Chuyén dé BDHSG: Gidi han ciia ddy so THPT Chuyén Nguyén Quang Diéu- Pong Thdp

MOQT SO BAI TOAN TIM GIOI HAN CUA DAY
SINH BOI PHUONG TRINH

Huynh Chi Hao .
Truong THPT Chuyén Nguyén Quang Diéu, Pong Thap

A. Mot so kién thire bo tr¢
1) Pinh Iy ton tai nghiém ciia ham s6 lién tuc:
Dinh ly: Néuham sb f(x) lién tuc trén doan [a;b] va f(a).f(b) <0 thi ton tai it nhit mot diém c e (a;b)
sao cho f(c)=0
2) Mi lién h¢ giita dao ham va tinh don di¢u:
Dinh ly: Cho ham s6 y = f(x) c6 dao ham trong khoang (a;b)
a)Néu f'(x)>0 voimoi x e (a;b) thi ham s y = f(x) dong bién trén khoang d6
b) Néu f'(x) <0 véimoi x e (a;b) thi ham s6 y = f(x) nghich bién trén khoang d6
2) Lién h¢ giira tinh don di¢u va nghiém ctia phuwong trinh:
Dinh ly: Néuham s6 y = f(x) dong bién trén (a;b) va y= g(x) 1am ham hang hodc 13 mot ham sé nghich
bién trén (a;b) thi phuong trinh f (x) = g(x) ¢6 nhiéu nhat mot nghiém thudc khoang (a;b)
Duea vao tinh chit trén ta suy ra:
Néu ¢6 x, €(a;b) sao cho f(x,)=g(x,) thi phuong trinh f(x)=g(x) c6 nghiém duy nhdt trén (a;b)
3) Nguyén ly kep:
dn,eN,VneN,n>2n,=u, <v, <w, '
lim u, = lim w, =a = lim v, =a

n—>+0 n—>+w0

n

Cho ba day s6 (u,).(v,).(w,) sao cho:{

4) Tiéu chuan hoi tu:(Tiéu chuin Weierstrass)
1) Mot day s6 don diéu va bi chan thi hoi tu.
2) Mot day s6 ting va bi chan trén thi hoi ty.
3) Mot day sb giam va bi chan dudi thi hoi tu.

5) Pinh ly LAGRANGE:
Néu f(x) 1a ham sb lién tuc trén doan [a;b] , 0 dao ham trong khoadng (a;b) thi ton tai c e (a;b) sao cho

F@ =D by 1)~ 1@ = £ e6-a)



B. Cac bai toan.

Bai toan 1.

1 .
=— trong d6 n 1a s6 nguyén duong.

Xét phuong trinh ! + ! +...+ 21 +..+ 21
x—1 4x-1 k“x—1 nx—1

1) Chirng minh rang véi mdi s6 nguyén dwong n, phuong trinh trén c¢6 duy nhat nghiém trong (1; +oo) va ky
hiéu nghiém do 1a x, .

2) Chiing minh rang lim x, =4

n—>+o0

Huwéng din tw duy: )
+ Str dung tinh lién tuc va don diéu chimg minh nghiém duy nhat.
+ Sur dung tiéu chudn Weierstrass va dinh 1y Lagrange dé tim gidi han.

Loi giai

1) Chimg minh ring v6i mdi s6 nguyén duong n, phuong trinh trén c6 duy nhat nghiém trong (1;+)

1 1 1 1 1
e X¢ét phuong trinh + +..+ +..+ =— vO1 x € (1,4 1
P 8 x—1 4x-1 kx—1 nx-1 2 ( ) )
e Bién doi (1)<:>f(x)——l+ LA P P S )
" 2 x—-1 4x-1 7 Kx-1 =~ n’x-1

e Khao st tinh don diéu cua f, (x) trén (1;+)

D@ thay rang f(x) lién tuc trén (1;+0)

