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LOI CAM ON

Téi bay t6 long biét on sdu sic téi Thac si Vwong Vinh
Phat, ngwoi thdy di tgn tinh hwéng dan, hét long gitp dé dé dé

tai dwgc hoan thanh dung thoi han.
T6i xin chdn thanh cam on Ban giam hiéu, khoa sw pham,

cdac thil“y cé trong t6 todn trwong Pai hoc An Giang da tao diéu

kién thudn loi cho toi trong qua trinh thuc hién dé tai.

Tac gia dé tai

Lé Minh Thing



MO DAU
1. LY DO CHON PR TAL:

Hién nay, & Trudng Phd Thong, phuong trinh ham vin chua dudc
dé cap nhi€u. Phan I6n cic hoc sinh ti€p cin v6i phuong trinh ham 12 cédc
hoc sinh 16p chuyén Todn, con ddi vdi hoc sinh dai tra thi vAn 12 mot linh
vuc xa la, khé ma ti€p can. Pa s& hoc sinh khi tim hiéu vé phuong trinh
ham déu cdm thiy khé bdi vi diy 1a loai todn doi hdi & ngudi hoc phai
van dung nhiéu kién thic khi gidi, c6 kha ning tu duy tdt, khd ning khdi
qudt, phdn dodn van dé ...

Mit khdc, cdc tai liéu dé ciap vé phuong trinh him con it va chua
c6 mot ti liéu ndo trinh bay khd day di cdc khia canh clia phuong trinh
ham. Do dé, viéc gitip hoc sinh ti€p cin v6i phuong trinh ham dé dang
hon, va gidi dugc mot sd bai todn vé phuong trinh ham 13 mot yéu cau
hét stic can thi€t nén chiing tdi chon dé tai: “Mot s dang todn phuong
trinh ham co bdn va vian dung phuong trinh ham Cési dé gidi mot s6
dang todn phuong trinh ham”.

1. POI TUGNG NGHIEN CUU VA KHACH THE NGHIEN CUU:

Khich thé nghién cttu: phuong trinh ham.

DPoi twgng nghién citu: mdt s6 dang phuong trinh ham co ban va
mot sd dang phudng trinh ham van dung phuong trinh ham Cosi d€ gidi.
I11. MUC PICH VA NHIEM VU:

Nghién cttu mdt sd dang phudng trinh ham co ban.

Nghi€n ctu phuong trinh ham Cosi tir d6 d4p dung phuong trinh ham
Cosi d€ gidi mot s6 phudng trinh ham khic.

Gitip dao sau van dé tir mot bai todn.



IV. PHUGNG PHAP NGHIEN CUU:
Phuong phdp nghién ciu li ludn: phan tich cdc tai liéu vé phuong

trinh ham, cdc tap chi todn hocva tudi tré, 40 nim Olympic Todn hoc

V. GIA THUYET KHOA HOQC:

Né&u hoc sinh Phd Thong nim duge mot s6 dang phuong trinh ham
va biét van dung ching dé gidi todn, thi hoc sinh sé& ti€p cin ndi dung
phuong trinh ham d& dang hon, tao diéu kién phit trién ning luc tu duy,
nang luc gidi todn...

VI. NOI DUNG:

Ngoai cdc phan mé dau, tai liéu tham khao, noi dung dé tai gom
hai chuong:

Chuong I: KIEN THUC CO BAN.

1.1. Céc khai ni€ém.
1.2. Mot s6 dang phuong trinh ham ¢d ban.
K&t luan chuong 1.
Chuong II: VAN DUNG PHUONG TRINH HAM COSI VA
KHAI THAC BAI TOAN.
2.1. Phuong trinh ham Cosi.
2.1.1. Phuong trinh ham Cosi.
2.1.2. Céac bai tap dp dung.
2.2. Khai thac bai toén.
2.2.1. Gidi quyét bai todn.
2.2.2. Khi thay d6i diéu kién ctia bai todn.
2.2.3. Md rong van dé.
K&t luan chuong 2.
TAI LIEU THAM KHAO.
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Dé tai nghién citu khoa hoc Phuwong trinh ham

Chwong I : KIEN THUC CO BAN
R

1.1. CAC KHAI NIEM CO BAN:

1.1.1. Giai phwong trinh ham: 1 xac dinh ham sé chua biét trong phuong
trinh

Vi du: Hay xac dinh ham s y = f(x) thoa mén cac phuong trinh:

26(1 - x) + 1987 = f(x)
(x— D)+ (L) =A—1
X

1.1.2. Ham s0 chan va ham so 1é:

1.1.2.1. Ham sb chén:

~Ham sé f(x) dugc goi 1 ham sb chén trén M, McD(f) (D(f) 1a tap xac dinh
cua ham so f(x))néu:

VxeM=-xeM
f(—x)=1f(x),vxeM

Vi du: Ham sd f(x) = cos(x) 12 ham chin trén R. That vay:
Tap xéac dinh ctia ham s6 12 R nén VxeR thi —xeR. Ta co:
f(—x) = cos(—x) = cos(x) = f(x)

1.1.2.2. Ham sd 1&:

Ham s6 f(x) duoc goi 1a ham s6 1é trén M, Mc D(f) néu:

VxeM=-xeM
f(—x)=—-f(x),Vxe M

Vi du: Ham s6 f(x) = sin(x) 1a ham s 1¢ trén R.
That vay, tap xac dinh cia f(x) 1a R nén, VxeR thi —xeR. Ta co:
f(—x) = sin(—x) = —sin(x) = —f(x)

1.1.2.3. Bai tap:
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Dé tai nghién citu khoa hoc Phuwong trinh ham

Bai 1: Chirng minh rang moi ham so6 xéac dinh trén R déu co thé viét duogc
dudi dang tong cua mot ham s6 chan va mot ham so 1¢.

Giai
. 1 1
Taco : f(x) = 3 [f(x) + f(—x)]+ 3 [f(x) - f(—x)].
Ta s& ching minh f,(x) = %[f(x) +f(—x)] 12 ham s chén va
f,(x) = %[f(x) —f(—x)] 1a ham s6 1¢
Vi ham s f(x) ¢ tap x4c dinh 13 R nén Vx € R thi —x €R nén ta c6 :
1 1
(=) = S [0 +F(0] = S [F00 + F (0] = £,(0)

= f,(x) 1a ham s6 chan trén R .
Tuong tu ta chimg minh duoc f,(x) 14 ham sb 1¢ trén R.
Bai 2: Cho x, € R. Xac dinh tt ca cac ham s f(x) sao cho:
f(x,—x)=1f(x), VxeR (1)
Giai

Pitx= 0 _fet=0_x
2 2
Khido: x,—x =2+t
2
Va (1) ¢6 dang: f(%+tj:f(%—tj ©)

Pate(t)=f] 22+ t| thig(-t)=f] 0 —t| ,ft)=g|t- 2
2 2 2
Khi d6 (2) c¢6 dang g(—t) = g(t) , Vt eR. Vay g(t) 1a ham chan trén R

Két luan: f(x) = g(x - X—;j , trong d6 g(x) 1a ham chan tuy y trén R

Bai 3: Cho a, b € R. Xéc dinh tit ca cac ham sd f(x) sao cho
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Dé tai nghién citu khoa hoc Phuwong trinh ham

fla—x)+f(x)=b, VxeR (D)

Giai
- a C o4, a . a
bat:t=—-x.Khidox=——-t va a—x=—+t.
2 2 2

Khi d6 (1) c6 dang :

f(%+t)+f(%—tj - b Q)
bat: f[%+t}—g:g(t)

Khi d6 c6 thé viét (2) dudi dang :
g(-t)+ g(t)=0. VteR
Hay : g(-t) =—g(t), VteR.

Vay : g(t) 1a ham s 1é trén R
A A a b . L1y YN A
Két luan: f(x) =g| x - 5 + 5 trong d6 g(x) 1a ham 1¢é tuy y trén R.

1.1.3. Ham s0 dong bién va ham so nghich bién:

1.1.3.1. Ham s ddng bién :

Ham s6 y = f(x) duoc goi 1a dong bién trén khoang (a,b) , néu véi moi
diém x, va x, thudc khoang 4y ma x < x, thi f(x,)<f(x,).

Vi du: Him s6 y = f(x) = x 1a ham ddng bién trén R .That vay :
VX,,X, € R saocho x, <x, thitacod:
f(x,)-f(x,)=x, -x, >0

o fx,)>f(x,)

1.1.3.2. Ham sb nghich bién :

Ham s6 y = f(x) duoc goi 1a ham nghich bién trén khoang (a,b) néu véi
moi diém x, va x, thudc khoang 4y ma x, <x, thi f(x,)>f(x,)

Vidu:Ham sb y = f(x) = 1 12 ham nghich bién trén khoang (1,3) .That vy :
X
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Dé tai nghién citu khoa hoc Phuwong trinh ham

Vx,,x, €(1,3) sao cho 1 <x,<x, <3 thitaco:

flx,)—f(x,) = = - = 220

X, X XX,

e f(x,)<flx,)

1.1.3.3. Bai tap:

Bai 1: Ching minh rang néu cac ham y=1f(x) vay=g(x) ddng bién trén tap
hop X thi ham sé y = h(x) = f(x) + g(x) ciing déng bién trén X .

Giai
Vi cac ham y =f(x) vay = g(x) dong bién trén tap hop X nén Vx,,x, € X

f(X1)< f(xz) PN {f(xz)—f(x1)> 0

g(X1)<g(X2) g(Xz)—g(X1)>0

= [f(xz)_ f(Xl)]+ [g(X2 )_ g(Xl )] >0 [f(xz)+ g(Xz )]_ [f(Xl )+ g(Xl)] >0

Hay: h(x,)—h(x,)>0

sao cho x, <X, taco: {

< h(x,)>h(x,).
Do d6 ham sb y = h(x) 1a ham s6 dong bién trén tap X.

1.1.4. Ham s6 lién tuc :

1.1.4.1. Dinh nghia ham s lién tuc:

Gia st ham s6 y = f(x) duoc xac dinh tai diém x = X, . Tanoi rang ham sb
f(x) lién tuc tai diém x = x, néu : lim f(x)="f(x,)
X=X,
= Néu dang thtc trén khong xay ra thi ta ndi rang ham sé  f(x) gian doan
tai diém x = x,,

. Néu ham sb y = f(x) lién tuc tai moi diém thudc doan [a,b] thi ta noi
rang ham so f(x) lién tuc trén doan do .

