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KIEN THUC CO BAN:
| Binh nehia: A>2B< A-B=0
COHAENA 2 ) B A-B <0

2. Tinh chét:

l. a>bc>d=>a+c>b+d 7. a>b< a" >b",nchin
2. a>bc<d=a-c>b-d 8. ‘a‘>‘b‘<:>a">b",nch§n
3. a>bc>0=ac>bc 9. m>n>0,a>1=a" >b"
a=1=a"=b"0<a<l=a" <b"
4. a>bc<0=ac<bc 10. 1 1
a>bab>0=>—<—
a
5. a>b20,c>d>0= ac>bd 1|4+ B| = || +|B|. Bang thirc xdy ra khi A.B >0
6 a>b>0=4a" > D" 12. ‘A - B‘ < ‘A‘ - ‘B‘ . Pang thirc xay ra khi A.B < 0
3. Mot sb bat dang thic co ban thuong ding:
1. /x_1<l 9. o b S 2
r 2 1+a> 140> 1l+ab
2. a a 10. O0<as<b<c<l=ab+1<ac+1<bc+1
> a,b,ce 2"
a+b a+b+c _e __a
bc+1 ab+1
3. 11.
(a+0) L Py Jaa+1 = (4a+1).1£M:2a+1
a b 2
(a+b+c)(l+l+lj29
a b c
4. 12.
(a+b)224ab:> 2ab£a+b 1 + 1 > 2
a+b 2 1-2° 1-y* 1l-uay
> a2+b2> a+b2' a <3_1 13. | a >a+b+c
2 B 2 71+a2_2a 2 b+c 2a
6 2 4. 1 1 4
(“;bj > ab hay (a +b) > dab 32 a%020
7 15.
R N TIPS L, 1 .
b a \/E a+b .y (:z+y)
8 b< 2 b 16. 1 9 2
a+b< (a+) — = > :2(\/k+ —\/E)
\/% J%NE x/k:+1+\/g
17. 1 2 2
- - < :2(@—%—1)
\/E \/E+\/E \/E+\/k—1
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CHI’J‘NG MINH BAT PANG THU'C BANG PHUONG PHAP BIEN POI TUONG DPUONG
Dbang thirc thuong dung :

(A+B)2 _ 4> +2AB + B
(A+B+0)2 — A+ B*+C? +24B+2AC +2BC

(A+ 3)3 — A 1 34°B +3AB° + B®

Chirng minh rang véi moi s6 thuc a,b, ¢ taludn co: a® +b° + ¢ > ab + be + ac

Giai:

b+t >ab+be+racosdl+b +F—ab—ac—be>0

2 2 2 2 2 2 ()2 2 ()2
PN —2ab+b L ¢ —2ac +a L ¢ —2chb+b 20@(‘1_ ) +(c—a) +(C_ ) > 0 diing,
2 2 2 2 2

Pang thirc xay rakhi a = b = c.

2
. . a+b a+b
Chtrng minh rang véi moi so thuc a,b khong am ta ludn co: ( ) + > aVb + b\/g

Giai:
(o)
a+
+a+b:a+b a+b+l 2\/% a+b+l .
2 4 2 2 2
Xét higu :

m[a+b+§j@(¢g+@)=m(m+%fﬁ}@[({%}l(@;ﬂzmg

2
b
Vay: (a-; ) +a1b2a b+b\/g.

Chung minh rang véi moi sb thuc a,b,¢,d,e ta ludbn co: a® +b* + ¢ +d* +¢* > a(b +c+d+ e)

Giai:
a2+b2+02+d2+62Za(b+c+d+e)<:>4(a2+b2+02+d2+62)24a(b+c+d+6)
<:>(a2 —4ab+4b2)+(a2 —4ac+402)+(a2 —4ad+4d2)+(a2—4ac+402)20

= (a - 2())2 + (a - 20)2 + (a - 2d)2 + (a - 20)2 > () dang.
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Pang thic xayrakhi b=c=d =e =

wl@

Chung minh rang véi moi sb thuc a,b,c,d ta ludn co: \/(a - 0)2 + (b - d)2 < \/(12 +b° + \/02 +d°

Giai:

Jo-of +(o-df <V +p + v

o (a=c) +(0-d) <o +8 + + & w20 +07) (¢ + &)

o (a=c)f (@) (p-a) - (12 +a*) <2 +07) (¢ + )

& -200-2bd <2,[(a + 5 )(¢* + ) & (~1) (ac +bd) < (o 4 07) (¢ + )

o b (a2 ) (f (o)) 0] = 0 o) ] )
& 2(ac)(bd) < (ad) +(bc) = (ad) —2(ad)(be)+ (be) 20 & (ad —be) 20

Ping thirc xay ra khi ad = be .

CHUNG MINH BAT PANG THUC BANG PHUONG PHAP TACH CAC SO HANG HOAC TACH
CAC THUA SOMOQT VE

Chimg minh rang véi moi n € N, taco : i+L+....+ L <l
1.5 5.9 (4n-3)(4n+1) 4

Giai:
114 1f, 1
1.5 415 4 5
1 14 _ 171 1
Taco: 59 459 45 9
1 R
(4n-3)(dn+1) 4 \4n-3 4n+1
Cong vé theo vé ta dugc L+L+...+ ! =l 1—l+l—l+....+ LI
1.5 5.9 (4n-3)(4n+1) 4 5 5 9 dn -3 4n+1

At )l 4 m m 1
4 dn+1) 4 4n+1 4n+1 4n 4~

PHUONG PHAP LAM TROL.
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NHUNG BAI TOAN BAT PANG THUC CO BAN TRONG COSLI. S
NHUNG QUY TAC CHUNG TRONG CHUNG MINH BAT PANG THUC SU DUNG BAT PANG
THUC €O SI

Quy tic song hanh: hau hét cac BDT déu c6 tinh ddi xtmg do d6 viée sir dung cac chimg minh mot cach song
hanh, tuan ty s& gitp ta hinh dung ra dufo’c két qua nhanh chong va dinh huéng cach gia nhanh hon.

Quy tic diu bang: ddu bang " =" trong BDT la rit quan trong. N6 gitp ta kiém tra tinh ding dan cta ching
minh. N6 dinh hudng cho ta phuong phap giai, dya vao diém roi cua BDT. Chinh vi vdy ma khi day cho hoc sinh ta
rén luyén cho hoc sinh ¢6 théi quen tim diéu kién xay ra diu bang mic du trong cac ki thi hoc sinh c6 thé khong trinh
bay phan nay. Ta thdy dugc wu diém cua diu bang dic biét trong phuong phap diém roi va phuong phéap tach nghich
dao trong ky thuét sir dung BDT C6 Si.

Quy tic vé tinh dong thoi ciia dau bang khong chi hoc sinh ma ngay ca mot sO gido vién khi mé&i nghién
ciru va chimg minh BDT cling thuong rat hay mic sal lam nay. Ap dung lién tiép hodc song hanh cac BDT nhung
khong chu y dén diém roi cua dau bang. Mot nguyén tic khi 4p dung song hanh cac BDT 1a diém roi phai dugc dong
thoi xay ra, nghia la céac dau " = phal duoc cung dugc thoa man véi cung mot d1eu kién cua bién.

Quy tic bién: Co so cua quy tic bién nay 1a cic bai toan quy hoach tuyén tinh, cac bai toan t6i uu, cac bai toan
cuc tri c¢6 diéu kién rang budc, gia tri 16n nhit nho nhit ciia ham nhiéu bién trén mot mién dong. Ta biét rang cac gia tri
16n nhat, nho nhat thuong xay ra & cac vi tri bién va cac dinh nam trén bién.

Quy tic dbi xtmg: cac BDT thudng c6 tinh d6i ximg vy thi vai tro clia cac bién trong BDT 1a nhu nhau do d6
diu " = "thuong xay ra tai vi tri cac bién d6 bang nhau. Néu bai toan c¢6 gin hé diéu kién ddi ximg thi ta c6 thé chi ra
dau " = "xay ra khi cc bién bang nhau va mang mot gia tri cu thé.

Chiéu cia BPT : " <, > "ciing sé& gitip ta dinh hudng duge cach chimg minh: danh gia tir TBC sang TBN va nguoc lai.

Dang tong quat (n s6): Vz

17 2’

Ttz +...... x
e Dangl: 11— n> "\/xl Tyowrnrnnnnnn x
n n
e Dang?2: z +x +...... z, >n "\/xl Tyervnnnnnnns z
+ + !
Ttz +...... T
e Dang3: | 1 —2 L2 x Ty, T
n n
Déau " = "xay ra khi va chi khi: Ty =Ty = s =z
Hé qua 1
n
S
New: z +az,+...... x =8 =const thi maXP(:E1 Lyovnenvannns x”) =|—
n
. S
khiz =z, =.......... =z =—
n
He¢ qua 2
Néu: Ty Tyeeeennnens x =P =const thi mlnS(av T 2 R +x”) = nQ/F
khiz) =z, =............ =xn=¥/5

Ching minh rang néu moi s6 thuc a,b, ¢ ta ludn cé : (a2 + bz)(b2 + 02)(02 + az) > 8a’b’c’

Giai:
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a’+b> > 2‘ab‘ >0

b+ 2> Q‘bc‘ >0 = (a2 + 62)(62 + 02)(02 + aQ) > 8‘a2b202‘ = 8a’b*c?

c+a* 2 2‘0@‘ >0
Binh ludn: ) . ) i )
e  Chi nhan céc vé cia BDT cung chiéu ( két qua dugc BDT cung chiéu) khi va chi khi cac v€ cung khong am.
e Cinchayrang: 2° +9y* >2 ‘xy‘ vi z,7y khong biét am hay duong.

e Noi chung ta it gip bai toan str dung ngay BDT C6 Si nhu bai toan ndi trén ma phai qua mot va phép bién doi dén
tinh hu6ng thich hop rdi méi sir dung BDT C6 Si.

e  Trong bai toan trén diu " >" = dénh gia tir TBC sang TBN. 8 = 2.2.2 goi y dén viéc s dung bt dang thirc
Cési cho 2 56, 3 cap $0.

Ch&ngminhrﬁng néu a,b,c > 0 vathéamin a.b.c =1 thi 5 12 + 12 + 12 Sl
a+2°+3 b +2c°+3 ¢ +2a°+3 2
Giai:
r 2 2 2 2 2 1 1 ]-
Taco:a" +b">2ab; b"+122b=a" +2b +322(ab+b+1):>—s—.—.
a>+20*+3 2 ab+b+1
1 1 1 1 1
Tuong tu : <—. ; <
2+27+3 2 be+c+1 A+2°+3 2 ac+a+1
N £ £ 1 1 1 1 1 1 1
Cong vé theo vé : - + + — - <— + + .
A +2°+3 b2+27+3 A2 +2°+3 2lab+b+1 be+c+1l ac+a+1l
Mat khac : 1 + 1 + 1 = 1 + ab + b
ab+b+1 bc+c+1 ac+a+1 ab+b+1 ab’c+abc+ab abc+ab+b
1 ab b 1+ab+b
= + + = =1
ab+b+1 ab+b+1 ab+b+1 ab+b+1
1 1 1 1
Vay : 5 > + 5 + 5 < -—.
a”+20"+3 b +2c°+3 ¢ +2a°+3 2

I I 5 2
Loi binh : Bai toan trén sir dung dén bat dang thirc co ban (:z - y) > (0 dung véimoi z,y € R.

Cho z,y1a cac s6 thuc dwong khac 0. Tim gid tri nhd nhat cia biéu thirc

Qb T o))

Giai:
1 1:10 le 5
—| ~—+Z—|>2z"y" .Dang thtc xdy ra khi z" = ¢"

2 yz xz

1 1 : i
Z(:Bm E @y’ Ding thie xéy ra khi 2 = 4.
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=>Q=2 %xsyg +z'yt - (1 + 'y )2 = %(xsys + 22yt + 1) - (1 + 'y’ )2 —% = %(:U“‘y“l + 1)2 - (.9323/2 + 1)2 —%
Mit khac : (12 + 12)[(1:21/2 )2 + 12} > ($2y2 + 1)2 hay 2(:1:4y4 + 1) > ($2y2 + 1)2. Ping thirc xay ra khi

iy’ =1.
= %(x4y4 + 1)2 > é(nyQ + 1)4 =>Q2 %(:ﬁy? + 1)4 - (x2y2 + 1)2 —% = %{(.ﬁy? + 1)2 - 4}2 —g > —g

Dang thirc xay ra khi 2%y = 1.

Vay : minQ=—g khi z° =9* =1.

2 2 2
Cho z,y,z1a cac sb thuc duong. Ching minh rang: A N - T A >12
Y Rxyz zZ 3 ryz T Jryz

Giai:
Ap dung bét dang thuc trung binh cong, trung binh nhan:

T Z Tz Yy T yr oz Y 2Y

Z 4 >92 =+ >2 —+ >2

Yy Rayz \} yayz 2 {Jayz \} Rleyz T Jayz x| zyz
2

2 2
N A A . Y . ¥z, el
Yy Rxyz zZ 3 ryz T Jlryz YR TY2 23|y i zyz

Ap dung bét dang thuc trung binh cong, trung binh nhan:

/) T I U I T PO VY M L — D}
Y Ty2 23 zyz 23 zyz y{’/a:yz z%/a:yz z%/a:yz

2 2 2
Vay : 2, 2 T A 24+ 2 >12.
Yy Jryz z Jxyz r Jayz

\ R SR 1
Cho nnguyén va n > 2 . Tim gia tri nho nhatcia A =z + —

n

T
Giai:
1 "1 1
X s s X n +
A:—+—+...+—+72(n+1)n+1[—] =
n n n T n T n+1]nn

x
n so —
n

A < , ) . X 1
Dau dang thirc xdy rakhi — = — < z = "
n
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n+1

n+1lnn

Gia tri nho nhat cua A =

Cho nnguyénvan>2vax >k > "%.Timgiétrinhénhét cuia A=z +

n

"
Giai:
Véi o> k> "Un
fa) = f(k) & z+ 1 Y Y [ ,11+ 12 - — .t 11 >0
$n kn T k ZB”_ 117”_ k 117"_3]{3 kw,—

<:>(:v—l<:)1—i ! + ! + ! +..+ L >0
:L.k 117"_1 Zl:n_Qk ZZ:n_3k2 kn—l

DI it} AN (N R SRS SRS S |
xk 117"_1 Zl:n_Qk ZZ:n_3k2 kn—l

Ta co: 1 + 1 1 1 < D _n? <k

+ +...+ < <
$n—1 II:'n_Qk II:'n_3k2 kn—l kn—l nJan"_l

Suyra f(z) > f(k)ding véi moi z > k > "V . Gia tri nho nhat cia A = k + k:i” khi z =k.

Cach2:
n
Nhap : A=Z4  +24 L -2 > (n+1)n+1(£J L +x£1_£j
n so i,m>0
m

x=k
Tachon m saocho: { , 1 =>m=z""=k""!

E - z"

n
e e T T 1 nT T 1 n
Bal glal: A = kn+l Tt kn+l + .’L'” TT- kn+l = (TZ + I)HH (an j xn + LI]’(]_ - kn+l ]

n so

kn+1

L )

Vix2k>’”\1/g nén n < k"' suy ra: Az("+1>+k(1— n J=k+k

Cho hai s6 thue z # 0,y # 0 thay d6i va thoa man diéu kién: (2 +y)ay = 2* +y” — 2y . Tim gid tri 16n nhét

cua biéu thuc : A =

1
+—.
3

Y

&w|,_

Dé thi Pai hoc khoi A niam 2006

-7-
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Giai:
Xét (:1:+y):1:y =2*+y’ —ay (*).Chia ca hai vé cho z°y°
it u=",0="1.
z Y
1 1 1 1 1 ?
TadUO’C—+—=—2+—2——:>u+v:u2+1}2—uv:>(u+v)2—(u+v):3uvﬁ—3(u+v) .

vy oy ay
:>(u+v)2—4(u+v)ﬁ():>0£u+vs4

2+ 3 (a:+y)(:v2+y2—xy) (z+y)(r+y)zy _:r2+y2+2:vy

Khido: A = =
ZL'Sy?) :L,Sy?) xSyS I2y2
1 1 ,
A=—+—+—=(u+v) <16
oyt oay

Dau dang thirc xay ra khi v = v = 2 hay :vzyzé.