1 4 k* n’
+.+t—

(x-1)° +(4x—1)2 +"'+(k2x_1)2 (nx-1)
nén f,(x) nghich bién trén x e (1;+0). 3)

e  Xét su ton tai nghiém ctia phuong trinh (2) trén (1;+0)

lim f, (x) = +o0

Do f,(x) lién tyc trén (1;+0) va | nén ton tai x, € (L;+00) sao cho f,(x,)=0 (4)
lim f, ) =~

Do f(x)=— <0,Vx e(1;+0)

e Tir(3) va (4) suy ra voi mdi sé nguyén duong n, phuong trinh trén ¢ duy nhat nghiém trong
(l;+oo). X
2) Ky hiéu nghiém d6 1a x,.Ching minh rang lim x,=4

e Sosanh f,(x,) va f,(4),tacod

1 1 1 1 1
4)=——+ + +..+ +..+
% 2 21 41

1 1 1 1 1 1 1 1 1 (1 1
=—|-1+l-—4+—-—=+..+ - +..+ - (Do == - )
2 3 35 2k—-1 2k+1 2n—-1 2n+1 (2k) -1 2\2k-1 2k+1




Do f,(x,)=0 nén f,(x,)> f,(4).
e Do f (x) nghich bién trén (1;+%0) va f,(x,)> f,(4) nén theo dinh nghia tinh don diéu suy ra x, <4

;4], ta suy ra véi moi s n

n’

e Lai tiép tuc danh gia X,. Ap dung dinh 1y Lagrange cho f,(x,) trén [x

nguyén duong, ton tai c, € (x '4) sao cho

n’

F @)= £,5) = £1e) 6 =x) = fi(e,) = -

(2n+1)(4—xn)

. 1 4 kK’ n’ 1
e Matkhac f (c,)=— + 4.+ fit——— [<——
d f;l( n) (Cn _1)2 (46"1 _1)2 (kzcn _1)2 (nzcn _1) 9
(Do 1<x, <c, <4=0<(c,~1) <9= - - <——) nén
(c,-1) 9
- cteor a2
2(2n+1)(4-x,) 9 " 2(2n+1)
e Tom lai ta ludn co: 4—L <x, <4 véi mdi s6 nguyén duong n (5)

2(2n+1)

e Tu (5) va theo nguyén Iy kep ta suy ra dugc lim x, =4. X

n—+0

Bai toan 2.

Xét phuong trinh L+ ! + ! +..+ 21
2x x-1 x-4 x" -k X—n

1 .
+..+ —=0 trong d6 n 1a s6 nguyén duong.

1) Chirmg minh rang v&i mdi s nguyén duong n, phuong trinh trén ¢6 duy nhit nghiém trong (0; 1) va ky
hi¢u nghiém do 1a x, .

2) Chiing minh rﬁng ton tai gi61 han hitu han lim x,

n—>+w

Huéng din tu duy:
+ St dung tinh lién tuc va don di¢u chimg minh nghiém duy nhat
+ Sur dung tiéu chuan Weierstrass dé tim gidi han

Loi giai

1) Chirng minh rang véi mdi s6 nguyén duong n, phuong trinh trén ¢ duy nhat nghiém trong (0; 1)

1 1 1 1 1
e Xét phuong trinh —+ + +..+ +..+ =0 vdi xe(0;1 1
P 8 2x x-1 x-4 x—k x—n’ ( ) M
Dat f(x)—i+ 1 + 1 +..+ 1 +..+
o 2x x-1 x—4 7 xX*—k T x-n?

e Khao sat tinh don diéu ctia f, (x) trén (0;1)

, 2 1 1 1
Do f,(x)=- + +..+ +..+ <0,Vxe(0;1

O T A P (@)
nén f,(x) nghich bién trén (0;1). )




e Xét sy tOn tai nghiém cuia phuong trinh (1) trén (0;1)

lim f, (x) = +o0 ‘
Do f,(x) lién tuc trén (0;1) va 1" nén ton tai x, €(0;1) sao cho f,(x,))=0 (3)

lim f, (x) = —0

x—1

e Tir(2) va (3) suy ra voi mdi sé nguyén duong n, phuong trinh trén c6 duy nhat nghiém trong (0;1) . X