2 —
Vi du: Ham s8 y = f(x) = # lién tuc Vx € R\ {3}. Thit vy :

Trang4



Dé tai nghién citu khoa hoc Phuwong trinh ham

= Tai diém x = 3 thi ham s6 khong xac dinh nén dang thirc lim f(x) = £(3)

khong xdy ra. Do d6 ham s6 gian doan tai diém x = 3

= Taidiém x, € R\ {3} thi ta c6 dang thirc :

2 2
limf(x)zlimx 3x+2:x0 3x, +2
X% % x—3 X, —3

= f(xo)

Do d6 , ham sé lién tuc Vx € R\{3} .

1.1.4.2. Dinh 1i Bénxand - Cdsi thir nht :

Néu ham sb y = f(x) lién tuc trén doan [a,b] va f(a).f(b) < 0 thi ton tai it nhat
moét diém ce (a,b) sao cho f(c)=0

Vidu: Him sé y = f(x) = x — 1, lién tyc trén doan [0;2] va f(0).f(2)=-1 <0
= 3¢ €(0;2) sao cho fc)=0ma cuthé lac=1 <(0;2)

1.1.5. Pao ham ciia ham sb :

Cho ham s6 f(x) , x,€ D(f) . Ta n6i ham s6 f(x) kha vi tai x , khi va chi khi

lim f(x, +Ax)-f(x,)
Ax—0 AX

dugc goi la dao ham cua ham s6 f(x) tai diém x

ton tai va hitu han ; Gi6i han nay dwoc ki hiéu 1a f'(x,) va

Vi du: Xét ham s6 y =3x — 2 lién tuc trén R , ta xét dao ham cua ham s6 tai diém
x,eR:

lim f(x, + Ax)—f(x,) _ lim 3(x, + Ax)—2 —(3x, - 2) _ limﬁ:

Ax—0 AX Ax—0 AX Ax—>0 Ax

3

Vay : Pao ham caa ham sé f(x) tai diém x ;e R1a: f'(x,)=3 .

1.1.6. Ham s6 tuin hoan va phin tuin hoan céng tinh:

1.1.6.1. Him tuin hoan cong tinh:

Ham s6 f(x) duoc goi 1a ham tuan hoan cong tinh chu ky a (a > 0) trén M néu
Mc D(f) (D(f) 1a tap hgp xac dinh cua ham so f(x)) va:

VxeM=xxaeM
f(x+a)=1f(x),VxeM
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Dé tai nghién citu khoa hoc Phuwong trinh ham

Cho f(x) la ham tudn hoan trén M . Khi d6 T (T > 0) dugc goi la chu ky co s6
cua f(x) néu f(x) tuan hoan véi chu ky T ma khong 1a ham tuan hoan véi bat cur chu ky
nao bé hon T.

Vi du: Ham s6 f(x) =|sin x| 12 ham tuan hoan . Thay vay:

Mién xac dinh cua f(x) 1a toan truc s6 nén voi moi x ,cdc difm x +w vax —
cling thudc mién xéac dinh cia ham so:

Taco: f(x +m) =|sin(x + n)| =|— sin x| =|sin x| =f(x)
Do d6: f(x) 1a ham tuan hoan
Néu goi T 1a chu ky co s6 cua f(x) tic 1a: f(x + T) = f(x)
Thay x = 0 ta dugc :
sinT|=0 <sinT=0=T=kn (k=1,2,3....)(do T > 0)
Nén T =n 1a chu ky co s¢ ctia ham sé f(x)
Vay f(x) =|sinx| & ham tudn hoan véi chuky cosé 1a T =n

1.1.6.2. Him phan tuin hoan cong tinh :

— Ham s f(x) duogc goi la ham phan tuan hoan chu ki b (b > 0) trén M < D(f)
(D(f) 1a tap xac dinh cua ham s6 f(x)) va :

VxeM=xtbeM
f(x+b)=-f(x),vxeM
. — Néq f(x) 1a ham phan tuan hoan chu ki b. Trén M ma khong 13 ham phan
tuan hoz:m véi bat ctr chu ki ndo bé hon b trén M thi b dugc goi 1a chu ki co s& ciia ham
phan tuan hoan f(x) trén M .

Vi du : Ham s6 f(x) = sinx 1a ham phan tudn hoan. That vy :

Mién xac dinh cua f(x) 1a tdan tryc so, nén Vx cac diém x +7 va x — 1 cling
thudc mién xac dinh cia ham so .

Ta co: f(x + 1) =sin (x + ©) = —sin X = —(x)

Nén ham sb f(x) 12 ham phan tudn hoan véi chu ki 13 .

Néu goi T 1a chu ki co so cta f(x) .Tuc 13 : f(x + T) = —f(x)
< sin(x + T) = —sinx

Thay x =0 ta dugc : f(T) = —sin 0 =0

Trangé6



Dé tai nghién citu khoa hoc Phuwong trinh ham

< sin T =0
< T=kn(keZ)doT>0
=T=n
Vay ham s6 f(x) = sinx 12 ham phan tuan hoan véi chu ki co s 1a =

1.1.6.3. Bai tap:

Bai 1 : Cho cdp ham f(x), g(x) tuan hoan trén M cé cac chu ki 1an luot 13 a
vab (a,b>0) voi % € Q. Chirng minh rang : F(x) = f(x) + g(x) va G(x) = f(x).g(x)
ciing 14 nhitng ham tun hoan trén M .

Giai

Theo gia thiét 3m, n eN’, (m,n) =1 sao cho m
n

o | ™

bat T = na = mb. Khi do:

F(x+T)=f(x+na)+g(x+mb) =f(x)+g(x)=Fx),vxeM
G(x+T)=f(x+na).g(x +mb) = f(x).g(x) = G(x),Vx e M

Honnita, VxeMthix £ T eM . Vay F(x), G(x) la nhitng ham tuan hoan trén M

Bai 2: Ching minh rang moi ham phan tuan hoan trén M ciing 1a ham tuan
hoan trén M

Giai
Theo gia thiét, 3b>0sao cho Vx eMthix +b eM va f(x + b) = —f(x),Vx eM
Suyra: VxeMthix+2b eMva
f(x +2b) =f(x + b+ b) = —f(x + b) = —(—1f(x)) = f(x) ,VxeM
Vay f(x) 1a ham tuan hoan vé6i chu ki 2b trén M

Bai 3 : Chimg minh rang f(x) 1a ham phan tuan hoan chu ki b trén M khi va
chi khi f(x) c6 dang : f(x) = g(x + b) — g(x)

Véi g(x) 13 ham tudn hoan chu ki 2b trén M
Giai
Gia su f(x) c6 dang: f(x) = g(x + b) — g(x) ta co:

f(x+b)=g(x+2b)—g(x+Db)

Trang7



Dé tai nghién citu khoa hoc Phuwong trinh ham

=g(x)—g(x+b)
=—[gx+b)-gx) ]
=—f(x),Vx eM

Hon nita, Vx e M thix £b e M. Do d6, f(x) 1a ham phan tuan hoan chu ki b trén M.

Nguoc lai, véi f(x) 1a ham phan tuan hoan chu ki b trén M, chon g(x) = %lf(x) thi

g(x) 12 ham tuan hoan chu ki 2b trén M (theo bai 2) va
-1 -1 -1 1
gx+b)—gx)= EY f(x +b) - (Tf(X)) = 7(—f(X) )+ Ef(X) =f(x), VxeM

1.1.7. Ham tuin hoan va phan tudn hoan nhin tinh:

1.1.7.1. Hdm tuin hoan nhén tinh:

~ Ham s6 f(x) dugc goi 1a ham tuan hoan nhén tinh chu ki a (a¢ {0,1,-1}) trén M
néu M c D(f) (D(f) 1a tdp xé&c dinh cia ham s6 f(x)) va:

vxeM=a"'xeM ,
f(ax) =f(x), VxeM

Vi du: Xét ham sb f(x) = sin(2 rt log, x). Khi d6 f(x) 1a ham tuan hoan nhén tinh
chuki2trén R”

Thatvdy,tacoé: Vx e R* thi 2*'x eR”
Vasin(2 tlog, (2x)) = sin(2n(1 + log, x)) = f(x), VxeR".

1.1.7.2. Him phan tuin hoan nhén tinh:

Ham s6 f(x) dugc goi 1a ham phan tudn hoan nhan tinh chu ki a (a¢ {0,1,~1}) trén
M néu M c D(f) (D(f) 1a tap xac dinh cua ham f(x)) va :

VxeM=a'xeM,
f(ax) = —f(x),Vx € M.

Vi du : Ham s f(x) = sin(m.log, x) 1a ham phan tuin hoan nhan tinh chu ki 2 trén
R".

That vay, tacod : Vx e R* thi 2" x e R* va:

f(2x) = sin(log, (2x) ) = sin(n(1 + log, X))

Trang$8



Dé tai nghién citu khoa hoc Phuwong trinh ham

= —sin(xz.log,x) =-f(x),vxeR "

1.1.7.3. Bai tap:

Bai 1: Cho f(x), g(x) 12 hai ham tuan hoan nhén tinh chu ki a va b, twong tng

. . 1n|a| m .
trénMva: —=—;mn € N .
ln|b| n

Ching minh rang : F(x) = f(x) + g(x) va G(x) = f(x).g(x) 1 nhiing
ham tudn hoan nhan tinh trén M .

Giai

Tir gia thiét suy ra [a| = [b|". Ta chimg minh T=2a"=b>" 1a chu ki cua F(x) va
G(x). That vay , tacé :

F(Tx)=f(a*"x) + g(b*™x) = f(x) + g(x) =F(x) ,Vx e M
G(Tx) =f(a™ x) + g(b*" x) = f(x).g(x) = G(x) , Vx e M

Hon nita, Vx € M thi T*'xe M. Do d6 F(x) va G(x) 1a nhitng ham tuan hoan
nhan tinh trén M .

Bai 2: Chtrng minh rang moi ham phan tuin hoan nhan tinh trén M ciing 1a
ham tuan hoan nhan tinh trén M .

Giai
Theo gia thiét,Ibe {O,il} sao cho Vx e M thi b*'.x e M va:
f(bx) = —f(x),Vxe M.
Suyra: Vx e Mthi(b*)* xeMva
f(b* x) = f(b.bx )= —f(bx) = —(—f(x)) = f(x) ,Vx e M .
Nhu vay, f(x) 1a ham tudn hoan nhan tinh chu ki b* trén M .