2 2
X z

+ v +
T +4Jyz y+x/§ z+\/£

Cho 3 sb thuc duong z,y,zthoa : z +y + 2 >3 .Tim GTNN cua A4 =

Giai:
2 2 2 + + ’
S S BN G bk N
T+ A\Yz y+\/§ Z++xy x+y+z+\/y7z+\/z+@
Tacé:@+@+@£x+y+z.

2
2 2 2 r+y+z
Suyra: ? F— P > ( ) =x+y+z2§
zT+y+z=3
Pang thirc xay ra khi: {z =y =2 Sr=y=z2=1

z

T _ Y _
vy oy z+yfay

\ 5 ~ A A 1 ‘ .y . 5 4 B
Cho z,y,z > 0 va thoa man diéu kién 2° + ¢ + 2° > 3 .Tim gia tri nho nhat cua:

$3 y3 Z3

:2x+3y+52 or +2y+ 3z 3z +0y+2z '
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Giai:
- 2 N ' . A g (a:Z 4P +22)2
1:(2x+3y+5z) y(51:+2y+3z) z(31:+5y+22) 2(x2+y2+z2)+8(a;y+yz+zx)
s ($2+y2+22)2 N (a:2+y2+z2)2 2$2+y2+222i
2($2+y2+22)+8($2+y2+z2) 10($2+y2+22) 10 30
Diang thirc xay ra khi :
$4 B y4 _ Z4
$(2$+3y+5z) - y(5$+2y+3z) - z(3$+5y+22)
rT=yY=2 <:>x=y=z=%
Pyt ==

Cho z,y, 214 cac sb thuc duong thay doi va thoa man diéu kién z.y.z = 1.Tim gi4 tri nho nhat ctia biéu thirc

P x2(y+z) .\ y2(z+:v) .\ ZQ(any)
i y+22\/; z z+2x\/; T x+2y\/;

Dé thi Pai hoc khéi A nam 2007

Giai:
Cach 1:
P> 2x\/_\/xyz 2y\/7\/xyz 2Z\/_\/xyz 2:3\/; 2y\/7 22\/_
Y y+2zx/_ z z+2x\/_ T x+2y\/7 Y y+2zx/_ z z+2x\/_ T x+2y\/7

=—(—2a +4b+
a=1y y+22\/; e 9( ¢ 2

bat: b=Z\/;+2I\/;2 y y=%(a—2b+40)
= 2
cTmTT y\/; z z=%(4a+b—20)

Khi db: PZ%[—2a+4b+c+a—2b+4c+4a+b—2cJ2%(_64_4{24_24_2]'_[34_24_9}}

a b c

2
Hay P> —(-6+43+3)=2.
y 9 ( r ) 2
Vay gia tri nho nhat ctia biéu thiccia P =2 khia=b=c=1.
Loi binh: Loi giai trén kha phuc tap , viée dat an a,b, ¢ gap nhicu kho khan doi véi HSPT.
Cach 2:
Phan tich bai todn: Dé tién cho viéc trinh bay, tam dit a = \/;, b= \/;, c= \/;
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Bai toan trd thanh : Cho a,b, ¢ 1a cac s6 thuc duong thay doi va thoa man diéu kién abc = 1.Tim gia tri nho
a’ (b2 + 02) b (02 + a2) ' (a2 + 62)
+

b +2¢3 & +2a° a® + 203

nhét cta biéu thiuc P =

Bai gidii: D& thy: b* + ¢ > %bc = 2 = o* (b‘Z 4 02) > 24 . Tuong tu b* (02 + aQ) > 958 ¢* (a2 + bQ) > 9¢}

a
3 3 3
Khido p>_—2% b ¢
b +2¢® & +2d° o+ 20
a3_4n+p—2m
m=0b*+2¢" 9
biat {n=c*+2d° = b3:w:>p22[4n+p—2m+4p+m—2n+4m+n—2p]
_ 3 3 9 9 m n D
p=a +2b 03_4m+n—2p
9
:P2241£+£+ﬁ—k£+zhll—622@3+&%03P22
9 m n P m n P 9

Cho cac s6 thuc khong 4m z, y thay doi va théa man z + y = 1. Tim gia tri 16n nhat va gié tri nho nhat cia
biéu thie S = (41:2 + 3y)(4y2 + 31:) + 252y .
Dé thi Pai hoc khoi D nim 2009

Giai:
Nhan xét: vai tro gidng nhau (d6i xtng) cua z,y .

S = 12(:z3 + y?’) +162°y” + 34zy = 12(1: + y)(a:Q +y’ - :zy) +162°y" + 34zy

2
Hay S = 12(1: + y)((a: + y)2 - 3:z:yj +162%y° + 34y = [4a:y - i] + %

2
Vi z,y khong &m va théaman z +y =1 suyra 0 < xyﬁ[x;_y} =i

+ <=
16~ 2

2
1) 191 2

. : : | SR .
Ve_”lyglétml(’mnhétcﬁaS:?khl:z:y:EVaglatrgnhonhatcuaS:Okhlsz,yzl.

Cho cac s6 thuc z,y thay doi va thdéa man (x + y)3 +4xy > 2. Tim gia tri nhé nhat cta biéu thirc
A= 3(ZB4 +yt 4 :z2y2) —2(:112 + yQ) +1
Dé thi Pai hoc khéi B nim 2009

Giai:

-10-
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(:B+y)2+4:zy22 :>(m+y)3+(m+y)222:>x+y21.
x+y) > 4y
A:3(334+Z/4+«T22/2)—2(332+Z/2)+1=g($4+y4+x4+y4+2m2y2)—2(:v2+y2)+1

A= 3(1:4 + y4)+§($2 + y2)2 —2(:112 +y2)+1

Ma z* +y* = (1:2 + y2)2 - 2%y > (1:2 + y2)2 —(1:4 +y4) =zt +yt > %(1:2 + y2)2

9 2
Dafltt=(x2+y2) ,tz("BJr—y)zl:Azgt%%H,tz
2 2 4

N | =

Xét ham sb f (t) = %f — 2t + 1 xdac dinh va lién tyc trén ntra khoang |:%;+OO] .

Taco f'(t) =

N | ©

t—2 2%—1 >0, tZ%: f(t) dong bién trén nira khoang [%ﬁoo].

Khi d6 min A = min_ f(t) = f 1 =3.Déngthﬁ:c xay ra khi P
te|:l;+oo] 2 16 2
2

DIEM ROI TRONG BAT DANG THUC COSI

Bai toin mé dau : Cho a,b > 0vathéamén a +b < 1. Tim gia tri nho nhat cia biéu thirc
1 1

P = + .
1+a”>+0* 2ab
Giai:
Léigigi1.Taco: P=— 1 1 5 4 I S S
1+a”+b> 2ab  a®+2ab+0*+1 (a+b)’+1 2

. H¢ vo nghiém. Vay khong ton tai min P.

a+b=1

1+a” +b* =2ab (a-0F+1=0
f—
a+b=1

Pang thic xay ra < {

Loi giai 2. Taco: P = L + L + ! > 4 + ! = 4 + 1
l+a®+b> 6ab 3ab o’ +6ab+b>+1 3ab (a+b) +1+4ab 3ab
2

Matkhécabﬁ[a+bj =i.vasz 1 1 z%

bY bY
2+(a+ ] 6(a+ J
9 2
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1+a®>+b* =3ab

Dang thic xayra <> <{a =b <:>a=b=§.
a+b=1
e 7Y N e NN e A \ ’ A < ) 1 1 .
Loi binh: loi gidi 1. va loi gidi 2 gan nhu tuong ty nhau, cung &4p dung bat dang thirc — + 5 > . Tai sao
a a+
1 1

?. Do

\ R NPT C o £ R e eae . ., 1
trong cung mot bai toan ma cé dén hai dap s6 ? Do dau ma 161 gidi 2 tai sao lai tach = +
2ab  6ab 3ab
chinh la ky thudt chon diém roi trong bdt dang thirc.

Céc bét dang thirc trong cac d¢é thi dai hoc thong thuong 1a dbi xtmg vai cac bién va ta dy doan déu bang xay
ta khi cac bién bang nhau va xay ra tai bién.

1 . . 9 A 5 A y 1
Cho x > 2. Tim gia tri nhd nhat cta biéu thirc: P =z + —
x

Giai:
Phan tich bai todn:

Véia+ f=La,p>0,thi P=am+l+ﬂx.
x

Ta ludn c6 : P:ax+l+ﬂx22,/a$.l+ﬂx
T x

Dau dang thirc xay ra khi ax:l<:>x=\/zc>2=\/zc>a=l:>ﬂ=§
T a a 4 4

Bai gidi:

P:x+l: lx+l +§x22,/lx.l+§.2:§
x 4 z) 4 4 z 4 2

Vay miangkhix:Q.

21 2+i+4ab.
a®+b” ab

Cho a,b > 0va théamén a + b < 1. Tim gi4 tri nho nhat cia biéu thuc P =

Giai:

Do P la biéu thirc ddi xung voia,b, ta du doan min P dattai a = b =

Tacod: P = 1 +L+ 4ab + 1 + 1 > 4 + 2,]4ab. 1 + 1 >7
a>+b> 2ab 4ab 4ab (a+b)2 \ 2ab a+b 2

N | =

-12-
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a® +b> = 2ab
2 , , 279 1 1
Dang thirc xdyra < {a’b” = — a=b=—.
16 2
a+b=1

Vay gid tri nho nht cia bidu thirc P = 7 dat tai a = b = %

Tham khdo hai loi gidai khac :

Loi gidi 1:
P = L 4~L+ 4ab + L 4—1 > 1 ZFM&QL4~1—24+2+—1—=6+¥L
a’> +b> ab 4ab ) 4ab (a+b)2 2ab  4ab 4ab 4ab
a® +b* =2ab
2 . 9,2 1 1 1
Dang thuc xdyra < <a’b :E @a:b:E.Thaya:bzgvaotaduqcPZ?.
a+b=1

Vay gia tri nhé nhit cua biéu thic P = 7Tdattai a = b = %
Loi binh 1:

Qua cach giai trén ta da chon dung dau dang thirc xdy ra khi @ = b = — nén dan dén viéc tach céc so hang va

1

2
.y . 9 A 2 < R , . 1 \ I r A \ ~ 1N . r

gi tri nho nhat cua biéu thtc P = 7dattai a =b = 5 la ding , nhung budc cudi cung ta da lam sai , vi du

(1—a)2 +a > a,ding thirc xayrakhi a =1 = min[(l—a)2 +a} =a?.

Loi gidi 2:
P = 1 + 1 + 1 +4ab > 4 + 1 +4ab = 4 4{1 +4abj.
a>+b> 2ab 2ab a’> +b%+2ab 2ab (a + b)2 2ab
Mt khéc Tib+4ab > 21/2%13.4@1; 2. Viy P>4 422 = min P = 2(2+J§)
Loi binh 2:
Thoat nhin thay bai toan di giai dung . Thuec té thi sao? . Viéc tach é = ﬁ + Tib dé 1am xuét hién dang

thitc a® + 5 +2ab = (a +b) .
a="b
min P =2 (2 + \/5) = 2Lb = 4ab . Hé v6 nghiém. Pang thtic khong xay ra , do d6 khong ton tai min P.

a
a+b=1

-13-
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)]
=0

Cho z,y 14 hai s6 thyc duong 16n hon 1. Tim gi tri nho nhat cua biéu thirc : P =

Giai:

P:(f”3+y3)_(f”2+y2):1"2(‘”‘1)*?/2(?/‘1): oy 2y

(z-1)(v—1) (z=2)w=1) w1 oot e 1) (y-1)
Pang thirc xay ra khi : : = y2
Mat khac vz -1 = — <I= 1+1=§.D§ngth1’rcxéyrakhi: r-l=lxr=2.
«/y—l=4/(y—1).1S%=%.Dlngthfrcxéyrakhi: y—-l=1<y=2.
= P2 22y = 8. Pang thirc xay rakhi z = y = 2.

Ty

22

Vay minP =8 khi z =y =2.
Twong tw : Cho a,b,c 13 hai s6 thuc duong va thoa man b* + ¢* < o®. Tim gia tri nho nhét ciia biéu thirc

}’:;%(§—+§)+wf[£;+;%j.

a Cc

Cho z,y,71a 3 s thuc duong thay d6i . Tim gid tri nho nhat cia biéu thirc

P:x£+i—+y£+i—+zi+i—
2 yz 2 2 xy

Dé thi Pai hoc khoi B nim 2007

Giai:
Cdch 1:
Phan tich bai toan: Du doan diémroi z =y = z.

2 2
KhidoP=g| Lo t|oyldy )i (2 |ogyglogz 1
2 yz 2 2 xy 2 T 2 2z 2z

22 2
— P> 333 1 i P22:>minP=g.D§mgthl'chéyra khil = — o a=1.
2 2 2z 2 2 2 2z

Vay ta dy doan min P =3 khiz=y=2=1.
Bai gidi:

2 2 2 2 2 2 2 2 2
xr + + 2z T+ + 2 T+ + 2z Yy + Yz + 2x
p_tty LTty LT Hy LTty

2 TYZ a 2 Yz

-14-
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2 2 2 2

Pzzﬂi4~£+l+iwl=fi+£+i+
2 =z 2 g 2z 2 2z 2z

Véymian%khi:z::y:zzl.

Cach 2:

P:x£+i—+y£+i—
2 yz 2

P:(x2+y2+z2)(%+$—yz

1 1 9
P>=932%"2 3 -,

2 Yy I2y222 2
Pang thiuc xayrakhi z =y =z2=1.

Vay gia tri nho nhit cua biéu thie P = %

Cho céc s6 thuc z, vy, z thoa man diéu kién z + y + z = 0. Chimg minh rang :

J3+447 +3+4Y +3+4° 26
Dé thi Du bi Pai hoc khéi D nim 2005

Giai:

Phan tich bai todn: Dy doan diémroi =y =2=0.
B gidgi: Ap dung bét dang thirc trung binh cong trung binh nhan

V3ram 314 +3+4 >33+ 43147 B+ 4" = 33/(3+4$)(3+4y)(3+42)

344" =1+1+1+4" > 44’
Mit khac 43447 = 1+1+1+4" > 417 = 3447 +344" 434147 >33 av 47 > 6

34+4° =1+1+1+4° > 4347

Ping thirc xay rakhi z =y = 2 = 0.

Cho a,b,c > 0théa min diéu kién a + b + ¢ = 3. Tim gi4 tri 16n nhat cia biéu thc :

(Q:ya+2b+Vb+20+Wc+2a.

Giai:

Trude hét du doan dang thirc xay rakhi a =b = ¢ = 1. Suy ra MazQ = 3§/§ .

-15-
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Ap dung bét dang thirc trung binh cong trung binh nhan cho ba s6 a + 2b, 3,3, ta dugc

\3/a+2 :L33_3<a+2b SL‘3+3+(G+2b):6+a+2b.
%\/7 o 3 339

Twong tu: /b + 2c Sw;sc+2a SW—JFM
339 339
6+a+2b+6+b+2c+6+c+2a :3%/5
3¢9 3¢9 389
Ping thic xay ra khi a = b = ¢ = 1va MazQ = 35/5.
Tham khdo loi gidi khac :
Ta co: {1.1(a +2b) < 1+1+?()a+2b) 2 +C;+ 2b,tuong tu ta co:

3 3

Suyra: @) <

Suyra: Q:§/a+2b+i‘/b+2c +%‘/c+2a < 2+OLJF%+2+b3+20+2+03+20L =5
Loi binh : Thoat nhin thay 10i giai ciia bai toan da giai ding . Thyc té thi sao? Q < 5
a+2b=1
b+2c=1 _
Mazx@ =5 < hé vo nghiém.Vay @) < 5.
c+2a=1
a+b+c=3

Twong tu: Cho a,b,c > 0thoa min diéu kién a + b + ¢ = % .Chimg minh rang:

5’/a+3b+§’/b+3c+%/c+3a£3

1 1 1 s L o Ao,
Cho z,y,z > 0 vathoaman —+ —+ — = 4. Tim gid tri Ié6n nhat cua bicu thuc
xr Yy 2z

1 1 1
+ +

P =
2r+y+z TH+2y+z xTH+y+22
Dé thi Pai hoc khoi D nam 2007
Giai:
Cach 1
1
Sil l+l+l
20 +y+2z 16\lz 2 y =z
L I L SIS | AU D LU O N R D
r+2y+z 16\lz vy y =z 16|\z oy = T Yy =z T Yy z
1 11 1 1 1
<—|—+—+—+-—
r+y+2z 16lz y 2z =2

-16-
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Vay: Maxlekhix=y=z=§.

