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DANH MUC CAC KI HIEU
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e Putnam: Cudc thi toan cho sinh vién Mi va Canada.
e APMO: Cugc thi toan Chau A-Théi Binh Duong.
e CH Sec: Cudc thi toan Cong Hoa Sec.



Lo1 noé1 dau

Phuong trinh ham noéi chung va phuong trinh ham trén tap so6
nguyen da s6 1a nhitng dang toan khé va thuong gap trong cac de thi
chon hoc sinh gioi qubc gia va Olympic quoc té.

Ly thuyét vé phuong trinh ham néi chung va phuong trinh ham
trén tap so6 nguyén noéi rieng thuong sé duge dé cap sau hon trong mot
s6 gigo trinh co ban ciia bac dai hoc hoac sau dai hoc. D6i v6i chuong
trinh toan pho thong néi chung va hé chuyén toan néi rieng, cac tai
licu vé van dé nay con rat hiém hoi, dic biét 1a viec hé théng mot so
dang co ban cung v6i phuong phap giai ching.

Phuong trinh ham trén tap s6 thuc da duge mot s6 tai lieu deé cap,
chang han [2]. C4c bai toan gidi phuong trinh ham trén tap s nguyéen
xuat hién rai rac trong mot s6 tai lieu chuyen deé, nhung viéc phan loai
chiing dé dé xuét nhiing phuong phap gidi phit hop thi van con kha it.

Mot van dé khac biet co ban gitta phuong trinh ham trén tap so
nguyen véi phuong trinh ham trén tap sé thuc 13, mot s6 cong cu st
dung dugc trén tap s6 thuc nhu viéc st dung dao ham, st dung tinh
chat ham lién tuc ...khong thé st dung dudc trén tap s6 nguyén. Do
do6, phai c6 mot 1oi giai khac, v6i mot phuong phap khac dac trung
hon dé giai 16p phuong trinh nay. Dé c6 dude phuong phéap giai do,
viéc phan loai va hé théng cac dang nhu phuong trinh ham nay 14 mot
viéc 1am can thiét. D6 ciing 1a muc dich ctia dé tai nay. Va do dé, noi
dung ctia luan van 13 c¢6 ¥ nghia khoa hoc va mang tinh thic tién déi

v6i toan hoc pho thong hé chuyén toan.
Véi muc dich d6, luan van gom nhiing noi dung sau day:

Chuong 1. Ap dung mot sé nguyen 1y va tinh chat dic trung cta
tap s6 nguyen dé giai phuong trinh ham.



Chuong nay trinh bay viéc stt dung nguyén 1y quy nap, nguyén 1y siap
thit tu doi khi 1a mot cong cu rat tot dé gidi quyét mot so6 bai toan
kho lien quan dén viéc tim phuong trinh ham trén tap s6 nguyén. Bén
canh do, déi v6i mot s6 bai toan gidi phuong trinh ham trén tap so
nguyén, ta dé dang nhan ra quy luat néu chuyén bai toan theo mot
hé dém co s6 khac.

Chuong 2. Ap dung mot sb tinh chit ctia day s6 va ham s6 dé giai

phuong trinh ham.
Chuong nay trinh bay viéc sit dung mot s6 tinh chat ctia day s6 nhu
tinh chat s6 hang tong quat ctia day sb, tinh chat ctia day s6 [an];
mot s6 tinh chat ctia ham s6 nhu tinh don diéu ctia ham s6, tinh chat
ctia anh xa; hay tinh chat s6 hoc lien quan dén ham sé doi khi né 1
cong cu rat hieu qua dé giai bai toan vé phuong trinh ham trén tap
sO nguyen.

Chuong 3. Ap dung Iy thuyét phuong trinh sai phan dé giai phuong

trinh ham.
Chuong nay trinh bay mot s6 bai toan vé mot sé6 phép chuyen déi clia
day s6 nhu day s6 chuyén doi cac phép tinh s6 hoc, day s6 chuyen doi
cac dai luong trung binh. Dac biét 14 qua mot s6 bai toan minh hoa vé
giai bai toan phuong trinh ham dwéi géc do ctia nhiing phuong trinh
sai phan cap cao ma loi gidi ciia chung 14 khong dé dang.

Trong moi phuong phap ap dung ctia moi chuong, Luan van trinh
bay mot s6 bai toan minh hoa co ban, kém theo d6 14 phuong phap gii
dac trung doéi véi cac dang toan nay. Cudi moéi phan ciia moi chuong,
Luan vin ciing dé xuat mot sd bai tap tu giai.

Luan vian dugc hoan thanh du6i sy huéng dan khoa hoc ctia TS.
Trinh Dao Chién. Tac gia xin bay t6 long biét on chan thanh va sau
sdc vé sy hudng dan nhiét tinh, nghiém khic va nhiing 16i dong vien
ctia Thay trong suét qua trinh hoc tap va thiyce hién Luan van. Tac gia
xin chan thanh cam on quy thay co trong Ban giam hiéu, Phong dao
tao sau Dai hoc, Khoa Toan, Trung tam thong tin - Tu liéu truong
Dai hoc Quy Nhon, ciing quy Thay Co tham gia gidang day khoa hoc
da tao dieu kien gitup do cho tac gid trong thoi gian hoc tap va nghién
cuu.



Nhan day tac gia cling xin cam on sé Giao duc va Dao tao Gia Lai,
truong THPT Nguyén Du-Huyén Krongpa va cac ban dong nghiép;
cac anh chi em hoc vién cao hoc Khoéa XI; gia dinh va nhiing ngudsi
than da giap do, dong vién va tao diéu kieén thuan l¢i trong thoi gian
hoc tap va nghién cttu dé tac gia c6 thé hoan thanh khéa hoc va Luan
van.

Luan van c¢6 thé duge duiing nhu mot tai lieu tham khéo c6 hé thong
vé mot s6 phuong phap gidi phuong trinh ham trén tap sé nguyeén.

Mic dit tac gid da c6 gang rat nhiéu nhung két qua dat duge trong
Luan van van con khiem tén va kho tranh khoi nhitng khiém khuyét.
Tac gid mong nhan dude sy dong gép quy bau cliia quy Thay Co va
cac doc gia dé Luan van hoan thién hon.

Quy Nhon, thang 03 nam 2011.
Truong Thanh Vi



Chuong 1

Ap dung mot sb6 nguyén ly va tinh
chat dac trung cta tap s6 nguyén
dé giai phuong trinh ham.

1.1 Nguyén ly quy nap toan hoc.
1.1.1 Ly thuyét.

Nguyén 1y quy nap 14 mot nguyén 1y quen thude va rat quan trong
trong chuong trinh toan pho thong. Nguyén 1y nay doi khi 1a mot cong
cu rat hitu hieu dé gidi quyét mot s6 bai toan khoé lien quan dén tap
s6 nguyen, chang han viéc giai cac phuong trinh ham trén tap roi rac
nay. Dudi day 14 mot s6 bai toan minh hoa.

1.1.2 Mot s6 bai toan minh hoa.

Bai toan 1.1. TWm tat cd cac ham s6 f : N* — N* sao cho

a. f( ) =2,
f(mn) = f(m) f(n) vdi moi m, n thuoc N*;
c. f( ) < f(n), Vm < n.

Gidi. Gia st ton tai ham s6 f théa man yéu cau bai toan.
Khi do, chon n =1, ta c6 f(1) = f(1.1) = f(1).f(1) = f(1) = 1.
Ta thay rang 2 = f(2) < f(3) < f(4) = f(2).f(2) =4 = f(3) =3,
va f(4) < f(5) < f(6) = f(2).f(3) =6= [f(5) =
Ta ching minh f(n) =n, Vn € N*.
That vay, ta chitng minh bing phuong phap quy nap nhu sau
*Véin=1taco f(1) =



x Giad stt f(k) = k (k € N*,2 < k < n). Ta can chiing minh diéu khang
dinh van con dang véi k = n + 1. That vay,

_Néu k 1a 86 chin thi f(k) = f<2.§> - f(z).f<§> —2k=k

-Néu k 1a 6 1é thi k& + 1 14 s6 chn va

f(k+1):f(2).f<¥> _okhtl i

2

Mat khac k—1= f(k—1) < f(k) < f(k+1)=k+1,dod6 f(k) =
Khi d6 khang dinh vAn con diang v6i k = n + 1.

Vay, theo nguyén 1y quy nap, ta c6 f(n) =n, Vn € N*.

Thit lai, ta thay f(n) = n thda man yéu cau bai toan.

Nhan xét 1.1. Cac diéu kién da néu trong bai toan 1a rat chat va
da dugce st dung mot cach t6i da vio phuong phap quy nap toan hoc
dé gidi. Tuy nhién, chi can lam "yéu" di mot trong nhing diéu kien
d6 thi viec giai bai toan méi da bat dau kho khan, doi héi mot sé ki
thuat khac. Chang han bai toan sau day.

Bai toan 1.2. TWm tat cd cac ham s6 f : N* — N* sao cho

a. f(2) =

b. f(mn) = f(m).f(n) vdi moi m, n thuoc N*, UCLN(m,n) = 1;

c. f(m) < f(n), YVm < n.

Gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Khi do, chon n =1, ta c6 f(1) = f(1.1) = f(1).f(1) = f(1) = 1.
Ta thay rang
f(3) f) =/
13) < 12)-£(2
Ma 2= f(2) < f(3) <4 neén f(3) =3. Tu dé ta tinh dugc
f(4) =4,f(5) =5, f(6) =6, f(7) =7, f(8) = 8,f(9) =9, f(10) = 10.
Do d6 f(n) =mn, véi n € N*, n < 10.
Ta chting minh f(n) =n, Vn € N*.
That vay, ta chitng minh bing phuong phap quy nap nhu sau
x Gia st f(k) = k (k € N*,10 < k < n). Ta can ching minh diéu
khang dinh vAn con dung véi k = n + 1. That vay,

15) < f(2).£(9) < £(2).f(10) = (2).f(2)-F(5)
f(2) =4

-V6i k 1a s6 chin, ta xét hai truong hgp sau



e Truong hop £k =2*(2l+ 1), a,l € N*.
f(k)=f2%2l+1))=f2Yf2l+1) =220+ 1) = k.

e Truong hop k£ =2, a € N*.

flk+2)=f(2"+2) = f(22*7" +1)) = f(2).f2* 7 + 1)
=221+ 1)=2242=Fk+2.
Mat khdck— 1= f(k—1) < f(k) < f(k+1) < f(k+2) =k + 2.
Do d6 f(k) =k, f(k+1)=k+1.
-V6i k 1a s6 1é thi k + 1 14 s6 chin, ta xét hai truong hgp sau
e Truong hop k+1=2%2l+1), a,l € N*. Ta ¢6

flk+1)=f2°QL+1) = fFEOFEL+1) =220 +1) =k + 1.

Ma k—1=fk—-1)< f(k)< flk+1)=k+1= f(k)=k.
e Truong hop k+ 1 =2% «a € N
fl(k+1)+2) = f(2*+2) = f22°7 + 1)) = f(2).f(2*7" + 1)
=22 '+ 1) =2"42=(k+1)+2=Fk+3.
Ma
E—1=fk-1)< f(k)<flk+1) < f(k+2)<
<ftk+3)=f((k+1)+2)=(k+1)+2=Fk+ 3,
suyra f(k) =k, f(k+1)=k+1, f(k+2)=k+2.
Vay, theo nguyén 1y quy nap, ta c6 f(n) =n, Vn € N*.
Thit lai, ta thay f(n) = n, ¥n € N* théa man yéu cau bai toan.
Nhan xét 1.2. Khi diéu kién (b) dugc lam yéu di so véi dieu kién bai
toan 1.1 thi diém mau chét ¢ day 1a chitng minh duge f(3) = 3. Néu
thay doi diéu kién (a) ctia bai toan 1.1 thi c6 thé xdy ra trudng hop
bai toan khong c6 nghiém. Ta hay xét bai toan 1.3.
Bai toan 1.3. Ching minh rang khong ton tai ham so f : N* — N*
sao cho
o f(2) =3;
b. f(m.n) = f(m).f(n), Vm,n € N*;
c. f(m) < f(n), Ym <n.
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Gidi. Gia st ton tai ham f thoa man diéu kién ctia dé bai.
Dat f(3) = a, ta dugc

27 =33 = f3(2) = f(2°) < f(3?) = f?(3) = a®* = a > 5.
Talaico a® = f2(3) = f(33) < f(2°) =3 <343 =T = a < 7.
Vi a € N* nén a = 6.
Mat khac 256 > 243 va

£(256) = £(2%) = (£2)) = 6561 £(243) = £(3%) = (#(3)) = 7776.
suy ra f(256) < f(243) (mau thuan).
Vay khong ton tai ham s6 f thoa diéu kién bai toan.

Nhan xét 1.3. Viéc tim ra sy mau thuan, phuc vu cho viéc giai bai
toan, doi khi khong phai dé dang. Viéc "may mo" ting gia tri dé phat
hién diéu mau thudn cling 14 mot phuong phap thudng gap. Do6i véi
bai toan nay, dé co su so sanh suy ra mau thuin, truéc hét ta tinh
duge bang gia tri sau

S2)f (3)f(4)f(6))f (B)f (9))f (12),f(16),f (18),f (24)|f (27) f (32)
31al93a|27|a®| 9 | 81 | 3a® | 27a| a® | 243

Dua vao bang trén ta thay rang
2T<a’>=a>5vaa’<243=a <7, dodéa=6.
Tt f(2) = 3, f(3) = 6, ta tim kiém sy mau thuin sao cho 2F > 3
nhung f(2%) < f(3!). Sau mot qua trinh thit cac gia tri, ta tim thay
su mau thuan khi k =8 va l = 5.

Tiép theo 1a mot s6 bai toan minh hoa vé viéc 4p dung mot s6 ki
thuat ctia phuong phap quy nap dé giai nhitng dang toan loai nay.

Bai toan 1.4. Tim tat cd cdac ham so f : N — N théa man cdc diéu
kién

a. f(m*+n?) = f*(m) + f*(n), m,n € N;

b. f(1) > 0.

Gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Véim =n=0taco f(0) =2f%(0) = f(0) = 0.
V6i n=0 ta c6 f(m?) = f*(m). Khi d6 f(m? + n?) = f2(m) + f*(n).



Ta nhan xét riang
fO)=F£1)= M- f1)=0= f1)=1(vi f(1)>0),
f(2) = f(1P+17%) = f2()+f2() f(4) = f(2 2)—f2():
f(5) = f(2° +1%) =5, 25 = f(5°) f( 4 = f(3) =
Ta ctng tinh duge f(6) =6, f(7) =7, f(8) =8, f(9) = 9,f(10) = 10.
Vay f(n) =n véi n < 10.
Béng quy nap ta chtiing minh f(n) =n, Vn € N.
* Gia st f(k) = k v6i k > 10. Ta ching minh f(k+1) =k + 1.
Ta thay rang (k + 1) c¢6 dang sau 5m + 7,0 <r <4,m,r € N.
Ta lai c6 cac hing dang thic sau

(5m)* = (4m)? + (3m)*%;

(5m + 1)? + 22 = (4m +2)* + (3m — 1)%;

(5Gm+2)2 +12 = (4m+1)> + 3m + 2)%;

(5m +3)2 4+ 12 = (4m+3)* + 3m + 1)%;

(5m 4+ 4)* 4+ 22 = (4m + 2)* + (3m + 4)*.
-V6i k+ 1 =5m thi f2(5m) = f((5m)?) = f2(4m) + f2(3m) = (5m)?
= f(5m) = bm.

-V6i k41 = 5m~+1 thi f((5m~+1)2+2?) = f((4m+2)?)+ f((3m—1)?)
= f2m+1)=bBm+1)*= f(bm +1) =5m + 1.

“V6i k+1=5m+2thi f((5m+2)?+12) = f((4m+1)*+ (3m + 2)?)
= f(bm +2) = bm + 2.

“V6i k+1=>5m+3thi f((5m+3)?+12) = f((4m+3)*+ (3m + 1)?)
= f(bm + 3) = bm + 3.

“V6i k+1=>5m+4thi f((5m+4)?+22) = f((4m+2)*+ (3m + 4)?)
= f(bm +4) = bm + 4.

Vay f(k+1)=k+ 1.

Do d6 f(n) =n, Vn € N,

Thit lai, ta thay f(n) =n, Vn € N thoa man yéu cau bai toan.

Bai toan 1.5. Tum tat cd cdac ham s6 f : N — N sao cho
f(f(n))+ f(n) =2n+3, Vn e N.

Giar. Gia st ton tai ham so thoa man yéu cau bai toan. Ta c¢6

F0) +7(0) =20+3 < f(f(0)) + f(0) =3=0< f(0) <3



-Néu f(0) =0 thi f(f(0)) + f(0) = 3 (vo Li).

Néu £(0) =2 thi f(2) = £(f(0)) = 1 = f(1) = f(f(2)) = 6.

VGi f(1) = 6 = f(6) = F(f(1)) = —1 ¢ N. Suy ra f(0) #2.

-Tuong tu ta cting c6 f(0) # 3. Do d6 f(0) = 1.

Taco f(f(0))+f(0) =3= f(1) =2; f(f(1))+ (1) =5= f(2) =
Khi d6 ta chiing minh réng ham s6 f can tim 1& f(n) = n + 1. That
vay, ta ching minh bang quy nap nhu sau

* Véin=0th f(0)=1=1+0.

x Gia st khang dinh ding véi n = k, (k > 0), tic 1a f(k) =k + 1.
Véin=k+1, taco
flk+1)=f(f(k)=2k+3—f(k)=2k+3—(k+1)=(k+1)+1.
Do d6 khang dinh ding véi n = k + 1.

