Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Chuong 1 :

CAC BUOC DAU CO SO

D¢ bat dau mot cude hanh trinh, ta khong thé khong chuan bi hanh trang dé 1én duong.
Toén hoc cling vay. Muén khdm phd duoc céi hay va céi dep cua bét ding thirc luong
gidc, ta can c6 nhitng “vat dung” chic chin va hitu dung, d6 chinh 1a chwong 1: “Céc
buéc dau co s6”.

Chuong nay tong quét nhitng kién thirc co ban can c¢6 dé ching minh bét dang thuc
lugng gidc. Theo kinh nghiém cd nhin cta minh, tic gia cho rang nhitng kién thtc nay 1a
day di cho mot cudc “hanh trinh”.

Trudce hét 1a cic bat ding thic dai s6 co ban ( AM — GM, BCS, Jensen, Chebyshev

.2) Tlep theo 12 cdc dang thirc, bat dang thire li€n quan co ban trong tam gidc. Cubi cling
la mét s6 dinh 1y khéc 1a cong cu déc luc trong vi¢c chirng minh bat dang thtrc (dinh 1y
Largare, dinh Iy vé dau cta tam thirc bac hai, dinh 1y vé ham tuyén tinh ...)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1.1. Céc bat diang thirc dai s6 co bén :

1.1.1. Bat diang thice AM — GM :

Véi moi so thuc khong am q,,a,,...,a, taluon cé

a,+a,+..+a,
21la,a,..a,

n

Bt dang thirc AM — GM (Arithmetic Means — Geometric Means) la mot bat dang thirc
quen thudc va c6 g dung rdt rong rai. Pdy la bat dang thirc ma ban doc can ghi nhé ré
rang nhdt, né sé la cong cu hoan hdo cho viéc chirng minh cdc bat dang thirc. Sau ddy la
hai cdch chitng minh bdt dang thirc nay ma theo y kién chii quan ciia minh, tdc gia cho
rang la ngdn gon va hay nht.

Chirng minh :
Céach 1 : Quy nap kiéu Cauchy

Véi n =1 bat dang thirc hién nhién ding. Khi n = 2 bét ding thuc tré thanh

WT%Z a,a, & (\/Z—\/Z)Z 20 (dongl)

Gia str bt dang thirc ding dén n =k tirc 1a :

a,+a,+..+a,
p >klaa,..a,

Ta s€ ching minh n6é dung véi n = 2k . That vay ta co :
(@, + @+t a )+ (@ + Gy +otay) Ja +a, +..+a, Nag, +a,, +..+ay,)

2k k
- \/(kvalaz---ak xkvakﬂamz---azk )
B k
= Zﬁ/a,az...akakﬂ...az,(

Tiép theo ta s& chimg minh véi n =k —1. Khi d6 :

a, +a,+..+a,_, +aa,..a,_ = /’c"\/alaQ...ak_1 Ha,a,..a,_
=k aa,..a,_,
=a ta,+..ta, 2 (k —1)";}/61,612...61,(71

Nhur vay bat dang thirc dwoc chirmg minh hoan toan.
Dang thtic xdyra < a, =a, =...=a,

Cach 2 : (loi gidi cua Polya )
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

a, +a, +..+a,

Goi A =
r 2 n 1
Khi do6 bat dang thirc can chirng minh twong duong voi
a,a,..a, < A" *)
RS rang néu a,=a,=..=a, =A thi (*) co dau dang thirc. Gia str chung khong bang

nhau. Nhu vay phdi c6 it nhat mot s6, gia st 1a a, < A va mot s6 khéc, gia sa 1a a, > A
ticla a, <A<a,.

Trong tich P =a,a,...a, ta hdy thay a, béi a',= A va thay a, boi a',=a,+a, —A.
Nhu vy a',+a',=a, +a, ma d'|da',—a,a, = Ala, +a, — A)—a,a, = (a, — A)a, — A)>0
=a' a',>aa,
= a,a,a5..a, <a' a',as..a,

Trong tich P'=a'|a', a;...a, c6 thém thuira sO bang A.Néu trong P' con thira sd khac
A thi ta tiép tuc bién d6i dé c6 thém mot thira sd nita bang A . Tiép tuc nhu vay tdi da
n—1 1an bién d6i ta da thay moi thira sd P bang A va duoc tich A”. Vi trong qua trinh
bién dbi tich cac thira s ting dan. = P < A" .= dpcm.

Vidy L1LL

Cho A,B,C la ba goc cua mot tam giac nhon. CMR :

tanA+tanB+tanC23\/§
Loi gidi :
A+ B
Vi tan(A+B)=—tanC @Mz—tanc
1—-tan Atan B

= tan A+tan B+tanC =tan Atan Btan C
Tam gidc ABC nhon nén tanA,tanB,tanC duong.
Theo AM - GMtaco:

tanA+tanB+tanC233\/tanAtanBtanC =33\/tanA+tanB+tanC
= (tamA+tanB+tamC)2 > 27(tan A + tan B + tan C)

— tan A+ tan B+ tan C = 3/3
Ding thirc xay ra < A= B =C < AABC déu.

Vidu 1.1.1.2.

Cho AABC nhon. CMR :
cotA+cotB+cotC 2 \/5
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Loi gidi :

Taludn co: cot(A+B)=—cotC
cotAcotB—1
& ————=—cotC
cotA+cotB
& cot Acot B+cot BecotC+cotCcotA =1
Khi do :
(cotA—cotB)2 +(cotB—cotC)2 +(cotC—cotA)2 >0
= (cotA+cotB+cotC)2 > 3(cot Acot B+ cot Bcot C +cot Ccot A) =3

= cotA+cotB+cotC 2 \/5
Dau bang xay ra khi va chi khi AABC déu.

