GEOMETRIZE ALGEBRA (GLA)

LOI MO PAU

Trong trao luu bat ding thirc phat trién nhu vii bdo hién nay va mot loat nhirng
phuong phap ffiy gia tri cia nhitng tén tudi ndi tiéng ciing nhu ciia cac ban say
mé bat ding thirc ra doi thif viéc mot phuong phap khong that sy ndi bat cho du
kha manh tré nén nhat nhoa va bj lang quén ciing ching c6 gi 1a kho hiéu. Véi cac
phuong phap hién nay thi viéc giai cac bai bat dang thic trong ki thi qudc gia,
qudc té khong con 1a kho khin véi mot luong 16n cac ban hoc sinh nira. Tuy
nhién, 101 giai dep va trong sang cho mot bai toan van 1a diéu mdi ching ta ludn
vuon t6i. Chang thé c6 mot phuong phap nao ma 16i giai moi bai toan biang
phuong phap d6 déu 1a dep nhat ca. Chinh diéu nay tao nén sy quyén rii khong
bao gid nham chan cua bat ding thirc. La mot nguoi cling kha yéu thich mén hoc
day ki bi nay, toi ciing duc két cho riéng minh mét phuong phap cé tén 1a GLA,
tam dich 1a “hinh hoc héa dai s6”. Thuc chit day chi la ing dung ctia phuong
phap p, R, r trong dai sé6 ma théi. Trong bat ding thirc hinh hoc, viéc qui cac dai
lugng nhu d6 dai, sin, cos cia tam giac vé p, R, r da dugc khép noi trén thé gidi
nghién ctru tir 14u nhung mdi ngudi ¢ nhirng hiéu biét riéng va chua c6 mot cudn
sach nao noi that chi tiét vé nd ca. Co 18, do nhitng bai bat ding thirc luong giac
chua bao gitro xuat hién trong cac ki thi qudc té ca ma ngudi ra cho rang voi
nhitng gi nghién ctru vé p, R, r hién nay 1a quéa du rdi va khong nghién ctru tiép.
Va dung 1a trong bat ding thuc lugng giac thi p, R, r c6 mot sitc manh huy diét du
dé giai quyét gan nhu toan bo. VIéc dem p, R, r tmg dung vao trong dai sb ciing
khong phai 1a mot didu méi mé tuy nhién murc d6 ciia nd van con rit “manh mun”.
Phan nhiéu 1a do trong dai sé dd c6 qua nhiéu phuong phap manh nén phuong
phap p, R, r di bi ling quén va khong dugc danh gia dung muc. Pa sb trong
ching ta ton tai mot quan niém cb hiru rang: “néu dem so sanh bét ding thirc dai
s6 voi hinh hoc thi ching khac nao dem ga khdng 16 ra so v&i chua bé ti hon hay
tay dia chu v6i ké ban néng”. Ciing ching trach dugc ho vi xét vé hinh thuc thi
bat ding thuc hinh hoc chi 1a truong hop dic biét cua bat ding thirc dai sb c6

thém diéu kién dé thoa min cac tinh chét hinh hoc ma théi. Theo quan diém cua



riéng toi thi bat dang thirc dai s6 c6 thé vi nhu pham tru cai riéng con bat ding
thtrc hinh hoc ¢6 thé vi nhu pham tri cai chung trong triét hoc: “Cai riéng 1a cai
toan bo, phong phu ho céi chung, cai chung 1a cai bé phan, nhung sau sic hon céi
riéng”. T6i manh dan di sdu vao tim hiéu ung dung cua p, R, r trong dai s va tach
riéng no6 ra thanh mot phuong phap cé tén GLA trude hét 1a vi nhan thiy trong
nhitng dang toan nhét dinh n6 cho 15i giai rat dep; sau thi 1a vi mudn gép phéan
ndo cong sirc tim lai tiéng noi cho bat dang thirc hinh hoc. Téi mudn ching minh
phan nao quan diém néu trén ctia minh. C6 thé 1a t6i qua ngéng cudng nhung néu
qua bai viét toi khong chirg to dwgc gi thi d6 1a do kha ning han ché cua t6i chir

chua thé phu dinh quan diém cua toi dugc.

Trong qua trinh viét phan 1y thuyét s& duoc sip dat khong tuan theo qui tic thong
thuong. Phan dau bai viét toi ¢d xay dung nhitng kién thirc that co ban va duoc ap
dung dé co thé giai bai tap ma khong can dung dén phan “ly thuyét tong quan”
cudi bai viét. Tai cac ki thi hoc sinh gioi thi ngoai nhitng bat ding thtrc kinh dién
duogc ap dung truc tiép con lai tt ca nhitng gi 4p dung déu phai ching minh. Do
d6 1am sao dé cac ban hiéu duoc 1y thuyét dé giai bai tap chir khong phai 1a dung
1y thuyét mot cach may moc.

Nhitng bai tap trong phan viét nay khong qué kho, néu ban doc nao mudn tim
hiéu nhitng cai cao hon xin lién hé véi t6i qua dia chi & cudi bai viét. Pong thoi
xin chan thanh cam on nhitng y kién dong gop tir ban doc.

Bui Viét Anh



A.CO SO CUA PHUONG PHAP

Xin néi trude 12 toi s& trinh bay bai viét ciia minh khong giéng nhu su trinh bay
nhitng phuong phap khac cua ho d6 1a dau tién xay dung 1y thuyét rdi di vao giai
quyét cac bai tap va xem thir strc manh cua phuong phap. O day t6i chi di so luoc
nhitng gi can thiét dé giai cac bai toan d6i xtng 3 bién di. Sau khi trinh bay tuong
d6i hoan chinh véi 3 bién ta mé&i bat ddu di tim hiéu xem GLA cdn c6 nhiing tng
dung nao va bd mat that cia nd ra sao. Viéc trinh bay theo cach nay cling khong
hoan toan 1a vo 1y boi 18 sau khi d3 giai duoc mot loat nhitng bai toan 3 bién thi
cac ban ciing nim dugc kha chic nhirng kién thirc co s¢ ciia GLA dé dé dang tiép
thu nhitng 1y thuyét cao xa hon. Nhitng gi ma t6i s& trinh bay trong nhitng phan tir
A dén E thi v6i kién thirc cua hoc sinh THCS ciing ¢6 thé hiéu gan nhu toan bo.
Xo6a nhoa ranh giGi vé tudi tac cling chinh 1a didu t6i ¢b ging thuc hién trong céc

phén tir A dén E.

Xét nhitng bai bat dang thirc 3 bién ddi xing vi diéu kién cac bién khong am: a,
b, c

Bing cach dit x=b+c,y=c+a,z=a+b hoic x=+b+c,y=vc+a,z=va+b va
nhiéu cach khéc nira ta suy ra duoc X,Y,z la d6 dai 3 canh cta 1 tam giac. Nhu
vy ta da chuyén mot bai bat ding thirc dai s thanh hinh hoc. Truong hgp trong 3
bién a, b, ¢ c6 mot bién béng O thi tam giac suy bién thanh duong thé‘ing. Ta coi
do la tam giac c6 r = 0.

Ta d3 biét moi tam gidc déu duoc xac dinh boi 3 yéu té p, R, r nén sau khi qui bai
toan vé X, y, Z ta qui vé p, R, r. Do c6 kha nhiéu dinh 1y hay, b dé dep vé quan hé
gitta p, R, r nén trong mot s6 bai tan nhit dinh thi viéc chuyén bai toan gébm 3 dai

luong a, b, ¢ vé p, R, r 1a thuan loi hon rat nhiéu.



B. CAC HANG PANG THUC VA BO PE AP DUNG TRONG BAI VIET:

Qui udc: Khi nhin théy ki hiéu a, b, ¢ ta hiéu d6 1a dd dai 3 canh cua 1 tam giac.
Conp,R, r 1an luot 1a nira chu vi, ban kinh dudng tron ngoai tiép va nodi tiép cua
AABC.

VT 14 ki hiéu ctia vé trai, VP 1a ki hiéu cua vé phai.
a) ab+bc+ca=p” +4Rr+r?

b) 2(ab+bc+ca)=a? +b? +c? +16Rr +4r?

c) a’+b*+c?=2p* —8Rr—2r?

2

d) 2Rr —r? P __ 1 (hyc-2a)(c+a-2b)(a+b-2c)
9 18p

2
2P 1 _ _ _
e) 4Rr —r 7 32|O(b+c 3a)(c+a-3b)(a+b-3c)

Chirng minh: Ta d& dang nhan thdy 3 ding thirc can chirng minh 1a tvong duong
v&i nhau nén chi can ching minh cho dang thirc a) 1a du.

Ta co: p—azrcotgé va a=2RsinA = sinAzﬁ;tgéz pia'
A T
s s . S ) a ’ p-a 2r(p-a)
Mat khac ap dung cong thirc: sin A:—A :ﬁ: = s
1+tg2§ (R A (p-a) +r
(p-a)

—ap>—2pa’+a’ +ar’=4Rr(p—a)=a’ —2pa> +a(r®+p>+4Rr)—4Rrp=0 (1)

Xét phuong trinh: x> —2px? +(r? + p? +4Rr)x—4Rrp=0 (*). Tir (1) ta thiy a, b,
c la 3 nghiém cua (*). Do d6 theo dinh ly Viet ta co:
ab+bc+ca=p? +4Rr +r?

d) Hé thirc nay duoc ching minh 1an dau tién boi nha toan hoc P. Nuesch vao
nam 1971 trong tap chi “Elementary Math”, No 26, 1971 trang 19. Pay la mdt h¢
thie kha phte tap. RAt tiéc t6i chua duoc doc mot cach chung minh nao ca nén
danh chirng minh tam bang sach sau day:

2

2Rr —r? —p—=—L(b+c—2a)(c+a—2b)(a+b—2c)
9 18p



<36Rrp—18pr? —2p* =—(b+c-2a)(c+a-2b)(a+b-2c) (1)

VT(1) = 9abc—18%—2p3=9abc—18(p—a)(p—b)(p—c)—2p3

bit p—a=x,p-b=y,p-c=z =>x+y+z=p-a+p-b+p-c=p;
a=y+z,b=z+x,c=x+y = VP(1)= —-(2x-y-2z)(2y-z-x)(2z—x-Y)
VT(1) = 9(x+y)(y+2)(z+x)—18xyz—2(x+y+12)’. Ttrc 1a ta cAn chirng minh:
9(x+y)(y+z)(z+x)—18xyz—2(x+y+z)3=—(2x—y—z)(2y—z—x)(2z—x—y) (2)

Ta c6: VT(2) =9[x2 (y+z)+y* (z+x)+27 (x+ y)+2xy]—18xyz

—2[ x4y 27 43x (y + 2) +32% (x + y) + 6xyz |
=3[x2(y+z)+x2(y+z)+ 22 (x+y)|-2(x* +y* +2%) - 12xz (3)

Pén day viéc ching minh A = B d3 don gian hon rt nhidu. Néu khong tim dugc
cach ching minh hay thi ban doc c6 thé chiu khé ngdi phan tich nhén ti. Viéc
lam nay chi tén chuat cong strc chir khong can suy nghi nhiéu vi di cé trude két
qua ma khong can nhap, xin trinh bay dé cac ban tham khao:

Ta nhan thay (3) 1a biéu thirc ddi xing va d& dang thay rang néu dit (3) bang
f(X,y,z) thi 2x=y+z 1a mot nghiém cua f(X,y,z). Do tinh ddi xting va

f (X, y,2) c6 bac bang 3 nén 2y=7+X,22 =X+ Yy ciing la nghiém caa f(X,Y,2)
va chi ¢6 3 nghiém do. Dé4u cia X3, y3, z° trong f (X, Y, Z) 1a dAu trir nén c6 thé
viét: f(xy,z)=—(2x-y-z)(2y-z-x)(2z-x-Y)

Pay 1a mot meo nho trong qua trinh phén tich cac biéu thirc ¢6 tinh chit déi xting.