. 4 .
Loi binh : Du doan MaxP datduoctai x =y =2 = 3 néntich cdc s0 2x = x + 22y =y + ;22 = 2+ 2 ra

cho diu bang xay ra.
Cach 2:

a b a+d a+b 4la b

1 1(1 1 111 1(1 1 111 1 1
— < —+ <l —+=|=+=||==|—+—+—
2 +y+2z 4\2z y+z 412z 4\y =z 8lz 2y 2z

1 11 1 1 1 11 1 1
Tuongty: ——<—| —+—+— |,——— < —| —+—+—
z+2y+z 8\ 2z y 2z) zxz+y+2z 8\22 2y =z

Apdungménhdé “néua,b>0,thil+12 4 & 1 Sl[l+l}’.

Cong vé theo vé ta dugc dpem.

Loibinh:Néua,b>0thil+lz i
a b a+bd

, . . (a + b)2 a’ | b
Tong quat : Cho x,y > 0 va hai s0 a,b bat ky, ta luoén c6 : n <|—+— | hay
rTy

2
2 2 a+b ,
[“—+b—} 2( )  Péng thirc xdy ra khi va chikhi & = 2|

T vy T+y r Yy

2

1 1 1 n

. A % . 1
Mo rgng: Néu a,a,,a,,...,a 20 thi: —+—+—+...+ —2
a

17772773700
al a2 aS n

> n
al + a2 + a3 +...+ a" = n,/a1a2a3...a"

Chimg minh: V6i a,a,,a,,....,a, 20,91 1 1 1 1
—t =+ =t t— 2y —
a, a, a

2 3 an al a2a3 ° 'an

1 1 1 1 ) 1
:>(a1+a2+a3+...+an) —+—+—+...+—|2n ”alagag...a”n—
al a2 a3 a a1a2 a3 .. .an

a1+a2+a3+...+an

n

1 1 1 1 n’
S —+—+—+..+—2

a, a, a, a a ta,ta,+..+a
Dang thirc xay rakhi a; = a, =a, =... = a,

Thuec té cach 2 va cach 1 khong co sy khac biét.
Twong tu : .
1. Cho tam giac c¢6 d¢ dai 3 canh la a,b,c va p la nora chu vi . Chung minh rang :

! + ! + L >2 l+1+l .
p—a p—-b p-c a b c
2. Cho a,b, cla cac s6 thuc duong. Ching minh rang :

-17-
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1 1 1 1{1 1 1
a. + + S—|—+-+-
a+b b+c c+a 2la b ¢

1 1 1 1 1 1
. + + < + +
20 +b+c a+2b+c a+b+2¢c a+3b b+3c c+3a
1 1 1 1 1 1 1
c. + + <= + +
2a+3(b+c) 2b+3(c+a) 2c+3(a+b) 4{a+b b+c cH+a

1 1 1 1 1 1 1
d. + + <= + +
a+2b+3¢c b+2c+3a c+2a+3b 2\la+2c b+2a c+2b

1 1
Cich3:Taco2z+y+z=x+x+y+224rryz = < va

20+ y+z 44/x2yz

1 1 1 1(2 1 1 ]
—+—|>———<—|—+—+—| <, tuong ty ta co:
T 20 +y+2z 16\z y =z

1 111 1 1 11 1 2
<— |44 |[}————<—|—+—+=
r+2y+2z 16z vy z)zxz+y+2z 16z y =2

PSi.4(l+l+lj=1.D§1ngth1’rcxéyrakhi x:y:zzg
Yy

+

e
] |~
] |
< |
ISE =
IN
B~ | =
VR
]|~
[ S SO [

z

Vay: Maxlekhix=y=z=§.

Tham khdo hai loi gidai khac :

Loi gidi 1:

Ta co PSé{i+i+§j+%(é+i+éj+%(i+§+%}:%(i+§+§j=%
:MaxP:%

Loi gidi 2:

1 1 1 11(1 1 1] 11(1 1 1j 11(1 1 1} 10
P< + - S| —+—+-|+==| —+—+—|+——| —+—+— | =—
320y 3Yr.2yr 3Ywm2e 33\2¢ y z) 33\z 2y z) 33\z y 22) 9

Loi binh : Thoat nhin thay Ioi gidi 1, 167 gidi 2 ciia bai toan da giai ding . Thuyc té thi sao?

20 =y==2
2y=x==2
10 A A A 2 10
MaxP = 5 <32z=x=y  hévo0nghiém nghia la khong ton tai (x, y,z) eD @P= E
l+l+l:4
T Yy Z

Nguyén nhin sai lam: Ca hai 10 giai trén déu da biét huéng “dich” song chua biét chon diém roi.

Twong tu :
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1. Cho z,y,z > 0 va théa man 1 + 1 + 1 < 1. Tim gia tri 16n nhat ctia biéu thirc
T Yy =z

1 1 1
= - - :
\/5x+y+z x+\/5y+z x+y+\/5z
3 2

2.Cho z,y,z > 0 vathéamin z + y + z = 1. Chiing minh rang : +—5———— > 4.
TY+yr+r o +y 4z

1 1 1

3. Cho z,y,z > 0 va théa man x+y+z£1.Ch1'Ingminhr§ng: 5 +— +— >9.
T +2yz Yy +2zx 2 +2xy

P

Cdch4:Néua,b>0thil+1z L
a b a+bd

8:2(l+1+1):[l+l)+(l+lj+(l+ljz 4 + 4 + 4 @)
T Yy z T Yy Yy oz zZ T r+y y+z z+x
4

Pang thic xay rakhi z =y = 2 :g.

( 1 1 1 J [ 1 1 ] ( 1 1 j [ 1 1 j
2 + + = + + + + +
Tty y+z2 24z T+y yY+=z y+z z4+z z+x xT+Y

> 1 + 1 + 4 (2)
2c+y+2z TH2Y+z xH+Y+22

Piang thic xay rakhi z =y = 2.

Tu (1)Ve‘1 (2)suy ra

1 1 1 1 1 1
8 + + <8 & + + <1
20 +y+2z 2y+x+z2z 2z+zx+9y 20 +y+2z 2y+x+z2z 2z+z+9y

Vay: Maxlekhix=y=z=§.

Loi binh : Thuc té cach 1 va cach 4 khong c6 su khac bi¢t.

Ching minh rang néua,b,c>0thi\/a+b+\/b+c+\/c+a22\/ ¢ +\/ a +\/ b
c a b a+b b+c a+c

Giai:

Ap dung bt dang thiic \/; + \/; < 4/2(9& + y) ,taco:

\/a+b+\/b+c+\/c+a i[ﬁJrﬁJJri[ﬁJrﬁJJri[ﬁJrﬁj
A B N o4 OV AN M4 Y o M 1 WY P
fa &

Va1 1 1 1 1 1

:ﬁ($+ﬁj+%(ﬁ+$j+$(ﬁ+ﬁ]'

\2
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Ap dung bt dang thirc 1 + 1 > ,tacod:

T oy T+Yy
E(L+LJ+£(L+L]+£(L+L]> 22 2 2
Ve W) V2Wa Vo) V2o Vb)) Vb+e Na+de Na+b
Ap dung bt dang thirc \/§+\/; < 1/2(.90 + y) ,taco:

N W 2 2124 2/2b 2/2c

>

Voo ook i el fo(oee) Plave) J(erd)

R rRAIT
=2 + + .
[ a+b a+c b+ec

. ’ A 5 A C 1A < ) 5 1 ]- 4 \
Loi binh : Bai toan trén su dung dén hai bat dang thirc coban — + — > va \/; + \/; <, /2(:3 + y) .
T Yy zT+y

ab N be N ca <a+b+c
a+3b+2¢c b+3c+2a c+3a+2b 6

Ching minh rang mdi s6 thuc duong a,b, ¢ ta ludn cé:

Giai:

, ab ab b 1 1 1
Taco: = < — | —+ +—.
a+3b+2c (a+c)+(b+c)+2b 9 la+c b+c 2b

be be 1 1 1 ac ac 1 1 1
Tuongty: —— < — + +—|, —<— + +— .
b+3c+2a 9\la+db a+c 2 c+3a+2b 9\ b+c a+b 2a
Cong vé theo vé ta duoc
ab be ca 1£bc+ac be + ab ab+acj 1
< + +

+—(a+b+c)
a+b a+c b+c 18

+ + <
a+3b+2¢c b+3c+2a¢ c+3a+26 9

Hay ab + be + ca sl(a+b+c)+i(a+b+0):—a+b+c.
a+3b+2¢c b+3c+2a c+3a+2b 9 18 6

Loi binh : Bai toan trén sir dung dén bat dang thirc co ban 1 + 1 + 1 > L
T Yy z THY+=Z

Cho a,b,c¢ > 0va thoa man diéu kién a.b.c = 1. Chimg minh ring: — 2 42 L2 i3
as(b+c) b3(0+a) cs(a+b)

IMO nam 1995

Giai:
Cach 1:

Phan tich bai todn: Dy doan diémroi a =b=c=1 Vé‘l;=1:2= btc
a3(b+c) 2 4 4dbe

Bai gidi: Ap dung bt déng thirc trung binh cong trung binh nhan
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1 b+ec 1 bte 1 1 1 1(1 1]
‘ + 22 |— . =S —2———| —+ -
a’ (b + c) 4bc \/a3 (b + c) 4dbe¢  a @ (b + c) a 4\b ¢

, ) 1 1 1(1 1 1 1 1(1 1
Ching minh tuong ty, tadwgc ———— >~ ——| —+ — [}——— >~ ——| =4+ =
b‘;(c+a) b 4 03(

Cong vé theo vé ta dugc diéu chimg minh.

Cich 2:
3 1 1 1 s
bat:a=—;b=—; ¢c=—. Tugiathiétsuyra z.yz=1.
T Y z
2 2 20 2 2 22 2 27
3 - - 23 - - ’ 3 a -
a*(b+c) %1+l y+2"b" (a+c) %Lrl vz c*(b+a) %Lrl y+a
z°\y z y’\xr =z 22\y =
2 2 2 27 oy 22 _2eryra) 2vtyrs)
- + + = + + > = > 33ryz =3
a?’(b+c) b?’(c+a) 03(a+b) y+z x+z y+x 2(a:+y+z) 2

Pang thic xay rakhi z =y =2=1.

Loi binh : Bai toan trén sir dung dén viéc Poi Bién Pé Chirng Minh Bat PangThic.

Déi khi chitng minh mét bai todn BPT c6 rat nhiéu cach khdc nhau dé gidi, song khong phai cach nao ciing
thudn loi cho viéc chirng minh BDT, c6 nhiéu BDT de ra phirc tap lam cho ta cam gid roi, nhung qua vi¢c
diea vé bién mdi thi bai todn tré nén dé hon. Bdi viét nay xin néu ra mot sé cach doi bién dé chimg minh BDT

diege dé dang hon.

Twong tu:

1. Cho 3 sd thuc duong a,b,c . Ching minh rang : b 4+ é
b+c c+a a+b 2
_ytz-x
r=b+c 2
. < r+z-—-y o . A , .
Goiy:DPat:<y=c+a=> b:T.Batdangthuc can chimg minh
z=a+b THy—2z
c=—"—"
2
@l y+z—f1:+1:+z—y+f1:+y—z 2§
2 x Y z 2
@(£+£j+[z+zj+(i+£j>2J_Lsz.Lszf_aaung
y z oy Tz y x z Yy T z

WLy
z T ]

2. Cho 3 sd thyc duong z, Y,z thod man: z° + > + 2° = 3. Chirg minh rang :
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a="

z
Goiy : Dat: b =22 voi a,b,c > 0. T 2% +y> + 2° =3 < ab + be + ca = 3. Bét dang thirc can chung
x

2
c=—

Y
minh < a+b+c>3

Déy:a’+b+c” >ab+bc+ca < a+b+c>43(ab+be+ca) =3,

3. Cho 3 s6 thuc duong z,7, z thoa man: z + y + z = 1. Chimg minh rang : l+é+9236.
r Yy z
a
r=—
a+b+ec
Goiy: Dat: y:——ﬂ——vﬁaﬁm>&LB&d%gmmm&wmmgmmh
a+b+ec
c
Z2=—
a+b+ec
atbre yatbre gatbte g b € 4% ,440% 9059
a b c a a b b c c

P SR I e I 22\/9.4.3+2\/5.9.3+2\/4.5.9.9=22 dung.
a b a c b c a b a ¢ b ¢

4. Cho 3 s6 thyc duong Z,Y, %z . Chung minh ring : xyz > (:L’+ Y —z)(y+ z —x)(z+x—y).

r=b+c
Goiy: it: 4y = c+a véi a,b,c > 0. Bit ding thirc can ching minh (a +b)(b+c)(c +a) > 8abe.
z=a+b

5. Cho 3 sd thyc duong a,b,c va thoa min abc = 1. Ching minh rang :

et

Goiy :Doabc =1 goiydat: <b =

T
[z_uij(ﬂ_uzj[i_l#jgl.
Y y )\ z AN z

6. Cho 3 sd thuc duong z, Y,z vathéa man zyz = z + y + 2z + 2. Chung minh rang :

£+J§+&sg@.
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GoiyTuhzyz=c+y+2+2< L ! + L =1
1+z 1+y 1+=z
Pat - 1 _a, 1 0, 1 :c:>a::1_a:b+c,y:1_b:a+c,z:1_c:a+bVdia,b,c>0.
1+z 1+y 1+ 2 a a b b c c

Bétdéngthﬁ’ccﬁnchtmgminh\/ = b +\/ b < +\/ < = Sg.

b+c c+a c+a a+b a+b b+c
Déy;/a.bsla+b;/b.cslb+c;;/c.aglc+a
b+c c+a 2\a+c b+c c+a a+b 2\b+a c+a a+b b+c 2lec+b a+b
Cho 3 sb thuc duong a,b,c thoa min a+b+c£§.Ch1’rngminhr§mg:
1.a+b+c+l+l+lzg.
a b ¢ 2
2.\/a2+i+\/b2+l+\/02+i23\/ﬁ.
a’ b ¢ 2
3%u—+ﬁui+%uiziﬂ
¢ a’ 2
Giai:
1.a+b+c+l+1+lzE
a b ¢ 2
Tacéthéphamsail?lm:a+b+c+l+l+123\/3abc+3 L 26 3abc.L=6

a b c Jabe Jabe
Dau dang thirc xay rakhi @ =b = ¢ = 1nhung khi d6 a +b+c =3 >g (trai gia thiét ) .
Phén tich bai todn :

Tir gia thiét a,b,c dwong thod man a +b + ¢ < %, goi ¥ hudng giai bit dang thirc trung binh cong, trung

binh nhan. §2a+b+023\/3abc:>\/3abc S%.Dé‘[: z = abe S%

Khi d6 : a+b+c+l+1+1233abc+3

1
a b ¢ Yabe

= 3(1: + 1] Dy doan dang thirc xay ra khi = = %
T

r=—
Ta chon « > 0sao cho: 21 =>a=2a :l

x

a =z

Bai gidi:
a+b+c+l+l+123 a:+l >3 4x+l—3x 23.21/4x.l—9@“:12—2:E
a b ¢ T T z 2 2
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Dang thirc xay ra khi a:b:c=%.