Vi dy 1.1.1.3.

CMR voi moi AABC nhonva ne N *ta lubn co :
n—1

tan” A+tan" B+tan" C 532
tanA+tan B+tanC

Loi giai :
Theo AM - GMtaco:
tan” A+tan” B+tan" C > 33\/(tanAtanBtanC)" = 33\/(tanA+ tan B+ tan C)"

n n n ~ n-1
= tan” A+tan” B+ tan” C 23%/(tanA+tanB+tanC)"73 233\/(3«/§)n ’ =32

tan A+ tan B+ tan C
= dpcm.

Vi dy 1.1.1.4.

Cho a,b ld hai s6 thuc théa :
cosa+cosb+cosacosb >0
CMR : cosa+cosb=>0

Loi gidi :

Taco:
cosa+cosb+cosacosb =0

& (1+cosa)(l+cosbh)>1
Theo AM - GM thi :
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
( +cosa)42r (L+cosb) > \/(1+ cosa)(l+cosb) >1

= cosa+cosb =0

Vidu 1.1.1.5.

Chitng minh rang véi moi AABC nhon ta ¢6 :
cos Acos B cos BcosC cos C cos A 2 A B B C C A \/g
+ + < sm—s1n—+s1n—s1n—+s1n—s1n— +—
A B B C NG 2 2 2 2) 2
COS — COS — COS —COS— cos — co
2 2 2 2 2 2

Loi gidi :

Taco
cos A
= sIin—cot—
2cos—
Z cos AcosB

e, - sinésinE EcotAcotB
4 A B 2 2 \4
COS—COS—
2 2

Theo AM — GM thi :

Ecos Acos B
4 <

sin—sin£+§cotAcotB
2 2 4
A B 2
4cos—cos—

cosAcosB 2 A. B 3
T T sm—sm—+4cotAcotB
coszcos—

Tuong tu ta co :

cosBcosC i

- \/_[smﬁsmg+ ZcothotC]
cos
2 2

cosCcos A 2 C A 3
—_\/_ sm—sm—+4cothotA
cos

2 2

Cong vé theo vé cac bat dang thirc trén ta dugc :
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

cosAcosB cos BcosC cosCcos A
B B C

COS — COS — COS —COS — COS— COS —
2 2 2 2 2

<2(.A.B _B.C .C.Aj\/g

< | sin —sin — + sin —sin — + sin —sin — |+ -——(cot A cot B+ cot Bcot C + cot C cot A)
J3 22 22 2 2) 2

(. A. B . B.C .C. A 3
= ——| SIn—S1n — + sin — sin — + S1n —S1in — +—:>de1'Il.
2 272 27 2

V3 2 2

Buéc ddu ta méi chi ¢é bat dang thire AM — GM ciing cdc dang thire lwong gidc nén
sikc dnh hwdng dén cdc bat dang thire con han ché. Khi ta két hop AM — GM ciing BCS,
Jensen hay Chebyshev thi né thwc sw la mét vii khi ding gom cho cac bdt dang thirc
luwong giac.

1.1.2. Bit diang thicc BCS :

..b,) taludn c6 :

Véi hai b s6 (a,,a,,...,a )V (b,
(a,b, +a,b, +.. +ab)£ va) et a, b 4D, 4t b )

Néu nhie AM = GM la “canh chim dau dan” trong viéc chimg minh bdt dang thirc thi
BCS (Bouniakovski — Cauchy — Schwartz) lai la “cdnh tay phai” hét sirc ddic lyc. Vi
AM — GM ta lubn phdi chii y diéu kién cdc blen la khong am, nhung doi véi BCS cdc
bién khéng bi rang bugc boi diéu kién do, chi can la sé thiee ciing diing. Chimg minh bat
ddng thirc nay ciing rat don gian.

Chirng minh :
Cach 1:

Xeét tam thurc :
f(x)z(a,x—b,)2+(a2x—b2)2+...+(anx—bn)2
Sau khi khai trién ta c6 :
f(x)= (al2 +a, +...+an2)x2 ~2(ab, +ab, +..tab x+(b+b, +...+bn2)
Mat khac vi f(x) 20Vxe R nén :
A, <0 (ab +ab, +..+a,b,) < <(a’+a) +ta o2 +b, +..4b,) = dpem.

, a
Ping thurc xay ra (:)—'=—2=...=
g y b b,

=0 thiq,=0)

Céach2:
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Str dung bat ding thitc AM — GM ta c6
a’ b’ 2a,b,|
2 2 l 2 + 2 2 l 2 2
a +a, +..+a,” b~ +b +..+b, \/(a12+a22+ +a, )b +b, +..+b,7)
Cho i chay tir 1 dén n roi cong vé ca n bat dang thue lai ta c6 dpem.
Pay ciing la cdch chitng minh hét sirc ngdn gon ma ban doc nén ghi nhé!

Bay gio voi sw tiép sirc cua BCS, AM - GM nhu degre tiép thém nguon sirc manh, nhu
hé moc thém canh, nhw rong moc thém vay, phat huy hiéu qua tam dnh hweong ciia minh.
Hai bdt ddng thirc nay bi dap bo sung hé tro' cho nhau trong viéc chirng minh bat dang
thirc. Chiing dd “ludng long nhdt thé”, “song kiém hop bich” céng phd thanh cong nhiéu
bai toan kho.

“Trdm nghe khong bang mét thay”, ta hdy xét cdc vi du dé thdy ré diéu nay.

Vidu 1.1.2.1.

