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QUAN HE TRUY HOI TRONG BAI TOAN DEM

Nguyén Thé Hiep*

Bai toan dém trong t8 hop 1a mot bai todn khad théng dung ddc biét véi hoc sinh chuyén toén.
Viéc dém truc tiép trong da sb cac trudng hop 1 "bat kha thi”, diéu ndy hudng ching ta téi mét
phuong thiic dém khéc: dém gian tiép. Cl‘mg Vo] phuong phép thiét 1ap song dnh hay st dung ham
Sinh, van dung sb phiic thl phuong phap thiét 1ap truy hdi ciing 13 mot phucng phap kha hitu dung
va dp dung rong rai, phd bién dbi véi nhidu bii toan. Trong bai viét ndy ching ta s& dé cap dén
van dé dé.

1 Thiét lap quan hé don truy hoi-mét day truy hoi

Chiing ta sé md dau bang mot vi du don gidn va khd quen thuoc ti bagc THCS. D6 la bai toan
thdap co Ha Noi:

Vi du 1.1 (Bai toan thap c6 Ha Noi). Lic khai thién lap dja, Phat to Nhu Lai dat 64
chiéc dia cé kich thudc khdc nhau lén mot cdi coc, dia & trén bé hon dia ¢ dudi. Cac nha su
dugc yéu cau chuyén dia ti coc 1 sang coc 2 theo nguyén tic: Moi lan chi chuyén mot dia;
trong qud trinh chuyén, dia lon khong duoc dat léen trén dia nhé (can si dung thém mot coc
nita dé thuc hién nguyén tdc nay). tim so lan chuyén dia dé co thé chuyén tit cd dia ¢ coc 1
sang coc 2 ¢

LO1 GIAL. Goi la a, s6 lan chuyén n chiée dia tit coc 1 sang coc s6 2 theo cac nguyeén tic tren.
Dé chuyén n chiéc dia tit coc 1 sang coc 2 ta phai thuc hién cac cong doan sau:

1. Chuyén n — 1 chiéc dia bén trén chiéc dia 16n nhat sang coc s6 3 sang nguyén tic tréen.
Can thuec hién a,_; lan chuyén nhu vay.

2. Chuyén chiéc dia 16n nhat sang coc s6 2
3. Chuyén n — 1 chiéc dia tit coc s6 3 sang coc s6 2. Can thuc hién a,_; 1an chuyén.

Nhu vay ta thu duge hé thic a,, = 2a,_1 + 1
V6i cht y réng a; = 1 ta ¢6 a, = 2" — 1. Nhu vay ag = 2% — 1. 0

Vi du 1.2 (Bai toan chia keo Euler). C6¢ bao nhiéu cich chia m cdi keo cho n dia tré ?

LOI GIAI. Bai toan tuong duong véi bai toan sau: tim s6 nghiém nguyén khong am ctia phuong
trinhom =21 + 22+ ... + 2,

Twong duong véi phuong trinh : m — 2y = 29 + ... + 2,

Goi S (m,n) 1a s6 nghiém ctia phuong trinh (1). Khi d6 v6i mdi gia tri clia z1; (0 < 21 < m)
ta c6 s6 nghiém clia phuong trinh (2) 1a S (m — x1,n — 1).

T d6 ta thu duge hé thie: S (m,n) =" S (m —xz,n—1). Chu § rang:

(m+2)(m+1)
2

S(m,1)=1,5(m,2) =m+1;5(m,3) =
Béng quy nap ta c6: S (m,n) = Clb ..

That vay: gid st ménh dé dung vé6i n, chiing minh né dung véi n + 1:
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S(m,n+1) Zm:S m—z,n) icrnn_lx-‘rnl
=0 =0
Z +n 1= Z(C:Jrn - :?71+n> CVTrLLJrn

=0

O

Nhan xét 1. Day la mot bai todn khd don gidn nhung cing cé nhiéu ing dung ching han
trong bai thi VMO 2012 (bai s6 6, ngay 2). Ngoai loi gidi trén, ta ciing cé thé gidi nay bing
phuong phap song dnh hodc ham Sinh.