Vay f(n) =n+1,Vn € N.

Thit lai, ta thay f(n) =n+ 1 théa diéu kién ctia bai toan.

Bai toan 1.6. Ham s6 f(n) xzdc dinh vdi moi gia tri nguyén duong n
va nhan cac gid tri nguyén khong am. Ngodi ra, biét rang

f(m+n)— f(m)— f(n) =0 hogc 1,
£(2) =0, £(3) > 0, £(9999) = 3333.

Héy tim f(1982). (IOM 1982).

Gidi. Gia st f(n) 1a ham s6 thoa man cac yéu cau bai toan.
Véia € {0;1}. Tacé f(m+n) = f(m)+ f(n)+a
Chon m =n =1, ta duge f(2) =2f(1) +a=2f(1) < f(2) =
= f(1) =0.
Talaico f(3) = f2+1) =f(2)+ f(1)+a=a= f(3) = 1.
Ta nhan xét rang f(3n) > n, Vn € N*,
That vay, ta chitng minh bang quy nap nhu sau
x V6in=1taco f(3.1) =1 > 1. Khang dinh ding v6i n = 1.
x Gia stt khang dinh ding véi k (1 < k < n). Ta chiing minh khang
dinh dang v6in =k + 1. Ta ¢6
JBE+1)=fBk+3)=fBk)+ fB)+a=f(3k)+ f() = k+1.
Vay khang dinh ding v6i n = k + 1.
Do dé6 f(3n) > n, Vn € N*.
Vi f(9999) = 3333, ta suy ra rang f(3n) = n, Vn < 3333.
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Ta lai c6 f(3n) = f(2n) + f(n) + a =3f(n) + 2a. Suy ra

3/(n) < f(3n) < 37(0) + 22 f(n) < L0 < pny 42
Do d6 f(n) = |£52| = [5], vn <3333,
Dac biét
£(1982) = [%} — 660.

Bai toan 1.7. Xét tat cd cic ham so f : N* — N* théa man dieu kién
f(m%f(n)) = n(f(m))?, Vm,n € N*. (1.1)

Tim gid try nho nhat cia f(1998).
Gidi. Goi S 1a tap tat ca cac ham théa man dieu kieén ctia bai toan.

Gia st f(n) € S. bat f(1) = a.

-Chon m =1 ta cb
f(f(n)) = n.f*(1) = n.a® (1.2)
f(?f(1) = L.f2(n) & fla.n®) = f*(n). (1.3)

VYm,n € N* ta co

Fm) f0)? = [Fm)2[F )12 fan?) [fm)]2 = fm2f(F(an?)))

1:'2)f(m2a3n2) = f(a(amn)?) (L f(amn).

—~

Suy ra

flamn) = f(m).f(n) (vi f(amn), f(m), f(n) € N). (1.4)
Tw (1.4), chon n = 1, ta duge f(am) = af(m).
Khi dé )
af(mn) = f(amn) =" f(m)f(n). (1.5)
T (1.5) ta duge f2(n) = a'. f(n?).
Ta nhan thay rang
fHn) = " f(n*), Vk e N, (1.6)

That vay, ta chitng minh bang quy nap nhu sau
* V6i k =1taco fl(n) = f(n) =a" f(n').
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Do d6 (1.6) dang véi k = 1.
* Giad st (1.6) dung v6i k =1, (Il > 1). Ta chitng minh (1.6) ding vdi
k =1+ 1. That vay, ta co

fn) = fi(n).f(n) = o f(n').f(n) = a' f(n'T).

Khi d6 (1.6) ding véi k = [ + 1.

Vay f¥(n) = a*1f(n¥), Vk € N*.

Ta chitng minh rang f(n):a, Vn € N*. That vay, v6i p 1a s6 nguyen t6
bat ki, goi « 1a s6 mi 16n nhat ma aip® va B 1a s6 mi 16n nhat ma
f(n)ip®.

Tit (1.6), ta thaly: V@ trai chia hét cho p*’, vé phai chia hét cho pF=be
(ngoai ra f(n*) con c6 thé c6 uée 1a p').

Suyra kB8 > (k—1)a, Vk € N* = k(f—a)+a > 0,Vk e N* = 3 > a.
Do do6 f(n)ia.

Xét ham s6 g : N* — N* xdc dinh béi g(n) = £f(n) (a > 1 i
£(1) € N*). Khi d6

1)=1; (1.7)
g(n)) = g(f(n)) = Hf(f(n)) = Ha*n =n.
(

Va g(m?g(n)) = g(m?)g(g(n)) = n.g(m*) = n.g*(m) = g € S.
Ta lai ¢6 f(n) > g(n

) > 1). Do d6 viéc can tim gia tri nho nhat,
ta chi can xét ham sb
n

(v

g(n) thoéa (1.7).

t6 va g(p) = w.v véi u,v € N*.

Ta c6 p = g(g(p)) = g(u.v) = g(u)g(v). Suy ra hodc g(u) = 1 hodc
g(v) =1.

Gia st g(u) = 1. Ta dugc u = g(g(u)) = g(1) = 1.

Khi d6 g(p) = v 1a mot sd nguyén t6. Vay g(n) 1a ham s6 chuyén sb

Gia sit p 1a s6 nguye

nguyén t6 thanh sé nguyéen to.

Ta lai c6 g(m) = g(n) = g(g(m)) = g(g(n)) < m =n.

Do do6 g la don anh.

Vay g(n) chuyén cac sé nguyén t6 khac nhau thanh cac s nguyén to
khac nhau.

Ta c6 1998 = 2.33.37 va ¢(1998) = ¢(2.3%.37) = ¢(2).¢%(3).9(37),

nén dé nhan dugc gia tri nhd nhat ciia g(1998) ta phai chon ham g(n)
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sao cho ¢(2), g(3),g(37) 1a cac s6 nguyen t6 nho nhat, khac nhau.
Hién nhién, néu ta chon dugc ham s6 g(n) sao cho g(3) = 2,7(2) = 3,
g(5) = 37,9(37) = 5 thi g(n) > 7(2).9°(3).9(37) = 120.

Ta xay dung ham g(n) : N* — N* sao cho g(1) = 1,¢(2) = 3,9(3) = 2,
9(5) = 37,9(37) = 5,9(p) = p,¥p € P\{2;3;5;37}

va vl n = py'pst .. ply thi g(n) = g™ (p1).g™(p2) ... 6" (pm).

Khi d6 g(n) théa (1.7) v6i a = 1. Vay g(n) € S.

Do dé min f(1998) = 120 v6i f(n) € S.

Bai toan 1.8. TWm tat cd cac ham s6 f : Z — 7 théa man
f@'+y'+27) = @)+ ) + F(2), Yoy 2 €L

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.

Ki higu P(z,y, 2) la cach cho bo (z,y, z) € Z3 vao phuong trinh.

¢P(0,0,0) = f(0) =

oP(x,—x,0) = f(w) —f(—x).

oP(1,1,0) = f(2) = 2f(1).

oP(L,1,1) = f(3) = 3f(1).

Ta chting minh bang quy nap ménh dé sau

f(n) =nf(1),Vn € Z. (1.8)
x V6i n = 0 : Hién nhién (1.8) ding.
* Gia st v6i n = k > 0 thi (1.8) ding, ta chiing minh (1.8) dang véi
n = k + 1. That vay,
V6i k = 2t, stt dung dang thic
2t + 1P +53 + 13 =2t -1 + (t+4)3+ (4 — 1)
Ta co
PP+ + E) + (1) = f(2t+1)° + 57+ 17)
= (2t =1+ (t+4)°+ (4 -1
==+ ft+4)+ A-1)
(Do fléneén f(4—1t)=—f(t—4)=—(t—4)f(1)).
Hay f(2t +1) = (2t +1)f(1).
Tuong tu v6i k = 2t — 1 thi f(2t) = 2tf(1).
Vi thé ta ¢6 v6i moi n € Z thi f(n) = nf(l) Thay vao phuong trinh
ta nhan duge 3 nghiem f(z) =0, f(x) =z, f(z) =
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Dé két thic phan nay, ta xét mot bai toan kinh dién sau, trong do6
phép quy nap lien quan dén khai niém "phan nguyén".

Bai toan 1.9. Tim tat cd cac ham so f : N* — N* théa man diéu
kién
f(f(n)+ f(n+1)=n+2, Vn € N (1.9)

Gidi. Chon =1 vao (1.9) ta co f(f(1)) + f(2) = 3.
Tuw do f(2) <2 va f(f(1)) < 2. Ta xét hai trusng hop
e Truong hop 1. f(2) =1va f(f(1)) = 2.
bat f(1) =k, ta c¢6 f(k) = 2.
Cho n =2 vao (1.9), ta dugc f(f(2)) + f(3) = 4.
)

Suyra f(3) =4—f(1)=4—k. Tu f(3) >1nén k<3

Néu k=1thi2= f(f(1)) = f(k) = f(1) = k = 1 (mau thuén).
Néu k=2thi 2= f(f(1)) = f(k) = f(2) = 1 (mau thuan).

Néu k =3thi2= f(f(1)) = f(k) = f(3) =4 — k =1 (mau thuan).

Do do6 ta loai truong hop 1.

e Truong hop 2. f(2) =2 va f(f(1)) = 1.

Cho n =2 vao (1.9), ta nhan duge f(f(2)) + f(3) = 4.
Tu d6 ta thay rang f(3) = 2. Ta tinh toan dugc rang

f4)=5-f(f3) =5-f(2)=3; f(5) =6—-F(f(4) =4
f(6) =7—J(f(5) =4

Dy doan ring f(n) = [na] —n + 1, véi o = 15,

Dé ching minh nhan dinh trén ta can dén 2 bo dé sau

f3))
f(5))

Bo6 dé 1.1. Vdi moi so n € N* thi
[a([na] —n+1)] =n hojgcn + 1.

Chiing minh. Ta c6 [a([na)—n+1)] < a(na—n+1) =n+a < n+2,
va [a([na] —=n+1)] >ana—1—-n+1)—1=n—1.
Tt d6 bo dé duge chitng minh xong.

Bd dé 1.2. Véi méi s6 n € N*

M+DM{

[nal + 2, néu [a([na] —n+1)] = n;
[nal + 1, trong cac truong hop con lai.
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Chang minh. Hién nhién [(n + 1)a] = [na] + 1 hodc [na] + 2.
Néu [(n + 1)a] = [na] + 1, ta ¢6
[([na] =n+1)] = [a([(n + 1)a] —n)]
a((n+1)a—1—n)—1=n.
Theo bo dé (1.
Mzt khéc, néu
([n

[

1) ta suy ra [a([na] —n+ 1) =n+ 1.
[(n+ 1)a] = [na] + 2 thi
a] =n+1)] = [a([(n +1)a] —n —1)]
<a(n+la—-n—-1)=n+1,
Theo bo dé 1.1 ta suy ra [a([na] —n + 1)] = n.
Bay gio ta chitng minh theo quy nap két qua dy doan trén.
x*Voin=1,tacéd f(l)=1=[a]=]a] -1+ 1.
*Véin=2tacé f(2)=2=3-2+1=[2a] —2+1.
x Gia st két qua dung v6i 1 < j < n. Stt dung (1.9) ta c6
fn+1)=n+2—f(f(n)=n+2- f([na] —n+1)
=n+2—[a(lna] —=n+ 1]+ [na] —n+1-1.
Tu [na] —n+1<2n—n+1=n+1, dan dén
f(n+1) =[nal+2—[a([na] —n+ 1)].
Gia st n thdéa man [a([na] —n+1)] =n, ta c¢6
[(n+ 1)a] = [na] + 2.
Do d6 f(n+1) =[(n+ 1)a] — n.
Néu n khong thoa man [a([na] —n + 1)] = n thi
[a([na] =m+1)]=n+1 va[(n+1)a] = [na] + 1.
Ta détacod f(n+1)=[(n+1)a]+1—(n+1)[(n+1)a] —n.
Ta két thuc ching minh. Vay f(n) = [na] —n+1, véi a = %

Thit lai ta thay ham sb trén thoa diéu kién bai toan.

Céac bai toan ap dung Nguyén 1y quy nap toan hoc la rat phong
phi. Dudi day 14 mot s6 bai toan dé xuit.

1.1.3 Bai tap

Bai toan 1.10. Tim tat cd cdac ham s6 f : N — N théa man diéu kién

fla+y*+2°) = flz) + [*(y) + f(2), Vz,y,2 € N.
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Bai toan 1.11. Tim tat cd cdac ham s6 f : N — N théa man diéu kién
flat 4+ 5y* +1024) = fA42) +5f4(y) +10f*(2), Vo,y,2z € N.

Bai toan 1.12. Tim tat cd cdac ham s6 f : N — N théa man diéu kién

f(f2(m) + f2(n)) = m? +n* VYm,n € N.

Bai toan 1.13. Tum tdt cd cdac ham s6 f : N — N théa man cic diéu

kién

o f(1) =1;

b. f(m+n)+ f(m—n)=3(f(2m) + f(2n)), Vm,n € N.

Bai toan 1.14. Tum tat cd cdac ham so f : N — R théa man cic diéu

kién

a. f(1)=1,f(2) =4;

b. f(f(m)+ f(n)) = f(f(m)) + f(n)), Vm,n € N.

Bai toan 1.15. Ton tai hay khong ham s6 f : N — R théa man cdc

dieu kién

1.2 Nguyén ly sap thi tu tot.
1.2.1 Ly thuyét.

Nguyeén ly sap thi tu tot 13 mot nguyen 1y dac trung clia tap Z va
tap N. Cu thé nhu sau:

Mot tap con bat ky cia tap N déu cé phan ti nhé nhat va néu tap
dé khong phdi la tap vé han thi né cé phan ti lon nhat.

Nguyén 1y rat don gidn nay doi khi 1a mot cong cy manh mé dé
gidi mot s6 phuong trinh ham trén tap s6 nguyén. Sau day 14 mot so
bai toan minh hoa.

1.2.2 Mot s6 bai toan minh hoa.

Bai toan 1.16. Néu f : N* — N* [a ham so théa mdn diéu kién

fn+1)> f(f(n)), Vn € N*.
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Chiing minh rang : f(n) =n, Vn € N*. (IMO 1977)

Gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Goi d 1a phan tit nhé nhat trong mién gia tri clia ham s6 f, ttc 1a
d =min{f(n) : n € N*}.
Theo nguyén 1y sap thi tu tot, d ton tai va la duy nhat. Goi m € N*
sao cho f(m) =d.
Néum > 1thid= f(m)> f(f(m — 1)), mau thuan. Vay m = 1.
Do d6 f(n) dat gia tri nhd nhat duy nhat mot diém m = 1.
Bay gio ta xét {f(n) : n € N*,n > 2}, bang lap luan tuong tu ta ciing
c6 f(2) =min{f(n) : n € N*,n > 2}.
Hon ntia £(2) > f(1). Vi néu f(2) = £(1) thi f(1) = £(2) > F(f(1))
mau thuan.
Lap lai qua trinh 1ap luan nhu trén ta thu dugce

f)<f@2)<f@B)<...<f(n)<... (1.10)

Vi f(n) € N* nen f(1) > 1. Véi f(1) > 1 va (1.10) ta suy ra rang
f(k) > k.
it stt f(k) > k, khi do6 f(k) >k + 1.
Mat khac, theo dicéu kién bai toan ta c6 f(k+ 1) > f(f(k)) va tu
(1.10) ta ciing c6 f(k+1) < f(f(k)). Do d6 f(k) > k khong thé xay
ra. Vay f(k) =k v6i k € N*. Hay f(n) =n, Vn € N*.
Thit lai, ta thay f(n) = n, ¥n € N* théa man yéu cau bai toan.
Bai toan 1.17. TWm tat cd cic ham s6 f : N* — N* thda man

a. f(1)=1.

b. f(f(n)fin+2)+1=f(n+1)f(f(n+1)), Vn € N*.

Gidi. Gia st ton tai ham s6 f théa man yéu cau bai toan.
Ta chiing minh bang quy nap rang

fn+1)> f(f(n)). (1.11)

x V6i n = 1. Hién nhién.
* Gia st (1.11) ding v6i n = k(k > 1). Ta ching minh (1.11) ding
v6i n = k + 1. That vay, ta co

JUEDF(R+2) = f(k+1f(f(k+1)) -1
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Do dé
CFk D) 1
flk+2) = G0)
R+ D +1) ~ 1
RN D)
ff(k f(f(k+1 B
> THERPEEE D) — s+ 1)

T d6 ta suy ra f(n+1) > f(f(n)),Vn € N*.
Vay theo bai toan 1.16 ta ¢6 f(n) =n,Vn € N*,
Thit lai ta thay f(n) = n,Vn € N* thoa diéu kién bai toan.
Bai toan 1.18. Tum tat cd cac ham so f : N* — N* théa man diéu
kién
fn+fn)) = f(n), ¥n € N%
1.

va ton tai xg € N* sao cho f(xg) =

Gidi. Gia st ton tai ham s6 f théa man yéu cau bai toan.
Goi r1 = min{z,z € N*, f(z) = 1}.
Suy ra f(z1+1) = f(z1 + f(21)) = flz1) = 1.
Hay f(n) =1, Vn € N*,n > ;.
Gid st xy > 1. Suy ra f(x; — 1+ f(z1 — 1)) = f(z1 — 1).
Néuwy — 1+ f(xy —1) > 2y thi f(z;—1) =1, vo ly.
Néuzy — 1+ f(xy — 1) <2y thi f(z; — 1) < 1, ciing vo Iy.
Tit d6 f(n) = 1,¥n € N*.

Bai toan 1.19. TWm tat cd cic ham s6 f : N* — N* thda man
2(f(m* +n?))° = f2(m).f(n) + f(m).f*(n),Vm,n € N".