CMR voi moi a,b,a taco :

2
(sin + acosa)(sina +bcosa) < 1+(a;—bj

Loi gidi :

Taco:
(sin @+ acos)(sin @ +bcos ) = sin* & + (a + b)sin awcos & + abcos* &
l1-cos2a (a+b) . 1+cos2a
= 5 + sin 2o + ab———

= %(1 +ab+(a+b)sin2a + (ab—1)cos2c) (1)
Theo BCS taco6 :

Asinx+Bcosx<VA*+B* (2)

Ap dung (2) taco:

(a+b)sin2a + (ab —1)cos 2 < \/(a+b)2 +(ab-1) = /(a2 +1)p* +1) (3)

Thay (3) vao (1) ta duoc :

(sin0!+czcosa/)(sin05+bcos0!)S%(1+ab+w/ia2 +1ib2 +1i) (4)

Ta s& ching minh bét dang thirc sau ddy véi moia, b

2
%(1+ab+\/ia2+lib2+1i)£1+(a;b) 5)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

That vay :

2 2
(5) @l+%+lw/ia2+lib2+li£1+a b ab
2 2 4 2

2

<:n/iaz+lkbz+1i<M
T2
2 2
@1/ia2+1ib2+1is(“ ”)Z(b +1) (6)

Theo AM — GM thi (6) hién nhién diing = (5) dting.
Tir (1) va (5) suy ra voi moi a,b, o tacod :

(sin@ + acosa)(sina +bcosa) < 1+(a;—bj

Ping thirc xay ra khi xay ra dong thoi dau bang o (1) va (6)

@ =p? A=l fll=b
it C,H_b :ab—l It t1ga = ath < cx:larctga-l_b+k£ (keZ)
sin2 cos2a ab—1 2 ab—1 2

Vidu 1.1.2.2.

Cho a,b,c >0 va asinx+bcosy=c. CMR :

a b a b a’+b’

2 : 2 2
in 1 1
cos x+s Y < c

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

2 2 2
1—sin x+1—cos ysl 1 ¢
a b a b a’+b’
sinzx+cos2y2 302 : ()
a b a +b

Theo BCS thi :
(a,b, +ab) (a, +a, Xb +b, )

4 _sinx 4. =08y
voi ‘ \/Z’ ’ JZ
b—a\/_

:(sm A y] asmx+bcosy)

do a® +b* >0 va asinx+bcos y =c = (*) dang = dpcm.

The Inequalities Trigonometry
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

B . a, a sinx cos

bang thirc xdy ra & — =2 & —-= 2)’
b, b, a b

sinx _cosy

&9 a’ b

asinx+bcosy=c

sin a’c
X=——-
a’+b°
= 5
cos be
y=—173
a’+b’

Vidy 1.1.2.3.

CMR voi moi AABC ta co :

2 2 2
ﬁ+\/§+&s1/%

V6i x,v,z la khodng cdach tir diém M bdt ky nam bén trong AABC dén ba canh
BC,CA,AB.

Loi gidi : A
Taco: P

SABC :SMAB+SMBC+SMCA Q/ 4
S vian i S e i S yica —1 h,
Sasc Sasc  Sasc X C
Z X B H

A - N
hc hb ha

—h +h+h = +h+h ) —+2+>
h h, h

a b c

Theo BCS thi :

ﬁ+ﬁ+&:m\/%+ﬁ\/\/%+\/h>c\/%5\/(h<,+hb+hc)(;:+2;+hi]:«/ha+hb+hc

ma S =%aha =%absinC:>ha =bsinC, h,=csinA , h,=asinB

ab be ca
2R 2R 2R

= \/ha +h, +h, :\/(asinB+bsinC+csinA) =\/

Tu ddsuyra:

2 2 2
\/;+\/;+\/ES /czbwL;)Ic:rcaS /a +;9R+c — dpem,
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwong giac

Chuwong 1 Cdc buéc diu co so

. a=b=c 5 .
Dbang thirc xay ra khi va chi khi { & AABC déu va M 1a tam noi tiép AABC .
X=y=z

Vidu 1.1.2.4.

Chitng minh rang :

Jcos x ++/sin x < 4\/§ Vxe [0;%)
Loi gidi :
Ap dung bét dang thirc BCS lién tiép 2 1an ta c6 :
(\/ cos x ++/sin x)4 <((1? + 17 )cos x +sin x))°
< +12) (1> +1fcos® x +sin> x)=8
= +Jcos x ++/sinx <4/8

Dang thirc xdy ra khi va chi khi x=—

Vi dy 1.1.2.5.

Churng minh rang voi moi so thuc a va x ta co

|(1—x2)sina+2xcosa| <1
1+ x?

Loi gidi :
Theo BCStaco:
((1-x*)sina +2xcosa) < ((1 —x*) +(2x) Xsin2 a+cos’a)
=1-2x" +x* +4x* =1+2x" +x*
= ((1-x?)sina +2xcosa)’ <(1+x2)
|
|

(l—az)sina+2xcosa| <1
1+x° ‘
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1.1.3. Bit diang thirc Jensen :

Ham sé y = f(x) lién tuc trén doan [a,b] va n diém x,,x,,.,x, tiy y trén doan
[a,b] taco:
i) f"(x)>0 trong khoang (a,b) thi:

fG)+fx)+.+ fx,) an(xl +x, +...+xnj
n
ii) f"(x)<O0 trong khosng (a,b) thi :

FO)+ f)+.+ f(x,) an(xl +x2:...+xnj

Bat ddang thitc AM — GM va bdt dang thite BCS thdt sw la cdc dai gia trong viéc chimg
minh bat dang thirc néi chung. Nheng riéng doi véi chuyén muc bat dang thirc lirong gidc
thi d6 lai tré thanh san choi riéng cho bat dang thirc Jensen. Dii ¢6 vé hoi khé tin nhung
dé la sw that, dén 75% bat dang thirc lwong gidc ta chi can néi “theo bdt dang thirc
Jensen hién nhién ta cé dpcm”.