2. \/a2+%+\/b2+bl2+\/02+%23\/ﬁ.
a

Phén tich bai toan :

http//:www.maths.vn

Tir gia thiét a,b,c dwong thod man a +b + ¢ < g, goi y hudng giai bit dang thirc trung binh cong, trung

binh nhan. 22 a+b+c>3abe = Yabe < % bit: z = abe < %,déng thrc xdy ra khi z = %

, 1
Xét z* + —, chon a > 0 sao cho:
1 4
x 2 _ x

Ap dung bat ding thirc trung binh cong, trung binh nhéan cho 17 sd, trong d6 16 s6 1a

i \/_x i
: .

16
x2+i:x2+16. 1 > 171722 12 =
2 2 16z T

T 16x
\/_b 17 1

I\/

217

4[ Cl?

1 . 49
S vaso x™:
16z

217 217 217
1
-15 -15 -15 -15 -15 -15\3
:>\/<12+i2+\/bz+i2+\/02+i2 Zg(a” +b7 +c ng.?{a”b”c }
a b C 2; 2;
15
a2+i2+ Pl c2+i2£(ab) 3\/_ 217=ﬂ.
a b’ c 2 2
217 217
Ping thirc xay ra khi a=b=c=%.
Cach khdc :
Chon : z: = (a;lj,; = (b;lj,; = (c;lj
a b c
Dung bat dang thirc vecto ul + v +‘E‘ >lu+ v+ ;‘

2
\/a2+i+\/b2+i+\/cz+l2 (a+b+c)2+ 1+l+l >3 [¥(abe)’ +
a2 b2 02 a b (& 3

2
2
Tuong tu trén , ta dat x = (\]3 abc) < (%Mj < i
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\/a2+i+\/b2+i+\/c2+l23\/x+l:3\/x+i+i>3\/2 e 1, 15
a’ b’ c T 16z 16z 16 16z

\/a2+i+\/b2+i+\/cz+l 23\/1+1—5 23\/l+E :ﬂ.
a’ b’ c 2 16z 2 4 2

Ping thirc xay ra khi a=b=c=%.

Huwdéng phan tich khac :

2 2
\/a2+i+\/b2+i+\/02+i2 (a+b+c)2+ l+1+l > (a+b+c)2+ _9
a2 b? c? a b ¢ a+b+ec

Lan'binh.-Néua,b,c>o,thil+1+lzL.
a b ¢ a+b+ec

2 2 o2 (a+b+c)2

Téng qudt : Cho z,y,z >0 vabasd a,b,c batky, ta ludn cé : 2 2458 (Bét dang thic s-
r Yy oz T+Y+2
2 L . ... a b oo
vac). Dang thtrc xdy ra khi va chi khi — = —=—.
Ty z
- 2
Néu: a, >0,i=1n,n e N thi (a1+a2+...+a ) i+i+...+L > n
! “\a, a, a a, +a,+..+a
Tuwong tw: Cho 3 s6 thuc duong x,7,z thodmin z +y + z <1 . Chiing minh rang :
\/1:2 + iz + \/y2 + L2 + \/22 + iz > /82 . Pé thi Pai hoc khéi A nam 2003
x Yy z
1 1 1
3. \/a2+b—2+\/b2+—2+\/02+—2 > — 3\/_
c a
1
1 ey 1
Tuong ty trén . Xét 2> + —, chon @ > 0 sao cho: 2 = a= =16
2 9 1 2 2
Yy x° = ry
ay’
Ap dung bat ding thirc trung binh cong, trung binh nhéan cho 17 sd, trong d6 16 s6 1a S va so 2%
16y

1 -16
17
i_x +16—>1717/a; = |o* 12 sy
1 y ot
1

1 -16

1
f ,/ a”b 17 1 b17 1 W1 cl7a17
_2 t— =2
217 a

217 217
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1 -16 1 -16 1 -16
\/aZ +bi2-|-\/b2 +i2+\/02 +i2 > \/ﬁ(a”b” + 01 17 +c”a17} 3\/_( ) 72ﬁ = W17

32
¢ a 2? 917 217 2

Ping thic xayrakhi a = b =c =%.

aZOOo b2005 <1

2005, 005 _ . Chtrng minh rang :

Cho céc s6 khong am a,b,z,y thoa cac diéu kién {
+y <

(11975.1330 + b1975‘y30 S 1
Todn tuéi tho 2 —s6 27

Giai:

Nhén xét : Céc da thirc tham gia trong bai toan cling bac 2005 = 1975 + 30, dong thoi so mil clia cc bién
tuong ung bang nhau.

2005 2005

Ap dung bét dang thirc trung binh cong , trung binh nhan cho 1975 s a va 30 s6

1975(.;1;(:; + zg.)l’m% > 200{)/(a2005 )1975 _(1,2005 )30 _ 197 30 (1)
+

1975.6%% 4+ 30.y%"% 5 \1975 \30
foong (1975+3o)y - Zoof/(bm ) () =y (2)

Tu (1)Ve‘1 (2) suy ra 1975.(0,2005 + b2005) + 30.(:z2005 + y2005) > 2005. ( 1975 2,30 b1975_y30) (3)

.’E2005 + y2005 <1

2005 2005
T {a +b677 < s 2005 > 1975.(@2005 + b2005) + 30.(:52005 + y2oo5) (4)

Tir (3) va(4) suy ra 2005 > 2005.(a' 2% + 677 4" ) = "7 2™ 4 570y <1

Dau dang thirc xay ra khi o™ = z%,p"7 = 4%

) am+n + bm+7l S 1
Tong quat : Cho cac so khong am a,b, z,y thda cac dicu kién . Chiing minh rang :
x7n+n + ym+n S 1

a”.x" +b"y" <1.

Cho z,v,z1a cac s6 duong thda man diéu kién: z° + y* + 2° = 1. Tim gid tri nho nhat cua biéu thirc:

A= L
z T Y

Giai:

2 2 2
Tacod: AQZ[QJ +(%j +(ﬁJ +2(y2+22+a:2).
z x Yy
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Ap dung bét déng thac: 2° + y> + 2> > oy + yz + 2
Taduge: A* > (y* +2° +2°) +2(y° + 2° +2°) = 3(y° + 2* + 2°) = 3.

Déngthﬁcxéyra@ﬂ:£=g:x=y:z=

1
z x y \/g
Vay minA:\/g dat duoc khi a;=y=z:i

Nt

Cho 3 s6 thyc duong a,b,c thoa man a* +b* + ¢* =1 . Chimg minh rang :

a b c 3\/5
+ + >
B+ A +a® dP+ b 2

Phén tich bai toan :

e Truong hop tong quét , gia st 0 < a < b < ¢ thoa man diéu kién a® + b* + ¢* = 1, vay ta c6 thé suy ra
0 < a <b < c <1 hay khong?. Nhu vay diéu kién a,b,c khong chinh x4c vi dau dang thirc chi xay ra khi

O<a=b=c ) 0 1
= a,b,ce|0;—|.

a>+b*+c’ =1 J3

e Ta thay mbi lién hé gi ctia bai toan ?. D& thdy a® + b* + ¢* =1 va b* + ¢, ¢ + a*,a* + b*. Goi ¥ ta dua bai
b c 3\/5
+ + > .

1-a® 1-0" 1-¢ 2
® Vivai tro a,b,c nhu nhau va 2 y phan tich trén goi y ta dua dén cach phéan tich

toan vé dang can chung minh :

a Zﬁa2
1-a’ 2
A b P 23\/§(a2+b2+02)Vécénchl'rngminh b ZﬁbQ.
1-a° 1-0° 1-¢ 2 1-b 2
c 23 ?)C2
1-¢ 2
® Ta thir di tim 101 giai :
¢ 23\/§a2<:> 1 23\/§a<:> 2 Za(l—aZ)<:>—2aQ(l—aQ)Q<:>—>2a2(1—aQ)2
1-a 2 1-a 2 3\/5
2
Déthéy 2a2(1—a2) =2a2(1—a2)(1—a2)

20° +(1-a*)+(1-0’) =2
Ap dung bat dang thtrc trung binh cong trung binh nhan
2=20"+(1-a’)+(1-0a’) 2 3g/2a2 (1-0*)(1-0?)

322 %/20,2(1—(12)1—@2 c>§22a2(1—a2)2
3 27
Tuong tu cho cac truong hop con lai.
Giai : hs tu giadi
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Nguyén Phii Khanh — Pa Lat . http//:www.maths.vn

Phwong phap tiép tuyén:

3 3 3
Cho 3 s6 thyc duong a,b,c . Ching minh rang : = + b - > l(a +b+ c).

b(c+a) c(a+b) a(b+c)

Phan tich bai todn :
® Dang thirc can ching minh dua vé dang :
3 3 3

—b(c+a)+m(a+c)+nb+c(a+b)+k(b+a)+pc+a(b+c)

e Gias 0 <a <b<c.Dydoan ding thirc xayrakhi a =b = c.

+i(b+c)+ja20.

Tur d6 goi mé hudng gidi : . m(a+c)+nb> 3¢mna . Ping thuc xay ra khi
b(c+a)
a ~ ‘ _1
b(6+a)—m(a+c)—nb<:> a’ :m(a+a):na<:> " 14
G=b=c a(a+a) nZE

Tuong tu cho céc truong hop khac .

Giai :
a? 1 1 3 . . a? 1 1
+—=b+—(c+a)=—a.DPang thirc xay ra khi: ==b=—(c+a).
b(c+a) 2 4(0 a) 2" s g b(c+a) 2 (c a)
b? 1 1 3 . b? 1
+—c+—(b+a)=—0b.DPang thirc xay ra khi: =—c=—(b+a
c(a+b) 2" 4( ) 2 8 Y c(a+b) 2 ( )
¢ 1 1 3 . . ¢ 1 1
+—a+—(b+c)=—c.Dang thirc xay ra khi: =—g==—(b+c¢).
a(b+c) ¢ 4( c) 20 s Y a(b+c) 2a 4( c)
: . a? b ¢ 1 N
Cong vé theo vé ta dugc : + + 2—(a+b+c).D€1udéng thirc xay ra khi :
b(c+a) c(a+b) a(b+c)
a=b=c>0 ‘
Cho 3 s0 thyc duong a,b,c thod man a + b + ¢ =1 . Chung minh rang :
a. \/a+1+\/b+1+\/c+1<g carb+orcriera<ihs,
1 1 1
bNa+b+Vb+c+e+ra<b. d'“+b+c+g+g+2210

Giai:

a. \/a+1+\/b+1+\/c+1<g
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+1)+1
Na + :1ﬂ(a+1)§&L—l——:g+1
2 2
b+1+1
Vb + —J b+1 2 g+1 :$Ja+1+Jb+1+Jc+1Sgi§i£+3:g

c+1-+1 c
Ve + _4/ c+1 =—+1
2 2

Pangthic xayrakhi a +1=b+1l=c+l=1<a=b=c=0=>a+b+c=0=1

Vay \/a+1+\/b+1+\/c+1<g

b. \/a+b+\/b+c+\/c+a S\/g.
Phan tich bai toan : ) o
® Truong hop tong quat, giad st 0 < a < b < ¢ thod man diéu kién a + b + ¢ = 1, dau dang thic chi xay ra

|0<a=b=c 1 . L3 1
khi = a=b=c=—.Hangsocanthémla —.
a+b+c=1 3 3

e Tir gia thiét goi ¥ ta dwa dén cach phan tich Na + b +vb+c +vc+a < JE(a +b+c) hay

1 1 1 1 1 1
a+—+b+—- b+—-+c+—- c+—+a+§

S=Ja+b+Jb+c+Jc+a$J§. 3 3, 3 3 4

2 2 2

e Ta thir di tim 101 giai : Ap dung bat dang thirc trung binh cong trung binh nhan

a+1+b+1 @+b
gt Bt ooz

Tuong tu cho cac truong hop con lai .

Cach khac :

Gia str voi moi m > 0, ta luén ¢o : a,+b—\/_1/a+b (a+b+m].V§n dé bay gio ta du

doan m > 0 bao nhiéu la phu hop?.

a+b=m 5

Dé thdy dang thirc xay ra khi ; 1 & m= 3
a = = —
3

Gidi :
Ap dung bt dang thiic trung binh cong trung binh nhan

229



Nguyén Phii Khanh — Pa Lat . http//:www.maths.vn

AM _GM 3 (a + b) + 2

\/aT= é (cH—b).g < —
2 3

2 2

2

e B gz v L
2 3 2 2

Vora= 2 feva)2 "< éﬂ
2 3 2 2

2(a+b+c)+3.g

3 = \/% 2= \/g(dpcm).

2

:>\/a+b+\/b+c+\/c+a£\/§.

Ping thirc xay ra khi a = b :C:%'

c.%/a+b+§/b+c+§/c+a§§/§.

e Truong hop tong quét , gia st 0 < a < b < ¢ thoa man diéu kién a + b + ¢ = 1, dau dang thirc chi xay ra

2

a+b=—

3
|0<a=b=c 1 2 3 £ A A s 2
1 = a=b=c=—=1b+c=—.Hangso can thém la —
a+b+c=1 3 3 3

2

c+a=—

3

® Tir gid thiét goi ¥ ta dua dén cach phan tich Ya+b + b+ ¢ + /e +a <18 (a +b+¢) hay

(a+b)+§+§ (b+c)+§+§+(c+a)+§+§
3

T=%Ya+b+¥b+c+¥ctasx
o Gidi :
Ap dung bat dang thire trung binh cong trung binh nhan

2 2
\/3a+b:i/§.13/(a+b).g.gS(a+b)+3+3
4 33 3
2

2,2
m=§/%.3(b+c). (b+c)+

- 3 3
3

(c+a)+§+§

w o
w o

IN

m = §/§.3 (c+ a).g.g
4 3 3

3

2la+b+c|+4
(a 30) :3%%:%(dpcm).

:>T:%/a+b+%/b+c+%/c+a£i/g
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A < ’ 5 . 1
Dau dang thirc xdyrakhi a =b =c¢ = 3

1 1 1
daoa+b+c+—+—-—+—210
a b ¢

Phan tich bai toan :
® Truong hop tong quat, giad st 0 < a < b < ¢ thod man diéu kién a + b + ¢ = 1, dau dang thic chi xay ra

0<a=b=c 1
khi =a=b=c=—.
a+b+c=1 3
<\ s A A , . . A ’ A ’ e . A ’ 1 \/_
® Tu di€u can chirng minh ,go1 ¥ ta dua dén cach phan tich vé1i moi m > 0,taluén cd : ma + — > 2Vm .
a
1
ﬂ ma = —
Dang thire xay ra khi : 1a<:>m=9.
a=—
3
o 1 1 1 1 1 1
0V1themaT:a+b+c+—+—+—:9(a+b+c)+—+—+f—8(a+b+c)
a b b a
Giai :
1
9a+— 26
a

; e 1
Ap dung bat dang thurc trung binh cong trung binh nhan < 96 + z >6

1
9c+—26
1

:>T:9(a+b+c)+cll+2+2—8(a+b+c)23.6—8(a+b+c):10(dpcm).

Ping thirc xay ra khi : a=b=c=%.

Bai tap twong tw
Cho cac so thuc duong z, 4, z va thoa man mz + ny + pz > d trong dd6 m,n, p,d € R. Tim gid tri 16n nhat

biéu thic A = a2’ + by’ + ¢2°

’ X A A < A . 2 2 2
Hudng dan : Thuc hién viéc chon diémroi: az” = by =cz” = f

Ching minh rang néu zy + yz + 2z = 5 thi 32° + 3y + 2° > 10.

