Im cuyc tri tt tinh chat
cua diém cuc tri

, - Tran Nam Diing
Truong Dai hoc KHTN Tp Hé Chi Minh

Bai todan cuc tri la mot trong nhitng dang toan thudng gdp trong ch'zzcmg trinh todn
pho thong, va ddc biét thuong Tudt hién trong cdc bai todn Olympac Dé c6 thé la bai todn
cuc tri dai s6, cuc tri hinh hoc, cuc tri sé hoc hay cuc tri to hop. Va phuong phap giaz,
cong cu su dung cing rat Lhac nhau: phuong phdp gidi tich, phuong phdp dai sé, phuong
phap rdc suat .

Trong baz met nay, ching ta thi dva ra mét cich nhin chung cho cdc phuong phdp
trén: dé tim cuc tri, ta sé di nghién cttu tinh chat cia cdc diém cuc tri, nghién citu tinh
chdt cia cde cdu hinh toi vu va t¥ cdc tinh chét dé tim ra cdc diém cuc tri.

Hudng tiép can nay khong phdi la mdi ma la mot hudng tzep cin rit kinh dién. O
day, qua cdc Vi du minh hoa, ching ta sé lam ré thém hiéu qud cia huang tiép can nay,
cing nhu phan tich cdc kj thudt cu thé dé cé thé nghién ciu tinh chét diém cuc tri.

1. Him mot bién va nguyén 1y Fermat

Khi nghién cttu cyc tri ham mt biét, c6 mot nguyén 1y ma ai ciing biét dén: néu

ham s6 f 1a kha vi thi méi mot diem cyc tiéu (cuc dai) dia phuong cia né déu 13 didm

dimg, tic la 1a nghiém cua phuong trinh f'(z) = 0. Vé diéu ndy trudc Fermat ciing da
ting dugc nhéc téi: |

“Ve ca hai phia clia diém c6 gia tri 16n nhéit sy giam ban déu khong dang ké”

(Johan Kepler)

B6 dé 1. Fermat cho ta mét tinh chit quan trong, mang tinh dic trung cua cic diém
cyc tri (cia ham kha vi): diém cyc tri phai 13 diédm du’ng Diéu nguge lai khong ding:
dlem dimg c6 thé khong phai 1a diém cyc tri clia ham s6, nhu vi dy don gidn sau: ham
z° tai diem x = 0. D& tim c4c gia tri cyc trj cia ham sé f, ta giai phuong trinh f'(z) = 0,
tim duge tat ca cac diém dimg 1a nthng diém “nghi can” cho céc gi4 tri cue tri. Sau dé
ta sit dung dinh ly ton tai: mot ham sé lién tuc trén doan [a b| sé dat dugc gia tri 16n
nhat va gia tri nhdé nhét trén d6. Ta sé coi dinh 1y nay 1a hién nhién v& mit hinh hoc va
bo qua phép chitng minh dé. Nhu vay gia tri 16n nhéat vA gia tri nhé nhit cia ham lién
tuc, kha vi trén doan [a, b] ton tai va ta chi can tim céc gi4 tri nay tai cic didm dimg va
hai dau miit.

Doi véi cAc ham s6 x4c dinh trén cic tap khéng déng nhit R va (a, b), ta cin dén
cac bd dé sau:
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BS d3 2. 1. Néu ham s6 f : R — R lien tuc va f(z) — oo khi |z| — 400 thl n6 dat
dugc gia tri nhé nhat trong R.

B& d3 3. 2. Néu ham s6 f : (a,b) — R lién tuc va f(z) — 400 khi £ — a va z — b thi
né dat dugc gia tri nhd nhét trén (a,b).

Didu kién tdn tai gis tri 16n nhit ciing dugc phat bieu tuong ty. Chung ta sé bét
dau bing mdt Vi du kinh dién. )

Vi du 1. Dinh luat Snellius. Tia sang cit dudng bién cta hai méi trudng, vao vii goc a
va ra véi géc 3 (gbc gilta tia sAng v4i duong vudng g6c vai dudng bién tal diém cit). Khi
sina Sl _ . o
dé = 'B, trong d6 va, vb 14 van toc anh sang trong cac mdl truong dé.
VUq Up |

L&i gidi. Ta sé st dyng nguyén ly Fermat trong quang hoc: 4nh sidng trong dudng di cua

minh ti moét diém dén mot diém ludn chon dudng di ngin nhit v& mit thoi gian. Néu

ta l4y trén tia sing hai diém A, B nam vé hai phia déi v6i dudng bién, con chinh dudng
| AM BM _

* R T “ . . o , . . 2 f(M)= + —— — INin

bién k¥ higu 1a £ 13 ta thu dugc bal toan tim cyc tieu: Vg Vh
' | Mel?