Trong phat biéu cia minh, bdt dang thirc Jensen cé dé cdp dén dao ham bdc hai,
nhiung dé la kién thire cua 16p 12 THPT. Vi vdy né sé khong thich hop cho mét sé doi
tuwong ban doc. Cho nén ta sé phat biéu bat dcfng thiec Jensen dwoi mot dang khac :

Cho f:R* — R théa man f(x)+f(y)22f(x+Ty] Vx,ye R* Khi dé véi moi

XXy, X, € R" ta c6 bat dang thirc :

f(x1)+f(x2)+...+f(xn)2nf(

X, +x2+...+xnj

n

Sw thdt la tac gia chwea tirng tiép xiic v6i mot chieng minh chinh thirc ciia bat dang thire
Jensen trong phdt biéu c¢é f"(x). Con viéc chitng minh phdt biéu khong sir dung dao
ham thi rdt don gian. N6 sir dung phwong phdp quy nap Cauchy twong tir nhw khi chirng
minh bat dang thirc AM — GM. Do do tdc gia sé khong trinh bay chirng minh ¢ day.

Ngoai ra, 6 mot 56 tdi liéu cé thé ban doc gap khai niem 16i 16m khi nhdc t6i bat dcfng
thirc Jensen. Nhung hién nay trong cong dong todn hoc van chwea quy wéc ré rang dau la
161, dau la 16m. Cho nén ban doc khéng nhat thiét quan tam dén diéu dé. Khi chiing minh
ta chi can xét f''(x) la di dé sir dung bat dang thirc Jensen. Ok! Mdc di bat dang thirc
Jensen khong phdi la mot bat dang thire chdt, nhung khi c6 ddu hiéu manh nha ciia né
thi ban doc cw tuy nghi sur dung .
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Truong THPT chuyén Ly Ty Trong — Can Tho Bat ding thirc lwong giac

Chuwong 1 Cdc buéc diu co so
Vidu 1.1.3.1.

Chitng minh rang véi moi AABC ta ¢6 :
sin A+sin B +sinC S%
Loi gidi :

Xét f(x)=sinx voi xe (0;7)
Tacd f"(x)=—sinx <0 Vxe (0;7). Tir d6 theo Jensen thi :

f(A)+ F(B)+ £(C)< 3f[$] =3Sm§= 343

— = dpcm.
5 p
Ding thirc xay ra khi va chi khi AABC déu.

Vi dy 1.1.3.2.

Chitng minh rang véi moi AABC déu ta ¢o :

tané+tan£+tan£2\/§
2 2
Loi gidi :
. . /4
Xét f(x)=tanx véi xe(O;Ej

Tacod f'(x)= 281?)( >0 Vxe (O;ZJ. Tur d6 theo Jensen thi :
CoS” X 2

AB.C
A B ¢ 2 2 2
53 a5)e 252

Ding thirc xay ra khi va chi khi AABC déu.

=3sin% = \/gzdpcm.

Vi dy 1.1.3.3.

Chitng minh rang véi moi AABC ta ¢6 :

242 242 242
(tan gj + (tan g] + (tan %) >32

Loi gidi :
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BAt ding thirc lwong giac

Truong THPT chuyén Ly Ty Trong — Can Tho 1
Chwong 1 Cdc buoc dau co so

Xét f(x)=(tan x)Zﬁ VOl x € (0;%)
Taco f '(X) =22 (1 +tan’ x)(tan x)2ﬁ_1 =22 ((tan )C)Zﬁ_1 + (tan x)zﬁ+1 )
)= 2\/5((2\/5 - 1)(1 + tan” x)(tan )74 (2\/5 + 1)(1 +tan’ x)(tan x)? )> 0
Theo Jensen ta co :
A B C
AV, /(B A€ 2 272
>y — — | 23f| =¥—~t—=
f(zj”{z}f[zj U

Ding thirc xay ra khi va chi khi AABC déu.

ju 22
= ?{Ig gj =37 5 dpcm.

Vi du 1.1.3.4.

Chitng minh rang véi moi AABC ta ¢6 :

siné+sin£+sin%+tané+tan§+tan%2%+\/§

Loi giai :

Xét f(x)=sinx+tanx véi xe (0;%)

. 4
Ta cod f"(x)=smx(1 4COS x)>0Vxe(0;£]
cos” x 2
Khi d6 theo Jensen thi :

A.B.C
A B C 2 2 2
53l 5 )2 232

Ding thirc xay ra khi va chi khi AABC déu.

T T 3
=3| sin— + tan — =—+\/§:>d cm.
(1 6 6) 2 P

Vi dy 1.1.3.5.

Chitng minh rang véi moi AABC nhon ta ¢6 :

(sin A)Sin “(sin B)Sirl (sinC )Sm > (gj ’

Loi gidi :

Ta co
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
{sin2 A+sin® B+sin® C =2+2cos Acos BcosC

sin A+sinB+sinC >sin* A+sin’> B+sin’ C

33

va sinA+sinB+sinCST

33

:>2<sinA+sinB+sinCST
Xét f(x)=xInx véi xe (0;1]
Tacd f'(x)=Inx+1
f"(x):l >0 Vxe (0;1]
X

Bay gio voi Jensen ta dugc :
sinA+sinB+sinC ln[ sina +sin B +sin Cj < sin A(Insin A)+ sin B(Insin B)+ sin C(Insin C)
3 3 B 3

sinA+sinB+sinC s Adsin Bisin €
=S ln( 3 j

<In(sin A)™* +In(sin B)"™® + In(sin C)™ ¢

. . . sin A+sin B+sin C
o hll:( sin A + sn; B+sinC j :l < ln[(sin A)sin A (sin B)sin B (sin C)sin c]
(sin A +sin B +sin C)*™" A*n B¢

3 sin A+sin B+sin C

< (sin A)Sin A(sin B)Si" (sinC )Si" ¢

. . . 343
c 2sin A+sin B+sin C 2 sin A+sin B+sin C 2 T\F
. inA B( . Si
= (sin A)™* (sin B)™’ (sinC)™" > = = (—j > (—]

3 sin A+sin B+sin C 3 3

= dpcm.