Phén tich bai toan :

e Trudc hét ta dé y mdi lién hé giita 32°,3y°, 2%, 2y, y2, 2z cho ta diéu gi ?, phai chang nhimng hing dang thirc
2 2 2
c6 dang : (ax - by) 20 (am) + (by) > 2axby 7.
® Phan tich :
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az’ + ay’ > 2axy Ding thic xay ra khi z = y
by’ + ¢z’ > 2\/;1/2 Ping thirc xay ra khi by’ = ¢z’
¢z’ + b’ > 2\/£za:. Ping thie xay ra khi ¢z° = bz’

a+b=3 a=1
Bay gio ta chon a,b,c saocho: {2c =1 << {b=2

a = be !

c=—
2

Giai :

2’ +y° > 2zy Pang thic xay rakhi z = y

, 1 , 1
27 + =2 > 292 .Pang thuc xay ra khi 2" = —2°
2 2

1 . 1
— 2" +22” > 222 . Dang thirc xdy ra khi 2 2t =2z°

2
Cong vé theo vé ta duoc : 3z° + 3y* + 2° > Q(a:y +yz + z:z) = 32 + 3y° + 2° > 10(dpcm).

T =y
1
: 2y =2 r=y=1
Dang thtrc xay ra khi : 2 =
2 2 z=2
—2" =2z
Y +yz+z2x =95

Cho 3 s6 thyc duong z,y,z thoamin z +y + 2 = % Chung minh rang : 3z° + 4y* + 52° > %

Phan tich bai toan :

e Trudc hét ta dé ¥ mdi lién hé giita 327, 4y%,52%, 2,9,z cho ta diéu gi 2, goi ¥ : 32° + 4y + 52° > % duoc
bién d6i vé dang 3z° + m + 4y* + n + 52’ +p2k,(0< m<n< pSk::const)

® Phan tich :

32° +m > 2\/3—mx,m > 0. Pang thic xay ra khi 32> = m

4y +n > 2\/Ey,n > 0. Pang thirc xay ra khi 4y° = n

52° +p > 2\/5%;0 > (. Pang thirc xay ra khi 5z° = p
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5
x f—
3
2= 5
3z =m y==
4y =n 14
2z =
Bay gio ta chon 2,9,z saocho : {52° = p =S o
\3m =+4n =+/5p m:?
s n 25
x z2=— =—
T 1
p=5
Giai :
3z° + 2 2, f3§:z Ping thirc xdy ra khi 32° = @
3 3 3
4y” + 2745 > 2,/4.%3/. Pang thic xay ra khi 41° = %
522 +5 > 24/5.5z . Péang thirc xay ra khi 52> = 5.
A A A 2 2 2 235 235
Cong vé theo vé ta dugc 3z~ + 4y~ + 52" > 10(1: +y+ z) BETY = T2 (dpcm).
5
x —
3
Pang thirc xay ra khi {y = Z
z=1

Cho 3 sb thyc khong am a,b,c¢. Chimg minh rang : 1+ M < {/(1 + a)(l + b)(l + c) .

Giai :

1+M£§/(1+a)(1+b)(1+c) = Q/E+Ms§/(l+a)(l+b)(l+c)

T e
o i/(l + a)(lli;)(l +e) ’ i/(l ¥ a)(laj)-cb)(1 o)

1] 1 1 1| 1] a b c
T<— + + +— + +
3l1+a 1+b 1+c¢ 3l1+a 1+b 1+c

Tgl a+1+b+1+c+1 21.3:1
3|1+a 1+b 1+c¢ 3

Dau dang thirc xay rakhi a =b=¢ > 0.
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Téng quat :

Chimg minh rang véi moi a,b > O(i =1, n)thi ta ludn co :

(/ala2 ....... a, +3Ybb,....... b < T\L/(a1 + 132)(cz1 + bQ) ........ (an + bn)

Cho 3 sb thuc duong a,b,c¢ thoa méan a+b+c=1.Chﬁngminhr§1ng:[l—l]ié—ll(l—l]28.
a c

Giai :

el B e

a_eM o fye oea 2ab
C

VT = = 8(dpcm)
i a b
Tong quat :
Ty Tyy Typeovereannnnnn, .z, >0 .
Cho .Chirng minh rang :
T+ Ty+ Ty+oon +T, =
S (LS SR N () PO
, z, z, ;

1 1 1
+ +
l1+a 14+b 1+c¢ 1+d

. s 1
Cho 4 s0 thuc duong a,b,c,d thod man > 3. Chung minh rang : abed < 31

Giai :

1 1 1 1 b c d
2|1-——|+|1- +11- = + +
1+a 1+5b 1+¢ 1+d 146 1+c¢ 1+d

AM _GM
1 —

bed

N

N e
S (e e
e

1 abe

e

w

\%

\%
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1 abed 1
= > 81 = abcd <—
(1+a)(1+b)(1+c)(1+d) (1+a)(1+b)(1+c)(1+d) 81
Téng quét :
A R .z, >0
Cho : . Chimg minh rang :
1 1 L + 1 >n—1 8 s
I+z, 1+2z, l+x 1+z,
G R xnﬁ%.
(n—1)
Bai tuong tu
Cho 3 s6 thyc duong a,b,c thoaman a +b + ¢ = 3 . Ching minh rang :
2 2 2
a. a2+ b2+ C2Z§. . a2 b2+ CQZE. C. a >+ b o+ ¢ ;=1
1+0° 1+c¢ 1+4a 2 a+b” b+c c+a 2 a+2b" b+2c c+2a
Hudng dan :
a+b+c=3
a. 2
3(ab+bc+ca)£(a+b+c) =ab+bc+ca<3
a a(l+b*) — ab® ab’
2 = 2 =a- 2 a o _a_b
1+5b 1+5b 1+5b = bQ—a 9
1+b> 22 1+
2
Tu’O’l’lgtu’I 2=b_ chZb—@, CQ:C— CaQZC_%
1+¢ 1+¢ 2 1+a 1+a 2
Cong vé theo vé : a2+ b2+ 022a+b+c—M23—§=§.
1+0° 1+c¢ l+a 2 2 2

Cho 3 s6 thyc duong a,b,c thoa min a.b.c =1 . Chimg minh rang :

a @ + b’ + ¢ >§ b 1 + 1 + 1 <1
'(1+b)(1+c) (1+c)(1+a) (1+a)(1+b)_4' "2+4a 2+4b 2+4c¢
a’ b’ c 1

Cho 3 s6 thyc duong a,b,¢ thoaman a + b+ ¢ =1 . Chimg minh rang : + + > —
b+c c+a a+b 2

Giai :
2 2 2 2 2 2
¢ 4 b +—< Zla Y al+ b +b |+ ——+e Zl+(a+b+c)
b+c c+a a+b 2 b+c c+a a+b 2

a2+a(b+c) b2+b(c+a) 02+c(a+b) 1

= + + >2—+1
b+c c+a a+b 2
@a(a+b+c)+b(b+c+a)+c(c+a+b)Z§
b+c c+a a+b 2
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a4 + b + ¢ 2§V1a+b+c=1.
b+c c+a a+b 2

Cho 3 s6 thuc duong a,b,¢c thoamén a + b+ ¢ =1 . Ching minh rang :

ab be ca 1

+ +
a+b+2¢c b+c+2a c+a+2b 4

Hudng dﬁn:Dﬁngbétdéngthfrcl+12 4 .
a b a+bd

Cho 3 s0 thuc duong a,b,¢ . Chirng minh rang :

3

a. a + & + ¢ >l(a+b+c)
(a+b)(b+c) (b+c)(c+a) (c+a)(a+b)_4
a? b el 1
b.b(c+a)+c(a+b)+a(b+c)25(a+b+c)
Huéng dan :
a’ a+b b+c _ 3 8a’
(a+b)d(b+c) + s 21 —(a+b)(3b+c)+(a+b)+(b+c)26a
a.Cach 1 : (b ;( )+b+c+c;a2%b Cach 2: ﬁb()+(b+c)+(c+a)26l)
+c)lc+a tcllcta
¢ c+a+a+b>§c 8—63+(C+a)+(a+b)>60
(c+a)(a+b) 8 4 (c+a)(a+b) -
4q° a’ b c+a _ 3
b(c+a)+2b+(c+a)26a b(c+a)+§+ Zga
b. Cach 1: 140" +2c+(a+b)> 6D Cich2: |0 c a+b. 3,
c(a+b) c(a+b) 2 4 2
4c? c? a b+c_3
a(b+c)+2a+(b+c)260 a(b+c)+§+ 1 _EC

Cho ba s6 duong z,y,z thoa man: z° + y* + z° = 3 .Tim gi4 tri nho nhét ctia biéu thirc:

5 5 5
T Y < 4 4 4
S=—F——+—F—F+—5——+tr +y +z.
Yy +z 2°+ T T +y

Giai:

Ap dung BDT Cési cho 3 sb tacé :

7’ +y3+z2+_ §3
v+ 2 4 2 2
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5 3 2 4 5 3 2 4

tuong tu U +y—2§y3, Z_ Ty +Z—2§z3

2t + 2 4 2 27 4y 4 2 2
4 4 4
Tl P wonge Ll 2yl
2 2 2 2 2 2
Cong veé voi ve cac BDT trén ta dugc

5 5 5

z Y ? 4 4 49 9( 3 3 3 3( 2 2 2 3
S = + + +r Yy +r 22—+ yY + 2 )+ Yy A2 )=

y3+z2 JERp x3+y2 Y 4( y ) 4( y ) 2

Ma 2’ +2° +12> 32” hay 22° + 1> 32 tuong tur 29° +1>3y° , 22° +1 > 32°
Do d6 2(:1:3+y3+23)23(a:2+y2+z2)—3:6:>x3+y3+z323:52%

Daubangxayra & z=y=z=1

Cho 3 s6 thyc duong z,y,z . Tim gia tri nho nhét cia biéu thuc:
2 2 2

M = v + J +

(2y + 3z)(2z + 3y) (2z + 3x)(2a: + 32) (2:1: + 3y)(2y + Bx)

Giai :

(2y+3z)(22+3y) = G(y2 +22)+13yz < 6(y2 +22)+§(y2 +22) :%(y2 +22)

— a’ > 22°
(2y + 3z)(2z + 3y) B 25(1/2 + Zz)
. y’ 2y° 22 9,2
fuong (2z+3x)(2x+3z) - 25(22 +x2)’(2x+3y)(2y+3$) = 25($2 +y2)'
27 29 9,2 N 1 | :i
M > 25(y2 +22) + 25(22 +$2) + 25($2 +y2) = f(x,y,z) > o = min M 5

z

? + y +
Fode Vordm ordm

\%

pea

Véi z,y,z 1as6 dwong va z.y.z > 1 .Chimg minh rang;

Huéng dén.
Pit a = a,b=Jy,c =z

Bai toan tro thanh : a,b,c1a s6 duong va a.b.c > 1. Ching minh rang:

a’ N b N c S i
\/a2+bc \/b2+ac \/02+ab _\/5
2
Dé théy : @ o ¢ (a th+ C) *

+ + >
\/a2+bg ’\/bv2+ac \/02+ab \/a2+bc +\/b2+ac+\/02+ab
Binh phuong hai vé bat dang thuc:
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(a+b+c)2 (a+b+c)4
VT? (%) > = z
Ja? +be + b + ac + e + ab [\/a2+bc+\/62+ac+\/02+ab}
. (a+b+c)4 N (a+b+c)4 S (“+b+c)4

3(a?+b2+c2+ab+bc+a0) - 3[(a+b+c)2—3(ab+bc+ac)} 3[(a+b+0)2—3}

(Viab+bc+acz33(abc)223:t = (a+b+c >9)

2 —
Taes b _3t+15 t-3 3 39+15 / —:>VT2 ()
3(t-3) 12 TR

Dau bang xay rakhi £ = y = 2z = 1 = diéu phal ching minh

wl@

Tong quat : ta c6 bai todn sau: voi Z,, Ty,

l’l 1’2 n
mr: + + ...+ T
/ / / 2
\/ZB1 + :BZ':I:;}"':I:n \/1132 + II:3.ZB4...II:” \/ II: ZZ: ZZ:

o X (nZZ) laso duongva z .z,..x <1
n 17772 n

Twong tu: .
Cho 3 s0 thuc duong a,b,c . Chirng minh rdng :
1 1 1 1 1 1
a. + + <—+—+—.
a+3b b+3c c+3a 4a 4b 4c
1 1 1 1 1 1
— 4 — 4+ —

) + + < .
a+b+2¢c b+c+2a c+a+2b 4a 4b 4c

‘ J(m;(m) W(mc;(m) +J(c+a1)(c+b) dier]

. >0
d+b b+c c¢c+a a+d

Cho z;y;z € [0;1]. Chtig minh rang :(29” + 27 +2z)£i+i+ij < 81

20207 8
Gidi :
Deflta:2‘r,b:2y,c:22:>a,b,ce[1;2]
NP , s 1 1 1 81
Bai todn tr¢ thanh : Cho a,b,c € [1;2]. Chtrng minh rang :(a +b+ c) —+ -+ | <—.
a b c 8

That vay : (a+b+c)(l+%+lj<%®(a+b+c)£2+%+gj<%®\/(a+b+c)(g+%+gj <§
a C a C

1SaS2<:>(a—1)(a—2)s()<:>a2—3a+2£0<:>a2+2S3a<:>a+233
a

Tuong tu : b+i<3c+i<3:>(a+b+c) Lz 2 ij 9 (1)
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Ap dung bat dang thtrc trung binh cong trung binh nhan :
:>(a+b+c)+ 2+2+g >2 (a+b+c) 2+2+2 (2)
a b ¢ a b ¢

mw(z>suyraQJ(a+b+c)£z+z+z}gg@wm)(hgﬁj ()

a b ¢ a c
Dang thirc khong xdy ra . (3) & (a +b+ c) Ll + ; + lj < % (dpcm).
a c

Cho a,b,cla 3 s duong thoa man ab + bc + ca = 3abe. Ching minh rang:

ab be ca 3
+ < Z Trich http://www.maths.vn

+
a® +0° +adPc+bc P+ +ba+cta A +ad+cb+ad’

Giai :

ab+bc+ca=3abcc>l+l+1=3
a b ¢

1
a+b

. | _1(1.1 o
Véi a,b > 0 taluoncod a” +b° > ab(a+b) Z (—+—j va véi moi a,b taludn cod a’ +b° > 2ab.

ab < ab ab 1 N 1
a3+b3+a20+b20_ab(a+b)+(a2+b2)c 4 ab(a+b) (a2+b2)c

_ ab 1, ab <l(1+ij
ab(a+b)+(a2+bg)c_4 a+b (a2+b2)c “4la+b 2

o +b>+a’c+b’c 16\a b 8 ¢
Tuong tu :

be <__+ L)
b’ + ¢’ +ba+c’a 8 a

1
c
L
8

‘ [Ca <——+—+ 1 (3)
A +add+cb+ad’d 16lc a b

Cong vé theo vé dang thirc (1) , (2)Vé(3) ta duoc dpem. Dau dang thirc xayrakhi a =b=c¢ = 1.

Cho tam gidc ABC ¢6 3 canh: AB = ¢,BC = a,AC =b thoamin a* = b’ + ¢* .Chimg minh rang : A4 1a

g6c nhon va thoa : 60” < 4 < 90°.

Giai :
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b o) (b)Y o
a,b,c >0 O<b<a 0<—<1 a a b)Y (e) (b c
3 _ 43, 37 0 = @ = 5 2 = | — | +|—| <|—| +|—
a’=b"+¢ <c<a 0<£<1 (Ej <££j a a a a
a
a a
b+t b+ b + ¢ b + ¢ —a’

— < > =>1< =a’<b 4+ = cosA=
a a a 2be

a3=b3+03:(b+c)(b2—bc+c?)>a(b2—bc+c?)2>a2>b2—bc+c2

>0= A<90°

2 2 2 2, 2 2
bJrZ—a<1:cos/1:b+;Ta<%:>A>60U
c c

Vay 60° < 4 <90°.