Gidi. Gia st ton tai ham s6 f théa diéu kién bai toan.
Néu f(n) = ¢, véi c 1a hing s6 thi hién nhién thoa man diéu kien bai
toan.
Néu ton tai m,n € N* sao cho f(m) # f(n) thi ta goi a,b1a 2 s6 thoa
mén |f(a) — f(b)] = min |f(m) — f(n)],m,n € N".
Gia st f(a) > f(b). Ta c6 2f3(b) < f2(a).f(b) + f(a).f?(b) < 2f3(a).
Suy ra f(b) < f(a*+b*) < f(a).
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Hay f(a® +0%) — f(b) < f(a) = f(b), vO Iy.

Do d6 f(n) = ¢ (v6i ¢ 1a hdng s6) 14 ham s6 can tim.

Bai toan 1.20. TWm tat cd cic ham s6 f : N — N théa man
flm+ f(n)) = f(f(m))+ f(n), Ym,n eN.

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.
Chon m =n =0, tacé f(0) =0.
Chon m = 0, ta c6 f(f(n)) = f(n). Goi k 1a diém bat dong bé nhat
ctia ham so.
e Néu k=0 thi f(n) =0, Vn e N,
o Néu k # 0, dé thay f(nk) = nk, Vn € N. Bay gio ta xét a 13 diém
bat dong bat ki ctia f. Bieu dién a = ks + 7,0 <r < k.
Theo gia thiét f(ks+17) = f(r+ f(ks)) = f(f(r)) + ks.
Hay f(r) = 7. Suy ra r = 0. Do d6 mot diém bat dong ctia f khi va
chi khi n6 1a boi ctia k. Tt d6 ta xay dung ham fy(n) nhu sau

Chon k£ —1 s6 nguyén khong am tuy ¥ 1a ny,na, ..., ng_; vang = 0,
néun =qgk+r, 0<r<kth fo(n) =gk + n.k. D& thay ham fy(n)
chinh 1 nghiém téng quat ctia ham sé da cho.

1.2.3 Bai tap.

Bai toan 1.21. TWm tat cd cic ham s6 f : N — N théa man

vf(y) +yf(x) = (@+y)f@*+y?), Yo,y eN.
Bai toan 1.22. Xét ham so6 f(n) = [n++/n], n = 1,2,.... Cho
m > 1 la s6 ty nhién. Xét day cac s6 m, f(m), f(f(m)),.... Ching
minh trong day cé vo han so chinh phuong.
Cho D ={1,2,3,...,2004}. Ham s6 f : D — N théa man

f(m) + f(n) < f(m+n) < f(m)+ f(n) +1V¥m,n € D.
Chitng minh ton tai x € R sao cho f(n) = [nx], ¥n € D.

Bai toan 1.23. TWm tat cd cic ham sé f : N* — N* thda man
fn+f(n)) = f(n), vn €N,

va ton tai o € N sao cho f(xy) = a.



22

1.3 Heé dém co sb.
1.3.1 Ly thuyét.

Hé dém co s6 1a mot trong nhitng khai niéem quan trong trén tap
s6 nguyén. N6 ¢6 nhiéu ting dung lién quan dén cac thuat toan trong
so6 hoc va tin hoc.

Ta nhic lai rang, v6i b 1a mot s6 nguyeén duong 16n hon hay bang 2
thi moi s6 nguyén duong N déu c6 thé biéu dién duy nhéat dudi dang

N = (CL1 R ak)b = albk_l + agbk_Q oot ag,

voil<a1 <b—1,0<asg,...,ar <b—1.
D6 1a dinh nghia hé dém co sé dang co ban nhat. Tuy nhién, c¢6 thé
lay mot day sd nguyen bat ky (c6 tri tuyet doi tang nghiem ngit)
lam hé dém co 6, vi du hé dém co s6 (—2), hé dém co s6 Fibonacci
B3=4-24+1,17=13+3+1,...).

Déi véi mot s6 bai toan gidi phuong trinh ham trén tap sé nguyeén,
doi khi sé dé dang nhan ra quy luat néu né duge Chuyén thanh mot
bai toan theo mot hé dém co sd khac. Sau day 1a mot s6 bai toan kinh

dién quan trong thé hién sau sic phuong phap nay.

1.3.2 Mot s6 bai toan minh hoa.

Bai toan 1.24. Gid st f : N — R la ham so théa man dieu kién

fy=1

va f(n) =

Gidi. Tinh theo cong thitc truy hoi ciia dau bai ta dugc
fRE+1)=1+ f(k)= f(2k), k=1,2,...

Taco f(2) = f(3) =2 f(4) = f(5) =3; f(6) = f(7T) =1+ f(3) = 3;
f(8) = f(9) = f(10) = f(11) = f(12) = f(13) = f(14) = f(15) = 4.

Sau khi tinh xong cac gia tri trén trong hé co s6 10, c6 1é ta van chua
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thé hinh dung ra quy luat gia tri ctia f(n). Tuy nhién, néu viét trong
hé co s6 2 thi ta dudc:

f(2)=2=f(3) & f(10:) = f(112) = 2;
f(4) = f(5) = f(6) = f(7) =3
& £(100,) = f(1015) = f(110) = f(1115) = 3;

Diéu nay dan ta dén

Quy luat: f(n) chinh 1a s6 chit s6 ctia n viét trong hé nhi phan.
Chitng minh: Khang dinh trén ding cho n = 1,2,3,...,15 hay

20 <np <24

Ta sé chitng minh bang quy nap theo ¢ nhu sau. Gia st 29 < n < 2971,
khi ay trong hé co s6 2 thi n sé c6 ¢ + 1 chit sb.

Néu n = 2m thi 297! < m < 27 v m c6 ¢ chit sd trong hé co s6 2.
Theo gid thiét quy nap f(m) = ¢q. Do do6 theo dau bai ta c6

fn) =1+ f(3) =1+ f(m) = 1+q

Néu n = 2m + 1 thi 2q2_1 <m< 2q+21_1.

Do m 1a s6 nguyén nén 2971 < m < 27 va, m ciing sé c6 ¢ chit s6 trong

co 86 2. Theo gia thiét quy nap f(m) = ¢. Do d6 theo dau bai ta lai
co

f(n):l—i—f(nTl):l—i—f(m):l—l—q.

Nhu vay, trong moi trudng hop ta déu c6 f(n) bang chinh s6 chi
s6 clia m viét trong co s6 2.

Bai toan 1.25. Day so {f,} duoc zdic dinh f1 =1, fo, = 3fn,
f2n+1 — f2n + 1. de tinh flOO-

Gidi. Ta ¢ f(1) = f(1y) =1 = 1.3
f(2) = f(105) = 3f(1) =3 = 1.3" +0.3%;
f(3) = f(115) =3f(1) +1=4=13"+1.3%

Ta thay rang véi moi n € N* va n c¢6 bicu dién trong hé nhi phan la
n= (akak_l . a1a0> thi
2

f(n) =ap.3" +ar_1.3" 1+ ...+ a3 + ay.3°. (1.12)
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That vay,
* V6i moi n < 4 thi (1.12) dung.
* Gia sit (1.12) dang v6i moi ¢ < n. Ta ching minh véi ¢ = n thi (1.12)
cing dung.
+ Néu n = 2m véi m ¢6 bieu dién trong hé nhi phan la
m = (akakl . a1a0>2 thin = (akakl . a1a00>2, ta dugc

f(n) = f(2m)

& f((akakl . a1a00)2> = 3f(m) = 3(ap.3" + ...+ a1.3' 4 a0.3")
= ak.3k+1 + ...+ a1.32 + a0.31 + 030

+ Néu n = 2m + 1 v6i m c6 bieu dién trong hé nhi phan la
m = (akakl . a1a0> thin = (akakl . a1a01> , ta dugc
2 2

f(n)=fem+1) & f((akakl . a1a01)2> — 3f(m) + 1
@f((akakl e a1a01)2> = a3+ 4 a1.3% 4 a3 + 1.3°

Vay (1.12) ding v6i moi n € N*.
Do d6 véi 100 = (1100100) ,taco f(100) = 1.3% + 1.3% + 1.32 = 081.
2

Bai toan 1.26. Day so {a,} dugc zdc dinh bdi 0 < ag < 1, a, = 2a,_1
néu 2a,-1 < 1 va a, = 2a,-1 — 1 néu 2a,_1 > 1. Héi c6 bao nhiéu gid
tri ag dé as = ag.

Giair. Ta trinh bay cach giai bai toan trén trong hé nhi phan.

Nhan xét 1.4. Néu ag — (O,d1d2d3 o )2 thi gy = (O,d2d3d4 o )2.

That vay

-Néu 2a¢9 < 1 thidi =0vaa = 2a¢p = (O,d2d3d4 .. > .
2

_Néu 2ag > 1thid; =1 vaa; = 2ag — 1 = (O,d2d3d4...>
2
Hoan toan tuong tu, as = (O, dsdads . . ) e, Q5 = (O, ded-dsg . . ) )
2 2
Khi d6 as = ag khi va chi khi ag 14 phan s6 nhi phan tuan hoan chu ky
5. 06 2° = 32 chu k¥ tuan hoan nhu vay, trong d6 chu k¥ 11111 cho
ching ta ag = 1 (loai). Vay tat ca c¢6 31 gia tri ag thoa man yeéu cau
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dé bai. D6 Ia (0,00000) ,(0,00001) ,...,(0,1111()) . Tinh sang hé
2 2 2

thap phan cic s6 do ta dugdc cac gia tri tuong ting 1

0 1 2 30
7317317 731
Bai toan 1.27. Tim tat cd cac ham so f : N* — N* théa mdn diéu
kién
1) f(1) =1;

2) f(2n) =2f(n) — 1, Vn € N*;
3) f2n+1)=2f(n)+1, Vn € N*.

Gidi. Gia st ton tai ham s6 f théa yéu cau bai toan.
T gid thiét ta c6 f(1) =1 = f(13) = 15 = 1.2%;

=1= f(2) = f((10)2) = (01)5 = 0.2" + 1.2%;
=3 = f(3) = f((11)2) = (11)y = 1.2" + 1.2%;
=1 = f(4) = f((100)9) = (001)y = 0.2* +0.2" + 1.2°;
=3 = f(5) = f((101)) = (011)y = 0.22 + 1.2" + 1.2%;

Ta thay rang
-Néu n c6 biéu dién trong hé nhi phan lan = (araj_1 ... a1)s véiar = 1
thi

fl(agar—1...a1)2) = (ag_1...a1a;)s = ap1.2" + ...+ a2 + a2,

(1.13)

Ta chitng minh nhan xét trén bang quy nap.

* (1.13) dang véi n < 5.

* Gia stt (1.13) dang v6i n = m, (m > 6). Ta ching minh (1.13) ding

v6i n = m + 1. Ta c6 hai truong hgp

Truong hop 1. m+11a 86 chén, dat m+1 = 2¢ v6i ¢ = (arag_1...a1)s

vam+ 1 =2q = (agag_1 ...a10)9, ta dugc

fm+1) = f(2¢) =2f(q) — 1 =2(ap_1.2" +... +a1.2" + a;.2°) — 1
= (Clk;_l R, CL101)2 = (ak_l R, alOak)Q.

Truong hop 2. m+1 1486 1¢é, dat m+1 = 2¢+1 vdi ¢ = (agas_1 .. .a1)2
vam+1=2¢g+1= (akak_l - CL11)2, ta ducc
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fim+1) = f(2¢+1)=2f(qg) +1
= 2ap_1.2" + ... +a1.2" + a;.2%) + 1
= (ak_l e a111)2 = (ak_l e allak)g.
Vay (1.13) ding v6i n = m + 1.
Do d6 n c6 biéu dién trong hé nhi phan 14 n = (apap_;...a1)s véi
ap = 1 thi
f((akak_l ... al)g) = (ak_l ... alak)g = ak_1.2k +... —|—CL1.21 —|—ak.20.
Thit lai, ta thay ham s6 f théa diéu kién bai toan.
Bai toan 1.28. Gid st f : N — N la ham s6 thod man

f(1)=1, f(2n) = f(n) va f2n+1) = f(2n) + 1, Vn € N*.
Tim gid try [6n nhat cia f(n) trong khodng 1 < n < 2006.

Gidi. Vi f(2n) dugce tinh theo f(n) va f(2n + 1) duge tinh theo
f(2n), titc 1a theo f(n), nén ta nghi t6i chuyén viét cac s6 trong co s6
2. Ta tinh

f(10;) = f(2) - f(l) 1, f(llz) (3) =f2)+1=2
£(100,

T day ta rat ra quy luat sau

Quy luat: f(n) bang s6 chit s6 1 trong biéu dién co s 2 ciia n.
Chitng minh: Gia st khang dinh ding v6i moi k < n. Ta sé chiing
minh n6 ding véi n.

Néu n chin thi n = 2m = 105 x m. Vi trong hé co s6 2, khi nhan
mot s6 vii 2 = 109, ta chi viec thém s6 0 vao cudi s6 d6 nén m va
n = 105 X m c6 cting sb chit s6 1 trong bicu dién co s6 2. Theo gia thiét
quy nap, f(m) bang dingsb chit s 1 ciam, ma f(n) = f(2m) = f(m)
nén f(n) ciing bang dung s6 chit 6 1 ciia m, tic la cing bang ding
s6 chit s6 1 ctia n.

Néun 1é, ticlan =2m +1 = 10, x m + 1 thi n c6 sb chit s6 1
nhicu hon m 1a 1 chit s6 (thém chit s6 1 ¢ hang cudi cung, tic 1a &
hang don vi).

Theo dau bai ta c6 f(n) = f(2m + 1) = f(m) + 1, ma theo quy nap,
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f(m) bang dung s6 chit s6 1 ctia m nén f(n) cling bang s6 chit s6 1
clia m cong them 1, tic 1a f(n) cling bang ding s6 chit 6 1 cia n.
Bai toan dan dén phai tim s6 c6 s6 chit s6 1 16n nhat trong biéu dién
co s6 2 clia cac s6 nhd hon 2006.

Vi 111111111119 = 21 — 1 = 2047 gom 11 chit s6 1, ma 2006 < 2047
nén f(n) co6 nhiéu nhat 1a 10 chit s6 1.

Ta lai ¢6 £(1023) = f(1111111111,) = 10.

Do d6 gi4 tri 16n nhat ciia f(n) trong khodng 1 < n < 2006 1a 10 dat
duoc khi n = 1023.

Bai toan 1.29. Gid st f : N — N la ham so6 thod man f(1) = 1,
f(3) = 3 va vdi moi s6 nguyén duong n thi

f2n) = f(n); fldn+1) =2f(2n +1) — f(n);
fAn+3)=3f2n+1) —2f(n).

Tim s6 n < 1988 ma f(n) = n. (IMO 1988)

Gidi. Gia st ton tai ham s6 f thoa yéu cau bai toan.

Mot s6 k& € N bat ki chi c6 thé c6 mot trong bén dang
k=4n=22nk=4n+1Lk=4n+2=22n+1);k =4n + 3;
nén tit cong thiic trong dau bai c¢6 thé thay ring ham sé da cho duge
xac dinh mot cach duy nhat. Ta sé st dung co s6 2 dé tim biéu dién

ctia ham s6 f. Ta c6

f(la) = f(1) =1=1y; f(102) = f(2) = f(1) =
f(112) = f(3) = 3 =11y f(1009) = f(4) =1
f(1015) = f(5) = 5 = 101y; f(1102) = f(6) = 3 = 011y;

Quy luat: Biéu dién ctia f(n) trong co sé 2 chinh 1a biéu dién ctia n
bang cach viét ngugdc lai, tic 1a f((arag_1...a1a0)y) = (agas...ax_1ax ).
Chitng minh: Gia st tinh chat ding cho moi k& < n. Ta sé chiing
minh n6 ding cho n.

Néu n chdn (n = 2m) thi theo gia thiét f(n) = f(2m) = f(m).
Vi n = 2m nén néu m dugc biéu dién trong hé co s6 2 dudi dang
m = apaj_1...a1a0 thi n = arap_1...a1a¢0.

Theo quy nap
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f(m) = f(arax_1...a1a0) = apay...ax_1ax = Oapay...ax_1ay.
Vay f(akag—1...a1a00) = f(n) = f(m) = f(arar—_1...a1a9)
= apaq...ap_1a; = 0apay...ap_1ag.
Néun = 4m~+1véim = arar_i...a1ap thin = dm+1 = apap_;...a;a001
va2m + 1 = aiap_q...a1apl.
Theo dau bai va gia thiét quy nap ta co:
flagag-1...a1a001) = f(4m +1) =2f2m + 1) — f(m)
= 2.1apay...a_1ar — f(m) = lagay...ap_1a;0 — f(m)
= M-I—aoal...ak_mk() — ap@q...G_10)
k+3
= M-I—aoal...ak_lak = 10apay...a_1ax.
k+3
Néun = 4m—+3 v6im = arar_1...a1a0 thin = 4m+3 = apap_1...a1apll
va 2m + 1 = arap_1...a1ap1.
Tt gia thiét ciia dau bai va gid thiét quy nap suy ra:
flagag—1...a1a911l) = f(dm +3) =3f(2m + 1) — 2f(m)
=f2m+1)+2f2m+1)—2f(m)
= lapay...ap_1a; + lapay...ap_1a;0 — apay...ar_1a:0
= laopay...ap_1a; + w = llapay...ap_1a.
k+3

Vay quy luat dugce chiing minh.