Gi4 tri nhd nhit ton tai, diéu nay dugc dam bao bdi bd d& 1. Goi diém ma ham s6 dat

gi4 tri nho nhét 14 Mp. Van dé la tinh dao ham cua ham s6 f. Didu nay c6 thé lam thé

nao? Ta c6 thé thuc hién didu ndy bang cich tim ra bidu thitc ham sb f sit dung dinh ly
Pythagore: - -

Goi AH, BK 13 dudng vuong goc ha tit A, B tuong ing xuong. Dat AH = a, BK =

b vi HK = c. Dat HM = x thi ta c6 AM = Va2 + 22, BH = /2 +(c— z)".
Tu dé
F(M) = g(z) = Va2 + 22 /v, + /b + (c — z)° /vs.
Theo bd dé 1 thi f(M) dat dugc gia tri nhé nhit tai mot diém My ndo d6. Va theo

nguyén Iy Fermat thi f'(Mo) = 0. Nhung f'(M) = ¢'(z) = "TL?\/_E‘"—E%"“_\/_;—_—LT
. a b2 + (C — .’E) Vb

C— Tp sina sinf

. %2 iy
Ty dé f /(M) =0hay —m—— ———————— ..

Dinh luit Snellius cho ching ta mot tinh chit quan trong cta dudng di cua anh
sang qua cic moi trudng khong ddng chét, va nhidu bai todn quan trong (Vi du bai toan
duding doan thoi - dudng di ngén nhét vé thoi gian cia 1 vién bi tu diém A dén diém B)
dudc giai nh3 vao dinh luat (thyc ra la dinh 1y) nay.

Nguyén ly Fermat co thé 4p dung kha hidu qud trong céc bai toén cyc tri ham
mot bién, day 14 mot trong nhitmg phuong phap quan trong trong chuong trinh toan pho
thong. Ta xem xét mot s6 vi du. |

Vi du 2. Cé mot miéng thép kich thudc 1m x 1m. Ngudi ta mudn 1am tit tam thép mot
hinh hop khong day bing céch cit & 4 gbc cac hinh vudng kich thude z X z, gap lén roi
han lai. Hoi phai chon x bing bao nhiéu dé thé tich hinh hop [a 16n nhét?
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L3i gidi. R0 rang ta phai c6 0 < z < 1/2. Thé tich hinh hop 1a V{z) = z(1 — 2z)2. Véi
bai todn nay, chi cin mot chit khéo 1éo 14 ta c6 thé dung bat dang thitc Co-si dé tim ra
gi4 tri 16n nhit. Tuy nhién, sit dung phuong phap ham sb sé 13 phuong phap ty nhién va
khong doi hdi bat cit mét sy sing tao dic bigt nao:

V/(z) = 1222 — 8z + 1 = (22 — 1)(6z — 1).

Tit d6 ta c6 V(x) chi c6 thé dat gia tri 16n nhét va gia tri nhd nhét tai cac diem 0
(bién), 1/6 (diém dimg), 1/2 (bién). Vi V(0) = V(1/2) = 0, V(1/6) = 2/27 nén ta suy ra
Vinaz = 2/27 khi x = 1/6.

Bai tap 1. Hay giai bai todn trén véi miéng thép cé kich thufdc a X b bing mot trong

cac phuong phap sau
a) Dung bat dang thic Cauchy ;
b) Dung dao ham.

Vi du 3. Qua m6t diém n3m trong moét géc cho trude, hay ké doan thing c6 db dai ngin
nhit c6 dadu mat ném trén cac canh cua géc.
LGi giai.

B6 dé 4. 1 dam bao sy tdn tai clia doan thing ngin nhit. Gia sit doan thing ngin nhét
12 AB va diém n3m trong géc 1a M. Qua M ta ké mot dudng thang khic 13 A’B’. Goi v 1a
géc ¢6 hubng gitta A’B’ va AB. Ham s6 f(y) = A’B’ dat gi4 tri nhé nhéat tai diém v = 0
do d6 f'(0) = 0. Dit « = LOAB, 3 = ZOBA trong d6 O la dinh cta géc. St dung dinh
Iy ham sb6 sin cho c4c tam gidc MAA’ v MBB’, ta c¢6

sin o sin 3

MA = MA— ——, MB =MB—F——FF——.
sin(a — ) sin(8 + )
Thr dé

Af=AB — AB=MA + MB' — MA— MB
— MA( _sma 1) +MB( sin j 1)
SlIl

sin(a — ) (,3+7)
=MAE§PM _ MBZSIH( v/2) cos (@ +v/2)

sin(a — ) sin(a + )

Nhu vay —— af M(MAM_MBC_OS(Q+7/2))

A~y Y - sin(a — v) sin(a + )
Cho v — 0, ta dudc

f(0) = MAcot(a) — M Bcot(f).

