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VE BAI TOAN XAC DINH PONG XU GIA

Bai toan téng quat

Gid sit ¢6 m dong xu (m = 3) trong hoan toan giong nhaw. Tdat ca chiing ¢6
trong licong nhie nhau, ngogi tric mor dong xu gid, né chi' khdac véi dong xu
thdt vé trong hiong, nhing khong cho biét trude, né ndng hay nhe hon dong
xu thdr. Bai todn ddr ra ta : Voi mor chiée can dia khong ¢6 qud cdan ; hot

101 thicu can thue hién bao nhicéu lan can dé xdce dinl duge dong xu gid va

phan loai né nang hay nhe hon dong xu that?

C6 18, nhiéu ban dai giai bai todn nay véi s6 dong xu m = 12. Hinh 1.1 minh
hoa mot trong s0 cac loi giai. O day mii tén xuat phat tir dia can phai chi rang dia
can bén phai nang hon bén trai. Mii tén xuat phat tir dia can trai — la dia can trai
nang hon, con mdi tén gita la can thang bang.
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Ki hiéu @ chi rang déng xu s6 I 1a gia va nang hon déng xu that. ®1 nghia
Ia déng xu 1 gia va nhe hon. Trong trudng hgp nay, sau ba lan can la xdc dinh
dugc déng xu gia. Ta dé'y rdng : Viée chon nhiing dong xu nao dat Ién dia can
phai hay trai phu thugc vao két qua cua lan can tride do. ‘

Bai toan dong xu gia da 16i cudn su chd y clia nhiéu nha toan hoc (nhat 1a &
Anh, M1). Dén nam 1945 tap chi toan hoc ctta Anh "The Mathematical Gazette"
da dang 101 giai cha tac gia P.L Gudstein, sau nay ong tr¢ thanh mot chuyén gia cé
tén tudi trong linh vuc 1ogic toan. Theo phuong phdp Gudstein v&i n (n > 3 ) lan
can c6 thé tim va xdc dinh déng xu gia (nang hay nhe hon déng xu that) ¢6 lan
trong s6 m dong xu, trong do :

m < %(3"-2n+3). ()

(Dé y rang néun =3 thim < 12).
Bai todn van duoc tiép tuc nghién ciiu va mot s& ngudi (doc lap v6i nhau) da chi
ra rang : Vi n lan can hoan toan ¢ thé xdc dinh duge dong xu gia véi s6 dong xu :

m< % (3" = 3) (**) nhiéu hon so Véi phuong phap Gudstein (*).

(Vivéin>3thi —=(3"-3)> %(3“—2n+3) ).
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Vao nam 1946 ciing chinh "The Mathematical Gazette" da cong boé mot
danh sach dai nhirng nguoi c¢é thanh tich (v6i mic do khdac nhau) trong viéc giai
bai todn tim dong xu gid va dang 10i giai dugc xem Ia hay nhat cta Daison (sau
nay trd thanh nha vat i li thuyét).

Daison da st dung hé dém co 56 3 dé ddnh s6 cdc dong Xu tao nén su uu viét
dic biét cta phuong phdp nay la : Viéc chon cac dong xu dé can duoc tién hanh
theo mot quy tic xdc dinh va khong phu thudc vao két qud cdc lan can trude doé.
Tuy vay, rdt tiéc 1a phuong phdp Daison di bi ling quén vio nhiing nam sau do,
trong lic mot $6 161 giai khdc van tiép tuc duge cong bo.

Sau day ta s& xét cu thé phuong phdp Daison gém hai budc tuy thudc vio s6
déng xu m.

1
Birire [ : Trudng hop v6i m = 3 3"-3);

) 1
Birée 2 - Trudng hop véi m < 3 (3" -3).
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Daison chiing to rang trong ca hai trudng hgp. véi n lan can, hoan toan du dé
xdc dinh dong xu gia.

