -12x 2  - 6x 3  +x 4  + x 5  + 3x 6  =0 

x t + 4x-2 - x 4  + x 5  - =0 

	

3x 2 	 - X 4  - X 5 	 =0 

	

x i  + x 2  - 3xi 	 =0 

x i  - X 2  + X 3  +2X 4  = 0 

2x 1  + x 2  - 4x 3  -3-x 4  =0 

x 1  +2x 2  -5x1 -x 4  =0 

X /  +x2  + x3  - 6x 4  - 12x 5  +3x 6  =0 

x i 	 + x 3  - x4 - 5x 5 	 =0 

	

x 2  +X 3 	 - 3x 5 	 =0. 

II. Vol mea he phuong trinh tiring bai tap 9, hay tim mot co s& &la 
khong gian cac righiQrn. 

r1) 

el I 

c) 
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12. Cho he wet(' trong khOng gian 

a t  = (-1, 2, -4), a 2  = (2, I, 5), a, = (12, I, 33). 

Hay tim cac ad x„ x,, x, sao the 

x l a I + x 2 a 2 -FX 3 a 3 =0. 

13. Trong khOng gian vecto eho he veeld : 

a t  =(I, 1,1, I); a 2  =(2, 2,2, 2), a, =(3,0,-1, I). 

Hay biem thi a 4  = (-12, 3, g, -2) qua hC vector da cho. 

LUi girl 

I. a) Ta e6        

2 3 5 

3 1 4 

1 	 1 2   

3 I 

1 
=2 ya =          

(eCii 3 LI king et alit I v1 cOt 2) 

Vary hgA = hgA = 2. Ta co ihd lay hai phtrang trinh cu di lam phiumg 
trinh chinh, do la mOt he Cramer, no cho la mot nghicini day nhdt. 

h) Ta xdt cdc phep hiCn ddi sau day tren Laic ma trail A va R :- 

1 

1 

5 

'I 

0 

,0 

-1 

- I 

-5 

-I 

0 

0 

1 

2 

8 

1 

0 

1 

-2 

- 1 

-7 

-2 

0 

I 

1) 

2 

3 

2 

1 [11)  ( 

-1 

0 

0 

1 

1 

1 

-2 

1 

I 

I 

I 

- 

-> 

Wry to di tai he phiumg trinh untng during yin hg da cho trong do mOl 
Outing trinh cua hC : 
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Ox, + Ox, + Ox, + Ox, = 2. 

Hi& nhien met he nhu vay 	 c6 nghiem. Tren ma Iran eaten chng 
ta c6 the 	 : 

2= hgA x hgt1= 3. 

c) Thing trtrong hop. nay ta c6 : 2 z hgB hgA. Nhung ta thin (hay 

ngay hgA = 2. \fay hgA = hgR = 2. He phmmg trinh c6 v6 s6 nghiem. 

d)ei day ta cu IAI # 0 ; vay he phut-mg trinh la Cramer, c6 met 

nghiem dtty nhat. 

c) Tat csi hgA = 4, do Binh Mk con nam h plc trali khac 0. Mat khac, 

4 hgB hgA. \Tay hgB = 4 = hgA. He phtamg trinh c6 v0 s6 nghiem. 

2. Xet met he phudng Binh Myer' Mai tren met otremg K 

a,,x, + 	 + amx„ = b, 

	

a,,x, + 	 + a x„ = b, 

	

+ 	 = 

a„,x, + 	 + a„„,x„, = h„, 

a) Bay gib ta hay xet he phtrung Binh (2) saw day, nhan duuc hang 

each dot ch6 hai phtrottg Binh th(r i va Bid k cho nhau : 

a„x, + 	 + :titan = 

at ,x, + 	 + a„„x„ = h, 

(2) 

au x, + 

a„„x, + 	 + ac„ = b„, 

( I) 

94 



Hai he phtumg trinh (I) va. (2) chira cac phtrung Irinh nhtr nhau, hidn 

nhien nth (c,, c„ e K" nghiem (I) thi no cling nghiem (2) va (Trio 
hai. Vay (I) va (2) ttrong chrong. 

h) Vet he (3) sau day than duct fir (1) hang each nhan hai v6 tha 
phtrong trinh thu k vol 1) # X e K: 

a„x,+ 	 + a,„x n =h, 

Xa„,x, + + Xri"x„ = 3.b 

an„x, + 	 + an„,x„ =1)„, 

(I) va (3) chtia the pinging trinh y het nhau, trir hai phuong trlth th6 

	

k khric than bOi than lir X # 0. Oita sir (c,, c,, 	 ;) e K". The" thi no lit 
nghiCm dila (1) khi va chi khi no In righith, cad (3). That vay : 

a,,c, + ...+ ty„.;„ =b k  <=> X(a,ct + + ak„c„)= Ab, 

vi A # 0. 

c) Cueri ding xei he (4) sau day nhan duct tit (I) hang each than hai 
v6 dui [mong Irinh thd k vii 0 # A e K r61 (Xing, vC wir v6, vao mot 
phtamg [drill Ihdi dia he : 

a„x, + 	 + a,„x„ = b, 

(a„ + 	 + + (a,„ + Xakdx„ =II, Ab, 
(4) 

,x, + 	 + ak„-x„ = b, 

	

a,,,, 	 + 	 + 	 = b„, 

(1) va (4) chin ctic phtrong trinh y het nhau tit hai phut -mg Irinh thu i. 
GU sir (c„ v„) e la mot nghiem ciia (1). Th6 thi to co the kto 
the() sau : 

Ia n ; +...+a,„c„ = hi 

a c + +a c =b 
kl I — kn 1) k 

(a„ + 	 + + (a„, + Xak„)c„ = h, + X.h„ 

(3) 
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{

(a,,, -3- Xa k dc, +...+(a 	 ka kn  )c. n  =h 1  + Xb k 
a lo e, ±...+ a kn e n  =h i, 

a„c, + ... + t„,c.„ = h, 

(do ta than clang thde thd hai vai X Sir trer, vd yr% vd, vao clang thdc thd 
nhat). Ta than xth 6 day ta khOng can ddn gni thidt X # 0 nhu trong b), 
nhung A. = 0 (hi (I) va (4) y NI nhau 161 ca [ha III ViS, trong khi mike 
did, dm vier lam la tan ra (4) khac (I), vdi s6 an 6 phuong trinh thd i 
hot di. 

3. a) Ta ed IA1= (a - 1)2(a + 2). 

Triferng kip I:  a # I va a # -2. HO phddng trinh la Cramer, c6 nghiem 
duy that. 

Truthig hop 2: a = L bI6 phtrong Ifinh trd thibth m6t he ed 3 phuung 
trinh giOng nhau va hang phtrong trinh 

x. + + x 7 = I 

dude all la phuong trinh chinh ma ta e6) thd lay x, la an ehinh. Trong 
tnrdng hip nay cd vd s6 nghiem. 

Trithttg hop3 : a = -2. HQ phuong *doh trd 

-2x; + x, + x,= I 

x, - 2x 2  + x,= I 

x, + x, - 2x, = I 

vii hgA = 2, hgli = 3. He phmmg trinh khOng c6 nghiem. 

Kilt Man : he phtrong trinh cd nghiem khi vu chi khi a # -2. 

h) Cling lam thu a), tnrde .hdt ta tinh IAI = (a - b)(h - (e - a). 

Trtiong kip I : a, b, c dOi nuit phan hie. Ta Co mi)t hp Cramer vol 
nghiim duy nhat. 

ireing Op 2 : a = h, a # c. He phasing trinh thu gyp Iai thallh 

x+ay+a 2 z=a 3 

 x+ey+e2 z.=c 3  
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phtrcmg trInh Id Cramer (161 vUi x, y chang ban. day to c6 v6 sd 
nghiem. 

Tritong hop 3 : a = b = c. He phuong trinh chi con : 

+ ay + a3%= a3  

Ta co thd lay x lam an chinh, he phtrcmg trinh c6 v6 s6 nghiem. 

Vay he phtrong trinh c6 nghiem voi moi (a, b, c) e K 3 . 

4. a) Ta có the lay x, vii x3  lam an chinh, lit do to dime : 

{

x, =6-4x 1 
 x3  =-5 +5x ]  H-x,, +x 5 

 He phumig trinh co v6 sd nghiem khi gan cho x„ x,, x, nh[tng gia In 
thy 9 lay trong K. 

h) Ta c6 : 

2 	 3 	 1 

4 	 6 	 -5 

6 	 9 	 -4 

1` 

2 

2 )  

-4 

. 

'2 	 3 	 1 

6 	 9 	 -4 

6 	 9 	 -4 

I' 

3 

2 

-> 

'2 

0 

%. 6 

3 	 I 

0 	 0 

9 	 -4 

I 

1 

2  

Vay he phtrong rInh vO nghiem. 

c) Ta c6 : 

1 	 I 	 -1 	 i 0' ' I 	 I 	 -I 	 I. 0 
2 	 2 	 5 	 - 3 0 2 	 2 	 5 	 -3 0 
0 	 0 	 7 	 - -1 0 	 0 	 7 	 -5 

n 3 	 3 	 4 	 -2 3 ,0 	 0 	 0 	 0 3 

He phuong ninh vO nghiem 

cl) hgA = 3, hgB = 4. VC) nghiem. 

' 1 	 -2 	 3 	 -4 	 2 -2 0 	 0 0 	 0 	 0 -17' 

1 	 2 	 -1 	 0 	 -1 -3 1 	 2 - 1 	 0 	 -1 -3 

e) I 	 -I 	 2 	 -3 	 0 10 - 1 2 	 -3 	 0 10 
0 	 1 	 -1 	 I 	 -2 -5 0 	 1 -1 	 1 	 - 2 -5 
2 	 3 	 -1 	 I 	 4 1 „2 	 3 -1 	 1 	 4 1 

7-BTOSTT-K 
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Bang thtf hai suy ra tic hang MU nhat hang each thin &mg OM ha vdi 
- I , clang thi to vOi I, nii cOng cluing van dong thri nhat. H@ phuong trinh 
yo nghiem. 

t)Ta co IA1= (a - b)(b - c)(c - a) 

Truing hop 1 : a, h, c d6i met phan biet. Ta c6 met he Cramer itui 
nghiem 

(d h)(c d) 	 (a - d)(d c) 	 (h - d)(d - a) 
x = 	 , - 

(a - b)(c - a) 	 (a - h)(b - c) 	 (h - c)(c - 

Tracing hop 2 : a = b ; a, c, d del met phan hiet. Trong tnrong hop 
nay hgA = 2, hgB = 3. Hq kb:mg c6 nghiem. 

Truing hop 3 : a = h, a # c, e = d. HgA = hgB = 2. He pinning trinh 
la Cramer d61 vat y, z : 

y+z=1-x 

ay +cz = c ax 

Ta ductc y = -x, z = I. He co v6 s6 nghiem khi to gan cho x Wing gia 
in thy 9. 

Datong hop 4 : a =b = c, a # d. HgA = 1, hgB = 2. V6 nghiem. 

Twang hop 5:a= b=c=d,HgA=hgB= 1. Ta dime: x=1 -y -z 
ydi y, z lay gia tri thy y. 

5. Phut-mg trInh duZmg nen ca dang : 

x 2  + - 2ax 2hy + c = 0 ; a,h, ee it. 

Vi timing (rem di qua ha diem M,(2, I), M 2( I, 2), Man, I) nen ta 
douche phuong trinh sau day d61 vtii a, h, c : 

{4a + 2h -c =5 

2a+411-c=5 

2h - c = I 

He phtrcmg trinh la Cramer, chi, to met nghiem duy nhat : a = I, b = 
I, c = 1. Vey phoung trinh dm throng iron la 
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(I) 	 - 	 x 2 +3, 2  - 2x - 2y + 1 = 0 

ma ta con et-) the viet nhu sau dd lam nSi bat tam va ban kinh cua dudng 
trim 

(2) 	 (x - 1)2 + (y - 1) 2 = I. 

Nifty tarn la didm (I, I) va ban kinh bang I. 

Ta ding co thd c6 ngay phuong trinh dtrinig trim nen ta xet tam giac 
M,M,M, : 

Y 

0 

Tren hinh ve ta (hay ngay tarn gilic la vuOng va an, &Ong trim di 
qua M,, M„ M3  than didm gifra (1, 1) dm M,M, lam tam va c6 ban kinh 
hang I, tit d6 ta c6 phuong trinh throng Iron Judi thing2). 

6. a= I, b = c = 0, d = -I. 

7. Ma tran T chuy6n ti en sit 	 nhat sang en s6 tar hai chinh 13 ma (ran 
ma car: cOt la cac toa dO curl cad vectri thuOe en s& Iha hai ddi vii he en 
sir chinh tad, cho nen ta co ngay 

2 -3 0 

T= -I 	 1 4 

3 -2 5 

Ta co cac toa dQ dm a ddi v n co sb thri hai la -17/25, -3/25, 9/25. 
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8. Gill sir x„ y„ z, ; x 2 , y„ z, ; 	 y, la tya dO cita 	 hilt Gee vecto 

6',,e' 2 ,e' 3  d6i viii co ser le,,e 2 ,8 3 1. The Ihi x,, y,, z, la nghiem cua 

he Cramer 

x, + y, +2z, = 1 

x, + y i 	 = -I 

-x, 	 = 0  

Cling vay, x„ y„ z, la nghiem cna he Cramer 

- x2  + y2  + 2z, = 2 

X 2  + y, 	 = -I 

-x, 	 = 0 

Cu6i ding, x„, y,, z, la nghiem cna he Cramer : 

x, + y, + 2z, = I 

X3 1- y, 	 = I 

-x, 	 = -I 

Lan lug( giai ha he pht ong trinh Cramer del, la (hay x, = 0, y, = -I, 
z, = I ; x 2 = 0, y 2 = -I, z, = 3/2 ; x, = I, y, = 0, z,= 0. Ta chn ta khOng 

can vi6t he Cramer thit ha de giai vi c, = a , the nen to co the vier ngay 

e 3  = La 1  +0e, + Os 3 , do dO x, = I, y, = z, = 0. Mat thee, ca ba he 

phoong trinh deu c6 ma Iran cac h¢ s6 ma cac a)l la cat: tya do cua cac 

vecto E i , E 2 , E 3  Va cOt the X6 hang ity do Ian Itrol la the tea do dui the 

verso 	 e., e (.16; vOi he co s6 chinh tac). Ta c6 the viet ba he 

phaong trInh duel clang ma Iran nhu: sau 

112 

I 	 I 0 

— I 0 0 
• 

CM 9 nay gitip la thne hien nhang phep hien deli tren ma Iran tren de 
giai sung Inc ha he phuong 

2 

-1 -1 

— 
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Ma ran chuydn to ca s& tha nhal sang co sO Ihrl hai 13 : 

0 0 I' 

—1 —1 0 

I 3/2 0 

9. a) Ma train cac he s6 co eh tilde con cap hai : 

1 —1 

2 	 3 

Ta có the lky x, va x, la MI chinh : 

{

x, - x, = -3x, + 4x, 

2x, + 3x, = -6x, + 8x, 

TO do : 

x, = -3x, + 4x, 

= 0 

HC phoong trinh co vO sea nghi'em khi to grin cho x,, x, nhcmg gia tri 
khong gian cac nghiern 0 day c6 s6 chi6u n - r = 4 - 2 = 2. De c6 

MO cif sO cirri khOng gian nghiem, Ia My gain cho x,, x, cac gia tri (I, 0) 
vu (0, I) chang hart, to throe moil co six lam ben cac vector sau day (he 
mhigin co ban): 

(I, 0, -3, 0) 

(0, I, 4, 0) 

h) Tel hay thvc hien nhaing phep hi& dCii :Oen ma Iran cac h@ sd: 

—2 3 — ' 	 5 —7 11 

1 	 I —I 2 => —7 11 —17 0 —> 

4 	 —5 8 1, 4 —5 8 1, 

5 — 7 II 0 ' 	 5 —7 11 0 

—2 	 4 —6 0 —1 2 -3 0 —> 

4 —5 8 1 4 —5 1 

= 5 s0 
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10 

-7 

4 

- -> 	 1 

[3 

4 

-14 

14 

-5 

0 

2 

-5 

22 

-21 

8 

I 

-3 

8 

0 

1 

0 ' 

0 

I, 

-+ 

3 

-7 

4 

0 

14 

-5 

I 

-21 

8 

0 v  
0 

I, 

Tren ma tran cu6i ding ta than ngay hgA = 3. Ta c6 the.  lay x„ x„ x 4  
lam in chinh, va On cho x, nhCmg gia Ed thy 9. KhOng gian ngh4m & 
day 06 chiau hang 1. Giai he phuong ttinh 661 vOi x 2 , x„ x,, to duet : 

x 2 = -4x, 

x, = -3x, 

x 4 = 0 

Can cho x, gia tri I, ta duct mot co so chi c6 milt vecto da khOng 
gian nghiUM : 

(1, -4, -3, 0). 

Cie nghihm•khac caa hC,2 Outing Oinh se co clang 

X(1, -4, -3, 0), X e K. 

c) Thu(' hi@ri n111:flag pilau bith 661 trial ma tran tae he s6, ta dint 
ma Iran : 

'I 3 -1 4 -1` 
2 6 -2 5 0 
I 3 -1 0 0 

13 -1 0 0,, 

Vay hgA = 3. Ta cu the lay x„ x„ x, lam an' chink va gan cho x,, x i 
 nhftng gia tri thy 9. Ta dirge : 

x, = x, + 3x, 

x, = 0 

x, = 0 
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KhOng gian nghiem có chieu bang 2, ma mei co 	 Cia no lh 

(1, 0, I, 0,0), 

(0, I, 3, 0, 0). 

10. h) Bien ddi ma trhn cat: he só 

I -2 	 l -4 	 I) 	 11 -2 I -4 	 I 

,2 -4 -1 	 I - 2) 	 -6 0 -3 -1 

Lay x, va X3 lam an (Minh, 121 dtnt : 

x 3 = -4x, + 8x, + 7x, 

x 5 = 3x, - 6x, - 3x, 

MOt he nghiem co ban 

(I, 0, -4, 0, 3), (0, I, 8, 0, -6), (0, 0, 7, I, -3) 

d) Sau khi bien dcii ma tran clic he so, ta dtnt 

1 -3 -2 	 0 0 

1 -3 -2 	 0 0 	 I 

I 	 7 	 0 -2 0 -I 

0 	 3 	 0 -1 -1 

Ta hay lay x,, x 5 , x, lam an chinh, ta dupe : 

= x, + 2x, - x3 

X3= -Xi +. X2 + X3 

X0 = -XI 3X2 ± 2x, 

Ta có mot he nghiem crr han : 

(I, 0, 0, I, -I, -I), (0, I, 0, 2, 1, 3), (0, 0, 1, -I, 1, 2)- 

Ta chti Y  rang ngu ta thin ma Iran nen, la hoim loan co the lay x,, x,„ 

x, lam dn chinh va giai he phoong Mob ddi VI% cac chInh do ; nhung 

hiy nho vhy ta se hi he so phan, chang han ding cool cling cna ma (ran 

cho la 

x, = -x +-x 

diem do so phirc tap oho ta khi tiep tuc tin x, va x,. 
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e) Bien 	 ma tran eac he s6, la dugs: : 

'1 I -3 0 

1 1 -3 0 

1 1 -3 0 

0 1 -2 - 

Lay x 	 lam do chink vii gii : 

x, = Xi - X4 

X2 = 2x, + x, 

Miat he nghiem ca ban 

(1, 2, I, 0), 

(-I, I, 0, 1). 

I I. Da giai guy& bong hal 9. 

12. Ta hay rim x,, x 2 , x, sat, eh° : 

x,(-1, 2, -4) + x,(2, I, 5) + x,(12, I, 33) = (0, 0, 0) 

Dieu nay dan MI he phaang wink : 

-x, + 2x, + 12x, = 0 

2x, +•x, + x, = 0 

-4x, + 5x, + 33x, = 0 

Cie nghiem dm he en dang 

x, = 

x, = -5X 

x3 = k 

vai e K. 

11 a s =al a, -5a 
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Chuang IV 

ANH XA TUYEN TINH 

§1. TOM TAT IS THUYIh 

1.1. Anh 3a! Wye.° fink 

MO anh xa tuy6n tfnh (con gyi la Ming cau tuy6n doh hay ding cau 

ena Gag khOng gian vecto) la mOt anh xa I tir mOt K - khOng gian vectoE 

vim mOt K - khOng gian vecto F sao cho: 

{

O) Ki + re ) = KM+ t(T) 

Opf(VO = M(R) 

vei myi R, Ric E va X e K. 

DO May (i) va (ii) tuong chnmg voi 

KkR +14) = kf (5) + tif(S7 ) 

voi myi Z,:s7: e Eva X, n e K. 

1.2. thm eau - Toan can - }Mug cau 
Dinh tighict Mot Mill xa tuy6n doh dint gyi la; 

I) mOt don eau neal no la mOt don anh; 

2) mOt town eau niu no la mOt town anh; 

3) mOt dIng eau n6u no la mOt song anh. 
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1.3. Sy xac Binh mot anh xa tuyeli tinh 

Gia su (4,c, 	  ) la mOt co sO elm K - khOng gian vecto E vii 

6 E , ....,b n  Ian vecto (khOng nhfa (hi& khac nhau) ells K - khOng 

gian vecto F. Th6 thi ton tai duy nhflt mot dOng eau f: E 	 F sao cho 
f (c E  )= b E  . Ta co f la don can khi va chi khi he vecto 	 b n  IA dOc 

lap lay& tfnh ; f la (tang Cal khi va chi khi h2 vecto 6 1 	 b„ IA dirc 
lap itiy6n thin t6i dal 

1.4. Anh, hat nhan cna mid anh xa tuy6n tinh 

Gia sir f: E 	 IA m(t anh xa tuyen tfnh. 