Con viéc di thi ¢6 dugc st dung tinh chét do khong thi cac ban hay tham khao
thdy gido c6 uy tin nhé!

e) H¢ thirc nay dugc chirtng minh 1an dau tién béi nha toan hoc P. Nuesch vao
nam 1972 trong tap chi “Elementary Math”, No 27, 1972 (trang 16-17). Cac ban
6 thé ching minh twong ty nhu cach chting minh d).

Pay 1a mot dang thirc dep va nhiéu tng dung nén céc ban trudce hét hiy tim cho
riéng minh mot 1dii giai dé hiéu dugc ban chit cua né. Sau day minh xin gidi
thiéu 101 giai cia minh dé cac ban tham khao.



Pang thire di cho twong dwong véi:
128Rrp —32pr? —8p° =(3a-b-c)(3b—c—-a)(3c—a-b)
& 32abc-32(p-a)(p-b)(p-c)-(a+b+c)’ =(3a-b-c)(3b—c-a)(3c—a—h)

a=2X+y+1z
Dit tb=2y+z+x (X+y>0,y+2>0,z+x>0) = a+b+c=4(x+y+2z) (1)

C=2Z+X+Y

Ta dé dang nhan théy vé6i cach dat d6 thi diéu kién a, b, ¢ 1a do dai 3 canh cua 1
p-a=y+z,p-b=z+x,p-Cc=X+Yy

3a—b—-c=4x
tam giac khong bi vi pham va: 2)
3b-c—-a=4y

3c—a-b=4z
Tir (1) va (2) ta can ching minh:
32(2x+y+2)(2y+2+x)(22+x+y)=32(x+y)(y+2)(z+X) —64(x+ y +2)’ = 64xyz
o (2x+y+2)(2y+z+x)(22+x+y) = (x+y)(y+2)(z+x)=2(x+ y+2)’ = 2xyz
Dén day ta ching minh (m+n)(n+p)(p+m)+mnp=(m+n+p)(mn+np+ pm) (*)
ap dung véi m=y+2z,n=2+X, pP=X+Y taco:
(M < 2x+y+2)2y+z+x)(2z+x+y)+(x+y)(y+2z)(z+x)
=2(x+y+z) +2[(x+y)(y+2)(z+x)+xyz]
< 2(x+ y+z)[(x+y)(y+z)+(y+z)(z+x)+(z+x)(x+ y)]
=2(x+ y+z)3+2(x+y+z)(xy+ yz +2x) (ding)

Vay ta di ching minh xong dang thic e).



2. Cac dinh ly:

Pinh 1y 1: Cho tam giac ABC, D 1a mot diém bat ki thudc BC. Khi d6:
nc’ +mb? =(d? +mn)a trong d6 AD =d, BD =m, DC = n

Chiing minh:

Tacéd m? +d> —c?=2md cos ADB (1), n> +d* —b? =2nd cos ADC 2)
Nhan ca 2 vé cua (1) v6i n va ca 2 vé cua (2) voi m ta dugc:
n(m?+d?-c2)=2mnd cos ADB (3),m(n? +d2 —b?)=2mnd cos ADC (4)
Cong vé theo vé cua (3) voi (4) ta duoc:

mn(m+n)+(m+n)d? —nc? —mb? = 2mnd (cos ADB + cos ADC) <> (mn+d2)a=nc2 + mb>

Pinh 1y 3: p><2R?+10Rr—r? +2(R-2r)yR(R-2r)

Cach 1: Gia stra, b, c théa man a > b >c > 0 1a 3 nghiém ctuia phuong trinh:

M(X)=X>—=2pX2 +(p2+4Rr+r?)X —4pRr=0

Piéu kién dé a, b, ¢ 1a 3o dai 3 canh cta mot tam giac la:

b+c>a p>a
=S s p>azb>c>0 (1)
c>0 c>0

<> Phuong trinh M(X) = 0 c6 nghiém théa man (1)
Tacd: M'(X)=3X?*—4pX + p* +4Rr +r?
A'=(2p)* =3(p? +4Rr +r?)=p> —12Rr —=3r?; M(X) c6 3 nghiém = A’ > 0.

W _2P—NA o 2p+VA
=2PTNA Ly _2PFNA

Hai nghiém cua M’(X) = 0 1a: 3 3 X, 3



M(0)<0
M(X,)>0 ,
=)< Ta nhan thay ngay M(0) < 0 va M(p) > 0.
M(X,)<0
M(p)>0
M(X,)>0 |AVA >p(p?-18Rr+9r?
Con (X4) =3 ( ) @A’\/?z‘p(pz—18Rr+9r2)‘
M(X,)<0 |A'YA 2-p(p? —18Rr+9r?)

o (A > p?(p? —18Rr+9r2)2 o pt=2p>(2R* +10Rr —r2)+r(4R+1)* <0 (2)
A =(2R? +10Rr =r2)" —r(4R+ 1)’ =4R(R-2r)* >0

= (2) < 2R* +10Rr —r? —2(R-2r)JR(R-2r) <
p? <2R%>+10Rr+r* +2(R-2r)yR(R=-2r)

(Céch chirng minh nay



Cach 2: Cach nay chua c6 trong bat ki mot tai liéu nao ca va mang dam ban sic
hinh hoc

Tacé: p?<2R? +10Rr—r? +2(R-2r)yR(R-2r)

< p?-16Rr +5r> <(R? —4Rr+4r2) + 2(R-2r)yR(R-2r) + R(R—2r)

2
=9.162<[(R-2r)+JR(R-2r)| < 3.1G<R-2r+0l

Trong d6 O, I, G lan lugt 1a tim dudng tron ngoai tiép, ndi tiép va trong tdm cua
AABC. Trén dudng thiang IG ta lay diém H sao cho IK =31G . Ta s& dung dinh ly
1 & tinh doan OH

Theo dinh 1y 1:

OI2.HG +OH2.IG =(0G2 + IGGK) IK

2 2 2 2 _ 2
2 _al+b’4c? ., P’ —16Rr+5r )(do

2R(R-2r)+0K? =3(
< 2R( r)+ 5 5

GK =2IG, K =3IG)

< 6R(R-2r)+3.0K2=9R> —(2p? —8Rr —2r?)+2p? —32Rr +10r>

< 30K?=3(R?-4Rr+4r*) < OK>=(R-2r)’ < OK =R-2r
Trong tam giac OIK ta luén c6: Ol + OK > IK hay (R - 2r) + Ol = 3.1G
Tac 1a: p? <2R? +10Rr —r2 + 2(R-2r)y/R(R-2r)

Dang thirc xay ra < O nam giira [ va K

Comment: Tur dinh 1y 1 ta co thé tao ra rat nhiéu doan théng c6 do dai dac biét va
rat dep nhu OK trong bai nay. Ban nao cé niém say mé thi tim toi thir, con trong
bai viét nay t6i chi dung & day.



Hoan toan twong ty ta chirng minh duogc:
p?> >2R* +10Rr —r> —2(R—-2r)yR(R-2r)

Diéu nay twong duong véi IK + OK > OI. Pang thirc xay ra khi K nam giira O va
I

Bay gio ta s& di tim diéu kién can dé:
+ O nam giita I va K

+ K nam giita O va I

* O ndm gitra T va K khi: y/p? —16Rr +5r> =R —-2r +JR(R-2r)

= p?—16Rr+5r>>R(R-2r)+2(R-2r)yR(R-2r)
>R(R-2r)+2(R-2r)>=(R-2r)(3R—-4r)= p>>3(R+r)> = p=3JR+r

Theo dinh 1y 2 di trinh bay thi diéu nay xay ra khi tam giac c6 2 goc > 60°, tirc 1a
tam giac cdn d6 c6 canh bén 16n hon hodc bing canh day.

* K ndm giira O va I khiz 4/p®> —16Rr +5r> =y/R(R-2r) —(R—2r)
= p? —16Rr+5r2 <R(R-2r)+(R-2r)*> <(R-2r)(3R - 4r)

= p2<3(R+r)’ = p<3JR+r

Theo dinh 1y 2 di trinh bay thi diéu nay xay ra khi tam giac c6 2 goc < 60°, tic 1a
tam giac cAn d6 c6 canh bén nho hon hoidc bang canh day.

Pinh 1y 5: a> +b* +¢c? <8R* +4r*

Chirng minh: Ta ¢6 nhiéu cach dé chirng minh dinh 1y nay nhung trong bai viét
t6i s& sir dung dinh 1y 3 1am b6 dé vi day 1a mot bd dé rat manh va tinh tng dung
cao.

Nhan thdy R(R-2r)<R(R-2r)+r*>=(R-r)’. Do dé:
p> <2R>+10Rr—r2 +2(R-2r)(R-r) < p> <2R* +10Rr —r> + 2(R? = 3Rr + 2r?)

& p?<4R? +4Rr +3r* < 2p* <8R* +8Rr +6r°

< at+b?+c? +8Rr+2r?<8R?* +8Rr+6r’ < a’+b%+c?<8R? +4r?



Laicé a? +b? +¢c? +16Rr +4r? =2(ab+bc + bc)

= 8R2 +16Rr +8r>>2(ab+bc+bc)=4(R+r)’ >ab+bc+ca
Pinh Iy 4: p? >2R? +8Rr +3r” trong moi tam giac nhon

Cac bat dang thuc twong duong: a® +b* +c¢? >4(R+ r)’

ab+bc+ca>2R? +12Rr + 4r?

Nhirng bt ding thirc nay di giap nhiéu trong cac sach nén xin duoc khong dua ra
chirng minh.

Dinh 1y 2: Néu tam gidc ABC c6: Hai géc > 60° thi p=+3(R+r)
Hai goc < 60° thi p<v/3(R+T)
Mot gbc bang 60° thi p=+3(R+r)

Chiing minh: Ta c6: 2— */iéR +r)_a +4bR+ c —%(1 +%)

_sinA+sinB +sinC —ﬁ(cos A+ cosB +cosC)
2 2

=sin(A—%)+sin(B—%)+sin(C—%) (1)
bat x=A—§,y=B—§,z=C=§ taco X+y+2=0

Khong mat tinh tong quat ta gia sir: X>y>z

(1)=sinX+siny+sinz=sinx+siny—sin(x+y)=2sinX;ycosX;y—2sinxj;ycosxzy

o Xty X-y X+Y | _ g XY ox Y
=2sin 7 (cos 7 cos 7 ) 4sm—2 s1n251n2

Do X+y+z=0va Xx2y2znén Xx+y20 vax=20,x<m,Xx+y<mn

sinX >0

suy ra 4sin
Y 2

X+Yy
2

yZO do d6 m:%in“-y

~Néuy>0< Bzgthi sin = o X

sinzsin%zo




Tt la p>+3(R+r) khi AABC ¢6 2 goc > &

3
— Néuy <0 thi s1ny<0 do do: %:%m%sm%sm%so
Ticla p<y3(R+1) khi AABC c6 2 gée < %

—Néuy=0thi p=+3(R+r) do sin%zo

Dinh 1y 6: p2216Rr—5r2+@ *)

CM: Ta ludn c¢é: 1G> 10 -0G < 1G >+/R(R-2r) 1\/9R2 (a +b%+c?)