Buoc 1

Gia str so dong xum = — (3" - 3).
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Xét cdc s0 gom n chr $6 cos6 3 :

000...0, 000...1, ..., 222...2. Tat ca gom 3n s6 néu loai trlr 3 s6 gém toan cdc
chit s6 giong nhau 14 000...0, 111...1 va 222...2 thi con lai ding 3" — 3 56 va ta sé
diing cédc s6 nay dé gan nhin cho cdc déng xu. Ta ghép cdc nhin thanh timg cap
sao cho t6ng hai s6 clia mdi cap déu bing 222...2 (vi du vdi n = 4 thi hai s6 : 1012
va 1210 tao thanh mot cap).

Ta phan cdc nhan thanh hai loai : nhan phai va nhan trdi véi quy udc nhan
phai 14 nhan ¢é hai chit s6 khiac nhau dau tién tinh tr trdi 12 01, 12, 20. Truong hop
ngugc lai 1a nhan trdi. Dé thdy, mdi cap nhan néu trén gédm mot nhan phai va mot
nhan trai. )

Ta ddnh s6 cdc dong xu tr | dén m va gan cho méi dong xu mot c¢ap nhin

1 J . ]
(vim = 5 (3" = 3), tong s6 nhan la (3" = 3) hay 5 (3" - 3) cap nhan, nén vira van

dé gan mot dong xu mot cap nhan).
Vi du, trudng hgp m = 12, n = 3 ¢6 thé gan nhan nhu sau :

So'TT dong xu  Nhdn trdi Nhan phdi
1 211 011
2 100 122
3 022 200
4 212 010
5 101 121
6 020 202
7 210 012
8 102 120 |
9 021 201
10 221 001
1 110 112
12 002 220




- Ta ki hieu M(, 0), M(i. 1), M(i, 2) 1a tap hop cdc dong xu, sao cho nhdn
phai cla chﬁng ¢6 hang thi i tuong tng bang 0, 1. 2 (vi du m = 12 nhu trong bang
thi M(I, 1) = (122, 121, 120, 112) = (2. 5.8, 11)).

R3 rang $6 déng xu trong moéi tap hop trén déu bang nhau va ching khong
c6 phan tir chung. ’

Quy tdc tién hanh can kiém tra »

Dé thuc hién lan can thi i, ta cho tat ca cdc déng xu cia tap M(i, 0) 1én dia
can trdi, cdc dong xu cua tap M(i. 2) 1én dia can phai va ghi két cua lan can thiri :
1; = 0 néu can léch trai (dia can trdi nang hon). I, = 2 néu ¢an léch phai va I, = 1 néu
can thang bang (h.1.2). Ki hiéu |, 1a ket qua cua lan can tha i, dé thay rang cédc s
I,, I, .... 1, khong thé cung bang 0. cung bang 1 hay clng bang 2, vi viy s0

1 =1,l,...1, Ia nhan ciia mét déong xu nao dé.
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Hinh 1.2

Ta chitng minh rang : | la nhdn ctia dong xu gid F can tim ; hon nita néu | la
nhan phdi thi F ndng hon dong xu thdt, néu [ la nhdn trai thi F nhe hon.
That vay, véi lan can thi i, ¢ hai khd nang xay ra : hoac can thang bang,

hoac léch vé mot bén. Ta xét hai kha nang nay :

1. Néu can thiang bang thi dong xu gia F € (M(i. 1), tic la nhadn phai cua né
c6 hang thi i bang 1, mat khic vi can thang bang nén két qua phép thu |, =
1 ma |, 1a hang th i cha nhédn |, vay [, ding la hang tha i cta nhan cha
dong xu gia F.

2. Gia sir can léch phai, khi d6 két qua cua phép can I, = 2 va dong xu gia F ¢6
trong s6 M(i, 0) hoac M(i, 2).
Néu FeM(, 0) thi F nhe hon, vi FeM(i. 0) = hang thd i cua nhan phai
bang 0. Do d6 hang thtt i nhan trdi bang 2 trung v6i két qua I, = 2.