Vi du 1.3 (Mé& rong Pro.3-Canada MO 1996). Tim so hodn vi ai,as, ..., ay,. clia tdp
{1,2,3,...,n} théa man:

a; = 1
|CLZ'+1—(1¢| SQ V1:1,2,,n—1
LO31 GIAL O

Goi x,, 1a 86 cac hodn vi ctia {1,2,...,n} thoa man bai toan va A, 1a tap hop cac hoan vi do.
Ta ¢6: v6i n > 5 xét hoan vi (ay, as, ..., a,) théa man tinh chat da cho.
Vi |ag — ai| = |az — 1| < 2 nén ay = 2V 3 do d6 chi xay ra cac trudng hgp sau:

1. Néu ay = 2 thi xét (by, b9, ..., bp_1) = (a2 — 1,...;a, — 1) va (b1, ba, ..., b, 1) 12 Mot hoén
Vi cua {1,2, = 1} ma b1 = 1, |bi71 "N b2| = ‘CL,L' — ai+1| < 2,2 = 172, = 1.
Suy ra (bl,bQ, ey bn—l) c Anzl.

Hon ntta, (a1, 2, as, ..., a,) € A, va phép tuong ung (ay,2,as, ...,a,) = (a1 — 1,as — 1,...,a,, — 1)

la mot song d&nh nén c6 x,,_; hoan vi ma as = 2.
2. Néu ay = 3ta c6 cac kha nang sau:

e Néua, =2 v6imoi 3 <i<nthia_; =a4 =4, voli. Taxét a3 =2Va, =2

e Néu a, = 2 thi a,_; = 4;a3 = 5, c6 mot bo s6 théoa man 1a

<1,3,...,2 {”;11 —1,2 [g] 2 [g] . 2,....,2)

e Néu a3z = 2 thi ay = 4, mdi bo s6 (aq, as, ..., a,) tuong ing véi mot bo so
(ag — 3,a5 — 3, ....,a, — 3) € A,_3. Vay nén c6 z,,_3 hoan vi nhu thé.

Ta c6 heé thic: z, = x,_1 + Tp_3+1,n > 5. Churang x; = 2o = 1,23 = 2,14 = 4, tu day c6
thé tim duge s6 bo théa méan theo n.

Vi du 1.4 (Swedish MO 2005-2006). Mot hang gom n nguoi ding trudc mot may thu tién.
Sau dé mdy thu tien doéng lai vi mot li do ki thuat va n nguoi dé duge bo tri lai trong mot
hang khdc. Héi ¢6 bao nhiéu cich xép hang ma néu moi ngudi trong hang hodc ding nguyén
vi tri ban dau hodc ding & vi tri lién trude hodc ding ¢ vi tri lien sau.

Lot GIAL. Goi a,, 1a 86 hoan vi f clia tap hop {1,2,3,...,n} thoa man tinh chat:
k—1<f(k)<k+1v6i1l<k<n, khidotacof(n)e{n—1,n}
Vé6i n > 3 néu f c6 tinh chat do6 thi ta co:
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1. Néu f(n) =n—1,thl f(n—1)=ncacsd 1,2,....,n — 2 ¢6 a,_o hoan vi théa man tinh
chat neu tren.

2. Néu f(n) =mn, cac $6 1,2,3,....,n — 1 ¢6 a,_1 hoén vi thda méan tinh chat do.

Ta c6 hé thic sau: .a, = ap—1 + ay_o.
5 1
Chua y rang a; = 1,a, = 2 ta dugec a, = Fry1 = — (

V5

Truong hop n = 12 1a bai toan goc. O

2 2

1+\/§>n+1+<1_\/5>n+1

Vi du 1.5 (Romanian MO 1995). Cho Ay, As, ..., A, la cdc diém nam trén duong tron. tim
$6 cdch to cdc diém dé bing p > 2 mau sao cho hai diém lien tiép duoc to hai mau phan biét.

Lo1 GIAL Goi ay,n > 2 14 s6 cach to6 mau can tim. Xét tap hop diem:A,, As, ..., Apyq .

1. Néu Ay, A, khac mau nhau thi c6 thé t6 mau Ay, As, ..., A, béi a,, cach va t6 mau A,
theo p — 2 cach. Do d6 ching ta thu duge (p — 2) a,, céch t6 mau.

2. Néu A, A, duge t6 mau giéong nhau thi dong nhat A, = A, ta thu dudc a,_» cach
t6 mau cac diém Aj, Ay, ..., A,, trong khi ¢6 (p — 1) céch t6 mau A,,;. Ta thu dugc
(p —1)a,_» cach t6 mau.

Do d6 ta c¢6 he thic: a1 = (p—2)a, + (p— 1) a1 Cha y rang as = p(p — 1);a3 = p(p —
(p—2), ta dugc: a, = (p—1)"+ (-1)"(p—1). O

Vi du 1.6 (Bulgarian MO 1998). Cho s6 nguyén duongn > 2. Hay tim s6 cdc hodn vi
a1, Az, ..., ap cia tip {1,2,3,....,n} sao cho ton tai duy nhat mot chi sé théa man a; > a;;1.