Nhung vi £(0) = 0 nén ta c6 MAcot(a) = MBcot(3). Két quad nay cé6 ¥ nghia
hinh hoc nhu thé nao? Ha dudng vuéng géc OH xubéng AB. D& dang kiém tra dugc ring
HB/HA = cot(8)/ cot(a). Mt khdc MA/M B = cot(83)/ cot(a), suy ra MA = HB, MB
= HA. Nhu vay,

Doan thdang ngdn nhit AB dugce ddc trung bdi tinh chdt sdu: Hinh chibu cia O lén
AB dbi Ting vdi M qua trung diém cia AB.
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Nhan xét 1. Tai sao ching ta chi tim ra dac trung hinh hoc cia doan thing AB ma
khéng néu ra cach dyng clia né? VAn dé la véi mot vi tri tong quat, 181 giai nay khong
thé dyng dugc bing thudc va com-pa. Trong thuc t€, c6 nhigu bai toan cyc tri ta chi dua
ra duge cac tinh chat dic trung cia 18i giai chit khong tim duge 101 giai mang tinh x8y
dung. |

Bai tap 2. Dudng thing di qua mot diém nim trong mot goc, cit géc nay thanh
mot tam giic c6 dién tich nhd nhat. Hay tim 10i giai hinh hoc va 18i giai giai tich cho bai
toan nay.

Bai tap 3. Ciing bai todn trén véi chu vi nhé nhat. Hay tim ca 18i giai hinh hoc lan
161 giai giai tich.

Bai tap 4. Qua mot didm ndm trong géc vudng hiy ké mot dudng thing sao cho
OA + OB nhé nhét (O la dinh géc vudng, A, B 1a giao diém clia dudng théng v4i cac
canh géc vudng).
| Bai tap 5. (Theo Olympic 30-4) Tim gia tri 16n nh4t cia ham s
f(z) =z (9v1+ 2%+ 13v1 — z?) trén doan [0, 1]
| Bai tap 6. (Bai toan vé gbc st vi khung thanh) Cho mot dudng thing 1 va hai
diém A, B n3m vé cling mot phia d6i véi 1. 'I“un vi tri diém M trén 1 sao cho géc ZAMB
16n nhat.

2. Tim cuc tri khi biét diém roi

Véi kh4 nhidu bai to4n cyc tri hay bat déng thic, khi biét diém rdi (diém dat gia
tri cuc tri hay xay ra ddu bang) thi bai todn trd nén don gian.

Ly do 1a lac d6 ta sé biét cach ap dung cic bat dang thitc quen thude véi cac hé sb
phit hop dé dat dugc diéu mong mudn.

Chang han véi bai toéan:

Vidu 4. Cho0 < z < 1. Chitng minh ring ta c6 bat dang thic z (9v1 + z2 + 13v/1 — z2) <
16.

Bai toan nay ra ddi cach day gan 20 nam, dip Olympic 30/4 nim 1996. T6i da nhieu
l3n trinh bay 13i gidi bai nay, nhung khong phai trinh bay theo tri nhé, ma theo logic ve
diéu kién xay ra dau bang. Thuc sy t6i khong nhé ting dong cta 16i giai ma chi nhé mot

thong tin duy nhét: ddu bing & bat dang thic x4y ra khi z = 7

V6i thong tin nay, ta d& dang "phuc hdi" lai cac danh gia sau:

x (9\/ 1+ 22+ 13v1 — 562) = -g-(S:r.Z\/l + 22) + %(1‘.2\/1 — 12)

< 2 (0c? +4(1+:c2))+——-(:c +4(1 — £?) = 16

(Ban doc hiy suy nghi xem tai sao tit thong tin ve diém rdi, ta lai nghi ra dugc cac danh
gid nhu trén?) ‘

Bai tap 7. Cho R > 0 1a sb thuc duong cho trude, z € [0, R] thay déi. Hay tim gia
tri 16n nhét clia biéu thitc y = z(R + v R? — z2).
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Hu:dng din. Bai toan nay lién quan dén bai toan hinh hoc sau: Trong tat ca céc tam
gisc noi tiép trong dudng trdon bén kinh R, tim tam gidc c6 dién tich 16n nhat Tinh gia

tri 16n nhat dé6 theo R.