I) Val X la mot rap con Gila E tap hyp: 

F(X)={ye Fr= f(x).xe X 

duct gyi là diJ, eita Op X (bUi 1). 

N6u X = E thi f(E) dmy gyi la tinh rte E 	 0 hay anti cua f va 
dint kg higu heri Imf. 

2) Vai Y la mot tap con caa F, tap hop: 

1' 1 (Y) = {x e Ey=f(x) e Y}  

dime gra la (ink /wage (via Y (heti f). 

N2uY=(0 1 thi f

l (Y)= {x e E (x) = 

&rye gyi la heft 	 ens f, kg hien Kerr. 

Nhu vay: 

Imf = 1(E) 

Kerf = (0) = 	 Ef() 

Ta phai lobo luOn nhO rang: 

Imf la mot khOng gian con caa F, 

Kerf mot khOng gian con ells E, 
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va 

f 14 mot loan cat, khi va chi khi Imf = F. 

f lit inOf dun cau khi va chi khi Kerr = (0) 

13. Lien he gift si chieu cna anh, coa hat nhan va cna khOng gian 

nguon 

Gil sit E —> F IA mat anti xa tuyeh tinh Ming (16 E co s6 chieu him 

han. Khi dO 

dim E = dim Imf + dim Karl. 

1.6. tin ding catt cita hai khong gian vecto cling xi chieu 

Gil xis E va F IA hai khOng gian vecto c6 s6 chiClu hitu han tren 
Innling K. The till dim E = dim F khi va chi khi c6 m(it ding cau 

f:E3F 

1.7. Cac phep than trim clic anh xa toyer' tinh 

Cho hai khOng gian yam E, F tren twang K. Ky lieu tap hop it 

anh xa tuydn fink to E deb F Ldri Hom K(E, F). Tien tap nay c6 thd xac 

dinh phep cling hai anh xa va phep nhan mat anh xa via mat silk e K dd 
no hii Ito thanh mQt khOng gian vechf tren K. 

1.7.1. Ting cid hai fink _he toyah tinh 

Gil sir f, g e Hom,(E, F). Anh xa ky hiOr &lid+ g: E F 

xae dinh b5i: 

= 	 g a (f +g) 	 41+ (1,V E E 

la mot anh xa tuyen Iinh. 

Anh xa tuyin tinh f + g dug° gni IA tang etia f va g. 

Tick eat; moor anh xtz tuyin tinh vat mqr va twang 

Cho f e Horn,(E, F), k e K. Anh xa kf: E F 
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vie dinh ben 

(k1) (0= k(f ^^ Va e E 

la ml t anti xa tuyen talk NO duct goi la licit ,via atilt 
pit Inning k. tuven tinh f  vQi 

1.8. KhOng gian vecta HornK(E, F) 

Via phep cyng hai tinh xa tuyen tinh va ph6p nhan InOt anh xa tuygn 
tinh vori mot vO huOng, Horn,(E, F) la mOl khOng gian vecto Oen tntemg 
K. 

1.9. Tich rim hai anh xa tuyen'tinh 

Gia th E, F, G la ha kheng gian vecto tren tnn)ng K, 

f: E --> F, g: F 
la hai anh xa tuy6n Ifnh. Khi do 

gE E r*G 

mot einh xa tuyen !fit NO dove gyi la rich Qua hai anh xa tuyen tinh f 
a g. 

1.10. End K(E) 

Chi S E la mot kilo/1g gian vector teen truorng K. Dal 

EndK(E-) = Hom K(E, E). 

MCA f, g, h e EndK(E) to c6: 

(fg)h =1(0); 

f(g + h)= + Ih; 

(g + h)f = gf + hf. 

End (E) la mot vanh goi la vanh cac or thing eau caa E. 
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§2. BAI TAP 

DINH NGHTA - TINH OHAT 

I. Trong cric anh xe sau day, anh xa nao la anh xe, tuyen tinh: 

a) f : 	 —> R3 , f(x,, x,, x0= (x,, 0,1)); 

h) g : Rs  —> R= , g(x,, x : , x)= (x,, -x,); 

c) h : RT—> R s , h(x ] , x„ x,, x,)= (x, + 	 x, - x4 ); 

d) k : 	 -, R2 , k(x,, x„ x 3)= (x,x,, x,); 

e) I : 	 —> 12 3 ,1(x,, x„, x 3) = (x,+3, x„ x,). 

2. Cho f: V-* V' la mOt anh xa Myren tint: va he vecto 

dm V. Chang minh Tang nen he vecto f (a ]  ), f (a 	 f(a,. ) doe l4p 

turen tinh trong V' thi he veetoda cho cling dec lap tuyeh tinh. 

3. Cho V va V' Ea hai khOng gian vecto tren throng K, V —> V' la mot 

tam eau, 	 ',...,e„' let met ea sic elm Vs. Vai Mai h i ' awn mOt 

vccIrr a i  sao cho j(ct i  )= h i  = I 	 n. Chang minh rang: 

a) He vecto a l  ,a 	  „ dOc lap tuyen tinh; 

b) Neu f la mOt ding eau thi a l  .a 	 a„ lap thanh met cosac:etaV. 

4. Cho V, V' la hal khOng gian vccto tren tnremg K vOi sd chieu caa V' 

hall him, f: V —> V' la mOt loan eau. Chang mint: rang ton tai mOt anh 

xa tuyen tinh g: V' —> V sao cho fg la anh xa Sing nhat tren V'. /alb xa 
g co duy nhat khOng? 

5. tria sir E = K[X la khong gian vecto cac da Mac cur an X nen (Wong 
K (u p la mem se( tunhien. Xer la dung can 

f: E 	 E 

P I-4 f(P) = - pX)P + X'P' 

bong do P' Ca dao ham cur da thtic P. Chang minh f laden eau, !Ruing 
khOng phai la form eau. 
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giii 

1.Th ea la anh xa Myer' tinh Mr di va e). 

2. Ta gia sir V va V' la hai K - khOng gian vecio. Gia sir at x„ x,,..., 
x, E K 

x i a i 

 - 

+ xma 2 

 - 

+ 	 x r ci i: =0 . 

Lay Mb bet f ciia hat v, la dirge: 

f(x l  a t 

 - 

+...+x r ci,L

- 

=f(x i a i

- 

)+ +f(x 

- 

= 
 

x i f(a l ) + + x,f(a r  ). f(0)= 0 

Nltarng 	

- 

)....,f(a r  )1 doe lap Myth tilt pen x, = 	 = x r  = 0. 

Dien do cho U. keit Man he Ur 	 n r  )

- 

 dric lap itiyen 

3. a) Ap dung bai 2. 	 • 

I)) Neb f la m61 clang mid thi dim V = n,•do do hC n vein() doe lap 

ruyen tinh fa t 	 ix  r  la m01 al sir cila V. 

4. Cia su ts i 

	

	  R I

- 

 la 11101 co sit elm V'. Vi 1 -  la loan eau men 

• ( n i 

 - 

) # (1, Vi = I, ...,n. 

moi chun ix i  f 	 to co f ((x i )=t: , i = I 2 	 ,n 

Xet anh xa Myer) rinh g: V' —> V Me dinh hiii 

g:e i 	 g(s i  )= ix i i = I  2  

Ta co, vat nnoi x = x [ G I  + 2  2 ...+ X 	 e V': 

Ig(x)=fgi tic i el i  =f ix,g(s i ) 

.Ex i f(x i )=Ix i c,.-x     

=f  
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Vgy fg lit tinh xa &log ntiKt trOn V'. 

g cO did khOng duy Slat vi mfii f 	 )c)6 thd cd nhidti hcm mOt phan 

lit Ta lay of du loan cau sau day: 

f : R 3  —> R 

(x,, x,, 	 x, + x, + x, 

Xel co sO I cua R. Ta co 1 1 (I) vat rat rthidu 	 phan lir, chang 

him (1, 0, 0), (0, 1, 0), (0, 0, I) ddu thuOc I 	 Or (16 to co rat obi& g 

sau cho fg = I R , ch;ing hati: 

X 1—> (x, 0, 0) 

X 1—> (0, x, 0) 

x 1—> (0, 0, x) 

Ta chit y bai totin co th'd ho giii this dim V' him hgn. 

5. Ta hin WO co: 

P=a o *Ea,X 1  

1=1 

n  
n+I 

X 2 r= /ia,X l  = 

i=t 	 1.[ 
n+I 

pXP =paX*Epa,X 1+1  
1=1 

Tir clo: 

PP) = P - pXP + X'P' = 

+ E (a, — a,_ 1 (p + —i))X I  «„ (n —0)0 +1  



Gie tie 1(P) =0, the thi ta phai ce 

a„ = 0, 

= (p + 1 - i)a,.,, i = 1, 2, ..., n 

righia la 	 = a, = 	 a, = 0, hay P = 0, hay f la don anh. 

1 kheing phai la Ulan anh. That vay ta xet hac (P) = n. Hai truing hop 
xey ra: hoac n = p hoar -. n # p. 

•n p, bar (f(P)) in, 

* n # p, bac(f(P))=n+I.  

Te do ta they ngay rang Mating ea met da Ih(rc P nao de hac cita f(P) 
hang p+ 1. \fay f khong Man anh. 

ANH - HAT NHAN 

6. Gm anh va hat nhan cite nhimg anh xa tuyen firth trong bai tap 1. 

7. Cho A va R la hai kheng gian vcct(t tren truing K, V = A x B la met 
kheing gian vevto tren K voi phetp cong va phep nhan voi se k xac dinh 
nhtr sat]: 

— — — — - 

0-1,111 ) ( 0‘2.13 2)=(x1+ 01/2.01 	 02)- 

k(x, (I) = ( k et, kJ() 

(Xem hai tap 4, Chill) 

Chang minh rang: 

a) Anh xa p : V —a A xiic dinh he* p (J.,P)= ir la loan eau; 

h) Anh xa u : 	 V Vic dinh hOi ti((i) = ((1, Vii) la met don eau 

Tun Kelp via linti. 

8. Cho f: V --a V' la met toan ceu, h@ vechi t:' ,e 2 	 la met co so 

am V'. Viti mei E ; ' (Mon met E cedinh saocho f(t i )= r.,' i= I 2 ...,n.  



W la khOng gian con eila V sinh bin he vetat 	 4; 2 	 ii ) va 

1.17 Kurt. 

Chang minh rang V = U $ W. 

9. Gia sir E la inOt K - khong gian vest°, E, v9 E, 13 hai khOng gian con 

ciiit E. GM sin 

0: E, sE,—>E 

x 2 )1—> x 1 + x 2 

a) Cluing minh 	 met anh sir tuyan tinh va chobiea ImS. 

10 Chang mirth Kenli clang era' viii E, n 

c) TS a) va h) hay soy ra 

dim(E, + 	 = dim E, + dim - dim (E, n 

[chi dim E, va dim E. him ham 

10. Gia sir E la mpi K - Hieing gian voutti vii C E --) E 13 mot to dong 

salt. Chang minh 

Imf = imp <7). E= Ker f 9 lmf 

II. (Jul sir E E 	 Fla ntht anh xu myth, [nth va dim E = dim F = n. 

Chang minh sac kharig dinh sau la prang dmmg: 

i) I la loan anh; 

ii) f lit dim lth; 

iii) t lit song anh; 

iv) hgt = n (hang CI:la 1, k9 hiSti hg Ldudc dinh nghia hang dimanth, 

12. Gia sir E la met K- khOng gian volt, ca, s6 chiSti hang n > 0, va 

1: E 	 E la 11101 is (long eau Utile 0. GM sir f lit 1u9 linh, nghia la 

k ISEcla 1<= O. Chang mirth f" = 0. 
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Lid gbii 

2 6. ,) Ker f= Ho, x 2 , x3) I (x,. x,) e R=  I = It', 

114= 1(x,, 0, 0) i x, E R 1=  R. 

h) Ker g = 1(0, x„ 0) I x, E 	 it, 

Im g = R 2  

c) Ker h = 1(x, -x, y, y) x, y E it! ni R 2 . 

Jul h =12 2 . 

7. a) Ker p = 	 e 13 1  

h) Im u = to,[10 e 	 = R. 

S. That hai tap 3, he woo 	 ..... 	 la d()c lap toyeh link, oho vtly 

woo la Imo co set ci a khong gian cc*, W sinh [MI cat: weir, dm he. 

Vay W 2= V' bni Ming cal, g ma so In taid,roc xac chub WA goon he 
Ig = I v  (bai '4 4). 

Giul sir X E V. Xei vechr 	 x -ON). Ta cO: 

12 (x —gf(x)1= f(x)—I \i , 1 2(x)-1 2 kL f(x)=o 

Vay y = x —gf(x) e Kerf,  , (rung dri gat x I) E g(W) = W. TO do, 

x= y -F gf(x) e U+ W. X6t z e LI r) W. ZE U Ch0 la f(z ) = O. Mat 

khlic z e W cho -= g( z)mii z e V'. Tir elti: 

0 = 1(z) = Ig(z)= 

Vay z = 	 )= 0 ) = 0, nghiala U r-)W = 1  0 „ do V = U 0 W. 
Tir tang true lip nay to soy ra: 

dim V = dirr(Kerl) + dini(10). 
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9: a) Im. = E, + E z . 

b) Ta eC) Ker.= ((x. - x)  X EE I  (ThE 2 ). Xei tinh xa sate   

f: E, ra E, ->Ker 4 

HiCtn nhien f la mot anh xa .  writ. linh GI la inCii ding eau. 

c) Gia sir dim E, = n, va dim. E. = n.. Thi,:thi E, 	 va E. = K 112  

Tit do E, x E. = 	 x K " 2  = K u l +112  . Vay dim (E, x Ed = n, + nz = 

dimE, + dim E z. Bay ski iip dung bai K. la duos': - 

dim E, + dim E.= dim (E, x 	 = dim (Ker$) + dim (Im.), 

hay thee va b): 

chni(E,+ Ea) = dim E, + dim E. - dim (E, n E.I. 

111. 	 Tir lint 	 la '26  r rmi la mi)t thing eau iir lint len imr2 . 

+Nit g: Ira=  -Ann' 19 ding cau row cna I . 	 la et') Ig = I im 	 va 

g(Imr) =1mL Ta Throng !nth blob Sin hai lap 8, vay E = Keit 0 Inif. 

Gilt sir E= Kerf ED link Vay Inif = 1(E) = 1(1m1) = 

11. Tfr cOng Mire dim E = dim (Kerf) + dim (1m1) i a co cite khang dinh 

i), ii), iii), iv) la itrong dating. 

12. Trirtie het to dui 9 f khOng thd la inc. ding ch. VI nett I la Chin e; 

ta se cc): 

E = Imf = Imr = = tmi -  =(I, . 

ninny E dii gia sir eti sd chick >0, vay E # 0 ; f khOng phili la (fang era', 

ilicebai lap II, dim 1m I n - I. 

Cac khOng gian con link lint ' 	 IinfP....1:tmthamh mCil day giant 

1ml 	 t ) 	 Initt '')u) Irrn 	 ) 

Ta hay chimg minh rang nelti 	 = 	 tin la 	 = 

viri mei s> p+ I. 
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fa(E)=f 1,+1 (E) 

finj  (E) 1"2-(E) 

f s-1 (E)= I s (E) 

Tir d6 to suy ra In (f ')= Itr(f ") vidi mot s p + 1. 

Ray gi0 la hay cluing minh f ''= (I. Girl sii " s O. The thi tir day giant 

n - I J dim (linl) j dim Om f 2 ) 	 dim (lint ") .> I 

ta cet n 56 la we dim (Imt . .' ), I iii n,Irry gin [rung 11,2 	  n - 1 I , 
Iltc 	

. 
thi at phili co hai sec lion lisp (rung nhau, gizi sir dim Unit' ") = 

vay 	 r= lint ''''. Nhirtig than trOn, la sJ co illu 	 = Imf'', 
vbi mot s > p + 1. TO (16 Inif 	 In/ = 	 vu do il6 tannin-if = O. 
Nhinig cliCiu J6 meal thriein via dim (Int '') Iay gia trilrong 	 - 
Vay phai c6 f "= 0. 

CAC PHEP TOAN TREN CAC ANH XA TUYEN TINH 

13. Hom,aV, V') la tap hop cite rink xa tuyein link in killing gian vectit V 
deal khring gian veetU V'. Chung minh rang Hoin k(V, V') In mot khOng 
gum Vet:1111ton Inning K. 

14. Xric Binh f + e, gf va fg Hung ctic inning hop sau, rOi Om hat nhan 
can cluing: 

a) 	 : R3  --> 	 f(x l , x 2 , x,) = (x1 , x„ U) 

g : le —) R 3 , g(x  l.  x2,  X0 = (x, - X 2 , (I.,,( 2 ); 

h) f : 	 —> R 3 , I(x,, x,)= (x,+ x,. x, - x 2 ) 

g: R2  —> R2 , g(x,, x,) = (2x,, (I) 

15. Cho f : 	 --> R 2 , f(x,, x,, x,) e (2x,, x,- x 2 ); 

g: R' —>R 3 , g(x,, x„ x,) = (x, - x,, x,). Tim f - g. 
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16. Chot V —> V', g: V —> V" la nhimg anh >ea tuyen link sao eke 

Kerf c Kerg; Ern nib f Et mei loan dill. Chang mink rang tein tai Joy 

tihat met tinh xa Myen tinhEV'—> V" sao the hf = g. 

17. Cho f va g la hai tinh xa nrych link tit V den V'. Ching minh rang 

Ker(f + g) D Keltn Kerg. 

DI Cho f: V 	 V', g: V' —> V"  16 hai tinh tot tuyeal link. Ching minh rang: 

a) Im(g1)= g(lint); 

h) Ker(g0= f " ] (Kerg) 

19. Giii sir E V —> V' hi in04 tinh xa mydn tinh trong do dim V va dim V' 

him han. Ching minh rang f la mOt tlang . cfiu khi va chi khi nO hieM mOt 

arsit cita Vihanti mot cn sir Cua V'. 

21). Chu V —> V', g: V' —> V" la nhimg tinh xa myen tinh. Ching 

minh rang: 

a) Neu gi la inOt don eau thi 1 la mOl don eau -, 

111 Nat gl la mei loan can thi g Et mill man 

21. Cho 1: V --> V' In thOt tinh xa tuyeit Sty A la mCJI khOng gian con 

dm V, B la MO khOng gian con cim V'. Ching minh rang 

a) I- -I RA) = A + Kett; 

h) If - '(R) = r) 

. 22. Gia sir E, F 1 , F. Itt ha K - khOng gian vecio. Chang minh 

Hom,JE, F,,x F.) = Hoin k(E, F.) x liom,(E, F). 

23. Gia sir E, E,, F. la ha K - khOng gian vecto. Chang minh 

Bomar, x 	 F)= Hom k(E,,F) x Hom,(E2 , F). 

24. Gill sir E la mclt K - khong gian >mem eel sec chieit him han, Dal 

F = Hum„ (E, K), E gut la dill neat cim E, mni u e E gel la inM clang 

riven tinh tren 	 Ching minh dim E = dim E. 
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25. Gin sir Eva Fla hal K - khAng 	 chi6u him han. Tinh 
Jim (1-lomu(E, F)). 

26. Chi sii E 13 mei K - khOng gian vecio, F la met khOng gian con dm 

E. Ta gni Fla inei vier, rthring elm E neu cti inel a E E, a # 0 Sao cho 

E = F e Ka . Chung mink F la met sithi phang khi vu chi khi co nth) 
thing t uye(ti tinh u khile U san cho F = Ker 

27. GM sir E vu F Id hai K -, khOng gian ve ;la cu vl chieu hen] ban. Xat 
anh xa xac dinh ohtt satt: 

• : Hon1/4(E,F) —> Hian e(F 

I-4 Chug 

S I 	 S 0 LI 

'rung 	 vi F" la d6i nthin cim Eva F. NIgiriri la k9 bleu il)(u) Wing 
vii g pi 15 chuyen vi elm u. 

:OCing mirth $ la inca don ufii. (I) ui phni la met ding can khong? 

h) Oth sd E.= F, Irk do ut co 

End K (E) —> End k(E') 

01 ° V)  = $.(y) ° $(u) 

$( I 	 = I v. 

Ohl = O(u) hi la thing eau). 

c) GM sir Lai E—LI-->F—±>Ci la hai Anh xa liven link, ar do co 

(3 	 >F t -- 1=),' 	 E * 3chang minh3vou) = li o L I/ 	 E ll, 	 E (V 0 II) la 
chuyith vi cim u , v vii von. 

28. Clia sir E la R - khOng gian vecto goo) c4c to tilde cua an x vih he sei 
Mire Co he <3 vii to Ihue I), v(i u la niel lit death eh cua E vie clink Mai: 

ti: p(x) F-3 p"(x + 1)+ p'(x - I) - p'(x) 

Chang minh 

Ilk 



mom do p'(x) IA dim ham dm da Mut p(x) Gia sir t lit dung Mytin anh 

irCn E : p(x) -4 I p(x)dx =1(p). 

a) Hay xric dinh clang !twat' tinh'ut1)=- 4). 

hai 
Vp E E e t  (p) p((I),c2(p) = 

e 3 ( ii)  = PO) ,e4(P) =11'( 1 )- 

	

* 	 * 
Chang ininh tc= le i  ,c, ,c 1 .04  la mei uH sir 	 dinh 

et t 	 B= e t , c„, 9,9  9.1 coa E dC 13' la (ICU ngiirt ci,a B. nghia 

	

te 	 = o il 	 j =1,2,3,4 

c) Tinh mac toa du CSS (rung cut sit 

29. GiP sal E lu K- khong gian vecta, va I E EndjE). Ta gui t la lay 

ding nett 12 = E 

a) Ching minh 1 la lily Chang kill va chi khi I „- 	 luy clang. 

h) Chang minh Sett flu9 Mang thi E= Kale Iml. 

el Gist sir A va B IA hal khOng gian con etia E salt cho E -=A O B va 

p: E—> EIUphep chigu: a +h 	
h (a e A, h e Ft). Chang minh p a  = p. 

d) Gia sir h E --a E la net lily clang. T(r b) hay chthw minh f lir mat 

O))) chitin. 

