VanHoa Chuyén dé day sé - Gidi cdc hé thire truy hoi

Chuyén deé
Giadi cac hé thie truy hoi

I. So lwoge vé diy sb va quan hé truy hdi trong toan hoc

Trong todn hoc, day $6 1a mot danh sach (htru han hoac v6 han) liét ké cac s6 theo mot thir tu nao do.
Quan hé truy hdi 1a mot dang thic biéu dién diy sé mot cach dé quy, mdi phan tir ctia diy duoc xdc
dinh bai mot ham sb cua cdc phan tir trude.
Mot s6 quan h¢ truy hdi duogc xédc dinh mét cach don gian co thé ¢6 nhitng dac tinh hét st phuc tap,
thinh thodng dugc nghién ctru bdi cic nha vat 1y hoc va thinh thoang lai dugc nghién ctru boi cic nha
todn hoc vé mot 16p cua todn hoc dugc biét dén véi cdi tén giai tich phi tuyén. Phan nay kha phirc tap
va khong tmg dung nhiéu & chwong trinh THPT nén s& khong dugc dé cap ¢ chuyén dé nay.
Mot cédch tong quét, hé thic

f(n+k)=g(f(n+k=1), f(n+k=2),..., f(n+1)) (B.1)
12 mot hé thire truy hoi bic k. Cong thirc trén con b thé duoc viét dudi dang:

fok =8 (fn+k—l’fn+k—2""’fn+l)

Giai mot hé thuce truy hdi ¢6 nghia 12 tim mot ham so khong dé quy theo bién n don gian nhdt.

II. Giai hé thirc truy hdi

O chuyén dé nay chiing ta s& chi xét 4 phuong phép co ban:

«  Phuong phép thé

« Phuong phdp quy nap

« Phuong phdp su dung nghiém déc trung

« Phuong phédp st dung ham sinh
1. Phuwong phap thé ‘
Trong phuong phdp thé dé giai cdc hé thic truy hdi cho f(n), sy truy hdi cia f(n) dugc sir dung lip
di 1ap lai nhiéu 1an dé loai bo moi gid tri cia f() & vé phai. Pé hiéu rd hon phuong phdp nay, ta hiy xét
mot sb vi du.
Vi du IL.1.1 Xét day s6 (z,) xédc dinh nhu sau:

¢ |ln=0

tn ={ (IL1.1)

c,+t_IneN

Néu n>2 thiz,_ =c,+t_,,néu n>3 thi ¢,_, =c,+1,_,,... Nhitng dang thtc nay 14 hé qua truc tiép
ctia (IL.1.1) va duoc diing dé xac dinh biéu thiic khong truy hdi cho 7, :
tn = C2 + tn—l
=c,+c,+1, ,
=c,+c,+c,+1, 4

=nc, +1,
=nc,+c,ne N

Nén chiing ta c6 thé thay rang ¢, =nc, +c,,ne N ©
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Vi du IL1.2 Xét hé thirc truy hoi:
cln=1

t(n)=

at(gj+nclne N n>2

v6i n 1a iy thira cua b.
Gia sir rang n=b*,ke N. Giai (I.1.2) bang phuong phép thé cho ta:

t(n)= at(gj+nc

[
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(I.1.2)
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Vay, ta duge: 7(n)

Xéthé thic  t(n)=

Jk=log,n ©

at(gj+g(n)lne N (L1.3)

v6i a va b 1a nhitng hang sb da biét. Gia st rang ¢(1) da dugc biét. R rang, (1.1.3) tro thanh (1.1.2)

khi #(1)=c va g(n)=nc. Lai stt dung phuong phép thé, ta c6:

t(n)z

log, n log, a

k
Do a" =a =n

t(n)

n

at(gj+g(n)
o)) o0
(Je(z)ov

, nén biéu thirc cho #(n) tr& thanh:

log, a

n

log, a L (b])

n & t(1)+2{ g logba]
j=1 (b’)

e t(l)+i(h(b’))]
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g(v')
(b-i )logb a

Véi h(b')= . Vay cudi ciing biéu thitc cho 7(n) clia ching la1a #(n)=n"%"(¢(1)+ £ (n)) vé6i

= i(h(bf )). Xét mot s6 trudmg hop riéng ciia (IL1.3):
j=1

. a=1b=2,g(n)=c cho ta t(n):t(§j+c, lic nay log,a=0 va h(n)zg(”)zc. Tir cong

log, a
n Lh

thirc trén, ta dugc t(n)=n""(¢(1)+clog,n)=t(1)+clog,n
e a=7,b=2,g(n)=187" cho ta t(n)z7t(%)+l8n2, lic nay log,a=log,7 va

18n°

log, 7

h(n)=—07

n

k log,
=18n°"%7, cong thic cho #(n) Ia f(”):”’logﬂ(t(l)JerS(zj)zlg7]

J=1

2(2—10g27)(k+1) _ 2(2—10g27) J

n'e’ ( +182( (2-toe,7) ) jznl°g27 (t(1)+18 H(loe,7)
4n°

e a=9,b=3,g(n)=4n" cho ta t(n)=9t(%j+4n6, lic ndy log,a=2 va h(n)=—-=4n", nén

t(n) ( +Z4(3/) ]—n ( (1)+811%;_81j © n

2. Phwong phap quy nap i
Quy nap la mét phuong phap kiém tra hon la mot phuong phap giai. Xét cac vi dy:
Vi du IL1.2.1 Xét h¢ thuc truy hoi
2ln=0
= .
" 13+t IneN

Co s¢ cho viéc quy nap la, khi n=0,7, =2 va3n +2 =2. Gia su rang t, =3m+2,me N, ching ta sé

chimg minh ¢, =3(m+1)+2, diéu nay hién nhién diing theo hé thirc truy hoi. ©

Nhu d3 duge dé cap & trén, phuong phap quy nap khong thé ding dé tim ra 101 giai cho méi hé thirc
truy hdi, n6 chi c6 thé ding dé kiém tra tinh ding ddn mot hé thirc.