Lam sao ¢6 thé tim dugc diém roi? Ta c¢b 5 thé du doan, ho#ic st dung cdng cu dao
ham. Tuy nhién, véi cac bai toan trén, néu da sit dung cong el dao ham thi ta c6 thé 1am
th&ng bing phuong phap ham s6. Dudi day ta xem xét mot s Vi du phic tap hon:

Vi du 5. Cho x, vy, z 1a cac s thuc duong théa méan diéu kién

2ayz = 2z + 4y + 7=.

Tim gia tri nho nhat cia S =z +y + 2.
Ta lai c6 "thong tin" ring gia tri nhd nhat dat dugc k]:u x=3,y=5/2,2 = 2. Ta
sit dung théng tin nay dé c6 cac danh gia sau:

92
2m+m+¢y-6x§+5x—g+4x§215

6 /9u\° /2\4
5 S(Z) () (2) (1)

Mit khac, tu diéu kién dé bai s_uy ra

15 30 105 5 6 15 5\3/6\°/ 15\" _
15=—-—+—+-——=3><-———+5><—+7><-——->15 — — — ] . (2)
Yz zx 22y Yz 2T 2Ty Y2 2T 2xy _

Tiu (1) va (2) suyra -
2
4(z + +2)°x15> [ 15% (3)6 (gﬂ 5(_’3)4 15 1 o ’ 6 i 15 !
’ B 3/ \'5 2 yz) \zx/) \2zy

Suyraz+y+2z 2> 15/2. Loi gidi kh4 ngin gon. VA bi quyét clia sy ngén gon nay
13 ta d3 biét diém roi. Vin dé 1a lam sao dé tim dudc diém roi nay? Trude khi c6 cau tra
16i cho cau hoéi nay, ta tiép tuc xem xét mdt Vi du nita.

153,

Vi du 6. Cho a, b, ¢ 12 3 canh ctia mot tam gibce, x, v, z 1a cac sb thyc khong am thay
ddi théa man didu kietn x + y + z = a + b + c. Tim gi4 tri nhdé nhat cia biéu thic
P = az® + by? + cz* + zyz.

Bing mot "linh cAm" toan hoc, dic biét 1a dudc goi ¥ bdi diéu kién "a, b, c 12 ba
canh ctia mot tam giac", ta dy doan ring gia tri nhé nhat dat duge khi x =b + ¢ - a, y
=c+a-bvaz=a+b-c Khidota tinh duge P = 4a.bc Ta dua bal toan ban dau vé
mot bai todn dé chiu hon:

Bai toan 6.1. Cho a, b, ¢ 13 3 canh cia mot tam giéc, x, y, z 1a cac s6 thyc khong
am thoa man diéu kién x + vy + z =a+ b + c. Chitng minh ring ta cé bit ding thitc
P = az? + by? + cz*® + zyz > 4abc.

Bing mot 1y luan kha don gian (ban doc hay tu phuc h01 I¥ ludn nay), ta c6 the
dua bai todn trén vé bai toan sau:
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Bai toan 6.2. Cho a, b, ¢ 1& 3 canh clia mot tam giac, X, y, z la cac s6 thyc khong
am thoa man didu kien az? + by? + c22 + zyz = 4abc. Ching minh réing ta c6 bat ding
thicz+y+z<a+b+c '

Bai toan cubi ciing nay c6 thé gidi kha higu qua béng phuong phép lugng gidc héa
nhu sau: |

Chia déng thitc ax? + by? + c2® + zyz = 4abc cho abc, ta dugc

2 Yy 22 zyz

T4+ ===

bc  ca ab abc

Détu:i 'u=——"t-,— w=—i——

| vbe  Vea _ +ab
ching minh vbeu + veav + Vabw < a+b+ec.

Bay gid, do 0 < u,v < 2 nén ta ¢o thé dat u = 2cos A,v = 2cos B v6i A, B 1a hai
g6c ctia mot tam gide. Khi d6, giai phuong trinh

thi ta dude u? + v? + w? + vvw = 4. Va ta can

w2 +uvw+ut4+ vt —-4=0,

—4 cos A cos Bz+4smAsmB — _2cos(A+ B) = 2cosC.

v6i C 1a gbe thit ba trong tam giéc noi trén. ‘
Nhu thé ta can ching minh 2v/becos A + 2+/cacos B + 2vVabcosC <a+b+c
Nhu bat dang thic nay ding do bét dang thitc quen thudc

ta dudgc w =

2yzcos A + 2zzx cos B 4 2xycosC < 22 + 9% + 2°.

diing v6i moi x, y, z thyc va véi moi tam gidc ABC.