31). Cii3 sr E la It - khang gian vecta. Chu a c It, u E vu 1 c Encl,(E) 

sao chi) = 1,„ Tim x e Esau cho x +a Px )= u . 

Lai gitii 

13. Ta hin lm?1 cluing minh Hom,(V, V') ding via plat acing h:u anh xa 
tuygn tinh va phep Than mOt anh xa tuyiin tinh v(i miat phiin to cua K co 

tale rinh chaI sag day: 

hl Trong dGr ngati E.  cira E, ta the dinh brio phan IP e i  
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I) r+ (g + h) = (f + g)+ h. Th4( vay, la co: 

(I + (g +10)(x ) = 	 ) + (g +10(x ) -= f(x ) + (g(x ) + h(x )) 

= (1(x )+ g(x ))+ h(x ) (vi phep cOng trong V' b kit hop) 

=(f+g)(X)+ h(tT) =Of +g)+10(x), Vx eV.  

Vay la suy ra f + (g h)=I+ (g + h). 

2)1+ g = g 	 Ching minh trong qr. 

3) 0: V -*V, x i--)0 v  , + f = 

4) - C V V, x H -f(x ), f + (-0=0. 

5) (X + g)f = XI+ pt; A. p e K, V-. V' 
That vay, la c0: 

((X + 	 (X ) = (X +1.) f(x ) = X f(x )+p f(x ) = 

(X1-)x + (p 0 x =(Xf + pl)(3t ),Vx eV. 

6)

 

X( f + g) = Xf + 7,g; X e K, f, g e Hom K(V, V). 
Chang minh tuomg-lu. 

7) (X),Of = X(4); X,p e K, I e HomK(V, V') 
8) 11= f. I e K, f e Hom K(V, V'). 

Ta nhan xet tam 	 chat dm can tree K -  th)a 	 khong gian veto duct 
/Min do Vla met K - khong gian 	 victe cluing minh tam tinh chal 

 

de y hEt nhu khi qta thing minh hat tap 4 dm chtrong 
Nhtr vayliorn k(V, V) la Int)! K - khOng gian veal gyi la khong gian 

veTni ear (nth .irg neven Will t, K - kheng gian recta V van K - khong 
vectuV'. 

14. a) r+ g: (x,, x., x 3) H (x„ x„ 0) + (x, - x„ 0, x 3) +. (2x, - x„ x2 , x„), 

(x,, x ,, x3) 1---)  (xi, x 2 , 0) 64(x, -3( 2 , 0, 0), 
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(x,, X2L X3) H(X1 -  X2, 0, XL) 1--> (XE X2, 0, 0), 

Ker(f+ g)= 10,0,0)12 

Ker gf = tx,x,y) xi  y e RI =Kcr fg. 

11) f+ 	 (xl, x,) I—) (xi + x,, x, - x 2 ) + (2x,, 0) = (3x 1 + x„ x, X2), 

1 

gl: (x,, x 2 )1—> (x, + x„ x, - x 2 ) H (2(x,+ x 2 ), 0), 

(x, X2) I-4 (2x,, 0) 1—) (2x,, 2x,), 

Ker 	 g) = 1(0,0)1, 

Ker gl= 	 E Iti, 

Key Ig = 	 x E Ri. 

15. f - g: (xi, xy, x3) H (2x,, x, - x) - (x i  x„ x0= (x, 	 x.). 

16. Gia sir ye V'. VH Ihton c6u, nen f 1  (;)# O. Gia Sir X o f -I (y)-

I hi 

 

!hi f(x)= y Ta hay cluing mirth f -1 (y)= x + Key nhien to 

en x + Kerr c 
,

Gia sit x ;  E E 1 (y) Ilia thl f(x i ) y , vary 

I( x x) = 0, hay x ;  x Key , hay x 1 =. x+z VOL se Key 1, vay 

2- 1 
E X+ Ker 	 hay f (y) e x + Kest . . Tir hai hat) hamthucrf,5 la co 

x + Ku):  =f -1 (y). Vi x lily thy y trong f 1 (3: ), nen la Gang co 

„ 	 . 
x + Net-  = x ;  + Key f NeLLL X ,Xi EL 	 (y). 

Bay gth tit hay thy thyng iinh xa tuyiin that h: V' —> V .  Lay y E V' 

tat 

y 	 f 1 (y)= x + KO' 	 \ - h(t) 

Van de dal ra lit h throe Ilia eta ',hal lit met anh xa khong, nghia la 

nth is lay mOl x 1  kthic x , nhtmg van thucte 1 -1 (;), thi gtx 1 1c6 Wang 

g(x)kting ? e f -1 (v)= x + Key e + Key g (Ker c Key-  g) , vay 
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xi = x + Z. z e Kerg, cho nen gDi r l=g(x), nghiii l a h xric Binh nhtr vrly 
1 ri met rinh 

DO chinig minh h la Anil xa luyeln Ifnh , ra chi cilia] chi) 9 Mug 

f 1 (y)= x + Ker 

f_ I  (yi)= + Ker 

f (y + y) = x + xi + Ker f. 

f -1 Or y)=Xx+Ker Lie K 

e (Kure 

y + y' 	 x + x'+Ker 
— — 

icy 	 ')=g(x + x ! ) 

=g(x) + g(x') h(y)+ h(y) 

Xy1-4 Xx + Ker fl->11(19)=g(Xx)= Xg(x)= XII(v ). 

Hie() nhien ca cu hi = g, vtii h xay dirrig Our vilty. Chi sir có If: V' --). 
V" (16111 .  = g. Ta hay ehting minh h' = h. Thriy vay giii sir 9 e V'. Vi f la 

inrin rinh, nen 35(G V, 0x) = y . Tir del la GO 

10 y ) = MID)) = If (f (x I) = h'(y), vili 1119i y e V. VOY 11.,= h'. 

17. X:  E Km-  f nKerg -: f(‘)=g(;) = I/ 

(1 . +g)(x)=11/0 + g(x) = 0 +11=0 	 x eKer(f +g) 

18. al linf O= (ES) (V) = g(f(V)l= g(lmf) 

x Ker gf <=> g(f (x)) =0 <=> f (x) E Kerg <=> x c f -1 (Ker ) 

19. Xem 01, 1.33 

20. a)xe V.f(x)= 	 g(f(X))=g(6) =6 ffi.x = 0(v) g I di 	 ). V4y 
f hi dun eau. 
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h) Ka hy(I IS a) viii gia Mita gI loan ciri, la cO: 

V" =Iml(g1)= grim') c g(V) 

V ay g(V) = V. nghia la g loan ch. 

21. a) Hieln nhien In en A + Ker I c -1 (I(A)). Lay xer i (i(A)) 

• f(x)e [(A) 	 3a e A,f(x)= fla)1 1(x IL)=1)x a e Ker I 

• x = a +b,b E Kcr.Vay f'(RA)) c A+Ker kel ht,T hai ban ham 

ihne ta ell A + Ker 1= I - '(1(A»., 
, 

1, -) be FtnInit x.31=1 1 (x)e 	 1'031 	 I 	 I  (B). 

22. Dat p, va p, lit clic phis) chieu: 

F, x F. 	  F 1  

Ix 1

- 

, x 2 1 H x 

F 1  xF . 	 N  ->F, 

— — 
1 1—> x 2 

Ta hay cluing mini) v mni cap "Inh xq luyai tInh I,: E --> 	 E —> Fr, 

is en min anh xs Inycn Mil) day nhIll E—> Fi x lam hai him &lc sau 

uiat hmin 

Ngliht la I, = p, 01, i, p 2  0 1. That vay, Jul 

I:E—>F1 xF2  

i—>(1 1 1 (S),1:2(;)) 
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Ta kidm tra de clang rang f la anh xa tuyen gbh duy nhat lam hai tam 
iac tren giao hoar'. 

Bay gib ta hay xet Ann xa sau day: 

$: Homx(E, F, x F2 ) —> HomK(E, F,) x HomK(E, F2) 

f 	 1—) (PI ° f , P2 ° 0 

kiem tra 42 IA anh xa myth firth. Mat khac vai mOi cap 

f2) e  HomK(E,F,) x HomK(E,F2) 

to da they 8 tren rang tOn tai duy nhgt f: E —> F, x F2  d 	 = 	 f2). Sr 
ton tai coa f n6i len $ la town anh va tfnh duy nhgt dm no n6i len 0 IA 
don anh, Vay $ la rapt clang can 

23. Oat s ,va s, la cac don cam 

s 1 :F1 —>F1 xF2 

- X 1 1—> (X 1, 0 ) 

S 2  :F2  —> F1  xF2  

X 2  H(Ox 2 ) 

Ta hay chang minh v6i mai cap anh za tuyen Unit f i : F, —> E, 
F, —> E, to c6 mOt firth xa tuyen tfnh duy nhgt f: F, xF2 	 E lath hai 

tam giac sau giao hoan 



Fi x F2  —> E 

(
( 1 ,x 2 )1-3f  i( ( 1 )±f  2 (x 2 )  

Ta {dem tra dE clang rang f la mot anh xa tuyth tfnh lam hai tam gide 
trOn giao bean. Dd . 

ehtlng minh f duy shat, fru& Mt ta hay nhan xet rang 
ta c6: 

(I) 
	

s2P2 — I n xn, 

trong do p, va p2  7a can phop chien trong bid 22. Bay gib gia sv co 

f F, x F2  —> E cling cho: 	
f' s i =f, 

si=f2. 

Tn d6 
° si 	 =f1 ° PP 

	

5 2 P2 	 ° P2' 

COng ve voi ve the ding tittle va chit 9 01(1) 

f ° s, ° 	 + 11  ° 52° P2 E1'1 8 1Pi 54)D E  = fi ° 	 + 12 ° P2 E  f 

(then ?Me dinh O. 
Bay gib ta hay xac Binh anh xa my& tinh W sau day: 

: Horn ic  (F, x F2 , E) -->Hom K  (F,,E) x Horn K  (F2 , E) 

f  
De kiem tra yr la anh xa tuyEn tilt Mat khan voi moi cap 

12) e Hon1/2(F„ E) x HomK(F2,E) ta cla thay & tren rang ton tai duy 

nhat f: F, x F2  E d@ 10 = (f„f2).Vay ty la man anh va dim anh, do d6 

w la clang eau. 

24. Dia sir (e l , e 2 	 e n  ) lamer co so eila E. X& anh x4 f de dinh 

1: E 	 E .  

x 1—> f(x)=x E—>K „ 
yt—> x (y)=x l y i  +...+x n y n  
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- 	 _ trong do x„ xa  va y i ,...,y„ lan tiro IA cat: toa cl() cua x va y d6i yeti co 
set {e l  , e 2 	 e n  } . De kiem tra x* IA mot dang tuyein tinh va f lai tmOt anh 
xa tuyen rink Ta hay chting mirth f la ding eau. Gia sir c6 f(x) = 0, dieu 

* 
do co nghla x (y)= 0 yeti moi y E E. Lay y Ian liryt bang e i  ,e 2 ,...,e n  , 
ta dirge 

* 
x (ed= x i  =0 

* 
x (e 2 )=x 2  =0 

« 
x (en  )= xn =0 

nghia IA f (;)= 0 	 = (5; vay I don anh. De chung mink f man anti, ta 
lay mot clang rayon tinh Ny y u e 	 Dat u(e i  )= x i  ,taco  

u(y)= yiu(e i )+...+y n u(e n )=x i y i  +...+x n y n  
=x (y)= f (x)(y), V(y) e E 

trong do x = x i  e i  + ...+ x n  en  . Vgy u = f(x) , nghia la f loan anh. f dr% 

la clang eau, no se Bien ca s& fe l  ,e 2 ,...,e n  cUa E thAnh co sa 
IC; 	 e *n  jcila 	 Cac clang tuydn tfnh e:ducitc xac dinh then (1): 

* 	 • 	 _ e i  (e ii ) = 8 iii ;te i  ....e n  )goi la ea sci del 	 cila 	 ser 	 ,e 2 	 e n  ) . 
Ta' d6 ta c6 dim(E)= dim(E*). 

25. Gia set dim E = n, dim F =m. Ta co F Km. Vgy theo bai 22, ta co 
ding cgu: 

Hom K(E,F) = Horn*(E, K") = (Hom K(E,K))"' = (E'r. 
Nfnmg theo bgi 24, dim E'=n. Vgy: 

(E'r = (K")`" = K""' 
do dim (HomK(E,F)) = nm. 
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Tren day to chi thudn 	 tinh sd chieu caa Hom,(E, ban dqc co the 
kiem tra rang theng gian vectd do cOmOt casa la {u n } xdc dinh bei: 

u u (e k )= 8  ik f  i 

k = 1, 	 n; j = 1, 	 n; = I, 	 m; hong dd le i , e 2 	 e n 

 - 

} inOt co sa 

cim E va 	 } la mot cd so cita R Trong [tuella' hop m = I, 

Hom,(E,F) = E. , !tic d6 cac ut ij  chinh la cdc e j  trong bai 24. 

26. Clia sir co E = F Ka .

- 

 De thay anh xa 

FEBK1*—>FxKi 

+ 	 ieF,XeK 

la mOt (Tang cdu. Th6 thl then bat 23, cap anh xa tuyen tinh 

:F —>K 	 f • Ka—>K2 ' 

V%, 	 x 1—> 0 	 Xa 1—> X 

cho to met anh xa tuyen drib duy that u x.0 sao cho 111 

= t2  . Hidn nhien Ker u =F. 

' 	 Dao lai gia sir F la mot IchOng gian con cita E sao cho F = Keiu,vdi 
u: E —> K la mot clang tuyen tinh khdc 0. Vi u # 0 nen 

x e E, u(x) = X # O. Ta hay cluing mink u loan anh.. That vay gia sir 

e K. Dat y =—
X

x , ta co u(y)

- 

 = 	 = Eu(37) = .X = Vay theo 
X 

bai 4, to cd mot don cdu v xac Binh bah 

v: K —> E 

11—> a, u(a) =1 

sao cho uv = 1, ; va theo bai 8, to co E= Ker uED Ka . \Tay E = F e Fa , 
do d6 F la mot situ phAng cila E. 

=Ova 
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27. GiA sire= le 1 ,e 2 	 e n 	 mt,t 	 sa 	 E, f = 	 1 ,f 2 	 f m  la 
* 

mQt co s&cim F, e = le i  ,...,e n  ) la co sb d61 ngau cua e va 

f* =If 	 f 	 la co s& d6i ngau cua f (xem bai 24). KhOng gian vectcr 

Hom,(E, F) co co s& 	 i =1 	 m, j — 1 	 n zac dirt boi 

	

(e k )=S ik 	 (xem bai 25) 

a) Hidn nhien anh xa la tuyen tinh nghia la $(u+v) = th(u) + $(v) va 

(I)(Xu) = 4(u) vat a. c K, ta hay cltitng mitt $ don anh. GM sir cd 
$(u) = 0, vay $(u)(s) = s o u = 0 voi moi s e r, vay to lai cang có 

f: 0-u = 0, h = 	 m. Ta hay bidu di6n u qua co s& 	 i = I, m, 

	

u= E .0 	 E K u te 	 u 

Ta cO: 

(u(e k  )) = E (X ij u (e k  )) = 	 X ii S jk  C(f) 

	

1 	 in 

	

j=1 	 it 	 j=1 	 n 

= 	 Xlnojk = X !tic = 0 

	

j=1 	 III 

vOi h = I, 	 m va k = I, 	 n. Ta suy ra u = 0, nghia la $ don anh. Mat 
khac then bai 25, dim K(E, F) = nm = dim Hom k(r,E *). Theo hai I I, $ la 
dang cau 

b) $(u a v): 	 E K 

SHS 0 (110v) 

=(s 0 1.1)0V 

= 4(v)(4(u)(0) 
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VA),  O(u 0 v) O(v)c, O(u). Hien nhitn 0(1 E) =I F , . Gig sv u la rnOt 

clang eau, vay: 

$(11-1  ° u)=0( 1 E) -= 	 =$(11)° 0(111 ) 

Vuou -1 )=O(1 E )=1 E. =0(u 1 ) 0 0(u) 

Ta suy ta: 	 = (O(u)) I  

c) Cluing minh nhu trong b). 

	

2S. a) Theo dinh nghia 	 (xem bat 27): 

'u: 

si-> l u(s)=so u 

VAy 'u(t) = IA clang song tuyen tinh sau day : 

p(x)i--> p'(x + I) + p'(x - 1)- ps(x)i-> (p' (x +I) + p'(x - 1)- p'(x))dx 

HP(x  ± 	 IP(x 010 - 1 1)(x)Iti, 

= p(2) - 2p(I) + 2p(0) - p(-I) 

="4(P) 

b) Cluing ta hay tim hOn phan to e„ e2 , e3 , e, thuttc E sao cho 

e,* (e ) ) = 8,3  .1, j =12,3,4. 

Theo each cho cac e r* , to duct:: 

	

e,(0) = I; e l(1) = 	 = 	 = a NM vay e, la mot da tare thuOc E 

va nhAn I lk nghiOrn kelt, vay co clang: e.= (2,x + t)(x - 1)2 . Tit e,(0) = I 

va e',(0)= 0, ta duo: 

c, (2x + 1)(x - 1)2 . 
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Tuong ttr to dude: 

e2 = (-2x + 3)x2; ei = (x - 1)2x; e4 =-(x - 1)x2 . 
Ta hay chting minh B = (e i ,e2 ,e3 ,e4  ) dOc lap tuyen tinh. Gia sir co 

4 

?L iej  =0 
J=1 

The [hi v6i m6i e:: 

4 	 \ 4 	 4 
0 = ei  (0) = e i 	 A j ci  = 	 ) = 	 X ib ii  =- 

Ft 	 pl 	 1=1 

vay A, = X2 = 	 = 0, tit do B doe lap tuyeh filth va hon !Ilea la mot 
co set cue E vi dim E = 4. HiLen nhien 13*= (e;,e2,e3,e:) la dOi ngau 

cua B vi ta da dat e is (ei )r-- 8 ii  ;i, jr- 1,Z 3, 4 . 

c)Gia sig (1"-. X l e i ±X2e2 + A 3°3 ±X4 e4 , v4Y 
0(eJ )= x„ =1, 2, 3, 4. 

a) va b) cho to 
A.,=4)(e 1 )= e,(2) - 2e,(1) + 2e,(0) - e,(-1)= 1 I 

= Ve2)= -II 
)1/4, 3 = (1)(e3)=. 6 

= (1)(4).= 6 

VAy =11e; -Ile; +6e; +fie: 

29. a) 11 =fe>(1,-02 =1,- 2f+ f=1 . E -L 

b) 1'2 = I Ime = Imf E = Kerf 0 Imf (xem bai tap 10). 
c) Xet 

E=A0B-J—' 
Va.  4,€E, a+1; 
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VA),  p(i +;)=; = p 2 (-1 + ;), hay p2 = p. 

d) CiA sit = f. Theo 11) ta eó E =Kerf ® hnf. 

Xet : 

E =Kerf 9 lmf 	 Kerf hnf 

+ h=f(Z) H f(a + f(i))= f(a)+ f 2  0-0=e+f(Z)=; . 

Vay f IA phep chigu. 

30. Ta tim x E Ed O E  +af)(x)= u . Tit 1.3  = I, ta có: 

a3 I,= a3 f3 =((af +1,1-1,f= (af + I„)3 - 3 (af +102 +3 (al + I,) - I, 

hay 
(1) 	 (a3+1)1,= (af + I,) 1(af + 10 2 - 3(af +10+3 1 E1= 

= 1(af + l ay -3(af+ + 3 	 (al+ 10. 

Tritestsg hop a' +1 m0, af+ 1 E 14 mOt ding eau. Tir (I) ta co: 

(af +1 E ) = 1  kl +1 E ) - 3(af +I E )+31 E 1 
a -3  +1 

	

1 	 ( 2r2 — elf +1 ) 
a 3 +1 

\ray ta c6 nu;ft nghiem x duy nhSt: 

x =(af +10 (u)= 3
1  (a 2 1 2 -af +1 E )(u) 

a -  +1 

	

1  	 2 .2 
(0. 	 (u) — af(u)+ u). 

a -  + I 

Trttimg hop + 1 = 0, nghia 14 a = -1. Trong totting hap nay ta phai 

tim x„ dd 

( 1 E — (xx o = u 
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Mudn vgy, ta xet (1) vai a = -I, ta có 

+f + f 2 )(1 E - 0(x 0 )=-(1 E  +f q- f`)(u)= 0(x0)=0 

i) (I n  + f + 0(u)# GI, khOng có x o  nao thOa man phkrong trinh. 

ii) (I, + f + fl)(u)L= 0 	 -fz(u)=u+f(u) va ta thgy met 
I 

nghigna x 0  = 3 -(2u +f(u)). That fly 

2 	 1 1 2 	 I „., 2 	 , 	 n  2 ,- 
u) 

O E  - fk-u +-f(u) =-u +-f(u) - -rkko - -r k 
3 	 3 	 3 	 3 	 3 

2 - 1 	 I 	 I - 	 2 -   
= -u +-f(u)--f(u)+ -u + -f(u) 

	

3 	 3 	 3 	 3 	 3 
=U 

Tgp hap nghigm cua phuang trinh se la x o  +Ker(I E  - f ). 
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Chuang V 

MA TRAN 

§1. TOM TAT Li' THUYgT 

Cac K- khOng gian vecto trong chuong nay duoc gia thidt IA có sd 
chieu him han. Vidc nghien cdu K-khOng gian vecto flom K(E,F) voi Eva . 
F co s6 chide hdu han se S tdi khai nidm ma trap caa mot anh xa 
tuyen tfnh f ma cac thanh phan dm ma tran chfnh la cac tost dO coa anh 
xa tuydn tinh f trong khOng gian vecto flom,(E,F). 