3. Phwong phap nghiém dac trung

H¢ thuc truy héi cia f (n) 1a mot phueong trinh truy hoi tuyén tinh néu va chi néu né c6 dang:

Zg n—i)+g(n)

voi g, (n)li=1,k va g(n) la cdc ham s6 bién n ma khong phai la ham sb bién f. H¢ thirc truy hdi xdc

dinh nhu trén 13 phwong trinh truy hoi tuyén tinh bdc k, véi k 1a hing sé va g, (n)#0. Néu
8 (n) =0,Vn thi bac cua phiong trinh truy hoi tuyén tinh d6 nho hon k. Mot phuong trinh truy hoi
tuyén tinh véi hé s6 hang 1a phuong trinh ¢6 dang:
f(n) =alf(n—1)+a2f(n—2)+...+akf(n—k)+g(n),n >k (I1.3.1)

V6i a,li=1,n 1a hing s6, g(n) 12 ham sb bién n ma khong phai 12 ham s6 bién f. (I1.3.1) 1a mot cia
phicong trinh truy hoi tuyén tinh thuan nhdt néu va chi néu g(n)=0. Phan 16n cdc h¢ tric truy hoi
chuyén dé nay da dé cap dén déu 1a phuwong trinh truy hoi tuyén tinh véi hé sé hang.
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H¢ thuce (I1.1.2):

cln=1

t(n)=

at(gj+nclne N n>2
v6i n 12 liy thira cua b khong phai 12 mot phirong trinh truy hoi tuyén tinh bic k véi hang sb k nao boi

AL 10 A , ny\ ., z 5. ‘A N <1~ \ , A LR A .
vi su xuat hién cua t(zj O v€ phai. Tuy nhién, vi n 1a llly thtra cia b nén (11.1.2) c6 thé viét lai:

) cln=1
1o ):{at(b"‘l)+cb" ke N
Diing h(k) dé biéu dién #(b" ), hé thirc trén tré thanh:

cln=1

(k)= {ah(k—1)+c2k lke N'
Dé théy hé thurc trén 12 mot phuong trinh truy hoi tuyén tinh khéng thuan nhdt bdc 1 véi hé s6 hang. Do
h(k)=t (b" ) =1t(n), viéc giai h¢ thic tuyén tinh trong duong véi viéc giai hé thic trén.
H¢ thirc
t(n) =t(n—1)+t(n—2) lne N',n>2
Xdc dinh céc s6 Fibonacci khi sir dung diéu kién #(0)=0,z(1)=1. Pay 1a mét phuong trinh truy hoi tuyén
tinh thuan nhdt bdc 2 véi hé s6 hang.
Nhitng hé thirc trén c¢6 thé duoc giai bang cdch trude tién xdc dinh mot nghiém chung cho t(n).
Nghi¢m chung nay chira mot s6 h¢ s6 chua xéc dinh va véi céc gid tri ctia £(0),¢(1),...,t(k—1), ching
ta ¢6 thé xé4c dinh duoc cdc hé sd chua xdc dinh do.
Lay vi du hé thuc t(n)=5t(n-1)—6t(n—2)Ine N',n>2, nghiém chung cta né 1a #(n)=c¢,2" +c,3"
(ching ta s€ tim hiéu cdch tim nghiém chung nay sau), cidc dé s6 chua xdc dinh 1a ¢, va c,. Néu
t(0)=0 va ¢(1)=1, ching ta c6 thé thé vao ¢(n)=¢,2" +¢,3" dé xdc dinh ¢, va c,. Viéc nay cho ta
f(0)=c¢,+¢,=0 va f(1)=2c,+3¢, =1
Do d6 ¢, =1,¢, =—1.Vivay, 7(n)=2"—-3",n20 1a nghiém cua h¢ thirc 7(n)=51(n—-1)—61(n-2).
Nghiém chung cta (I1.3.1) ¢6 thé biéu dién dudi dang tong cua f, (n) va f,(n), véi f,(n) la nghiém
chung cho phan thuan nhat cta (IL.3.1):
fi(n)=af,(n-1)+a,f,(n=2)+...+a.f,(n—k),n>k
va f,(n) langhiém riéng cua
/, (n) =a,f, (n—1)+a2fp (n—2)+...+akfp (n—k)+g(n),n >k

Nhén thdy ring f, (n)+ f,(n) 1a mot nghiém ciia (IL3.1). Do phuong phdp ta s& ding dé xdc dinh
f, (n) s& cho chiing ta mot biéu thitc f, (n) c6 thé khong phai 1a nghiém ctia phuong trinh £ (). Nén

viéc tim f, (n) dé cong vao f, (n) 1a diéu can thiét.
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Tim f, (n)
Dé xdc dinh f, (n) ching ta can phai giai h¢ thuc tuyén tinh dang:

I (n) =a,f, (n—1)+a2fh(n—2)+...+akfh(n—k)

Hay
£ (n)—alfh (n—l)—ath (n—2)—...—akfh (n—k) =0 (IL.3.1.1)
Nhan thiy rang (IL3.1.1) ¢6 mot nghiém dang f, (n) = Ax". Thé vao (IL3.1.1), ta dwoc:
A(x” —ax"" —a,x" —..—ax"" ) =0