Mot s6 trong co s6 2 dudgc goi 1a palindromic néu n6 khong doi
khi ta doi chd cac chit s6 theo thit tu ngude lai. Véi mdi k sé co tat
s 2l 56 palindromic c¢6 do dai k (s6 palindromic bac k). That vay,
mot s6 palindromic hoan toan dudc xac dinh néu biét tat ca [%] chi
s6 dau tien (ben phéi), cac chit s6 con lai duge xéc dinh bang cach lay
déi xitng qua s6 ding gitta. Vi chit s6 & vi tri dau tiéen bén phai bat
budc phai la 1, nén chi con lai [%] —1= [k—;l

k—1

6 0 hodc chit 0 1. C6 2 X 2 X ... X 2 = o7 kha nang chon, tic 1a

5

c6 tat ca 27 s6 palindromic bac k.

] vi tri tuy chon la chit

Tu quy luat trén suy ra nghiém cua phuong trinh f(n) = n véi
n < 1988 = 111110011105 chinh 1& cac s6 palindromic véi t6i da 10
chit s6 va nhitng s6 ¢6 11 chit s6 nhung nhé hon n < 1988,
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Vi ¢6 mot s6 v6i 1 chit s6 (s6 1 = 13) va mot s6 v6i 2 chit s6 trong
co 56 2 (s6 3 = 112) thoa man phu’dng trinh f(n) = n nén c6 tat ca
1414205 pal5 4 palm ol = o424+ 16) = 6286
c6 toi da 10 chit s6 trong co s6 2, tiic 1a c6 tat ca 62 s6 trong khodng
0 < n <1023 thod man phuong trinh f(n) = n.

C6 tat ca 2["T'] = 32 $6 trong khoang 1024 < n < 2047 (c6 11 chit
s0) 1a palindromic. Trong cac s6 d6 ¢6 hai s6 111111111115 = 2047 va
111110111115 = 2015 vugt qua 1988. Vay co6 tat ca 32-2=30 sb trong
khoang 1024 < n < 1988 thod méan phuong trinh f(n) =

Cubi cung, phuong trinh f(n) = n c6 tat ca 62+30=92 nghiem.
Bai toan 1.30. Ham so F : N — N théa man cdc diéu kién sau

(2) F(4n) = F(2n) + F(n);
(i1) F(4n +2) = F(4n) + 1;
(iii) F(2n + 1) = F(2n) + 1.
Chaitng minh rang véi moéi s6 nguyén duong m, so cdc s6 nguyén n vdi
0<mn<2™wva F(4n) = F(3n) bang F(2™).  (IMO shortlist 2000)
Gidi. Gia st ton tai ham s6 F' thdéa yéu cau bai toan.
Do (i) ta c6 F(4.0) = F(2.0) + F(0). Suy ra F'(0) = 0.
Tuong tu, tur (ii) suy ra F(2) = F(4.04+2) = F(4.0) + 1= 1.
Tir (iii) ta co: F(3) = F(2+1) = F(2) +1 = 2.
Ta thay F(n) xac dinh mot cdch duy nhat tit ba diéu kién ctia dau
bai. Ta tinh va quan sat bang gia tri cua F(n) dudi day

n [of1[2]3[4]s]6[7]8]910[11]12[13][14]15]16
F)|o|1]1|2]2[3]3[4]|3[a4a|5[5|6]|6]|7]|5

Nhan xét 1.5. F(2") = u,1, trong d6 u, 1 s6 hang thit r ctia day
Fibonacci (ug = 0, uy = 1, upy1 = Uy + Up_1, n > 1).

That vay,

véir=0taco F(2') = F(1) =1 = uy;
voir=1taco F(2!) = F(2) =1=uy = uyq;
Vol r =2 tacd F(22) = F(4) =2 = ug = us.1;
véir =3 taco F(23) = F(8) =3 =uy = ugq;
v6i r =4 ta co F(24) = F(16) =5 = us = ugyq
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Gia st khang dinh trén ding v6i moi 1 < k < r. Ta sé chiing minh
n6 dung cho r + 1. Diéu nay dé dang suy ra tu (i), tr gia thiét quy
nap va tit dinh nghia ciia day Fibonacci:

F2rt)y=F4.2 ) = F227 ) + F(2" ) = upi1 + up-1)11 = Uryo.
Quan sat bang gia tri ctia F'(n) tinh theo n va u, dudi day

n|u, | (n)e |[F(n)F(n)=arup~+...+agu

0] O 0y 0 [F(0)=0u; =0

1] 1| L | 1F1)=1Lu=

2 1 | 10, | 1 [F(2) = Lug+ Ouy =

30 2 | 1L, | 2 [F(3) = Lug + Luy =

4 3 [ 100, | 2 |F(4) = Lug + 0.up + Oy = 2

51 5 | 101, | 3 [F(5) = Lug + O.us + Ly = 3

7 13 | 111, 4 [F(7)=1lug+ laug + Lug =4

8 | 21 | 1000y | 3 |[F(8) =1l.ugy+ 0.ug+ O.ug + 0.u; =3
0 [ 34 | 10015 | 4 |F(9) = Ly + 0.tz + Oug + Ly = 4
10| 55 | 1010, | 4 [F(10) = Luy + O.uz + Lug + Ouy =
11] 89 | 1011y | 5 |F(11) = Laug + Oug + L + Lug = 5
131|233 | 11019 6 F(13) =1lus+ 1us+0us + 1L.ug =
14377 | 1110, | 6 |F(14) = Lug + Lug + Lug + O.uy =
15610 | 11115 | 7 |[F(15) = Laug + Lug + Lug + Ly =
16 | 987 | 100002 | 5 |F(16) = l.us + 0.ug + 0.uz + 0.ug + 0.uy =5

ta thay F'(n) dugc biéu dién dudi dang tong cia cac s6 hang ctia day
Fibonacci. Hon nita, ta c6 nhan xét tong quét sau.

Nhan xét 1.6. Néu n c6 bieu dién co s6 2 1a n = (ay...ap), thi
F(n) = aguji1 + ... + apguy. (1.14)

Chitng minh: Ta chiing minh rang F'(n) dugce xac dinh theo cong
thitc (1.14) sé théa man ca ba diéu kien (i), (ii), (iii) véi moi n > 0.
That vay, néun = (ag...ap), thidn = (ay...ap00),; 4n+2 = (ay...ap10),;
2n = (a...ap0),, do dé

F(4n) = aguys + ... + agusz va F(2n) = arugio + . .. + agus.
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Suy ra

F(4n) = ap(upy2 + ups1) + - .. + ao(ug + uq)
= (arUpso + ... + agug) + (artfy1 + - .. + agur) = F(2n) + F(n).
Vay (i) dugce chiing minh.
Vi us = 1 nén ta cling c6
F(4n + 2) = apupys + ... + apus + ug = F(4n) + 1,
hay (ii) dugc ching minh.
Va cudi cing, vi u; = 1 nén
F(2n+1) = agujio+. .. +aguz +uy = F(2n)+1, tic la (iii) dang.
Do (i)-(iii) x4c dinh duy nhat F(n) nén (1.14) chinh la cong thiic tong
quat cta F(n).
Nhan xét 1.7. Néu trong biéu dién nhi phan ctia n khong c6 hai chit
s6 1 ding lién nhau (ta goi la chit 6 1 ¢o 1ap) thi F(3n) = F(4n).
Chiing minh: Gi4 sit trong biéu dién nhi phan ctan = (ay, . . . ag),
khong ¢6 hai chit s6 1 lién tiép. Vi 3n = 2n+n, ma 2n = (ai . . . ao0),,
nén 3n =2n+n = (ay...ap0)y + (ag...ag),.
Vi trong biéu dién nhi phan ctia n = (ax . .. ag), khong c6 hai chit s6 1
lien tiép nén phép cong trén 1a khong c6 nhé tit hang nay sang hang
sau, titc 1a néu n = (ay...ag), thi
3n=2n+n= (ag...ap0), + (ax...ap),

= ag(ax—1 +ay) ... (a1 +a;)...(ag+ ay)ag.

Do d6 F(n) = arugs1 + ... + aguy va

F(3n) = agugso + (ap—1 + ar)ugrr + - + (a1 + a;)uirr + ... + aguy
= ap(Up+2 + Ukt1) + ap1(Uepr +ur) + oo+ @i (Ui + wi)+
+ ... Fao(ug +uy) = agpugss + ... + aguz = F(4n).

Nhan xét 1.8. V6i moi n thi F(3n) < F(4n). Dau bang xay ra khi

va chi khi trong biéu dién s6 thap phan ctia n moi chit s6 1 1a co lap.

Chitng minh: Ta sé ching minh nhan xét (1.8) dung v6i moi
0 <n < 2" bang quy nap theom > 1. Véim =1, 2, 3,4 (0 < n < 16)
diéu nay dé dang thiy dudc qua bang trén. That vay
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Véin=1=1y F(3) = F(4) = 2;
Véin =2=10s: F(6) = F(8) = 3;
Véin=3=11y: F(9) =4 <5 = F(12);
Vé6i n =4 =1009: F(12) = F(16) = 5.
Gia sit nhan xét (1.8) dang v6i moi k < m. Ta sé chiing minh né ding
véi k=m + 1.
Gidst 2" <n< 2™l Khidyn=2"4+pvéi 0<p< 2"
Gia st
n=2"4p= (100...00) + (A1 Gms - - - G100),

m P
= (1am_1am_2 . alao)z.
Vip = (am-1am—2...a1a9)y (hé $6 a,,—1 khong nhat thiét bang 0) nen

4p = (am—1am—2 - .. a1a900), va 4n = (lay—1Gm—2 - . . a1a¢00),.
Do (1.14) ta co6

F(4n) = tpmy3 + Gm-1Ums2 + Gm—2Upmy1 + ... + a1ug + agug
= U3 + F(4p).

Xét ba truong hgp
1) 0 <p < 4 Khidy 3p < 2™, do d6 3p = (bm—1bm—2-..biby)y v&

3n=3(2" +p)=2"" 42" 4 3p

= (100...00) + (100...00) + (by1bms - . - biby),
2 2

m+1 m

= (11by—1bm—s - . . brby),.

Vi 0 < p < 2™ nén theo gia thiét quy nap ta c6 F(3p) < F(4p).
Do do, tit (1.14) suy ra

F(Sn) = Um+2 + Um+1 + bm_lum + bm_zum_l + ...+ b1UQ + boU1
= Upts + F(3p) < upss + F(4p) = F(4n).

Dang thiic xay ra khi va chi khi F(3p) = F(4p), nghia 1 néu cac chit
s6 1 ctia p 14 co 1ap. Nhung vin = 2™ + p vé6i 0 < p < 2™ nén céic chit
s6 1 clia n ciing 1& co 1ap.

Vay F(3n) = F(4n) khi va chi khi cac chit s6 1 ctia n 1a ¢o 1ap.

2) & < p< - Khidy3p=2"+hvdi0<h< 2" nén ta co bicu
dién nhi phan
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3]? = (1 0... O) + (hm_lhm_g ce h1h0)2 = (1hm—1hm—2 ce hlhO)Q-

—
Do do n
F(3p) = tums1 + hm1tm + hpotpm—1 + . .. + hius + houg
= U1 + F(h).
Vi

3n =3(2" +p) = 2" 4 2M 4 3p
:(100...00) +(1oo...oo> +<1hm_1hm_2...h1ho>2

m+1 2 m 2

_ (100hm_1hm_2 o h1h0>2,

nén theo (1.14) va quy nap ta cé
F(3n) = upmis + hm1tm + hotm—1 + .. . + hius + houg
= U3 + F(h) = Umis + F(3p) — w1 = tmi2 + F(3p)
< Upio + F(4p) < upys + F(4dp) = F(4n).
Trong truong hop nay dau bang khong bao gio xay ra.
3) 20 < p < 2™ Khi dy 27! < 3p < 3.2™ va 3p = 27! 4 ¢ véi

3 —_
0 < ¢ < 2™ nén ta c6 bieu dién nhi phan

3p = (1\0-;10,> + <Qm—1CJm—2 e CI1C]0>2 = <1qu_1qm_2 : --CJ1C]0>2-
m 2

Do do6

F(Sp) = Um+2tQm-1Umtqm—2Un—1+. .. +qQU2+qoU1 = um+2—|—F(q),
%
3n=3(2" +p)=2"" 42" 4 3p
- (100...00) + (100...00) + (10qm_1qm_2...q1q0>2

m+l g m 9
= (101Qm—1Qm—2 . CI1C]0>2,
nén theo (1.14) va quy nap ta c6
F(3n) = wnis + Umi1 + Gm-1Um + Gm-2Um—1 + ... + Qiz + qowa

= U3 + Uyt + F(q) = Uni3 + Umi1 + F(3p) — U2
< Um+3 + F(4p) = F(4n)

DAau biang khong xay ra.
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Nhu vay, trong moi truong hOp ta déu ¢6 F(3n) < ( n). Dau
bang xay ra khi va chi khi 0 < p < &= va p chi ¢6 céc chit s6 1 ¢o lap.
Lic d6 cac chit s6 1 trong n cling la co lap.

Bay gio ta con phai chitng minh rang ¢6 u,, 2 = F(2™!) s6 nguyén
duong n trong khoang [0;2™), véi cac chit s6 1 bi co lap trong bicu
dién nhi phan ctia ching.

That vay, v6i m =1 ta c6 hai s6 0 va 1 va ug = 2; v6i m = 2 ta c6 ba
s6 0; 1 va 3 = (10) 1a nhiing s6 véi cac chit s6 1 bi co lap trong bicu
dién nhi phan va uy = 3.

Gia st diéu nay dung v6i moi k = m. Ta chiing minh n6 dung vdi
k=m.Giastn < 2" van= (an_1...a0),.

Khi ay n < 2™~! khi va chi khi a,,_1 = 0. Trong truong hop nay theo
qui nap ta c6 u,,.1 s6 v6i cac chit s6 1 co lap.

Néu 21 <n < 2™ thi a,,_1 = 1, do d6 a,,_» = 0 va lai theo qui nap
ta c6 u,, sO véi cac chit sd 1 ¢o lap.

Vay trong tat ca cac sd trong khodng 0 < n < 2™ c¢6 tong cong
U1 + Uy = Upio = F(2™T1) s6 v6i cac chit s6 1 o lap.

1.3.3 Bai tap

Bai toan 1.31. Ham so f : N x N — N zdc dinh nhu sau
1, £(0,0) = 0.

9 Flry) = ([%] [%]) néu $4+ y = O(_mod 2),
(51 15]) +1 néw z +y=1( mod 2),

voi x,y € N. Ching minh:

a. f(z,y) = f([5].[5]) & @ va y cung tinh chan lé.

b. f(z,y) = f([5],5]) + 1 & z vay khdc tinh chan [é.

c. fle,y) =0 z=y.

Bai toan 1.32. Ham so f : N* — N* zdc dinh nhu sau

a. f(1) =2,f(2) =

b. f(3n) =3f(n), fBn+1)=3f(n)+2, fBn+2)=3f(n)+1
Vn € N*.

Tim s6 cdc so6 n < 2006 théa man f(n) = 2n.

Bai toan 1.33. Ham s6 f : N* — N* la s6 cdc so 1 trong khai trién
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nhi phan ctia n. Chitng minh rang
a. f(n?) <1f(n)(1+ f(n)) va dang thic zdy ra tai vo s6 diem.

b. Ton tai day vo han (u,); % sao cho

)

k—+o00 f(uk) =0

Bai toan 1.34. Ham s6 f xzdc dinh trén tap hop cdc so nguyén duong
nhu sau

a. f(1)=1.

b. 3f(n)f(2n+1)= f(2n)(1+3f(n)),Vn € Z™.

c. f(2n) <6f(n),Vn € Z*.

Tim cdc s6 k,m € Z* sao cho f(m) + f(k) = 293. (China 1995)

Bai toan 1.35. Ham so f : N — N théa mdn cdc dieu kién

a. f(3n) =2f(n).

b. f(3n+1)= f(3n)+1,¥Yn € N.

c. f(3n+2)=f(3n)+2,Yn € N.

Tim tat cd cdac gid tri cian € {0,1,...,2003} sao cho f(2n) = 2f(n).
Bai toan 1.36. Ham s6 f xzdc dinh trén tap hop cdc s6 nguyén duong
nhu sau

a. f(2n+1)* — f2(2n) =6f(n) + 1.

b. f(2n) > f(n).
Hoi ¢6 bao nhiéu gia tri n ma f(n) > 2003. (Balkan MO)
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Chuong 2

Ap dung mot s tinh chit cia day
s6 va ham sb dé giai phuong trinh
ham.

2.1 Ap dung mot sé tinh chit cta day sb.

2.1.1 S6 hang téng quat cta day sb.

2.1.1.1 Ly thuyét.

Xét phuong trinh ham trén Z chta dang

1eN
trong d6 vé phai 1a mot da thitc bién n nguyén va vé phai la cac ham
hop cta f xac dinh béi

0 ) = £ (7 ()

Mot phuong phap dé gidi phuong trinh ham dang nay 1a, trudc hét,
phai xac dinh dudc cong thic tong quat ciia day

a; = Q, Clz‘:fm(n)-
Sau d6 tiép tuc gidi theo ting bai toan dat ra. Sau day 14 mot s6 bai

toan minh hoa.

2.1.1.2 Mot s6 bai toan minh hoa.

Bai toan 2.37. Tim tat cd cdac ham so f : N — N théa man diéu kién

f(f(n))+ f(n) =2n+ 3k, Vn €N, (2.1)
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trong dé k la so tu nhién cho trudc.