Bai 3: Chung minh rang f(x) 14 ham phan tuan hoan nhan tinh chu ki b
(b {0,£1}) trén M khi va chi khi f(x) c6 dang : f(x) = %(g(bx) - g(x)), trong d6 g(x)

14 ham tudn hoan nhan tinh chu ki b? trén M.

Giai

Trang9
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That vay , néu f(x) c6 dang f(x) :% (g(bx) — g(x)) thi :

f(bx) =% [2(b%) — g(bx)] =% [2(0) — g(bx)] = —f(x) , ¥xeM

Hon nita, VxeM thi b* .xeM. Do d6, f(x) 1a ham phan tudn hoan nhén tinh chu ky
b trén M.

Nguoc lai, gia str f(x) 12 ham phan tuan hoan nhén tinh chu ky b trén M. Khi do,

g(x) = —f(x) 12 ham tuan hoan nhan tinh chu ky b trén M (bai 2) va
% [2(bx) — ()] =§ [~(bx) — (—f(x))] =% [—(~£(x)) + )] = f(x) , VxeM.

1.1.8. Piém bét dong : x duoc goi 1 diém bat dong ctia ham fnéu fix) =x .

Vi du: Haim sé y = f(x) = x> ¢6 mot diém bat dong 1a x = 1. That vay , f(1) = 1
1.2. CAC DANG PHUONG TRINH — HE PHUONG TRiNH HAM CO BAN :

1.2.1. Dang f(u(x)) =v(x) :

1.2.1.1. Phuong phap giai:

batt=u(x) = x=0¢(t) = f(t)=v(o(t)) = f(x)

1.2.1.2. Bai tap:

Bai 1: Xac dinh f(x) khi biét :

a) f(3x+1)= x+1 (Vx=1,x#-2)
X+2 x—1

b) f(sinx)=x-3

Giai
) Patt= 2 ox=2"1 g
X+2 —t
2t—1
3 t+1 t+2
Do d6 : f(t) = =— =
o do : f(t) 2t—1_1 3t—4a
3—t
X+2
Vay: f(x) =
y: 1) =~ —
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b) Datt= sinx = x = arcsint
Do do: f(t) = arcsin t -3 < f(x) = arcsinx — 3

Bai 2: Tim ham f(x) néu biét :

2
a) f(x+3j=xz +a—2,VX¢O
X X

b) (1T x)=1+x2,vx#0

c) f(l-i-lJ:Xz—l
X

Giai

2 2

y a a a
a) Patt=x+==t’=x’+ —+2a=>x’+—5=t-2a, Vx#0.
X X X

Do do: f(t) =t*— 2a
Vay: f(x) =x>—2a

b) Patt=vl+x =>t’ =l+x=>x=t"-1=x> =(t* -1)*,vx > -1

Do d6: f{t) =1+ (1> —1)* =+/t* —2t* +2
Vay: f(x) =vx* —2x* +2
) 1
c) batt=1+— (x#0)
X

1
S x=—t]
t—1

2
1 - t° +2t

Do do: f(t) = 1=
Oy Ty
Vay: fog =X 2%
W x*—2x+1
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1.2.2. Dang af(u(x)) + bf(v(x)) = w(x)

1.2.2.1. Phuong phap giai:

Doi bién sao cho u(x) thanh v(x)(dat u(t) = v(x)). Giai hé phuong trinh tim f(u(x))
(hogc f(v(x))= f(x))

1.2.2.2.Baitap :

Bai 1: Tim f(x) biét:

a) 2f(x %) + f(—x?) = 2x
b) (x— 1)f(x)+f(l) ZL,‘V’xiO,xil
X x—1

X
2x —1

o) f(x)+xf( )=2 (in—l,xi%)

Giai
a) DPatt=—x = 2f(-t’)+f(t’) = 2t = 2f (—x*) +f(x*) = =2x (1)

Ma: 2f(—x°) +4f(x*) =4x (2)

Két hop (1) va (2) ta duoc :3f(x°) = 6x = f(x°) = 2x

Pitu=x’o x =u = f(u) = 23u = f(x) = 2¥x

b) Dattzl(x #0) < x =%(t #0)=> (%—l)f(%)+f(t) :%(t #1,t#0)
X

“-1
t

1-t, 1 t
= f(O) +f(t) = ——
t (t) ® 1-t

X ey s py =
X

1-x

Ta co:
t r (- = ——
X 1

X —

Giai h¢ ta co: f(x) :L
1-x
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1 ¢ ]
) Pt ) ex=o 2
)+ f()=2

21" 2t—1
)2 fx)=2

Taco hé: 2x-1 2x-1

f(x)+xf =2
(0 + X2

Giai hé ta co: f(x) =&_11)
X_

Bai 2 : Tim ham s6 f(x) biét:

) D op X2y
X—2 x+1
b) fx—1)+ 3= = 1-2x
1-2x

Giai

I 241
) Patt=-t(x22)=x="F(tx0)
X—2 t—1

1. 2t+1
= f(t)+2f(-) =
(+26() ==
—+1
Ditu=(t#0) = t=(ux0)= f(1)+2f(u) = 4 = 92
t u u —l—l l1-u
u
F(x)+ 26 (L) = 221
Ta c6 hé phuong trinh: x X _21
F(=) + 26 (x) = 2
X 1-x
Gidi hé ta 06 : f(x) = X3
—3x+3
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b) Ditx—1= ' (t#i)mx=2ot
-2t 2 1-2t
1-t 4t-3
Suyra:f +3f(t-1)= —=
y (1—2t) ( ) 1_2t
1-x
f(x —1)+3f( )=1-2x
Ta c6 h¢ phuong trinh: 1-2x s
X .
f +3f(x-1)=
(1—2X) ( ) 1-2x
2
Giai hé ta dugc: f(x — 1) = 4x° +16x -8
8(1— 2x)

Patu=1-x=>x=u+1

u’ —2u+l
Suy ra: f(u) = m

Do d6: f(x) = %

af(u(x)) + bg(v(x)) = w(x)

1.2.3.D
s AR {a'f(u'(x)) Fb'g(v' (1)) = W' (x)

1.2.3.1. Phuong phap giai :

Doi bién sao cho u(x) thanh u’(x), giai hé dua vé dang :

Af(u(x)) + Bf(v(x)) = u”(x) dé giai.

1.2.3.2. Baitap :

Bai 1: Tim cac ham f(x) va g(x) thoa :

f(x+1)+xg(x+1)=2x
a) x+1 x+1

f(—)+e(-—)=x-1

x—1 x—1

X+2

f(x+6)+2g(2x +15) =
b)

X

f(

;2)+g(x+5)=x+4

(1
2)

A3)

“4)
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Giai
a) ()Patt=x+1

x+1

(2) Dat t =

£(t) + (t - 1)g(t) = 2t -2

e g = =

t—1
f(t)y=-2
Giai hé ta duoc : 2t
Ct-1
f(x)=-2
Suy ra : 2x
g(x)=——
x—1

b) Bat’%z:tw:x:ztno

Tu (4) suyra: f(t+6) + g2t + 15) =2t + 14
Hay : f(x + 6) + g(2x + 15)=2x + 14

X+2

f 202x +15) =
Ta c6 hé (x+6)+2g(2x+15)

f(x+6)+g(2x+15)=2x+14

f(x+6)= 7—X+ 25
Gidi hé trén ta duoc: 2 .
g(2x+15):—7x—13

f(x)=7—x+6
Suy ra: 2

(X)=_3x+7

8 4
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Bai 2: Tim cac ham f(x) va g(x) thoa:

f2x-D+g(l-x)=x+1 (1)

X 1
f +2g(——)=3 (2
(x+1) g(2x+2) @)
Giai
pat — ﬁt-l(Vxﬂ):x:ﬂ (t=-1)
x+1 2+2t

2)=>f2t-1D)+2g(t+1)=3
Hay: f(2x - 1) +2g(x+1)=3 (3)

mw [
= g(1-x)—2g(l+x)=x—2 (4)

Dit t = —x ta dugc (4)= g(1+1t)—2g(1—t) = —t -2

Hay : g(1 +x)—g(l —x)= —x 2 (5)

6—x

Két hop (4) va (5) co: g(1 +x) =

7T—-x

Suy ra: g(x) = 3

Thay: g(1 +x) = 6-x

vao (*) ta dugc:

If2x—1)+12-2x=9
<S3f(2x-1)=2x-3

Suy ra: f(x) = XT_z

Xx—2

f(x)=

Vay:
ay 7%

3

g(x) =
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KET LUAN CHUONG I :

Nbi dung ciia chwong nay 14 hé thong lai cac khai niém co ban ciia moén giai tich
can thiét cho giai toan phuong trinh ham, cac dang phuong trinh ham co ban. DPong thoi
qua cac bai tap s€ giup hiéu sau hon cac khai niém, cac dang bai tép co ban d6. Hoc sinh
phai nim ving céc kién thic co sd trén thi moi c6 thé hoc tét phuong trinh ham.
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Chuong IT : VAN DUNG PHUONG TRINH HAM COSI
VA KHAI THAC BAI TOAN

RARAR A

2.1. VAN DUNG PHUONG TRINH HAM COSI:

2.1.1. Phuong trinh ham Cési:

. Bai toan: (Phuong trinh ham Cosi) Xac dinh cac ham f(x) lién tuc trén R thoa
man dicu kién: f(x +y) =1(x) + f(y), Vx,y e R (D)

Giai
Tur (1) suy ra f(0) = 0, f(— x) = — f(x) va v&1 y = x thi {(2x) = 2f(x), Vx e R (2)
Gia su véi k nguyén duong, f(kx) = kf(x), Vx € R . Khi d6:
fl(k + Dx] = flkx + x) = f(kx) + f(x) = (k + Df(x) ,Vx € R,Vne N.
Tur do, theo nguyén 1y quy nap, ta co:
f(nx) = nf(x), Vx € R *)
Két hop voi tinh chét f(—x) = —f(x) ta duogc:

f(mx) = mf(x),Vme Z,¥Vx e R (3)

Tur (2) ta co:
X X X
f(x) = 2f(2) = 22 f(2) = oo, = 2°F
(x) (2) (22) (2n)
Tir do suy ra: f(zin)z %f(x),vX eR,VneN. 4)

Két hop (3) va (4) ta duoc: f(zﬂn) - %f(l),Vm eZneN'

Str dung gia thiét lién tuc ctia ham f(x), suy ra:
f(x) =ax ,Vx e R,a =f(1)

Thir lai, ta théy ham f(x) = ax, Va € R tuy y,Vx € R thoa diéu kién bai toan.
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» Nhan xét: Trong céc bai toan, chung ta it gdp dang phuong trinh ham Cosi don gian
nhu trén, ma thudng gip dang bién thé tong quat hon. Chang han bai toan van dé sau:

Bai toan van dé: Cho ham sb f(x) xac dinh trén R va lién tuc trén doan [0;1] sao cho:
1) f(0)=1(1)=0

i) 26(x) + f(y) = 3 F(2Y

) voimoix, ye[0;1]

Chung minh rang f(x) =0, v6i moi x, ye[0;1]

> Phan tich bai toan:

2X+y

Tir diéu kién ii) ta suy ra: f{ )= %f(x) + %f(y) VX, y €[0:1]

Néu ta xem 2?)( chinh 1a x, %chinh la y, thir gdn v6i phuong trinh ham Cosi ta dugc:

2x

f(— —) f( =)+ f(—)
Nhu vay, ta c6 thé gia thuyét:

2x,. 2
f(—)=—1f(x

(3) 3 (x)

y, 1
f(=)==f(x

(3) 3 (x)

Quay lai bai giai cia phuong trinh ham Cosi, ta phat hién duoc diéu gia thuyét 1a dang.