Ta c6 thé gid st A#0, khi d6 ta dugc

k
Xn—k (xk _zaixk—zj:()
i=1

Phuong trinh trén ¢6 n nghi¢m (trong d6 cé n — k nghi¢m la 0). K nghiém con lai cia né 1a nghi¢m cua
phuong trinh

k k-1 k=2
X" —ax" —a,x

—.—a,=0 (IL.3.1.2)
Phuong trinh (I1.3.1.2) goi la phuong trinh dic trung cua (IL.3.1.1) . Trong C phuong trinh trén cé ding
k nghiém. Ta chi xét truong hop né c6 ding k nghiém trong R .
Nghiém ctia phuong trinh dac trung
X =5x+6=0
l1a 2 va 3. Phuong trinh dac trung
X —8x*+21x-18=0 (IL.3.1.3)

cociacnghiém la r, =2,r, =3,r, =3, v6i 3 1a nghiém boi 2. Cac nghiém phdn biét ciand 1a 2 va 3.
Pinh 1y 1. Gia sur cdc nghiém phdn biét cua phwong trinh dac trung

¥ —ax —ax"?-.-a, =0
cia hé thire tuyén tinh thuan nhdt

fi(n)=af,(n-1)+a,f,(n=2)+..+a.f,(n—k)
1a t,,t,,....t, v6i s <k. Ton tai mt nghiém chung cua f,(n) cé dang:
fi(n)=u,(n)+u,(n)+...+u,(n)

Vol

u,(n)= (cl.(] +enten’ ot n' )tl”
O day, t; la nghiém boi w. .
Phuong trinh déc trung cua phuong trinh truy hoi

t(n)=5t(n—-1)—6t(n-2)Ilne N',n>2
La x*=5x+6=0
Nghiém cua phuong trinh dac trung nay 1a 2 va 3. Pinh Iy 1 cho ta 1(n)=u,(n)+u,(n) voi
u (n)=¢2", u,(n)=c,3",Do d6, 1(n)=¢2"+c,3".
(I1.3.1.3) 1a phuong trinh dic trung cta hé thirc truy hoi thudn nhdt sau:

F(n)=8f(n-1)=21f(n-2)+18f (n-3)

Phuong trinh d6 ¢6 2 nghiém phén biét 1a r, =2 va r, =3, voi r, 12 nghiém boi 2. Nén, u, (n)=¢,2",
va u, (n)=(c, +c,n)3". Nghiém chung ctia h¢ thirc truy héi trén 1a

f(n)=¢2"+(c,+c,n)3" ©
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Day truy héi cho céc sd Fibonacci 1a thudn nhdt va c6 phuong trinh dic trung x* —x—1=0. Céc nghiém cua

-5 . 1++/5 1—J§J" “

né la r= > va = > Do cdc nghiém nay phan biét, nén ul(n)zcl[ >

uz(n):cz(”z*/g] Vi vy

F(n):c[ J( ]

La nghiém chung cua ddy Fibonacci. Sir dung diéu kién F(0)=0 va F (1) =1, ta dugc ¢, +c, =0 va

1-+/5 1++/5 1 1
cl( \/_J+c2£ \/_j =1. Giai cho ¢,c, ta duoc ¢, =——F+ —— . Nén cic s Fibonacci thda man

2 2 cz_ﬁ

dang thuc
1-+/5 1+5
=557 5 @

Dinh ly 1 cho ching ta mot phuwong phap don gian xdc dinh nghiém chung cua bét ky hé thirc truy hoi
tuyén tinh tuan nhdt bdc k véi hé sé hang. Ching ta chi can xac dinh cdc nghiém cuia phuong trinh dic
trung cua no,

Tim f, (n)
Hién chua c6 phuong phép chung dé xdc dinh nghiém riéng f, (). Biéu thic cua £, (n) phu thudc rat

G

nhiéu vao g(n). Ching ta chi xét 2 trudng hop:
. g(n) 1a mot da thic bién n
« g(n) 1a ham s6 mi theo bién n
Tim f,(n) khi g(n) la da thirc theo bién n
Khi g(n)=0, nghiém riéng f,(n)=0
Khi g(n Ze n',e, #0, nghiémriéng f,(n) c6 dang

i=1

f,(n)=py+pn+p,n’+.+p,n"" (IIL.3.2.1.1)
V6i m =0 néu 1 khong l1a nghi¢m cua phuong trinh déc trung, va néu 1 1a nghi¢m cua phuong trinh dac
trung thi m = k voi 1 1a nghiém boi k ciia phuong trinh dac trung.
bé xdc dinh p,, p,..... p,,,.. tathé f, (n) vao hé thirc truy hoi roi 4p dung tinh chét ctia dong nhat thic.
Xét vi du u(n)=3u(n-1)+6u(n-2)+3n+2 (I11.3.2.1.2)
C6 g(n)=3n+2, phuong trinh dic trung ctia n6 12 x* —3x—6=0. Phuong trinh nay khong c6 nghiém
x=1 nén m=0, nghiém riéng cua (II1.3.2.1.2) ¢6 dang f,(n)=p,+pn. Thé vao (IIL3.2.1.2), ta
duoc:

Dot pn= 3(p0 +p (n—l))+6(p0 +p (n—2))+3n+2
=3p,+3np,—3p, +6p,+6np,—12p, +3n+2
=(9p,—15p,+2)+(9p, +3)n,Vne Z,n>2
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So sdnh 2 vé cua déng thure trén, ta duoc

61
{pozzpo_;spl'i'z(:} Po= 364
p=9p+
! ! )2 :_g
A o n , N 61 3
Do d6 mot nghiém riéng cia (IIL.3.2.1.2) 1a f, (n) = —a—gn ©
Xét day sb
f(n)=2f(n-1)-f(n-2)-6 (I13.2.1.3)