2 2 2
©3.1623/R(R—2r) —9R? —(a? +b? +¢?) 316> a_+b” +¢” —18Rr (1)

3JyR(R-2r) +\/9R2 —(a? +b? +¢?)

Do 9.G? =p? —16Rr +5r? nén p* >16Rr —5r?

= a’+b*+c?=2p” —8Rr—2r> >24Rr —12r* (2)

6Rr —12r? _ 6Rr—12r? _r [R=2r

Tir (1), (2) = 3.1G > - _
3JR(R—2r) +9R? —24R +12r> 6JR(R-2r) R

_og2s P (R=2r)
16?2

. Vay (*) dugc chirng minh. Pang thirc xay ra < AABC déu
Comment: Pinh 1y 6 chi chit hon BDT quen thudc p? >16Rr —5r* chat xiu
nhung noé dic biét quan trong khi “duong dau” véi nhitng BDT chit. Nhu cac ban
da biét BDT p” <4R* +4Rr +3r? 1a mot BDT tuong dbi chit nhitng van chua du

d6 manh dé khuét phuc nhiing bai “cting dau”. Tuy nhién chi can lam chat hon
mot chat xiu:

(**) p? <2R? +10Rr —r? + 2(R—2r)/R(R—2r) thi lai giai quyét nhitng bai toan

d6 1 cach kha “ngon lanh”. Pinh 1y 6 c6 tdm quan trong khong kém so véi (¥¥).
Thuc ra van c6 thé lam chat hon nita BPT (*) thanh:

p? >2R? +10Rr —r?> —2(R-2r)vRR—2r (***) ¢6 didu hinh thic cua (***) qua

cong kénh nén rat kho ap dung.



Tom lai ta c6 BDPT kep:

2
16Rr—s5r2 + T (R=20 2 op2 yope 12 4 2(R—2r)R(R-2r)

R

Pinh ly 7: Cho tam giac ABC thoa man a>b>c va a+b>3c. CMR:

r_(a+b-c)(b+c-a)(c+a-b)

Chtng minh: Ta c6:

2abc
Dit f(c):(a+b_c)(b+0—a)(C+a—b)
) 2abc
:>fioz(a+bk2—2€4%a+bﬂa—mz2(a+b_2dczzo
2abc? 2abc?
Do dé f(c) ddng bién theo c. Thay cz_a;b vio f(c) ta duoc:
f(c)<f(a+b):4<2b—a><2a—b>:ﬁ_Md
- 3 9ab 9 9ab 9
3

vay £ <
ay R

N=IFN

. Piang thirc xay ra < a=b=§C

I <
o <

NI N



C. Xay dung cac ding thirc

Pay chinh 1a phan “xwong sdéng” ctia phuong phap nay. Chi can nim viing cac
dang thirc trong phan nay thi nhiéu bai tdp mic du rat kho trong cac phan sau
cling tr¢ nén don gian.

e Xéta,b,c>0
Nhu di néi & phan A, sau khi dat:

X=b+c,y=c+a,z=a+Db thix,y, z tra thanh d6 dai 3 canh ctia 1 tam giac. Ta sé&
chuyén mot sb dai lugng trong dai s vé hinh hoc thong qua p, R, r lan luot 1a ntra
chu vi, ban kinh dudng tron ngoai tiép va noi tiép tam giac XYZ

1. Tinh a® +b* +c* va ab+bc+ca

Tacod: x> +y>+22=(a+b)’ +(b+c)’ +(c+a)’=2(a®> +b*>+c> +ab+bc+ca) (1)
xy+yz+zx=(a+b)(b+c)+(b+c)(c+a)+(c+a)a+b)

=a’+b*+c? +3(ab+bc+ca) (2)

Tu (1) va (2) suy ra:

e 4(a2+b2+c?)=3(x> +y2 +22)-2(xy + yz+ )

o 4(a2+b*+c?)=(x+y+2) —2[2(xy+ yz+zx)—(x2+y2+22)]

o 4(a?+b? +¢?)=4p? —2(16Rr +4r?) = a’ +b? +¢> = p> —8Rr —2r?

« 4(ab+bc+ca)=2(xy +yz+2x)— (x> + y? +22)

4(ab+bc+ca)=16Rr +4r?> < ab+bc+ca=4Rr +r?

L +b’+c® _ p’ —8Rr—2r’ _ p’ -2
ab +bc +ca 4Rr +r? 4Rr +r?
2. Tinh abe
n (a+b)(b+c)(c+a)
Ta c6: abc z(x+y—z)(y+z—x)(z+x—y)
(a+b)(b+c)(c+a) 8xyz

(P-x)(P-y)(P-2) _pr*
Xyz 4Rrp 4R




3 Tinh a+b+b+c+c+a

a b
_a+b+c_ a+b+c_ a+b+c 4 _(a+b+c)(@b+be+ca) ,
c a b abc
_ p(4Rr +r?) _3=p(4Rr+r2)_3=4R+r_322(2R_r)
(P=x)(P=y)(P-2) pr? r r

4. 2% +b* +c*=(a+b+c)(a? +b? +c)—(ab+bc+ca) |+ 3abc
— p(p?-8Rr—2r> —4Rr—r2)+3pr2 = p(p? —12Rr)
5.a%+b*+ct =(a2+b2 +c2)’ —2(ab+bc+ca)’ +4abc(a+b+c)
:(p2—8Rr—2r2)2—2(4Rr+r2)2+4p2r2
=p*—4(4Rr +r?) p> +4(4Rr +r 2)’ —2(4Rr+r2)2+4p2r2=p4—16Rrp2+2(4Rr+r2)2
6. at+b+c_ /
3/abc /

7. Goi S 1a dién tich cua tam gidc XYZ c6 d6 dai 3 canh la x,y,z

Tacé: 165° =(x+y+2)(x+y-2z)(y+z-Xx)(z+x-Y)

2
:[(x+ y)’ —22][22 —(x—y)z]z(x+ y)Y 22—zt = (x> —y?) + 2% (x-y)’
(x> +y2a2xy)z? -zt —xt oyt 2xPy? 4 223 - 2xyz? + 22y

2(x2y2 +y222 + 22x%) = (x* + y* + 2%)
Trong mdt sb bai toan trudng hop x*>y? + 2% (x 1a max cua {X, Y, Z}) ta nhan
ngay thdy bai toan dang. Do d6 chi can xét thém trueong hop x> <y? +27 1a bai
toan dugc giai quyét hoan toan.
Pat m= X2,n = yz, p= z’ thita lai c6 m,n, p 1a d6 dai 3 canh cua 1 tam giac. Néu
goi R, 1 1an luot 14 ban kinh dudng tron ngoai tiép va noi tiép tam giac MNP co

do dai 3 canh 1a m,n, p thi:

165 =2(mn +np + pm)—(mz +n® + p2)=16erl +4r? = 4S° =4Rr, + 1]



Vay nhiéu bai toan 3 bién qua 2 1an dit an thi ta qui duogc vé bai toan 2 bién. Do
céc bai toan ta dang nghien ciru 1a bat dang thirc ddi xng nén sau khi chuén héa
cac bai toan chi con 1 bién. Ma bai toan 1 bién thuong giai duoc mot cach d&
dang.

a b c_ _ 1 1 I V2 _pn(l 1 13_
'b+c+c+a+a+b_(a+b+c)(a+b+b+c+c+a) . p(x+y+z) 3

p(xy + yz+zx)_3_ p(p> +4Rr+r2)_3: P’ +4Rr +r? s p? —8Rr+r?

Xyz - 4Rrp 4Rr 4Rr
g L,1,1_ab+bctca_4Rr+r® 4R+r
a b ¢ abc pr? pr

1o L, 1 1 _a+b+c_ P _ 1

ab bc ca  abc pr2 2

11 L+L+L=a2b2+b2c2+c2a2:(ab+bc+ca)2—2abc(a+b+c)
a’ b? c? a’b’c? a’b’c?

Cr2(4R+r)’ —2p’r>  (4R+r)’ -2p°

p2r2 p2r2
2 2
o 1 1 1 1.1 1 _X+yz+zx p-+4Rr+r
a+b b+c c+a x y z Xyz 4Rrp

53 L, 11 x2y2 4+ y2z2 +22x2 (xy+yz+2x) —2xyz(X+y + 2)
ot oty = 2,22 - 2,22
x> yr oz x*y?z x*y?z

(p +4Rr+r2)2 ~16Rrp? _(p? +4Rr+r2)2 1

16R*r*p? 16R*r*p? Rr

14. (a+b)(b+c)(c+a)=xyz=4Rrp

2

abc=(p-x)(p-y)(p-2)=

82
2 __—pr
0 Y

5. @b ac  bc _a’b?+b’c’+c’a’
’ b a abc

:(ab+bc+ca)2 —2abc(a+b+c) _ r2(4R+r1)* —2p2r? :(4R+r)2 —-2p?
abc pr2 p




16. a’b® +b’c® +c*a’ =(ab+bc+ca)’ —3abc(a+b)(b+c)(c+a)
=r’(4R+r)’ —12p’r’R

17. 1 + 1 + 1

a?+b? b?+c? c?+a’

(a2 +b?)(a>+c?)+(b2 +c?)(b? +a?) +(c? +a?)(c? +b?)
(a2 +b?)(b* +c?)(c +a?)

(a2 +b? +cz)2 +a%b? +b%c? +c’a?
(a2 +b? +c?)(a%b? +b%c? +c2a?) —a’b’c?

2 2
(p?-8Rr—2r?) +(4Rr+r?) —2p’r* p* —8(2R+1)1p? +5r% (4R+1)’
(0 —8Rr—2r2) [ (4Rr+12)" —2pr? |- port 47 (4R +6Rr+12) p? —2p*r” —2r* (4R-+1)°

18. (a?b+b2c+c?a)(a’c+b’a+c?h)=a’h® +b’c® +ca® +3a2b2c? +abc(a® + b’ +¢*)
—r’(4R+1)’ —12R*r*p+3p?r* + p>r?(p> - 12Rr)

=r2[r(4R+1)* +3p2r? + p* — 24Rrp? |

Phéan xay dung nhitng cong thirc co ban xin duoc dung lai & ddy. Trong qua trinh
lam bai tap néu can nhirng coéng thirc khac thi ban doc ciing c6 thé dé dang tu xay
dung. Do moi da thie d6i xtrng déu qui duoc vé tong va tich cua 3 dai luong

a+b+c,ab+bc+ca,abc nén déu qui duoc vé p,R,r.



D. MOT SO BAI TOAN SUU TAM

Phéan nay gdm nhitng bai toan rat ndi tiéng va di c6 nhiéu cach giai. Tuy nhién
trong bai viét nay ta s& dung phuong phap GLA dé giai.