Gidi. Gia st ton tai ham s6 f théa man yéu cau bai toan.
Dat a1 = x va v6i n > 1 ta dat a,.1 = f(a,). Khi d6 tit phuong trinh
(2.1) ta dugc

2a, + 3k = ay41 + apio. (2.2)
Va
20n11 + 3k = apio + anis. (2.3)
Lay (2.3) trit (2.3) vé theo vé ta ¢6 a,.3 — 3a,11 + 2a, = 0. Suy ra
ap = A1 + nie + A3(—2)". (2.4)

Nhung tir (2.4) ta cho n 1é ta sé ¢6 a, < 0, vo 1y. Do d6 A3 = 0.
Hay a,, = A1 + nXy. Thay vao phuong trinh (2.2), ta dugc
2a, + 3k = apy1 + apyo

Tit d6 Ay = k. Bay gid cha ¥ t6i

ag—alz)\1+2k—()\1—|—k):k(:)f(n)—n:k.
Vay f(n) =n+k, Vn € N.
Thit lai ta thay f(n) =n +k, Vn € N théa man dieu kién bai toan.
Bai toan 2.38. Tim tat cd cdac ham s6 f : N — N théa man diéu kién

f(f(f(n))+6f(n)=3f(f(n))+4n + 2007, ¥Vn € N.

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.

bat f(n) = g(n) +669. Ta c6
9(g(g(n))) +6g(n) = 3g(g(n)) + 4n.

Xét day s6 aj xac dinh bdi: ag = n véi n 1a s6 tu nhien bat ki va
ar+1 = g(ax).
Ta c6 apy3 = 3agro — 6ap1 + 4ag.
Do dé
2n n n)—mn
ak:<——|—g(g( ) _,9(n) >+

3 3 3v/3
(2 glaln) Qg@;g )2 cos(T) + MT;W sin(22)

Say, = u(n) + 25(v(n) COS(%T) + w(n) sin(%)).
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Tu a; va v(n)cos(E) + w(n)sin(4) khong nguyéen véi moi k nén
v(n) =w(n) =0. Do d6 g(n) = n.

Hay f(n) =n+ 669, Vn € N.

Thit lai, ta thay f(n) = n + 669 théa man diéu kién bai toan.

Bai toan 2.39. Tim tat cd cdac ham so f : N — N théa man diéu kién
f(f(n))+ f(n) =2n+ 2001 hodc 2n + 2002, Vn € N.
(Balkan 2002)

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.
Ta xac dinh day cac s6 tu nhién (a,),>o nhu sau: ag 1a mot s6 ty nhien
bat ki va a1 = f(a,), Yn € N. Dat ¢, = a, — a,_1 — 667,Vn > 1.
Tw d6 c,i1 + 2¢, = apsq + ay — 2a,1 — 2001.
Véi moi n > 1, c,q1 + 2¢, 12 s6 nguyén thoa man 0 < ¢, + 2¢, < 1.
Gidstc >0,suyracy > 1vac < —2c1+1< —1,¢c53 > —2co > 2.
Bing quy nap dé thay rang coppq > 2F.
Mat khac agjio — aor — 1334 = coppn + coppr < —2F + 1.
Do do6 vé6i k > 11, ta c6 agio < asy, vO ly.
Néu ¢; < 0, suy ra ca > —2¢; > 0, tuong ti trén ta cé

Gopr3 < Qokr1, Vk > 11, ciing vo 1y.
Vay ¢; = 0, n6 tuong duong véi a1 = ag + 667.
Hay f(n) =n+ 667, n € N.
Bai toan 2.40. Ton tai hay khong ham so f : N* — N* théa mdn

f(f(n)) +3n =2f(n), vn € N".

Gidi. Gia st ton tai ham s6 f théa diéu kien bai toan.
V6i méi ¢ € N* ta xay dung day (a,) 5 : a1 = 1, apy1 = f(an).
Khi do

ant1 = flan) = f(f(an-1)) = 2f(an-1) — 3an-1 = 2a, — 3an-1.
Hay ayy4 + 4ap41 + 3a, =0, Vn > 1.
Do a, > 0, ¥n > 1 nén dang thitc khong thé xay ra. Suy ra khong ton
tai ham ham s6 f théa man diéu kién bai toan.
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2.1.2 Bai tap.

Bai toan 2.41. Tim tat cd cic ham so6 f : N* — N* thoa man
a. f(f(n)) = f(n)+n, Vn € N

b. f(1)=2;

c. f(n+1)> f(n), Vn € N*.

Bai toan 2.42. Tim tat cd cdc ham so f : N* — N* théa mdans

FU @)+ f(f(n) + f(n) = 3n, ¥n € N".

Bai toan 2.43. Cho ham so f : Z — Z la ham so théa mdn dieu kién

F0) =1 f(f(x)) =z +4f(x), Ve € Z.
Tim moi s6 nguyén n > 1 sao cho f,(0) chia hét cho 201, ¢ day

filw) = f(@); fulz) = f(far(2)).

2.1.3 Tinh chét cta day sb [an].

2.1.3.1 Ly thuyét.

Day s6 dang z,, = [na] ¢6 nhiéu tinh chat s6 hoc rat tha vi. Néu
a > 1 thi {[nal},>1 14 day cac s6 nguyén duong phan biét, ¢6 sy bién
thién gan giong mot cap s6 cong nhung lai khong phéi 1a mot cap s
cong. Day s6 nay diac biet tha vi khi o 1 s6 vo ti bac 2. Ta c6 mot
két qua quen thuoc sau day

Dinh 1i 2.1. Néu o, 3 la cdc so vo ti duong théa man diéu kién %—I—% =
1 thi hai day so6 z, = [nal, y, = [nB], n = 1,2,3... lap thanh mot
phan hoach ciia tap hop cdc so nguyén duong.

Chiing minh. Xét hai day s6 a, 2a, 3cv, ... va 3,203,303, ... Khong mot
s6 hang ndo trong cic s6 hang trén 1a s6 nguyén. V6i moi s6 nguyén
duong N, c6 [&] s6 hang ctia day thd nhat nam bén trai N va [%] s0
hang ctia day thit hai.

Nhung & + % = N, vi a, 3 la céc s6 vo ti, phan 1¢ clia cac s6 &
va, % la cac s6 duong c6 tong bang 1 (do dang thitc trén). Suy ra c6
[Z]+ [%] = N — 1 86 hang ctia ca hai day ndm beén trai N. Vi bén trai
N +1c¢6 N s6 hang ciia ci hai day nén gitta N va N + 1 ¢6 ding mot

s6 hang clia mot trong hai day, tir dé ta suy ra diéu phai chitng minh.
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Hai day s6 trén vét hét tap hop cac s6 nguyén duong. Diéu nay
cho chiing ta mot huéng suy nghi: Néu hai day s6 vét hét tap hop cac
s6 nguyén duong thi c6 kha ning ching sé c6 dang trén. Va nhiéu bai
toan da dugc xay dung theo huéng nay. Sau day la cac bai toan minh
hoa.

2.1.3.2 Mot s6 bai toan minh hoa.

Bai toan 2.44. Gid st {f,} va {g.} la hai diy s6 nguyén duong dugc
rac dinh nhu sau

a. fr =1

b. g, =na—1— f,, trong dé a la s6 nguyén lon hon 4;

C. fni1 10 80 nguyén duong nhé nhat khdc cac so fi, fo, ..., fn,

91,925 -+ Y9n-
Chaitng minh rang ton tai cdc hang so o, 3 sao cho

fn = [nal, g, = [nf], Vn € N*.

Giai. Theo cach xay dung {f,} va {g,} thi {f.},{g,} 1ap thanh

mot phan hoach trén N*.
Gia st ta da tim duge o, G (a < ) thoa dieu kien bai toan. Khi do6
ta phai co

1.1

a [
Ngoai ra, ta lai c6 na —1 = f,, + ¢, = [na] + [nf] =n — 1 va véi n du
I6n thi f, + g, ~ na+nf, suy ra a + 8 = a. Khi d6 «, 8 1a nghiém
clia phuong trinh 22 — az +a = 0 (vi é—l—%: 1= af =a).
Xét phuong trinh 22 — ax + a = 0 ¢6 hai nghiem o < 5. Via > 4 va
a, 5 1a cac s6 vo ti. Day s6 {fn}, {g.} x4c dinh mot cach duy nhat,
do d6 dé chiing minh khang dinh ctia bai toan, ta chi can chiing minh
{[na]} va {[nF]} thoa man cac dieu kien (a), (b), (¢) trong bai. That
vay

e Ta co
Oé+6>4 6>2 - B )
{04—1—5@6 @{al—l—ﬁ =la=1=fi=[a]=1
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e Ta co
= [nf] = [n(a — a)] = [na —nal = na + [—(na)] = na — [na] —1
=na—1— f,.

e Ta thay [na] # [mf], Vm,n € N*. That vay, gia st [na] = [mS] = k.
Dat na=k+r mg=k+s,0<rs<1 Khidb
nam="gly ks gy Ly rys
a o [ 0 a [ «

g
:k-l—g-l—%(mauthuénViO<g+%<1).

Vay [na] # [mf], Vm,n € N*.
Tiép theo
[nal +1;

fn-i—l = [(n + 1)@]
np] +2 > [nal + 1.

In+1 = [(n + 1)6]
Mt khac, gid st k 1a mot s6 nguyen duong bat ky va n = [£H].
-Néun > & th1k;<noz<oz(kJrl =k+1=[na| =k.

-Néu n < E thi

(k—n)3>kB3—-BE=kB(1-1)=k
(k—n)B<kB—-pEL-1)=k+1

Suy ra mdi s6 k € ZT ¢6 mit trong day so6 dung 1 lan va hai day sb
{[nal]} va {[nB]} thoa dieu kien (c).

>
>

= [(k—n)f] = k.

Bai toan 2.45. Hay zdc dinh xzem cé ton tai hay khong ham so f :
N* — N* sao cho
f(1) =2
f(f(n)) = f(n
fln) < fln+
=

Gidi. Dat a = —f
Tra 10i: C6 ton tai. That vay, ta xay dung ham s6 f nhu sau
V6in > 1, dat f(n) = [na+ 1], trong d6 [z] 1a ki hiéu phan nguyén

)+mn, Vn € N¥;
1), ¥n € N*. (1MO1993)

L—a—-1, alasévoty
«

cua so thuc x. Ta ¢6
1

f(l):[oé+§]:2-

fln+1)=[(n+Da+ %] > [na+ =] = f(n), Yn € N".
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V6i moi n > 1, n € N*, dat m = f(n). Ta c6
1 1 m 1
m<no+-<m+l=an——< —<n+—
2 20 a 20

1 1 1 1
in—ﬁ(@_1)<(a—l)m<n—|—§:n—§<(Oz—l)m<n+§

1
jn—l—m<ozm—|—§<m—|—n—|—1.

Do d6 f(m)=m + n.
Hay f(f(n)) = f(m)=m+n= f(n) +n, ¥n € N*.
Vay f(n) = [na + 3] théa diéu kien bai toan.

2.2  Ap dung mot sb tinh chit ctia ham sb.

2.2.1 Tinh don diéu ctia ham sb.

2.2.1.1 Ly thuyét.

Tinh don diéu ctia ham s6 doi khi 1a mot cong cu kha hiéu qua
dé giai mot s6 bai toan vé phuong trinh ham trén tap s6 nguyen. Sau

day 14 mot s6 bai toan minh hoa.
2.2.1.2 Mot s6 bai toan minh hoa.

Bai toan 2.46. Ching minh rang khong ton tai ham s6 f : N — N
sao cho

f(f(n)) =n+ 1987.
(IMO 1987)
Gidi. Gia st ton tai ham s6 thoéa man yéu cau bai toan.
Khi d6 ta chitng minh ham s6 do6 tang nghiém ngat tréen N. That vay
-Gia st ton tai n € N sao cho f(n+ 1) = f(n), ta dugc
f(f(n+1)=f(f(n)) = n+14 1987 = n + 1987
s 1988 = 1987 (vo 11).
Do d6 f(n+1) # f(n).
-Gid st f(n+1) < f(n), ta co
n+1987 = f(f(n)) = f(f(f(n))) = f(n) + 1987,



43

hay f(n + 1987) = f(n) + 1987.

Ma f(n) > f(n+1)= f(n) > f(n+ 1)+ 1. Suy ra

fn)> fn+1)+1> f(n+2)+2>...> f(n+ 1987) + 1987.
Ti day, ta c6 f(n + 1987) — 1987 > f(n + 1987) + 1987 (vo li).
Vay f(n+1) > f(n),Vn € N. Hay f(n+1) > f(n)+1

Ta lai ¢6
f(n+1987) > f(n+1986) +1 > ... > f(n) + 1987, (2.5)

ta suy ra (2.5) phai xdy ra ¢ tat ca cac dau bang. Tic la

fn+1)=fn)+1=fn—-1)+2=...=f()+(n+1)-1
= f(n)=n+f(l)—=1=n+a, véia= f(1)—1e N

Ma f(f(n))=n+2a=n+1987 = a=2L ¢ N.
Vay khong ton tai ham s6 f théa man yéu cau ctia bai toan.
Bai toan 2.47. Tim tat cd cdac ham so tang thuc su f : N* — N* thda
man
fn+ f(n)) =2f(n), ¥n € N".

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.
Do f tang thuc st nén

fln+1)>fn)+1= f(n+1)—n—1> f(n) —n, Vn € N*.
Suy ra f(n) —n la mot ham s6 tang.
Mit khac, dat ag = 1, a1 = a, + f(ay).
Khi d6 ag < a1 < ..., va f(an1) = 2f(an),

do d6 f(an—i-l) — Qpt1 = f(an) — Qn.
Suy ra ¢6 vo han bo (m,n) sao cho f(n) —n

I
g
2

S

=

@)

5

f(n)=n+k, véi k € N.

Bai toan 2.48. TWm tat cd cic ham so f : N* — N* thda man
S0 ) f) =1
f(0) < ( ) < f(2) <
c. f(2 y') = f2()+f2( ), Vx,y € N*.
Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.

Tacé f(2) = f(1+1) =2 f(5) = f(1* +2°) =5,
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suy ra voi kg = 1, z,01 = 22 + 1 thi f(z,) = z,.
Hién nhién lim 2, = +oc. Do d6, néu f(m) = f(m+ 1) thi

n——+00
flm+1)?+1) =1+ fA(m+1) =1+ f*(m) = f(m* + 1)

=fm*+k)=f(m*+1), k=1,...,2m + 2.
Bang quy nap ta c6 ton tai vo han s6 m sao cho

fm*+ k)= f(m*+1), k=1,...,2m + 2.
Chon m du 16n sao cho ton tai n sao cho

Tny Tpe € [M? +1,m* + 2m + 2].

Khi d6 z,, = 2,41, d6 1a diéu vo ly. Suy ra f tang thuc su.
Hién nhién ta c6 f(n) = n, Vn € N*.
Thit lai ta thdy ham sd f(n) = n, Vn € N* thdéa man dieéu kién bai
toan.

Bai toan 2.49. Cho ham so f : N* — N* théa man
fin+2)=2f(n+1)+ f(n) = f(f(n—1)).

Chaing minh ton tai a va b théa mdan vdi moin > a ta cé f(n) = b.

Gidi. Gia st ton tai ham s6 f théa diéu kién bai toan.
Ta co

fn+2)=f(n+1) = f(n+1)=f(n)+f(f(n=1)) = f(n+1)—-f(n).
Suy ra f(n+1)— f(n) 1a mot ham s6 tang. Khi d6 ton tai ng sao cho
v6i moi n > ng thi f(n+1) — f(n) > 0.
Gia st ton tai s6 ny sao cho f(ny +1) — f(ny) > 1. Do d6 f(n) tang
thuc sy v6i n > ny. Suy ra ton tai ny > nq + 2 sao cho f(ny —1) > ny.
Tw do

fln2 +2) = f(ng +1) = f(na +1) — f(na) + f(f(n2 — 1))

> f(ne+1) = f(n2) +1 22, (Vi f(f(n2—1))> f(n )Z 0).
Tu f(n+ 1) — f(n) 1a ham s6 tang, n6 c¢6 nghia la f(n) >
mot ¢ nao d6. Suy ra, f(n) > n+4 v6i n da 16n.
Vi thé, v6i n du 16n thi
fin+2)=fln+1)=fn+1) = f(n) + f(f(n—1)) = f(f(n—1))

> f(n+3) > f(n+2), voly.

Suy ra f(n+1) = f(n) = f(a) =

n — ¢ VOi

b, Vn > a. (Diéu can chiing minh).
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2.2.2 Tinh chat ctia anh xa.

Bai toan 2.50. Chitng minh rang ton tai mot va chi mot ham soé

f:N*— N* sao cho vdi moi m, n nguyén duong

fm+ f(n)) =n+ f(m+95). (2.6)

19
Gid tri cia tong. f(k) bing bao nhiéu ? (IMO 1995 SL)
k=1

Gidi. Gia st ton tai ham s6 théa man yéu cau cua bai toan.
Ta chitng minh ham s6 f 1a don dnh. That vay, gia st f(n1) = f(n2),
ta co

F(f(m) + (1) = f(fn2) + £(1))
<ny + f(f(l) + 95) =n9 + f(f( ) + 95) = N1 = Na.

Vay f la don anh.
Vé6i moi n € N¥, ta co

f(fn)+f(1)=n+ f(f(1)+95) =n+ 1+ f(95+ 95)

f95+ f(n+1)),

=>f(n+1)+95— f(n)+ f(1) = fn+1) = f(n) = f(1) =95 =aq,
ia=f(1)—95.

Khido f(n)— f(n—1)=...=f(2)— f(1) = f(1) — 95 = a,

suy ra f(n) — 95 = na = f(n) = na + 95.
Véi f(n) = na + 95, thay vao phuong trinh (2.6) ta c6

f(m+ f(n)) =n+ f(m+95)
& na + (m+95)a + 95 = n + (m + 95)a + 95;
=a’=1=a=1(vinéua=—1thi f(n) ¢ N* khi n > 95).
Vay f(n) =n+ 95.
Thit lai, ta thay f(n) = n + 95 théa man yeu cau bai toan.
Va theo cach giéi trén thi f(n) = n + 95 14 ham s6 duy nhét.