2) Chimng minh rang ton tai gidi han hiru han lim X,

n—>+00
e Khao sét tinh don diéu va b chdn cua (x,)

V61 moi s0 nguyén duong n ta cé:

foa(x,)= 1 + 1 + 1 +..+ 21 +..+ 12+ ! = f,(x,)+ ! >
2x, x,~-1 x,-4 X, —k X, =n x,—(n+1) x,—(n+1)
:>fn+1(xn)2%<0 (do0<x, <1)
xn—(n+l)

Mt khac lim f,,,(x) =+ va f,(x) nghich bién trén (0;x, ) nén suy ra phuong trinh f;
x—0"

n+l

(x)=0 c6
duy nhat nghiém trén (0;x, ), goi nghiém duy nhét nay 1a x,,. Do (0;x,)<=(0;1) nén O<x,,, <x,

e Diy (x,) la ddy don diéu giam va bj chan dudi béi 0 nén ton tai gioi han hitu han lim x, . X

n—>+00

Bai toan 3.

Xét phuong trinh x" —x*> —x—1=0 trong d6 n 14 s nguyén duong va n>2.
1) Ching minh rang véi moi s6 nguyén duong n > 2 , phuong trinh trén c6 mot nghiém duong duy nhat va ky
hiéu nghiém do 1a x, .

2) Tim lim x,

n—>+o0

Huéng din tu duy: ’
+ St dung tinh lién tuc va don di€u chung minh nghi¢ém duy nhat
+ Str dung ti€éu chuan Weierstrass dé tim gidi han

Loi giai

1) Chimg minh rang v6i mdi s6 nguyén duong n > 2, phuong trinh trén c6 duy nhat nghiém trong (0; +oo)

e Xétphuong trinh x" —x* —x—1=0 véi x e (l; +oo)

bat f(x) =x"—x"—x-1
e Khao sat tinh don diéu cua f(x) trén (0;+)

Do f'(x)=nx""-2x-1

nén f, (x) nghich bién trén x € (l; +oo) . 3)
e  Xét sy ton tai nghiém cta phuong trinh (2) trén (l;+oo)

11_1)110 S (x) =+

Do f,(x) lién tyc trén (1;+0) va | nén ton tai x, € (L;+00) sao cho f,(x,)=0 (4)
lim £, (x) = -




e Tu (3) va (4) suy ra v6i mdi sb nguyén duong n, phuong trinh trén c¢6 duy nhéat nghiém trong
(1;+0). ®

2) Ky hiéu nghiém d6 1a x,.Chimg minh rang lim x, =1

n—>+0
e Do x, la nghiém cua phuong trinh (1) nén: x’ —x’ —x, —1=0<x, ={/x_ +x, +1

e Theo bit dang thirc Co-si, ta co:
X x, +lHl+a ]

%/_/
xn:\”/xj+xn+l=</(xn2+xn+1).l.1...l< nsor X TN TR (%)

n—-1s61 n n

(Trong (5) khong c6 ddu bang bai vi x, >1 nén x” +x, +1=1)
e Kéthopvési x, <2,véimoi n=1,2... taduge: x> +x, <6 (6)

e Tu(5)va(6)suyra: 1<x, <1+g
n

n—>+0 n n—>+0

e Do lim (1 +é] =1 va theo nguyén ly kep suy ra lim x, =1

Bai toan 4.

Xét phuong trinh x*"*' = x+1 trong d6 n 14 s6 nguyén duong .

1) Chimg minh rang v&i mdi s nguyén duong n, phuong trinh trén c6 mot nghiém duy nhét va ky
hiéu nghiém do 1a x, .
2) Tim lim x,

n—>+o0

Huéng din tu duy: ’
+ St dung tinh lién tuc va don di€u chung minh nghi¢ém duy nhat
+ Str dung ti€éu chuan Weierstrass dé tim gidi han