Bai 1. (Iran 1996)

Cho a, b, ¢ > 0. Chting minh ring: ——+—1 41 > 9
(a+b)> (b+c)’ (c+a)®> 4(ab+bc+ca)

Gidi

Ap dung cong thirc 1 va 13 trong phan C ta can phai chirng minh:

9

2 2
(p2+4Rr+r2) 1. 9 c>(p2+4Rr+r2)
4(4R+71)

16R*r*p? Rr— 4(4Rr +r?) 16R*rp?

_1s
R

(p? +4Rr + r2)2
16R*rp?

Xét A= . Ta s& chirng minh A ddng bién theo p.

C1: Tinh dao ham

22
p+ VR o(arrar) 8 2 2(aRr4r?) ey

8
C2: A= P >29 3
16R*r 16R?r

Pén day ta nhan ngay thiy A dong bién theo p.

Ma p? —16Rr +5r* =9.1G* > 0= p” 216Rr —5r*. Do d6

2 2
J(6Rr-5r2 +4Rr+r?)” _ (20Rr—4r?)" _ (5R-r)’ _25R’—10Rr+r’

A> = = =
16R?r(16Rr —5r2)  16R’r>(16R-5r) R>*(16R-5r)  16R® —5R’r
Cong viéc con lai cua ta chi con 1a di chirng minh:

25R? —10Rr +r?
16R* —5R?r

9 L I9R*-S5Rr+r*, 9
4(4R+r1) ~ 16R*-5R’r 4(4R+r)

N
=2
= 4(4R+1r)(9R? —=5Rr +r?)>9(16R* — 5R2r)

< 4(36R? +9R2r —20R?r —5Rr? + 4Rr2 + r3)>9(16R* - 5R?r)

< 4(36R* —11R*r=Rr?> +r*)=9(16R* =5R*r)> 0= r(R-2r)> >0



] r=0 a=b,c=0 (vacdchodn vi)
bang thtc xay ra < =

R=2r a=b=c

Comment: Loi giai bai toan trén ciing nhu 101 giai ctia cac bai toan tiép theo sau
day s€ duogc trinh bay moét cach rat ti mi dé cac ban tién theo dai. Tuy nhién, nhu
da thay, 10i giai trén rit sang sta va gon gang. Ban nao yéu thich bat dang thic
hinh chéc s& cam nhan duoc ngay vé dep cua 1i giai con ban nao chua quan tdm
thuc sy dén bat dang thtre hinh vi cho ring n6 khong con ¢ dang sau va biét dau

sau khi doc bai viét nay cac ban s& thay ddi cai nhin vé bt ding thirc hinh.

Bai2.Choa,b,c>0va ab+bc+ca=1. CMR: L, 1

1
a+b b+c c+a

P

N |

Gidi
Ap dung dang thtrc 1 va 12 phan C ta c6 bai toan sau:

p? +4Rr +r?
4Rrp

\

Cho X,y,2>0 va 4Rr +r>=1. CMR: %@ p> —10Rrp+1>0 (1)

Xét phuong trinh: f (x)=x*> —10Rrx+1=0; A'=25R?*r* -1
= X, =5Rr —y/25R’r* =1 ; x, =5Rr ++25R°r* -1

Pé chung minh (1) ta chi phai ching minh p>x, =5Rr ++/25R*r* —1

Ta co:
V25R%*r?* -1 =\/25R2r2 —(4Rr+r?)* =r\JorR? —8Rr —r? < rVGR-r)> =r(3R-r)
= 5Rr++25R*r? =1 <5Rr+r(3R-r)=2-3r?

Laico p2 —16Rr +5r2 =9.1G? > 0= p>+/16Rr —5r2 =4 —9r?

2
Ma V4-9r2>2-3r2=>4-9r2>(2-3r?) = 4-9r*>4-12r2 +or*

2
r-=0
& r2(1-3r2)>0. Déng thirc xay ra < ox=2y=z=1
p* =16Rr —5r?
Vay T 1 Zi.f)éngthfxcxéyra@ a=b=1,c=0 va cac hoan vi.
Y a+b b+c c+a 2 ’



M¢ rong: Cho a, b, ¢ > 0 théa man ab+bc+ca=1va b+c>a>b>c

1,1 1. 5

CMR: >
a+b b+c c+a a+b+c+abc

Giai: Trudc tién ta nhan thiy bai toan nay chit hon bai toan ban dau boi 18:
l=ab+bc+ca>alb+c)>a’=a<l=00-a)(1-b)(1-¢c)>0
<l-a-b-c+ab+bc+ca-abc>0=2>a+b+c+abc

Vi bai toan ban du ta c6 thé ching minh bang nhiéu cach dai sé ma 16i giai kha
gon gang nhung v&i bai toan mé rong nay thi 101 giai bang dai sb 1a kha phuc tap.
Ta s& dung G.L.A. dé ching minh bai toan nay.Ta nhan thay v&i diéu kién cua bai
toan thi a, b, ¢ 1a d6 dai 3 canh 1 tam giac (Truong hop b + ¢ = a tam giac suy
bién thanh dudng thing). Ap dung coéng thirc 1 phin C ta cdn phai CM:

2(a+c)(b+c) 5

>
(a+b)(b+c)(c+a) a+b+c+abc

a2+b2+cz+3(ab+bc+ca)> 5
(a+b+c)(ab+bc+ca)—abc a-+b+c+abc

5—16Rr—4r® 5 2
> | 5-(16Rr +4r?) |(1+2Rr)>5(1-2Rr)
(a+b+c)(1-2Rr) (a+b+c)(1+2Rr) [ ( )]

& 5+10Rr —(1+2Rr)(16Rr +4r?) >5—10Rr < 20Rr > (1+ 2Rr)(16Rr + 4r*) (1)

Ta nhan thay: (1+2Rr)(16Rr +4r?) <18(1+ 2Rr)Rr =18Rr + 2Rr.18Rr <
<18Rr +2Rr(ab + bc + ca) =20Rr . Do d6 (1) dugc chirng minh.

NUNES B R B 5

\Ys > . bang thirc x4 <a=b=1,c=0.
ay a+b b+c c+a a+b+c+abc ang thue xay ra ’

Bai 3. Cho Xx,y,z>0. Tim diéu kién dé bat dé‘ing thirc sau luén dung.

s x 4 [ L
(x+y)(x+2z) B(x+y+1) (x+y)(y+2z)(z+x)
Gidi
Ding trude bai toan nay, cac phuong phap dai sé khong biét nén bat dau tir dau
boi dé bai xuat hién nhitng can thirc rat khé hiu va diéu kién dé bai toan dang
theo nhu du doan thi khong don gian. Nhung dang bai nay chic chin dung G.L.A
dé giai. Co diéu ta thir xem d6 phirc tap cua bai toan dén dau nhé.



bat y+z=a,z+ x=b,x+ y=c. Bai toan trd thanh:

31 o2 e=)

oY ME—c_a)2%(1+(p‘a)(igcb)(p‘c)jw’? A1+ TTsn )

(Trong d6 p la nira chu vi cia AABC c6 @6 dai 3 canh 1a a,b,c)

Ban doc c6 thé nhin ngay ra (1) chinh 1a 1 trong cac bat dang thirc cua Jack
Garfulkel. Piéu kién dé bai toan trén dung 1a khi tam gidc ABC nhon. Tic 1a

b2 +c? >a® (gid sita=max{a, b, c}) < (x+y)’ +(x+2)°>(y+2)°
X(X+Yy+2)>yz e X+ y+2>% (trong d6 x=min{X,y,z} )

Viéc ctia ta bay gio 1a di chirng minh (1) véi diéu kién AABC nhon. Pay 1a mot
bai rat chit nén chirng minh bang G.L.A ciing khong hé don gian.

Giai
Ta co: cos——sm(% %),cos%=sm(%—%),cos%=sm(%—%)
pait A= _Apg_n_B C':E_Q
¢ 2 2P T T T2

trong d6 A’,B’,C’ 1a s6 do 3 gbc cua 1 tam giac nhon co min{A’,B',C'} > %

Podf;, PP-QRADT) s rrorie
@ e R3[1+ R < p?=BRp-4Rr-r2<0

R/3 +V3R2 +16Rr +4r? > _3R2 +8Rr+2r2 + RVOR? + 48Rr +12r2
5 o pP< 5 (3)

o p<

Khong mét tinh tong quat ta gia sir %S A'<B'<C’ S%



TH1: B’S%. Ap dung dinh 1y 2 ta c6 p* <3(R+ r)’. Do d6 ta chi cin chung

minh: 6(R+r)> <3R? +8Rr +2r% + RYIR? + 48Rr +12r>

& 6R2 +12Rr +6r2 <3R2 +8Rr + 2r% + RVIR? + 48Rr +12r2

< 3R? +4Rr + 4r2 <RV9R? + 48Rr + 12r>

Ma RyIR? +48Rr +12r2 > RVIR? +36Rr +36r2 =3R(R +2r)>3R2 +4Rr + 4r2

Suy ra (3) dugc ching minh

TH2: B’Z% = s1n%,s1n%,s1n %l >sm§sm6sm§>0 116
- R_ - 1 - ~<2,16. Ap dung dinh 1y 3 ta chi can chirng minh:
r 4gin A sin B sin &
sin > sin > sin >

2(2R? +10Rr —r2) + 4(R=2r)\/R(R—2r) <3R? + 8Rr + 2r% + RVOR? + 48Rr + 12r2

< R2+12Rr —4r2 +4(R-2r)\R(R—2r) <RVOR? + 48Rr +12r2

ST +120-4+4(1-2)Vt(t-2) <tVor’ +48t+12 trong d6 t=R te[2;2.16)

VT <t? +12t =4+ 4(t-2)2,16(2,16 -2) <t? +12t —4+2,4(t —2)=t* + 14,4t - 8,8

VP Zt\/(3,2t +5,6)" +(t—2)(9,28 —1,24t) > (3,2t +5,6)

Ma t(3,2t+5,6)—(t> +14,4t—8,8)=2,2(t—2)* >0, do d6 VP > VT.
Piang thirc xay ra < t = 2.

Vay Zcos% 2%(1 + Hsin%) . Péng thuc xay ra < AABC déu.
Bai 4. Cho X,y,Z2>0. CMR:

8(x+y+2)" xyz(x+ y)z(y+z)2(z+x)22[z (x+Y) ] H[ X+Yy)(x+2)— 2yz] (1)

Gidi



b+c-a y=c+a—b ,_a+tb-c
2 2 2
tam giac va: a=y+2z,b=z+X,c=X+Yy =

Xx+y+z=p,xyz=(p-a)(p-b)(p-c)

Dit x =

thitacoéa, b, cla dd dai 3 canh cua 1

(p 1a ntra chu vi tam giac ABC c¢6 d¢ dai 3 canh 1a a, b, ¢)

2[(x+y)(x+2)-2yz]=(x+2)" +(x+y)’ ~(y+2)’ =b* +c* -a’

Tuong tw 2[(y+2)(y+x)-22x|=c’ +a> —b* , 2[(z+x)(z+y)-2xy|=a’ +b* —¢’

2 2 2
Vay (1) < 8p” (p-a)(p-b)(p-c)a’b’c >(a® +b* +c?) [[ 2+ =C

< 8(a+b+c)’(p-a)(p-b)(p-c)a’b’c? >(a’ +b? Jrcz)sl_[(a2 +b? —c?)
Khong mat tinh tong quat ta gia st a>b>c

Néu b? +c¢? <a’ thi VT > 0 > VP = (dpcm)

Néy b +c?>a” thidat a>=m,b*=n,c’*=p

Ta co: m,n,p la do dai 3 canh cua 1 tam giac.