Céac 10i giai dep dé ndi trén thyc chat chi c6 duge khi ta tim dudc diém rdi hay biét
dugc gia tri cyc tri. Vay lam thé ndo dé tim dudc diém roi, tir d6 tim dudce gia tri cyc tri?
Trong nhidu trudng hop, do tinh déi xing, ta c6 theé nghi dén nhimg diém ma 3§ d6 céac
bién bing nhau. Nhung véi cac bai toan khdng co su déi xitng nhu & hai bai trén, thi ta
s& xit 1§ thé nao? Phuong phap nhan tit Langrange la mot trg thu t6t cho muc tiéu tim
diém dimg. Ta nhic lai ly thuyét co ban cla phuong phap nay.

D& tim cyc tri ctia ham sb f(z1, Za, . . . , Tn) v6i diu kién rang bude g(z1, Z2, . - -, T,) =
0 ta xét ham

F()\,':cl,:cz, .o ,iBn) = f(SCl,II:g, .o ,:In) -+ /\Q(.’El,fl}g, .o ,iEn).

Sau dé ta tim cuc tri cta F. Chd ¥ ring cic diém cyc tri nay déu thod man dieu kién
g(z1, T2, ..., zn) = F5(A, 21, Z2,...,2zn) = 0 nén sé la cyc tr cha f véi dieu kién rang
buc"jc g(Il,IEg,...,SCN) = (. ) .

Néu c6 nhidu didu kien rang budc hon, ta bd sung thém céc bién pu, v...

Vi du 7. Tim gi4 tri gié tri nhé nhét cla ham s6 f(z,y) = 522 + 2zy + 3y? véi diéu kién
g(z,y) = Tz2 + 2zy + 4y* - 3 =0.

Giai. Xét L = f(z,y) + Ag(z,y). Dao ham theo céc bién x va y, ta dugc hé phuong
cinh 10z + 2y + A\(14z +2y) =0
2z + 6y + A(2z + 8y) =0
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10z +2y 6y+2z
14z +2y 8y + 2z
(Giai phuong trinh thuin nhAt nay, ta dudc y/x bing - 1 hodc 2. Thay vao phu'dng trinh

g(x, y) = 0, ta tim dugc mdt s6 diém « nghi vin » cla cyc tri. Tinh cic gia tri cta ham
sb f tai cac diém nay, ta thu dugc gia tri nhd nhit dat tai cac diem (x, y) = (-1/3, 1/3),
(x, y) = (1/3, -1/3). Cubi cung ta dung dén dinh ly vé sy ton tai gia tri nhé nhat (g(x,
y) = 0 1 phuong trinh ctia mot ellip, vi thé 14 compact).

T day tinh X tit cac phuong trinh rdi cho bang nhau, ta dugc

n
Bai tap 8. (Bai to4n vé Entropi cyc dai) Véin s6 duong z,, z2, . ..,Z N sao cho Y zy,
k=1

tim gi4 tri nhé nhét cha tong Z zx In(zy). (Tong nay véi diu trit duge goi 1a entropi).

Bai tap 9. Téng ctia 5 sb thuC bing 1, tong binh phuong cia chiing bing 13 thi gis

tri nhé nhét cta tong lap phu'dng cua. chung bé.ng bao nhiéu?
Bai tap 10. Téng ctia 5 s6 thyc bang 1, tong binh phuong cia chiing bing 11 thJ

gi4 tri 16n nhit cia tong lap phuong cia chung bang bao nhiéu?
Bay gid ta quay trd lai véi Vi du 5 va thit gidi bing phudng phdp nhan tit Lagrange.

Giai: Xét L=z 4+y+ z+ A2z + 4y + 7z — 2zyz).
1+ A2—-2yz)=0
Hé phuong trinh Lx = Ly = Lz = 0 ¢6 dang 1+X(4-222)=0
14+ A7 - 2zy) =
Tir day ta tim duge 2yz = 2+ 1/, 22z =4+ 1/, 2zy = 7+ 1/X. Mit khac, disu

kién 2x + 4y + 7z = 2xyz c6 the viét lai thanh 2/2yz + 4/2zx + 7/2xy = 1
2 4 7

A+l Dl TEl

Thay cac biéu thitc vita tim dugc & trén vao, ta tim dugce

1 Bién déi tuong duong, ta dugc phuong trinh
112X° + 50A\% — 1 = 0.

—--4:I:\/_

14
T d6 ta c6 2yz = 10, 2zx = 12, 2xy = 15. Tt day tinh duge diem dimg 13 (x, y, z) = (3,

5/2, 2). Su ton tai ctia gia tri nhé nhat duge dém bao bdi

(loai vi dan déen yz < 0).

Phuong trinh nay c6 cidc nghiém A =1/8, X\ =

Bo6 dé 5. 3, do d6 (3, 5/2, 2) chinh I3 diém ma ham sé dat gié tri nhd nhét.