Khi dé
19 19

N fk) =3 (k +95) = 1995.
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Bai toan 2.51. Xét tat cd cdac ham so f : N* — N* thda man diéu
kién
fimf(n)) =nf(m), ¥m,n € N".
Hay tim gid tri nhé nhat cia f(2007). (CH Sec 2007)
Gidi. Goi S 1a tap hop cac ham s6 f thoa dieu kien bai toan. Gia
st f(n) € S, dat a = f(1).
-Chon m =1 ta duogc

FLF(m)) = 0. (1) = na = F(f(n)) = na. 1)
-Chon n = 1 ta dugc
f(mf(1)) =1.f(m) = f(ma) = f(m). (2.8)

Ta ching minh f(n) 1a don anh. That vay, gia sit f(n1) = f(n2),
ta duge f(f(n1)) = f(f(n2)) = nia = ngea = ny = no.
Vay f(n) la don anh.
T (2.8) ta c6 f(na) = f(n) = na =n, Vn € N¥,
suy ra a = 1 hay f(1) = 1.
Ta c6 f(f(m).f(n)) =n.f(f(m)) =n.am=mmn = f(mmn).
Suy ra

f(mn) = f(m).f(n) (2.9)
V6i p la s6 nguyeén t6 bat ki, gid st f(p) = w.v, véi u,v € N*.
Ta c6 p = f(f(p)) = f(uv) = f(u).f(v).
Do d6 f(u) =1 hodc f(v) = 1.
Gia st f(u) =1, ta dugc u = f(f(uw)) = f(1) = 1.
Suy ra f(p) la s6 nguyen to.
Khi d6 f(n) la ham chuyén cac s6 nguyén t6 khac nhau thanh céc s6
nguyén t6 khac nhau.
Ta lai c¢6 2007 = 3%.223 va f(2007) = f?(3).f(223). Do dé dé nhan
duge gia tri nhé nhat cia f(2007) ta phai chon ham f(n) sao cho
f(3), £(223) 1a cac s6 nguyen t6 nhé nhat, khac nhau. Hién nhién, néu
ta chon duge ham f(n) sao cho f(3) =2, f(2) =3, £(223) =5, f(5) =
223 thi gia tri nhé nhat clia £(2007) = 22.5 = 20 (vi f(n) > f(n)).
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Ta xay dung ham f : N* — N* nhu sau

F)=1,7(2) =3,/3) =2, f(5) = 223, f(223) = 5,

f(p) = p,Vp € P\{2;3;5;223},

va voi n = pp'py’ g thi f(n) = f5(p0) 2 (p2) . f1 (D)
Khi d6 f(n) théa cac dieu kién

f(1)=1; f(f(n)) =n, ¥n € N*; f(mn) = f(m).f(n), Vm,n € N".
Do d6 f(n) € S. Vay gia tri nho nhat ctuia f(2007) = 20.

Bai toan 2.52. TWm tat cd cic ham so f : N* — N* sao cho
f(f(m)+ f(n)) =m+n, Ym,n € N*, (2.10)
Gidi. Gia su ton tai ham s6 f(n) thoa yeu cau bai toan.
Khi d6 f(n) 1a don anh. That vay, gia st f(n1) = f(n2). Ta c6

ff )+ F() = f(f(n2) + f(1)) & m+ 1 =ny+ 1 o m =mny.
Vay f(n) la don anh.
T (2.10), chon m = n, ta duge

f(2f(n)) =2n (2.11)
f2fn) =2n=(0n+1)+(n-1)=f(f(n+1)+ f(n—-1))
=2f(n) = fln+1)+ f(n—1)
&fin+1) = f(n) = f(n) = f(n—1),Vn e N,
Suy ra f(n) — f(n—1) = (2) — f(1) = a. Do d6

f(n)—f(l)Z(n—l)ajf( )= (n—1a+ f(1).
Véi f(n) = (n—1)a+ f(1) thay vao (2.11), ta dugc

f(2f(n)) =2n < 2na* — 2a* + (2f(1) — Va + f(1) = 2n
a* =1
=
{ 20> 1) —1a+ f(1) =
a
=
{f =1(via=—-1thi f(1) = -1 € N¥).

Do d6 f(n) =n, Vn € N*,
Tht lai, ta thay f(n) = n thdéa man dicu kién bai toan.
Vay f(n) =n, ¥n € N* 13 ham s6 can tim.



48

2.2.2.1 Bai tap

Bai toan 2.53. Tum tat cd cic ham so f : N* — N* sao cho
fm+ f(n)) =n+ f(m+1), Vm,n € N*.

Bai toan 2.54. TWm tat cd cic ham s6 f : Z — 7Z sao cho vdi moi

f(f(x) +y) =2+ f(y +2006), Yo,y € Z.

Bai toan 2.55. Xay dung mot ham so f : Qt — QT théa man diéu

kién
Flefy) = % Va,y € Q.

2.2.3 Tinh chat s6 hoc lién quan dén ham sb.

Viéc ap dung mot s6 tinh chat s6 hoc lien quan dén ham sé doi
khi 13 mot cong cu rat hieu qua déi véi mot sd6 dang toan vé phuong
trinh ham trén tap s6 nguyén. Sau day 1a mot s6 bai toan minh hoa.

2.2.3.1 Mot s6 bai toan minh hoa.
Bai toan 2.56. TWm tat cd cic ham s6 f : N* — N* thda man
z® + [ (@) +y, Yo,y € N
Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.

Ki hieu P(z,y) la cach cho bo (z,y) € N*? vao diéu kien bai todn da
cho dugc.

P(1,1) = 1+ f()If(1) + 1= f(1) = L
P(Ly) = 1+ f)IfF(1) +y =y > f(y),Vy € N;
P(z,1) = 2>+ f()|f*(z) + 1 = f(x) > z,Vx € N*.
Tw do6 ta suy ra f(x) =z, Vo € N*,
Thit lai, ta thay f(x) = x,Vz € N* thoa man diéu kién bai toan.
Bai toan 2.57. Tim tat cd cic ham so f : N* — N* thda man
a. flx+22) = f(z);
b. f(2?y) = f?(x)f(y), vdi moi x,y € N*.
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Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.
Cho z =y =1 ta dugc
f21) = MFA) = fO)(f(1) 1) =0=f(1) =1
V6i mdi x (2 < x < 22) thi ton tai & € N* sao cho 22|z(kx — 1). Khi
d6 x + 22t = ka?, ta c6
Fa) = fla+220) = f2R) = () F() & fx) = 1.
Vay f(z) =1,Vx € N*.
Thit lai, ta thay f(x) = 1,Vz € N* théa man dieu kién bai toan.

Bai toan 2.58. Tim tat cd cdc ham s6 f : N* — N* théa man rang ton
tai mot s6 k € N wa 1 s6 nguyén to p sao cho¥n >k, f(n+p) = f(n)
va néu mln thi f(m+1)|f(n) + 1.

Gidi. Gia st ton tai ham s6 f théa man yéu cau bai toan.
Gia st n > k va p khong la uée cia (n — 1). Khi do, ton tai k sao cho
(n— 1)|(n+ kp). Suy ra f(n)|f(n+ kp) + 1.
Ma f(n) = f(n+ kp), suy ra f(n)|1 va f(n) = 1.
V6i mot s6 n # 1 bat ki, ta co

(n = Dl(n = Dkp = f(n)[f((n = 1)kp) +1=2;
do d6 véi n # 1, f(n) € {1,2}. Luc nay, ta xét hai truong hgp
e Truong hop 1. f(n) =2,Vn > k va p|(n — 1).
Xéc dinh n > k sao cho p khong 1a ude ciia (n — 1). Khi d6 ton tai m
sao cho (n—1)|m va p|(m—1). Vivay f(n)|f(m)+1=3va f(n) = 1.
Hay f(n) = 1. Ta xac dinh dugc ham f nhu sau

2, Vn > k va p|(n — 1);
f(n) =<1, Vn > k va p khong la uée cia (n — 1);
fn+p), Vn<k.

eTruong hop 2. f(n) =1,Vn > k va p|(n — 1).

Trong truong hop nay, f(n) = 1,Yn > k, va néu ta gia su

S = {a|f(a) = 2} thi sé khong ton tai m,n € S théa man m — 1|n.
Ta xac dinh duge ham f nhu sau

1. f(n) € {1,2},Vn € N,

2. V6i S 1a mot tap con vo han ciia N sao cho khong ton tai m,n € S
théa man (m — 1)|n va véi n > 1, f(n) = 2 khi va chi khi n € S,
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f(n) =1 v6i cac n # 1 con lai va f(1) 1a mot s6 bat ki xac dinh béi
) +1.

Bai toan 2.59. TWm tat cd cic ham s6 f : N* — N* thda man
f2(m) + f(n)|(m* +n)?, Vm,n € N*.

Gidi. Ki hieu P(m,n) la cach cho bo (m,n) € N*? vao diéu kién
da cho.
oP(1,1) = f(1) = 1.
eP(1,1) = f(n) +1|(n + 1)2
eP(m,1) = f*(m)+ 1|(m? + 1)
Goi p 1a s6 nguyen t6 bat ki, ta c6 f(p —1) + 1|p*
Gidst f(p—1)+1=p? Khido (p* —1)2+1|((p—1)*>+ 1)
Ma
(P =1 +1>(p-17>%(p+1)° >
>php—1)°=0@"—p)?>((p-1)°+1)° voly.
Do d6 f(p—1) = p— 1 v6i moi p la s6 nguyén t6 hay ton tai vo s6 k
sao cho f(k) = k. V6i mdi k nhu thé va s6 ty nhién n # 0 bat ki ta
cO:
kK + f(n)|(K* + n)?

Sk + f)((p =1+ f(n)((p = 1)* +2n — f(n)) + (f(n) —n)*.
Khi chon &k du 16n ta sé phai ¢6 f(n) =n. Vay f(n) =n,Vn € N*.
Bai toan 2.60. Cho p la mot so6 nguyén to 16. Tim tat cd cdc ham s6
f:Z — 7 théa man dong thoi

a. f(m) = f(n) néum=n( mod p).
b f(mn) = £(m). £ ),

vt m,n la cic so nguyén.

Gidi. Gia st ton tai ham s6 f théa yéu cau bai toan.
Ta c6 f(p(k+1)) = f(pk) < f(p)(f(k+1) — f(k)) =0.
Xét hai truong hgp
e Truong hop 1. f(p) # 0.
Ta thay rang néu f(1) = 0 thi f(n) = 0,Vn € Z, vo 1ly. Xét rieng khi
f(1) =1, v6i mdi x € Z, p khong la wée cta x ta ¢c6 y € Z sao cho
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ry = 1( mod p). Do d6 f(2)f(y) = flay) = F(1) = 1.

Suy ra f(n) = £1, v6i p khong 1a w6e cta n.

Mat khac, véi moi p khong 1a uéc ctia n thi f(n?) = f?(n) = 1. Do
do6, néu m = t?( mod p) va p khong 1a uéc ctia m thi f(m) = 1.

Néu khong ton tai ¢ € Z va p khong 1a ude ctia i sao cho f(i) = —1
thi ta c¢6 ngay f(n) = 1,Vn € Z, va p khong la uGe cta n.

Xét 1 khong dong du véi mot s6 chinh phuong (mod p) va k ciing 1a
mot s6 khong dong du v6i mot s6 chinh phuong (mod p), p khong 1a
wde ciia k bat ki, suy ra ik = t*( mod p).

Ta lai c6 f(k) = —f(i).f(k) = —f(ik) = —1.

Hay ta c6

f(z) = 1, néu x dong du v6i mot s6 chinh phuong (mod p) va p khong
la w6c cua x.

f(z) = —1, néu x khong dong du v6i mot s6 chinh phuong (mod p).

Xét xg sao cho f(xg) = —1. Cho m = zg,n = p vao diéu kien b, ta
duge f(p) = f(pxo) = f(p)f(x0) = f(p) = 1.
Suy ra

f(x) =1, néu x = t*( mod p).

f(z) = —1, néu x 1a s6 khong dong du véi 1 s6 chinh phuong ( mod p).
e Truong hop 2. f(p) = 0.

Suy ra f(n) =0, Vp|n.

Néu f(1) =0 thi f(n) =0,Vn € Z..

Néu f(1) # 0, gia st ton tai zg sao cho f(xg) = 0 va p khong 1a uéc
ctia xg. Suy ra f(nzg) = 0,Vn € Z.

Ma ta c¢6 day wg, 2z, ..., (p — 1)xo 1a day thang du day du mod p.
Suy ra f(1) =0, vo ly. Vay f(n) =0 < p|n.

Tuong tu nhu trén ta ciing ¢6 rang, f(n) = +1, f(0) = 1, vo ly. Do d6
f(x) =0 < p|lr va f(x) =1 véi cac x con lai.

Vay ¢6 bon ham s6 sau thoa man diéu kién bai toan

1. f(n) =0,Vn € Z.

2. f(n) =1,¥n € Z.

3. f(n) =0 néu pln, f(n) =1 trong truong hgp con lai.

4. f(n) =1néun =t*( mod p), f(n) = —1 trong trudng hop con lai.

Bai toan 2.61. Tim tat cd cdac s6 nguyén khong am n nhé nhat sao
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cho ton tai ham so f : 7 — [0,+00) khdc hang sé théa mdn
a. f(zy) = fx).f(y);
b. 2f($2+y2) _ f($) _f(y) S {O,l,...,ﬂ},
vdi Moi 86 nguyén T, v.
Véi s6 n tim dude, tim moi ham so théa man.
Gidi. V6i n = 1, ta ¢6 ngay mot ham s6 théa man: Véi p 1a mot
s6 nguyén t6 dang 4k + 3, ham f dugc xac dinh nhu sau

f() = {O néu plw;

1 trong cac truong hgp con lai.
Hién nhién ham s6 trén théa man diéu kién bai toan.
Bay gio ta gid st rang véi n = 0 thi cling ton tai ham sé théa man.
Tu do

2f(2® +y%) = f(2) + f(y). (2.12)
Tu diéu kién (a), cho z =y = 0 ta dugce f(0) = f2(0).
C6 hai kha nang sau
*x Khé nang 1. f(0) = 1.
Cho y = 0 vao (2.12), ta dugc

flx) =1;

2f(2?) = f(x 1 21%(x) = f(x 1
f(@7) = f(z) +1=2f(z) = f(z) +1= f(x):—%g_f[O,—l—oo).

Suy ra f(x) = 1,V € Z, trai véi gia thiét.
*xKhé nang 2. f(0) = 0.Tuong tiu ta cing suy ra diéu mau thuan.
Vay n > 1. Dé tron ven bai toan, ta giai bai sau
Tim tat cd cac ham so f : 7 — [0;00) sao cho
a. f(zy) = fz).f(y);
b. 2f(z* +y°) — f(x) — f(y) € {0,1}.

Giai. Dé dang chiing minh cac nhan xét sau

f(0)=0 va f(1) =1

Ki hieu P,(z,y), Py(z,y) lan lugt 1a cach cho bo (z,y) € Z* va diéu
kién (a), (b).
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oPu(z,x) = f*(z) = f(a?).
oPy(x,0) = 2f%(x) — f(x) € {0,1}. Tu dé ta c6 f(z) € {0,1}.
.Pa(_17 _1) = f(_l) =L
oPu(=1,—z) = f(-z) = f(z).
Do f khong 1a hing s6 nén ton tai p nguyén t6 sao cho f(p) = 0. Gia
st cling ton tai ¢ # p, ¢ nguyen t6 va f(q) = 0.
oPy(p,q) = f(p* + ¢*) = 0. V6i mdi a,b € Z ta luon co
2f(a® +b%).f(p* + ¢*) = 2f((ap + ba)® + (aq — bp)*) = 0.
Do 0 < f(x) + f(y) < 2f(2* +y*) nén f(ag — bp) = 0.
Vi (p,q) = 1 nén a,b € Z sao cho aqg — bp = 1, hay
1= f(1) = f(ag — bp) = 0, diéu nay vo ly.
Suy ra ton tai duy nhat 1 s6 nguyéen t6 p théa man f(p) = 0.
Néu p c6 dang 4k+1 thi ton tai a € Z sao cho pla*+1 hay f(a®+1) = 0.
Mat khac
oPy(1,a) = f(a®*+1) =1, vo ly. Vay p c¢6 dang 4k + 3. Tt d6 dé thay
f(z) = 0 < plx va f(z) = 1 véi cac x con lai. Hay ta c6 duy nhat
ham s6 thoa man 1a

f(a) = {O néu plw;

1 trong cac truong hgp con lai,

v6i p 1a s6 nguyeén t6 dang 4k + 3.
Sau day 14 mot vi du mang sic mau bac clia phan ti.
Bai toan 2.62. Cho f,g: N* — N* la hai ham so6 théa man
1. g la toan anh.
i. 2f2(n) = n? + g*(n) vdi moi s6 nguyén duong n.
Néu |f(n) —n| < 2004\/n vdi moi n thi f c6 vo s6 diem bat dong.
Gidi. Theo nguyen ly Dirichlet vé s6 nguyén t6 thi day so (p;) voi
pi 1a cac s6 nguyeén t6 dang 8k + 3 14 mot day vo han. T d6 véi moi
n thi 5 "
(p—n> = (1) = -1
o) day, (%) la ki hiéu Legendre.
Stt dung diéu kien (i), ta tim duge day (z,)°%; sao cho g(x,) = pn, Vn.

n=1
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Ta co

2f%(x,) = x% —I—p%,: 2f%(x,) = x%( mod py,).
Vi <1> = —1 nén

n

pn|$n-

{mf(a:n)

Suy ra ton tai hai day s6 nguyen duong (a,) va (b,) sao cho

Lp = Qn-Pn
f($n) = bp.pn
Tu (ii), ta duge 202 = a2 + 1.
Cubi cung, st dung gia thiét |f(n) — n| < 2004+/n, ta co
vaz+1
\/_

= lim ————

n—oo

2004 - ‘f(

Nes

1=

= hm a, = 1.

n—oo
Suy ra ton tai Ny sao cho a, = b, = 1,Vn > Nj.
Vay f(pn) = pn,Vn > Ny (Diéu phai chting minh).
Sau day 1a mot vi du mang dam mau sac s6 hoc tit dé bai cho dén
10 gidi.
Bai toan 2.63. Tim tat cd cdc toan dnh f : N — N sao cho vdi moi
m,n € N thi

fm)|f(n) < min.
Gidi. Ki hieu P C N 13 tap tat ca cac s6 nguyén to .
Xét don anh g: P — P.