Loi giai

1) Chimg minh rang v6i mdi s6 nguyén duong, phuong trinh trén c6 mot nghiém duy nhat
e Xétphuong trinh x*""' =x+1 véi xeR (1)
Ta co: = x4l e x(x 1) =1 2)
+Véi x<—1 thi x* >1 nén VT (2)<0, suy ra (2) vo nghiém trén (—oo;—l]
+Véi 0<x<1 thi x* <1 nén V'T(2)<0, suy ra (2) vo nghiém trén (0;1)
+Voi —1<x<0 thi x*' <0< x+1 nén VT(2)<1, suy ra (2) vo nghiém trén (—1;0]
Suy ra: (2) v nghiém trén (—o0;1) nén (1) vo nghiém trén (—oo;1) 3)
e Khao sat tinh don diéu cua f(x) =x""—x—1 trén [1; +oo)
D@ thay rang f(x) lién tuc trén [1;+ox)
Ta lai co: f'(x)=(2n+1)x*" =1>0,Vx & (1;+x)
nén f(x) dong bién trén x e [1; +oo) . (4)

e  Xét sy ton tai nghiém cta phuong trinh (2) trén [l; +oo)




f(H=-1<0
f(2)=2""-3>0,Vn=12,..

nén ton tai x, € (1;+%) sao cho f(x,)=0 (%)

Do f(x) lién tyc trén [I;+o) va {

e Tir(3), (4), (5) suy ra véi mdi sé nguyén dwong n, phuong trinh trén c6 duy nhat nghiém . X
2) Ky hiéu nghiém cua phuong trinh (1) 1a x, . Tim lim x,

n—>+0

e Do x, la nghi¢m ctia phuong trinh (1) nén: x, >1 va x.""' =x +1< x, =24x +1

e Theo bat dang thirc Co-si, ta co:
(x, +1)+1+1+1+..+1
%,—/

xn=2n+\1/m< 2050 1 =xn+(2n+1)
20561 2n+1 2n+1

X, +(2n+1)
Sx, < ——F
2n+1
2n+1
S x, <
2n
J4 y . L. . 2n+1
e Kéthgpvéi x, >1,v6imoi n=1,2... tadugc: 1<x, <
2n
. 2n+1 .
e Do lim };Jr =1 va theo nguyén ly kep suy ra lim x, =1
n—>+00 n n—>+0

e Viy limx =1

n—»+00

Bai toan S.

Xét phuong trinh x" +x"" +...+ x—1=0 trong d6 n 12 s6 nguyén duong va n>2.
1) Ching minh rang véi moi s6 nguyén duong n > 2, phuong trinh trén c6 mdt nghiém duong duy nhat va ky
hiéu nghiém do 1a x, .

2) Tim lim x, .

n—>+x0

Huwéng din tw duy:
+ Str dung tinh lién tuc va don di¢u chirng minh nghiém duy nhat
+ Sur dung tiéu chuan Weierstrass dé tim gidi han

Loi giai
1) Chting minh rang véi mdi sé nguyén duong n > 2, phuong trinh trén c6 mot nghiém duong duy nhat
e Xét phuong trinh: x" +x"" +...+x—-1=0 (1)
e Khao sat tinh don diéu ciia f,(x) =x"+x"" +...+x—1 trén (0;+ox)
D@ thiy rang f(x) lién tuc trén [0;+0)

Do f (x)=nx"" +(n—1)x”_2+...+1>0 vO1 moi xe(0;+oo) va Vn>2

nén f,(x) la ham sb dong bién trén [0;+o) (2)
o Xét sy ton tai nghiém cua phuong trinh (1) trén [0; +oo)
Do f,(x) lién tyc trén [0;+00) va {f"(o) =-1<0 nén ton tai x, € (0;+0) sao cho f,(x,)=0 (3)
f()=n-1>0




e Tir(2) va (3) suy ra v6i mdi s6 nguyén duong n > 2, phuong trinh trén c6 duy nhat nghiém trong
(0; +oo). ®

2) Ky hiéu nghiém d6 1a x,.Tim lim x,

e Do x, langhiém ctia phuong trinh (1) nén: x, >0 va x, +x. +..+x" =1 (4)
e Vix, >0 nén tr (4) suy ra (x,) la diy gidm , mdt khac lai bi chan dudi boi 0, nén ton tai giéi han hiru
han lim x, =a 5)

n—>+0

n

. - X N A 1A re
e Talaicd: l=x,+x +..+x' =x, | ~ va lim x! =0 nén két hop véi (4), (5) suy ra
—X n—>+00
n

1 1
l=a—a=—
l-a

e Viy lim x, :%

n—>+0

Bai toan 6.