Chia ¥ rang phuong phap nhan ti Langrange khong cé trong chuong trinh phd
théng, ngay ca trong chuong trinh chuyén toin. Nhu thé 15 giai trén day 14 khéng dudc
chép nhan. Ta c6 mdt phuong 4n dé tranh dugc sy phién toai nay: Ta dung phuong phap
nhan ti Lagrange dé tim diém rdi (vA hoan toan khéng céan trinh bay didu nay vao 15i
gidi) va st dung diém roi nay dé cé 16i giai ding danh gi4 theo bat ding thic AM-GM
¢ trong s6 nhu & trén.

Tro lai véi Vi du 6, ta thit xem phuong phap nhan ti Lagrange sé dan ching ta dén
hé tim diém roi thé nao?

Xét ham s6 F = az® + by* +cz®* + zyz+ Ma+b+c—z —y— 2). Hé tim diém ding
co dang -

2ar +yz = \20y+ze=A2cz2+zzy=ANz+y+z=a+b+c
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. L s A A A
Ta viét 3 phuong trinh dau vé dang — _¥ = 2a,— — i = 2b, — — 29— 2
T X y Y z  Z

Dits =x + v + z, t = xy + yz + zx v& p = xyz. Cong céc phuang trinh trén vé
theo vé, nhan chiing vé theo vé va nhan chéo roi cong lai, ta 1an lugt duge cac hé thiic

t 2-2sp SN - P
_’\______Qi_pi=2(a+b+c)’:\_____t._-.l-_A_p_S__£-=8abC,
P p P
A2s — A(st — -2

s — Alst 3;))_’-?(3 : ) = 4(ab + bc + ca)

T phuong trinh diu, véichi s =x+y+z=a+ b+ ctasuyra A =1
Thay vao phuong trinh thit hai ta suy ra is - p = 8abc, vao phuong trinh thi tu suy ra
g2 + t = 4(ab + bc + ca). ' R

Nhu vay t = 2(ab+ bc+ ca) — a? — b% — c*, tit d6 p = ts — 8abc = (a4 b+ c)(2(ab+
be + ca) — a? — b2 — &) — 8abc = (b+c—a)(c+a - b)(a + b — c).

T day ta tim dugc didm roi x = b+c-a, y = c+a-b, z = a+b-c va gia tri nhd nhét
4abc nhu trén. | .

Bai tap 11. Cho x, y, z la cac sé thuc thoa man diéu kién z+y+2z = 3, 2y 422 = 9.
Tim GTLN va GTNN ciia biéu thic

P=z2y+y2z+ 2%z

Bai tap 12. Tim diém P n3m trong tam giac sao cho tong chc ty s6 do dai cac canh
tren khodng céch tit P dén céc canh nay dat gid tri nho nhét.
Bai tap 13. (Romanian TST 2007) Chon > 2va z1,...,Zni Y15+ Yn 14 2n sb thuc

thod man didu kien S a2 =1, D b =1, ) ab;=0,.

=1 . £==21 . i=]£2
Chimg minh ring (Z ai) + (Z b,-) < n.
1=1 i=1
Bai tap 14. Cho z1, 2, ..., Zx la cac s§ thuc thdoa man diéu kién 2?4224+ +z2 = 1.

Tim gia tri 16n nhat cua biéu thitc

P =z + 223+ ... T Tn_1Zn.

3. Tinh chit cuc tri cia tiép tuyén

Trong phin nay, dudi dang bai tép, ta dua ra mot sb tinh chit cyc tri quan trong
ctia tip tuyén. Céc tinh chit nay rit hitu ich trong cac bai toan tim khodng cach gitta
cic dudng cong néi riéng, gitta céc tap hop diém néi chung. |

Bai tap 15. Cho dudng thang (d) v hai didm A, B nim cung phia d6i véi (d). M
13 mot didm di chuyén trén (d). Ching minh ring néu géc AMB 16n nhat thi dudng tron
ngoai tiép tam gisc ABM tiép xtc véi (d).

Bai tap 16. Cho dudng cong kha vi (C) va diém M cb dinh nim ngoai (C). N 12 mot
didm thudc C. Chiing minh ring néu MN dat gi4 tri nho nhét thi MN vudng géc vdi tiép
tuyén cla (C) tai N.
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Bai tdp 17. Cho hai dudng cong kha vi (C}), (Cs) khdng giao nhau. Chimg minh
ring néu M;M, 1 doan ngin nhét giita cAc doan nbi hai diém thudc C;,C, thi M; M,
vudng goc véi tiép tuyén cia C; tai M; vA tiép tuyén cua C, tai Ms.