Mit khéac theo bt ding thirc Holder ta c6:

(a2 +b? +¢2)’ =(Z€/5€/53/a_4)3 <(a+b+c)’(a*+b*+c*) (3)

Tir (2) va 93) suy ra dé chirng minh bai toan ta chi can chirng minh:
(a+b+c)(a+b-c)(b+c-a)(c+a—b)a’b’c’>(a* +b* +c“)1—[(a2 +h?—c?)
< (2a%0% +2b%c? +2¢%a’ —a* —b* —c*)a’bc> 2 (a* +b* +c“)1_[(a2 +b?—c?)
< (2mn+2np+2pm-m?—n? - p?)mnp=(m? +n? + pz)H(m+n— p)

& (16R,r, +4r2)4R 1, p, >(m? +n? + p?)8p,r? <8R +2R 1, >m* +n’ + p? (4)
(4) dang theo dinh 1y 5.

Ttc la ta ¢4 chirng minh xong (1). Pang thirc xay ra <> a=b =c.

Ghi chu: R,,r, p, 1an luot 1a ban kinh dudng tron ngoai tiép, ndi tiép va nira chu

vi AMNP c6 d6 dai 3 canh 1a m,n,p.



Comment: Tam thoi bo qua dd cong kénh cia bai toan thi do chat ciia né da du
lam diéu dimg cac phuong phéap dai sb roi. Toi da thir di tim mot 1oi giai dai sé va
két qua sau nhiéu cb ging méi c6 duoc 101 giai dai gip 5 1an 101 giai nay. C6 18
bai nay sinh ra 1a dé danh riéng cho G.L.A.

Bai 5. Cho a, b, ¢ > 0. CMR: aZb+b+‘3+c+"‘>4 a . b . ¢ )

a b~ \b+c c+a a+b
Gidi
2 2
. ; . — —-8Rr+r
Ap dung cong thirc 3 va 8 ta can ching minh: 2(2|T_ r) >4. P AR i

< 2R(2R-r)=p? —8Rr+r’> < 4R? + 6Rr —r’ > p* (dlng theo dinh ly 3)
Ping thirc xay ra < a=b =c.
Bai 6. Chirng minh rang Va, b, ¢ khong 4m ta c6 BDT:
a’+b* +c” +2abc+1>2(ab+bc+ca)
Gidi
Néu trong 3 s6 a, b, ¢ ¢6 2 sb bang 0 thi ta c6 ngay dpcm.
Néu trong 3 s6 ¢6 2 s6 # 0 thi 4p dung cac cong thirc 1 va 14 ta can chirng minh:

p> —8Rr—2r2 +2pr’ +1=2(4Rr +r?) < p> +2pr? + 1> 16Rr + 4r>

Ta c6: 2pr> +1=pr® + pr+123-3p’r* 23-327r2r* =9r> (1), p* 216Rr —5r* (2)

Tu (1) va (2) ta c6 dpem. Pang thirc xayra<>a=b=c= 1.

Xin gidi thiéu cung ban doc 2 cach ching minh khac duoc trinh bay trong cudn
“Sang tao bat dang thirc” ctia Pham Kim Hung.

Cach 1: Str dung tam thtrc bac 2

Chuyén vé tam thtrc bac 2 cua a la: f(a)=a’ +2(bc—b-c)a+(b—c)’ +1
A'=(bc-b-c)’ =(b-c)’ —1=hc(b-2)(c-2)-1

Néu bc-b—-c>0 ta c6 ngay dpem.

Néu bc—b-c<0 hay (b—1)(c—1)<1. Ta chia ra lam 2 truong hop.

Co dang 1 trong 2 s6 b,c > 2, sé con lai nhé hon hoidc bang 2. Ta cd ngay A'<0



+ Ca hai sb b,c déu nho hon 2. Theo bat dang thic AM — GM ta c6:
b(2-b)<Lc(2-c)<1 = A'<0. Vay bat dang thirc dugc ching minh.
Cach 2: Pat k=a+b+c. Sir dung bat ding thirc quen thudc
abc>(a+b-c)(b+c-a)(c+a—-b)=abc>(k-2a)(k-2b)(k-2c)

Rut gon lai ta duoc: 4(ab +bc +ca) —k*? S%abc (*)

Bt ding thirc cua bai toan twong duong véi:

(a+b+c)’ +2abc+1>4(ab+bc+ca) < 4(ab+bc+ca)-k> <1+ 2abc
Str dung (*) ta chi can chirng minh: (i 2) abc<1

k> (9-2k)k*
27 27

O

Theo bat dang thirc AM — GM ta cé: (— - )abc <(§ 2) <l

k
Viy ta ¢c6 dpcm. Ping thic xayra < a=b=c=1.
Bai 7. (Pham Kim Hung) Gia str a, b, ¢ 1a céc sd thuc khong am. Chirng minh bét
1 41 | 10

+ >
a’+b*> Db*+c*> c*+a’ (a+b+c)’

dang thirc:

Cach 1: (Cua PKH)

Khai trién hai v€ bang cach gui dong mau so:

at+3) a’?)(>la’+2> ab|>10( Y a*(b )+2a’b’c
( )( )

sym sym sym sym

e Y at+2) a*>ab+6,,, > a’b’ +2abcy ¢’ (a+b)>6) a*(b )+11a%bc?

sym sym
Khong mat tinh tdng quat gia sit a>b>c. Pé chiing minh bét ding thirc trén ta

tim cach loai bo cac bidu thirc chira ¢. Ta c6: 4c®(a® +b?)>4c* (a® +b?)
2c(a+b)(a* +b*)+2c3(a® +b*)+(a+b)c’ —c*(a? +b?)-6c?(a* +b*)
—(a* +b*—ca’—c’a)(a-c)+(a* +b* —cb® —c’b)(b—-c)>0

6c3(a® +b*) +2c(a+b)(a* +b*)+c3(a+b)>5c* (a2 +b?) + 6¢2 (a* +b*)



Ngoai ra d& thdy: 2abc) ¢*(a+b)=12a’b’c’ > 11a’b’c’

sym

Nhu vay véi phan con lai ta chi can ching minh bat dang thirc 2 bién (thuc chit 1a
chirng minh cho truong hgp ¢ = 0) nhu sau:

a® +b® +2ab(a* +b*) +6a’h’ +2c*ab>6a’b’ (a+b)+c*(a’ +b?)

Bt ding thirc trén twong duong voi:

(a?-b%)(a* -b*)+2ab(a-b)(a’ -b’)>2c*(a-b)* +a’b*(a-b)’
o(a-b)[(a+b)(a® +b*+ab? +a’b)+2ab(a® +b> +ab)—2c* —a*h?]>0
Hién nhién dung. Pang thirc xay ra khi va chi khi a=b, ¢ = 0 va cac hoan vi.

Cach 2: Ap dung cong thtrc 17 ta can CM:

p> —8(2R+r)rp> +5r2 (4R +1)° > 10 ()
4r2(4R? +6Rr+r2) p2 —2p*r2 —2r* (4R +r)’  p’

bit f(p) = VT — VP. Tinh f’(p) v6i chtt y p* >16Rr —5r? ta dugc f°(p) > 0

1 . 5
= f(p)>f [(16Rr —SrZ)Z] Dén day ta chi viéc thay p? =16Rr —5r? vao (1) rdi
rut gon 1a ta dugc dpem nhung viée rat gon d6 kha mat thoi gian va d& nham 14n.
Chinh vi vay ta s& thay p® =16Rr —5r* vao dang thirc thu 3 trong cong thuc 17.

Ta can chting minh:

(8R-7r)” + (4R +r)* —2(16Rr - 5r*) o 10
(8R-7r)[(4R+1)? —2(16Rr —5r2) | —(16R = 5r)r? 16R=5r

(8R—=7r)> +16R> — 24Rr +11r’ .10
(8R—=7r)(16R> —=24Rr +11r*) = (16R—5r)r> 16R—5r

& (16R—5r)(16R* —24Rr +11r> +10r2) > (SR—7r)[ 10(16R? —24Rr +11r2) —(16R—5r)(8R—7r) |
& (16R-5r)(16R? = 24Rr +21r2) > (8R - 7r)(32R? — 88Rr + 75r7)

< (16R=5r)(32R? —48Rr + 42r2) > (16R —14r)(32R2 — 88Rr + 75r?)

Ta thay 16R —5r >16R —14r =2(8R - 7r),
2(16R? —24Rr + 21r?) >32R? — 88Rr + 75r>



Tir 2 diéu trén ta c6 ngay dpem, tire (1) duoc giai quyét

r=0
Pang thirc xay ra khi va chi khi < a=b,c=0 va cac hoan vi
p*> =16Rr —5r?

Bai 8 (Vii Pinh Quy) Cho a, b, ¢ > 0. CMR: a, b c. 3abc >4
b c a aliblicrcia

Gidi
D'tézxg_ Loz xyz=1 X, ¥,2>0
S yz=1 (xy,2>0)
Bai toan tr¢ thanh: Cho xyz=1. CMR: X+ Yy +2 b3 >4
Xy + Yz + zX

Chuyén vé p,R,r ta dugc bai toan: Cho pl’2 =1.CMR: p +4R;22 4
r+r

Taco: p>216Rr—5r2 >3(4Rr+r2)>27r> = p* >27pr? =27= p>3

p+4Rr3+r2 - p+%:3 ?p %24.£24'Déng thire xdy ra > a=b =c.

Bai 9. Cho Xx,y,z 1a d6 dai 3 canh A va k 1a m{t sd thuc > 2,6. CMR:

X y z 3
+ + > @)
\/x2+kyz \/y2+kzx \/22+kxy JI+k

Gidi

Z o[ Z 7 )

(Z Xy X2 + kyz)2 S(Z X)Z(X3 +kxyz). Suy ra:

oo . (x
X% +kyz \/Zx\/x3+y3+z3+3kxyz

Mat khac:

D xyx? +kyz)

Theo bat ding thuc B.C.S ta co:

(1)

X yd a2 4 3kayz=(x+y+2) (X3 +y2+ 22 —xy—yz—2x) +3(k + 1) xyz

=2p(p?+6Rr(k—1)-3r?) (2)



Tir (1) va (2) ta thdy dé ching minh dugc (*) chi can chirg minh:

2P >3 o a(k+1)p>=9[ p® +6Rr(k—1)—3r2]
Jp? +6Rr(k—1D-3r> ~k+1

< (4k —5) p? —=54Rr(k —1) +27r?

Pat f(k)=(4k —=5)p*> —=54Rr(k —=1)+27r> = f'(k)=4p* —=54Rr >0 (do
p? >16Rr —5r*) = f (k) ddong bién theo k

= f(k) > (2,6) = 5,4p> —86,4Rr +27r> =5,4(p? —16Rr +5r>)>0
Vay (*) dugc ching minh. Pang thirc xdy ra << k=2,6 via=b=c.