1.1.4. Bat diang thirc Chebyshev :

Véi hai diy so thwe don di¢u cung chidu a,,a,,...,a, va b,,b,....b, thitacé :

ab, +a,b, +..+ab, > %(a1 +a,+..+a, )b, +b,+..+b,)

Theo kha nang cua minh thi tac gia rdt it khi sir dung bdt dang thirc nay. Vi trudc hét
ta can dé y 101 chiéu ciia cdc bién, thirong phdi sap lai thir tw cdc bién. Do dé bai todn
can co yéu cau doi ximg hodn toan gitta cdc bién, viéc sdp xép thir ty sé khong lam mat
tinh tong qudt cua bai toan. Nhung khong vi thé ma lgi phu nhdn tam anh huong cia bdt
dding thirc Chebyshev trong viéc chirng minh bdt dang thirc lwong gidc, mdc dit né c¢6 mot
chitng minh hét sirc don gian va ngdn gon.
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Chirng minh :
Bang phén tich tryc tiép, ta c6 dang thic :
n(a,b, + a,b, +..+a,b, )—(a, +a, +..+a, )b, +b, +..+b, )= Z(ai —-a; )(bi —bj)Z 0

i,j=1
Vihai day a,,a,,...,a, va b,,b,,...,b, don diéu cung chi€u nén (ai —aj)(b[ —bj)z 0

Néu 2 day a,,a,....a, va b,,b,,...b, don diéu nguwoc chiéu thi bt dang thirc doi

chiéu.

Vidu 1.1.4.1.

Chitng minh rang véi moi AABC ta c6 :
aA+bB+cC S
a+b+c 3

Loi gidi :

Khong mat tinh téng quét gia si :
a<b<ces A<B<LC

Theo Chebyshev thi :
(a+b+cj(A+B+st aA+bB+cC
3 3 3
aA+bB+cC > A+B+C _z
a+b+c 3 3

Ding thirc xay ra khi va chi khi AABC déu.

Vidu 1.1.4.2.
Cho AABC khéng cé goc tiiva A, B, C do bang radian. CMR :
sinB sinC
+
)

3(sin A +sin B+sin C) < (A+B+C)(SH:‘A+

Loi gidi :

X

Xét f(x) =22 g xe[o;ﬂ

Taco f'(x)= Cosx(x;tanx) <0 Vxe (0;%}
X
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Vay f(x) nghich bién trén (o;’ﬂ

Khong mat tong quat gia sir :
ASB>C— s1nAS sin B < sinC
) o A B C
Ap dung bat dang thirc Chebysheyv ta co :
‘WA SinB i
(A+B+ C)(SIZ + SH; + sn(;C] > 3(sin A + sin B + sin C) = dpcm.
Ding thirc xay ra khi va chi khi AABC déu.

Vi du 1.1.4.3.

Chitng minh rang véi moi AABC ta c6 :
sinA+sin B+sinC < tan Atan Btan C
cosA+cosB+cosC 3

Loi gidi :
Khong mét tong quat gia st A> B >C
tanA>tan B >tanC
cosA<cosB<cosC

Ap dung Chebyshev ta c6 :
[tanA+tanB+tanC](cosA+cosB+cost > tan Acos A+tan Bcos B+ tan Ccos C

3 3 B 3
sinA+sin B+sinC < tanA+tan B+tanC

cosA+cosB+cosC 3
Ma ta lai c6 tan A +tan B +tan C = tan Atan B tan C
= dpcm.
Ping thirc xay ra khi va chi khi AABC déu.

Vidu 1.1.4.4.

Chitng minh rang véi moi AABC ta c6 :

in2A+sin2B +sin?2
2(sin A+sin B+sinC) > 3 sin o sin 2€
2 cosA+cosB+cosC

Loi gidi :

Khong mat tong quat gia st a <b<c
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
sin A <sin B <sinC
cosA =cosB =cosC

Khi d6 theo Chebysheyv thi :
(sinA+sinB +sian(cosA+cosB+cost S sin Acos A + sin Bcos B +sin C cos C

3 3 3
sin2A +sin2B +sin2C
cosSA+cosB+cosC

= 2(sinA+sinB+sinC)2%

= dpcm. i
Dang thirc xay ra khi va chi khi AABC déu.

1.2. Cac dang thirc bat diang thirc trong tam giac :

Sau ddy la hau hét nhitng dang thire, bdt dang thirc quen thugc trong tam gidc va trong
lwong gidc dwoc dung trong chuyén dé nay hodic rdt can thiét cho qud trinh hoc todn cua
ban doc. Céc ban c6 thé ding phan nay nhw mot tir dién nhé dé tra ciru khi can thiét. Hay
ban doc ciing ¢6 thé chirng minh tdt ca cdc két qua nhw la bai tdp rén luyén. Ngodi ra toi
ciing xin nhdc véi ban doc rang nhitng kién thirc trong phan nay khi ép dung vao bai tdp
déu can thiét duoc chung minh lqi.