Phuong trinh ddc trung tuong g cia n6 1a x* —2x+1=0, nghiém ciané 1a r,=r, =1. Nén, f,(n)
c6 dang:
Iy (n) =pytpnt p2n2
Thé vao (I11.3.2.1.3), ta duoc:
2 2
pot pint pon* =2(py+ py (n=1)+ p, (n=1)")=(py + p, (n=2)+ p, (n=2)") =6
=(p,—2p,—6)+ pn+p,n’,VneZn=2
So sénh 2 V&, ta duoc p,=p,—2p,—6=>p,=-3, nén f, (n)=p,+pn-3n’, mit khdc
£ (n)=(c, +en)1", vay f(n)=p,+pn-3n"+c,+cn=c,+c;n=3n" véi c,,c, la cic hang sd, c6
thé xdc dinh tir cdc gid tri caa f(0) va f(1). ©
Tim f,(n) khi g(n) la ham sé mii theo bién n
Khi g(n)=ca" v6ic vaalahang so, thi nghiém riéng f, (n) c6 dang
f,(n)= (p0 +pn+p,n’+..+ pwnw)a”
Véi w=0 néu a 12 nghiém cta phuong trinh dic trung, va bang k v6i a 1a nghiém bdi k ctua phuong
trinh déc trung.
Xét hé thtrc truy hoi
f(n)=3f(n=1)+2f(n-4)-6-2" (IL3.2.1.4)
Heé thire truy hoi thuan nhat twong tng 1a:
fi(n)=3f,(n=1)+2f,(n-4)
Phuong trinh déc trung cua né la:

4 33 0=
D& dang kiém tra x = 2 khong phai 1a nghiémxcﬁaSIi’), vi va;) nghiém riéng cua (I11.3.2.1.4) c6 dang:
, f,; (n) = p2"
Thé vao (II1.3.2.1.4) ta duoc:
2" =3p,2"" +2p,2"" —6-2",Vne Z,n>4
& p,2t=3p,2° +2p,—6-2*,Vne Z,n>4
& 16p, =24p,+2p,—96,Vne Z,n=4

48
SRy
" n A , . 48-2"
Nén mot nghiém riéng cua (IML.3.2.1.4) 1a f, (n)= s ©
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Xét hé thirc truy hoi

f(n)=5f(n-1)-6f(n—-2)+4-3" (II1.3.2.1.5)
Phuong trinh dic trung cia hé thic truy hdi thuan nhat tuong tmg 1a x> —5x+6=0, c6 nghiém
r,=2,r,=3.Do 3 la nghi¢m boi 1 (nghiém don) cta phuong trinh dac trung nén nghiém riéng cta né
c6 dang:
£, (0)=(p, + p)3
Thé vao (I11.3.2.1.5) ta dugc:
(po+pin)3" =5(p,+p,(n-1))3"=6(p,+ p,(n—2))3" " +4:3",Vne Z,n22
Chia 2 vé cho 3", ta duoc:
(po +p1n)32 =5(p0 +p, (n—l))3—6(p0 +p (n—2))+4'32
=(9p,—3p, +36)+9pn,Vne Z,n=2
So sanh 2 vé, ta thdy 9p, =9p, —3p, +36 & p, =12. Mot nghiém riéng cua (I11.3.2.1.5) la:
f, (n)=(p, +12n)3"
Mit khac, nghiém chung ctia phan thuan nhét ciia né la:
fi(n)=¢2"+¢,3"
Vay nén nghiém chung cua no la:
f(n)=f,(n)+f,(n)
=¢2"+(c,+p,)3" +12-n-3"
=¢2"+¢3"+12-n-3"
Cho 2 gid tri dau, f(0) va f (1), tas& tinh dwoc gid tri cta ¢, va ¢,. ©
Tim két qua cudi ciing
Ching ta da biét f(n) = f, (n)+ f,(n) la nghiém chung cua hé thirc truy hoi:
f(n)=af(n-1)+a,f(n=2)+..4a,f(n—k)+g(n),n=k (IL.3.3.1)
Str dung céc gid tri ban dau £ (0), £ (1), £(2),.... f (k—1), ching ta c6 thé tim dugc k hang s6 chua x4c
dinh trong f, (n)+ f, (n) dé nhan duoc két qua duy nhat véi mdi b gid tri ban dau cho hé thic trén.
Tém tit " ‘
Phuong phap nghiém dac trung dung dé giai hé thie (I1.3.3.1) bao gébm cac budce sau:
1. Viét phuong trinh dac trung:

x* —iaixk_i =0
2. Xd4c dinh cdc nghiém phan biét 7,,¢,,....1, léﬁa phuong trinh dac trung, véi ¢, 1a nghiém
boi m,,i=1,n.
3. Xdc dinh nghiém chung f,(n) cta hé¢ thac thudn nhat tuong Ung.
fi(n)=u (n)+u,(n)+..+u (n) voi u,(n)= (ci0 +tenten’ ot n' )tl" SW=m,.
4. Xéc dinh nghiém riéng f, (n).
.« Néu g(n)=0,thi f,(n)=0.
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d
- Khi g(n)=) en',e, #0, nghiémriéng f, (n) c6 dang

i=1
f,(n)=py+pn+p,n’+.+p, n"" (IIL.3.2.1.1)
Vé6i m=0 néu 1 khong 12 nghiém ctia phuong trinh dic trung, va néu 1 12 nghiém cia
phuong trinh ddc trung thi m = k v6i 1 1a nghiém bdi & cia phuong trinh dic trung.
- Khi g(n)=ca" véicvaalahing s, thi nghiémriéng f, (n) c6 dang
f,(n)= (po +pn+pn’+..+pn” )a
V6i w=0 néu a la nghiém cta phwong trinh dic trung, va bang k véi a 1a nghiém boi k cua
phuong trinh déc trung.
5. Néu g(n)#0, s dung f,(n) & trén dé loai bo tit ca cdc f(n—i) trong (I1.3.3.1) bing cdch

n

thay thé f,(n—i) cho f(n—i).Sau d6 st dung tinh chét cia dong nhét nhirc d¢ xdc dinh cang
nhiéu cang tbt cdc hé sé chua biét.
6. Ghi ra két qud, f(n)=f,(n)+f,(n). Gidi hé¢ st dung cdc gid tri ban dau

F£(0), £(1),f(2),- f (k—1) @& tim tat ca cdc h¢ s6 chua biét con lai.