Bai 10. Cho a,b,c>0;a+b+c+1=4abc. CMR: a+b+c2§+%+l

c
Giai

Chuyén vé p,R,r ta duoc bai toan tvong duong nhu sau:

Cho p+1=4pr®. CMR: p°r®>4Rr+r?

3
Ta c6: p2227r2:>42L72 p+1=p>3

Ta can chirng minh: p(p+1)24(4Rr+r2)

Mait khac: p* >16Rr —5r? (1)

Dop>3nén 4p>>9(p+1) = 4p>>9-4pr’ = p>9r’ (2)

Tu (1) va (2) suy ra p(p+1)24(4Rr+ r?) tic 1a bai toan da duoc giai quyét

Ping thic xayra < a=b=c=1.

Bai 11 (Nguyén Duy Khanh).

. 32abc(a+b+c)2(a—b)

1_[(a+b)2

2
Cho a,b,c>0. CMR: Z(a;bb) >12

Gidi



BIén d61 veé trai:

2
Z(a+b)2 :Z(a+b) C_(a+b)(b+c)(c+a)+4abc _4Rrp+4pr’ 4(R+r)
ab abc abc pr2 r

Rabe(a+b+e)y (a-b)° 32p2r>[2(p> —8Rr —2r>) - 4(4Rr + 2r?)]
+ =12+

12
[J(a+b)’ 16p*Rr?

4(p? —12Rr -3r?)

=12+ R2

Theo dinh 1y 3 ta ¢c6 p*> <2R* +10Rr —r? + 2/ R(R—-2r) (R—2r)
4[2R? —2Rr—4r? +2(R-2r)yR(R-2r) |
RZ

. S(R—zr)(R—F:; JR(R-2n)) s 16(R—2Rr2)(R— r)

Suy ra: VP <12 +

<12

Do d6 ta chi cin ching minh:

4(R+r) 16(R—2r)(R—r)@4(R—2r)>16(R—2r)(R—r)
; >

- . = =4(R-2r)°>0

>12+

Pang thirc xay ra < R=2r<a=b=c

Bai 12 (Nguyén Duy Khanh).

1_[(a+b)2
> - > a+b b+c)
Cho a,b,c>0.CMR: ETere _H(b+c+a+b

Gidi

Chuyén vé p,R,r ta can chirng minh:

2.,2,2 2 2 2 2 2 2
H(X+y—2)2 X2y222 r2

Bién d6i vé phai: VP



(x> +y2+ 22)[(xy+ yz+2x)° —2xyz(X + y + z)}
- x2y?z? -1

(2p? —8Rr—2r2)[(p2 +4Rr + r2)2 —16Rrp2}
16R*r*p?

Ta c6: (p? +4Rr + rz)2 —16Rrp? = p* +2(4Rr +r2) p> + (4Rr + r2)’ —16Rrp?

2 2

Mit khac: 2(4Rr +r2) p? <9Rrp?; (4Rr +r2)’ ng.9TRr:3R;p
2 22 2 2(.2 7TRr
:>(p +4Rr +r ) —16Rrp“ < p (p _T)

Laico p”> <4R? +4Rr +3r? <4R’ +7TRr_ Do d6 x’y* +y?z® +2°x* <4R’p?

(8R? +4r?)4R?p? _2R> 7
16R>r2p>
p r

Ma x> +y? +2> <8R” +4r’. Vay VP <

Pang thirc xay ra < a=b=c.



E. CAC BAI TOAN TU SANG TAO

Phai noi ngay rang “sang tao” ¢ day khong c6 nghia t6i 12 nguoi dau tién tim ra
chung ma chi 1a d6c 1ap tim ra cac bai toan d6. Trong hang triéu nguodi yéu toan
khip ca nudc khong thiéu gi nhirng ngudi tim ra phuong phap G.L.A. tham chi
tim ra tir rat lau roi va phat trién n6 & tdm cao hon t6i nhiéu. Tuy nhién, cho toi
nay chua c6 bat ki mot tai liéu nao trinh bay mét cach hé théng vé n6 ca. Ciing c6
nhirng nguoi bang phuong phap khéac tim ra nhitng bai toan dudi day dé minh hoa
cho phuong phéap cua ho. Do sy han ché trong viéc doc tai liéu nén toi khong biét
chung di xuat hién & dau chwa. Co diéu nhitng bai toan d6 duoc tim ra mot cach
d& dang tir nhirng cong thirc rat don gian da xay dung trong phan C. Chinh vi thé
thiroi gian dé tim ra céac bai toan dudi ddy con nhanh hon ca viéc di tim mot bai
toan trong tai liéu nao diy rdi nhan né 13 ctia minh dé bi mang tiéng.

[. CAC BAI TOAN KHONG PIEU KIEN

1. Cho a,b,c>0. CMR: 3a+b+b+c+c+a+2+§,wzg *
© % \/C a b 8 a’+b?+c? 8()
Gidi

Ap dung cac cong thirc 1 va 3 trong C ta can phai chirng minh:

4243, 4Rr+r® 519

42(2R-r) 3. 4Rr+r’ 19
r 8 p?—-8Rr—2r* 8

(1)
Theo dinh 1y 5 ta c6: p*> <4R* +4Rr +3r?. Do d6 dé ching minh (1) ta chi cn

CM:

4R |3 4Rr + 1 Zﬁ@sﬁ_zzé(l_ 4Rr 41 )
r 8 (4R?>+4Rr+3r*)-8Rr-2r> 38 r 8\ 4R>—4Rr+r?

2
= 4(R-2r) 23-4R(R_22r)<:>8(2R—r)223R{3(£) +2-§/E+4}
4R\’ [4R 8 (2R-1) WWr r
r 3(—) +2-3--+4
r r
2 2
Ta nhénthéy: ,#(%) +2-3I%+4g3.3/($) S%

2
Suy ra: VPS3Rr-$=18R2 :8(%) <8(2R-1)* =VP

Do d6 (2) dugc chirng minh, tirc 1a (*) ding. Pang thic xay ra < a=b=c.



2. Cho a,b,c>0.CMR: 8(a+b+c)’(a2b? +b%c? +c2a?)+ 64a’bc?

26(a+b+c)abc|:(a+b)2 +(b+c)’ +(c+a)2:|+(a+b)2(b+c)2 (c+a)’

Ap dung cac cong thic 1, 5, 14 trong C ta can phai ching minh:
8p> [(4Rr+ r2)’ —2p2r2]+64p2r4 >6p2r?(2p? —8Rr—2r2)+16p°R>r?
< 2(4R+1)° —4p> +16r? 23(p? —4Rr —r?) + 4R> < 4R> + 4Rr + 3r? > p?

(dung theo dinh ly 3)

Comment: Néu bai toan trén giai bang phuong phap dai sb thi 16i giai cuc ki dai
dong trong khi v&i G.L.A 16i giai lai ngén gon va dep mit nhu vay. Qua d6, ta rut
ra mot diu 1a khong thé danh gia mot bai toan qua vé bé ngoai cua né (trong dep
mit hay cdng kénh) ma phai dwa vao noi dung (trc 1a giai) cua no.

8(a’+b* +c?) 4(a® +b> +c?)

3.Choa, b,c>0. CMR: > -1
© (a+b)(b+c)(c+a) ab+bc +ca

Gidi

Ap dung cac cong thirc 1, 4 va 14 trong C ta can ching minh:

8p(p2—12Rr)>4(p2—8Rr—2r2)_1®2p2_24> ap*
4 pRr - 4Rr +r? Rr " 4Rr +r?
2 2
2pT __A4PT s ®p2215Rr(4R+r)
Rr 4Rr +r? 2(2R+7)

Ta di biét p? >16Rr —5r? va viéc chirg minh:

15Rr (4R +r)

16Rr —5r2 >
2(2R+r)

1a qua don gian (< 4R* >3Rr +10r?)

Pang thirc xay ra<>a=Db =c.

4.Choa,b,c>0.CMR: &4+ B _,_C abe >3
b+c c+a a+b (g3 +p3+c3) 3
Gidi
2 2 2
Ap dung cong thirc 4, 8, 14 ta can ching minh: p” —8Rr+r + i 2%

4Rr 2p(p? —12Rr)



2 2
—8Rr+r
<:>—p *

2 2 2 2
r2 p°—14Rr +r S P —12Rr —3r
4Rr

_351
276 2(p®-12Rr) 4Rr " 6(p? -12Rr)

< 3(p? —14Rr+r?)(p? —12Rr)>2Rr(p? —12Rr —3r?) (%)
Do p® >16Rr —5r® nén

2(p? —14Rr+r2)=(p? —=12Rr =3r?) +(p? —=16Rr +5r>)> p> —12Rr —3r> (1)
3(p? —12Rr)=3(4Rr —5r2) =4Rr + r (8R—15r) 2 4Rr (2)

Nhan vé theo vé cua (1) va (2) ta dugc (*) tic 1a bai toan duoc chirng minh.

Piang thirc xayra <> a=b =c.

5.Cho a, b, c> 0. CMR: {/a+b+b+c+c+a+2+§_wzﬁ
c a b 8 a’+b?+c? 8

a+b  b+c,c+a ab +bc + ca
9 >15 (1
c ~a b Va? +b? +c? M)

Gidi

Ap dung cong thirc 1 va 3 ta can chimg minh:

2
2(2R—r)+9 24Rr+r S >15 (%)
r p-—8Rr-2r

Theo dinh 1y 5 ta c6: p”> <4R* +4Rr +3r?. Do d6 dé chiing minh (¥*) ta chi can

\ 2 / 2
chitng minh: 4Rr—2r+9. 4Rr+rr S 4Rr—2r_6>9(1_ 4Rr +r j

2R—-r

o HR-20) g 4R(R-2r) < (R-1)(2R—r+4Rr+r? ) > 9Rr

r (2R—r)(2R—r+m)

Ta c6: VT >(2R—r)(2R = r ++/9r2 ) =4R? + 2Rr —2r> > 9Rr =VP

Vay (1) dugc ching minh. Ping thirc xdy ra < a=b=c.

3 3 3
6. Cho a, b, c>0. CMR: & +b_+C" ,_163ahc g
abc (a+b+c)

Gidi



Ap dung cong thirc 3 va 14 ta can chirng minh:

2 _12Rr) 1 2 - 2
p(p : )+ 62|2r 59 P i2Rr+1622r 59

pr p r P

_ P’ —12Rr  162r> , 2p  3p4r2 _2(p* -162r%)
- 2 T :>f(p)=—2— 3 3.2

r p r p pr

bat f(p) >0

Do do f(p) ddng bién theo p tc 1a f (p)= f (Vi6Rr —5r?)
Pé chtrng minh bai toan ta chi can chirng minh

16Rr —5r% —12Rr 162r2 4R —5r 162r
+ >0 = 3562920
r? 16Rr —5r? T 16R = 5r

4(R-2r) 16(R—2r)
> .
S 2% TR sr

& 16R - 5r > 24r < 16R>29r (dung)

Vay bai toan dugc chimg minh. Pang thirc xay ra < a=b=c.