]: 10[L+i+LJ+2007.Timgié

a b c ab bec ca

Cho céc s thuc duong a,b,c¢ thoa man diéu kién : 15 [% + iz + iz
1 1 1

tri 16n nhét ciia P = + +
J5a% +2ab + 20> BB +2bc+2¢% A5 + 2ca + 20>

Giai :
i 2 o011 1 9 2 s .
Ap dung ding thttc : —+ —+ — > —— . Dang thtic xdyrakhi z =y = 2.
rT Yy z x+y+z

5a° +2ab +2b° = (2a +b)* + (a —b)* 2 (2a +b)’ = L <1 i ny
502 +2ab+ 20> 20+b 9la a b
Dang thirc xay ra khi a = b
L ! gz(gzgj
Tuong tu : bt +2e+2¢t Bre O b o) pgep L1 1L
1 1 11 1 1 3la b ¢
< <—|—4+—+—=
V56 +2ca +24> 2¢+ta 9\c ¢ a
1 1 1_1(1 1 1Y
_2+b_2+_22§_+3+_
Mt khac : @ ¢ @ ¢ ,
1 1 1 1(1 1 1
—t—+—< | ==+
ab bc ca 3la b c

Ma gia thiét : 15 LIS T PR PV Dodé:l+1+ls,/@
@ b7 ab bec ca a b ¢ 5

1

a=b=c
Déngthl'rcxéyrakhi: 1 1 1 6021 < @ b=c=—,/@
5

a b ¢

VéymaxP:l,/@,khi a="b 20211/@
3V 5 3V 5
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Cho 3 s6 thuc duong a,b,c thoa min diéu kién ab + be + ca = abe . Chirng minh rang :
a' +0b b+ ¢! ¢ +a

ab(a3 +b3) + bc(bg +03) ca(&‘ +a3) > 1.

Giai:
1

Ta co : ab+bc+ca=abc<:>l+l+—=1.
a b ¢

Dét:l’:l; yzl; z:l:x+y+z:1.Khidétacé:
c

a b
1 1
a' +b' ;FJFZZ _atvyt 2t S ($3+y3f
ab(a3+b3)_1[1+1]_$3+y3_:z2(a:3+y3) y2($3+y3)_(1:3+y3)(:z2+y2)
ol
a* +b x3+y3: 7’ N Y’ S ($2+y2)2 :x2+y2>x+y
ctl)(ct3+b3)_l“2+3/2 x(az2+y2) y(m2+y2)_(x+y)(a:2+y2) T+y 2 .
b+t y+z ' +a z+x
fuong e bc(b3+c3)Z 2 7ca(03+a3)2 2
a' +0b' bt + ¢! ¢ +a

2r+y+z=1

Cong vé theo vé , ta duoc : ab(a3+lﬁ)_Fbc(b3+c5)_kca(03+¢f)

Hay xéc dinh dang cta tam gidc A BC néu cac goc ciia nd ludn thdéa man dang thirc sau:

tané tan — tan —
2 2 1

1+tan§.tang 1+tamg.tané 1+tané.tan§ 4tané.tan§.tang
2 2 2 2 2 2 2 2

Giai:
5 A B C Lz \
bat r =tan—,y =tan—,z = tan; thé thi z,y,z duongva zy + yz + 2x =1

H¢ thirc tré thanh: T Y L F 1 .
1+yz 14+z2x 1+xy A4dzyz

Ta co:
T y o,z T N y N z
l+yz l+z2z l+ay (sy+yz)+(zx+yz) (zy+20)+ (yz+22) (2y+yz)+ (22 + zy)

1 T T 1 i i 1 z z
<= - += - +— + =
A\ey+yz zx+yz) 4d\wy+z2x yz+zr) 4\zy+yz zx+ay
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1 z+=z T+y y+z 111
== + + =—|—+
4\ zy+yz z2zx+yz TY+2x 4\ x

http//:www.maths.vn

l+l _xy+yztzazr 1
y oz dxyz dxyz

Ding thirc xay ra khi va chi khi: = y = 2z hay tam gidc ABC' déu.

Vin dé lién quan tam gidc , hen cdc em ¢ mét chuyén dé khdc . Chiic cic em on tap tot!!!.
Gop y goi vé Email: phukhanh@moet.edu.vn
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NHUNG BAI TOAN BAT PANG THUC CO BAN TRONG COSI.

Cho nnguyén va n >2 . Tim gia trj nho nhat cia A = z + .

X

Giai:

1 n+1

T
n so —
n

£ a2 L . T 1
Dau dang thirc xdy rakhi — = — < 7z = "Yn
n x

n+1

n+1[nn

Gia tri nho nhét cua A =

Cho nnguyénvan>2vaz>k> "?1/; . Tim gi4 tri nho nhat ciia A = z +

n

i
Giai:
Véiz > k> "Vn
1 1 1 1 1 1 1 1
)2 fh)eors+—-k-—2002-k+|——— + + +.t >0
f( ) f() wn n (ilf k](xnl :L‘ank $n73k_2 k_nlJ

1 1 1 1 1
S(z-k)|1-— + + + ...+ >0
(:E ){ ok (:En—l $n_2]€ $n_3]€2 kn—l j:|

<:>(x_k) xk — 1 + 1 + 1 +...+1 >0
.’Z’k zn—l .flfn_Qk iL’n_Sk'Q kn—l

Ta co: 1 + 1 1 1 <M omn? <ok

1 2 + 37.2 et 1 1
z" "k 2"k k" k" "yl

Suyra f(z) > f(k)dang véimoi z > k > "Vn

Gia tri nho nhat cua A = k+% khi z = k.

Cach2:

m m x" m m " m

T
n so —,m>0
m
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=k

Ta chon m sao cho: 1 =>m=2"" ="

T
m "

o . 1 "1
Bai giai: A = m1+...+ ‘/B1+ +z- mlz(n+1)n+1 ‘/Bl +z|l- nl
k7l+ k’n,+ In k7l+ k’n,+ I'n k7l+

xr

n so

k7L+1

Viz>k >"+\1/; nén n < k"' suyra: A > (nk—:l) +k(1— k:l”j =k+ kln = f(k)

Cho hai s thyc & # 0,y # 0 thay d6i va théa man diéu kién: (z +y)ay = 2° +y* —xy . Tim gid trj Ion nhat

1 1
ST
z )

cua biéu thirc : A =

Dé thi Dai hoc khéi A nim 2006

Giai:
Xét (:c+y)xy::c2+y2 — 1y (*)
1 1
batu=—v=—.
Z Y
1 1 1 1 ) e
TadUQC—+—=—2+—2——:>u+v:u2+v2—uv:>(u+v) —(u+v):3uvé—3(u v) )

r -y xr y oy
:>(u+v)2—4(u+v)SO:>OSu+vS4

z* + P 3 (:B+y)(:1c2 +y° —zy) (z+y)(z+yy z* + 1y + 2zy

Khido: A= 33 3 3 - 3 3 2 2
Ty ry Ty ry
:A:%+%+£:(u+v)2él6.
R VR

¢ e . 1
Dau dang thuc xay ra khi v = v = 2 hay :Bzyza.

Cho z,y,z1a 3 so thuc duong thay d6i . Tim gi4 tri nho nhat cia biéu thic

P=x £+i +y g+i + 2z E+l
2 yz 2 2 xy

Dé thi Pai hoc khéi B nim 2007

Giai:
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1 1 1
P= (:z: +° +z ( + j —|x +y2+z2)[1+—+—j
2 Yz TYZ

P> 19\3/1’2@/222 3 L
2 x?yQZQ

Ding thic xayrakhi 2 =y=2=1.

Vay gié tri nho nhét cia biéu thic P = 2

Dé thi Dai hoc khéi A nim 2009

Cho z, v,z 1a cac sb thuc duong thay d6i va thoa mén diéu kién z.y.z = 1.Tim gia tri nho nhit caa biéu thirc

P xQ(y+z) .\ y2(2+x) s 22(x+y)
Y y+2zx/; z z+2x\/; z :E+2y\/;

Dé thi Pai hoc khéi A nim 2007

Giai:
Qx\/_\/xyz 2y\/7\/xyz 22\/_\/xyz 2x\/_ 2y\/7 2z\/—
y y+22\/_ Z z+2:c\/_ T x+2y[ Y y+22\/_ z z+2:c\/_ T x+2y[

1
0=y y+2z\/; x\/;—g(—2a+4b+c)
bat: b=z + 20 = yf—%(a—2b+4c)
=7 :E+2y\/; e = é(4a+b 2¢)

Khi dé: PZ%[—2a+4b+c+a—22+4c+4a+b—20j2%(_6+4{ﬁ+2+£}+{£+2+9D.
a c

HayPZ%(—6+4.3+3):2.

Vay gia tri nho nhit cia biéu thitccia P =2 khia=b=c=1.

Cho céc s6 thue khong 4m z, y thay d6i va théa man « +y = 1. Tim gia tri 16n nhét va gia trj nho nhat cua
biéu thirc S = (4:102 + 3y)(4y2 + 3:1:) + 251y .
Dé thi Cao ding khéi B nam 2009

Giai:
Nhén xét: vai tro gidng nhau (d6i xtmg) cua z,y .
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S = 12(w3 + y3) +162%y" + 3dxy = 12(3: + y)(x2 +y° - xy) +162%y" + 34y

2
Hay S = 12(3: + y)((z + y)2 - 3xyj +162°y° + 34ay = (4xy - ij + 191

2
Vi z,y khong &m va thoa man x+y=15uyra0£xys($;yj :i
2
:>—lﬁ4xy—lS§:>OS ZJ::Uy—l +ES§.
4 4 4 4 16 2

s ‘ 2 . 1 s ‘ .
Vay gia tri 16n nhat cia 5235 khi x:y:E va gia tri nhd nhat cua § =0 khi z =0,y =1.

I I3 3 / 5
Cho céc s0 thuc z,y thay doi va thoa man (IL‘ + y) + 4xy > 2. Tim gia tri nho nhat cua bicu thic
A= 3(:1;4 +yt 4 a;QyQ) —2(3:2 + yQ) +1
Dé thi Pai hoc khéi B nim 2009

Giai:
:(:B+y)3+(x+y)222:>x+y21.

A= 3(ZB4 +y’ +x2y2)—2(:z:2 +y2)+1 :g(q,A +yt+at + gt +25B2y2)—2(:132 +y2)+1

A =%(x4 +y4)+g(az2 +g/2)2 —Q(x2 +y2)+1

2

)

8
=~

+

NS
=

I

—_—

z° +y2)2 — 227y > ({L‘z +y2) —(ZL’4 +y4) =z +y Z%(SEQ +y2)2

Khido A Z%(CUQ "'yQ)Q +g(x2 +Z/2)2 —2(3:2 +y2)+1 hay AZ%(&:Q +g/2)2 —Q(x2 +y2)+1

:A22t2—2t+1,t21.
4 2
e Lorens A 9 (e NP A , 1
Xét ham so f(t):Zt — 2t +1 xéc dinh va lién tyc trén ntra khoang §;+oo .
Ta co f'(t)=2t7222—1>0,tzl:f(t) ddng bién trén nira khoang l;+oo .
2 4 2 2

1 9 g 1
Khi d6 min A = min t)=f| - |=—.DPang thtc xayrakhi t = —
iin f(t) f@ - Ping y 5

te| —+o0
2

DIEM ROI TRONG BAT DANG THUC COSI
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Bai toin mé dau : Cho a,b > 0va thoa midn a + b < 1. Tim gia tri nho nhat cia biéu thirc
1 1

P= + .
1+a®>+b> 2ab

Giai:
1 1 4 4
+—> =
1+a*>+b° 2ab o> +2ab+b"+1 (a+0)+1
1+a®+b° =2ab (a=b)’+1=0
&
a+b=1

Loi gidi 1. Ta co: P = Zgzg

Dau" = "xayra < { . Hé v6 nghiém. Vay khong ton tai min P.

a+b=1

Loigiai 2. Taco: P = L + L + L > 4 + ! = 4 + !
1+a*>+b> 6ab 3ab o’ +6ab+b0>+1 3ab (a+b) +1+4ab 3ab
2

Matkhécabs(a;bJ :i.VayPZ + 1 z%

1+a*+b* = 3ab )
Dau"=" xdyra < <{a=b <:>a=b=§.
a+b=1

. (e 1 1 .
Loi binh: loi gidai 1. va loi gidi 2 gan nhu tuong tu nhau, cung ap dung bat dang thirc —+ — > . Tai sao

a b a+bd

\ PN Ty S A a1 i . coaa 1 1 1
trong cung mot bai todn ma c6 dén hai dap so ? Do dau ma 101 giai 2 tai sao lai tach =

+ ?. Do
2ab  6ab 3ab

chinh la ky thudt chon diém roi trong bt ding thikc.

Céc bt dang thirc trong cac dé thi dai hoc thong thuong 1a d6i xtng voi cac bién va ta du doan ddu bang xay
ta khi cac bién bang nhau va xay ra tai bién.

21 > +l+4ab.
a®+b° ab

Cho a,b > 0va théamén a + b < 1. Tim gia tri nh6 nhat cua biéu thic P =

Giai:

Do P la biéu thire d6i xtng v6ia,b, ta dy doan min P dattai a = b =

1
2
1

Tacod: P = 1 +L+ 4ab+1 +1 > 4 + 2,14ab. + 1 >7
a® +b> 2ab 4ab 4ab (a+b)2 \ 2ab a+b
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a® +b* =2ab
Diu "=" xayra < =t oa=b=l.
16 2
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %

Thao khdo hai loi gidai khdc :

Loi gidi 1:
P = 1 +l+ 4ab + L + 1 > 1 21f4ab.i+iz4+2+iz6+L
a’> +b° ab 4ab ) 4ab (a+b)2 2ab  4ab 4ab 4ab
a’® +b* = 2ab
£ \ 9,0 1 1 1
Dau " =" xdyra < Ja’b :E @a:b:E.Thaya:bzgVaotaduqcPZ?.
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %
Loi binh 1:

, s A ~ , A < , 5 . 1 A X A A , , A \
Qua céch giai trén ta da chon dung dau dang thuc xdy rakhi a = b = B nén dan dén viéc tach cac sO hang va
s . 9 A 5 < A ’ . 1 \ , r A+ N ~ 12 . s
gia tri nho nhat cua biéu thuc P = 7dattai a =0 = B la dang , nhung budc cudi cung ta da lam sai , vi du

(1—(1)2 +a > a,ding thirc xay rakhi a =1 = mim{(l—a)2 +a} =a?.

Loi gidi 2:

el +2ib+2ib+4abza2+b§+2ab+2ib+4ab:(afb)2 +(2ib+4abj.

Mt khéc 2leb+ dab > 21/2%).4@ —2J2.Vay P>4+2/2 = min P = 2(2 +\/§)

Loi binh 2:

Thoat nhin thdy bai toan da giai dtng . Thuc té thi sao? . Viéc tach % = QTib + QTib dé 1am xuét hién ding

thiuc a® +b* + 2ab = (a + b)2.
a=>b

min P =2 (2 + \/5) & QTib = 4ab . Hé vo nghiém. Pang thirc khong xay ra , do d6 khong ton tai min P.
a+b=1

3

Cho 3 sb thuc duong a,b,c thoamin a +b+c < S Chimg minh rang :
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1. a+b+c+1+1+1>E.

a b ¢ 2
2 \/a +i+\/62+l+\/cz-|ri>3\/E

a’ b c 2
3 \/a +i+\/b2+l2+\/ +—2>3\/_
C a
Giai:

1. a+b+c+1+1+1>E

a b ¢ 2

Ta c6 thé pham sai 1am: a+b+c+l+l+1233abc+3 > 6, [Yabc

1 1
a b c M_ 'M

Dau dang thirc xdy rakhi @ =b = ¢ = Inhung khid6 a +b+c =3 >g (trai gia thiét) .

=6

Phan tich bai toan :

Tur gia thiét a,b,c duong thoaméin a +b + ¢ < %, goi y hudng giai bat dang thic trung binh cong, trung

binh nhan. 22a+b+cz3\/3abc = Jabe S%.Dét: z =abe S%

Khi d6 : a+b+c+l+1+123\/3abc+3

1
a b ¢ Yabe

= 3(&; + lj . Dy doan dang thirc xay ra khi 2 = %

x
1
r =— 1
Ta chon « > 0sao cho: 2 sg=2t==.
z_1 4
a =z

Bai giai:

a+b+c+ + + >3 l >3 4:L“+l—3:1: >Z’>21/4:z:l—9:zc—12—9:E
T T T 2 2

Ding thirc xay rakhi a = b =

2. \/a2+i+\/b2+i+\/c2+iz 3\/ﬁ.
a’ b’ ¢ 2

Phan tich bai toan :

Tir gia thiét a,b,c duong thod mén a +b + ¢ < %, goi ¥ hudng giai bat dang thirc trung binh cong, trung

binh nhan. %2a+b+cz3\/3abc = Yabc S%.Dét: z = abc S%,dfmgthfrcxéyrakhi ZEI%.