Trudng hop can léch trai cling i luan tuong tu.



Tém lai : 1 =1,1,. .. |, ding 1 nhan cha dong xu gia F, néu né la nhan phai
thi F nang hon. néu la nhan trai thi F nhe hon.

Thuc ra khi gap hai chi s6 khdc nhau ctia | ta da xdc dinh duge dong xu gia
nang hay nhe hon roi ! )

Trong vi dun =3, m = [2, né€u ddnh $6 cdc dong xu nhu trong bang, phuong
phdp Daison chi rd cdn ti€n hanh ba 1an can véi cdc dong xu sau :

1) (1.4.7,10)va (3,6.9.12)

2)(3,6,9,10) va(2,5.8,12);

3)(3,4,8, 12) va(2.6.7,11).

Buoc 2

Gié sif s6 dong xu m < — (3" - 3).

Trong trudng hop nay s& khong dung hét 3" — 3 nhan dé gin cho cac déng
xu. Vi vay néu khong can than ¢6 thé s6 dong xu clia tap M(i, 0) va M(i, 2) khong
bing nhau. Nhung c6 thé khac phuc diéu ndy bing cach chia s6 déng xu theo
nhom, mdi nhém 3 dong xu va chia s& nhan thanh cac nhém, moi nhém ¢é 6 nhin
sao cho cdc nhan phai trong moéi nhém ¢6 duge bang cach luan phién thay cdc chiv
s60-> 1,1 > 2,2 -> 0. Nhu thé, s& c6 3 nhan phai cung véi 3 nhan trdi tuong
Ung lap thanh 3 cap nhan ctia | nhém.

Vidy:0120 > 1201 - 2012 la 3 nhan phai cta 1 nhém (n = 4).

Nhém dac biét c6 cdc nhan phai 1a 000..01, 111...12, 222...20 ta danh cho
muc dich riéng. '

Sau khi phdn cdc dong xu thanh ting nhém ba déng xu va gin cho chiing ba
cdp nhén trong cing mot nhém nhan. cudi cing néu thira mot déng xu thi gan cho
né nhan phai 111...12, con néu thira hai déng xu thi gan cdc nhan phai 000...01,
222...20 (cung v6i cdc nhan trdi tuong Ung). V&i cdach gan nhan va danh s6 cdc
dong xu nhu trén viéc thicc hién n — [ ldn cdn vdn theo quy tdic giong nhu & budc
1, riéng lan can tha n phéi lam thé nao, ban thir nghi xem?

Bay gid ta chiing t6 phuong phidp Daison la "ti uu" theo nghia trong trudng
hop tdng quat, kha nang téi nhat néu ding n lan can van dam bdo dii dé xdc dinh

déng xu gia thi s6 dong xu m phai khong vuot qua % 3" - 3).

Ta néi kha nang toi nhdt vi cé truong hop "gap may" chi can hai ldn can
ciing c6 thé tim dugc dong xu gia du s6 dong xu rat 16n (chang han vé6i 1002 déng



xu, lan ddu ta can 1000 dong xu mdi bén 500 xu va can thang bang. lan thi hai ldy
mot trong sO hai dong xu con lai va mot dong xu trong s6 1000 dong xu da can va
can léch mot phia).

Chirng minh

That vay gia str v6i n lan can la hoan toan du dé xdc dinh déng xu gia. Ta

. BN oo
chiing minh ring s6 dong xu m khong vuot qud — 3" -3).

s

Pinh 56 cdc dong xu tir | dén m. Cit sdn 2m mau gidy con va lan lugt ghi
lén ting mau gidy noi dung : dong xu s6 | nhe hon, dong xu s6 | nang hon. ...,
déng xu s6 m nhe hon, dong xu s6 m nang hon. Nhu vay ta da st dung hét 2m
mau gidy va khong mot khd nang nao (d6i véi cdc dong xu) bi bo qua.