£ k i N
Néun = [T, pi thi f(n) = [T, 9™ (pi).
Ki hiéu 7(n) la uéc s6 nguyen duong ciia n. Ta ¢6 nhan xét sau

(do f 1a toan anh). V6i mdi s6 nguyen t6 p, f(p) chi c6 dung 2 udc s6
nguyén t6 nén noé cing 1a s6 nguyén t6. Xac dinh g nhu trén, tu do
ta co f(p) = g(p). Ta sé chiing minh ¢ 1a song anh. That vay, do f la
toan anh nén g la toan anh. Vi vay ¢ la song anh.

Tiép theo ta chitng minh bang quy nap riang f(p*) = ¢*(p) véi k 1a b
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nguyén duong.

ok = 1: Hién nhién.

e Gia st k—1 ding. Ta c6 f(p*) chia hét cho 1, g(p), ¢*(p), ..., g" 1 (p)

va ngoai ra khong chia hét cho s6 nguyén duong nao khac.

Do d6 7(f(p*)) = 7(p*) = k + 1.

Néu k > 1, khi f(p*) c6 thém 1 uéc nguyén to nita thi

T(f(p*) > 2k > k+ 1, vo Iy. Tit d6 f(p*) 1a lity thita ctia g(p) va né

c6 k + 1 wée nén f(p*) = ¢*(p).

Gia st n 14 mot s6 nguyén duong, p 1a 1 s6 nguyén t6 khong chia hét

n. ta sé chitng minh f(n)f(p*) = f(np*),Vk € Z.

Tit (n,p) =1 ta c6 7(n).7(p*) = 7(n.p").

Mit khéc ta lai c6 ¢ (p)|f(n.p¥) va g(p)f(n). Do vay, moi udc ciia

f(n) va g*(p) chia hét f(np*) v moi uéc ctia ¢*(p) va f(n) la wdc cla

fn.p").

Ta lai ¢6 7(f(n).f(p")) = 7(n.p*) = 7(f (n.p")).

Néu f(np*) c6 uéc khac vé6i cac udc ctia f(n) va gF(p) thi
T(f(n)-f(p")) > 7(f(n.p*)), vo Iy.

Vay f(np") = f(n).g"(p) = f(np").

Tt cac nhan xét trén ta ¢6 ham f dugc xay dung nhu trén la duy

nhat.

Bai toan 2.64. Tim tat cd cic ham so f : N — Z théa man

a. Néu alb thi f(a) > f(b).

b. f(ab) + f(a® +0%) = f(a) + f(b),
vdi moi a, b la cdc so tu nhién.

Gidi. Gia st ton tai ham s6 f théa man diéu kién bai toan.
Khi d6 f(x) la mot nghiem ham thi f(z) + ¢ (v6i ¢ 1a mot hang s6)
ciing 13 mot nghiém ham. Do d6 ta c6 thé gia st rang f(1) = 0. Cha
y rang tit 1|n, f(n) < 0,Vn € N.

1. Tu
) £(2) = £0)
FX D)+ £0+1) = S+ ) = |01~
2. Goi n 1a s6 nguyén sao cho u? = —1( mod n) . Do d6 ton tai a

théa man a? = —1 4 kn. Suy ra
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fla)+ fla®+1) = fla) + f(1) & f(a® + 1) = f(kn) = f(1) = 0.

Nhung f(n) > f(kn) = f(a*+1) va f(n) < f(1) nén f(n) = f(1) = 0.
Do d6, néu ton tai u sao cho u?> = —1( mod n) thi f(n) = 0.

3. Tu (2) dé thay f(p) = 0 v6i moi p nguyén t6 va p = 1( mod 4).
4. Gia st f(a) = f(b) =0 va f(ab) < f(a) = f(b) =0 thi

f(a®+b*) > 0, vo Iy. Do d6, néu f(a) = f(b) = 0 thi f(ab) = 0.
5. Goi a, b 1a 2 s6 nguyen thoa man UCLN(a,b) = 1. Khi d6, goi p 1
mot s6 chia hét a® + b%. Ta c6 a® + b*> = 0( mod p).
Ta c6 bo dé quen thudc: "Néu p la mot s6 nguyén téo dang 4k + 3 th
vdi moi by a, b théa man pla® + b* ta sé€ cé pla va p|b."
Vi UCLN(a,b) = 1 nén néu pla® + b* thi p chi ¢6 dang 4k + 1. Tu
(4) ta c6 a® + b? 1a tich cac sd nguyén t6 p; théa man f(p;) = 0 nén
f(a®+0%) = 0. Tt f(ab) + f(a®+b?) = f(a) + f(b),
ta ¢c6 UCLN(a,b) =1 = f(ab) = f(a) + f(b).
6. Cho a = bc vao phuong trinh da cho, ta dugce

F(b%e) + f(0*(c* + 1)) = f(be) + f(b).

Nhung f(b) > f(b*(c* + 1)) va f(bc) > f(b%c). Do d6 f(b*c) = f(bc).
Chon c =1, f(b?) = f(b).

Tiép theo ta chon ¢ = b, ta dugce f(b3) = f(b?).

Bing quy nap ta c6 f(b¥) = f(b),Vk > 1.

7. St dung (5),(6) taco f([1p!") = > f(pi), 6 day p; 1a cac s6 nguyen
t0.

Xét ham s6 f(x) xac dinh béi

of(1) = f(2) =

of(p) =0, v6i cac s6 nguyen t6 p sao cho p = 1( mod 4).

ef(p) = a, < 0 véi moi s6 nguyén t6 p con lai (6 day a, 1a cac sd
nguyén khong duong.)

of(ITp!") =3 f(pi), v6i p; 1a cac s6 nguyen to.

Ta c6 thé chitng minh f(x) thoa man cac diéu kien:

+) Hién nhién, néu alb thi f(a) > f(b).

£ PO D)+ f(12 4+ 12) = £(1) + f(1) =

+) flax 1)+ f(a®>+1) = f(a) + f(1), ta c6 moi u6c nguyen to p clia
a’ + 1 déu théa man p = 1( mod 4).

Véi 2 s6 nguyén a,b > 1 bat ki, goi:
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+) pi 1a cac wdc nguyen t6 ciia a khong chia hét b.

+) ¢; 1a cac u6c nguyen t6 ctia b khong chia hét cho a.
+) r; 1a cac u6e nguyen t6 clia a va b.

Ta co

§ day s; 1a cac u6c nguyén to clia

a 2 b 2
e
UCLN(a, b) UCLN(a, b)

Tuong tu (5), ta c6 cdc ude nguyen t6 cia A 1a cac s6 nguyen t6 thoa
s; = 1( mod 4) va do d6 f(A)=0.
Suy ra f(a® + %) = 3 f(r;). Hay f(ab) + f(a® +b%) = f(a) + f(b).
Va ta c6 nghiém ctia phuong trinh ham la:
Cho M 13 mot s6 nguyén, ham f dudc xac dinh nhu sau:

of(1) = f(2) =M.

of(p) = M, véi moi s6 nguyén t6 p théa man p = 1( mod 4).

ef(p) = M + a,, v6i moi s6 nguyeén t6 p con lai (6 day a, l1a cac sd
nguyén khong duong).

of(IIp!") =M+ (f(p;) — M), v6i p; 1a cac s6 nguyén to.

2.2.3.2 Bai tap.

Bai toan 2.65. Cho ham s6 f : N* — N* la mot song dnh. Ching
minh 2 diéu kién sau la tuong duong

i. f(m.n) = f(m).f(n).
Bai toan 2.66. TWm tat cd cic ham s6 f : Z — 7 théa man

a. f(x+22) = f(z);

b. f(2%y) = f*(2)-f(y),

vdi mot x,y € 2.
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Bai toan 2.67. Cho A = {1;2;...;17} va ham s6 f : A — A. Xdc
dinh f(z) = f(x) va fF(2) = f(f¥(x)) vdi k € N. Tim s6 tu
nhién lon nhat M sao cho ton tai don dnh f : A — A théa mdn cdc
dieu kién sau:
1. Neum< M val<i<16 thi
MG 1) — fG) 2 +1( mod 17).
2. Vgil <i<16 thi
MG 4+ 1) — fM(5) = £1( mod 17).
Bai toan 2.68. Vdi moi so6 nguyén duong k ton tai hay khong ham so
f: N — Z thoa man
a. f(1995) = 1996;
b. f(zy) = f(z) + f(y) + kf(UCLN(z,y)),Vz,y € N.
Bai toan 2.69. TWm tat cd cic ham s6 f : N — N théa man
a. flm)=1em=1;
b. Néeu d = UCLN(m,n) thi f(mn) = f(mzlf(").
c. Véi moim € N, ta cé f2%m) =m.

Bai toan 2.70. Cho ham s6 f : NU{0} — N va théa man diéu kién
a. f(0)=0,f(1) =1;

b. fln+2)=23.f(n+1)+ f(n), n=0,1,....
Chaing minh rang véi moi m € N, ton tai s6 d € N sao cho

m|f(f(n)) < din.
Bai toan 2.71. Cho ham so f : N* — N* théa man
1. f(1) =ay
2. f(n*f(m)) = mf*(n).

Chaing minh rang
a. f(m).f(n) = af(mn).
b. a|f(n), Vn € N*.

Bai toan 2.72. Tim tat cd cic ham so6 f : Z — 7 théa man

fla+y+ fly) = flz)+2y, Va,y € Z.
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Bai toan 2.73. Tim tat cd cic ham s6 f : N — N théa man
UCLN(f(m), f(n)) =1« UCLN(m,n) = 1.

Bai toan 2.74. Tim tat cd cic ham s6 f : Z — 7 théa man
a. f(fn))+ f(n+1)=2n+3;
b. f(n) >n—1, Vn € Z.
Bai toan 2.75. Cho ham so f : Z — Z théa mdn cdac dieu kién
1. f(p) =1, vdi moi so6 nguyén to p.
2. f(ab) = a.f(b) +b.f(a), Ya,b € Z.
Chaing minh rang
a. Ton tai duy nhat mot ham so f.
b. Tim n sao cho f(n) =n.

Bai toan 2.76. Cho g(n) la ham so6 xdc dinh bdi

va
gn+2)=gn)+gn+1)+1,Vn > 1.
Chatng minh rang:
Néun > 5 la so nguyén to thi n chia hét g(n).(g(n) + 1).
Bai toan 2.77. Cho da thic P(z) € Z[x],
P(x)=ag+ ...+ ap_ 12771 va s6 nguyén t6 p > 2 théa man:
Néu p khong chia hét (a-b) thi p khong chia hét P(a)-P(b).
Ching minh rang p|ay—1.
Bai toan 2.78. Cho ham s6 f : Z — Z va f khong la mot da thiic.
Gid st voi moi a,b,m € Z,a = b( mod m) thi ta cé f(a) = f(b)(
mod m). Chiing minh vdi cdac s6 nguyén duong k ta cé

L)

Bai toan 2.79. Cho ham so f : N — Z zdc dinh bdi

a. f(0) =2;
b. f(1) = 503;
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c. f(n+2)=503f(n+1)—1996f(n).
Véi k € N, chon cdc s6 nguyén si, S, ..., s, khong bé hon k va cho p;
la wdc nguyén to cia f(25). Chiing minh ring

> pil2t e k2

Bai toan 2.80. Cho sé nguyén m va day so (a,)%, zdc dinh bdi
ap=a € N va
{%, néu a, =0( mod 2),
ap41 =

a, +m, trong cac truong hop con las.

Tim moi gid tri ciua a sao cho a, la day tuan hoan.
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Chuong 3

Ap dung 1y thuyét phuong trinh
sai phan dé giai phuong trinh ham.

3.1 Mot sb phép chuyén déi day sb.
3.1.1 Day sb chuyén doi cac phép tinh sbé hoc.

Khi giap phuong trinh day vé6i cap chi s6 tir do, véi cac thay thé chi
s6 ta sé dua cac phuong trinh day vé cac phuong trinh sai phan quen
biét. Viec thay thé nhu vay khong phai khi ndo ciing thu duge phuong
trinh day tuong duong véi phuong trinh ban dau. Vi vay trong trudng
hop tong quat, nghiém tim duge phai thit lai.

Bai toan 3.81. Xdc dinh s6 hang tong qudt cia day {x,}, khi biét
T = a va
Tmin = Tm + T, + mn, Ym,n € N*, (3.1)

Gidi. Gia st ton tai day s6 {z,} thoéa man dicu kién bai toan. T
phuong trinh (3.1) ta dudge x,.1 = =, + x1 + n, suy ra

(3.2)

Tptl — Tp=0a+MN
Ir1 = a.

Phuong trinh z,,1 — z,, = a + n 12 mot phuong trinh sai phan tuyén
tinh khong thuan nhat, cAp mot. Vi phuong trinh dic trung c6 nghiém
A = 1 nén ta c6 nghiém tong quat ctia phuong trinh thuan nhat
Tni1 — T =0 1a

Tn=c. (3.3)
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Nghiém riéng cia (3.2) ¢6 dang z; = n(dn + e).
Thay z; vao (3.2), ta dugc

(n+1dn+1)+e] —n(dn+e)=a+n
d=1

(:)Zdn—l—d—l—ea—l—n:{ 2 X
GZCL—§;
suy ra
1 1
T, = 5712—1— (a— §>n (3.4)

Vi x, = T, + ) nén tu (3.3) va (3.4) ta c6 nghiém phuong trinh (3.2)
la

1 1
T, = C+ 5712 + (a — §>n (3.5)

Vi z; = a nén tit (3.5) ta ¢6 ¢ = 0. Thay ¢ = 0 vao (3.5) ta dudgc

nghiém cta (3.2) la z, = gn* + (a — %)n

Thit lai, ta thay nghiem z,, = %nQ + (a — %)n théa dieu kién bai toan.

Bai toan 3.82. Ton tai hay khong mot day so {x,} théa man diéu
kién
Titn = T + Ty +m +n, Vm,n € N, (3.6)
Gidi. Gia st ton tai day s6 {z,} thoéa man dicéu kién bai toan. T
phuong trinh (3.6) ta dugc z,41 = x, + 21 +n + 1, suy ra

Tpil — Tp =a+n véia=x+ 1. (3.7)

Phuong trinh x,,1 — z,, = a + n 12 mot phuong trinh sai phan tuyén
tinh khong thuan nhat, cAp mot. Vi phuong trinh dic trung c6 nghiém
A = 1 nén ta c6 nghiém tong quat ctia phuong trinh thuan nhat
Tpni1 — T =0 1a

Tn=c. (3.8)
Nghiém riéng cia (3.7) ¢6 dang z; = n(dn + e).
Thay ; vao (3.7), ta dugc

(n+1dn+1)+e] —n(dn+e)=a+n

d
(:)Zdn—l—d—l—ea—l—n:{ 2
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suy ra

1 1
T, = 5712 - (a — §>n (3.9)

Vi z,, = T, + 2} nén tit (3.8) va (3.9) ta ¢6 nghiém phuong trinh (3.7)
la

= +12+( 1) (3.10)
Ty = ctgn a—3)n. .

Viz; =a—1neén ti (3.10) ta cé ¢ = 1. Thay ¢ = 1 vao (3.10) ta dugc
nghiém cta (3.7) la z, = gn* + (a — %)n + 1.
Tht lai, ta thidy nghiem z, = %nQ + (a — %)n + 1 khong thoa diéu
kién bai toan. Do dé khong ton tai day s6 thoa man

Tman = Tm + T +m+n, Vm,n € N.
Bai toan 3.83. Xdc dinh ddy cdc so duong {x,} théa man dicu kién

Tom = TmTn, Vm,n € N, (3.11)

Gidi. Gia su ton tai day s6 {z,} thoéa man diéu kién bai toan.

Ta c6 1, = v12,, = 1 = 1.

Ta nhan xét rang: Néun = p* v6i p 1a s6 nguyen t6 thi z,, = ok = (x,)".

Ta chitng minh nhan xét trén bang quy nap.

Véi k=1 taco z, =z, = (x,)".

Gia stt nhan xét dung véi k = ¢ (¢ > 1). Khi d6, v6i n = p**!, ta c6
Ty = Ty = Ty = (2) 7, = (1)

Do d6 v6i n = p thi z, = af = (x,)".

Tu day suy ra, néu n = p{"™ ... p%" thi , = (xp,)™ ... (z,,)™.

Vay z, ¢6 thé nhan gia tri tiy ¥ khi p 1& mot s6 nguyen t0.

Do vay, ta két luan nhu sau: x, c6 thé nhan gia tri ty ¥ khi p 13 mot

s0 nguyen t6 va x, = (x,,)"™ ... (xp, )" khin = p{"™ ... ph.