1.2.1. Ping thirc :

a b ¢

—=——=—""=12R

sinA sinB sinC
a* =b*+c* —2bccos A a=bcosC +ccosB
b* =c¢? +a’*—-2cacosB b=ccosA+acosC
ct=a’>+b*>=2abcosC c=acosB+bcos A

S= la.ha = lb.hb = lc.hc
2 2 2

= lbcsinA = %ca sin B =%absinC

:a—bC:ZR2 sin A sin Bsin C = pr
4R
:(p—a)ra :(p_b)rb :(p_c)rc

=Jp(p-a)lp-b)p-c)
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Truong THPT chuyén Ly Ty Trong — Can Tho

BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

2bccosé
2 2 2 l -2 r:(p—a)tané
m2:2b +2c° —a a P 5
a 4 B B
2¢2 +2a> — b2 2cacos— =(p—b)tan5
mb2= l, = 2
4 c+a _ C
2a2+2b2_c2 —(p—C)tanE
m’ = 2abcos —
' 4 ] =2 . A. B
c =4Rsin—sin —sin—
a+b 2
A-B
tan| ———
a—b _ 2
a+b A+B 2, 2 2
tan cotA:—b rtc —d
2 48
B—C 2 2 g2
tan cotp= T4 b
b—C_ 2 48
b+c B+C a+bh?—c?
tan cotC=————
2 48
— 2 2 2
tan c-4 cotA+cotB+cotC:u
c—a _ 2 48
c+a C+A
tan
2
sinA = [(P=bXp=c) P ) cosA_ [Plp-a) Ao [(e=blp-c)
2 2 be 2 p(p-a)
nl ,/p lp-a) cos B = |Plp=D) B [p=clp-a)
2 ca 2 p(p—b)
_ /LP—” cos & = [Plp=c) € _ [(p=alp—b)
ab 2 ab 2 plp—c)
sin A+sin B+sinC = 4cos—cos£cos£:£
2 2 2 R

sin2A +sin2B +sin2C = 4sin A sin Bsin C

sin? A+sin’ B+sin® C = 2(1+cos Acos Bcos C)
cos A+cos B+cosC =1+4sinésin§sin£= 1+=
2 2 2 R

cos> A+cos’ B+cos’C=1-2cos Acos BcosC
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

tanA+tan B+tan C =tan Atan Btan C
A B C A B C

cot—+cot—+ cot— = cot—cot—cot—
2 2 2 2 2 2

A B B C C A
tan —tan—+tan—tan—+tan—tan— =1
2 2 2 2 2 2

cotAcotB+cotBcotC+cotCcotA=1

sin(2k +1)A +sin(2k +1)B + sin(2k +1)C = (= 1)" 4 cos(2k + 1)§cos(2k + 1)§cos(2k + 1)%
sin 2kA + sin 2kB + sin 2kC = (—1)""" 4sin kA sin kBsin kC
cos(2k +1)A + cos(2k +1)B + cos(2k +1)C =1+ (—1)  4sin(2k + 1)§sin(2k + 1)§sin(2k + 1)%

c0s 2kA + cos 2kB + cos 2kC = —1+ (- l)k 4 cos kAcos kBcoskC
tan kA + tan kB + tan kC = tan kA tan kB tan kC
cot kAcot kB + cotkBcot kC + cotkCcotkA =1

tan(2k + 1)§tan(2k + 1)? + tan(2k + 1)§tan(2k + 1)% + tan(2k + 1)% tan(2k + 1)% =1

cot(2k + l)g +cot(2k + 1) +cot(2k + 1) = cot(2k + l)gcot@k + l)gcot(% + 1)%

cos” kA +cos” kB + cos’ kC—1+( )ZCoskAcoschoskC
sin” kA +sin” kB +sin’ kC=2+(—1)k+1200skAcoschoskC

1.2.2. Bat dang thic :

|a—b|<c<a+b a<bhbe A<B

|b—c|<a<b+c b<ce= BLC
|c—a|<b<c+a csaeC<A
A B
3 cos—+cos—+cos—<i
cosA+cosB+cosC < — 2 2 2 2
2 A B .C._3
3\/5 sin—+sin—+sin— < —
sinA+sinB+sinCST 2 2 2 2
A B C
e - = >
tan A+ tan B + tan C = 3+/3 tan2+tan2+tan2_\/§
cot A+cot B+cotC >+/3 coté+cot§+cot£23\/§
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

2A ZB 2C
cos” —+cos’ —+cos’ —
2 2

3
cos® A+cos* B+cos’C ZZ

.,A .,B . ,C
9 sin“ —+sin“ —+sin” —
sin> A+sin’ B+sin° C <= 2 2

4 , C

) ) ) tan2é+tan B+tan —21
tan“ A+tan" B+tan“ C 29 2

2 2 2 A B C
cot” A+cot” B+cot” C =1 cot25+cot2—+cot2—

1 cosécosﬁcos—<i

cosAcosBcos C £ — > > > 3
.A. B . C 1
sinAsinBsinCS% s1nEsmEsmES§
A A A 1

tanAtanBtanC23\/§ tan—tan—tan—<T

1
tAcotBcotC < —— A A A
coLALOLEo 3\/5 cotEcotEcotEZ%/g

1.3. M6t s6 dinh ly khac :
1.3.1. Dinh ly Lagrange :

Néu ham s6 y = f(x) lién tuc trén doan [a;b] va c¢6 dao ham trén khoing (a;b)
thi ton tai 1 diém ce (a;b) sao cho :

f)=fla)=f(c)b-a)

Néi chung véi kién thicc THPT, ta chl co cong nhan dinh ly nay ma khong chirng minh.
Vi chitng minh ciia né can dén mét sé kién thirc ciia todn cao cdp. Ta chi can hiéu cich
diing né ciing nhitng diéu kién di kém trong cdc truong hop chimg minh.

Vi dy 1.3.11.