1.1. Ma trnn cua mot tinh xa tuyin tinh 

Gia sir E va F la hai K-khOng gian vectu, dim E=n, dim F = m, vrn co 
— — 

s& Ian luot IAA: 	 = {c 1 	 e n  1,:tit = ,...,fm ) va E --) F IA mOt aenh xa  

tuydn tinh sac Binh LIM : 

f(e l )=a 11 ±a 21 12 ±...+ a ml  fm  

f(e  2 ) a u t.' +a22 f2 +...+a m2 fm 

(1.1.1) 

f(e n)= ainf 1 + a 2n  f2  + 	 a mn fm 

Ma trap kidu (m,n): 

(1.1.2) 	 A= 
a ll 

alt 

all 

a12 
a 22 

a amt  

a ln 
a2n 

a 

goi la ma trdn flirt anh xa tuyeh tinh f vM cap ca sit (W, g 
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Ta chu y : Cie vecto Of cua ma [ran A a cac tca d0 caa cac vecto 
(e 1  ), f(e 2 ),...,f(e n  ) dat vai ca sad,. 

K9 hi4u Mat,,,,(K) tap hap cac ma Iran Id& (m, n) vat thank phan 
thuoc K, ta co A E Mat onn)(K). 

1.2. Song anh glita Hom K(E,F) va Mat 1„,m(K) 

Ta c6 dinh cac co sa Wva trong E va F. Ta duct anh xa: 

$: Hom K(E, F) Maton,0(K) 
f 1—> A 

vat A xac dint' bOI (1.1.2). Dao hai cho A, ta co ant) xa tuyen tinh f duy 
nhat xac dish bdi (1.1.1) sao cho 	 = A. Vay 41 la mca song art 

1.3. K-khong gian vecto Hom K(E,F). Tong cua hai ma [On va tich 
coa mot ma trail vol mot va hmang 

Song anh trong 1.2. se cho ta ph6p cOng hai ma IMn A, B E Mati,„,(K) 
va phep nhan met v0 hurang X E K vat A d6 Mat (n,,,o(K) la met K-khOng 
gian vecto va (I) la mot (tang eau. Cu the gia : 

0(A) = f, C(B) = g 

ta dinh nghia tang cats hai ma trait A va 8, ky hieu A+B, la ma tran 

A+B=W+g) 

va tich cati A vai A, kfr hieu /LA, la ma [ran 

AA = (POO 
Nhu vay, ndu A= (an), B= (hu), thl 

(1.3.1) 	 A +B=(an + hi)), 

(1.3.2) 	 AA= (Xan ). 

Theo (Chuang IV, bail 25), khong gian vecto Hom K(E, F) cO Inca co 
set (un ), i = 1, 2, ..., m, j = 1, 2, ..., n, xac dinh bOi 

(1.3.3) 'Vey) 8jk - 
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De chting mir h {ni } la mot co s& ta chi can chdng mirth no dOc lap 

tuyen tinh vi s6 chien cim Hom K(E,F)1a n x m (chuong IV, bat 25). 

Gia sir co : 

k ij u ij  =0 (i = 1, 2, ..., 	 j =1, 2, ..., n) 

Lay mot vecto e k  thy y thuctc co s& g; taco theo (1.3.3) : 

0(e k )=0 
	

(e k.) = E Xn8 jk fa 'Zkik f i 
ij 

Nh.mg S la dOc lap tuyEn tinh non a., k  = 0 vbi i = 1, 2, ..., m. Mat 

Idtic E l(  lay thy y , nen ta cling co k k  = 0 v6i k = 1, 2, ..., n. 

Gia sir f e Hom K(E, F), ta co : 

f =Ect iju i, , i= . I, 	 m j = 1, 	 n 

TU do : 

f(ek)=/0' 1Ju jj (ek)=1, 

So sanh vol (1.1.1) ta they ma tran (a) el -1111h la ma tran caa Id& voi 

tap co s& (T, 

Ma trail Ey  cim anh xa tuyen tinh u y , theo tong Iliac (1.3.3) la ma 
Iran co cac thanh phin bang 0 tth thhnh phan b deng tM i vb. cot [Mr j la 
bang 1 va (E,, I, i = 1, m, j =1, ..., n la mot co s& caa K-khOng gian 

vecto Mat, m,n110. 

1.4. K-kluing gian vecto Homk(E*,F*). Ma Iran chuyen vi 

Gia sir =tc 	 e n  ) la mot co s& cua E va 	 ={f 	 f )1a mot 

co ser F; g' *  = fe;  va = {f: fr,,*  ) la co so d6i ngau cila 

* va ;Jr trong E* va F* (chadng IV, bai 24). KhOng gian vecto 

florn K(V,C)cb mot co so tu:j i , i = I, n, j = 1, ..., m, xacdinh bed 
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(1.4.1) u u (fk ) =ujk e
* 

nrong tkt nhu cling thins (1.3.3) khi to da xac dinh co so cua kheng gian 
ngu6n va khOng gian &ch. Theo (chtrong IV, bai 27), Anh xa 

HomK(E, F) —> Hom K(F', 

f 

trong do T la chuyAn vi cua f, la met ding cAu. Gia sir (a,), i = I, 	 m, 
j = 1, 	 n, la ma bin cfia f d6i voi cap co so ( ,*"); to hay tim ma Iran 

a 'I &Si WA cap CO set 	 n. Gia sit (ak), = 	 n, j = 1, ..., m, la 
ma Iran 	 ThA thl theo 1.3 to co 

(1.4.2) 
	

tf= 
	 a ij  u* 

Theo dinh nghia ctia t  f 

TU do : 

fff: = 0 

• 	 • 	 * 
(fk ° Me i> =1k Eau 	 =ak, 

i=1 

Mat khac theo (1.4.2) va (1.4.1) to c6 

If(fk) = Eao eij (f:)=Ea ki  6 jk e i r- E a ik e l 
i,j 

V4y : 

1 t iff; KeT, )= (1; 0  f)Ce .,)= E 
VAy: ajk = aki , j = I, ..., n, k = 1, ... m. 

Nhu vay ma tr4n (a k) cim Anti xa tuyAn tInh tf, chuydn vi caa 1,1a ma 
tran c6 n clang va m cOt, n6 suy ra tit ma trail A cOa f bang cach vie"t cac 

c,)(e„)=cto, 
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cot caa A thank cac dong cila n6. Nguen ta kj hi411 ma tran cim 'f d6i veri 

cap co so d6i ngau (t, n bang 'A va goi la ma Inin churn vi dm ma 

tran A. Tr 

t(f g)=1 + 

'(X1)=AA XeK 

(xem ch 1V, bai 27), ta cd 

`(A + B)= 'A + 

'(A. A)= X 'A. 

1.5. Tich coa hai anh xa Wen tinh va tich coa hai ma tran 

Gia sit 	 = fel 	 en ), 	 HI. 	  rn 	 9 ={g1 	 g1} la cac ect s6  
Ian 'trot dm cac K-khOng gian vecto E,F, G. Ta xet tich: 

h=g0f:E-->G, 

va dat van de tim ma tran cim g o f d6i vOi cap co s8 ( 

tran A eila f va B cda g. Mu6n vay ta xet 

hc j ). E c ug 
L=I 

Ma tram C = (CO E 	 then dinh nghia, 1 

vOi cap also (4', 6). Ma khac, xet 

	

_ 
	

in 	 _ 

gO(ej))= g Eakj fk =Eakjg(fk)= 
‘k=1 	 k=1 

=Ea Eb ik g, =E 
m  
Eb 

_ 

nc kJ 
k=1 	 i=1 	 i =1 k=1 

VI h(e ) = g(f(e j )), nen 

') khi biet ma 

ma tran cua h d61 

(1.5.1) c ij = Ell- a kJ 
k =1 
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Ma trail C.= (c0) la ma tran caa anh xa tich h = g o f, c6 cac thanh 
phan cn  cho bai cOng that (1.5.1) goi la ma tran Bch (-AA B vii A, ky hinu 

BA. D c6 the nhan B vii A ta phai 4:6 s6 cOt cua B bang s6 dOng dm A. 

VI Lich anh xa c6 tfnh chat kat hop nen phep than ma tran cling c6 
tinh ket hop, ea the A(BC) = (AB)C (tat nhien neu cO the nhan cluing 
&roc vol nhau). 

Theo (chmmg IV, bai 27), ta c6 '(g o f)= 'to tg, nen ta ding co : 

t(BA) = 'A'B 

Ta da c6 quan he giita phep than anh xa vdi phep cOng anh xa, en the 
phep nhan than phdi d6i vii phep Ong 

(g, + 82)(= g,f + g2 f, 

g(f,+ (2) = gf, + gf, 

nib chat phan ph6i de &roc chuyen sang ma tran : 

(B, + BOA = B,A + B,A 

13(A, + A2) = BA, + BA, 

1.6. Vanh Endk(E) va ma Iran voting 

Tap hop Endk(E) cac tkr d6ng cau f E E v6i phep cOng va phep 
nhan hai anh xa la met vanh co ckm goi la vanh cad tv ding tali ciia E. 

Neu ta c6 dish mot cd s& = ie 	 e n  ) trong E, ta duck: mOt song anh 

(I) : EndK(E) 	 Mat„ (K) 

f1->A 	 • 

nhv trong 1.2; 4) da mang phep cling va phep than trong Endk(E) vao 
Mato(K) nha ta da thay, tra thanh mot clang tau. Vanh Mat„ (K)cac 
ma tr3n vu6ng cap n lay thanliphan trong K la mot vanh co don vi, de la 
ma tran I (hay in  nett ta chti y t6i cap caa ma tran) ma cac Math phan 
narn tren throng cheo chinh hang I, cen cac thanh phan khac bang 0. 

Ta c6 anh xa dang ghi nh6 sau day ta Mat o(K) den K, anh xa nay bao 
loan phep nhan, cu the do la anh xa ve dinh thtic cua mOt ma pan : 
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Mat,(K) -> K 

AB H IABI = RI IBI 

Ngoai cgu talc vanh, Ma[„ (K)dm la mot K-khOng gian vecto veri s6 

chieu bang n2. Them nfra via (0) = (X g)f = g(X , v(1i A e K, nen ta 

cling ca.  7r (BA) = (X B)A = B(A A). Ta bao End k(E) va Mat„ (K) la hai 

K- rni so'dang can vdi nhau biri clang cau . 

1.7. Nhom GL(E) va ma tran khit nghich 

Trong vanh End„(E) ta chti y tOi tap tap ,GL(E) cae tur clang egu 
Chung lap thanh mot nhom dOi vOi phep nhan goi la nhom GL(E) (hay 

GL,(E) khi ta chu y tdi s6 chieu n cna E) rde tv rang coil etha E. Xet 

f e GL(E) ta c6, tir 

f f-I ,f-I f 1 E  

4)(00(f ) = 10 f ) 40 -1  ° = (10 -1  )4(f) =0(IE )= 1  

Vay n6u $(f) = A, thi ta dat (1) (f = 	 Ma tran A"' g9i la nghich 

dao dm ma tran A lea Mc do ta bao A kha nghich. NS A = (ao), thi 

ta CO:   

All A21 

A n  A22  

Ain A2s,   

1  A 1 = — 
IA1      

trong do cac A„ la cac phan Ni dal s6 caa the a, trong dinh that IAI. Ta 

ky hien GLo,(K) nhOrn than cac ma Ban kha nghich caa vanh Mat„(K). 

Theo (el-along IV, bai 27), taco 

t(Al= (Ay r; = I. 
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1.8. Anh hrdmg dm vIcIc an co Siff thi ma trail cOa mot anh xa WM! 
tinh. Ma train Ming clang 

Gin' sir 8. = {e l 	 e0), 	 le', 	 e n  la hai co So cila K-khOng 

gian vecto . E, S la ma tMn chuydn M.  co s& W sang co sa 

51=  if 	 1, 	 111 	 f i rn la hai co so dm Kahnhg gian vccio 

F, T la ma trhn chuydn 14 co sa, sang co sa 5'; f e Hom n(E, F), A la 
ma (ran caa f d61 vdri (Fr, g), Al la ma (ran cua f d6i vdi (r, sr). Th6 MI 

(1.8.1) 	 A' = T 'AS 

Trong tnrong hop E = F, W= 	 = thi cac ma trhri A, A', T = S 

den la nheng ma (ran vuOng cap n, va (1.8.1) tn.) ,  thanh: 

(1.8.2) 	 A' = T 

Hai ma (ran vueng cap n, Ava A', c6 quan he voi nhau theo cOng thtic 
(1.8.2), goi la hai ma rain ddng drag. Dinh Iliac cua hai ma trnn d6ng 
bang nhau. That vhy taw : 

TIIAI= 

=1111A1=1.1A1=1A1. 

Do d6 la dinh nghia dinh thhc cua anh xa tuy6n tfnh f, ky hieu det f, 
la dinh thik AlJ dm ma Iran A. 

1.9. Dang ma bin coa f( x)=- y 

CAc gia Una van nhu trong 1.8. Gia sv y e E c6 toa dO d6 voic 

va 8' 1  Ian lugt la : x„ x2 	 xn ; xr„ x'„...,x'n  

va f (x) = y cF co toa d6 ddi voi S va5 ' Ianloot la : 

140 



Chong ta hay vi6t con toa d0 d6 dud) clang ma Iran °cif : 

( 	 / 	 \ 
X Y

\ 
1 

y 
1 

NJ X2 Y2 Y2 
A = 

.xlyi Xn. Jo)/ iym 

Ta dime cdc clang thirc ma tram sau day : 

X = SX', Y = TY' 

Y= AX,Y' = XX% 

hai clang thirc cuff) ding d6tt la hien thin; ma tran caa y = f (x) . 

1.10. Gil trt rieng, vecto rieng 

Gia sir f : E -> E la rnOt anh xa tuy6n tinh, = (e 1 	 e ) la mOt co 

s& cUa E, A = (a13 ) la ma tram cUa f dffi voi co s& Ta bao mOt phan to 

A e K la gni tri rieng cua f 
- 

Ker(f — X1 E ) 

Kheng gian con Ex  (0 = Ker (f - XL) cim E, goi la klning gian con 

rieng cUa f ttrong frog vol gia tri rieng X A. 

Vay 	 - 	 _ 
x c E A (t)c> f(x)=Ax 

etic vecto x ,Ox xe E A (f) , goi la vecta rieng cita f ttrong Ong vOi 

rri 	 . 

Gia sir X 1 , 	  A.„ la nhfmg gia in rieng Mir mOt phan hint cua f. The 
thi fling cac khOng gian con : 

E (0 + + E (f) 

la true tigp. That vay, ta hay thing minh bang guy nap thco p. Gia sv 

E 	 (I) n E x.  (f). Th6 thi f(i)= 	 = 	 . Vay (X, - X.2) x =O. 
2 

141 



Nhung (X, - A2)*0, nen x =0; tdng 	 (f) Ex2  (f) la true nen. Gia 
sit tdng Ez

1 (1) + + Ekim  (I) la true tiep. Xet 

itE (Ex I  (0 -I- ...+ EILri  (f)) n Exp  (f) 

Taco: 

E x  (f) 3 5i 	 +. 	 eE (f)+ 	 Ex  (I)1 

\ray : 

X + 
P I f  vi )= 

=A I , 

hay : 

Nhung tdng E x  (f) + + E x  (f) la tnrc tiep, nen 
P-1 

Nhung cac -AP — 	 X p  - 	 deu khac 0, vay 	 =...=ic ri  =0. 

litdo z = 0 va tdng  

E y 	 + + E (f) 

la true fig) 

Oat 	 c(X)=det(f - X1 E )=IA - 

a ll -X a 12 	 a In 
a 21 	 22 	 a 2n 
• • • 	 • •• • • • •• 

a nl 	 a „2 	 • • a rm — X 

to c6 (p( X ) la milt da thdc bac n del veti X , gyi la da hid 	 tnakg cia 
f. Ta cling gyi tp(X) la da thdc dac tnmg cilia ma tran A. Chtl yr, nen to Iffy 
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mot ma tran A' d6ng clang v6i A, thi da thin; dac tnmg cim A' cling bang 
da thtit dac trong cila A. NS khai trien cp( ), ta dirge 

iii(X)=(-1)" 	 +a i 	 +...-F a n  , a i  E K 

Khi K = C thi woo co n nghi#m, Si nghi#m k6 vbi so Ian bang so 
bOi cim no. Khi K = It hay Q, thi ta chi bi6t s6 nghiem cila no < n. 

Trtthng hop v(A)cei n nghient phdn hitit trong K. 

Trong truting hop nay 

vbi 	

E=E xi  (f)0•••0 	 (f) 

dim E x  (t) = • • • = chm E x  (1)=1. 	 ta lay : 

0*e' i  #E k 	 #E A.  (f) 

thi ta dos mOt co so mai 

voi tinh chat f(E' 1 )= X 	 f(e' n  ) Am -e' n  , vi vay lam chi) ma trail 

elm f ddi voi co set có clang cheo sau day: 
'A 1  0 	 0 

0 	 A2  .• • 	 0 

0 	 0 	 • • • A, n  n 

Ma Iran A va A' (long clang voi nhau. Nguoi ta bao ta da cheo hod f 
khi dua A ye St ma trap dung dang cheo. 

	

TruOng hop 0.1) el, m nghient trong K yeti so bOi 	 n sao eho 
11, + 	 + n„,= n. 

Trong trutng hop nay, ndu them gia thi6t 
dimE xi  (f)=n i 	  ,dim E x  (f)=n m  

thi sau khi chip bong mOi 	 mgt so ser va hop thong lai, ta duck: 

mot co sa r cud E;1001 voi CO sb r;', ma tran A' dm f van b dang chg. °, 
cat phdn t6 dam tren ridging cheo chink la cac nghigm k l , 	 k co 
mat voi so Ian bang s6 130i cua chting. 
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§2. BAI TAP 

ANH )(A TtlYthl TINH 

I. Cho anh x4 tuy6n firth f : R3  -± R2  xac dish 
f(x„ x2 , 	 = (2x,, x,- x3) 

a) Tim ma hart dui I ddi voi co s& 
(e) 	 = (1,0,0), i 2  = (0,1,0), g 3  = (0,0,1) trong R 3  la co sO (5) : 

= (I, 0), b 2  = (0,1) trong le. 

b) Tim ma trail cim f d61 vii co sO (E) trong R3  va co s& ( 5') : 

571  = (1, 2), 5' 2  = (1,1) trong 

c) Tim ma trail cna f ddi via co sO 
(e' ): 	 = (I, I, I ), E. 2  = (0,1,2), 	 = (0,0, I) trong 	 va co so (8') 

trong R 2 . 

2. Cho phep high ddi tuy6n tinh R3  —> R3  xac dinh bOi 
Rx„ x2 , x 1 ) = (x, - 2x3, x 1  ± x2, x]) 

Tim ma trail elk f den vii co set: 
(e):i 1 =(1,1,0),i2  =(0,1,1),i 3  =(1,0,1) 

3. Xac dish anti xa tuyen tfnh f R3 —> R3  c& ma trap la 
1 2 	 0 

A= 0 1 — 21 
1 2 	 I 

416i vii co s& (e) nhu trong bai tap 2. 
the Ex.  = (3,— 2,0). Tim toa do cua f(&) &Si vii co s&(s). 

4. Cho phep biEn d61 tuyen tinh I . V -, V co ma Iran 

2 —1) A = 
(3 2j 
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dot tali 	 s& (c) : a p i2 . Tim vecto RE() vat: 

a) d =-3E 1  +5e 2  ; 

d = Et  - 

5. Cho 

[ 	
I 

A= - I 
1 

2 
0 
1 

3" 
2 
1, 

la ma van cila phep bin dea tuydn tfnh f : V -> V d6i vai co so 
- - 

i i , E 2 ,E 3 . Hay tim vecto f (2a -(3), trong do 

a =-E I  1-E2  - E 3 , R= E t -a2+2E 3 . 

6. Cho 

I 0 2 I‘ 
-I 2 0 I 

A 
2 0 I 1 
0 0 2 1, 

la ma tram cua phep bin ddi uyeh tfnh f : R 4  -> R4  ddi vdri co so (s) : 

st = (I, 0, 0, 0), a2  = (0,1, 0,0), 

Z 3  = (0, 0,1, 0), 4  = (0,0, 0,1) 

Hay tim Kerf va rrint co ser dm no. 

7. Gth sir f : E -> Fla m(t anti xa tuyen 	 va dim E = dim F = n. 

a) Chting mirth f dang eau a 3 anh xa tuyen tinh g F -> E sao cho 
fg = 

b) Chung minh : Mang eau •=> 3 h: F -> E, hf = 
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I 	 0 	 • • • 	 0 
0 

0 	 0 	 • • • 	 I 

0 

0 0   

A 

8. Gia sir f E -> F la mOt anh xa tuy6n tinh, dim E = n, dim F = m, va 
hg f = r. Chang minh ton tai mOt co sir = le i 	 6 n  trong E va mtat co 

= 	 im  trong F sao cho ma van A caa f 	 I) co clang 

1 = (9,) vOi do -. 0, n6u khac tren 

9. GM sir E IA R - khOng gian vecto gorn Lac da thtic dm an X voi 4 s6 
Mac co bac < n - I va da that 0. Xet hai Bang tuy6n 

f:E-*R, 	 g : E ->• R 

P 1-> P(I) 	 Pi-a Paidt 
0 

Via ma trAn cim f va g ddi vat co s& 	 11.X, 	 trong Eva co 
siaJ = 11 ) trong R. 