4. Cuyc tri rdi rac va phuong phap "nhitng dich chuyén
nho" |

Bay gio ta sé xem xét mot s6 cic bai toan cyc tri rdi rac. O day, do tinh chét roi rac
nén cong cu gla.l tich 1a khong kha dung, ta phai tim moét phuong phap khac de nghién
cifu tinh chét cla cac diém cyc tri, cac cau hinh tdi wu.

Ching ta bat dau tir bai toan sau:

Vi du 8. Téng ba sb nguyén duong bing 100. Tim gis tri 16n nhit cda tich ba sb dé.

Néu khéng c6 didu kién nguyén duong thi ta giai bai nay d& dang. Ap dung bAt
dang thitc AM-GM thi ba s6 dé 1a 100/3, 100/3, 100/3. Diéu kién nguyén duong khong
cho phép ta 4p dung nhu thé. Tuy nhién, ré rang né goi v cho ta dén bd s6 t6i wu 33, 33,
34.

Diém roi né,y cho ta 13i giai sau:

Gid stt a < b < ¢ thi ta d& dang suy ra a < 33 va ¢ > 34. Ap dung bt dang thic
AM-GM ta cb

b 3 _
ab e §+33+§1 _[(34a+b+e)—c\’ _ (34(atb+c)— 34 3__1
33°33'34 — 3 - 3.33.34 = 3.33.34 o

Suy ra abc < 33.33.34.
Phuong phap nay van t6 ra hiéu qua v4i bai toan khé hon sau:

Vi du 9. Tong ba sé nguyén duong phan biét bing 100. Tim gia tri 16n nhét cta tich ba
s6 d6. Ciing nhu trén, ta c6 thé du doan duge diém radi 13 32, 33, 35 va ta st dung diém
rdi dy doan nay dé gii bai toan: -

Giasta<b<c Khidob>a+1l,c>a+2vanhuviyl00=a+b+c> 3a+ 3,
suy ra a < 97/3, suy ra a < 32. Tuong ty suy ra c > 35.

Ap dung bit ding thic AM-GM ta c6

b 3
abec_ §§+§§+§—5' _ (3235(a+b+c)+35a—2.32c)° _
323335 — 3 - 3.33.34 =

Tuy nhién, ¢6 vé nhu cich giai trén sé gip kho véi bai toan sau:

Vi du 10. Tong ba s6 nguyén duong phan biét bing 100. Tim gi4 tri 16n nhét cta tich
ba s6 d6. Ta vin dy doan dugc diém roi 13 23, 24, 26, 27 nhung néu ap dung phuong phap
trén, ta sé phai danh gid thém b ho#c ¢ nita (vdi 4 s6 a < b < ¢ < d). Nhung diédu nay 1a
kha kho khan.
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Ta suy nghi theo mot hudng khac. Gid st a < b < ¢ < d 14 bd s6 t6i wu. Khi dé
cic s6 nay phal thda man dieu kién gi?

Ta thiy ring hiéu ctia hai s6 ké nhau trong day ting néi trén khong thé > 3, vi néu
chinghanb—a > 3thidata’=a+1,b’=b-1tacba’<b <c<d,a’+b +c+d.
=a+b+c+dvaabed= (a+1)(b-1)cd = (ab + b - a - 1)cd > abcd. Mau thuan v6i
tinh t6i vu cia b sb.

Nhu vay taphdic6 b—a < 2,c—-b<2,d—c< 2.

Tiép theo ta nhan thiy ring, trong cic bat dé.ng thitc trén, chi c6 thé c6 nhiéu nhét
mot bat da.ng thic c6 diu bang. That vay, néu chang hanb-a=2vac-b =2 thi ta
c6 thé ldy a’ = a+1, ¢’ = c-1 con b, d git nguyén dé c6 bo sb a’, b, ¢’, d c6 tong nhu cii
nhung tich 16n hon. |

Ap dung tinh chit nay tasuyra (b—a)+(c—b)+(d—c) <2+14+1=4,suyra
d—a<4 Tacingcbc—a<2+1=3.

Bay gid 100=a+b+c+d>a+a+1+a+2+a+3=4a+6,suyra

a < 94/4 = 23, 5. - (1)
Tiép theo, ta lai c6, theo cic danh gid & trén
100=a+b+c+d<a+a+2+a+3+a+4.

Suy ra |
a>91/4=22,75. (2)

Tit (1) va (2) ta suy ra a = 23. Ding céc danh gid tuong ty cho d, ta c6 the tim
duge d = 27. Va tir day ta tim dudc bd duy nhat a < b < ¢ < d thda man hé dieu kién
b—a<2c—-b<2d-c<2,d—a<4vaa+b+c+d=1001a (23, 24, 26, 27).