Két qua ctia moi lan can van duge quy ude ghi nhu trong bude 1 bang céc so
0,1,2:

Tuy theo két qua ciia mdi lan can s€ phan cdc dong xu lam hai phan : mot
phan chac chan khong chita dong xu gia, phan khdc chita n6 goi 1a "tap hop céc
dong xu nghi van". Ta ghi két qua cua lan can thit nhat lén tat ca cdc mau gidy
thudc tap "nghi van".

Nhu vay trén moéi mau gidy déu c6 ghi mot trong cdc s6 : 0, 1, 2 va trudng

hop t6i nhét tap nghi van chita khong du6i — mau gidy. Tuong ty sau lan can
J

thit hai, s6 mau giay nghi van c6 thé khong dudi 5 va sau n lan can tap nghi

2m

— > 1 thin 1an can khong
3

van c6 thé chia khong duéi —%n— mau gidy. Do d6 néu
3
du dé xdc dinh dong xu gia. Boi vay, bat budc —1;13 | hay 1a 2m < 3", Nhung ta

n

can chimg minh m < téc 2m < 3"-3, cho nén can phai xét céc trudng hop :

2m=3"-2.2m=3"-1.2m=3"
Vi 3" -2 va 3" lacac s6 Ié = 2m = 3" - 2, 2m = 3" khong xay ra. Vay nén
chi can xét trudng hop 2m = 3" -1 la du.

Ta xét cu thé 1dn can thi nhat, rd rang s6 mau gidy cé ghi s6 0 diing bing s6
mau gidy c6 ghi s6 2.
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Gia sir c6 p mau giay ghi sd 0 thi cing ¢é p mau gidy ghi s6 2. Khi dé. s6
mau gidy c¢é ghi s6 1 12 2m — 2p. Ngoai ra, néu méi dia can phai va trdi déu cd k
dong xu thi p = 2k.
Vay p la 6 chan. Néu p > 3" hosic 2m — 2p > 3" thi p —1 lan can (ti€p
theo sau lan can thd nhat) cé thé khong du dé xdc dinh dong xu gia. Do dé. ta ¢6
p=2k<3" " 2m-2p<3'h,
Vip, 2m - 2p la cdc sé chan, 3" ' las6 18 = p<3"' = 1.2m-2p<3" ' — 1

=2m=(2m-2p) +2p<3" -3

BAI TAP

Ap dung phitong phdap Daison ¢6 thé giai mot s& bai todn sau

1. Gia sl cb hai tii : tai thit nhat co m, doéng xu, tui thtr 2 c6 m, dong xu. Biét
trong s6 d6 c6 1 ddng xu gid va néu déng xu gid nam trong tdi thir nhat thi nd
nhe hon, trong tdi tht hai thi nang hon. Héi t6i thi€u can bao nhiéu 1an can dé
xac dinh dong xu gia?

2.  Ciang diéu kién nhu bai 1, néu c6 thém 1 tii thir ba gébm m; déng xu that,
khéng chita ddng xu gid nao. thi can bao nhiéu lan can?

3.  Gia st co6 mot dong xu gid 1an trong s6 m ddng xu khéng cho biét ndé nang hay

nhe hon, ngoai ra con c6 thém mét dong xu that nira. Néum = — (3"~ 1) véin

o] -

ian can co thé xac dinh dugc dong xu gia hay khong?

- 1 ~ ~ -a ~ ~
Néum = (3" - 1) thi can bao nhiéu 1an can?
4.  Gia sir c6 m dong xu. Biét rang trong s6 d6 ¢6 khéng qua 1 déng xu gia. Can
bao nhiéu 1an can dé xac dinh dong xu gid hoac chiing to tat cd m déng xu déu
that?