IO. Gia sir E IA R - khOng gian vecto g m cac da thtic cim an X yea he s6 
thuc c0 bAc < n va da that 0. Dort 

E k  =C kn  X k  (1- X)", k =0,1, ...,n 

a) Chiang mirth cac E , dOC lap tuy6n tinh. Tim cac tya dO caa I d6i 
voi co s& 1E„, E„ 	 E„ I. 

b) Xdl co s& chinh 	 e = , x, 	 Xn1 trong E, va anh xa tuyEn 
tinh f xac dinh boi 

k=0,I,...,n 

Tim ma trAn A cim f d6i vai co so t; f c6 phii la mOt clang au 
khOng? 

146 10-13TeSTT-B 



.(- 2 	 I -1) mal(f) 
) 	 4 -1 	 1 

LM giiti 

I. a) Trude hdt to tinh : 

f(1 1 )= (2,0)= 2g; 

f(n 2 )=(0.1)=5 2  

f (i3)=(0,-1)= -52 

2 0 0) 
niat (1)(g.2.)=1(

0 1 - 

h) f(a 1 )=(2,0)=x 1 5', +x 2 5' 2  =x,(1,2)+x 2 (1,1) 

f(a 2 )=(0,1)= y 1 5', +y 2 8' 2  = y 1 (1,2)+ y 2 (1,1) 

f(e 3 )=(0,-1)= 	 +z 2 5' 2. = z 1 (1,2)+ z 2 (1,1) 

Ta phai giai ha h@ phdong trinh : 

{

x 1  +x 2  =2 1 y, +y2  =0 z, +z 2  =0 

2x, +x 2  =.0' 12y 1  +y 2  =1' 2z 1 +z2 = - 1 

Ta nhan zet ha h@ phtrcmg trinh den co ding ma trap can h@ s6 ma cac 

cOt Mang (mg Ian 'trot vai @an vecto 5' 1  va 6' 2  , con cOt CAC s6 hang ty 

do itrong dng lan knit vol can wow f(a 1 ),((s 2 ),1(5 3 ). Ta viEt luOn can 

ma tran dm ha h@ phuong trInh tn ding mOl ma !ran, sau de thnc hi@ri 
nhirng phep biEn d61 de tinh ra ngay can nghi@in ena ca ha h@ phuong 
trinh, cu ill@ 

	

0) 	 I 2 I 0 I 0) 

	

1) 	 01-2111-0' 

Tad(?), to duct : 
x,= -2, x,= 4; Y,=1, y2 = - I; z,. 	 z.:„.= I. 

V4y 

Va'y 

2 0 
2 1 0 
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(2 	 I 

c) 	 (Es 	 )= (2,0),f (i' 2  )=(0,-0,f( 	 3  )= (0,-1) 

1 	 1 	 2 	 0 1 	 0) _> (I 	 I 	 2 I _01 	 — (1)) 
0 	 —1 1—I 	 I 	 0 1-2 I 

- 2 	 -1 	 -1' 
mat(f) (Fi i isi  = 

4 	 I 	 1, 

2. f( i  )= (I ,2,I),f (E 2 )= (-1,1,0),f (e 3 )= (-2,1,1) . Tiep then, Gang lam 

nhu bai 1, ta xet ma Iran va cac phep hien doi tren no nhu sau: 

1 	 0 	 1 	 I 	 —I 	 —2' 	 '2 	 2 	 2 	 4 	 0 	 0' 

1 	 I. 	 0 	 2 	 I 	 1-* 	 1 	 1.0 	 2 	 1 —> 
0 	 I 	 I 	 I 	 0 	 12 	 0 	 1 	 1 	 1 	 0 

(I 2 0 ' 1 	 0 	 0 0 - I' 
1 	 I 	 0 2 1 2 
0 	 1 0 t 0 

Vay : 

I 	 0 	 —i I \ 

mat(f)E = 	 I 	 1 	 2 

30 	 —1 	 —1 

3. Chi sd z = (x 1 , x2 ,x 3 ) E 143 . Tu ma train A to suy raanh xa tuyen tfnh 

f:R3 ->R3 xacdinhbbl A la 

Bx„ x 2 , x 3) = (x, + 2x„ x,- x„ x, + 2x, + x3) 

Vay:  

f(E 1 )=.(3,1,3),f(E 2 )=(2,0,3),f(e 3 )=(1,-1,2) 

Bay gib ta phai the dinh cac toa do (x l , x x, xd, (y1, Y2, y3) IA (z 1 , E2, 

Ena ((e i ),((e 2 ),f(e 3 ) ddi vei co se, (a), de ce mat(f) E. Cling lam nhu 

hai 2, ta xet ma flan sau day va the phep hien dot Den no : 
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1 
I 

[ 0 

1 
1 

[ 0 

1 
1 
1 

1 
0 
I 

0 	 1 
1 	 0 
1 	 1 

7/2 
1 
3 

3 
1 
3 

5 

2 
0 
3 

2 
0 
3 

I' 
— I 

2 

—1 
2, 

—> 

—> 

2 
1 
0 

1 
[ 0 

2 
1 
I 

I 
1 

2 
0 

1 

0 
I 

7 
1 
3 

 1/2 

5 
0 
3 

1 
3 

2' 
—1 

2, 

—1/2 
03  

—> 

—11 
—1 

2 

To de giai ha he phucmg tfinh, to duct : 

1/2 -1/2 -1 
mat(f)c =[ 1/2 1/2 0 

5/2 5/2 2 

a ,- (3,-2,0),f(&)= (1,-2,-1) = -2-6 2  +6. 3  

4. a) f(d) = —3f(E, ) + 5f(E 2 )= —3(2E 1  +3E2 )+5(4 1  + 2E2  )= —I li, + -E 2 

 b) f(E)= 5E1  —3E 2  

5. f(25. —(1)= f(-3E 1  +3E 2  — 4E 3 ) = —3f(E, ) + 3f(E 1 )— 4f(E 3 ) 

= —3(E, —E 2  i-)+(2  +E3 )— 4(3E 1  + 2E 2  +6' 3 ) 
=-W I  -56. 2  -4E3  

6. Ta co vai Tc =(X 1 ,X 2 ,X 3 ,X 4 ) E R4 , 

f(I)= (x 1  + 2x 2  +x 4 ,—x 1  + 2x 2  4-x 4 ,2x 1  +x 3  +x 4 ,2x 3  +x 4 ) 

Vay (x,, x 2 , x3  x4) e Ker f .=> f(R)=6 = 0,0,0,0), nghia la x„ x„ x, 

x, la nghiem elm he phirong trInh thuan nil& : 

x, 	 +2x3 +x4 =0 
-x, + 2x, 	 + x4 7 0 
2x, 	 + x3 + x4 = 0 

2X3 +X4 =0 

GO A la ma tran cac he so dm he piing trinh, de dang thay Alr # 0; 

vay chi co mOt nghiem duy shat (0,0,0,0), cho nen Ker(f) = ( 0 ), co' s6 
caa Ker f la mot tap hop 0; f la dun eau, vay f la mot ding eau. 
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7. a) f la clang cau, thi 	 F —> E cho la f 	 = I. Dao lai gia sir co 

g : F —> E sao cho fg=1.C6 fla Loan anh, that vay gia sir ye F ta c6 

f(g(9))= y . Dat z = g(9) ta duty f(R)= 9. Do do f la met loan cau E 

F vii dim E = dim F = n, vay to cOng Chic 

dim E = dim Imf + dim Kerf 

ta suy ra dim Ken f = 0, hay Kerf = 10) hay f don anh. Vay f la mot ding 

eau va ding cau ngirgc f : F —> E hang g. That vay, to fg = 1,, ta co 
r l fg=1.1 y =f 4 =1,g=g. 

	

h) I la ding cau, GU' : F —> E cho ta I 	 =I, Dao lai gia ,av co 
h F --> E sao cho hf =I,. 

f la don cau, that vay gil sir f(R)= 0 , th6thi 

hf(i) = h(0) = 0 =1 E.  ( 

Vay f IA mot Gang cau, va co ding eau ngugc f : F —> E hang h. 

Ta chi" ydidu sau day : khi dim E = n # m = dim F, thi tit Ig =1, la 
chi c6 f IA loan can va tir hf = I, to chi c6 f la don can. 

8. Vi hg f = r = dim lmf, ta hay lay mot co sb 	 ir  hung Imf. Ta 

hay h6 sung cho co so tren m - r vecto : 	 fru  d6 co met co sb 

= 	 fr fri-i 	  
trong F. Lay 

et 
E 
	 .., 	 E r  E -1 (ir  , 

the vecto 3 1 	 3 r  la dOc lap tuygn tfnh (chuong IV, bai 3). Goi W la 

khOng gian on sinh hal Li, 	 C r ; theo (chuong IV, bat 8) 

E = W ® Ker f. Lay mot co sit(e r trong Ker f, ta dirge 

[ E l 	 er e r+I 	 en / 

la mot co so trong E. Dd co mat(O rrs.) , ta lan lugt xet : 
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f(o) -= 

f(62) =f2 

f(e. ,)= 6  
Vay:   r cot 

I 0 	 0 	 0 
0 	 I 	 • • • 0 	 0      r 

dens  
mat(f) (")  =      

9. mat(1) (ko  = (1 1 ... I) 

mat(g)(ko = (1 I I  I) 

10. a) Xel Za k E k  = 0, a k  ER Tit d6 
k 

a 0 E 0  =—Ict i E i.  

Da Iliac o vd phai chia hei cho X:vay oc0E0  cling chia hdt cho X. 
Nhung 

=ao( I -X"), 
fly to phai co 	 = 0. Ta chdng minh quy nap theo i , gin sit có 
an = 	 ai.,= 0. 
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Tit Za k E k  =0, to duo:: 
k=i 

a i E i  =- Ea k E t  
k=i+1 

Da thdc & v6 phai chia Mt cho X''', vay a,E, cling chia hilt cho X 141 . 
Nhung 

a,E,=a,Cn X 1 (1-X)"-I , 

vay to phai c6 	 O. Vay ao = a, = = an = 0, nghia IA 	 ..., dOc 
lap tuy6n Lath. E IA mBt. It - khOng gian vecto c6 sd chi6u IA n+1, cho 
nen la c6 the Idy 	 }lam co set. 	 • 

Bay gib to hay dm cac toa de ciia 1 d6i voi M co sa [Ei)OSSn  Ta 
co, Theo cling thdc nhi link Newton: 

I = [X + (I - X)r = E cknx k (1  _ x)n-k 

ka 	 k=0 

	

Vay cac toa d(s caa I d6i vai (E D ,E i 	 E n  tan hrot IA I, I, ...J. 

b) Ta co 
n-k 	 n-k 

	

E k  =CklXk.ECTIk7 (_01xJ , 	 (_nic nkcnn:kk- ix k+.1 

1 1 	 1=0  

hay, n6u dat i = k+j 

E k  = EEDi-k c non:kxi 
i=k 

Vay ma tran caa f d6i v6i co s6 (-4" se c6 clang tam giac dual nhu sau : 
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vi 

al—k =
k C k 

	 , I >k 11 n-k 
a = 0 i< k. 

CAC PHEP TOAN TREN CAC MA IRAN 

11. Cho cac ma trail 

A= 

TIM a) A +B - C; 
b) 2A - 5B; 
c) A + 2B - 

'3 	 1" 
0 -3 
5 	 2 

6C. 

4 
7 

1/4 -1 

I` 
-2 

.5 )  
, C= 

3 	 0 ' 

6 -5 
I 	 4 . 

12. Cho 

4 0 	 I 
A= -3 2 	 5 

7 5 

Tinh 2A-3'A('A la ma Iran choydn vi dm A). 

13. Cho 

A_r4 3  
)2 0 

- 7 
 1 B = (2  

.‘1. -1 
 3 5  

-3 
Tim ma tran X sao cho a) A - 2X B; h) 3B - X = A. 

14. Cho cac ma tran: 

Tinh 

2 A,( , 
-1 

a) AB, BC; 

5 
4) 

13 
1/41 

2 
0 

05 ) •c=  4 
3 
1 

2" 
0 
5 

h) (AB)C, A(BC). So sanh hai ma tran Elm duce. 
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IS. Tinh AB bigt: 
-2 0 5 

a) A= 0  2 
5 2

) B= 1 3 - I 
3  0 2 7 2  

I a  

b) A = (a l  a2 

	

	 3), B= a 2  ; 

.a3 • 
(„ 	 x 
- II 	 In 

c) A=  a21 a22 "' a2n B= 
X 2 

‘a nl 	 a 112 	 a nn 	 3x n  

16. Cho 

A= 
	 2) 

f(x) x 2 - 2x + 3. 

Tinh f(A), vOi guy vac g0= I. 

17. ChUng minh rang AR = '13`A, tron dg 'A, 13 lan luM la ma trail 
chuygn vi cgla cac ma tran A vb. R. 

1$. Trong R 4 , le cho cac co sa (gong ang: 

e i  =- (1., 0, 0, 0), 6 2  = (0, I, 0, 0), 

(E): 
8 3  = (0, 0, 1. 0), e q  = (0, 0, 0, 0 ; 

(6 ): 	 6 1 = (1, 0, 0), 6 2  = (0., 1, 0) ;T3  = (0, 0, 4 

Cac anh xa tuySn tinh f: R 4  —* R3 , g: 	 --> It xac Binh bgri: 

f(x„ x2 , x 3 , x4)= (2x,, x 2  - x3,x4), 

g(Y„ Y21 Y3) = (YI Y2 ,  Y3,0 )• 

Tim ma trAn cita gf. 

ez 
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VANN CAC MA TRAN VUONG 

19. Chung rninh vol hai ma trgn vueng cgp n kha nghich A va B to c6: 

(AB) ' = B' 

20. Cho car: ma (rgn: 

I 2 1` 'I 2 0 

 = 1 0 3 B = 3 4 1 

3 —4 1 1 1 1 

Tinh dish thuclABI 

21. Tim ma trgn nghich (Igo cue cac ma [ran sau: 

a) A=
( 4 

5 
3), 
2) 

'I 	 —1 	 3 ' 

b) B= 5 1 	 2 
‘. 1 4 	 —1, 

2 —3 0 
c) C = —1 1 	 4 

3 0 	 5, 

'1 2 	 3 	 4' 

d) D 
0 1 	 -2 	 4 

0 0 	 2 	 0 

‘0 0 	 0 	 3, 

22. Tim ma tran X theta man dgng thdc: 

AX + B = C, 
Irong do 

( 1 2 1 25 — 3 '0 -1 5' 
A = 0 1 3 -B= 0 0 2 C= 3 2 7 

J) 2 4, —3 	 1 6 1 -3 6 
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23. Chung minh rang A + Iva I - A la nghich dao cunt nhau n61 A 2 = 0. 

24. Cho f: V -> V la phep Bien ddi my& tinh. IJBi vett co s& e t , E 2 

 a5 ma bin la 

'2 	 -3 1 
A= 5 	 0 4 . 

a l 	 -3 2 

Hay tim ma (ran cua f ddi vOi co s(71(2): 

E' l  =2E 1  -E 2  

	

=E 	 +E2  2 	 1 	 2 26 3 

8 1 =8 2 +8 3 

25. Trong klieg-1g gian vecto V cho co sd (a): 8 1 ,8 2 ,6 3  va co

sale) 

6' 1 

- 

= 2E 1 1-E 3 

1 2 =8 2 —8 3 

e 3-  =6 1 2c 3 

Phil> hiEn ddi tuyth tinh f V ->V al ma Iran 

	

'2 	 2 

	

B=,  1 	 0 3 
1 -3 0 )  

ddi witi co sa (a). Hay tim ma tran caa f d6 yei cos& (a). 

26. Gia sit A e Mat„ (K). Chung minh: 

a) A kha nghich •(=> 3 B e Mat„ (K), AB = I; 

b) A kha nghich <=> 3 C E Mat„ (K), CA = I. 
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° 4,  

27. Xdt anti xa 

tr : Mat„(K) —> K 

(a ii )=- Ai-itr(A)=E a ii  

a) Cluing mirth anh xa tr la mot dang tuyEn link. Ngtrai la got tr(A) la 
vei eda ma trait A. 

h) Gia sir A E 	 va B e Mat,„;„,(K). Chang minh 

tr(A.B) = tr(B.A). 

28. Chung minh khang thd co A, B c Mat, (K) sao cho AR - BA = I, I la 
ma tran don vi tha Mat, (K). 

29. Cho A,R E Mat,(K). Tim X e Mat„(K) (id X - tr(X)A = B. 

30.Gil sir (an) = A E Matn(C). Chang mirth rang hth Ia ea 

(Vi) 	 iil_ > 	 , 
Izi 

thi A kith nghich (clink ly Hadamard). 

31. Xet vanh Mat„(K). Dar C la he phan tha Mat,(K) gam the ma Iran 
sau day: 

C= IA E Mat n (K) I AB= BA, VI3c Mat n  (K)) 

a) Chang minh C la thrill con tha Mat,(K). Ngtrai to hat, C gam the 
phan lir giao hoan duct voi mot phan of cim Mat„(K), C throe goi la tam 
cut% Mat,(K). 

h) Xet Mat,(K). Chung mirth tam C (Ma Mat,(K) gam the ma halt co 
clang ?d1 , X e K va Iz  la ma Iran don vi tha Mat,(K). (Huang dhn: /cot 
the ma tran En  co sir cita K - khang gian vecto Mat, (K) (xem §1,1.3)). 

c) Chang minh tam C cua Mat„(K) gam eac ma Iran ea dang XL, • 
XE K va T la ma tran don vi cita Mat„(K). 
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Lid 

11.a) A+B—C--  

4 	 2 ' 

I 	 0 
3 	 1 

(-14 	 _ 3'  

b) 2A —5B= -35 	 4 

15 	 — 21 

8 	 0 	 V 12 —9 '-4 9 —19' 

12. 2A —3 1 A= —6 	 4 	 10 0 6 
21 .) 
IS = —6 —2 —5 

14 	 10 	 0 3 IS 0 , 	 II —5 0,  

15. b)A13 = (a l a i  + a 2a 2  +a 3 a 3 ), ina [ran I dong, 1 cOt 

a x +a' x +....+a 12 2 	 In x  n 
a 2I X  I +a 22 X 2 + ....+ a 2n X  n 

a nl x, +a n2 x 2  + ...+ a nn x n  

16. A2 =1_  _) , 2A — 
4) , 31. (3 

(_ .26 — 6 0 	 LO 

Vay f (A) = A 2  —2A +31=( — 
 4 —2) 

\ 3 — 3) 

17. Xem 	 1.5) 

	

f 	 g 
18.£ 1  = (1,0,0,0)1—*(2, 0,0),--> (2, 0, 0) 

	

I 	 g 
8 2  —(0 1,0 0)1.(0 I 0)+4(1.0, 0) 

	

f 	 g 
E 3  .-- 0),O, I, 011—*(0,- 1,0)1-4 (-1,0, 0) 

	

f 	 g 
8 4  =(0,0,0,1)1—(0,0,1)1.(0, 1 , 0) 

c)AB = n dOng va 1 cOt 
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Ta c6 ngay 

'2 1 -1 0' 

mat(0) (E.6  = 0 0 0 I 

0 0 0 0 

Ta Ming c6 the tinh mat(1),„ 5, va mat(g)4  rdi tinh filth mat(g).mal(1). 
Ban dye hay thd lam, thong to rang IA Ian hon each nen vi phgi nhan hai 
ma [ran vii nhau. 

21. d) 

'I -2 -7/2 4/3 

	

1 	 I 	 -4/3 

	

fl 	 1/2 	 0 

	

30 0 	 0 	 1/3 i  

De tinh D 	 to co the 
to co: 

inh *Iwo cling thdc cho 

'A n 	 A 21 	 A 31 	 A 41  

Dung (§I 	 1.7), 

-I = 1 Al2 A 22 A 32 A 42 
6 A13  A 23 A 33 A 43 

A 14 A 24 A 34 A 44 

vrn A„= 6, A u = A n = A, = 0 

A 21 =-0 

2 

0 

3 
2 

0 

4 

0 

3 
=-12, A 22 = 

I 
0 

f) 

3 	 4 
2 	 0 

0 	 3 
=6,A 23  =0, 

2 3 4 I 3 	 4 
A 31 —2 4 —21, A = — 0 —2 	 4 

0 0 3 0 0 	 3 

1 2 4 
= 0 I 4 =3, 	 = 0, 

0 0 3 
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2 3 4 I 3 4 

A 4i  = - 1 - 2 4 =8,  A 42 =  —2 4 

0 2 0 0 2 0 

A 44  =0 A44=2 .  

Tit de to e6 D"' nhir da via 6 tren. Ta ding c6 the tinh D - ' bang each 

vi#t D duOi clang kh6i nhimg ma van con, Cu the to viel nhir sau: 

/ A =(01 
( -32 44) 

C 
= ( (2)  03) 

Hien nhien to co A, C E GL,„(K) (man §1, 13) trong dO 	 = I, ICI = 6. 