That vay, tu (*) ta co:f(nx) =nf(x),Vxe R,Vn e N
Thayxbm ta dugc: f( )——f(x) Vn e N,Vx e R (1"

Tur (3) ta co: f(mx) = mf(x) ,Vm e Z,Vx € R
Két hop (1°) va (3) ta duoc: f(rx) = rf(x) , Vr € Q,Vx € R.
Néu ta thay f(x) = ax vao thi diéu kién bai toan duoc thoa.

Nhu thé, giira bai toan va phuong trinh ham Cbsi ¢6 mdi quan hé.
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Bay gid ta sé tong quat bai toan trén :
Bai toan:(phuong trinh ham C6si m¢ rong)

Cho bd sé (a1, az,....., ay) € (R\{0})". Tim cac ham f(x) xac dinh, lién tuc trén R va
thoa man diéu kién:

f(ax, +a,x, +....+a x )=a,f(x,)+a,f(x,)+..+a f(x,) (1)

VX, X55ee X, €R, neN’
Giai
Thay x, =x, =...... =x, =0 vao (1) ta dugc:
f(0).[(a,+a, +....+a_ )—-1]=0

a) Néua,+a,+...+a, # 1 thi f(0)=0 vakhidétir (1) ta co:

f(a,x,) =a,f(x,);f(a,x,) =a,f(x,);...;f(a,x,)=a,f(x,),(Vx, eR,i=1Ln)
Hay: f(a;x;) = a,f(x,), Vx; eR ,i=1,2,.....,n (2)
Két hop (1) va (2) ta duoc:
f(ax, +a,x,+...+a,x,)=1(ax,)+f(a,x,)+...+f(a,x,)
Hay: f(x, +x, +....... +x,)=1(x)+f(x,)+....... +f(x,)
Thay: x;, =x, =....... =x, =0 taduoc: f(x, +x,) =1f(x,)+1(x,)
Theo bai toan phuong trinh ham Coési ta c6 : f(x) =bx ,VbeRtuy y, xe R
b)Néu a, +a, +......+a_ =1 thi f(0) nhan gia trj tuy y. Khi do:

D ef(ax, +a,x,+...+a,x,)—1(0)=a,[f(x,)-f(0)]+...+a [f(x,)-f(0)]

(Vx; eR,i=1n)
bat g(x) = f(x) — f(0) , g(0) = 0. Ta dugc:
ga,x, +a,x, +....... +a x, )=a,g(x,)+a,g(x,)+....... +a, g(x,)
Do g(0) = 0 nén theo két qua phan a) ta c6 : g(x) = cx . Suy ra:

f(x)=cx+d;c,deRtuyy,xeR
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Két luan:

~Néu a, +a, +....... +a_#1 thi f(x)=bx; beRtuyy, VxeR

~Néu a, +a, +....... +a, =1 thif(x)=cx+d; c,dtuy y,Vx e R

Nhin xét: Viéc giai bai toan tong quat trén cho ta két qua rat hay. Tuy nhién gia thiét
cua bai todn tong quat 1a lién tuc trén R. Do d6, néu mién lién tuc cua bai toan bi thu
hep lai thi két qué ctia bai toan tong quat con ding khong ?

Bay gio ta quay lai phwong trinh ham Cési. Tt diéu kién (1) ta chi can gia thiét f(x) 1a
ham lién tuc tai mot diém x ,€ R cho trudc .

That vay, theo gia thiét thi:

lim f(x) = f(x,)
Va voimdi x, €R ta déu co:
fix) = f(x—x, +x,) +f(x,) - f(x,),Vx e R

Tir d6 ta suy ra:

lim f(x) = lim [f(x — X, +X,,) + f(x,) —{(X,)]

=lim f(x - x, +x,)+f(x,) - f(x,) = f(x,) +{(x,) - f(x,) = {(x,)

X—)Xl
Suy ra, ham s6 f(x) lién tyc tai diém x € R
Do d6, ham sb lién tuc trén R

Vi thé, kﬁ@t qua phuong trinh ham Cési van dung khi ham s lién tyc trén mién D nao
do. Nén két qua cta bai toan phuong trinh ham Coési van ding (Do g(x) = f(x) — f(0))

Ap dung phuong trinh ham Cosi mo rong dé giai bai toan van dé.
Bai toan van dé: Cho ham s f(x) xac dinh trén R va lién tuc trén [0;1] sao cho:
1) f(0)=1(1)=0

2x+y
3

it) 2f(x) + f(y) = 3f( ) VX y €[0;1]

Chtrng minh rang: f(x) =0 ; Vx,y €[0:1]
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Giai

2x+y

i) < f( )=§f(x)+%f(y)

o f (2x+y

)= f(O)——[f(X) fO)]+— [f(y) £(0)]

bat: g(x) = f(x)-f(0) ., g(0)=0

2x+y
3

2 1
= g ) =38 +2ely) ;Vxy €[0:1]

Lan luot thay x =0, y = 0 ta duoc :

2,2 ooy 1
g(3)—3g(><), g(3) 3g(y)

2x+y

= g( )= g( ) g() ;Vx,y € [051]

Hay: g(x +y) = g(x) + g(y) ; VX e[o;ﬂ : Vye[o;ﬂ
= g(x)=ax ,aeRtuyy, Vx e[0;]]
= f(x)=ax+b ;Va,beR tuyy,Vx,ye[0;1]

© oA X A ., |[f(0)=b=0 a=0
Tir diéu kién 1) ta co : PN

f()=a+b=0

Vay: f(x)=0
A e A an £ 2x, 2 y. 1
e Nhan xét: O diy ta thay ngay: f(?) = Ef(X) , f(g):gf(y)

Suy ra: f(2X oy

)—f( =)+ f()

Nhung ta 1am theo cac budc trén dé ap dung dugc cach giai tong quat cia dang nay.
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Bai toan : Tim ham f(x) xac dinh va lién tuc trén R thod man diéu kién:

x+y) _ f(x)+1f(y)

f( 5 5 ,VXx,y € R.
Giai
Ta co: f(X+y): ) +1(y) ,Vx,y e R
2 2
1 1
o (= ; L)~ £(0) = > T~ f0)] + - [f(y) ~ f(0)]

bat g(x) = f(x) — f(0) , ta c6: g(x) lién tuc trén R va g(0) = 0.

X+y
2

1 1
= &( )= 5 g(x) Y g(y) , VX,y € R
Lan luot thay x =0, y = 0 ta dugc:

X 1
g(z)—gg(x)

yy_ 1
g(z)— 2g(y)

, X+y X y
Do d06, g(—2L) = g(=) + g(=
o do, g( 2) g(z) g(z)

Hay: g(x +y) =g(x) +g(y) ,Vx,yeR (i)

Vi g(x) lién tuc trén R, nén (i) 1a phuong trinh ham Cosi va do do g(x) = ax

Suy ra, f(x) =ax + b, Va,be R . Thu lai, ta théy f(x) = ax + b thoa man diéu kién dé bai.
Két luan: f(x) =ax+b,Va,beR tuy y, Vx eR.

Bai tip ap dung:

Bai 1: Xac dinh ham sd f(x) xac dinh trén R va lién tuc trén doan [0;1] thoa mén diéu
kién:

fx +y) =f(x) +f(y) ,Vx,y,x +y €[0;1]
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Giai

Gia st x, €[0;1]. Vi ham s f(x) lién tuc trén [0;1] nén f(x) lién tuc tai diém

X, €[0;1] tic la:

lim f(x) = f(x,)

Véimdi x, €R ta déu co:
f(x) =f(x - x, +x,) +f(x,)-f(x,) ,VxeR
Tt do6 suy ra:

lim £(x) = lim[f(x —x, +x,) + f(x,) = f(x,)]=F(x,) + f(x,) = f(x,) = f(x,)

ey b
Do d6, ham sb lién tuc trén R.