5. Trong truong hgp 2m < 3" - 3, ndi chung 1an can cudi phu thudc vao két qua
cla cac lan can truéc dé. Hay tim cach lam giam thiéu s6.1an can trudc ¢ anh
hudng dén lan can cudi. :

1



: " TONG QUAT HOA BAI TOAN DONG XU GIA

. 2 N4
Bai toan co dién )

Gid sit ¢6 N tiii dung mor s6 hiong lon cde dong xu. Trong s& da c6 mot tii

dimng toan dong xu gid. Cdc tii khde dung toan xu thar. S6 dong xu thdt ¢

moi tii 1a bdng nhaw. Cho biét trong luong ciia dong xu thdt va biét né ndng
hem dong xu gid 1 gam. Hdy tim tii dirng xue gid bang mor lan cdn (ding logi
cdn co qud cdn). ’

Pay 12 mot bai toan i thd va rat pho bi€n, ¢ thé tim thdy trong nhiéu cudn
sach todn hoc dai ching. Ngudi ta con don rang. trong thé chién thit 1T ngudi Anh
da rai truyén don véi ndi dung bai todn ¢o dién ndy dé gay roi loan trong binh linh
phdt xit Duc.

Loi giai

Pénh s6 cdc tdi tir | dén N ; 14y ra tir méi tdi mot s6 déng xu bang 6 thi tu
cia tdi do, réi dem can tat ca s6 dong xu duge 1dy ra. Néu két qua thi€u hut mat i
gam so V4 trudng hgp gia thiét la tat ca cdc dong xu dugc can déu 1a that, khi dé
tui thd i dung toan xu gia.

Nhén xét ‘

Bai toan néu trén van gidi duoc (bdng cach khac) néu khéng cho biét

frong ludng déng xu that va chi dugc phép ding logi can khdng cé qud

can ! Ban tha nghi xem ! .

Tur bai todn c6 dién trén. ngudi ta di phitc tap hod né dé duogc bai todn vé
mot s6 nii dung xu gid sau, v6i diéu kién va yéu cdu cling gin gidng nhu bai toan
c6 dién, chi khdc 1a s6 tii chita dong xu gid nhiéu hon 1, nhung khong cho biét cu
thé 1a bao nhiéu!

Ti€p tuc phic tap hod bai toan nay s¢é dugc bai todn vé cdc dong xu ndng va

. nhe nhu sau :
Trong so N nii dung xu ¢é mot s6 il dung toan xu gid loai nhe (biét rdng
moi dong xu loai nay nhe hon dong xu thédt | gam) va mét sé” tii dung toan
xu gid logi ndng (biét rang né ndng hon dong xu thdt | gam). S6" hiong nii
dumg xu giad loai nhe va loai ndng khong cho biét trude chi cho biét trong
licong moi dong xu thdt. Bang mot lan can (ding cdn ¢6 qud can) hdy xdce
dinh nhitng tii nao chita tirng loai xu thdt, xu ndng, xu nhe?
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Cudi cling c6 thé khai quadt va di dén bai todn tong quat sau :
Gid sit ¢6 N tii dung mor s6 luong lon dong xu. Cé nhiéu loai dong u,
chitng chi khdc nhau vé trong ligng. Moi il chi ding mor loai dong xu. 8¢
ltong tii dung xu méi loai la twy vy va khong cho biét trude. Biét trong liiong
mor dong xu ting logi va bié? chuing hon kém nhau mot sé*nguvén gam.
Puioc phép dimg loai cdn voi cac qud cdan va bang mor lan can hay xdae dinh
moi tii dong xu thuoc loai nao?

L&i khuyén
Trudc khi tim hiéu 161 gidi bai foan t6ng quat, cac ban thd tu gidi cac bai
toan néu ra trudc do.