, 1
Xét z° + — chon @ > 0 sao cho:
X 2 ]‘ X
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16z
1 1 )" T e
v +— =1 +16.— 2172’ - = x2+—22—°€.
T 162 162 T 2
917
-15 -15
1 4/ al? 2 4/]_’7()17 5 4/ Cl?
= - ,f - ac +—
2 32 2
217 917 ¢ 217
1
N 5 s a5 15 15 15 \3
:\/a2 +%+\/b2 +i2+\/c2 +i2 2%[(1" +b1 +c”]2%.3[a"b”c”}
a b C 2; 2?
, 1 , 1 , 1 _3V17 3\/ 3\/17
a +— 4,/ +—+ c+—2+( ) . .
a b’ ¢’ 2 2
217 217
1
Ping thitc xdyrakhi a =b=c = .
Cach khac :
- I 1) — 1
Chon: u = [a;—j,v = (b;—j,w = [c;—j
a b c
Dung bt déng thic vecto ul + o] + ‘;‘ S ;‘

2
\/a2+i+\/b2+l+\/c2+l2 (a+b+c)2+ LINE ) I J(abe)* + =
a’ b’ ¢’ a b c J(abe)?

JGZ+L+J62+A+JCZ+Angx+1:3Jx+L+£>3J2 e 1,15
a’ b? c’ T 162 16z 16 =z 16z

, . 1
Ding thirc xayrakhi a = b =c¢ =5

3. a2+i+ b2+i+ 02+l2ﬂ_
b c? a’ 2

1
Tuong ty trén . Xét z + — chon a > 0 sao cho:
y = Ty
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16y
16 1 -16
17,4, 17
x+i—x +16L>1717x( 2] = x2+l22\/1—7$7y
16y 16y Y o17
1 1 -16
\/—a”b 17 1 \/—bﬁ ?_ s 1 S \/ﬁcﬁav
I — —2 ajc + — 2 —ﬂ
217 ¢ 217 a 217
1 -16 1 -16 1 -16
PRIy [ c2+l2\/E alb T + b7 4 clTg T 3\/_( c)l7>3 1725:—3\/E
b’ ¢ a’ 2 32 2
217 217 217

Ping thirc xay ra khi a=b=c=%.

v~ L1 1 N TPy S
Cho z,y,z > 0 vathéa man — + — + — = 4. Tim gia tri 16n nhat cua bicu thic
r oy z

1 1 1
+ +
2 +y+z2z x+2y+z x+y+2z
Pé thi Pai hoc khéi D nim 2007

P =

Giai:

a2005 + b2005 <1

. Chimg minh rang :
2005 + 2005 <1

Cho cac s0 khong am a, b, x,y thoa cac diéu ki¢n {
x

(11975.1)30 + b197o.y30 <1

Todn tudi tho 2 —sé 27

Giai:

Nhén xét : Cac da thirc tham gia trong bai toan cung bac 2005 = 1975 + 30, dong thoi sé mii ciia cac bién
tuong tng bang nhau.

Ap dung bat dang thirc trung binh cong , trung binh nhin cho 1975 s a®” va 30 sé 2%
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1975(.;;(:; + ?;8.):1:2005 > go(){)/(amor) )1975 .(x2005 )30 — 19T 30 (1)
+

1975.6% + 304" . 1975 30
e (1975+30)y 3 Qooﬂ)/(bm) () =0 (2)

Tir (1)va (2) suy ra 1975.(a™ + 5™ ) + 30.(2” + v ) = 2005.(a'".2" + 5" ") (3)

a®™ 4% <q 2005 2005 2005 2005
T s s = 20052 1975. (0™ + 5 + 30. (% + ) (4)

Tir (3) va(4) suy ra 2005 > 2005. (a7 2™ + b7 4™ ) = 072" 4 57" <1

Dau dang thire xay ra khi o' = 2% 0" = ¢*.
am+n + bﬂl+7l S 1

Tong quat : Cho cac so6 khong am a,b, z,y thoa cac dieu kién . Chuing minh rang :
xm-%—n + ym+n S 1

a".z" +b"y" <1.

Cho z,y,z1a cac sb duong thoa man diéu kién: z° + y* + 2° = 1. Tim gia tri nho nhit cua biéu thirc:

A= V2 2
z T Y

Giai:

2 2 2
Tacod: Az—(xyj +(£j +(ﬁ] +2(y2+z2+x2).
z x Y

Ap dung bét dang thirc: 2° + y* + 2° > oy + yz + 2z
Taduge: A* > (y° +2° +2°)+2(y° +2° +2°) = 3(y° +2° +2°) = 3.

Drfmgthﬁ:cxéyra@ﬁzﬁzﬁzx:yzzz

1
Vay minAzx/g dat duogc khi x:y:z:i_

J3

Cho 3 sb thuc dwong a,b,c thoa man a* +b* + ¢* =1 . Ching minh ring :

a+b+cz3x/§'

B>+ A+ad® a’+0b° 2

Phan tich bai toan :
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e Trudng hop tong quat , gia st 0 < a < b < ¢ thoa man didu kién a® +b? + ¢®> =1, vy ta c6 thé suy ra
0 < a <b < c <1 haykhong?. Nhu vay didu kién a,b,c khong chinh xac vi déu dang thirc chi xay ra khi
O<a=b=c

:abce(o-i}
a2 +b+c2=1 """ V3]
Y R XA 2,72 02 4 .22, 2.2, 2 2 12 ...
® Ta thay moi lién hé gi ctia bai toan ?. D€ thay a” +b° + ¢ =1 va b” +c°,c” +a”,a” + b°. Goi y ta dua

+b+023\/§

1-a* 1-0* 1-¢ 2
® Vivai trd a,b,c nhu nhau va 2 ¥ phan tich trén goi y ta dua dén cach phan tich

bai toan vé dang can chirng minh :

a ZﬁaQ
1-a* 2
a b c 33 A . b J3
1—a2+1—1)2+1—022 5 (a2+62+c2)vacanchungmmh 1_b227b2.
Cc \/§ 2
>NV
-2~ 2°
® Ta thu di tim 101 gidi :

a NI 1 343 2 9 4 2 2\2 8 2 212
z—a & > &S ——2a(l-a") e —=2a"(1- & —22a°(1-
2220 O g2y 1oyl egzdl-a) oo 22a(l-a)

o |2a*(1-a*) =2a*(1-a*)(1-a?)
D3 thiy
20* +(1-a*)+(1-a%)=2
Ap dung bét dang thirc trung binh cong trung binh nhan
2 =202+ (1-a?) +(1-a) > 342a°(1 - a®)(1 - a?)
- % > 1R (1-a)(1-a°) % > 242(1 - a?)’
Tuong tu cho céac truong hop con lai.
Giai :
a’ b c 1

Cho 3 sb thuc duong a,b,c . Ching minh rang : (a +b+ C)

+ + > =
b(ct+a) c(a+d) a(b+c) 2
Phan tich bai toan : .
® Ding thuc can chimg minh dua vé dang :

3 3 3

a c
———+m(a+c)+nb+———+k(b+a)+ pc+———
b(c+a) ( ) c(a+Db) ( )+ p a(b+c)

e Giasit 0 < a <b < c.Dudoan dang thirc xayrakhi a = b = c.

+i(b+c)+ja=0.
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3
T&dégqiméhué’nggiéi:ﬁ+m(a+c)+nb23\3/mna.D§ngth1'J:cxéyrakhi
c+a

3 1
a—:m(a+c):nb a3 m:Z
b(c+a) o ——=m(a+a)=nae < )
a=b=c ala+a) n=g
Tuong tu cho cac truong hop khéc .

Giai :

a’ 1 1 3 . a’ 1 1
———+=b+=(c+a)>=a.Dbing thic xay rakhi: ———— ==b=—(c+a).
bera) 2 4(c a) 2a ang thuc xay ra 1b(c+a) 5 4(0 a)

b 1 1 3 . b 1 1
————+=c+—(b+a)>=b.Ding thirc xay rakhi: ———~==c=-(b+a).
c(a+b) 20 4( a) 5 ang thirc xay ra lc(a+b) 26 4( a)

c 1 1 3 . c 1 1
———+=a+=(b+c) > c.Ding thirc xay rakhi: ————==a=-(b+c).
b+ 50 4( c) 5 ¢+ Dang thire xdy ra 1a(b+c) 50 4( c)

3

b? c?

A A h A .
Cong ve theo vé ta dugc b(c+a)+c(a+b)+a(b+c)

2> %(a +b+ c). Dau ding thirc xay ra khi :
a=b=c>0

Cho 3 sb thuc duong a,b,c¢ thoamén a +b + ¢ =1 . Ching minh ring :

a. \/a+1+\/b+1+\/c+1<g

boa+b+Vb+c+cta<+6.
c.a+b+3db+c+3¥Ycra <318,

d.a+b+c+l+1+1210
a b ¢

Giai:

a. \/a+1+\/b+1+\/c+1<g

Va + 24/1.(a+1)£M:2+1
2 2

Vb + =1/1.(b+1)£(b+2$=g+1 :>\/a+1+\/b+1+\/c+1S—a+;+c+3:g

\e + :4/1.(c+1)§(c+$:£+1
2 2

Piang thic xayrakhi a+1=b+1=c+1l=1<a=b=c=0=>a+b+c=0=%1

Vay \/a+1+\/b+1+x/c+1<g

b.Ja+b+Jb+c+Jc+ra<+6.

Phan tich bai toan :
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e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

O<a=b=c ) 1 . oo 1
khi —=> a=0=c=—.Hangso can thém la —.
a+b+c=1 3 8 3

e Tur gia thiét goi y ta dua dén cach phan tich Va+b +Vb+c +Jc+a <\/_ a+b+c) hay
a+1+b+1 b+1+c+l c+ +a+1

S=Ja+b+ﬂww+Jc+ang. 32 3 4 32 3 4 3

e Ta thir di tim 10i giai : Ap dung bét dang thirc trung binh cong trung binh nhan

1 1
a+-+b+- a+b)+
Jg 32 3:Jg( J_/ +b).2 =Va+b

Tuong tu cho cac truong hop con lai .

Céch khac :
e A a+b+m) i . .
Gia st voimoi m > 0,taluéncd: Va +b = 1/ a+b ( j Van dé bay gio ta

du doan m > 0 bao nhiéu 1a phu hop?.

a+b=m 5
D@ thay dang thuc xay ra khi 1 &m==.
a:b:§ 3

Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

— 3 5 av_ow (3 (atb)+s
a+ - \/; (a/+b).§ S §.T
2

3 2 AMiGM 3 (b+0)+*

2
Je+a = \/E (C_l_a/) 2 AMZGM § w
2\ 3 B 2 2

3 2@1+b+cy+3§ 3
SJa+b+Vb+c+Jcra < 2. = §.Q:J§mmm)

2 2

Ding thirc xay ra khi a=b=c=%.

c.a+b+3b+c+3c+a<i18.
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e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

1

2
can thém la —
3

>

oyl IS

+ o+

) S
Il

O~

am
¢

= ing s

Wb W ol

O<a=b=c ) 1
' a+b+c:1:>a ¢ 3

ct+a=

e Tir gia thiét goi ¥ ta dua dén cich phan tich Ya +b + b+ c +Ye+a <18 (a+b+c) hay

2 2 2 2 2 2
(a+b)+3+3+(b+c)+3+3+(c+a)+3+3
3 3 3

T=%Ya+b+¥b+c+3¥c+a<

Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

) 2 2 (“+b)+§+§
a+b:3z.3(a+b).§.§g 3

2 2
9 59 (bre)+3+3
e =i Sfore) 2 20
(C+a)+2+2
33

\3/c+a=§/g.3(c+a). %S 3

a+b+c)+4_39
3 V4

2
:>T=§/a+b+&°’/b+c+\3/c+a£i/% ( .gzé/ﬁ(dpcm).

C , 1
Dau dang thic xayrakhi a =b =c = 3
1 1 1
da+b+c+—+—-+-2=210
a
Phan tich bai toan :
e Trudng hop tong quat , gia st 0 < @ < b < ¢ thoa man diéu kién a + b + ¢ =1, dau dang thirc chi xay ra

O<a=b=c 1
khi =a=b=c==.

a+b+c=1 3

® Tu diéu can chirng minh ,goi y ta dua dén cach phén tich véi moi m > 0, ta ludén co6 : ma + — = 2/m..
a

Ding thirc xdy ra khi :

OVithéméT:a+b+c+l+ll+1l=9(a+b+c)+l+%+1l—8(a+b+c)
a ) Q a [
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Gidi :
Ap dung bét dang thirc trung binh cong trung binh nhan

9a+126
a

<9b+126
b

9c+126
c

:>T=9(a+b+c)+l+%+%—8(a+b+c)Z3.6—8(a+b+c)=10(dpcm).
a

Ping thic xayrakhi: a =b=c=

1
7"
Bai tap twong tw

Cho céac so thuc duong z,%, 2 va théa man mz + ny + pz = d trong d6 m,n, p,d € R. Tim gid trj 16n
nhat biéu thic A = az® + by® + ¢z

Huéng dan : Thyc hién viée chon diém roi : az’ = by2 =2’ = p
Chitng minh ring néu zy +yz + zx = 5 thi 3z* + 33> + 22 > 10

Phan tich bai toan :

e Trudc hét ta dé y mdi lién hé gitta 322, 3y?, 2%, 2y, Yz, 2x cho ta diéu gi 2, phai chiang nhiing hing ding
thitc ¢é dang : (az — by )’ > 0 < (az)* + (by)* = 20zby?.

® Phan tich :

ax® + ay’® > 2azy Ding thic xdy rakhi z = y

by? + c2* > 2Jbcyz Pang thite xdy ra khi by? = ¢z’

cz? + bx? > 2/chzz . Ding thic xdy ra khi ¢2? = bz’

a+b=3 =

a
Bay gio ta chon a,b,c saocho:<2c =1 << <b

a = be

C =

1
2
1
2
Giai :

72+ y2 > 2xy Pang thirc xdy rakhi z = y

1 , 1
2y* + 522 > 24z Ding thic xay ra khi 2y° = 522

1 , 1
522 + 22 > 22z . Déng thic xdy ra khi — 2° = 22°
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Cong vé theo vé ta dugc : 327 + 3y* + 2% > 2(zy + y2z + 22) = 32* + 3y* + 2> > 10(dpem).

fx:y
1
2 2
Ding thirc xay ra khi : =

L, 2 z =2
—2" =2
2
ry+yz+z2r=>5

Cho 3 sb thuc duong z,v,z thoamin T+ 1y + 2 = % Chimg minh ring : 3z% + 41 + 52% > %

Phan tich bai toan :

® Tru6e hét ta dé y mdi lién hé gitta 322,412,522, 2,v,2 cho tadidu gi 2, goi y: 32° + 4> + 5z% > 21325

duge bién ddi vé dang 32° + m+4y* +n+52" + p 2 k(0 <m <n < p <k = const)
® Phan tich :

3z% +m > 24/3ma,m > 0. Ding thic xay ra khi 32> =m

492 + n > 2J4ny,n > 0. Ding thic xay ra khi 4y = n

52° + p > 2./5pz, p > 0. Ding thic xay ra khi 52° = p

=2
3z =m ;
= 5
y=-—
4y* =n 14
Z =
Bay gio ta chon 2,7, 2 saocho: {5z> = p & 95
V3m =4n = [5p =g
A7 25
+y+z=— n=-=r
p=5
Giai :
3z +§ >2,(3. 25£E Ping thc xdy ra khi 322 25
3 3 3
4% + 245 >2,/4. %y Ding thirc xay ra khi 4y% = %
52° +5 > 24/5.52 . Ping thic xay ra khi 52% = 5.
Cong vé theo vé ta duge 322 + 41> + 5z* > 10(z +y + 2) 235 = 235 ( cm).