Bai toan 3.84. Xdc dinh day {x,} théa man diéu kién

Tonim + Tnem = T3n, Ym,n € N n > m. (3.12)

Gidi. Gia su ton tai day s6 {z,,} thoéa man diéu kién bai toan.
Cho m =0, ta c6 2z, = x3,. Suy ra xy = 0.
bat m = n, ta dudc x9, = x3,.
T day suy ra Tan = Tem = Tom Va Tam + Tem = Tom-

Do dé6 ta suy ra x,, = %mn = %zgn =0, Vn € N.
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3.1.2 Day sb chuyén doi cac dai lugng trung binh

3.1.2.1 Phép chuyén cic dai lugng trung binh cong

Bai toan 3.85. Xdc dinh ddy so {u,} théa man dicu kién sau

u(m—l— n) _ u(m) + u(n) m—+n - N (3.13)

9 9 ) vm?”)
Gidi. Gia st ton tai day s6 {u(n)} thoa man dicu kién bai toan.
bat u(l) = o, u(2) = 5. Ta ¢6

u(2) = u(3—;1) = wBul) s y(3) = 2u(2) — u(1) = 28 — .

2 2
Tu day ta dy doan ring

u(n) =(n—-1)0—-(n—2)a, Yn € N". (3.14)
That vay, (3.14) dung véi n = 1,2, 3, 4.
Gia st (3.14) dang v6i n = k (k > 4). Ta ching minh (3.14) ding véi
n = k + 1. That vay, ta co

(k+1)+(k—-1) wk+1)+uk—1)
“(k>:u< 2 )Z 2

= u(k+1) =2u(k) —u(k —1)

=2((k=1)f = (k=2)a) = ((k=2)8 = (k= 3)a) = kB — (k — 1)a.
Do d6 (3.14) dang véin =k + 1.
Vay u(n) = (n—1)8 — (n — 2)a, VYn € N*.
Suy ra

u(3) = u<4i2> = w0 ) = 2u(3) — u(2) = 36 — 2a.

u(n)=(n—-10—-(n—2)a, Yn € N*.
{u(l) =a,u(2) = pf.

bat a =a+0, 0 =2a+bthia=0—«avab=2a— (. Vay nén

nghiém ciia phuong trinh (3.13) 1a

u(n) = an + b, véi a,b tuy ¥.

3.1.2.2 Phép chuyén dai lugng trung binh cong sang trung binh diéu hoa.

Bai toan 3.86. Xdc dinh day so {u(n)} théa man diéu kién sau

“( ;)Zu(m)-l—u(n)’vm’n’ >

e N, (3.15)
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Gidi. Gia su ton tai day s6 {u(n)} thdéa man diéu kién bai toan.

Ta co
u(T5) = uilé;nluév(ii) (M) - T i T (3.16)
Dat v(n) ﬁ, thi phuong trinh (3.16) tré thanh
U(min) _ U(m)g—v(n) (3.17)

Theo bai toan 3.85, v(n) = an + b v6i a,b > 0,a + b > 0. Vay nghiém
phuong trinh (3.15) la

, a,b>0, a+b>0.
an +b

3.1.2.3 Phép chuyén dai lugng trung binh cong sang trung binh nhan.
Bai toan 3.87. Xdc dinh day so {u(n)} théa man diéu kién sau
m—+mn m —1— n
( ) VU ., Vm,n, € N*. (3.18)

Gidi. Gia su ton tai day s6 {u(n)} thdéa man diéu kién bai toan.

Ta co

u(n) = u(%52) = Va()u(n) = /uln)P = u(n)| = 0.
bat u(l) =, u(2) =0 (a>0,6 > 0).
a. Néu a = 0 thi

u(n):u<1+2n 1) Vu(lu(2n —1) =0, Vn € N*.
Vay u(n) = 0 1a nghiém duy nhat ctia phuong trinh (3.18).
b. Néu o > 0, 3 =0 thi

u(n) :u<2+2” 2) Vu)u(2n —2) =0, Vn > 2,n € N*.

Suy ra
a vl n =1,
u(n) = .
{O véi n > 2,

la nghiém ctia phuong trinh (3.18).
c. Xét truong hop o > 0,3 > 0. Gia st ton tai ng > 3 sao cho
u(ng) = 0. Khi do
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u(ng—1) = u<”0+”0 2) Vu(ng)u(ng —2) = 0.
Ta chon ng = 3 thi u(ng — 1) = u(2) =0 = =0 (mau thuan).
Do d6 ta c6 thé gia thiét rang u(n) > 0, Vn € N*.

Ta co6 u(2) = u<1+3> = yu(3)u(l), suy ra u(3) = u((l)) = %
Mt khac u(3) = u(#) = u(d)u(2).
Suy ra u(4) = f(%) = g—z
Tu day ta dy doan ring
n—1
u(n) = s Vn € N,n > 3. (3.19)

That vay, (3.19) ding véi n = 3, 4.
Gia st (3.19) dang v6i n = k (k > 4). Ta chting minh (3.19) ding véi
n = k + 1. That vay, ta co
k+1 k—1
u(k) = u<( 1 ‘g ( )) _ Valk+ Dulk—1)
ﬁk—l 2
u?(k) <W> _ B

u(k —1) 22 okl

ulk +1) =

Vay (3.19) dang v6i n =k + 1.
Do doé
u(n) = Vn € N,n > 3.

Tu day, ta lai ¢6

Suy ra %2 = a, g = 0.
Vay nghiém ctia phuong trinh (3.18) la

fun =1
u(n) = T (Vo > 0)
Oneun > 2

hoac u(n) = a.b™ (a > 0,b > 0).



67
3.1.2.4 Phép chuyén dai lugng trung binh cong sang trung binh bac hai.
Bai toan 3.88. Xdc dinh diy so {x,} théa man dicu kién

m+n\  [u*(m)+ u*(n) m+n i
u( 5 )-\/ 5 , Ym,n, 5 € N*. (3.20)

Gidi. Gia su ton tai day s6 {u(n)} thdéa man diéu kién bai toan.
Ta co

u(n) = (W) i) () = |u(n)] > 0,¥n € N*.

bat u(l) =a >0, u(2) 6>O Ta ¢

1 -g 3> _ \/u2(3) -g u?(1)

u(2) = u(

Suy ra

w?(3) = 2u%(2) — u?(1) = 262 — a?, = u(3) = /262 — a? (a < BV2).

Tuong ty ta cling co

u(3) = u<4-2+2> _ \/u2(4) —;—u2(2)

=u?(4) = 2u*(3) — u*(2) = 38% — 27,

=u(4) = /33 — 2a2 a<ﬁ\/7

Ta dy doan ring

u(n) = +/(n—1)32 — (n — 2)a2, Vn > 3. (3.21)
Ta chitng minh (3.21) bang quy nap.

That vay, ta thay (3.21) dung véi n = 3, 4.
Gia st (3.21) dang v6i n = k (k > 4). Ta ching minh (3.21) ding v6i

n=k-+1. Ta co
(k+1)+(k—-1) w?(k+1) +u?(k—1)
“(k>:u< 2 >:\/ 2 !

w (k+1) = 2u* (k) — u?*(k — 1)
=2[(k = 1)B" = (k = 2)o’] — [(k — 2)" — (k — 3)a’]
= k3 — ( - )042
= kB — (k- 1)a




68

Suy ra (3.21) ding véi n =k + 1.
Vay u(n) = \/(n —1)32 — (n — 2)a?, ¥n > 3.
Talai ¢6 v/(n —1)32 — (n — 2)a2 = /(2 — a?)n + 2a2 — 3%

bat
a’=a+b a= 3 —a?
=
3% = 2a +b. b=2a%— 3.
Vay nghiém phuong trinh (3.20) 1a

u(n) =+van+b, a >0,a+b>0.

3.1.3 Bai tap

Bai toan 3.89. TWm cdc ham f : Z — R théa man cdc dieu kién

Ot

fle+y)+f@—y) = f(@)f(y), Yo,y € Z, [(0)#0, f(1) = 3.
Bai toan 3.90. Cho f:N* — R thdéa man dieu kién
fin+2)=fn+1) = f(n), F1)=1, f(2)=0.
Ching minh rang | f(n) |< %, Vn € N*.
Bai toan 3.91. Cho f:N* — R théa man diéu kién
fln+1) =2f(n) + fln=1) =n+1 f(1)=1; f(2)=0.
Chaing minh riang (6f(n) — 24) chia hét cho n vdi n > 6.

[\

Bai toan 3.92. TWm tat cd cdac ham f zdc dinh trén N* théa man diéu
kién
2f(n).f(k+mn)=2f(k—n)=3f(n).f(k); f(1)=1

Bai toan 3.93. Tim tat cd cic ham f: N — Z théa man diéu kién

flk+mn) =2f(n)f(k) + f(k—n) =3n2"  f(1)=1.
Bai toan 3.94. (Australia -1989). Xdc dinh tat cd cac ham f : 7. — 7
théa man dieu kién sau
(1) f(k+n)+ f(k—n)=2f(k).f(n), Vk € Z,n € Z.
(it) Ton tai s6 nguyén N sao cho |f(n)| < N, Vn € Z.
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3.2 Ap dung phuong trinh sai phan bac cao.

Gia st ta xét bai toan sau
Tim ham s6 f : N* — R thoa man cac diéu kién sau
{f(n+8) = f(n) ; s €N,
f)=ay,...,f(s) =as,
trong do aq, ..., as 1a cac s6 thyc cho trude.

Duéi goéc do phuong trinh sai phan, nhitng bai toan nay dua veé
bai toan tim nghiém ctia nhitng phuong trinh sai phan cap cao ma 1oi
giai cua ching l1a khong dé dang.

Duéi day 14 mot s6 dang toan gidi phuong trinh sai phan cap cao co
ban.

Bai toan 3.95. Tim day so (x,) théa man cdic dicu kién sau

— . *
{$n+s$n7 TL,SGN,

rK =4ai,...,Trs = Qg.

(3.22)

Gidi. Phuong trinh (3.22) 14 phuong trinh sai phan tuyén tinh
thuan nhat he s6 hang cap s, c6 phuong trinh dic trung 1a \* = 1.
a) Néu s chdn thi nghiém ctia phuong trinh (3.22) 1a

(s—2)/2
T, = C1.1"+ Co.(=1)"+ > (Chi.cos B2 4+ Cyy. sin 22T,
—1
Biét s gia tri ban dau z; = allj ..., Ts = ag, ta xac dinh dudc cac he
s6 C; va Cjj.
b) Néu s 1é thi nghiém ctia phuong trinh (3.22) 1a
(s—1)/2
T, =C1.1"+ > (Ckl. COS ”iﬂ + Cjo.81n ”Zﬂ)
k=1

Biét s gia tri ban dau z1 = aq,...,7, = ag, ta xac dinh dudc cac he

Sé CZ va CZ]

Bai toan 3.96. Tim day so (x,) théa man cdic dicu kién sau

{$n+5 =x,+b, b#0; n,s € N (3.23)

rK =4ai,...,Trsg = Qg.
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Gidi. Dat y, = x,, — tn. Thé thi (3.23) trd thanh

{yn—i-s =UYn, ; N,S € N*7

3.24
ylzal—g.l,...,yszas—b. ( )

Theo bai toan 3.95, nghiém ctia phuong trinh (3.24) 1a

Néu s chén, thi
(s—2)/2

Yy, = C1.1" + Cy.(—1)" + Z (Ckl cos ="t k”—I—C ”25’”)

Biét s gia tri ban dau vy, . .. ,ys, ta xac dinh dugc céc he s6 C; va Cj;.
. (s—1)/2
Néu s 1é, thiy, = C1.1"+ > (Ck cos & k” + Cho ”25’”)
k=1
Biét s gia tri ban dau yi, ..., ys, ta xac dinh duge cac he s6 C; va Cj;.
Vay

* V6i s chan, thi

(s=2)/2
T, = C1.1"+ Co.(—1)" + k; (Cha. cos B2 4 Oy sin 220T) - by,
* V6i s lé, thi
(s—1)/2
x, = C1.1" + k; (Cm cos :2km n2k:7r + Chy nzszm) I fn

Bai toan 3.97. Tim day so (x,) théa man cdic dicu kién sau

= ,a>0:; n,se N,
{$n+s axy, a n,s (3.25)
KT =a,...,Tsg = Qg.
Gidi. Dat y, = —=1,. Thé thi (3.25) trd thanh
=Yp, ; N,s € N¥,
Y = mal,...,ys = —Qg

Theo bai toan 3.95, nghiém ctia phuong trinh (3.26) 1a

Néu s chén, thi
(s—2)/2
Yo = Cr. 1"+ Co.(=1)"+ > (Cur. COSanm-i—C ”25’”)
k=1
Biét s gia tri ban dau yi, ..., ys, ta xac dinh duge cac he s6 C; va Cj;.
Néu s 1¢, thi
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(s—1)/2

Yo = C1.1" 4+ > (Ckl cos 2 k” + Cha ”25’”)
k=1

Biét s gia tri ban dau yi, ..., ys, ta xac dinh duge cac he s6 C; va Cj;.
Vay
* V6i s chan, thi

(s—2)/2
T, =as [01.1”—1—02.(—1)"—1— > (Ck COSanm-i—C ”25’”)}
k=1
* V6i s lé, thi
(s—1)/2

T, =as [Cl.ln—l— > (Ck COSanm-i—C ”2’”)]
k=1

S

Bai toan 3.98. Tim day so (z,) théa man cdic dicu kién sau

{$n+5 =ax,+0b, a>0; n,s e N (3.27)

KT =a,...,Tsg = Qg.

Gidi. Xét truong hgp a = 1, theo két qua bai toan 3.96, ta co

Ty = 2n+ y,, v6i y, la ddy tuan hoan cong tinh chu ky s.
Xét truong hop a # 1. Dit y, = z,, — —=.

1—a
Khi dé ta co

Yn+s T ﬁ = a(yn + ﬁ) +0, Vn € N*, hay y,1s = ayn.
Theo két qua ctia bai toan 3.97, ta c¢é Y, = as Uy, VOi Unis = Up.

Vay nén
b

n P
1—a + asu,, VOl Upts = Up.

:L.n:

Két luan

-Néu a = 1 thi ,, = n+y, véi y, la day tudn hoan cong tinh chu
ky s.

-Néu a # 1 thi z,, = ﬁ + asuy,, V61 Uprs = Up.

3.2.1 Bai tap

Bai toan 3.99. Tim day so {x,} théa man cdic diéu kién sau

{$kn+s = Ty, k,n,s € N*, 1% € Z;

rKT =a,...,Tsg = Qg.
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Bai toan 3.100. Tim day so {z,} théa man cdic dicu kién sau

$kn+5:$n+b7 b%())k?n)SGN*)ﬁ GZJ

rK =4ar,...,Trs = Qg.
Bai toan 3.101. Tim day so {z,} théa man cdic dicu kién sau

Tknts = Tn, a > 0,k,n,s € N*, 7 € Z;

KT =a,...,Tsg = Qg.
Bai toan 3.102. Tim day so {z,} théa man cdic dicu kién sau

Tknts = Ty +0, a,0>0,k,n,s € N*, 27 € Z;

rKT =a,...,Tsg = Qg.
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KET LUAN

Luan van da deé cap dén mot s6 phuong phap gidi phuong trinh
ham trén tap s6 nguyeén. Cac noi dung va két qua co ban ciia luan van
c6 thé tom tat nhu sau

1. Ap dung mot s6 nguyen 1y va tinh chit dic trung cia tap
s6 nguyen dé gidi mot so6 dang toan phuong trinh ham trén tap s6
nguyén. D6 13 nguyén 1y quy nap toan hoc, nguyén ly sap thi tu tot
va Iy thuyét vé heé dém co so.

2. Ap dung mot s6 tinh chat ctia day s6 vA ham sb dé giai mot sb
dang toan phuong trinh ham trén tap s6 nguyeén. Cac tinh chat do 1a
s6 hang tong quat ctia day sb, tinh chat ctia day s6 [an], tinh don dicu
ctia ham s6, tinh chat clia anh xa, tinh chat s6 hoc lien quan dén ham
s0.

3. Ap dung 1y thuyét phuong trinh sai phan dé gidi mot sé bai
toan phuong trinh ham trén tap sé nguyén. D6 13 dung phuong trinh
sai phan dé gidi mot sd bai toan vé phép chuyén doi ciia day sé nhu
day s6 chuyéen ddi cac phép tinh sé hoc, day s6 chuyen doi céc dai
luong trung binh, hay dic biét hon 14 dung phuong trinh sai phan cap
cao dé gidi mot s6 bai toan phuong trinh ham trén tap sé6 nguyen.

Qua luan vin, tac gid hy vong rang luan van nay sé tré thanh mot
tai lieu c6 chat luong cho quy thay co gido, cac em hoc sinh giéi pho
thong c6 duge tai lieu tham khéo, ndm dugce sy van dung cac nguyén
1y, tinh chat dac trung clia tap s6 nguyeén, 1y thuyét vé hé dém co so,
tinh chat day s6 va ham s6, cling nhu phuong trinh sai phan khi gii
cac bai toan vé phuong trinh ham trén tap so6 nguyen.

Mac dit da c6 c6 ging rat nhiéu, song do khuon khé ctia luan van,
thoi gian va nang lyc ¢6 han, nén nhiing két qua dat duge cia luan
van con rat khiem tén va chic chén rang khong thé tranh khéi nhitng
thiéu s6t, xin quy thay co va cac ban doc luong thit. Rat mong nhan
dugce nhiing ¥ kién dong gép quy bau ctia quy thay co va ban doc.

Quy Nhon, thang 03 nam 2011.
Truong Thanh Vi
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