Chitng minh rang Ya,be R,a < b thi ta ¢6 :

|sinb —sin a| < |b - a|

Loi gidi :
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
Xét f(x)=sinx= f'(x)=cosx
Khi do theo dinh ly Lagrange ta co
Jee (a;b): f(b)- f(a)=(b—-a)cosc
= [sinb—sina| <|p—d|cosc|<[p—a| °

= dpcm.

Vi dy 1.3.1.2.

Voi 0<a<b.CMR :
b—a b b-a
<In—<
a a

Loi gidi :

Xét f(x)=1Inx, khido f(x) lién tuc trén [a;b] kha vi trén (a;b) nén :

Elce(a;b):m=f'(c)=l vi a<c<b nén +<icl
-a c b ¢ a
Tur do l<M<l:b_a<ln2<b_a:>a‘pcm.
b b—a a b a a
Vi du 1.3.1.3.
/1
Cho 0<,B<0:<5.CMR:
05—2 <tana —tan B < 0!—2,5
cos” f3 cos” o

Loi gidi :

Xét f(x)=tanx lién tyc trén [,8;0{] kha vi trén (B; ) nén theo dinh ly Lagrange

EICE(16,;0{):f(05)—f(,3)=f,(c):tanoz—tanﬁ= 12 1)
a—pf a-f cos’c
Vi B<c<a nén 1 LR (2)

<
cos’ B cos’c cos’a
Tur (1)(2) = dpem.

Vi du 1.3.1.4.
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

1 x+1 1 X
CMR néu x>0 thi (1+—j >(1+—j
x+1 X

Loi gidi :
Xét f(x)= xln(l +1j = x(In(x+1)=Inx) Vx>0
x

Tacod f'(x)=In(x+1)—Inx—

x+1
Xét g(r)=1Inr lién tuc trén [x;x+ 1] kha vi trén (x;x+1) nén theo Lagrange thi :
dce (x;x+1):—ln(x+1)—lnx = g'(c)>—1
(x+1)—x x+1

= f'(x):ln(x+1)—1nx—L>o
x+1

véi x>0= f(x) ting trén (0;+ o)

:>f(x+1)>f(x):>ln(1+%jx >1n[1+ljx

X+ X

x+1 X
:>[1+ ! j >[l+lj
x+1 X

= dpcm.

Vi dy 1.3.L5.

Chitng minh rang Nne Z" ta ¢6 :

Jerr
n*+n+l n’+1

2—£ arctan
n-+2n+2

Loi gidi :

Xét f(x)=arctan x lién tuc trén [n;n + 1]

= f'(x)= ! - trén (n;n+1)Vne zZ*
I+x

Theo dinh ly Lagrange ta co :
Jee (n;n+1):f'(c)= flnt1)-fln)

(n+1)—n

=

n+l—-n
- = arctan(n + 1) —arctann = arctan| ———

I+c¢ 1+(n+1)n

1 1
= 5= arctan[z—j
1+c¢ n"+n+1
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
Péy ce(nn+l)=1<n<c<n+1
=n’<c’ <(n+1)2
en+l<c’+1<n’ +2n+2
1 1 1
< <

n+2n+2 c*+1 n*+1

1
<
n2+n+1j n®+1

n®+2n+2
= dpcm.

< arctan(

1.3.2. Pinh 1y vé dau ciia tam thirc bic hai :

Cho tam thirc f(x)=ax® +bx+c (a #0) va A=5b* —4ac
-Néu A <0 thi f(x) cung diu véi hé sb a, véi moi sé thure x.
x)

\ A g e b
cung diu voi a voi moi x;t—z—.
a

-Néu A>0 thi f(x) cé hai nghiém x,,x, va gia sit x, < x,.Thé thi f(x) cung dau

-Néu A=0 thi f(
v6i a véi moi x ngoai doan [x, ;xz] (tirc 12 x < x, hay x> x,) va f(x) trai ddu véi a
khi x & trong khoang hai nghiém (tirc 1a x, <x<x,).

Trong mot sé truong hop, dinh Iy ndy la mét cong cu hét siec hiéu qua. Ta sé coi biéu

thirc can chitng minh la mot tam thire bdc hai theo mot bién roi xét A. Véi dinh ly trén thi
cdc bat dang thirc thuong roi vao truong hop A <0ma it khi ta xét A > 0.

Vidy 1.3.2.1.

CMR Vx,y,z€ R va AABC bd'tk)‘/ta co :
cosA cosB cosC _x*+y* +2z°
+ + <

X y z 2xyz
Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
x> - 2x(ycosC + zcosB)+ (y2 +7°— 2yzcosA)2 0
Coi day nhu 1a tam thirc bac hai theo bién x.
A'=(ycosC + zcos B) — (y2 +2z° —2yzcos A)
=—(ysinC—zsinB)* <0
Vay bét dang thire trén dng.
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Ding thirc xay ra khi va chi khi :
ysinC = zsin B . . .
S x:y:z=sinA:sinB:sinC=a:b:c
x=ycosC+zcosB
tuc x,y,z la ba canh cua tam giac tuong duong véi AABC .

Vi dy 1.3.2.2.

CMR Vxe Rva AABC bdt ky ta c6 :
1
14+—x* > cos A+ x(cos B+cos C)

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
x> =2x(cos B+cosC)+2—2cos A>0

A'= (cos B + cos C)2 —2(1-cos A)

2
= 2cosB+CcosB_C —4sinzé
2 2 2
=4sinzé coszB_C—l
2 2
B-C

<0

A
= —4sin” —sin?
2

Vay l?ét dang thirc trén ding.
bang thirc xay ra khi va chi khi :

A=0 B=C
=
x=cosB+cosC x=2cosB=2cosC

Vi du 1.3.2.4.