Theo phuong trinh ham Cési, ta c6: f(x) = ax, véiae R,x €[0;1]

Thr lai, ta thiy f(x) = ax , v6i a € R tuy ythoa man diéu kién bai toan.
Két luan: f(x) =ax, aeRtuy y, Vx € R

Bai 2: Xéc dinh cic ham sb f(x) lién tuc trén R thoa man diéu kién :

x+y+z): f(x)+f(y)+f(z)

f
( 3 3

,Vx,y,ze R (1)
Giai
bat g(x) = f(x) — f(0) , g(x) cling lién tyc trén R va g(0) =0

X+y+z
3

()& f( )—£(0) =§[f<x)—f<0>] " %[f(y)—f(on " %[f(z)—f(on

Erytz) s+e(y)+g@)

=
£ 3 3

;Vx,y,ze R (%)
Lﬁnlu’(ftthay y=z=0;x=z=0; x=y =0 ta dugc:

.1 y,_ 1 zy_1
g(3)—3g(X), g(3) 3g(y), g(3) 3g(Z)

Thay vao (*) ta duoc: g(%) = g(%) + g(%) + g(g) ;VX,y,ze R
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Hay: g(x +ytz) =g(x) + g(y) + g(z) ,Vx,y,zeR

Cho z=0ta dugc: g(x +y)=g(x) + g(y), Vx,y e R

Ap dung phuong trinh ham Cési ta c6 : g(x) =ax , véiae Rtuy y, xe R

Suy ra: f(x) =g(x) + f(0)=ax+b véiabe Rtuyy, xeR

Bai 3: Tim tat ca cac ham sb f(x) lién tuc trén R thoa man cac diéu kién:
i) f(x)2e* ,vxeR

1) f(x+y)>f(x).f(y) ,vx,yeR

Giai
Nhéan xét: f(x) >0, Vx e R
bat g(x) = Inf(x), g(x) lién tuc trén R.
g(x) = x (1

Tur i) va ii) ta co: {
gx+y)zgx)+g(y) (2)

Ta ching minh: g(x +y) = g(x) + g(y) ,vVx,y € R

Gia str nguoc lai ton tai Xy, yo € R sa0 cho:g(X, + Yo) # g(Xo) + (¥o)

Tur (2) suyra:  g(x, +y,) > g(x,) +&(y,)

Taco: g(x, +y, +0) = g(x, +y,) +2(0) > g(x,) +&(y,) +8(0) 2 x, +y, +g(0)
< 8(Xy +Yo) =X, — ¥, >2(0) (%)

Ta lai co: g(0) = g(x, +y, =Xy = ¥,) 2 &(X, +¥,) +&(=X, = ¥,)

= g(0) 2 g(Xy +¥,) =X ¥,

Diéu nay mau thudn véi (*)

Do d6 diéu gia sir 1a vo 1y.

Vay: gx+y)=gx)+gy) ,Vx,yeR

Theo phuong trinh ham Cosi ta co; g(x) =ax, véiae R,x e R

Suy ra: f(x) =e*, véiaeR,xeR

Thay vao diéu kién i) : e”> e¢*suyraa=1
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Vinéunguogclaiaz1,tacd: e™ > e < ax>2x < (a—-1)x>0 ,Vx eR. Diéunay
vo 1y vi:

= Néu(a—1)>0thi vx<0= (a—1)x<0
= Néu(a—1)<0thivx>0 = (a— 1)x<0
Do do6: f(x) =¢*
Thir lai thi ham s trén thoa yéu cau bai toan.
Két luan: fix) =¢* ,vxeR

2.1.2. Cac dang bai tip ap dung:

Dang 1: Tim ham f(x) x4c dinh va lién tuc trén R thoa man diéu kién :

i) fla,x, +a,X, +....... +a x,)=[f(x )] [f(x,)]"2 ....... [f(x,)]*"

1) f(x) 20 ;vVxeR
Giai
Nhén xét: Néu ton tai x; dé f(x;)) =0 (i=1,2........ ,n) thi:

fla,x, +....+ax, +....+a x ) =[fx )] ...[fx )]*i..[f(x )]*'"=0

(Va,,....,a_,a.,,....,a, e RiVX,....X, ,X,,,....X, €R)
Tac la f(x)=0
Xét truong hop f(x) >0, Vx € R. Khi do:
1) < Inf(a, x, +a,x, +....... +a x, )=a, Inf(x,)+a,Inf(x,)+...+a Inf(x ) (*)
(Va,,a,,....... ,a, e RiVX X ... ,X, €R)
Hay: g(a,x, +a,X, +....... +a,x,)=a,g(X,)+a,g(X,)+....... +a g(x,)

(Vay ay,....., ay € R; Vx4, Xp,....., X € R)
Trong d6: g(x) = Inf(x) , g(x) lién tuc trén R.
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:

= Néu a, +a, fo.n. +a #1thig(x)=ax, voiaeR tuyy,xeR
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= Néua, +a,+...+a =1 thigx)=ax+b,véia,beR tuyy,xeR
Do d6:
= f(x)=e“néu a, +a, +....+a, #1 ,véiaeR tuy y,xeR
= f(x)=¢"“""néua, +a,+....+a =1,véia, beR tuyy,xeR
Két luan:
f(x)=0
f(x) = ™ néu a, +a, +... +a, #1 ,véiaeR tuy y,xeR
f(x)=e¢™""néu a, +a, +....... +a, =1,véia,beR tuyy, xeR

Bai tip ap dung:

Bai 1: Tim ham sd f(x) xac dinh va lién tuc trén R thod man diéu kién:

f(X;y);/f(x).f(y) Vx,yeR (1)

Giai

Tir diéu kién (1) suy ra f(x) >0, Vx € R. Néu ton tai X, dé f(x o) = 0 thi:

) = R () =0 vy eR

Tac 1a f(x)=0

Xét truong hop f(x) >0 ,Vx € R. Khi do:

(1)< Inf( X ; y) = lnf(x);-lnf(y) ,Vx,y € R
Hay : g( X ;— y) = g(x);—g(y) ,VX,y € R

Trong d6: g(x) = Inf(x), g(x) lién tuc trén R. Theo két qua cua bai toan ciia phuong trinh
ham Cosi mo rong ta co:

f(x)=e™"" véia, beR tuyy,xeR

Thir lai thi hai ham s trén thoa yéu ciu bai toan.
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Két luan:
f(x)=0, véixeR
f(x)=e™"? voia, beR tuy y,xeR

Bai 2: Tim ham sb f(x) xac dinh va lién tuc trén R thoa man diéu kién:

i) f(x + 2y + 32) = [fx)].[fVA[f2)] ,Vx,y,zeR

i) f(x) 20 ,vxeR

Giai

T diéu kién ii) ta co: f(x) >0 ,Vx € R. Néu ton tai x ;e R dé f(x o) = 0 thi:

f(x ot 2y +3z) = [f(x,)].LfYI[f2)] =0 ,¥y,zeR
Taclaf(x)=0 ,vVxeR.
Xét truong hop f(x) >0 ,Vx € R. Khi do:
(1)< Inf(x + 2y + 3z) = Inf(x) + 2Inf(y) + 3Inf(z) ,VX,y,zeR
Hay:g(x + 2y +3z) = g(x) + 2g(y) + 3g(z) ,Vx,y,zeR
Trong do:g(x) = Inf(x) , Vx € R, g(x) lién tuc trén R.
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:

g(x)=ax,voiaeR tuyy, xeR
Do @6, f(x) =e™,véiaeR tuy y, x eR
Két luan:

f(x)=0,xeR
fix)=e™,v6iacR tuy y, xeR

Bai 3: Xac dinh cac ham sb f(x) lién tuc trén R thoa man diéu kién:
2

Ty o) ()] YxyeR (1)

f(

Giai
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Nhan xét:

+) Néu ton tai X, € Rsao cho f(x0) =0, tir diéu kién (1) ta co:

2
3

X” Y) =[f(x 0)] [£(y)] ¥y eR

f(

Ttc la: f(x)=0

+) Xét truong hop f(x) # 0,Vx € R. Ta c6 2 truong hop:

*) Néu ton tai x o€ Rsaocho f(x,)>0, tur diéu kién (1) co:

w | —
w [N

X, +2y

f(3

)=[fxy)]" [f(y)]” >0 ,VyeR

Thc la: f(x)>0,vVx eR.

*) Néu ton tai X, € Rsao cho f(x)) <0, tir diéu kién (1) co:

w | —
[ RN

X, +2y)

f(3

=[f(x)] . [f(y)]” <0 ,VyeR

Tuc la: f(x) <0,Vx eR.

Nhu vay, c6 thé xdy ra 3 truong hop:
e f(x)=0,VxeR
o f(x)>0,VxeR.
o f(x)<0,VxeR.

Xét truong hop f(x) #0,Vx e R.

X+2 1 2

(1)=> [f( y‘=|f(x)|3.|f(y)|3 , Vx,yeR
f(x+2y ‘:%In|f(x)|+§ln|f(y)| ,VX,y € R
x+2y. 1 2

Hay: () = g0+ Je(y)  .VxyeR

Trong d6 g(x) = If(x) |, g(x) lién tuc trén R

Theo két qua ciia bai toan ciia phuong trinh ham Cési mé rong ta co:
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gx)=ax+b ;vdia,beR tuyy,xeR
= |f(X)| =ex+b;voia, beR tuyy,xeR
Két hop v6i nhan xét ta co:
f(x)=e™"™ véiabeR tuy y,xeR
f(x) =™ véiabeR tuy ¥, xeR
Thir lal thi ham sd trén thoa yéu cau bai toan.
Két luan:
f(x)=0,vVxeR
f(x)=e™"® véiabeR tuy y,xeR
f(x) = - véiabeR tuy ¥, xeR
Dang 2: Tim ham f(x) xac dinh va lién tuc trén R" thoa mén diéu kién:

) fix,"1x,"2 ... X, “n)=[f(x)]*".[f(x,)]"2....... [f(x )]*»

ii) fix) >0 ,vxeR"
Giai
Tir diéu kién ii) ta co: f(x) >0 ,Vx e R" . Gia sir ton tai x, € R sao cho f(x,)=0.
Tu (1) ta suy ra:
fx,x tnx, ) = )] )X )] =0
(Va,....,a,_,a

wa, e RiVX L X X ,X, €R)

i+l (ISR
Taclaf(x)=0,vVxeR

Xét truong hop f(x) >0, Vx e R. Datx,=euw (1=1,2,....,n), flev) = g(u). Khi do6 g(u)
lién tuc trén R, g(u) > 0 vo1 moi ue R va (i) c6 dang:

glau, +aup+ ... +aguy) = [gu)]* . [gu)]*2 ....... [g(u,)]*»
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(Va,,a,,....... ,a, e RyVu,,u,....... ,u, €R)
Trong do, h(u) = Ing(u) , Vu € R ; h(u) lién tyc trén R
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:
eh(u)=aunéu a, +a, +....... +a_#1 ,ueR

alnx

=gu)=e" ,VaeR tuyy,ue R = f(x)=e¢ ,aeRtuyy,xeR"

Hay: f(x)=x" ,aeR tuy y,xe R"

Thir lai ta duoc: fix) =x" ,aeR tuy ¥, xe R thoa dé bai.
eh(uy=au+bnéu a, +a, +....... +a, =1,ueR

au+b

=gu)=e tuy y,ueR”
Hay: f(x)=cx" ,aeR tuyy,ce Rtuyy,xeR"

Thir lai ta duge: f(x) =cx® ;ceR",aeRtuyy,xe R" thoa dé bai.