Mé rong: Tim hing sd k tét nhat sao cho BDT sau ludn ding:

a’+b*+c® _ kabc 323+L_
abe (a+b+c) 27

Vi cach lam tuong tu ta dé dang tim duoc k = %
8. Ching minh rang véi moi a, b, ¢ duong ta cé:

abc(a+b+c)+ 12(a® +b* +¢?)
a*+b*+c*  (a+b+c)(a?+b?+c?)

>5 (%)

Gidi
Ap dung cac cong thtc 1, 4, 5 va 14 ta can ching minh:
p’r? .\ 12p(p? —12Rr)
p* —16Rrp> +2(4Rr +r2)>  p(p?—8Rr-2r?)




2 2.2
<:>12(p 12Rr)_421_ pr

p* —8Rr—2r’ p* —16Rrp? +2(4Rr +r2)’

4(2p> —28Rr+2r?) _ p* —(16Rr +17) p* + 2(4Rr + r2)’
p’ —8Rr-2r’ p* —16Rrp> +2(4Rr +r2)’

8(p> —14Rr+r?) p* - 2) p2 2)’
(p r+r)_p (16Rr +r2) p +2(4Rr+2r) >0 (1)

p’ —8Rr-2r? p* —16Rrp? +2(4Rr +r?)

Pt VT cia (1) 14 f(p). Ta c6 A\(p) 2 0, do d6 f(p)= f (V16Rr —5r%)
2 2 2
Ma £ (VigRr —5r7) - 8(2Rr =4r*) _2(4R+1)’ ~6(16Rr —5r°)

8Rr—7r>  2(4R+r)> —5(16Rr - 5r2)

_16(R-2r) 16(R-20)(2R-1) _  32(R-2r)°(8R-5r)
S8R—7r  32R?—64Rr +27r> (8R—7r)(32R? —64Rr +27r%)

Vay (*) dugc ching minh. Pang thirc xdy ra < a=b=c.

a

€

9. Cho a, b, ¢ > 0. CMR: a:b+b+c+c

+ay 7 a +b’+c’
a b 2

5.
ab +bc +ca +6

+b+
3/abc
Gidi

Ap dung cong thrc 1, 3 va 6 ta can ching minh:

4R-2r 7 P*-8Rr-2r* 5 |p*

r 2 4Rr+r? 6 \r?

2 2
< 6(4R-2r)>21- 4R ZF?TV r* L 5((aR> < 4Rr +3r7)r —3r)

4R(R-2r) 5 4(R-2r)(R+3r)

< 24(R-2r)>21-
4R +r A +3rA+9r?

(trong d6 A=3/(4R? +4Rr +3r2)r )

5r(R+3r)(4R+r)

+ 3rA+9r

<6(4R+r1)>21R+

Ta co: A2 +3rA>2JA3r = 243r2 (4R? + 4Rr +3r?)



Suy ra: 3(A% +3rA)>2ry27(4R? + 4Rr +3r2) > 2r (10R + 7r)
Do d6 trong (2) thi VT >r(R+2r)(20R +41r)>VP

Vay (*) dugc ching minh. Ping thirc xay ra < a=b=c.
Bai 11. Cho a, b, ¢ > 0. CMR:

a ,_ b ¢ __a+b+c
2 2 2 -
a’+2bc b?>+2ca c?+2ab ab+bc+ca

Gidi

Trudc tién ta thiy ngay VP = . Cong viéc ta can lam trudce tién 1a qui VT

4Rr +r?
vé p,R,r

Z[a(b2 +2ca)(c? +2ab)]

Ta co: VT =
(a2 +2bc)(b? +2ca)(c? + 2ab)

_ 2(a+b+c)(a’b? +b%c? +c2a?) +4abc(a? +b? +c?)—abc(ab+bc+ca)
9a2b2c? +4abc(a® +b* +¢?) +2(a%h® +bc® +ca®)

Ap dung céc déng thac 1,4, 14, 16 & phﬁn C ta duoc:

2p[(4Rr+r2)2 —2p2r2]+4pr2(p2 —8Rr—2r2)—pr’ (4R +r)

VT =
9p2r* +4p2r?(p? —12Rr)+2r’ [(4R+r)3 —12|02RJ

_2pr’ (4R+1)" —4p’r? +4p°r® ~8pr’ (4R+1) - pr’ (4R +1)
9p>r* +4p*r?> —48Rr’p® +2r° (4R + 1)’ - 24Rp>r’

B 2pr2 (4R +1)> =9pr’ (4R +r) ~ p[2(4R+r)2—9r(4R+r)]
9p’r* +4p*r> +2r (4R +r1)* —=72Rp*r®*  9p?r? +4p* +2r(4R+r)’ —72Rrp>

2
P 2(4R+r)" —9r(4R+r) 1

Ta can CM: VT < 5 3 < >
4Rr +r 9p’r* +4p* +2r(4R+r)" —72Rrp*> 4Rr+r

Pat p’ =t va f(t)= L
otr? +4t* +2r(4R+r)” —72Rrt

2
f/(t)=— 8t +9r” —72Rr —<0 (do t>16Rr —5r> >9Rr)
[otr? +4t> + 2r (4R +1)° —72Rrt |




Do d6 f(t) nghich bién theo t tic 1a f (t) < f (16Rr —5r?)

Suy ra ta chi cin chirng minh
2(4R+1)” —9r (4R +1) o1
- <
9(16Rr —5r2)r? +4(16Rr —5r>)° +2r (4R +1)° —72Rr (16Rr —5r2) 4Rr+r’

=2(4R+1)’ —9r(4R+1)° <2(4R+1)” +4r(16R=5r)> +9r2 (16R—5r) — 72Rr (16R - 5r)
= 4(16R=5r)> +9r(16R=5r)+9(4R+r)> —72R(16R = 5r) >0
< 4(256R? —160Rr +25r2) +144Rr —45r2 +9(16R? + 8Rr +r2) —1152R? + 360Rr >0

& 16R? —64Rr +64r> >0 16(R—-2r)" >0

Comment: Pé chirng minh bai toan trén ta con vai 1oi giai khac tuy nhién 15i giai
nao ciing phai dung dén nhitng phan tich rit phirc tap do d6 rat d& nham 1an. Giai
bang G.L.A. do ta d& xay dung sin nhiing cong thirc co ban nén tién cho viéc
kiém tra va ta lai c6 thé xét dao ham xem biéu thirc sau khi qui vé p,R,r 1a dong
bién hay nghich bién dé qui p vé R va r mét cach thich hop. Viéc giam duoc 1
bién trong nhirng bai toan cong kénh nhu thé nay c6 y nghia rat 1on lao.

R=2r
a=b=c

a=b,c=0 (hoac cdc hodn vi)

Déng thirc xay ra < p2 =16Rr-s5r2 < | EG<:>[
r=0

3 3 3 2
a’ +2abc , b’ +2abc , c’+3abc, (a+b+c) 1)

Bai 12. Cho a, b, ¢ > 0. CMR:

b+c c+a a+b 2
Giai
3. h3 L 3 1 1 1 \_ <513+b3>(a+b+c)2
(Do (a+b* +c +2mm“a+b+b+c+c+a) z:a+b 2 )

<:>(a3+b3+c3+2abc)( L1 1 )2§(a2+b2+02)
a+b b+c c+a/ 2

Ap dung cac ding thtc 1,3,12,14 phan C ta cin ching minh:

2
[p(p* —12Rr)+2pr> | 22T +44RRrL”2 >2(p? -8Rr-2r’)

- (p? —12Rr +2r%)(p2 + 4Rr +r?)
4Rr

z%(p2 —8Rr —2r?) (%)



2 2
Pat p’ =t va f(t)=VT —VP. Taco: f'(t)=LF4Rr+T IFEr‘UR”zr —%

2t—8Rr+3r® 5 _2t—18Rr+3r’ 2
=0T D A ORI EIL >0 (do t=16Rr —5r
4Rr 2 4Rr (do )

Do d6 f(t) dong bién theo p tic 1a dé (*) ta chi can ching minh trong trudng hop

2
p? =16Rr —5r* hodc p? =16Rr — 5r> +% (ty do chat)
Mat khac:
2 2 2 2
[(16Rr —5r )—12Rr+2r4F\:’|r[(l6Rr—5r )+4Rr +r ]Z%[(mm_ﬂz)_gm_zrz]

2 2
o (4Rr=3r*)(20Rr —4r?) S 5(gp 52y [ (4R=3DGR-1) 5 p_ 1)
4Rr 2 R 2

& 2(20R? —19Rr +3r2) > 40R> —35Rr <> 6r> > 3Rr <> 2r >R (**)

D2 thay (**) 1a mot BDT sai va khi thay p® =16Rr —5r? vao (*) thi ta thay do
chénh giita VT va VP la rat nho. Do d6 ta hoan toan ty tin rang khi thay

2 Y
p? =16Rr —5r* +% va (¥*) thi ta s€ co dugc di€u phai ching minh mac

r’(R-2r)
R

dén mot bat dang thirc nguoc dau nhu (**) 1a khong thé tranh khoi. RS rang dé

r’(R-2r)
R

du 1a mot dai lwgng rit bé. Trong qua trinh giai bai viéc bién d6i dan

“chic an” ta s& thay p? =16Rr —5r2 + va (*) nhung viéc lam nay lai

cong kénh hon so v&i thay p® =16Rr —5r? rit nhidu. Qua phan tich trén ta d

’ 2 — 1
thay bat budc phai thay p* =16Rr —5r* + M vao roi nhung li¢u co6 phai

hay khong?

2
can thiét cir & ddu c6 p? 1a déu thay bang 16Rr — 5r> +%‘2r)

V&i mot ban ¢ “strc khoe” va kha ning tinh toan tdt thi ctr viéc thay hét vao
nhung c4 nhan toi thi ¢c6 mot nguyén tic bién doi cang don gian cang tét. Quay
tro lai viée thay p> =16Rr —5r? vao (*), liéu day c6 phai 1a mot viéc lam vo tac
dung khong? Xin tra 1oi la “khong” vi qua qua trinh d6 ta da udc luong dugc do
chénh gitta VT — VP do d6 c6 “cam nhan” rang chi can thay

2 > r2(R=2r) . ..z , 2 2 L% ,
p° =16Rr —5r +T vao biéu thitc p° —4Rr +r° con trong biéu thic



p> +4Rr +r? chi cdn thay p® =16Rr —5r” thoi va tit nhién & VP thi budc phai

r’(R-2r)

R . Tiép tuc qua trinh phén tich, v& viéc tinh toan

thay p? =16Rr —5r% +

r’(R=2r)
R

P> +4Rr+r? va p? —12Rr +2r? va biéu thirc con lai 1a p> =16Rr —5r? thi d6

thi khi thay p® =16Rr —5r* + vao mot trong hai biéu thirc

phtic tap trong tinh toan la twong duong nhung khi thay

r’(R-2r)
R

luong p* —12Rr +2r? con vao trong biéu thitc p* —12Rr +2r* luong dbi ra (so

p? =16Rr —5r% + vao trong biéu thuc p* +4Rr +r? thi ta doi ra duoc

voi khi thay p> =16Rr —5r*) 1a p? +4Rr +r?. Chinh vi thé viéc thay

r2(R-2r)
R

p? =16Rr —5r% + vao biéu thire p? —12Rr +2r? 1a tét hon rat nhiéu so

voi thay vao biéu thire p* +4Rr +r”. Vi nhitng ban da “day dan” kinhnghiém
“chién dau” thi nhin luét qua la c6 thé biét thay nhu thé niao cho hop 1y rdi, con
voi nhitng ban mdi 1am quen véi BDT thi qua trinh phan tich trén s€ giup cho cac
ban phan nao khi giai nhitng bai tp sau nay. Bay gio ta bat dau qua trinh thay

nhé!
> r*(R-2r) 2 2 2
16Rr —5r2 + R =20 15Rr 4 2r2 |(16Rr —5r2 +4Rr +r2)
4Rr
2
2%[16Rr—5r2+%—8m—2r2)

2
(4Rr _3p2 F(R=20) _Zr)j(ZORr _4r?)