Dinh 1y 2. Sdu budc trén luén tim dwoc nghiém duy nhat cho hé thirc (I11.3.3.1) voi cdc gid tri khoi dau

cho truoc. . ) ‘ ,

Vi du IL.3.5.1. Phuong trinh dac trung cta hé thiec truy hoi tuyén tinh thuan nhat bdc 2:

u,=6u,  —4u _,lne N,n=>2

La X' —6x+4=0
C6 2 nghiém phan biét x =3—+/5,x,=3+/5
Nén u,=¢,(3-v5) +¢,(3+5) Ine N

Gié st ring ta ¢6 u, =0 va u, = 4+/5 , vy thi ta c6 hé:
u0=c1(3—\/§)0+c2(3+\/§)0 {O—cl+c2 {61:_2

~ (=
w=c(3-45) 1o, (3++5) [ =a(3-5)re(3445) e =2

Vay biéu thic cia u, 12 u, =-2(3-+5) +2(3+5) Ine N ©
Vi dy IL3.5.2. Xét hé thic

§|n=0
2
u, = 2In:1
2
Su, ,—6u, ,+3n’lne N,n>2

Phuong trinh dic trrung cho phan thuan nhat 1a:
X’ =5x+6=0
Nghiém cua nd la x=2,x,=3
Vi vay nghiém chung cho phan thuan nhat 1a
h,=c2"+c,3"Ine N
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Do g(n)= 3n® va 1 khong phdi 1a nghiém ctia phuong trinh dic trung nén nghiém riéng ctia u, c6
dang: p, =a,+an+an’
Thé vao hé thirc ban dau:
a, +an+an’ :5(a0+a1(n—l)+a2(n—l)z)—6(a0+a1(n—2)+a2 (n—2)2)+3n2
=(—a, +7a,—19a,)+(—a, +14a,) x+(3—a,) x*,Vne N,n>2
Nén ta c6 hé
a, =—a,+7a,—19a,

a, =—a, +14a, (:)aozﬁ,alzg,azzE
2 2 2
a,=3-a,
Vay nghiém chung cta u, la
45 21 3

u,=h +p, =c¢2" +¢,3" +—+—n+=-n>,Vne N
2 2 2

. - A pe e a .5 .9
Do u, va u, da dugc bi€t v6i gia tri 1an Iugt 1a > va 5 ta duoc:

45

5
—=C¢ Tt t— c =-30
5 269'{:>{ | =10
5:2c1+3c2+7 @=
Vay nén un=—3O'2"+10'3"+4—25+%n+%n2,‘v’neN

Chung ta c6 thé kiém tra két qua nay bang quy nap ©
Vi du I1.3.5.3. Ching ta hay giai h¢ thic:
f(n)=10f(n-1)-37f(n-2)+60f (n-3)-36f(n—4)+4lne N,n>4

Voi

FO)=r()=r(2)=1(3)=1
Phuong trinh ddc trung:

x*—10x" +37x* +60x—36=0
Hay

(x=3)"(x=2)" =0
C6 céac nghiém
X =x,=2vax=x,=3
Do cac nghiém déu boi 2 nén nghiém chung cua phﬁn thuan nhat 1a:
fir(n)=(c,+¢c,n)2" +(c; +cn)4"

Do g(n)=4 va 1 khong phai la nghiém cta phuong trinh dic trung nén f, (n) c6 dang:

fp (n) =Dy
Thé vao hé thirc ban dau, tacé:  p, =10p, —37 p, +60p, —36p, +4
Nén D, =1
Nghiém chung ctia hé thirc ban dau s& la:
fi(n)=(c,+¢,n)2" +(c; +¢,n)4" +1
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Thé n=0,n=1,n=2,n=3 vasadung f(0)=f(1)=f(2)=rf(3)=1, tadugc
¢ +c;=0
2¢,+2c¢,+3c¢;+3¢, =0
4c,+8c, +9¢c, +18¢c, =0
8¢, +24c, +27¢c, +81c, =0
Vaynén f(n)=1,vne N. Ching ta c6 thé dé dang kiém tra diéu nay bang quy nap.
Bay gio néu thay doi diéu kién dé bai thanh f(0)= f(1)= f(2)=1, f(3) =4 thi sau khi 1ap hé tuong

R N . 3 , R
tur nhu trén ta sé tim duoc ¢, =6,c,= 5,03 =-6,c, =1, lac nay

e =c,=¢,=¢,=0

f, (n) :(6+%nj 2" +(n—6)4"+1,Yne N. Mot 1an nita, ching ta c6 thé kiém tra két qua nay bang

quy nap. ©
4. Phwong phap st dung ham sinh
Mot ham sinh G(z) 12 mot chudi lily thira vo han:

=Y (IL4.1)
i=0

Ta néi rang mot ham sinh G(z) twong tmg v6i ham s6 f :N — R néu va chinéu ¢, = f(i),Vie N.
ViduIL4.1. G(z)=) 27 twongung v6iham f(n)=2,VneZ;
20
=iz’ twong ing v&iham f(n)=n,Vne Z;
i20
)=>.27" tuong Gmg v6i ham f(n)= Olvne Z,0sn=1
z .