De' e6 A va C trong trubng hop nay thi rat nhanh: 

A 
	 _2 

i) 
 ), c.,, I  6(3 

0 2) 
0) 

, 

cac phan to nam nen duong elle° chinh cud ma tran nghich dao rthan 
duce hang each hoan vi cac phAn tit nam tren throng cheo ehinh dm ma 
tram ma to mu6n rim nghich &AO, eon cac phan tir nam tren duong thee 
phu thi gift nguyen, °hung del dau, va mho nhan m9i thanh phan v6i 

nghieh dap ena dinh thrle cna ma tran. Nh.r vay nett A e GL2(K), thi to 

via ngay A d : 

A= an 

a 2 , 

a 12 
a 22 4 

I A l ,1 
IAI 

( 	 a 22 
a21 

a 12  

a ll 

Bay gib la )(et ma Iran D' e Mar,(K) ding via thanh khOi nhu sau : 

B ' 

D' = 
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o o 
1 0 0 
0 1 0 

=14 

0 0 1, 

o` 

Ta xet tich: 

DD' = (A 
0 B1 

c) 

A t 	 B' I 	 = 	 , (I2 
0 	 CI 	 0 

AB' + BC
-t\ 

 
12 	 i  

trong do phep nhan cac Ich6 thkrc hi0 nhu phep nhan ma tran, nghia la 
coi can kh6I nhtr cac thanh phgn dm ma tran (cac ban Mir nghi xem c6 
Ming nhir vay kheng). Ta nee ta mu& All + BC = 0 e Mat,(K). Vay ta 
chi can lay B' = -A-IBC' va ta duce: 

Vay 0' chinh la 13.1  (xem bai 26). De c6 day du Sc thanh phan cue 
D-1 , ta xet tich 

1 	 4 .) (3 -1 1 u 2) ( 3  B'== 	 A -I BC -1 =- 
6 	 1) L. 2 	 4) 0 

22. X = A-1  (C - B). Tmeic het ta tmh 1A1 = -2 

0) _ 
2 - 

0. 

7/2 
1 

4/3) 
-4/3 

Vay ce A-1 . Dd tinh A -  , ta via A thanh nhimg khei ma tram 
, (1) 	 B = (2 1) 

C= o=(0) 

'1 3) 
2 4) 

A = 

linh 

( 4 - 
2 2 	 1) 

Xet ma tran A': 

(1) B'= (x i  x 2 ) 

(

- 2 .3/2 
1 -1/2) 

1 4EITDSTT-A 161 



XBt tfch: 

Lay B'= - BC 

I 	 B' + BC -1  
nA 	

° 	 1 2 

= (3 	 -5/2), to duce: 

-  1 	 3 	 5/21 
A -I 	 A'= 	 0 	 -2 	 3/2 

\.0 1 	 -1/2 

-3 10 23 
va: X= 0 -10 -10 

n 	 1 4 5 

23. Ta ce (I + A) (1 - A) = I' - A' = I - A' = I (vi A'= 0). Nay I + A va 
I - A la nghich ciao cim nhau. 

24. Goi T la ma tip chuy& M co sei (e)sang co se, (8), to c6: 

	

1 	 1 0` 

	

T= -I 	 1 I 
‘. 0 -2 1„ 

Vay: 

( 14 -10 -II \  

	

magi), = T -1  A T 	 = 	 6 -2 
‘28 -20 	 2 

25. GM T la ma trail chuyen tit co se( (s) sang co s& (1), a co: 

T= 0 
3 

2 
1 

-1 

1 
0 
2 

T -1  = 
( 

n - 

2 
0 
3 

1 
I 
2 

- 1 \ 
0 
2 

Vay: 

B = tnat(f)c  = T -I .mat(1)E  . T 
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Td do: 
mat(f)s  = TBT 1  

Thuc hicn phep nhan U. dtrot: 

	

7  4 	 2 -11 
mat(t) e = —7 —5 	 5 . 

	

14 	 7 — 7 

26. a) GiA Set A khn nghich, vay co A -1  a A.A 1  = L Dao lai gin sir di 
E Mais(K) dd AR = I. Gin sir f, g e EndK(K") fixing dng vni A va B. 

The thi to co: 
fog = 

lan 

Theo bai 7, f la ding clu vay cu f do do A -1 . Ta ding di th$ 
lap luan nhu sau: Cu AB = I, ta suy ra IA I, 181 = I, vay IA I x0, do dr') 
ma trait 

	

A ll A 21 	 A n1  

	

I _ A l2  A 22 	 A n2  

P1/21 
A in 	 A 2n  ... A nn  

la ma tran nghich clio cila A = (as), An  la pit ba dai <Sena trong A l.I 
b) Lam nhd a). 

27. a) Gin sir A = (as), B= (t)n ) E Mats (K) vA a, e K. Ta co: 

tr=(A+FI)=I(a +b li )=Za +Zhu  

	

]=1 	 t=i 
= tr(A) + tr(B) 

tr(XA) 	 (Xa n  )= 	 a il  = Xtr(A) 
i=1 	 ]=1 

h) Ta co: 

n n 	 m n 
tr(AB) = 	 La. b =I Eh au  = tr(BA) u  

1=1 y=1 	 j=i 1=1 
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a 11x 1 + a12X2+  a x =0 In n 

a 21 X 1 + a 22 X 2 +. + a 2nX n 

+ a „„x „ = 0 
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28. Gia sir cO AB - BA = I. The thi theo bai 27, ta co: 

0 = tr(AB) - MBA) = tr(AB - BA) = MD= n I. 

29. Ta tim X e Mato(K) 

(I) 	 X - tr(X) A = B 

Vey ta phai co: 
rX - tr(X) trA = trB 

hay 
(2) 	 trX (I - trA) = trB 

trB 
TruPng hop / - trA o O. Ltic do: trX - 	  

1- trA 

va (I) co Inca nghiem duy nhat: X = F3+ trB A . 
1- trA 

Tritemg hap I - trA = 0: 

a) trB # 0: (1) v6 nghiem. 

h) trB = 0: trX = X thy sr thude K, va nghiem cim (I) Ia X = B . + ?1/4A. 

30. Xet ty dOng CS f: C -* C luting ting vcii ma Iran A. De chting 
minh A kha nghich ta chi LAI, cluing minh I dcm eau (eh IV, biti I I). Gia 

- _ 
sir x = (x i , x 2 	 x, )EKerf.Vay: ((x) = ,hayvi@t duOi clang ma Iran 

AX = 0 

(rung do X= 

hay 



slat: 

M= sup lx k l 
15k5n 

Gia set j la mOt trong cac chi sdsao cho M = I x i  I . 

= 0  
k=1 

Ta suy ra: 

a x,=-Ea, n J 	 fic x  k 
Ic*j 

Tit do: 

IM.la I 	 a 11x j 15Elajk  Ilx k l_MElajk  I 
k*,) 	 Ic*3 

NMI M > 0, ta suy ra: 

la-I 	 a il(  I 
JU 

k*) 

mau thuin voi gia thigt: 

fri) lau]>El aijl  

- 
VAy M= sup Ix k l= 0 nghia la x, = 	 = x„ = 0 hay x =0, 

15kn 

hay Kerf = [Of , nghia la f ding c5u va ma tran A taxing img vOi I IA 
kha nghich. 

31. a) D chung minh C la vanh con cna Mat„ (K)ta Ian Mgt cluing minh: 
Cx 0, 

A - A' e C n5u A, A' e C, 

AN E C nEu A, N E C. 
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Hidn nhien C x 0 vi 0 va i  e C. Gia sir A, A' e C. ThE till v6i 

B e Mat. (K), ta co: 
(A- A')B = AR - A'B = BA - BA' = B(A - A'), 

(AA')B = A(A'B) = A(BA') = (AB)A' = (BA)A' = B(AA'). 

Vay: A- A' va AN e C. 

13) Xet cac ma tram 

JI 0) E  _0 	 E  _ 0 0) 	 0 
0 i) E' 

1 1 0 0)' 	 12r 
 

= 0 o
)
r 21  41 01 E22 =(  

M8i ma tran B = (11, 3 ) e Mat,(K) bidu thi tuydn tinh qua c5c E u 
 nhu sau: 

2 
B= 	 E u u 

i,J=1 

Ta c6 A giao hoan 	 moi B e Mat,(K) khi va chi khi A giao hoar 
voi moi Ea  do (I) va do phep nhan phan ph6i den v6i phep 

Hidn nhien the ma tram co clang XI thuOc C. DAo lai gin sir A e C, 
A = (au ). 

AE  Jam  0 	
E A— a l I a 12 

II 	
a21 

 0), 	 I — 0 	 0 

0 	 a a21 	 a 22 AE 12  + 	 , 	 E l2 A = 
01 	 )' a 2.1  

A e C, vay to phai co AE,1 = E aA, AE 12  = E,2 A. Tif do, ta suy ra: 

= a„ = 0, va a 11 = 	 = X. E K. 

Vay A = M,. 

c) Lam won tkr nhu b), ta duqc 

clang I 

AE li 

( 1 )  

0  
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dongl ( a ji  

E lj A =  0    

cat j 

Tit AEo  = E„A, ta suy ra: 

a„=a„, j=1,2,...,n 

\Tay A c6 clang A = 	 e K. 

Qua \des xel tam dm Mat„ (K)ta suy ra tam cua Endk(K) gam cac 

to dang cau h c6 (king h = Ake, k e K; h gal la Wit phep vi ry ena 
K - khang gian vecto Kn. 

VECTO RIENG - GIA TRI RIENG 

32. Gia sir A la ma Iran cua phep Men d6i Myth tfnh f dal v61 mat ca sb 
da cho tha khang gian vecto V. Xet xem meta nao trong cac vecto the 
dual day IA vecto rieng: 

a) A = 61  2), 	 =- = (2,-4), 	 = ( 1.2); 

'0 0 2 
b) A = 2 0 0 = (1,1,3), p =(1,0,5), y = (2,2.2). 

0 2 0 

33. Gia sir a clang that la vectd rieng caa hai phep hien d61 tuyen tinh f 

va g \red cac gia tH Hang Mang fing la k,, k 2 . Chang minh rang a cling IA 
vecto rieng cua gf IA g + f. Tim cac gia tri rieng Mang (mg. 

34. Tim cac meter rieng itha phep Bien dal myth kith f c6 ma Iran la A, 
13, C,... dtrai day: 
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0 I o` 0 I 0 I' 

2 0 I -4 4 0 -I 
B = 

0 0 2 -2 1 2 I 

0 0 0, 0 0 0 

1 1 
0 

c) A= 

.0 

a) A =
3 1 	 ( 	 4 i 2 5 

-( 
B- 	 C= 

..1 3 	 2 2) 

l c I 	 - 2 	 1 1 

	

b) A = 0 1 	 I , 	 A= 0 

.1 	 0 	 2 	 1 

1 8 

2 0;  

0 -1, 

35. Trong cac ma Iran sau day, ma Iran nao cher) boa dove? Neu &roc 
hay dua no ye clang cheo: 

	

a) (I -3) . 	
b) 	 1 

2 -..4) ' 

	

1 	 0  
c)  

	

( 
	

0 

	

2 0 1

5 	 4 	 6 

	

d) [ 4 	 5) ; 6 
- 4 - 4 -5 

1 -4 -8 0 0 	 I 
e) -4 7 -4 ; f) 0 I 	 I 

-8 -4 1 1 -1 	 I 

36. Cho e l , a2 , 6 3  la mOt co s& cua khOng gian vecto V. 

Phan bin d61 tuyen tfnh f &Si v6i co s& nay c6 ma trail la A. Hay 
Um mOt co s& dm V sao cho d6i Val co se, nay ma Iran cua f la mot 
ma tran cheo: 

2 
a)A= -2 

0 

-2 
1 

-2 

0 

0 
; b)A= 6 

(5 

6 

-6 
-7 
-6 

2‘ 
2 
I, 

37. Tinh lay thira A° (n 21 &la ma tran A trong bail 36 b). 
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38. Tam giaac Ma ma pan: 

3 -5 2 6 

A- 0 5 0 4 
-2 7 -1 II 

0 -4 0 -3, 

nghia la rim mot ma tran B (long dung veri A co dung sau day: 

611 b12  6 11  614 
 B= O 622 b 23 b 24 

O 0 633 b 34 
O 0 	 0 644, 

Lot giii 

32. a) L 61  
2/3)112) = 4(3I ) 

r 	 tr 	 ),,,r 2), 
H 6 2, ,.- 4) H20) 	 4 VA, E K 

(- -n(Q = ( --VIU) 

I 0 2 I 	 6 	 1 
b) 

0 
 2 0 0 1 =2. g X1 ,VX E K 

2 0 3 	 2 	 3 

O 2\1 	 '10 [  
O 0 0= 2 	 1/4. 0, V2.e K 
2 0. 	 . 5 	 0. 	 (5, 

0 

/0 

H2  
'0 0 2 -` 1. 2 
2 0 0 2 = 

4 0 2 0, 42 

'4\ 	 2 
4 =2 2 

44, 	 2 
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33.
f(a) = k

I  a 
	

gf(a)= g(k, a)= k i g(a)= k i k 2 a 
g(a)=k 2 a 

(f + g)(a) = f(a)+ g(a)= k a + k 2 a = (k, + kda 

34. c)     

A - XI I = 

1-A 	 0 	 1 	 0 
O 2 - X 0 	 I 
O 0 -a 2 
• 0 	 0 -a. 

= X2  (X -2)(X - I)     

A = 0. Cie vecto neng Wong img vOi A =0 c6 cac toa x„ x 3, xi  Ulna 
man he abating trinh 

• 

Cat: vecto rieng c6 clang p.(1,0,-1,0)=a(c, -e3 ), 1.1E K. icy  02, 4, c4 } la 

clic co sO chinh the dm K4. 

A = 1. Cac veclo rieng Ivdng ring vOi A =1 co clang [Le i , µ e K 

A = 2. Cac veer° ring Wang ring vOi X =2 ce dang ac 2 , µ E K 

- X 	 1 	 0 	 1 
- 4 4 - X 0 	 -1 
- 2 	 I 	 2 - X 	 1 
O 0 	 0 	 I- A 

= (X- 1)(X - 2)3   

A = I. Cac vecto rieng Wong ang v6i X. =1 c6 thing 11(4, 5, 2, -1), IA e K. 

A = 2. C4c vecto rieng luting ang vth A= 2 c6 thing it(I, 2, 0, 0) va 

y(0, 0, I, 0), a va y e K. 

{ x + x =0 1 	 3 
2X 2 + X 4 = 0 

2x 4  =0 
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35. a) 

- 	 -1 

1 	 3 - X 
= (X -2) 2    

Cac vecto rieng tucmg ting voi k =2 cO clang t(l, -I), chi minh vecto 

(1, -I) khOng the thanh lap met co s& cho khOng gian K 1 , vay ma Iran 

khOng cheo Ma duty. 

= (X -1)(X - 4) 

Ta có hai gia tri sieng phan bigt, vay Iffy hai vecto riCng tong ting 

theo tha Ia voi X = 1 va k = 4 , ta duct mbt co s& cho K 2  ma trong do ma 
[ran da cho tit thanh 

((1)  
4 

D p(k)=-k' + 2k 2  - X 

Neu K = R, thi viec nghien eau ham p(k) cho ta hie( (p(k) chi co met 

nghigm thue va hai nghigm pink lien hqp. \lay ma Iran khOng cheo Ma 
duce, vi chi co met nghiem Uwe. Neu K = C, ta co ha nghiem phan bigt, 

vay ma Iran cheo hoa duo; . 

36. b) (p(X)= (1 + X) 2  (1-k) 
— — — 

2 = 	 CO hai vecto rieng dbe lap tuyeb tinh e I =E l -FE 2 va 

0 2  = — E 1  + 3e 3  , tucmg Ling vOi X = -I. 

— — 

A = I. Co mot vecto rieng 0 3  =a t  + a 2 	 wang ling vai k = I. Ba 

vecto rieng e l  , e2 , 03  lap thanh mot co ser lam cho f co clang cheo 

-1 0 0 
= 0 -1 0 

‘. 	 0 1 

2 - k I 

2 3 - X   
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Ma tran T chuyen tit ca so (6 1 e2' 	 sang co so 

e 2 , e ll ) la 

1 -1 	 1' 
T= 1 0 I 

0 3 I )  

Tit do ta co: A = T -1 13T. 

37. Ta 'cot lai ma bin A trong hal 36 b). Ta co: 

A" = (T " I BT)(T -1 13T) 	 Cr - 'BT) = T -1 13"T 
Nhung B2  = 	 (16 B" =13, B" = B. Vey: 

A" = l„ n = 2k, 
An= A,n= 2k + I. 

38. Got u : le —> R 4  la ur clang can co ma tran lh A dal viii co so chfnh 

the = 	 02 , e 3 , e 4 )cna 	 Tinh da thtic dac tnmg (p(k) dm A: 

W(0)= A4.1 = (X-I 

Cal; vecto rieng tuO'ng (mg vol nghlem bOi cap 4, a. = I, co Bang 
p(1, 0, -1, 0), p. e R. NIur vay ta khang the co b8n vecto rieng doe lap 
tuyen tInh tutmg img yea a. = I de co mot co set trong do u ea ma Iran 
cheo. Bay gib ta hay c6 gang tam giac hoa ma [ran A. Mthan vay ta lay 

mat vecto rieng ft  = (1,0,-1,0) = e t  —e 3  .Ta xel he co sal": 

thc = 	 f2 , 13 ,  tit 
trong de 

ft  =ei  - e3 	 e i  =ti + f3  

f2 	 e2 e2 =12 

= e3 e3.=13 

14 = e4 e4=14 
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Ta hay tinh ma Iran A, = mat(u)„... 

u(1 1 ) = f 1  (t, la year/ rieng tucmg ring voi gid tri rieng R = 

u(f2 )=u (e 2  ) = -5e, +5e 2  +7e 3  —4e 4  (cOt 2 Gem ma trap A) 

= - 5(f, + 113  ) + 5f2  + 713  — 414  

= -5f 1  +5f2 +2f3 - 4f4, 

U(f3 ) = 2f1  +13 , 

U(f4 )= 	 + 4f2  51 — 

Tit do 

11 
 

mat(u) ,*  = A, = 0°  

O  

—5 2 —6'   

5 0 4 

2 1 	 5 

—4 0 —3    

fiat H =Rf2 $ Rf3 e Rf4,  taco R 4  =Rf 1  H 

GM sv U l  = Ul„. X& rich cdc anh x4 tuydn tfnh sau day: 

H=1-424 I=>H 

trong do p: E =Rf, ® H —>1-1 la phdp chidu len H. CO p o u, a End s(H) 

ca. ma Iran cua p e u, (161 v6i costir01 2 , f 3 , f 4 1 trong H chinh la ma tr4n 
cap 3 dOng !cluing trong A,: 

— — mat(pcul)l 
	 16 ir 

— = 
14) 

2 

4 

50 

1 

0 

4' 

5 

- 3/ 

=B 1  

Ta hay tinh da thdc dac truing rp,, (T) cUa ma tit' B,: 

(pH (x)= ( 
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Cat; veto rieng ttnmg img vol A.= 1 ce dang 
_ — 

p.(0,1,0) = p(Ol2  + f3  + Of4 )= pf3 ,p. E R 

Ray gib to lai )(et mot co sb khac: 

igi g2 g3 ,  g4 

gt - fi 

g2 =13 

g3 t2 
- - 

g4 =14 

ft = g 1  

12 = g3 

13 = g2 

14 = g4 

Ta hay tfnh mat(u) w  

u(g 1 )= u(11 )= f t  =g 1  

u(g 2 )=1(i.3 )=21.  +f3 	 (xern cat 3 dm ma Iran A t ) 

=2g1 +g2 
— 	 — 

u(g 3 ) = -5g1 +2g2 +5g3 -4g4 

u(g 4 )=-6g 1  +5g 2  +4g 3  -3g 4  

Vey: 

2 	 -5 -6" 

mat(u),6  = A 2  = 
0 	 I 

0 	 0 

2 

5 

5 

4 

0 	 0 4 -3 i  

Dal: 1= Rg 3  e Rg 4 	 va "2 =up 	 Xet Lich: 

J —1?—>R4 	 , p phep chieu. 

voi 
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Vay : 

	

3 [I 

	 2 	 I 	 -6 v  

0 0 

5 

	

c0 	 0 	 0 	 I 

mal(u) w, — 

p a u, e End 	 va ma Iran cda p a u, ddi VA co 	 g 4 } pang .1 

chiral IA ma Pan cap 2 citing khung trong A,: 

= 1 5 4) . B  
mapp u 2 ) — 

{g3 Li) 	 4 -3 	 2  

Ta hay tilt da thin: dac Inmg 
1 1312(X) am ma [Mu B,: 

41/2,2 (%)= (I -X) 2  

Cac vector rieng Mang img poi X = I co clang: n(1,-1) = p(g 3  - g 4 ), 

p E R. Cu6i ding to Net co so: 

'r= (hi, h 2 , h 3 , h 4 ) 

vo 

=gt 	 g i  = hi  
h 2  =g2 	 g2 	 h 2 

h i  =g 3 -g4 
	 = . +h4 

h 4 =g4 
	

g4 = h 4 

Tir do: 

Wild

- 

= u(g 1 )=g 1  = h i  
— — — — — 

u(h2)=u(g 2 )=2g, +g2  =2h 1  +h2  
— — 

u(h 3 )=h 1  -3h 2  +h 3  

u(h 4 )=-6h 1  +5h 2  +411 3  h 4  

175 



A, la mot ma Iran tam giac , cac phan In nain tren cluing cheo 
chinh la cac gid In ring elm ma Iran A da cho, 8 clay Mn gia tri ring 

den bang nhau, do la nghiem = I cap 4. 

Ta hay tinh cac ma Ran chuydn cu sb. Ta Ian loot 

A =T - 'AT, voi 

( I 0 0 0‘ 
O 1 0 0 

-1 0 1 0 

O 0 0 1, 

—=> A 2  = A Ti , viM 

1 0 0 0'  
O 0 I 0 

- 
T-  0 I 0 0 

O 0 0 I ) 

A 3  = T2-I  A 2  T2 , Voi 

I 0 0 
O I 0 0 
O 0 I 0 
O 0 -1 I , 

A 3 - 2 I -1-1  1-1  T -1  ATTI  T2, yoi 

0 0 0' 
O 0 	 1 0 
I I 	 0 0 
• 0 -1 1)  

T = 

T2 = 

Vay 

T T1 T2 = 
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Chuang VI 

DANG SONG TUYEN TINH. 
DANG TOAN PERKING 

§I. TOM TAT Lt THUYEeT 

Trong chuung nay ta chi xet cac R - khOng gian vecto. 