Va d6 chinh 13 b6 sb cé tich 16n nhit.

Bai tap 18. (IMO 1976) Mot s6 s6 nguyén duong cb tong bing 1976. Tim gii tri Ion
nh4t cda tich cac s6 dé.

Bai tap 19. Mot s6 s6 nguyén duong phan bigt c tong bang 2013. Tim gia tri 16n
nhat cla tich céc sb dé.

Tiép theo, ta xem xét mot Vi du kha phiic tap nhu sau:

Vi du 11. 11. Cho z1,z3,...,T, 12 mdt hodn vi cia (1, 2, ..., n). Tim gia tri nhé nhat
va gi4 tri 16n nhét cla biéu thic
P = (21— 33)* + (x2 - :1:3)2_ t oo+ (Tn1 — Tn )2 + (2, — 71)°

Ta c6 dy doan 14 P dat gia tri nho nhat khi cic sd z;, ;1 c6 khoang cich khong
16n, tit d6, ching han véi n = 8 ta c6 thé sép 1, 3,5, 7, 8, 6, 4, 2

T "diém roi"dy doin nay ta c6 thé nghi dén viéc ching minh P > 4n — 6. Ta
chitng minh diéu nay béng quy nap.

Khi chuyén tit n — n + 1, ta can chimg minh

(xn — $n+1)2 + ('Tn+1 - xl)z — (:Ifn — $1)2 > 4 (1)
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Bat dang thic nay néi chung 1 khong ding (ching han néu z,4, nim gita r, va
z1). Tuy nhién, néu chd § dén tinh vai trd nhu nhau cla cic xi thi ta c6 thé chon z,41
thich hgp dé bat ding thic ding.

That vay, bat dang thic (1) cé thé viét dudi dang

(Zn — Tn41)(Z1 — Tny1) 2 2.(2)

VA néu chon 7,1 =1 thi z,, — Tni1,T1 — Tne1 12 céc sO nguyén duong phan biét do
dé O o
(Tp— Tpy1)(T1 — Tny1) = 1.2 = 2, nghia l1a (2) ding va budc quy nap da duge ching minh.

Trong 18i giai trén, ¥ tudng quy nap 1a kha tu nhién. Tuy nhién trong 16i giai vin
con chit gi d6 md mam. Va phuong phap nay dudng nhu sé gdp khé khan khi giai bai-
todn GTLN. | '

Ta thit suy nghi theo huéng nghién cttu tinh chit cia bd sb t6i vu.

Chi ¥ 14 bai toadn da cho tuong duong véi viée tim GTLN va GTNN ciia biéu thitc

P=xz1204+ 2023+ ... + ,7].

Dé khong nham lan, ta goi (y1, ¥2, .-, ¥n) 12 bd ti vu cho bai todn GTLN, (21, 22, ..., 2, )
14 b6 t6i vu cho bai toan GTNN.

Ta ching minh duge tinh chit quan trong sau:

(1) (% — Yj+1)(¥ir1 —y;) >0 véimoi 1 < j— 1.

(2) (Z.,; — zj+1)(zi+1 - Zj) > (0 vii ]IlQi 1 < J — 1.
(Hay ching minh!)

Tit cac tinh chit nay, ta c6 thé suy ra cic hé qui quan trong trong viéc tim bd sb
t61 vu va gidi quyét bai toan, Vi du nhu '

(3) Trong bd y, canh n phai la n-1 va n-2.

(4) Trong bd z, canh n phai 1a 1 va 2.

(5) Khi n = 2k, trong bd z, cic s6 > k khong duge x€p canh nhau, va do d6 sé xép
xen ké vdi cac sb6 < k.

Bai tap 20. Giai tiép phan tim GTNN cia P = 2125 + Z2Z3 + ... + T,Z1.

Hudng dan: Dung quy nap toadn hoc va tinh chit (4).

Bai tap 21. Cho zy, s, ..., T2, 12 cic s nguyén phan biét. Ching minh ring ta c6
bat dang thic

I.‘El — Igl ~- ‘1’[52 — I3‘ -+ ...+ |$2n—1 —'1172n‘-+ ‘132,1 — CCl' S 27?,2.

Bai tap 22. Trén dudng thing thuc xét cic diém c6 toa do 1, 2, 3, ..., 2n. M6t con

bo xuht phat tit diem 1 nhay dén tit ci cic diém 2, 3, ..., 2n, mdi diém ding 1 13n rdi

quay trd lai 1. Biét ring tong do dai cAc doan ma con bo di qua, trit bude cubi cling, bing
n(2n-1). Chitng minh d3 dai buéc nhady cudi cling bang n.
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