CMR trong moi AABC ta déu c6 :
a+b+ CT

absin® A +bcsin® B + casin® C S( 5

Loi gidi :
Bét dang thirc can ching minh tuong duong véi :
a® +2a(bcos2A +ccos2C)+b* + ¢ +2bccos 2B = 0

A'=(bcos2A +ccos2C) — (b2 +¢? +2bccos 2B)
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

= —(bsin2A +¢sin2C)’ <0
Vay bt dang thirc dugc ching minh xong.
Vidu 1.3.24.

Cho AABC bt ky. CMR :

cosA+cosB+cosCS%

Loi gidi :
B+ B -
bét k =cos A+cos B+cosC =2cos 2Ccos 2C—cos(A+B)
=N 20052A—;B—2005A_BCOSA+B+k—1=0

A+B .
Do d6 cos la nghiém cua phuong trinh :

2x? —=2cos x+k-1=0

, A+ B

Xét A'= cos —2(k —1). Dé ton tai nghiém thi :

A'20<:>2(k—1)SCOSZ%S13kS%

:>cosA+cosB+cosCS%

=dpcm.

Vi dy 1.3.2.5.

CMR Vx,ye Rtaco :

. . 3
s1nx+smy+cos(x+y)£5

Loi gidi :

xX+y

+y x_y+1—23inzT

< . . . X
Pit k =sin x+sin y +cos(x + y) = 2sin cos

Khi do6 sin x; Y 1a nghiém cua phuong trinh :

23t —2cos— x+k—1=0
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Truong THPT chuyén Ly Ty Trong — Can Tho BAt ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so
=A=1-2(k-1)>0
=k < 3
2

=dpcm.

1.3.3. Pinh 1y vé ham tuyén tinh :
Xét ham f(x)=ax+b xac dinh trén doan [o; 5]
Néu {f(a) =k

f(B)=k
thi f(x)>k Vxe [a;B].

(ke R)

Pay la mot dinh Iy kha hay. Trong mét so truwong hop, khi ma AM — GM da bé tay,
BCS da dau hang vo diéu kién thi dinh [y vé ham tuyén tinh mdi phat huy heét sirc manh
cua minh. Mot phat biéu het sirc don gian nhung do lai la 10i ra cho nhiéu bai bat dang

thirc kho.

Vi dy 1.3.3.1.

Cho a,b,c la nhitng 56 thue khong am thoa :
a’+b>+c’ =4

CMR : a+b+c£%abc+\/§

Loi gidi :
Ta viét lai bt dang thirc can ching minh dudi dang :

[1—%bc]a+b+c—\/§go

Xét f(a)

Khi d6 :
F0)=b+c—v8 <2 +¢?)-V8=+8-+8=0
f(2)=2-bc+b+c—-8=2-8<+/8-8=0

Via=2b=c=0)
Vay f(a)<0 Vae [0;2]= dpem.
Ping thirc xay ra khi va chi khi a =0,b=c¢ =0 va cac hoan vi.

(1—%bcja+b+c—\/§ voi ae [0;2].
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwgng giac
Chwong 1 Cdc buoc dau co so

Vi dy 1.3.3.2.

CMR Na,b,c khong am ta co :
7(ab + be + ca)a+b+c) < 9abe + 2(a+b+c)3
Loi gidi :
b c

a e LNt e g e n1n
bat x = 3y = (7= . Khi @6 bai toan tré thanh :
a+b+c a+b+c a+b+c

Chirng minh 7(xy+yz+z,x)s9xyz+2 voi x+y+z=1

Khong mét tinh téng quat gia sir x = max{x, ¥, Z}.

) 1
Xét f(X): (7y+7z —9yz)x+7yz -2 voi xe [5;1}
Taco:

f(lj=() ; fl)=-2<0

3
1
= f(x)<0vVxe [5;1}
Vay bat dang thirc chimg minh xong.
. 1
Dang thtc xay ra <:>x=y=z=§<:>a=b=c.

DPay la phan duy nhdt ciia chuyén dé khong dé cdp dén liwong gidc. N6 chi mang tinh
gidi thiéu cho ban doc mgt dinh Iy hay ae ching minh bat dang thirc. Nhung thuc ra
trong mét s6 badi bat dang thirc lwong gidc, ta van co thé ap dung dinh Iy nay. Chi ¢6 diéu

cdc ban nén chii y la dau bang cia bat dang thirc xdy ra phdi phit hop véi tdp xdc dinh
cua cdac ham luong giac.

1.4. Bai tap :

Cho AABC.CMR :

1.4.1. cot’ A+cot’ B+cot’ C > € v6i AABC nhon.
3
L4, A . B . C _3J2-43

sin—+sin—+sin—<———
4 4 4 2

1.4.3. L, o1 oo

sinA sinB sinC

1.44. sin2é+sin2£+sin2£+sinésin£sin 21
2 2 2 2 2 8
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Truong THPT chuyén Ly Ty Trong — Can Tho Bat ding thirc lwong giac

1.4.5.

1.4.6.
1.4.7.
1.4.8.

1.4.9.

1.4.10.
1.4.11.
1.4.12.

1.4.13.
1.4.14.

1.4.15.

Chuwong 1 Cdc buéc diu co so

9
8sin Asin Bsin C

sC_A >8sin Asin BsinC

cotA+cotB+cotC <

A-B B-C
cos C
2 2
1+ cos Acos BcosC 2 sin Asin Bsin C
R B >34\/§
a+b—-c b+c—a c+a—b_2\/§
a, b icshh
m, m, m,
m,  m, m 33
a b c 2
mJl, +ml, +ml = p2
1 1 1 3
+ + >

2 2 2
am b m, ¢ m, abc

a

COS (0]

c

abc
(p—a)p-b)p-c)< =
h, +h, +h, =29r
sin Asin BsinC < sin[ A 233 j sin[ B 23stin[ ¢ 2314]

The Inequalities Trigonometry 30