1.1. Dang tuyen tinh tren mot kheng gian vecto E 

MO( clang tuyin cinh la rnOt anh xa tuyen filth tit R khOng gian vccto 
E vao R. 

f = dang tuyen tinh tren E = f e Horn R(E, R) = E•. 

1.2. Dang song tuyell tinh troll mot khOng gian vecta E 

f:ExE—)14 

(x,y)i-4 f(x, y) 

f la mot dung song tuyfn tinh tren E neu f la tuyen tinh dei vo'i men 

bieh x, y.  

Dang song uyeb Ifnh f la dot sting nen: 

f(x, y)= f (y, x) 

1.3. Ma tran ena clang song tuyen tinh 

Gia sir fe l 	 E n  )1a MOt CO sO dm khOng gian vecto E va f: E x E R 

la mot dang song tuyen tinh tren E. Dal f (s i ,s j )= a ij  E R. Ma Iran (a): 

12-8TDSTT-A 
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trong do: 	 X = 
X.2  Y=    

a lb 	 au 

a21 	 a  22 '" a2n 

a n2 	 arm 

gni la ma tran cila clang song tuyen tinh f tren E ddi voi ei sc't 

	 e n ]. NEu f d6i xting thl ma Iran A d6i 

Ma tran A = (a) hoan loan xac Binh clang song tuy6n tinh f. N6u: 

x = x 1 E 1 +...-FX n E n 

y=y i e t  +...+y u a n  

n n 

thy: 
	 f(x,y)=ZEa ux i y i  

1=1 j=1 
hay vie dnOi ding ma tram 

f(x,y)=- 'XAY 
/ 

Yi 

A= 

Y2 t X =(x i x 2 ...x u ), 

X n 	 \Yni 

tX la ma Iran chuyen vi dm ma Iran cot X. 

1.4. firth hthing elm vit‘c d& co sa dot vol ma trim dia ding song 

tuten tinh 

Xet clang song tuy6n tfnh 
f:ExE—>R 

va hat co so (a 	 a n  1; 	 ) cua E, T la ma trail chuydn tfr co 
• s& [MI nhat sang CO Sef [hit hai, A = (au) la ma trail elm I ddi voi ca s& thir 

nhat, B = (IN) la ma tran cua f dOi voi co s& thu hai; We do 

B = 'TAT, 'T la ma Iran chuydn vi dm T. 
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1.5. Dung town phuong 

Cho dang song tuyEn tinh ddi xting: 

f:ExE--->R 

Anh xa 

co: E —> R 

X H co(x)= f(x, x) 

goi la (twig toon plutcmg trCn E dig vol clang song toy& tinh ddi xting f, 

con f goi la dung cur CU' a clang loan phtrang co. Ta c6: 

	

x + y 	 X —(1) y f(x,y)= —
2 

k)( 	 ) 	 ( ) 	 ) 

1.6. Ma tran cua dung toan phuong 

GM sir lE 1 	 e n  l la mot cn sa cna E, f la mOt dang song toy& Mill 

ddi xting tren E, A = (an) la ma tran &la f d6i vdi co so {E l 	 E n  ) . 1E)6 

la mQt ma tran ddi ming vi a= f(s i  ,E i  )= Ref  s i  )= an. 

Ma Iran dol xang A = (a,) cua clang song tuyEn tinh ddi ming f ddi 
vol co s& (E l 	 E n  ) goi la ma trtin.nw eking tam phacmg a taring ttng 

vai f ddi vol co ser (E l 	 s ). 

Nen x =IX,E i  , thl 

n n 
w(x)=LIa x x 

1=1 j=1 

hay viet dual clang ma trans 

co(x)= t  XAX 
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1.7. Dan town phuong the Binh 

Dang than phuung o tren khOng gian vecto E goi 1a gac dinh neu 

o(x)= 0 ken theo x = 0 . 

Ngtr6i ta thong minh rang nett to la myt clang toan phuung xac dinh 
- - 

thl w(x) eó ding myt dau yeti myi x 2 0. 

Ngu6i ta bah co IA zde dinh &fang (dm) neu w(x) > 0(3(x) < 0) v6i 
- - 

Mill x # 0 thuOc E. 

1.8. Dna dang toan phuong va dang chinh tat 

Gia sir co IA myt dang toan phucng tren khOng gian vecto E, va 

} la myt cos6cua E sao oho: 

_ 	 n 	 n 
co(x)=Ek iq 	 x=Ex i n i  

=1 

thi bleu thGc tren duet goi la dang c thth nie cua dang Man phuong 

Viec Om myt eo set trong E de' co c6 dang chinh the duet goi la dua dang 
Man phuong ye dang chinh tac. 

Nguan ta chting minh rang hao gib cling dua duet myt clang loan 
phuong ye dang chinh tat. 

1.9. Dinh Ifr (Wan tinh 

Met dang toan phuong cep the (a nhieu dang chinh the, song chting co 
myt didm Chung: 

Trong hai dang chinh lac Mt k9 eith sung myt dang Man phuong, sd 
cat; he sd dining hang nhau va sd cat he s6 am hang nhau (Emit (mein tinh 
(-Ala dung roan fthitang). 

1.10. Khong gian vecta Euclidc 

Dang song tuyen tinh d61 xting f tren kheng gian vertu E goi la myt 

tick vo hiding tran E nett dang toan phuong a tuong Ong vOi no the dinh 

dmmg. Ta k9 hien f (x, y) = x.y va gyi Ia rich vO huOng eita x va y 
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Neu x = y , ta vied x .x = x . 

KhOng gian vecto chieu E goi la khBng gian vecto Euclide niu tren 
E co met tech v6 Mang. 

1.11. Cosa true chitin 

GM sir E la mod kh6ng gian vecto Euclide. 

– _ 
1.11.1. Hai vecto x, y E E gyi la Ow giao n6u x .y = 0 , k1 hien xly 

1.11.2. X E E, ta got x la thud!: cna x,ky. hieu x. 

1.11.3. Co so s = (e , E 2 	 E a ) ciia khOng gian vecto Euclide E duck: 

gyi la co sift true chudn net, 

e, . e, = 8 ii  , j = 1, 2, ..., n. 

1.11.4. NgtrOi ta cluing mirth moi khong gian vecto Euclid° E a rl chieu 
(n 2 2),deu có co S& true chudn. 

Ltd xay dung met co set true chudn tit met co sei biet, ta co the sit 
dung qua trinh trite chan Ma Ma Grain - Schmidt. Ta co the lay n = 3, 

va thuc hien vice true chute boa then Gram - Schmidt; taking hop n Ong 

(mat cling lam nhtr vay. Ta hay xudt ghat to met cos& le, ,2 2 ,E 3  ) caa E; 

ta xac dinh ,f2 ,f3 ) nhu eau: 

f, = ; f, = e, + X 2i  f,; f, = e, + 	 f, + 	 f, 

v61 &ea kien: f,. f2  = f, .f, = 0. Cac diet, kien d6 se xac dish duy nhat 

A , ,, A.31s A-12. 

Trude het to chti 1 cac vecto f t , f2 ,f3  xac Binh nhu vdy co chudn 
— — 

khac 0 vi e 1 , e 2 ,e 3  dee lap tuyen tinh. 
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e t.e 2  

	

=0 	 — 
Ile 1

- 

1 2  
—i  
f I .e 3  = 

II 2  

f .e 

	

f2'f3 =0  	 2 3  

32 	 HT; 11 2   

CuGi cang to chain Ma: 	
ft 

= 	  — 1, 2, 3,th 1 ,6 2 ,6 3 1 la mOt co 
Ilf 11 

so true chub. 

1.12. KhOng gian con true giao 

E la mOt khOng gian Euclide, F la mOt khOng gian con elm E. 

H= fx EE lx 1 y,Vy e F) 

H la mOt khOng gian con va E = F H. NgtrOi la got H la khOng gian 
eon ha true giao voi khOng gian con F. " • 

1.13. Phep bidn deli trite giao. Ma Wan true giao 

E la mOt khOng gian vecto Euclide, 1: E 	 E la mOt tucking eau la 
mOt ghat) biln doe trur gian ridu f bao town tich v6 Wong 

f (x).f (y) = x.y, V x, y e E . 

f bidn d6i true giao o f bidn co so true chugn thanh mOt co sO 
true ehuan. 

A = 	 ,, n  la ma tran true chuan it 	 = In . 
f bidn de) true giao ea-ma Dan elm f d6i voi mOt co sO true chart la 

mOt ma tran true giao. 

	

1.14. Phep bin dOidoi zing. Ma [ran 	 xong 

E la mOt khOng gian vecto Euclide, E E E 14 Inca ttr dOng cgu. f IN 
mOt. phep bin ddi di xirng ndu: 
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x.f (y) = f (x ).y, Vx, y e E 

f hien ddi del 'Lung <=>. ma Ran cua f ddi vOi mOt co s& true chuan la 
mOt ma tran dol xting. 

114.1.N6u A la mOt ma tram &CI thug cap n vol the thanh phan IA nhiing 
s6 thuc thi da thtle dAc trung (p(X) = I A - XII cim A có n nghiem thut, 
m6i nghiem bOi cap m duoo col la m nghiem bang nhau. 

1.14.2 f E --> E la mot phep bien ddi ddi zing cita khOng gian vecto 
Euclide E, A., va X, IA hai gia tri rieng phan bier, E xi (f) va Ex2(1) la hai 

khOng gian con rieng tuong t'mg v6i A, va X, (ch.V, 1.10); the thi E xi (f) 

va Ek ,,(f) true giao vol nhau. 

1.14.3. Neu f: E —> E IA mot pep Bien ddi ddi xting cua khOng gian 
vecto Euclide E, thi E ce1 melt eel s& true chudn gdm nhdng vecto rieng 

cua f: (e i ,ei 	 e n ). 

M6i vecter rieng along img voi mOt gia td rieng cua f. Neu X, IA 

mOt nghiem bOi cap n„ thi se c6 n, vecto 	 along ting voi X,. Nei 

each khae, neu X, c6 sd bOi n,, X, co sd bOi rt, ,..., 	 có sd hOi nn„ va 
n,+ n, + 	 +n ,,, = n, thi: 

dim Ex, (1) = n„ dim Exit) = n, 	 dim Exin(t) = 

va 	 E = Exi (f) e 	 e e Ex (1). 

1.14.4. Dtra mOt clang man phirong tren mot khOng gian Euclide it" ve 
clang chinh the. 

Gia sir ro la clang town phtremg tren 	 ea ma Iran A deli voi co so 

e = 1e 1 ,...e n  l chinh tic ena R". Xet phdp bien ddi ddi zing f:11.11 —> W 

ed ma tran la A der, veil co s& e. Data = {a l ,...,e n  ) 1a CO sa true chuAn 

gdm nhdng vecto rieng cua 11 Khi do ma tran T ehuydn It co s6 e sang 
co s6 a IA mot ma tran true giao (T 1 =1). 1)61 voi co s6 e, ma trail eith 
Bang toan phucmg ru IA ma tran cheo B: 

B =TAT. 
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§2. BAI TAP 

DANG SONG TUYEN TiNH 

1. ViEt ma tran clia clang song tuyen Bah tren R 3 , a day 

ac(xl.x2,x3)43(Y1.Y2 , Y3): 

a) (p(a.,131) = 2x,y, -3x 2 y 3  + 4x 3 y, - x 3 y 3 ; 
-. - 

b) (p(a., 0) = 4x , y 2  -5x,y 3 +8x 2 y, -6x 2 y 3  +x 3 y 3 . 

2. Tim ma flan elm clang song tuy6n tinh do' ming tren R 3 : 
- - 

a) rp(a,)= 5x,y, +4x,y 2  -3x 2 y 2  + 6x 2 y 3  -x 3 y 3 ; 

b) (4)(rx,13)= 2x,y 2  - 6x,y 3  + x 2 y 2  - x 2 y 3  + 5x 3 y 3 . 

3. Cho ma tran dm clang song Iuy8n tinh (p tren It' ca ma Iran d6i voi co 
sa chinh tk ia 

4 2 01 
A =F1 0 5 

2 - 2 - 3 

Tim ma [ran dm p ddi vai case/ (4) gm cac vecto: 

CI  = (0,2,1),r2  = (1,1,0), 	 = (-1,3,0). 

4. Cho clang song tuyEn tinh cp trerr R 3  c6 ma Iran c161 vai co s& (a) l'a - 

2 -1 	 1` 
A = 0 3 5 [ 

1 	 0 - 2)  

Ma Iran chuyen to co s& (s) sang co so (4) dm R3  la 

( 1 1 0) 
T= 2 0 I 

0 1 2) 

Tim ma tran dm y ddlvai co sa (4). 
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DANG TOAN PHUONG 

5. Tim ma tran cna clang town phuong trail R9  co bi6u that toa dO sau: 

a) cola )= 4 + x 22  - 3x,x,; 

h) ra(a )= 2x? +3x 2.-  x 23  + 4x,x, - 6x,x,+ 10x 2 x3 ; 

c) to( a )

- 

 = 2x + 4x 22  + 9x 32 
+ 4x,x2  - 6x,x, - x,x 3 . 

6. Cho cac clang town phuong sau day dude vi6t dual clang ma trait Hay 
via chting dual dang thong thding: 

a) (x, x, x,) 	 0 -2 	 1 x 2  

	

—1 	 1 	 2 x
3. 

	

3 	 0 -11x, \ 
[ 

	

4 	 1 	 0 x, ‘ 
[ b) (x, x, x3) 1 	 3 -1 x 2 

 o -1 -I 

Via cac clang Loan phuong sau day dm% clang ma Iran: 

c) m(a)= 3x? - x 22 + 4x 1 x2, a =(x1 , x2); 

d) m(a)=x? + 24- 6x,x2 - 2x,x, + X,x 3 . 

7. Tim bidu that toa do dut Si clang town phuong dual day sau khi thuc 
hien phep !Ilan dal toa do Wong ang: 

a) co(a )

- 

= 5x 2  - 3 x 2  2 + 6x,x„ a = (x„ x„ x3); 

{X I = y1 
X 2  =yi - y2 

b) c3( )= x 2, — 24 + - 4x,x3  - 2x2x, 

x, =y1  +2y2 

X 2  = y 2  
x 3  = y2  - y 3  

a 

- 

= (x1, x2, X3)., 
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c) to(a. ) = 2x - 34- 6x,x, + 2x,x, - 4x 2x 

= y i  + 2y 2  
2 

a = (x l , x 2 , x3);  

x 2 = 3/ 2   
x3 = Y3 Y2  

d)co(a)= -x3 2  + 2x 1 x2 - 4x,x 3  + 6x2x 3  , a = (x„ x 2 , x3); 

{

9 1  =x 1  +x 2  -2x 3 

 3/ 2 =x 2 
y3 =x2-x 3 

DUA DANG TOAN PHUCING VE DANG CHINH TAC 

8. Dtra cac clang tokn phuong sail ye clang chinh tic: 

(Duoi day a = (x„ x 2 , x,) e k3) 

a) x? + 2x 22  + 2x,x, + 4x 2 x, ; 

b) x 21  + 4x 22  + x 32  - 4x,x2  + 2x,x, ; 

c) x 2, +4 	 - 2x,x2  + 2x,x 3 + 2x2 x3  ; 

d) 2x2i  +x2 -3x 4x,x 2  - 4x2x, ; 

e) 2x 2, + x 22  +3xi - 4 /2-  x 2 x, ; 

t) 24 + - 6x,x2  + 2x,x, - 4x 2x, ; 

9. Vol cac k9 hieu fru& (thin 112, §3, chong minh rang mOt dang town 

phttang xac Binh am khi va. chi khi 

(-1)kf.),>0,k=1,2,.. 
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KHONG GIAN VECTO EUCLIDE 

10. Trong khOng gian vecto Euclide la 

cos(a,p)- 	 _ 
II al1.1113 11 

va goi d6 la cosin cua g6c giCra hai vecto a va (3. 

Hay tinh chuan va cosin cua g6c gitta hai vecto sau bong 12 3 : 

a) a = (1,2,3); (1 (0,2,1); 

h) a =(1,0,0); p = (0,1,-1). 

11. Trong kh6ng gian vecto Euclide R' cho co so 

E l  = ( 1, 2,3);E 2  = (0.2.0);e 3  = (0,0,3) 

Trgc chudn h6a he vecto da cho. 

12. Trong kh6ng gian vecto Euclide R °, hag age chudn Ma he vecto 
gam c5c vecto sau: 

8 1  = ( 1,0,1, 2);E 2  = (- 1,0,-1,0);s 3  =(0,0,2,1),E 4  = (0,1,1,1). 

— — 13. Trong khOng gian vecto Euclide E vOi co so tore chudn (e t , 8 2 ,E 3 1. 
Hay tinh 	 a 11,11 pi cos(a.13): 

a) a = 3ei  - 282 ,11= E 2  +4E 3 : 

h) a = E l +3E2 -E 3'D = 	 + 2E2 +83; 
- 	 — 

c) = 48 2  +83 ,13 = -58 1  +63 ; 

d) a = 2.2 1  -E2  +83 43 = 2E2  +323 ; 

e) = -3E 1  + 282  +83 ,11= e l  -82  +5E3 . 
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14. Tim ma Iran true giao dua cac clang loan phucmg tren R 3  sau day ye 

Bang chink tae, (a = (x i ,x 2 , x 3 ) E R3 ): 

a) ra(a)=5x 21  +94 + 9x -12x i x 2  -6x 1 x 3 ; 

2 b) a(a)=4x?(a)=4x i2  +x 2  +9x3  - 4x i x 2  -6x 2x 3  +12x i x 3 ; 

c)  co(a)=5x i2  +x 22  -x 32   +2x 1 x 2  -4x 2x 3  -2x 1 x 3 ; 

d) co(a) = 3x + 3x +3x3 + 2x i x 2  + 4x 2x 3  - 4x x 3 . 

15. Gift sir A la mot ma Iran d6i xang thgc cap n sao cho A k  = In  (ma [ran 
don vi) yin k e N*. 

a) Cluing mirth A 2 = L. 

b) Gia sir E la mOt R - khOng gian vccto n chieu, p = {e i 	 n ) la 

mOt co ser caa E. X& phdp bi6n d6i song tuy6n tfnh <p c6 ma trait IN A 
volddi 	 co sO p;  A phai the nao d@ m la mOt tfch vO huOng tren E? 

16. Giasn E la mOt khOng gian vecto Euclide, S = 	 Ir k )  14 mOt ho 

vecto trong E, k E I I, 2, ..., n). Dat: 

to duac ma Iran A s  E Mat, (R). 

a) Chung mirth S phu thuOc myth tinh khi va chi khi I As i = 0. 

b) Chung minh hgS = hgAs. 

c) Chung minh I A s i?. O. 

17. Gia sir E la mOt R - khOng gian vecto n chieu, ra la mot clang town 
phuang xac Binh duang, m 14 clang cue dm a, va E la mOt R - khOng 

— - 
gian vecto Euclide vOi tick vO hating m. Cho a e E, a m0. Nguai to 
xac dinh cac Inh x4 sau day: 

f: E 	 E x 	 f(x)= co(x)ct - w(a,x)x, 

	

- 	 - 	 _ 	 - - 
5: E -* R x 1-> 5(x) = p(a,x) 2  - co(x)ra(a), 
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a) Chung minh 8 la mQt clang than phuong; tfnh w(f( x )) va 
ip(a,f(x)) qua (o(x )va 8(x). 

b) Chung minh 8(x ) < 0. 5 c6 phai la mQt dang toan phudng xac Binh 
am khOng ? 

c) Chung minh vea mni x E, f( x ) va x true giao. 

d) Gia sir dim E =2 va (:0) la mot co sO cua E Hay cho mQt co sa 
tore chudn cua E. 

18. Gia Sit E la mot khOng gian vecto Euclide va f: E -> E la met phep 
Nen ddi Rye giao. 

a) Cluing minh 

bien d6i Otte giao (=> II f(x)II=11x II . 

b) Gia sir dim E = n, A E Mat„,(R) la ma Iran caa f ddi v6i mOt co sa 
true chuSn cila E. ChEmg minh I A E {1, -1). 

c) Gia sir E = 	 e = 	 la he co se( chinh the. Xet clang song 
tuyEn tinh d6i xting N  c6 ma trap 

0 
1 0, 

va u: 	 —> R2  la mQt to clang cau bao Man (p, nghia la: 

(P(u(x)(n(Y))=91 (x,Y). 

Chang minh mat(u), e { 1, -1}. Tim clang caa mat(u),. 

19. Xet R - khOng gian vecto R R  va bdn vectcr sau day: 

f,: x H cosx, f, : x H sinx, 

f3 : x H cos2x, f, : x H sin2x. 

a) Cluing minh.( = (f,, f„ f„ 	 doe lap tuy6n tinh. 

b) Xet R - khOng gian vecto E co cu so( 	 Ta xet a'nh xa: 

ma(o),=B= 
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: 	 R 
2n 

1 
(f, g) i—> qt(f, g) = — (x)0 g(x)dx 

rz 
0 

CM-Mg minh p la mOt tfch vO hudng tren E va hay cho mOt ea sd true 
chuan tren E. 

20. Xet ma Iran A e MAAR): 

0 0 0 a 

0 0 0 a2 
A= 

0 0 0 a n•-I 

a l a 2 • •• a n-1 a n 

a) Ma Iran A ed kha nghich khOng? 

h) Xet ma Iran A - E Mat„(C). 