= gune 21Vne Z,8<n
M6t ham sinh c6 thé duge biéu dién dudi 2 dang. Fang thu nhét dugc goi la chudi lity thira, day 1a dang
dugc cho ¢ (I1.4.1). Dang khac duoc goi 1a dang tuong minh.
Vi dy IL.4.2. Chudi lily thira cho ham f (n)=1,Vne Z 1a G(z)=)_z',nén zG(z)=) z" . Trit theo

i20 i>]
vé, tacé G(z)-2G(z)=).z' =Y 7' =1, dandén G(z) :1L Vi vy dang tudng minh ctia chudi lity
i20 i1 <
1
thra » 7' la —
;‘ I-z
1

Luu ¥ rang e D" z' chi ding v6i nhig gid trj cua z 1am chudi )  z' hdi ty. Chiing ta khong ban

—Z 0 i>0

dén van dé nay ¢ diy. ©

.8 X A s os1s A n P S I L
Vi n la s6 nguyén va i l1a s ty nhién, hé so nhj thurc ( ] duoc xac dinh nhu sau:

m_n(n-l)(n-iz)z( n—i+1)
Vidgmas, [ =325 [4 =£=6 (_3 )_(( 3)) (( )) =6
aa (o33 [3-e [[- e

-1 2
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Dinh ly khai trién nhj thirc (hay ngan gon hon 1a dinh Iy nhi thirc) 1a mot dinh 1y todn hoc vé viéc khai
trién ham mi cua tong. Cu thé, két qua cta dinh 1y nay 1 viéc khai trién mot nhi thirc bac n thanh mot

da thirc c6 n+1 s6 hang:
oS ((n)
(a+z) :Z{(.ja" ’z’}neN
i=0 \ \ !

Téng quat hon, dinh 1y duoc phét biéu dudi dang:
n m n X
(1+2) :Z((_jzl],nez (11.4.2)
i=0 \\
V6i m=n néu n20 va m=+oo trong truong hop nguoc lai.
bang thuc (I1.4.2) cho ta mt s6 dang twong minh quan trong.

Vi dull.44.V6in=-2,ta duoc

X -2 :(—2)(—2—1)(—2—2)...(—2—1): e
M (i j i(i—l)(i—Z)...(l) (F1) +1)

i+ —;( 1+1 )

( ) —;(1+1 )

Vay dang twong minh cua Z( i+1)z ) la T ! )2 .
i0 —Z

Nén

Thé 7 boi -z, ta duoc

Ding thirc (I1.4.2) ¢6 thé ding dé tim dang tudng minh cua ( )n lne N". ©
I-z
Chung ta s& som biét rang, ham sinh c6 thé ding dé giai cdc quan hé hoi quy. Nhung dau tién, ching ta
hay tim hiéu vé cac phép toan trén cdc ham sinh.
Cac phép toan trén ham sinh

Céng va trir: Néu G, ( ZC zZ va G, ( Zd Z' 1a cdc ham sinh twong Umg v6i cdc ham f, va f,,

i>0 i0
thi ham sinh tng v6i f, £ f, 1a Y (c,£d,) 2", 1a hé qua tryc tiép tir dinh nghia cua ham sinh.

20
Nhan véi hang so: Néu G, (z)= ¢z la ham sinh twong Gng v6i ham £, thi
20
G, (z)=aG,( Zac z' 1a ham sinh tng véi a- f, a 12 hang sd.
20

Do "G (z)=) ¢,z™ la ham sinh tng v&i ham s6 g (n)= , nén nhan mot

i=0

0 IneN,0<n<k
f(n—k)lne N,n>k

ham sinh véi z* twong dwong véi viée dich chuyén diy sb sang phai k don vi.

vanhoa@lqdqt.com Trang 13 10/1/2008



VanHoa Chuyén dé day sé - Gidi cdc hé thire truy hoi

Vi du I1.4.5. O vi du I1.4.4, ching ta da chi ra rfling Z((i+1) Z”) = %’ nhan ca 2 vé véi z, ta nhén

>0 (1—2)

dugc Z((i+1)z”l) = ~ hay Z(zz ) . Nén —= ~ la dang tuong minh cho ham sinh
>0 (1 20 Z) (1-z)
ng v6i ham s6 f (n) :n,‘v’ne Z,nz0.©
Tich ciia 2 ham sinh: Tich G,(z)-G,(z) cua 2 ham sinh G,(z)=) ¢z’ va G,(z)=) d,2’ 1a mét
i>0 i20
ham sinh tht 3 G, ( Ze z' . C6 thé dé dang kiém tra duoc rang e, dugc cho bai:
20
e=> cd_ieN (IL4.1.1)

j=0
Luu ¥ rang tich ctia 2 ham sinh c6 tinh giao hodn: G, (2)-G,(2)=G,(2)-G (z)
Piang thirc (I1.4.1.1) cho ta thiy tich ctia 2 ham sinh c¢6 thé c6 loi trong viéc tinh cc tong. Néu
=>7 =1L, d,=1,Vie N, thi (IL4.1.1) tr& thanh:
-z

20

e =Y c,ieN (IL4.1.2)

j=0

Vi du I1.4.6. Chting ta hay thir tim biéu thirc tuong minh cho téng s( Zz Tu vi du 11.4.5, ching ta

i=1

da biét rang ~ la dang twong minh cho ham sinh tng véi ham s6 f(n)=n. Hon nita, & vi du

1-z

11.4.2, ta biét rang 1# 12 dang tudng minh cho ham sinh tng v6i ham sb f(n)=1. Nén,
—Z

Iz = < - 1a dang tudng minh cho (Zizi j(z zij . Gia sir rang dang chudi lily thira ciia
-z (l—z) (l—z) >0 i20

ﬁ 1a D ez’ . Theo (IL4.12), e, =Y i=s(n). By gi¢ ching ta s tinh ¢,. S dung dinh Iy nhi
1 Z i>0 i=0

thire ta nhan duoc:
_ -3 P
(1—Z) } :Z(( i j(—l) ZIJ
i20

Vi vay hé s6 ctia "' trong khai trién ctia (1- z) la:

( -3 j(_l)n_l _(=3)(4)- —3—n+2)(_1),1_1

n—1 (n—l) n—2)...(1)

_ (n+1)(n)(n-1)...(3)
(n—l)(n—Z)...(l)

_n(n+1)