R 5 2 I’Z(R—2I‘)j
> =
= AR _Z(SRI’ Tr +—R
(4R—3r+r(RR 2r))(5R—r) 5 r(R—2r)
S _
o R _—2(8R—7r+—R )

2r(R-2r)(5SR—r)

= >40R? —35Rr + 5r(R-2r)

< 2(20R?* —19Rr +3r2) +

o 2r(R-=2r)(5R=r)

R >8r(R-2r)< 5R-r>4R < R>r (dung)

Vay bat ding thtc (1) di dugc ching minh.



R=2r
a=b=c

Ping thic xayra < | [1=G <
a=b,c=0 (hoic cic hodn vi)
r=0
Bai 13. Cho a, b, ¢ > 0. CMR:

1 1 1< 9 i a+b+c=1 (*
a+bc+b+ca+c+ab_4(ab+bc+ca) Vel )

Gidi
Bién dbi vé trai. Do a+b+c=1nénp=1.

! ! ) Z(a+bc)(b+ca)
atbc b+ca ctab (a+bc)(b+ca)(c+ab)

_ (ab+bc+ca)+[a*(b+c)+b*(c+a)+c2(a+b)]+abc(a+b+c)
abc +(ab? +b%c? +c?a’) +abc(a +b* +c2)+ab’c?

_ 4Rr+r? +(a+b)(b+c)(c+a)-2abc+ p’r’
pr2+r2(4R+r)* —2p%r? + pr2(p> —8Rr—2r?)+ p°r*

_ ARr +r” +4Rr—2r* +r? _ 8Rr
r2+r2(4R+r)° —2r2 +r2(1-8Rr-2r2)+r* r2(4R+r)’> —r*(8R+2r) +r*

_ 8R __8R _ 1
r(4R+r)> —r>(8R+2r)+r’ 16R*r 2Rr

Vay ta can phai ching minh: I . 9 < 2r <R (dung)
2Rr — 4(4Rr +r?)

Ttc la (*) duge ching minh. Pang thic xay ra < a=b=c.

3
Bai 14. Cho a,b,c>0;ab+bc+ca=1. CMR: (""Jfa%dzzs(a2 +b>+c?)+2 (%)

Gidi

Trudc tién dua vao diéu kién ta di tim bai toan goc cua (*)

3
(*)<:>%224(a2 +b2+c?)+(a+b+c)’



(a+b+c)(ab+bc+ca) . 24(a? +b? +¢?)
abc (a+b+c)’

= +1

o (a+b)(b+c)(c+a) S 24(a% +b? +¢?)
abc (a+b+c)’

(1)

(1) chinh 1a bai toan gdc sau khi da loai bo diéu kién. Vi nhitng ban méi lam bat
dang thirc thi ngay viéc dwa vé dang (1) ciing gip nhiéu khé khin. Nhung véi ca
nhirng ban luyén nhiéu bat dang thtrc roi thi qui vé dang (1) rdi ciing chua biét
nén lam theo cach nao. Dang (1) chinh 13 dang s¢ truong ciia S.0.S. nhung lan
nay lya chon S.0.S dé giai lai khong may sang sudt. Cac ban hiy giai thir s& thay
ngay nhitng kh6 khin gip phai. Khi di biét G.L.A. thi viéc giai bai trén khog may
4Rrp _ 24(p* ~8Rr-2r?)

2 2

pr p

kho khin. Ta can phai chirng minh:

6(p> —8Rr—2r?) *%)
p2

&S —2

-ﬁl;U

Ta thdy ngay VP ddng bién theo p, vin dé bay gio 1a chon cén trén nao dé giai
quyét bai toan. Dung dinh 1y p? <4R? +4Rr +3r? ¢6 di manh dé giai quyét bai
toan khéng? Ap dung dinh 1y (2) p*> <2R* +10Rr —r? +2(R—-2r)+/R(R-2r) thi
chic chin sé& giai quyét dugc bai toan néu nhu bai toan ding. Tuy nhién ta rat han
ché sir dung dinh nay baoi n6 qua cong kénh. Quan sat mot ti thi ta thiy bat dang
thirc (1) troé thanh dang thirc khi a=b=c¢ hodc a=2b=2c va cic hadn vi trong
khi dinh 1y p*> <4R? +4Rr +3r? chi xay ra ding thirc khi tam giac 13 tam giac
déu. Do vay ta khong thé ap dung dinh 1y nay va du khéng mudn nhung ta ciing
budc long phai ap dung (2).

(**) s& duoc chirng minh néu ta ching minh dugc:

R. 6[ (2R? +10Rr +2(R—2r)yR(R—2r) —r2) —8Rr —3r2 |
r 2R? +10Rr —r? + 2(R-2r)yR(R-2r)

&2R? +10R*r —Rr? +2R(R—2r)yR(R—2r) >12R*r +12Rr* —18r* +12r(R—2r)yR(R-2r)

< 2R? —2R?*r—13Rr? +18r* >2(6r —R)(R-2r)+/R(R=2r)

= (R=2r)(2R% +2Rr —9r2)>2(6r —R)(R—-2r)/R(R=2r)



& 2R% +2Rr —9r2 >2(6r —R)yJR(R-2r) (3)

Néu 6r <R thi ta co ngay VT >0 > VP

Néu 6r >R thi (3) twong duong véi:

(2R? +2Rr —9r2)” >(4R? —48Rr +144r2)(R - 2r)R

< 4R* +4R%r? +81r* + 8R’r —36Rr’ —36R°r?

> (4R — 48R?r +144Rr? —8R’r + 96Rr* — 288r° )R

< 4R* +8R’r —32R?r? —36Rr? +81r* > (4R — 56R’r + 240Rr* — 288r° )R

< 64R3*r —272R%*r? +252Rr? +81r* >0 < 64R> —272R*r + 252Rr? +81r* >0
9 \? 9 \?
<:>64R(R—Zr) +16r(R—Zr) >0 (dung)

. (a+b+c)’

Vay >25(a> +b? +¢?)+2
abc

Ding thirc xay ra < a=b=c hodc a=2b=2c va cac haén vi

Comment: Trudng hop dang thirc xay ra khi a=b=c thi d& nhan thiy r6i nhung
con trudng hop dang thirc xay ra khi a=2b=2c thi ta tim ra nhu sau. Theo 15i
giai bang G.L.A thi ding thirc x4y ra khi va chikhi:

p?>=2R* +10Rr —r*> +2(R-2r)y/R(R-2r) | [OnamgitalvaK
_9 R=2r
R_4r 4

Diéu kién O nam giita I va K cho ta biét tam giac d6 phai 1a tam giac can con diéu
kién R :%r s& gitip ta tim ra duoc mot dang thire nira 1a a=2b=2c (Xin nhic lai
1 chut 1a K 1a diém sao cho 1K =31G )

Loi giai trén néu tom ngén lai ciing chi hon 10 dong nhung & phan sau céc ban s&
thay bai trén c6 thé giai trong 5 dong sau khi dua thém mét sé 1y thuyét tir p,R,r
vao G.L.A.

Bai 15. Cho a, b, ¢ > 0 théamin a+b+c=1. CMR:



a’ b? c’? 1
+ + <

Gidi

Bién @i VT:

Y a*(sb+D(5c+1) 25abc(a+b+c)+52‘[a2 (b+c)]+(a>+b> +c?)

B (sa+1)(5b+1)(5¢c+1) B 125abc +25(ab+bc+ca)+5(a+b+c)+1

25p°r? +5(4Rrp—2pr?)+ p —8Rr —2r?
125pr> +25(4Rr +r%) +5p +1

_25r2 +5(4Rr—2r2) +1-8Rr—2r> _ 13r’> +12Rr+1 _ 13r’ +12Rr+p’

125r2 +25(4Rr +12)+5+1  150r> +100Rr +6 150r> +100Rr + 6p°

13r? +12Rr + p* - 1 B p

Ta can chirng minh: > - < =
150r> +100Rr + 6p> ~ 8y/3(ab + bc + ca) 8\/3(4Rr+r2)

Xét f(p)=VP-VT, suyra

~ 2p(150r* +100Rr + 6p )~ 12p(13r> +12Rr + p’)

) o 1
f'(p)= 2
3(4Rr +r12) (150r% +100Rr +6p>)
1 p(36r2 +14Rr) ) p(36r2 +14Rr)
— ~. Xét g(p)= .
8V3r(4R+r)  (75r% +50Rr +3p?) (75r2 + 50Rr +3p?)

(36r% +14Rr)(75r2 + 50Rr —9p?)

= g'(p)=
(75r% + 50Rr +3p2)3

Do p>>16Rr —5r* va R>2r nén g’(p) < 0 = g(p) nghich bién theo p, tuc la:

' (16R - 5r)r (36r® +14Rr)
8\/3|’(4T [75r% +50Rr +3(16Rr —5r2)]°

1 ~J6R-5r)r (36r2 +14Rr)

8y/3r (4R + 1) (60r* +98Rr)”

Nhan thay 4(14Rr +36r2) =56Rr + 144r> <98Rr + 60r>



23r (4R + 1) J(16R = 5r) r <2r (16R — 5r) <98Rr + 60r>
Tir 2 diéu trén ra thdy ngay £(p) = 0 = f(p) dong bién theo p.

Viy ta s& chirng minh dugc f(p) > 0 néu chirng minh duoc f (\/(16R -5r)r ) >0

VI6R-5r o 13r’ +12Rr + (16R-5r)r  _ [16R—5r o 56R+16r
3(4R+r)

8/3(4R+r) 150r? +100Rr +6(16R - 5r)r ~49R +30r

16R - 51 _1>(56R+16r)2 1o 4(R=2r) (7R -14r)(105R + 46r)
3(4R+r)  \49R+30r 3(4R+71) (49R +30r)>

< 4(49R +30r)” > 21(105R + 46r) (4R + r) <> 784R? + 5571Rr + 2604r> >0 (dtng)

Vay bai toan duoc chirng minh. Pang thic xay ra < a=b=c :%

2 2 2
Bai 16. Cho a,b,c>0. CMR: |3 +D"+C 16, abc >7
! © ab+bc+ca 5 (a+b)(b+c)(c+a) 5

Gidi

Ap dung cac cong thtrcc 1 va 14 phan C ta can chirng minh:

2 _ 2 2 _ 2
\/p 8Rr 22r <:>\/p 8Rr 2?_r _1>2_4r
ARr +r ARr +r 5 SR

4r
2>
5R

w3

r’(R=2r) nén:

Theo dinh 1§ 6 ta ¢6: p* 216Rr —5r% + T