Két luan:
f(x)=0
fx)=x*,aeR tuyy,xe R*néu a, +a, +....... +a, #1
f(x)=cx" ,aeR tu}‘/}'/,ceRtuy}'/,XeR+néua1+a2+ ....... +a =1

Bai tip ap dung:

Bai 1: Tim ham f(x) xac dinh va lién tuc trén R thoa man diéu kién:
t{xy )= VE)£(y) . VxyeR™. (1)
Giai
Tir diéu kién bai toan suy ra f(x) > 0, VxeR".

Néu ton tai x > 0 sao cho f(x o) = 0 thi tir (1) suy ra

£(x,y )= JEGxE(Y) =0, VyeR*
Tt 13, f(x) =0, VxeR"

Néu f(x) > 0, VxeR thidatx =e¢", y=¢", f(e") = g(u)
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Khi d6 g(u) lién tuc trén R va (1) c6 dang:

g(uzvqulg(u).g(v), Yu,veR, g(u)>0, VueR

u+v 1 1
Hay: h =—h(u)+—h(v), Vu,veR
y ( 5 J 5 (u) 5 (v)

Trong do: h(u) = Inf(u) , Vu € R , h(u) lién tyc trén R.

Theo bai toan phuong trinh ham Co6si mé rong ta c6: h(u)=au+b;abeR tuyy,
ue R

= f(x)=ax";aeR",beR tuyy,xeR"
Thir lai, ta dugc: f(x) =ax® ;aeR",beRtuyy, xe R" thoa dé bai.
Két luan:
f(x)=0
f(x)=ax";aeR", beR tuyy,xeR"
Bai 2: Tim ham f(x) xac dinh va lién tuc trén R* thoa méan diéu kién:
i) fixy>Z) =[f X)W .[f(2)] ,vxyzeR"
i) f{(x)>0 ,vxeR"
Giai
Tir diéu kién ii) ctia bai toan ta c¢6: f(x)>0 ,Vx e R*
Néu ton tai X,€ R" sao cho f(x,) =0 thi tir i) suy ra:
f(x0.y".2") = [fxo)L.LfY)I[f(2)]' = 0 , Vy,z e R
Ttc 1a: f(x)=0
Néuf(x)>0, VxeR thiditx=e¢", y=e", z=e¢", fe")=g(u).
Khi do: g(u) > 0, lién tuc trén R va 1) c6 dang:
g(u+2v + 3w) = [g)].[gV) ".[gW)]’ ,Vu, v, w e R
Hay: h(u + 2v + 3w) = h(u) + 2h(v) + 3h(w) ; Vu,v,w € R

Trong do, h(u) = Ing(u) , Vu € R, va h(u) lién tuc trén R
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Theo két qua ctia bai toan phuong trinh ham Cosi mo rong ta cé:
h(u) =au, aeRtuy y,ueR.

alnx

Suy ra: f(x) = e , acR tuyy, VxeR"
Hay: f(x)=x*, aeR tuyy, VxeR"
Thir lai, thi f(x) =x*, aeR tuyy, Vx e R" thoa yéu cau bai toan.
Két luan:
f(x)=0
fix)=x*, aeR tuyy, VxeR"
Bai 3: Tim ham f(x) xac dinh va lién tuc trén R* thoa man diéu kién:
fxy’z") = fOLEOT @] v y.ze R ()
Giai
Nhan xét:
+)Néu ton tai x € R sao cho f(x,) = 0, tir diéu kién (1) ta co:
f(xoy”.2") = [f) ) [EDP . [f2)]" ¥y, z e R
Tuc la: f(x) = 0,Vx eR”
+)Xét truong hop f(x)= 0 ,Vx € R™. C6 thé xay ra 2 trudng hop:
e) Néu ton tai x,€ R saocho f(x,) >0, tr diéu kién (1) ta co:
f(xo.y* 2") = [f(x0)].Liy) . [f(z) ' > 0 ,Vy,z e R
Tuc la: f(x) >0,Vx eR”
e) Néu ton tai x,e€ R sao cho f(x,) <0, tir diéu kién (1) ta co:
f(xo.y”.2") = [f)].[E [f(2) I' <0 ¥y, z e R
Tuc la: f(x) <0,Vx e R”
Nhu vay: ¢6 thé xay ra 3 truong hop:
- fx)=0

- f(x)>0,vxeR"”
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- f(x)<0,vxeR"
Bay gio, ta xét truong hop f(x)= 0 ,Vx € R*. Tir diéu kién (1) suy ra:
‘f(x.y2 z* )‘ = |f(x)| .|’f(y)|2 |’f(z)|4 ,Vx,y,zeR"

< In ‘f(x.y2 z* )‘ =In|f(x)|+2In|f(y)|+ 4In|f(z)| ,Vxy.zeR’
Hay: g(x.y° .z") = g(x) + 2g(y) + 4g(2) Vx,y,zeR" (%)
Trong do, g(x) = ln|f (x)| ,VxeR", g(x) lién tuc trén R *
bat:x =e", y=¢", z=¢" ,g(e")=h(u), h(u) lién tuc trén R.

()= h(u+2v+4w)=h(u)+2h(v)+4h(w) ,Vu,v,weR
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:

h(u)=au ,véiaeRtuyy,xeR

alnx

Suy ra: |f(x)|:e ,voiaeR tuyy,xe R”
Hay:|f(x)| =x" ,v0iaeR tuyy,xeR"
Két hop v6i nhan xét ta co: f(x) =x* ,vdiaeR tuyy,xe R*
f(x)=—x" ,voiaeR tuyy,xeR"
Thir lai thi 2 ham s trén thoa man yéu cau ciia bai toan.
Két luan:
f(x)=0
f(x)=x" ,voiaeR tuyy,xeR"
f(x)=—x" ,voiaeR tuyy,xeR"”
Dang 3: Tim ham f(x) xac dinh va lién tuc trén R* thoa man diéu kién:

fix,“1.x,%2x, "n)=af(x)ta,f(x,)+...Ta fix,) (1)
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Vix,>0(i=12,.....,n) nén ta c6 thé dat:
x;=e",x,=e",..,x,=e"vafle")=g)
Khi d6 g(u) lién tuc trén R va (1) c6 dang:

g(alu1 +a,u, +...+ anun): a,.g(u)+a,.g(u,)+....+a_ .g(u,)

Va,,.,a, €R; Vu,,..,u eR
Theo két qua ctia bai toan phuong trinh ham Cosi mo rong ta cé:

g(u)=au+b, a,beRtuyy,VvueRné'u a, +....+a, =1
g(luy=au , aeRtuyy,YueRnéu a, +...+a, =1

{f(x):alnx+b; a,beRtuyy,vxeR* né'u a, +...+a, =1
Suy ra:

f(x)=alnx ;aeR tuyy,VxeR" né'u a, +...+a, #1
Thur lai ta dugc hai nghiém trén thod yéu cau bai toan.

.. . |f(x)=alnx+b; a,beRtuyy,VxeR" né'u a, +....+a_ =1
Keét luan:
f(x)=alnx ;aeR tuyy,VxeR" néua,+...+a #0

Bai tip ap dung:

Bai 1: Tim ham f(x) xac dinh va lién tuc trén R thoa man diéu kién:

f<\/x_y)=w, vx,yeR" (1)

Giai
Vix>0,y>0néncothéditx=c" y=c"vafle")=g()

Khi d6 g(u) lién tuc trén R va (1) c6 dang:

g(u”): gW+He™ oo

2 2
Theo két qua ctia bai toan phuong trinh ham Cési mé rong thi:
g(uy=au+b;a, beRtuyy,ueR
Hay: f(x) =alnx + b ; a, beR tuy y , xeR"
Thr 1ai, thi nghi¢ém trén thod man diéu kién bai toan

Két luan: f(x)=alnx+b;a, beRtuyy, xeR"
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Bai 2: Tim ham f(x) xac dinh va lién tuc trén R™ va thoa man cac diéu kién:
f(xy’.z’)=f(x)+2f(y)+3f(z) ,Vx,y,zeR" (1)
Giai

Vix>0,y>0,z>0néncothéditx=e",y=e¢",z=c" vafle")=g(u). Khi d6 g(u)
lién tuc trén R va (1) c6 dang:

g(u+2v+3w)=g()+2g(v)+3g(w) ,Yuv,weR .
Theo két qua cuia bai toan phwong trinh ham Cési mé rong ta co:
g(u)=au ;véiaeR tuyy,ueR.
Suy ra: f(x) = alnx ;véiaeR tuyy,x eR ".
Thir lai thi ham s trén thoa man yéu cau bai toan.
Két luan: f(x) =alnx ;véiaecR tuyy,x eR *.
Bai 3: Tim ham f(x) xac dinh va lién tuc trén R * va thoa man cac diéu kién:
f(x'y>.z°)=—f(x)-3f(y)+5f(z) ,Vx,y,zeR" (1)
Giai

Vix>0,y>0,z>0néncothéditx=e",y=e¢",z=c¢" vafle")=g(u). Khi d6 g(u)
lién tuc trén R va (1) c6 dang:

g(-u—-3v+5w)=-g()-3gv)+5g(w) ,Yuv,weR .
Theo két qua ciia bai toan phuong trinh ham Cosi mé rong ta co:
g(uy=au+b;vdia, beR tuyy,xeR *.
Suy ra: f(x) =alnx ;véiacR tuyy,x € R".
Thir lai thi ham s trén thoa man yéu cau bai toan.

Két luan: f(x) = alnx + b; véia, beR tuy ¥, x € R".
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Dang 4: Cho o, € R\ {0}. Tim cac ham f > 0 x4c dinh, lién tuc trén R" va thoa man

diéu kién:

flax, oo b2, x| o= [ [T + o2, [E O] (1)

Vi f(x) > 0, VxeR". Nén
-
()< (f{(ale‘ +....+anx§)aD =a [f(x)]" +...+a [f(x,)]"

+
Vai,...,an € R; VXy,....,xn€ R

1

Hay: g{(ale‘ ot anxg)a} =a,g(x,)+....+a,g(x,)

Trong d6 : g(x)=[f(x)]", g(x) >0, Vx e R", g(x) lién tuc trén R

1
bat: x, =u®,u; eR",i=1Ln . Tadugc:

h(au, +...+a,u,)=ah(u,)+... +a_h(u,)

. +
Va,,.,a,eR;Vu,,..., u, eR

1

Trong d6 : h(u) = g(ua), YueR" , h(u) lién tyc trén R

Theo két qua ctia bai toan phuong trinh ham Cosi mo rong ta cé:

h(u)=au+b; a,beRtuyy;YueR" né'u a,+a,+....+a, =1
h(u)=au ; aeRtuyy,YVueR" né'u a,+a,+...+a_ =1
Nhung vi h(u) >0, Vu € R" nén:
=1

{h(u)=au+b; a,beR"tulyy;YVueR" né'u a, +a, +....+a,

h(u)=au ; aeR " tulyy,YVueR" né'u a, +a, +....
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Suy ra:

1
f(x):(ax“+b)§; a,beR " tuyy;VxeR" né'u a, +a,+....+a, =1
1
f(x)=(ax°‘)§; aecR"tuyy,VxeR" né'u a, +a,+....+a_ #1

Thir lai nghiém trén thoa yéu cau bai toan .