)
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, : 1
Nén, hé s0 e, cia z" trong khai trién liy thira cua ( < ? 1a (n2+ ):s(n). ©
1-z)

Pao ham: Lay dao ham (I1.4.1) theo z cho ta:

dz( (z))= Zlc 7 (IL4.1.3)
Hay

d = :

zd—(G(z)) =Y (ic), 2 (I1.4.1.4)
< i=0

Vi du IL4.7. O vi du I1.4.4, khai trién nhi thic di duoc dung dé tim dang twong minh cho
Z((i+1) 4 ) Chiing ta ciing c6 thé tim duoc két qua nay bang phép dao ham. T vi du I1.4.2, ta biét

=0

rang Zz , st dung (I.4.1.3) cho ta Zzz :i(Lj hay 2(i+1)z = 1 - ©
0 i=0 z\1-z i=0 (1—Z)
Tich phan: Ly tich phan (IL.4.1) theo z, ta dugc:
j G (u)du =3 =% (I14.1.5)
0 =11

Vi du IL4.8. Dang tudng minh cho ham sinh ctia ham f (n) :l,ne N ¢6 thé dugc x4c dinh bang
n

céch 14y tich phan cta f (n)=1, tir vi du I1.4.2, ta c6:

Vi vay,

Nhung

Nén ham sinh caa ham s6 f (n) =1 1 . la—-In(1-2).
ne N

Ung dung giai cac hé thirc truy hoi
Phuong phdp sir dung ham sinh dé giai cdc hé thirc truy hdi sit dwgc minh hoa rd nhat bang cich ldy
mot vi du. Xét hé thic truy hoi:
0 ln=0

F(n):{2F(n—1)+7Ine N’
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Nhitng budc giéi céc hé thuc truy hdi bang ham sinh Ia:

1. Goi G(z)=) a,z' laham sinh ciaham F(n), vy thi a, = F(i),Vie N.

=0
2. Thay thé tatca F(n),F(n—1),F(n-2),... béi cic a, tuong tng, & vi du nay sau khi thirc hi¢n
budc 2 ta s& dugc: a,=2a,_,+7,Vne N’
3. Nhan 2 vé cua ding thtc nhan duoc véi z" va ldy tong 2 vé cia tit ca cdc n ma dang thic con
ding. O vi du nay, ta dugc Zanz" = 22 a, a,z"+ Z7z"
n=1 nx1 n>1

Dang tudng minh Chubi lily thira

1 (1-az)” D a'?

i20

2 (1-az)” > (i+1)a'z
20
[7)e-
n i=0 l
3 1-
( az) nln=>0
m=
+oo|ln<0
i+1
4 In(1+az) D
i>1 l
1 i_i
5 —In(1-az) -a'z
i1 l
1 i_i
6 o Z-_a z
>0 1!

Bing 1. Mot s6 dang twong minh va chudi lity thira twong timg
4. Thay thé tit ca céc téng chira a bang biéu thirc twong duong chi chira G(z),z va mot s6 hitu
han cic a.. Cho mét hé thirc truy hoi bac k sé& chi con lai a,,q,,...,a,_, . O vi du nay Ia:
G(z)—a,=22G(2)+). 77"
nx1

5. Thay thé cdc gid tri da biét a,,a,,...a,_, (a, =F(i)):

G(z)=22G(z)+). 77"

n=1
6. Giai phuong trinh tim G(z) tir dang thiic nhan duge. O day thi:

:_z "

< 1
7. Xéc dinh hé s6 cta z" trong khai trién lily thira ciia ding thirc nhan duoc ¢ budc 6. Hé s6 nay 1a
a,=F(n).Vévi dy cia chiing ta:

— zzizi Z7Zn

i0 n=1
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H¢ s6 cua z" trong tich cua hai chudi trén la:

a,=37.27=7(2"-1)
i=1
Nén, F(n)=7(2"-1),neN.©

Mot vai vi du tiép dy s& minh hoa rd hon ki thuat nay.
Vi du I1.4.2.1. Ching ta hay xét day cac so Fibonacci:
F, =F_+F_,,VneN ,n>2

Voi F,=0,F =1
bit G(z Za z' 1a ham sinh cia ham F,. Tt dinh nghia cua ham sinh, ta ¢6 a, = F,,Vie N . Viy thi

=0
F =a,F _=a, ,F_,=a_ _,,trhéthic truy hdi cho F,, ta duoc:
a =a,_ +a, ,,Yne N ,n>2
Nhan 2 vé v6i z" va ldy téng tir n = 2 dén +eo, ta dugc:

Zanz" = Zan_lz" +Zan_2z”,Vne N',n>2

n22 n22 n22
Nhan xét rang tong trén khong thé 14y tir n = 0 d&én +oo do F =F _ +F, _, chiding v6i Vne N',n>2.
Déng thie trén ¢6 thé duoc viét lai nhu sau:
G(z)-az—a,=z2) a,,2"" +2°) a,,2" =2 a,2"+2° Y a,2" =2G(z)—a,z +2°G(z),Vne N',n22

n22 n22 n21 n20

Thé a,=F,=0 va a, = F, =1 va giai dang thtic trén cho G(z), ta dugc:

z
G(Z)_l 2
—-7-z
_ z
1—1+J§z 1—1_ Sz
2 2
R
5| 1+45 1-5
1- > z 1- > Z

Do khai trién liy thira cia (1-az) 'la Za’z’ nén:

20

G(Z):% 5 1+2x/§j Zi—Z(#j .