Xet phuong trinh x" = x+n trong dé n la sd nguyén duong n>2 . )

1) Chirng minh rang véi moi s6 nguyén duong, phuong trinh trén c6 mdt nghiém duong duy nhat va ky
hi¢u nghiém do 1a x, .

2) Tim lim x,

n—>+00

Huéng din tu duy: ’
+ St dung tinh lién tuc va don di€u chung minh nghi¢ém duy nhat
+ Str dung ti€éu chuan Weierstrass dé tim gidi han

Loi giai

1) Chting minh rang véi mdi sé nguyén duong n > 2, phuong trinh trén c6 mot nghiém duong duy nhat
e X¢t phuong trinh: x" =x+n (1)
e Khao sat tinh don diéu ciia f(x)=x"—x—n trén (1;+o)

e Do f(x)=nx""-1>0 véimoi xe (1;+oo)
nén f (x) la ham s6 dong bién trén (1; +oo) (2)
e Xét sy tOn tai nghiém cua phuong trinh (1) trén (0;+00)
f,()=—n<0
f,()=n"-2n>0
e Tir(2) va (3) suy ra v6i mdi s6 nguyén duong n > 2, phuong trinh trén c6 duy nhat nghiém trong
(0;+0). ®

2) Ky hiéu nghiém do6 la x,.Tim lim x,

n—>+0

Do f,(x) lién tyc trén [0;+00) va { nén ton tai x, € (0;+00) sao cho f,(x,)=0 (3)

e Do x, la nghi¢ém ctia phuong trinh (1) nén x’ =x, +1=1<x, =4/x, +n <2n
e Vi lim {/2n =1, theo nguyén ly kep ta dugc lim x, =1

e Viy limx =1

n—»+00




Bai toan 7.

10,110 e +...+x+1 (n=1,2,...). Chitng minh ring v6i méi n phuong

Cho s6 thuc a > 2. Dat f,(x)=a
trinh f, (x)=a c6 ding mot nghiem x, € (0;400). Ching minh day s6 (x,) c6 gidi han hitu han khi

n—> +00.

Loi giai

Vé6i moi n, dat g, (x)= f,(x)—a; khi d6 g, (x) la ham lién tuc, tang trén [0;+0). Ta ¢6 g,(0)=1-a <O0;
g,()=a"+n+1-a>0 nén g, (x)=0 c6 nghiém duy nhat x, trén (0;+).
D€ chitng minh ton tai gidi han lim x, , ta ching minh day (xn ) tang va bi chan.

—da

n+l
1 1 n+10 1_(1_1J
ooyl

a a

e o e

Suy ra x,< 1—l Vn.
a

Mat khéc, tr g (x,)=a

Taco g, (1—

x4 x"+..+1-a=0,suyra

x,g,(x)=a

O e x4+ x, —ax, =0

1
=g .(x)=xg(x)+1+ax,—a=ax,+1-a<0do x, <l-—.
a

Do g, lahamtangva 0=g,,,(x,,;) > g,.,(x,)nén x, <x,,,. Vay day (x,)tang va bi chan nén tén tai

limx, .

n—>00

Chi y: C6 thé ching minh lim x, =1 1 bing cdch danh gia

n—>00 a

n+l
l—l—a((a—l)g—l)(l—l) <x <1-1)
a a

a

1 2
+(1——j +x +1.
a

That vay, ta c6

1 n+10 1 n
a=a"x"" +x" +...+xn+1<al°(1——J - 1——) +

a a
Suy ra
n+10 2 n+l
lo(l—lj H{(llj — l—lj j+xn+1,
a a a
) 1 . 1 n+l
kéo theo xn>1———a((a—l) —1) I-——| .
a a
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