Chung minh A - il„ kha nghich trong Mat,,(C). 

c) Chito Ma ma tran A. 

2 0 0' 

1.0i giai 

1. a) 0 0 —3 

4 0 —1 

5 2 0' 

2.a) 2 —3 

0 3 — 

3 —2 —6'  

3. inat(p)t = 'TAT = 9 5 3 

‘ II 9 
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1 0 I —I \  

hong do: T = 2 1 3 

,1 0 0) 

la ma tran chuydn tit co sa chInh rat:  sang co so 4. 

5.a) 

1 

—3/2 

0 

—3/2 

I 

0 

0A 

0 

0, 

6. a) 3x 2i  - 2x,x 3  - 2x 22  + 2x,x3  + 2x3. 

 
c) w(a)= x

2\ 
 2 2 (x i  x 2 ),a =(x i  x 2 ), 

— 

2 
7- a) m (a)=8 31 2

2 3
35- 

m(a)= y 2i  — 7yi + y23 . 

S. a) y? + 	 —4Y3; = 2y, - Ybxz = y, -y„ = y 3 . 

2 	 2 	 2 
yi — Y2 — Y3; = Y3 - Yz, x2 = 	 x3 = ± 3Y: - Y3' 

9. Ta nhk lai dinh ly 2, §3: 

Gia sir 

all a 12 •• am . 

A= 
a 21  a 22  .• a 2n  

• • • 

a nt a nt nn 

in ma tran cua dang town phuong (Ten khOng gian vecto V. Khi do to la 
xale dint' ducmg nEu va chi nab moi dinh thdc con chinh 

191 



II 	 12 1k 

21 	 22 	 2k 

a kl a k2 

ena A den throng. 

Bay gib to quay ye bM tap. Ta 

xac dinh am er> xac Binh throng. 

Nell A = (a, 1 ) la ma Iran cna m, thi - A = (- a„) la ma tr n eua - co. 

Theo ding 19 tren:   

- co xae Binh duong <=> = (-0k  Dk > 0   

=x,F11= J• cos(ii3) = 	 . 

b) Et11=i1N,J,cosox,(3)= 	 a va p true giao. 

11. DM: 

e 1 =E l - E 2 -E 3' 

 I- 
 e2 = -2 E 2 , 

_ — 

e 3  =3E 3 

Ta chive: 

e l  =(100) 

e 2 = (0.1,0) , 

e = (0 0 1) 

10. a) a 
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136 chInh la he co s& true chuan ehinh tat:. cim R 3. Qua. trinh Into 

chudn boa nay nhanh, do he vecto pe 2  ,8 3  ) don gian ghip ta shin 
thay ngay mOt h@ ea s& true, chum. N5u ta lam may m6c nhu trong 19 
thuyel (xem § 1, 1.11.4) thi se phdc tap bon nhi5u. 

12. bat 6 1  = a l  va x6t s 2 + X 21 8, vdi diet' kien vecic nay nut giao vdi 
— — — , 

6 1 :5 1 - (8 2 A-215]) 0. Tir d6, ta Mtge- 

x  _ E  1 E 2  I 

2 	 3 

_ 2 " 2 2) 
7`21 5 1i 	 3 	 3 , 3  

, DEng le lay 52 8 2 ± A21 u
T

l nhu trong (§1, 1.11.4), [a lay 
3  

5 2 =— 2 (8 2 ±k2i51) = (1, 0, 1, -I) (16 tranh nhdng Phan s6. 
— 

Ta 06: S i  va 5 2  true giao. Bay gib ta xet vector 

+ 5 + X 

	

3 	 31 1 	 32 5  2 

va ta mudn vecto nay true giao vdi 6, \Fa 5 2  . 

true giao vol 5 /  

— — 
6 (e +A. 	 +IL 8 )=0=5 .8 +A 1- 3 	 31 1 	 32 2 	 1 3 +791 6 1 

nE 	 2 
31 	 —2 	 3 

S I  

- tore giao vdi 8 2  : 

62. (8 3 + 31 5 1 + 
— — 
8 e l  

82)t X 32 	 2 - 
52 	 - 

Vay: 

13 BTOSTT,A 
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Vay: 	 £ 3 — —3 8 1 - -3 8 2 = (-1,0,1,0). 

Vecto tren GO cdc thenh phan la nguyen, nen to lay thing: 

8 3  = 

Cu6i cling to xet vectcr. 

B 4  +X 5 +X 8 +X 5 

	

4 	 41 1 	 42 2 	 43 3 
— — 

Lan loot did hOi vecto do hut giao voi 8 1 ,6 2 ,8 3  , to co: 

	

1 3 	 1 
A.41 - -2 : 1`42 = k 43 =-2  

va la di den vecto: 8 4  = (0,1,0,0) true giao vai 8 1 ,8 2 ,8 3  . Cu6i cling he 

veckt 

T 
	 .0/-16,0,I,J,2/,,fro, Rro 
	 -(1/113.0.1/1.-3.-1/.5), 
118;11 

118 3  II 

8 4  = (0,1,0,0) 

La true ehuart. 

Loi blnh: KhOng gian wet° R4  da c6 co s6 true chud/n chinh tae 
{e1 ,e 2 ,e 3 ,e4  ) , thi can gi ph5i chirng 16 R 4  c6 mOt co sa true. chudn. Bat 

loan nen sira nhu sau co 9 nghia: trong R4  xet khOng gian con sinh 

hal 12 1 ,6 2 ,6 3 ) (chart' g hp), hay um mot co so true chuan cho khOng 

gian con d6; IGc d6 cac vecto 
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— 

-87 	 62 	 8 .3 

	

115; 11 	 1152  II 	 11 5 3 11 

o tren chinh la mOt co set true chuan cho IthOng gian con dang xet. £ X i 
vOi bai 11, to cling co nhAn xet tvong tkr. 

13.a) a • p = (3e i  - 2E 2 ).(e 2  + 4e 3 ) = -2, 

11 al1= JELII p 11= J17, 

cos(a,f3)- 	  
13417 

14. a) Ma trAn A caa clang town phvong a ddi voi h4 co SO tnrc chuan 

chinh Ike = (c i  ,E 2 ,e 3 ) trong R3  la: 

A- -6 9 0 

-3 0 9 

Xet da thardactnmg tp(X) elm A : 

	

-a 	 6 -3 

p(X)=EA-X11= -6 9-A 0 -M9- X)(14 - 

	

-3 	 0 9- 3 

w(X) e6 3 gia tri rieng phan biet: 0, 9, 14. Ta lay ba veotd rieng 

8 1 .6 2 .E 3  ttrong (mg Oleo thtltkr voi 0, 9, 14 va c:5 chub bAng I: 

s 1  = (3/174,2/11:1,1//14), 

E = (0 1/.:K-2/1/3) 

e 3  = (-5 11/71).6/',./V1,3/1-70). 

— — — 
e = 1E 1 ,6 2 ,63 } lam thanh mot co so true chuan, sao cho nen 

a  ' 3' I E l +31 2 8 2 Yll E 3 thl:  

195 



0)(;)=-0y +9y + 14y3.  

Ma tr4n true giao M chuye'n ar co sd e sang eo the la: 

	

3/ l4 	 0 	 -5/'T) 

M= 2/1/171 IRS 6/ 70 

1/X1 -2//5' 3/ 70 

d) Ma tran cila clang loan phuong 	 voi cd s6 e : 

3 1 -2`  

	

A= 	 1 3 2 

C 2 2 3) 

Da thirc (p(1) = 	 + 9X2  - IR% - 8 cua A c6 ba gia tri rieng phan bi 

=4  

5 +-.ffi  
2 - 2 

cho to ha vend rieng da chuin Ma: 

a t  =(/J,1/.5,0), 

	

t2= I/110) 1 11,-1/11o, II, 	
8

-- , 
(1 0)110- II 

n 

[ 

	

= 1/110 2 11,-1/110 II 	 , 8 	 1 
(I + 8/33,11e 2  II) 

trong d6 : 

ca l  -(1,-1, 	 8 ,1  
1- 433 

5 -,3i 
X3 - 2 
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o = I,—I. 	  
I +T.1 

Ma tran Imo giao can um la ma (ran co cac cOt theo tha ty la cac to? 

dbcua s i ,2 2 ,6 3  . 

15. a) A la melt ma tram clOi xting thyc nen A c6 n gia tri rieng thyc )1/4„, 
?1/4.2 , 	 Ta c6 quan he dOng clang:  

( Al 
X 2 A = T I  

0 

0 
T. 

T 

xkn  

vi Ak = nen:  
xk 

1  
k 

= T -1 	 )` 2    

hay   

T I.  T' =In  = 

'
?L

k  

k 
"2 

n 
Ak 

	

Vay X", = 1, i = I, 2, ..., n. Tit d6 	 e (1 -II 	 = I . \fay 
. 1  

A' =1'4 	 1 	 T =I n  
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b) DE cp la mOt tfch vO twang hen E, thi dang toan phuong ut dm cp 
phai xae dinh duong, nghia la A, > 0, i = 	 n; trong tatting hop nay 

= A2 = = 14, = 1. Vay A= In . 

16. a) Trong kheng gian vecto Euclide 	 to xet co s& tore chuin chinh 

tike = (e 1 ,e 2 	 e k ) va the vecto: 

k 

(I) 	 C I  =E(uru i )e j  
J=I 

Lay (A.„ 	 A.,) e 	 va xet the vecto: 

k 

(2) v=EA. l u i  FE 
1=1 

k 

(3) Z=EXi C t  ER k 

 1=1 

Theo (1), ta c6: 

c= Ex ;  E(u i .upei = E EX i (u i .upe j  
15i5k 15$k 	 15$k 

= E(v.upej  
lEjk 

Tfr de to suy ra nEu rt =0 thi c =O. Dio lai gia sii a: =0, dien d6 co 
nghia 

V.5 =0 j = 1 2 	 k. 

Vay: 

v.u=v. Ex - 

1SjSk 

hay V = 0 (do t(nh chat dm [kb v0 twang). 
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106[ luan: 

_ 	 — 
V =t) 	 C=U. 

Mat khac: 

S phu thuQc tuy6n tinh a 3 As  # 0 de v = 0 (xem (2)), 

As ] = 0 a3A.,x0dd c=0 (xem (3)). 

Vary: 

S phu thuOc tuy6n tinh a I As ] = 0. 

b) Gia sit hg S = r k, va Cu l 	 u r  jdOc lap Nil dui. Tir a), dintt [Mc 

dm ma trap con sau day dm A,:  

U .0  

U   

khac 0. Cac ma [ran con trong As  bao ma t an tren dell co dinh thdc 

bang 0 vi {u 1 u r ,u r+p  ) , p = I, k- r, phu thuOc tuyEn tinh. Vey 

hgAs  = r. 

c) A. la mot ma [ran d6i xting thuc, to co the coi no la ma trait cila 
mOt clang wan phtrang ru tren le ddi vai co s& chinh the e. Gia sir 

(a„ ...,a,) E R k . Ta co: 

co(i) (a l  ...a k  )A = 	 a -a -(u .0 -) = 

et 	 i 
.. 	 k .i 

_ 	 _ _  Eet i u i l. Ea j u i . — 99 —11911 2 >, 0 
\.15ilc 	 15..$k 	 . 
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trong de ;= Ea- uT thu6cE va y.y 14 tfch v6 huarThg cu.  a khOng gian . 	 I 	 • 
lsisk 

Euclide E. Tit (x ) >0, ta suy ra cad gia tri riOng A 1 , k2 , 	 Xk  dna As  la 
throng hay bang 0, do del A., A.2 .- X. 0. Nhung I As1 4.1X2 	 kk, 131 

17. a) Tc i--> (p (a, x ) la mOt d4rtg tuy6n tihh, vay (p (a,x )214 mOt clang 
toan phuong va 8 la mOt td hop cna flitting clang Man phuong, vay S la 
mOt dang toan phuong. 

Bay gib ta tfnh m (f(x )) va e( f(x) ). Ta dude: 

co(f(x))= cp(f(x),f(x)).= cp(ca(x)a - a(a, x)x,w(x)a - (gm ,x)x) 

p(co(x)a,m(x)a.)-2(p(o(x)a,p(cc,x)x)+T(p(a ,x)x,p(a,x)x) 

=e(to(x)a)-2cp(o)(x)a,w(a,x)x)+0.)(cp(a,x)x) 

=u)(x) 2 co(a)-co(x)cp(a,x) 1  

=e(x)(co(x)co(a)-(p(a ,x) 2)=-w(x) 8(x); 

Mang tv 

cp(a,f(x))=co(x).3(a)-a(a,x)2 =-8(x). 

b) T& co(f(x)) = -co(x )8(x ) va a xac Binh duang ta soy ra S(x) < 0. 
Ta co 16;) = 	 # 0) va m (a ) > 0, fly 8(a ) = 0 nghia la 8 tridt 

- - 
tido khOng chi vii x 0, S khOng phal la mOt clang Loan phuong xac 
dinh am. 

c) p(x , 	 )) = co(x ) co( x) - Ep(x , x) 2 = 0. \fay x v f(X.  ) tam giao 
d6i v6i tich v0 huang cp, voi Inoi•x c E. 
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d) Trutt Mt vi fa,13. 1 dOc lkp fay& firth n@n 1((i) x 0. Mkt khac, 

theo c) va f(13) truc giao. fly h@ cos& taro chi& ma to co thd Idy 
ngay hong E la: 

{

P 	 f(p)  
Il pll f(p) 

IS. a) f bign 	 true giao 	 f( x ). f( y ) = x . y 	 1( x )2  = 

11 I( 	 ) H= II Tc II. 
Ddo lai gia sii 

HR,()11.11,; II 	 ff;c) , . T(2 

ftx). f( y )= —
2 
 [f (x + y).f (x + y) — f (x).f (x) f(y).f(y)1 

I  x+y.x+y —x,x—y.y 

h) Gia sir A la ma trkn cua f d61 vol mot c6 so tout chudn cua E Theo 
(§1, 1.13) 

'AA=)  

Yky 

I AI IAI=IAI 	 I. 

nghia 	 E 11, -1). 

c) Dat A = mat (Or  GQi X vb. Y la clang ma trkn c@t elm cdc vecto 

x , y e E. Ta 06: 

m(x, y)=' XBY 

u( x ) = AX, u( y ) = AY. 
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Vi u bao man 4), nen: 

' XBY = tp( x , y ) = tp(u( x ), u( y )) = (AX)BAY ' X( ' ABA)Y 

voi my' x , y. Ta suy ra: 

B = ' ABA 

hay 	 IBS = VAJ 1BI lAi=iAMBi 

Nhtrng IBl = -1 *0, nen 1Al 2 = 1, vay IAI E (I, -1).Gia sir 

A = 
z t 

Ta suy ra: 

/0 

)
1 

I' 
0, 

(x 
y 

zi0 	 lix 
t 	 10y 

z '_ ( 2xy 
t, 	 xt+yz 

xt + yz 
2yt 

Vay: 
z = yt = 0, 

xt+yz= 1. 
1)xt 0 	 z=0,t=1/x,y=0. 
2)x=0 	 yz = 1, z=1/y,t= 0. 
Vay A co dang: 	 • 

i x 	 0 \ 
,O .  1/x, 

0 y) 
hay 

‘1/y 0 

Tit hai twang lulu a) %/alb) to c6 th6 nei rang mOt phep bi6n d6i tuyen 
Mil) bao Loan mOt clang song tuyert tinh-c6 ma tran khOng suy hien thi 
ma Iran dm n6 phai ce dinh thfic bang ± 1. 

19. a) Theo (ch. II, §2, bai 40) RR  = U V trong (16 U la khOng gian 
con et ham s6 chart va V la khOng gian con cac ham s616. Ta c6 cosx, 
cos2x e U va sinx, sin2x e V. D6 cht'mg minh b6n vecto do doe lap 
tuyen tinh, to chi can chtIng minh sinx va sin2x clOc lap tuyen tinh, va 
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ding vay d6i vol cosx va cos2x. Nhtmg trong (ch.11, §2, bai 31) to da 
chiing mirth sinx va sin2x dOe l4p toy& link Vi@c chimg minh cosx va 
cos2x ding lam arcing ttr. 

b) Ta c18 clang tfnh cac tich phan c(f,, de' thay 

(I) 	 p(f,, 9 = 	 j = I, 2, 3, 4. 

V4y cp la mQt clang song tuy6n tfnh co ma Iran &Si voi co Sa 

(fa f2, f3, fel la: 

I 0 0 0 

O I 0 0 
1,= 

• 

0 I 0 

O 0 0 1 

Goi co la clang toan phtrong 	 (f) va f= p, 	 123 	 114 E E. 
Ta 

= A?, + + 	 > 0 

WI) chi bang 0 khi f = 0. flyxac Binh throng va w  cO thd lay lam, 
Itch v6 huting Iran E. 

Veit-   cac cling thn (1), hidn nhien IA met ea sb tnrc chuSn cila E. 

20. a) Ta hay tfnh I A I bang lchai tridn theo cQt thd nhat 

0 0 	 ... 0 a t  

0 0 	 ... 0 a 2  

••• al 
0 0 	 .. 0 an-I 

a a., 	 ... a  a n 
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a 1 x n  = 0 

a2X n =0 

a n- iX n  = 0 . 

a l 1+a 2X2  +...+a n _1 X n_t +a n x n =0 

IAl =-01thin>2, IAI =-a 2 , khi n=2,1AI =an khin=1.Matkhac 
A kha ngInch <=> IAI # 0. 

b) A la mot ma tran &Si fling thuc, nen cac gia tri rieng .cfm no 
la thuc. Neu I A - if F = 0 thi i 14 mot gia tri rieng ena A; nhung - 

mot s6 phdc, v4y i khOng the la gia tri rieng caa A, not mot each khac 
I A - ii 1 # 0; do d6 ma trAn A - i1 kha nghich trong Matil(C). 

c) Tru6c Mt ta rih4n xet nett (a,, a„ 	 a,, 4) = (0, 0, 	 , 0) thl A la mot 
ma tran Oleo, ta kheng con phai lam gi; vay ta gia sir (a l , az , --, an.1) # 
(0; 0, ...,0). Coi A 14 ma trAu caa phop Bien dtii d6i xting f caa R - khOng 

gian vecto Euclide R° d6i vei co sa chinh the e = {e l 	 e n  }. Ta hay xet 

tritons hop n > 2. Theo a), AlI 	 = IA - 011 = 0, v4y Ker f = E x„,(1) 
khOng gian con rieng cita f arcing (mg yea gia tri rieng a = 0. Ta c6 

x = (x„ x„ ...,x,,) E Ker f khi va chi khi f( x ) = AX = 0, hay x,, x2 , 
la nghiem cila he phucrng trinh tuyen tfnh thuan nhat: 

VI (a„ a„ ...,a,_,) # (0, 0, .4)) nen co mOt a, # 0, i= I, 2, ..., n - 1. 
V4y pinning trinh a, xn  = 0 cho ta xn  = 0. 

Ttt do 

X = 	 X„ 	 E Ker f <=> x.u= 0= x.e n  

trong c16 u =(a„ a„ 	 0). Vay Kerf va khOng gian con 

H =Ru 	 e n  la bit true giao: 
R" Kerf ® H. 

NA dim H = 2, nen dim Kerf = dim E‘= , (f) = n - 2. NM vay a = 0 la 
nghiem bOi cap n - 2 ciut da thtit clac (rung (p(X) coa ma tr4n A: 
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tp(X) 7 (-It r2(x-xi)(x-x2) 

trong do X I , X2 la hai nghiem khac 0 ena (XX). 

Bay gib to xet f I 11: 

f( a) = ga( c i  + a 2  e 2 	 ) 

. = a1f(e1)+a2f(e2)±... +a n-Me n-I )  

.=(a +a2 2 +...+ a 2  n _, )e n 	 (then ma tran a) 

=11011 2  e n 

f(e n )=a l e, +a 2 e2 	 +a n e n  =u+a n e n  

\Thy 1'11 , la mgt phep bign ddi d6i ming c8a H ma ma tran cna no d6i 

vocen sd lu, e n  I la: 

B.  ( 	 I 
1 111111 2 	 a n  

Xet da thuc dgc tnmg: 

1 13-2l1 

	 / _A 

an_)
A 

to duce hai nghigm thug: 

n  a + lia 2 +41100 2 ,1 	 a n  —1. 0. +41101 2  

2 	 A2 — 	 2 

va cling athinh lh hai gia tri rieng khac 0 clia tp(X), da thtic dare tnmg cua 
ma Irian A. Tutting ting voi hal gid tri rieng do la hai vector rieng 
— _ 
u + X, e n  va u+ X 2  e n  . Ma tran A Ming darig vai tna lt4n cheo: 

- 

0 

X I  
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Trong trueng Oop n = 2, to dc ma (ran chats: 

(X„ 0 
0 A, 2 ) 

voi x, va In  nhu tren. 

Ta cling co th6 c0 k6t qua Den bang each nhin ma tran A de' they 

rang: Im f = Ru ED Re n  = H , tir (16 dim hnf = 2, vay 

dim E (f)= dim Ker f = n - 2 

va = 0 la nghicm bqi cap n - 2 cue da (Mc c(k). Mat khac, to có 
- _ 

x.y = O, V x e Kerf, V y e Imf. That vay, y e Inuf = y= z ), z e R"; 

cho nen x.y = x.f(z) = f(x).z =0.z = 0 (do f ddi ming). Ta suy ra: 

R" = Kerf Intl 

vat GM la ha tray giao cue Kerf. Tu dO Imf = H = Ex,(0 E, (i) vat 
Ex,(1) la khOng gian con rieng lining ling vol gia tri rieng A (i 	 I, 2) 
khac 0 caa p(X). De' tibh a., va to lai xet 	 nhu tren. 
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