=0 =0

1 1+45) (1=45) |,
25757 )

(Hﬂ”_[l—ﬂ" 0.0

1
Vay nén F =a =—
Y o s 2 2

vanhoa@lqdqt.com Trang 17 10/1/2008



VanHoa Chuyén dé day sé - Gidi cdc hé thire truy hoi

3 0 In=0
Vi du I1.4.2.2. Xét day: t, =
at,_ +bnln=1

bit G(z Zc z' laham sinh ctiaham ¢, thi ¢, =¢,,i 20. Tt cong thuc truy hdi cua day, ta c6:

20

¢, =ac, +bn,Vn=1

Nhan 2 vé v6i z" roi lay tong tir n =1 dén +oo cho ta:

chz" = az c, 7"+ anz"

nx1 nx1 nx1
Hay
—c, = azz c, 2"+ z bnz"
n1 n=1
=azG(z)+ Z bnz"
nx1
Thé ¢, =0 va bién doi, ta dugc: G(z Za anz”
2 21 n=0 n=1

Ap dung cong thuc tich ctia 2 ham smh ta co:

c, —bZla =ba" Z—

i=0 d
0
A — —_ n
Nén t, =c, =ba zz,n20.©
i=0

s 2 - r , ~ , . M n Z l A R , \
Vi du I1.4.2.3. O vi du trudc, ching ta da chimg minh dugc rang ¢, =ba Z—l Mot bicu thure tuong
i=0 a4
. e A A <\ - R 4 \ . 5 - l 7. < R J N e
minh hon cho ¢, c¢6 thé nhan dugc tir biéu thirc tuong minh cua d, = Z—l Véi a = 1 bicu thuc nay cé
i=0 a4

thé dugc tim mot cich rét don gian, vi vay ta chi xét truong hop a #1. Trudce tién, ta hdy tim ham sinh

—1 i
cho ham s6 f (i)=— . Tada biétrang (1-z) = z'. Nén, (1 ——j = ZZ_, Lay dao ham theo bién
a

i0 a >0
z, ta duoc
d 1 _ d zZi _z d Zi _zizi_l
dz 1_5 dz\ = d S\ dz\ d ~ q
a
a iz
Hay - = l
(z—a)” = a
A e a. 1 i
Nhan 2 vé véi z, ta duoc L - zi

IS
Nhan 2 vé véi 1— ta duoc
-z

Ly iy (3] z )

(z—a) (1-2) iz0 & 520\ \iz0 @
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Bay gio chiing ta can phai tim hé s ctia z” trong khai trién cta
az

Khai trién bié€u thtrc trén, ta dugc

a > a' 20
Nén,
g -1 i+l
a4 d
1 n—1 l n—1 1
STt
a\ iz a i=1 4
1 n
1 ( -
n a
——1
a
a'—an—a+n
Suy ra d = .©

a"(a-1)’
Vi du I1.4.2.4. Xét h¢ thtc truy hoi u, =5u, , —6u,_, +2n,Vne N,n>2 véi u, =u, =0.
Gia st G(z)=)_c;z' 1aham sinh Gng véi ham f. Vay thi u, =c,, u,, =c,, vau,,=c, ,. Vi thé
20
¢, =5c,_,—6¢c, ,+2nn=2
Hay
c,z"=5¢c, 7" =6¢c, ,7"+2n7",n=22
Lay tong khi cho n = 2 dén oo
ZCHZ” = 5zzcn_lz”_l —6z22cn_2z"_2 + Zan",n 22

n22 n22 n22 n22

Hay

G(z)-cz-¢,=52(G(2)-¢,)-62°G(z)+ ) 2nz" ,n>2
nx2

Thé ¢, =c, =0, ta dugc:

G(z) =52G(z)—6z2G(z)+22nz",n2 2

n22

Hay G(z)(1-5z+62")= 2nz"

n22
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Nén

G(z) (1—?;)(1—2z)

(3 2 .
_(1—3z 1—2zj]§'2]Z
(323’ ’—222’ ’JZZ]Z

i>0 i20

j22

C6 thé thay rang hé sb ¢, cua z" luc nay la:

c, 6j-3"7 - 24] 2

j=2 Jj=2

—6.3Y L 4.0y L

=3 =2’
n . n+1_ _
T vi dy I1.4.2.3, ta biét ring: J_ 3 =3 1
=3 4-3" 3
Va v J 2" -n=2 1
=2 2" 2
n+l_ _ n+l_ _
cn:6.3" ﬂ_l —4.0" w_l
4-3" 3 2" 2
Nél’l 22(3’“’1_2”_3)_6_3"—1_4(2n+l_n_2)+4.2n_1
2
:5-3 _3.2n+1+n+z
2 2
Ve uy =22 3.0t l @
2 2

Cudi cing moi cac ban hay tu gidi mdt s bai todn sau dé nam chac hon cac phuong phép néu trén:
Tim s6 hang tong quat cta day s6 (u,) trong cdc trudng hop sau sau:

l.u=a,u, =a+bu,.
1
2. uy=a,u; =b,u,,= 2( U, +u,)

u,=lu, =2,u,=3,u,,=18u,,-107u, +210+n’ —5n> -3
u=a, ”:+1” _MZHM +u,—au,, u, _b“nﬂ”s +b”n+1”3 —bu,,, =0.
u, =a,u, =b,u, =c,2u, +u,,—16u,  —15u, +4n*-2=0

u, =a,u, =b,u, =c,2u, ,+5u,,—4u,  —10u —3"+n’—4n—-4=0
u, =a,u, =b,2u,,+u,  —10u, —3"—n’+n*-2n-1=0

NS AW
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Chuyén dé vé viéc gidi cdc quan hé truy hoi két thiic & day. Hy vong rang chuyén dé nay sé la mot tdi
lieu tham khdo bo ich cho ban doc.
Vanhoa

Kién thirc chi cé dwoc qua tw duy cda con ngudi - A. Einstein (1879—1954)
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by J. Bentley, D. Haken, and J. Saxe, SIGACT News, 12(3), 1980, pp. 36-44.

Concepts in Discrete Mathematics
by Sartaj Sahni, Camelot Publishing, 1985

Introductory combinatorics
By R. Brualdi, Elsevier North-Holland Inc., New York, 1977
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