12
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=2

3

2 — . 5)

bang thirc xdy ra khi <y = 1
z=1

Cho 3 sb thuc khong am a,b, ¢ . Chimg minh rang : 1+ Yabc < %/(1 + a)(l + b)(l + c)
Giai :

1+¥abe < gf(1+a)(1+0)(1+c) & YLLT+abe <F(1+a)(1+b)(1+c)

1.1.1 abe <
Q?\’/(1+a)(1+b)(1+c) +§/(1+a)(1+b)(1+c) =1
1.1.1 abe

D‘f‘“T”J(m)(m)(m)”J<1+a><1+b><1+c>

T<1 1 + 1 + 1 +1 A b +-C
~3|14+a 1+b 1+c¢] 3|14+a 1+b 1+c
1la+1 b+1 c+1]| 1

<_ = — =
_3{1+a+1+b+1+c} 501

Dau dang thuc xayrakhi a =b=c > 0.

Tong quat :

Chimg minh ring v6i moi a;,b. > O(i =1, n)thi ta ludn ¢6 :

vfa,a,....... a, +¢bby....... b, < 1</(a1 + blj(al + b2) ........ (an + bn)

Cho 3 sb thuc duong a,b,c thoa mén a+b+c:1.Chlﬁ:ngminhrﬁng:(l—lj(%—lj(l—lj28.
a c
Giai :
VT = 1_1 1_1 1_1 :(1—aj'(1—bj'(1—cj:b+c'c+a'a+b
a b c a b c a b c
AM}GM 2\/% 2.Jca 2\/@
- a b ¢

VT = & (dpem)

Tong quét :
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Chirng minh rang : (i — 1] (l — 1] (l — 1] ........ (i — 1] >(n-1)".
z, T, T, z,

1 1 1
+

Cho 4 sb thuc duong a,b,c,d thoa ma + +
0 = SO TME Ao &G e O T T 140 14c 1+d

> 3. Ching minh rang :

! 21——1 +1——1 +1—1 = b+c+d
1+a 1+b 1+c 1+d 1+b6 1+c¢ 1+d

(
1 >3 bed
l+a 3(1+b)(1+c)(1+d)

cda

1+b 3\’/(1+c)(1+d)(1+a)

>3, dca
—0_3\/(1+d)(1+c)(1+a)

abc
d (1+a)(1+b)(1+c)

- (1+a)(1+b)1(1 +¢)(1+d) = 81(1 +a)(1 +CIEZ))E?+ c)(1+d) = abed < é

Tong quat :
Ty, Tyy Tyyorranrannnnn .z >0

Cho : 1 1 N 1 1
1+z, 1+z, 1l+z, 1+z

Bai tuong tu
Cho 3 s thuc duong a,b,c thoamén a +b + ¢ = 3 . Ching minh ring :
a b c .3

. + 2 .
CIrr 1+ T 1+a2 T2
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- b ¢ 53
a+b®> b+ c+a® 2
2 2 2
a b c
C. + + >1.
a+2b> b+2¢* c+2d°

Huéng dan :
a+b+c=3

“ 3(ab+bc+ca)<(a+b+c) = ab+bc+ca<3

a :a(1+b2)—ab2:a_ ab’ )
1+ b 1+ b 1+ b ¢ >¢-Y
1+b°>2b 1+b 2
b bc? be ¢ ca’ ca
T tu : :b— > -, — ——ZC__
tone 1+c? 1+c? 2'1+a? 1+ a? 2
. . a b c ab+bc+ca 3 3
Cong veé theo veé : + + >a+b+c—"—" T >3- =2,
ong ve e ve 1+ 1+¢® 1+a® ¢ ¢ 2 2 9

Cho 3 sb thuc duong a,b,c¢ thoa man a.b.c =1 . Ching minh rang :

a? b c 3
a. + + >
1+b)(1+¢) (I+c)(1+a) (I+a)(1+0b) 4
1 1 1
. <1
2+a 2+b+2+c
Huéng dan :
a.

Cho 3 s thuc duong a,b,c thoamén a + b +c =1 . Ching minh rang :
a’ b? c? S 1

+ >
b+c c+a a+b 2

Giai :
a’ b? c? 1 a’ b? c? 1
+ + > & +a)+ + +c)2=-+(a+b+
b+c c+a a+b 2 <b+c a) <c+a ) <a+b ¢) 2 (a ¢)
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2 2 2
a +Mb+@+ﬁ +Mc+@+f3+cm+b)21+1
b+c c+a a+b 2
a(a+b+c) bb+c+a) clc+a+bd)
+ +
b+c c+a a+b
a b c 3

= + + >—_via+b+c=1.
b+c c+a a+b 2

>3
2

Cho 3 sb thuc duong a,b,c thoamén a +b +c =1 . Ching minh rang :
ab be ca 1

a'a+b+2c+b+c+2a+c+a+2b_4'

Huéng dan :

., 1 1 4
a.Dung bat dang thoee — + = > .
8 8 a b a+b

Cho 3 sb thuc duong a,b,¢ . Ching minh rang :
a3 b3 &

1
>
“Carn)bro  Brocra) cra)ary 2@t
b @’ + b’ + ¢ >l(a+b+c)
“b(c+a) cla+d) alb+c) 2
Huéng dan :
a® a+b b+c_3 8a®
> >
Gib+o) 8 T8 24" @bt @b+ bre)zte
b b+c c+a_3 8b*
A 53 . S
a.Cach 1 : (b+c)(c+a)+ s T g _4b Céch 2: (b+c)<c+a)+(b+c)+(c+a)_6b
c c+a a+b_3 8¢c3
> >
cra)a+b) 8 T8 ~1° Cra)arp re)Hlarb)z6e
4a® a® b c+a_3
> 2 > 2
b@+a)+ﬂH{c+a)_&z b@+a)+2+ 1 250
4b* b c a+b_3
, . > A . _ > -
b. Céch 1: C(a+b)+2c+(a+b)_66 Céch 2: c(a+b)+2+ 1 _2b
4¢3 c a b+c_3
2 > d > 2
a(b+c)+ a+(b+c)=6¢ a(b+c)+2+ 1 25¢
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Cho 3sb thyc duong x,7,zthoa : x +y + z > 3 .Tim GTNN ciia

2 2 2
A=—2_ 4 ¥ L, %
N N e
(:z:+y+z)2

x? y2 z?
+ + > :
PR PN VN ol RN i Sy o
Taco: yz+\/£+\/££x+y+z.

2
2 2 2 THyY+2
Suyra: v + Y +— = > ( v ) =$+y+22§
T+ /yz Y+ z+ /xy rT+y+z+r+y+z 2 2
rT+y+z2=3
Pang thirc xay rakhi: <z =1y = 2z Sr=y=z2=1

r Yy oz
r+yz y+am 24y

Cho ba sé duong z,y,z théa man: z° + y° + z° = 3.Tim gi tri nho nhit cua biéu thuc:
5 5 5
x z
S=—"—+ Sy —+———+z' +y' + 2
y 2zt 2+t 2t +y

Ap dung BDT Cosi cho 3 sd taco:

z’ v+ 22 ozt 3
+ +

—>=g
y* + 2 4 2 2
5 3 2 4 5 3 2 4
+ 3 + 3
tuong tur B S ] 5 id T Y 2 52,8
22+ 2 4 2 27 Py’ 4 2 2
4 4 4
1 1
—+—2x2tu:orngtuy—+—2y2,z—+—222
2 2" 2 2 2 2
Cong ve véi vé cac BPT trén ta dugc
5 5 5
g — 3$ _ 3y —+ 32 2+:p4+y4+z4Zﬁ(:p?’+y3+z3)+§(ﬁc2+y2+z2)—§
Yy +z20 Z4+x 2T +y 4 4 2

Ma z° + 2° +1 > 32° hay 22° +1 > 32° twong tur 29° +1> 3y° , 22° +1 > 32°

Dodé,Q(x?’+y3+z3)23(:£2+y2+z2)—3=6:x3+y3+z323:52

N | ©

Daubingxayra < z=y=z=1
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Cho 3 sb thuc duong z,7,2 . Tim gia tri nho nhat cta biéu thirc

22 " 2
= + + .
2y+32)2z+3y) (22+3z)(2x+32) (22 +3y)(2y + 3z)
Gidi
a0 1 2 5, 2\, 1309 2\ _ 259 o
(2y + 32) (22 + 3y) —6(y +2z )+13yz£6(y +z )+7(y +2z )_7(y +z )
N 7’ S 277
2y +32)(22+ 3y) — 25(y* + 2%)
2 2 2 2
Y 2y z 2z
T tu: > > .
Hone (22 +32)(2z+32) ~ 25(2* +2%) 2z + 3y) 2y + 3z) — 25(2* +4?)
277 21 277 1 : 1
M > = 22— = M=—.
Bt B maE gy (733:2) 2 g = min M = o

z

A — >3
NS e e A

Véi ,y, 2 1a s6 dwong va 2.3z > 1 .Ching minh rang:

Hudng dan.

Pit a = vz,b = y,c =z

Bai toan trd thanh : a,b,¢1a s6 dwong va ab.c >1. Ching minh ring:

a’ N b N c S i
\/a2+bc \/b2+ac \/c2+ab _\/5
2
D@ thiy : a o ¢ (a o+ C) *

+ + >
\/a2+bc, ’\/bf+ac \/02+ab \/a2+bc +\/b2+ac +\/02+ab
Binh phuong hai vé bat dang thtrc:

2 2 4
VT2(*)2 (a+b+c) _ (a+b+c)
\/a2+bc+\/b2+ac+\/cz+ab [\/a2+bc+\/b2+ac+\/02+ab}2
S ((l+b+C)4 g (a+b+c)4 g (a+b+c)4

3(a2+b2+cz+ab+bC+a6)_3[(a+b+c)2—3(ab+bc+a0)} 3[(a+b+c)2—3}

2 2
(Vi ab+bc+acz33(abc) 23=t = (a+b+c) >29)

2 —_— —
Ta ¢6- t :3t+15+t 3+ 3 23.9+15Jr2 t 3. 3 :gjvjﬂ(*)zg
3(t - 3) 12 12 t-3 12 12 t-3 2 2

Dau bang xay ra khi 2 = y = z = 1 = diéu phai ching minh

Tong quat : ta c6 bai toan sau: véi =,z T (n > 2) la s6 duong va z .z,..t <1

12y W
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x
+ = >

&l z, n
mr: + + ... T .
/ / / 2
\/:El + 1:2.1:3...1'” \/1}2 + .flf3 .ZE4...IEn \/:Bn + :L’l.:L’2...:L’n_1

Cho 3 sb thuc duong a,b,¢ . Ching minh rang :

g+ 4t L 11
"a+3b b+3c c+3a 4a 4b  4dc’
1 1 1 1 1 1
. + + < — =+
a+b+2c b+c+2a c+a+20 4a 4b 4c
1 1 1 1[1 1 lj
c. + + <z Z+=42.
\/(a+b)(a+c) \/(b+c)(b+a) \/(c+a)(c+b) 2la b ¢
-d b-b b—-c c—a
d.2 + + + >0
d+b b+c c+a a+d
. s . N | 81
Cho x;y;2 € [0;1]. Chimg minh rdng : (2° + 2% +2 )(2_T+?+2_Zj<§
Giai :
bita =2°b=2",c=2° = a,b,c €[1;2]
o , s 1 1 1) 81
Bai toan tr6 thanh : Cho a,b,¢ € [1;2]. Chimg minh ring :(a +b + ) . + b +E < <
That vay :
1 1 1) 81 2 2 2) 81 2 2 2).9
b —+ -+ <= b S+ 2 <= b =
(a+ +C)(a+b+cj< 3 < (a+ +c)(a+b+cj< 1 <:>\/(a+ +C)(a+b+ j 5
1<a<26 (a-1)(0-2)S0 = -30+2<0 @ +2<3a S a+ > <3
Tuongtu:b+%£3,c+%£3
2 2 2
b <9 (1
= (a+ +c)+(a 5 Cj (1)

Ap dung bét dang thirc trung binh cong trung binh nhan :

= (a+b+c)+ (2 z 2j>2\/(a+b+c)(2 z 2) (2)

a C a C
. . 2 2 2 2 2 2 81
Tu:(1)Va(2)suyr32\/(a+b+c)(a 2 Cj<9<:>(a+b+c)(a+b+cj L 3)
2 . A \ 1 1 1 &1
Déng thire khong xay ra. (3) < (a +b + C)(E - 5 + J < — (dpcm).
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Cho a,b,c1a 3 sb duong thoa man ab + bc + ca = 3abc. Chimg minh rang:

ab N be N ca 3
A+ raPc+bP e i +bla+rcia A +ad+cb+a’d 4
Trich http://www.maths.vn

Giai :
ab+bc+ca=3abc<:>l+l+l=3
a b c
Véi a,b >0 taluén co a® +b* > ab(a +b) L sl.(l+1j
’ ‘a+b " 4\a b
va véi moi a,b taludn co a? +b* > 2ab.
ab ab <a_b 1 N 1
PP rale+ b abla+b)+(a* +b*)c ~ 4 | abla+b) (a*+b*)c
ab 1 1 171 1
= .S 5 |5 T
b(a +b) + (a® +b*)c 4 a+b (a +b) 4\a+b 2c
; ab 5 <L l+l 11 (1)
a” +b” +a’c+b 16\ a b 8 ¢
Tuong tu
be 1(1 1 11
S—|-+—|+== (2
b + ¢ +b%a + cta 16(6 cj 8 a )

2
1(1 1 1

3 36(12 2 S_(_"'_j A (3)

c+a’+cb+a’d 16\c a) 8b

Cong vé theo vé dang thie (1),(2)va(3) ta duoc dpem. Dau dang thirc xdy rakhi a =b =c =1.

Cho tam giac ABC ¢6 3 canh: AB =¢,BC =a,AC =b thoaman a® = b> + ¢*.Ching minh ring :
A 1a géc nhon va thod : 60° < A <90°.

Giai :
3 2
b b b
a,b,c >0 O<b<a 0<—<1 2 <E bY  reN (b c
= = a = :(—j +(—j <(—j +(—j
a®* =0+ |0<c<a g ¢ 4 CTIP a a
(5] <(2)
= < =1< 5

b>+c®—a
- . =a’<b’+c? = cosA=
a a a 2be

ad =03 +¢3 =(b+c)(b2—bc+c2)>a(b2—bc+02):>a2 >b% —be+c?

3, .3 2, 2 2, 2
b’ +c b"+c b +¢ 5 0= A<90"

2, .2 2 2, .2 2
u<1:>(30514:b+c—a<%:>14>600

be 2be
Vay 60° < A <90°.
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: A 1 1 1 1 1 1
Cho céc s0 thyc duong a,b,c théa man diéu kién : 15| —+ —+— | =10 — + — + — | + 2007
a® b a c ca

. et £ 1 1 1
Tim gid tri [6n nhat cua P = + +
J5a? +2ab +26° 56+ 2bc+2¢°  \5¢? + 2ca + 2°

Ap dung dang thuc : 1 + 1 + 1 >

T Yy 2 xHy+z

ba’ +2ab+2b" = (2a+b) +(a - b 2 (2a+0) = L <1 <1(1 : 1j

. Pang thire xay rakhi z =y = 2.

J5a? +2ab + 20> 2a+b 9

a a b
Ding thirc xay rakhi a = b

1 1 1(1 1 1]

< <= =+=4+=

Tuong tu : J50% +2be + 22 20+c 9(b b ¢
| 1 1 _1(1. 1 1

< <S—|=+=+=—

\/562+26a+2a2 2c+a 9lc ¢ a

DodéPsl l+l+l
3 b

2
Mitkhic: 1% U ¢ 2
1 1 1 ({1 1 1
— 4+ < |4+
ab bec ca 3la c

b
Ma gia thiét : 15 I S ) PRI I P
a? b? 2 (lb b

pods: 141,15 [6021
Cc

a 5
a=b=c 1 [6021
Drfmgthﬁ:cxéyrakhi: 1 1 1 6021 Sa=b=c=—,—
a b ¢ 5

1 /6021

Vay max P = —,|[——, khi 6021
3V 5

azbzc:l
3V 5