1
O f(x)=(ax°‘+b)§; a,beR"tuyy;VxeR" né'u a, +a,+...+a, =1
Két luan: 1

f(X)z(ax“)E; aecR"tuyy,VxeR" " né'u a, +a,+....+a_ #1

Bai tip ap dung :

Bai 1: Tim cac ham f(x) > 0 xac dinh , lién tuc trén R" va thoa man diéu kién :

{ 5 yj S

2 2

Giai

Theo gia thiét f(x) >0, Vx € R". Suy ra:

1) < H@H 2 _ &P ;[f(y)]z VryeR®

Hay:g(wfugvj:g(\/a)*—g(\/;) ,Vu,v>0. (u=x2, V=y2)

2

Trong d6: g(u) = [f(w)]>>0 ,Yu>0 ,g(u)liéntyc Vu e R"

Vi h(u)+h(v)

Tir d6 suy ra: h(“; ) : Vu,v>0

Trong d6: h(u) = g(\/a) , YueR"
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:
h(uy=au+b ,vdia, beR tuyy,ueR".

Do d6, g(x) =ax’+b,véia, beR tuyy, xe R". Dé g(x)>0,Vx € R can phai chon
a>0, b>0. Thir lai thi ham sd trén thoa man yéu cau bai toan.

Két luan: f(x) = vax>+b ,voiab>0 tuyy, xeR"
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Bai 2: Tim cac ham f(x) > 0 xac dinh, lién tuc trén R™ va thoa man diéu kién:

PR+ 2+ 3% )= 4T 20T + 36T ()
(Vx,,x,,Xx; €R")
Giai

Vif(x)>0,vx eR" nén:

(e [f({/xf' +2X] +3x3 )]4 =[f(x)]* +2[f(x,)]* +3[f(x)]* , ¥x,,x,,x; eR*

Hay: g(3/x; +2x) +3x3) = g(x,) +2g(x,) +3g(x;), VX, X,,X, e R"

Trong d6: g(x) = [f(x)]*>0 ,vxeR", g(x)liéntuctrén R*.

bat: x, :3\/11_1 , X, =3\/§ ,X, =3/u, voiu,,u,,u, e R". Taduogc:
h(u,+2u, +3u,)=h(u,)+2h(u;)+3h(u,;) ,Vu,u,,u, eR”

Trong d6: h(u) = g( 3\/;) , YueR", h(u)lién tuc trén R .

Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:
h(u)=au ,véiaeR tuyy,ueR”

Nhung vi h(u)>0 ,YueR"™ nén:
h(u)=au,voéiaecR" tuy y,ueR”

Suy ra: f(x) = i/(an ,voiaeR" tuy y,xeR".

Hay: f(x) =b4/x® , voibeR" tuy ¥, xeR".

Thir lai thi ham s trén thoa yéu cau bai toan.

Két luan: f(x) = bi/x_3 , VGibeR" tuy y,xeR".

Bai 3: Tim cac ham f(x) > 0 xac dinh, lién tuc trén R va thoa man diéu kién:

fax” =y 22 AT T - 2AF@F ()
(Vx,y,zeR")
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Giai

Vif(x)>0 , VxeR" nén:

(e [f(7\/4x7 —y' =27 )]S =4[f(x)] - [f(y)]’ —2[f(2)] , VX,y,z€R”

Hay: g(7w/4x7 -y’ =27 )= 4g(x)—g(y)—2g(z) ,VX,y,zeR"
Trong d6: g(x) = [f(x)]’>0 ,VxeR", g(x)lién tyc trén R "
Pat: x = 7\/3 )y = 7\/; ,Z = W voiu,v,w=>0. Ta duogc:
h(4u —v — 2w) = 4h(u) — h(v) - 2h(w) , Vu,v,weR"
Trong d6: h(u) = g( 7\/E) , Vue R", h(u) lién tuc trén R ™.
Theo két qua ciia bai toan phuong trinh ham Cosi mé rong ta co:
h(u)=au+b ;vdia,beR,ueR".
Nhung vi h(u)>0 ,VueR" nén:
h(u)=au+b ;vbia,beR",ueR".
Suy ra: f(x) = Yax’ +b ;véia,beR", xeR".
Thtt lai, ta dugc ham sb trén thoa yéu cAu bai toan.
Két luan: f(x) = Yax’ +b ;véia,beR",xeR".

Bai 4: Tim cac ham f(x) >0 x4c dinh, lién tuc trén R * va thoa man diéu kién:

f(X;y):%f(x)%f(y)%,/f(x).f(y) Vx,yeR™ (1)
Giai
Ta co:
(1)@f(X;y)=(Vf(X ;Vf(”] ,Vx,ye R*. (2)

Vif(x)> 0, Vxe R" nén:
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X+y

)<= f( jz% f(x)+%1/f(y) ,Vx,ye R"

Hay: g(xzyj: g(X);g(y) VxyeR".

Trong do: g(x) ZM >0, VxeR", g(x)liéntuc trén R "

Theo két qua ciia bai toan phuong trinh ham Cosi mé rong ta co:
gx)=ax+b,véia,beR tuyy,xeR.

Nhung vi g(x) >20,Vx € R" nén:
g(x)=ax+b,vdia,beR " ,xeR"

Suy ra: f(x) = (ax +b)* ,véia,b eR" ,x eR"

Thir lai ta thdy ham s6 trén thoa mén yéu cau bai toan.

Két luan: f(x) = (ax +b)? ,voia,beR ", xeR"

Bai 5: Tim cac ham f(x) > 0 x4c dinh, lién tuc trén R” va thoa man diéu kién :
f(y/x* +2y> +327) = f(x)+ 2f(y) +3f(z) , Vx,y.zeR" (1)
Giai
Ta c6: £(y/x>+2y° +32°) =f(x)+2f(y)+3f(z) ., Vx,y,zeR"

bat: x =+/u ,y=AV z=+w,véiu,v,weR " vag(u) = f(\/a) >0,YVueR";
g(u) lién tuc va xac dinh trén R". Ta duoc:

g(u+2v+3w)=g(u)+2gv)+3gw) ,Vu,v,weR "
Theo két qua ciia bai toan phwong trinh ham Cosi mé rong ta co:
g(u)=au,véiaecR",ueR”
Suy ra: f(x) =ax’ ,véiaeR",xeR".
Thu lai, ta dugc ham sb trén thoa yéu cAu bai toan .

Két luan: f(x) =ax* ,voéiaeR",x eR".
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Bai 6: Tim cac ham f(x) xac dinh , lién tuc trén R va thoa man diéu kién:

X2+y2)=f(x)+f(y) Vx,yeR 1)

i
( 2 2

Giai
Thay x =y vao (1) ta co: f(x) = f(|x|) ,vxeR.

Dat: |X| = \/H,

(= £([55)= f(\/a);f(\/;),w,vzo

bat f(\/E) =g(u), voiu=>0 ta duoc:

y|=\/; , (u,v=>0).Khido:

,Vu,v=>0

UL OES\)
2

2
Theo két qua ctia bai toan phuong trinh ham Cosi mo rong ta cé:
g(uy=au+b,vbia,beR ,ueR”
Suy ra: f(x) = f(|x|) =ax’+b ,véia,beR tuyy,xeR.
Thir lai ta thiy ham s trén thoa méan yéu cau bai toan.
Két luan: f(x)=ax’+b ;voia,beR tuyy,xeR
Bai 7: Tim cac ham f(x) xac dinh, lién tuc trén R va thoa man diéu kién:
X’ +y’ )= 2
2 1 1
£(0) " £(y)

f(

,Vx,yeR (1)

Giai
Tir gia thiét suy ra: f(x)= 0 ,Vx e R . Khi d¢:

1 1

74_7
Dot _f0 ) o yer
X +y? 2
i )

bat g(x) = % ,VxeR.Taco: g(x) #0, VxeR, g(x) lién tuc trén R va:
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o([X ;y ):g(X);g(y) VxyeR (2)

Thay x =y vao (2) ta duogc:
g(x) = g(|x|) ,VxeR.

bat: |X| = \/E,

duoc:

y|=+/v trong d6u, v=0 va h(u) = g(vu)#0, h(u) lién tuc trén R *. Ta

h(qurv)= h(u)42—h(v)

,Vu,veR"

Theo két qua ctia bai todn phuong trinh ham Cosi mo rong ta cé:
h(uy=au+b , véia,beR tuyy,u eR”

Vih(u) #0 ,YueR" nén:

h(u)=au+b, trong d6: a.b>0,b=0,VueR"”

Suy ra: f(x) = —; ,voia.b>0, b0
ax” +

Thir lai thi ham s trén thoa yéu cau bai toan.