Loi giai

Pénh s6 1an luot cdc tdi th 0 dén N — 1 ; ki hiéu trong luong ctia mot dong
xu loai nhe nhat 1a m (gam). Gia st tdi $6 j dung cdc dong xu véi trong luong moi
dong xu lam + Aj (gam). Nhu vay chinh A;s€ xdc dinh loai xu nao dung trong tui
$O .

Gia su A ¢6 thé nhan cac gia tri 0, 1, 2. ..., k — I : nhu vay ¢6 nhiéu nhat la k
loai dong xu khdc nhau. Lay tr tdi s6 j k! déng xu tdc 1 lay & tdi s6 0 mot dong
Xy, & tii 86 1 k dong xu. ... cudi cing & tdi s6 (N =1), KN dong xu. SG tugng
cic dong xu duoc Iy ra dé can la

N N- N-I
M= kl=l+k+..+k" 7 =k =D:(k-1)
=0
Tong trong lugng clia chling ma ta can duge theo chi sé trén can la :
N-I i N-I l N-1i i N-1 i
S= Zé)(m+A_i)k~ =m ;) k) + 'Zo Ak =mM+ 3 Ak'. (*)
= = = J=0

Vi A< k—1nén 16ng thit hai & vé& phai dang thiic (%) :

N-1
A=Y AR =Ag+AK+AKT A kY
=0

chinh 1 biéu thic chuyén doi s6 A tir hé dém thap phan sang hé dém co 56 k va ¢6
thé viét :

Aoy = An- 1A =2 - DDAy (*¥%)



Ta thdy mdi chit s6 clia s6 A trong h¢ dém co s6 k la gia s6 xdc dinh loai
déng xu theo thir tu nguoc lai véi thit ty danh so cdc tai. Day chinh la diém mdi
chot thuc chat cua cdch giai duge dugc trinh bay!

Cudi cling ta ¢ thé tém tat quy tdc xdc dinh cde til dung xu

— Chon M déng xu dé can.

— Tién hanh can dé biét S.

— D6i s6 A =S — m.N tir s6 thap phan sang hé d€m co s6 k dé tim

A(). Al. PRy AN — I.

Vi du minh hoa
Gia st s6 tii N = 5, ¢6 k loai dong xu khdc nhau, k = 3. dong xu loai nhe
nhat ¢6 trong luong m = 10 (gam), ta lap bang dé ghi dit liéu va két qua tim dugc :
Dong ddu tién dé ddnh sé thit tu céc ti.
Dong thit hai [a s6 luong cic dong xu lay tir cdc tdi dé can, no bang 3,
Dong thit ba ghi gia s6 xdc dinh loai dong xu 4.
Dong thit tu [a trong lugng clia mot xu cd trong tii $6 j.
Tac6M=1+3+3+3"+3" =121 = Mm =121 x 10 = 1210 (g)
Gia strcan 121 dong xu ldy ra duge S = 1351 (g)
Khido A=S—-Mm=1351-1210= 141 (g)
Poi s6 141 sang hé dém co s6 3 dugc :
A=13"+23"+03"+23'+03°
& A=120205,= Ay =0, 4, =2, A, =0. Ay =2, A, = 0

,va ta ¢6 bang sau :

Bidnh s6 tai 4 3 2 l 0
S6 xu lay dé can K’ 81 27 9 3 1
Gia 36 4 12 0 2 o0 |

Trong lugng dong xu
méi loai 12 10 12 10
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Nhéan xét
- Trudng hop k = 3 trong vi du minh hog cé thé gidi theo cdch khac. Ban .
tim hiéu xem!

~ Néu k = 10 thi hién nhién khéng can thuc hién budc ddéi co s6.

Chay
- Trong bdi toén t8ng quat cé diéu kién : "Cho biét trong luong mot déng
xu tang loqi’, liéu cé thé thay déi didu kién ndy hay khong?

- Bai toan ¢8 dién vé déng xu gid duoc ung dung trong Ii thuyét ma hod
théng tin, dang dé phat hién sai sot cdc cod ma.
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