Két luan: f(x) = ,v6ia.b>0, b=0,xeR

ax’ +

Bai 8: Tim ham sé f(x) xac dinh va lién tuc trén R\{0} thoa mén diéu kién:

f 2 = 2 ] ,VX,y,x+y#0 (D)

11
x y) f(x) f(y)

Giai

Vix # 0,y # Onéntadat: l=u,

1 )
—=v(uv0)vag()= #0voi Vu =0,
X y

1
)

u
g(u) lién tuc trén R\{0}. Khi do6 (1) c6 dang :

(IH Vj_ g(u) +g(v)
87 )7 2

,Vu,v,u+v=0.
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Theo két qua bai toan phuong trinh ham Cési mé rong , ta suy ra
gluy=au+b,véla,be Rtuyy,ueR\ {0}
Nhung ham g(u) #0, Vu néntacd:
{g(u) =au ,a#0
gu)=b ,b=0.

f(X)=§,a¢O,VxeR\{O}
a

Suy ra : {
f(X)=g,b¢0,VxeR\{0}
f(x)=cx , ce R\{0}, Vx e R\ {0}
Hay :
f(x)=d , deR\{0}

Thtr 1ai, ham so trén thoa man yéu cau bai toan .

f(x)=cx ;ce R\{0},Vx e R\ {0}

Két luan
{f(x):d ;d e R\ {0}

Bai 9 : Tim cac ham f(x) x4c dinh , lién tuc trén R \{0} va thoa man diéu kién

¢ 2 _f(x)+f(y)
1 1] 2
7+7
X Yy

VX, y,x+y=0 (1)

Giai
Vix #0,y#0 nén tacé thé dat :

1 =u, 1 =V, f(lj = g(u) xac dinh va lién tuc trén R\ {0}, (1) c6 dang :
X y u

,Vu,v,u+v=0

(HVJ_ g(u)+g(v)
L 2

Theo két qua cuia bai toan phwong trinh ham Cési mé rong ta o :

g(uy=ax+b;a,beRtuyy,ueR\{0}.

Suyra:f(x)=3+b; a,beR tuyy, xeR\{0}.
X
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Thir lai: Ham s6 trén thoa man yéu cau bai toan .
Kétluan: f(x)= 2 +b ; a,beR tayy,xeR\{0}
X

2.2. KHAI THAC BAI TOAN:

2.2.1. Bai toan :
Tim tét ca cac ham s6 £ [I;4+00) — [I;+00) sao cho :
f(x.f(y)) = y.f(x)
vl V x, y thude [1;+oo)
Giai
Cho x =y =1 thi f(f(1)) = f(1)
Cho y = f(1) thi f(x.f(f(1))) = f(1).f(x) hay f(x.f(1)) = f(1).f(x)
Mait khac: y =1 = f(x.f(1)) = f(x) (2)
Tu (1) va(2)suyra: f(1)=1
Cho x =1 thi f(f(y))=y
Néu f(y) =1 thi f(f(y))=1 hayy=1.
Suyraf(y)>1voimoiy>1.

Chox>y >1thi:
fix) = f[f.yj = f[i f(f@))] = f(y).f@ > f(y)
y y y

Ta s& chtirng minh f(x) = x vd1 moi x thude [1;+00)

(1)

Thay vay , gid su ta co x, thude [1;+00) sao cho f(x,) khac x ,. Khi do6 ta xét cac truong

hop :

— Néu f(x,) > x, thi f(f (x,)) > f(x,), suy ra x, > f(x,) (Piéu nay vo li).

— Néu f(x,) <x, thi f(f(x,)) <f(x,),suyrax, <f(x,) (Diéu nay vo li).

Vay : f(x) =x véi moi x thude [1;+oo)

* Nhan xét : Trong qué trinh giai thi da str dung gia thiét cta bai toan dé ching minh
f(x) = x. Néu xét vé phuong dién diém bat dong thi ham so0 trén cd vo so diém bat dong.
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Bay gio ta s& thay d6i diéu kién cua bai toan dé van dung li thuyét diém bat dong dé
giai.

2.2.2. Khi thay déi diéu ki¢n bai toan:

Tim tit ca nhimg ham f : (0;00) — (0;00) thoa man ddng thoi 2 diéu kién sau :

) fxf(y) =y.fx), ¥x,ye(0;0)
ii) f(x)— 0 khi x— oo
Giai
Ta co : f[f(y)] = y.f(1), va do f(1) # 0 nén f 1a mot song anh. Tir d6, ton tai y dé f(y) = 1
Két hop diéu nay véi (i) khi cho x =1 ta duoc :
f(1.1) = (1) =y.f(1) .
Vatuf(l)>0,tacoy=1suyraf(l)=1
Cho y = x trong (1) ta c6 f(x.f(x)) = x.f(x) vd1 moi x >0
Suy ra x.f(x) 1a diém bat dong cua f .

Bay gi¢', néu ca x va y 1a céc diém bat dong cta f thi cling tir (1) ta duoe fix.y) =y.x,
do do x.y ciing la diém bat dong .

Néu x 1a diém bét dong, ta co :
1 1 1
1=f(1)=f(—x)=f(—f(x))=x.f=)
X X X

1

Nén : f(
X

j L , nghia la ! ciing 14 diém bat dong .
X X

Nhu vay, ngoai diém 1 ra, néu f c¢6 diém bat dong khéc thi hoac diém nay l6n hon 1,
hodc nghich déo ctia né 16m hon 1. Do d6 :

Néu goi X,>11a diém bat dong thi tir (1) thay y = X, ta duoc :
f(x,£f(x,)) =x,.£(x,)
= f(x})=x]
Dung quy nap taco:

f(xp) =x, va x; > khin >0
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= limf(x,)=limx, =+
n—oo

n—oo
Hay : lim f(x,) = +o, di€u nay trai voi dicu kién (i1)
n—oo

Vay : 1 1a diém bat dong duy nhét cia f, va do x f(x) 1a diém bat dong v6i moi x >0
nén x.f(x) phdi bang 1 (x.f(x)=1, Vx >0).

Suy ra : f(x) = l, vx >0
X
5 . J \ A 1 5 A1
Thur lai , ta ¢6 ham s6 f(x) = —, Vx>0 thoa dé bai
X

‘ 1
Kétludn : f(x)= —, Vx>0
X

2.2.3. M& rong van deé :
>Nhin xét: Diéu méu chét cua ching minh trén 1a dya vao cac diéu kién dé bai dé
ching té ham f can tim c6 diém bat dong duy nhat . Bay gio¢ ta cling van dung diém bat

dong duy nhat dé giai bai toan sau :

Bai 1: Goi S 1a tap nhiing s6 thuc 16n hon 1. Hiy tim tat ca cdc ham f: S— S thoa diéu
kién :

D) fix + f(y) + xf(y) =y + f{x) + y.f(x) , Vx,yeS

ii) Ham s

f(x) .. A ,
x) tang thuc su trén cac khodng -1 <x<0,0<x< o
X
Giai
Diéu kién ii) cho ta phuong trinh diém bat dong f(x) = x c6 nhiéu nhat 1a 3 nghiém
, mOt nghiém (n€u c6) ndm trong (—1;0) , mOt nghi¢m bang 0 va mot nghiém nam

trong (0;00).

Gia str ue (—-1;0) 1a mot diém bat dong cua f . Trong phuong trinh ham (1) , cho x =
y =u, ta duoc :

fQRu+u*)=2u+u’.

Hon nita 2u+u’e(-1;0), suy ra: 2u + u’= u, nhung khi éyuZ—uzg(—l;O) ,
mau thuan .

Hoan toan tuong ty, khong c6 diém bét dong nam trong (0;00). Nhu thé, 0 1a diém
bat dong duy nhat c6 thé co .

bat x =y trong phuong trinh ham 1) ta co:
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f(x + f(x) + x.f(x)) = x + f(x) + x.f(x), Vx €8S.
Nhu thé, Vx €S, x + (1 +x).f(x) 13 diém bét dong, do vay :
vxeS,x+(1+x)f(x)=0.

Suy ra: f(x) = X véi moi x >—1 .
1+x

Thir lai, ham s6 trén thoa yéu cau bai toan .
» Chuy:

Khai niém diém bat dong 1a mot khai niém quan trong trong
chuong trinh toan chuyén nganh bac Pai hoc va sau Dai hoc , khai ni¢ém nay
thuong xuyén xuat hién trong cac mon nhu Hinh hoc giai tich , hinh hoc afin ,
hinh hoc Oclit , hinh hoc xa anh ( di€ém kép ) , giai tich ham ,...

Tuy nhién , & bac phd thong ching ta dd gap mot s6 bai toan
co lién quan dén diém bat dong nhu :

Bai 2: Cho (a,b) e R sao cho a < b va f: [a;b] —[a;b] lién tuc .
Chiting minh ring ton tai x € [a;b] sao cho fix,) = x,

Giai
Pat g(x) =f(x)—x , Vxela;b], g(x) lién tuc trén [a;b]

, {g(a)=f<a>—azo
Ta co :
g(b)=f(b)-b<0

. {g(a)=0 {f(a)=a
= Neéu: =
g(b)=0 f(b)=b

Nénx,=a hodacx,=b

. Traom hop: | E&° b)<0
ruong hop: a(b) <0 = g(a).g(b)

Theo dinh 1i Boxand — Cosi tht nhét ta ¢6 :
3Ix, €(a;b) sao cho g(x,) =0
=1f(x,) =X,

Do d6 3x, € [a;b] sao cho f(x,) = x,
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> Nhén xét : Thyuc chét cta bai toan trén 1a ta chimg minh ham sb f(x) c6 ton tai diém
bat dong trén [a;b]

Bai 3: Trong mat phang voi hé toa do Dé cac vudng goc Oxy cho phép bién hinh f
bién diém M (x;y) thanh diém M'(x';y') sao cho:

Tim diém bat dong ctia phép bién hinh f?
Giai
Goi M (x,;Y,) la diém bat dong cta phép bién hinh f. Tt 1a: f(M) =M
Suy ra (XL);YL))Z (Xo;yo) (voi (X'O;ylo) la toa d6 cua f(M))
- {XO =X,
Yo =Y

Toa dd ciia M tuong tmg v6i nghiém ctia hé phuong trinh :

_ X0ty
)
Yy, — X
Yo = 02 0
X, — Y, = x,=0
@{0 Yo {0
Xy +Y, =0 Yo =0

Vay: Piém bat dong ctia phép bién hinh f1a M (0;0)

> Nhan xét : Bai toan tim diém bat dong ctia phép blen hinh f la mét dang bai toan
quen thuc trong hinh hoc phang. Nhung hoc sinh cin phai nim viing dé dé lam quen
hon trong hinh hoc cao cép.

KET LUAN CHUONG II:

Phan nay gi6i thiéu bai toan phuong trinh ham Cési, phwong trinh ham C6 si mo
rong va viéc ap dung ching dé giai mot sé dang phuong trinh ham khac. Pong thoi, gidi
thiéu bai toan phuong trinh ham ding phuong phap diém bat dong dé giai. Khai niém
diém bat dong 1a mot khai niém quan trong trong toan hoc, tuy nhién chua dugc dé cap
nhiéu trong toan phd thong. Tir d6 gop phan trang bi cho hoc sinh mét sé dang phuong
trinh ham quan trong va cach giai chiing.
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