Lo GIAL. Goi x, 1 s6 cac hoan vi théa man diéu kién bai toan. Mdi hoan vi ¢c6 n 4+ 1 phan
t1t c6 thé tao ra bing mot trong hai cach sau day:

1. Bo sung théma,; = n + 1 vao mdi hoan vi c¢6 n phan t1t thdéa man diéu kien bai toan,
c6 tat cd x, hoan vi nhu vay.

2. Bo sung them phan ti a; = n + lvao gitta a;, a;41 ma a; > a;41cua mot hoan vi nao do
¢6 n phan t1t thoa man bai toan.

3. BO sung them aj=n+1,7=0,1,2,...,n— 1vao hoan vi ma n phan ti dugc sip thi tu.

Do vay thu dudce: .1 = @, + 2, +n = 22, +n Chu y rang z, = 1, tit d6 ta c¢6 : z,, =
2" —n—1 ]

Vi du 1.7. C6 bao nhiéu s6 c6 n chit s6 chia hét cho 5 va hai ch@ so lién tiép bat ki khdc
nhau.

Lot G1AL. Goi A,la tap hop cac s6 ¢6 n chit s6 thoa man bai toan. Dat a,, = card (A,), mdi
s6 thuoc A, 41 duge tao ra bang mot trong hai cach sau day:

1. Thém vao trudc mdi s6 thuoc A, mot chit s6 khac véi chii sé dau tién ctia s6 do, co tat
cad 8 cach thém nhu vay.

2. Bo chit s6 dau tién clia clia mot s6 thuoc A, (sau khi bé nhu thé chi con a,_» s6 phan

biét ¢6 n-2 chit s6 1a boi ctia 5 va céc chit s6 lien tiép 1a khac nhau) va thém vao trude
d6 hai chit s6 10, 20, 30, ..., 90; c6 tat cd 9 cach théem nhu thé.
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Do dé ta c¢6 hé thic sau: a,9 = 8a,y1 + 9a,

. 19 -n"
V6i cha § rang: a; = 2,a, = 17 ta thu duge: a,, = %.9” — ( 10) ]

Vi du 1.8. Tim 56 tap con cia tdp {1,2,...,n} sao cho trong maéi tap con chita ding hai phan
i la hai so nguyén lién tiép.

LO1 GIAL. Trude hét ta c6 bai toan phu sau: tim s6 tap con ctia tap {1,2,...,n} sao cho trong
modi tap con khong chita hai phan tit 1 hai s6 nguyén lién tiép.
Bai toan nay xem nhu bai tap (gidi bang truy hoi hodc song anh).S6 tap con théa man bai

toan la: ) )
n—+ n—+
1 1++5 N 1—+5
Ty = Fpio = ——.
275 2 2

Goi A,la tap hop céac tap con cia tap {1,2,...,n} théa man diéu kién bai toan, dat a, =
card(A,). Méi tap thuoc A € A, o duge chia thanh 3 loai: Loai 1 gom céc tap hop chita cé 2
phan ti: n + 1,n + 2, loai 2 gom cac tap hop khong chiia n + 2, loai 3 gom cac tap hop chita
n + 2 nhung khong chia n + 1.

1. Néu A 1a tap con loai 1 thi A khong chita n. B6 di khéi A hai phan tt n + 1,7+ 2 ta
duge mot tap con ctia tap {1,2,...,n — 1} va khong chita hai s6 nguyeén lién tiép. Nhu
vay ¢6 T,_1 = F,11 tap con loai 1.

2. Mai tap con loai 2 1a mot tap con cua A, 1 va ngugc lai. C6 a,1 tap loai 2.

3. Néu A 1a tap con loai 3 thi A khong chia n + 1. B6 di khéi A phan ti n + 2 ta dudc
mot tap con cua A,. Vay cb a, tap con loai 3.

Do d6 ta c6 hé thiic sau: ap19 = any1 + an + Fry
N 2nk, 1 — 1) F,
Chu y rang as = 1; a3 = 2 ta thu duge: a,, = 1 5(n +1) . O

Vi du 1.9 (Colombia MO 1997). Xét bing 6 vuong m x n dugc té cic vien bdi 3 mau.
Chiing ta to moi doan ciia duong vien bdi mot trong s6 3 mau sao cho moi hinh vuong don
vl ¢ hai canh to 1 mau va hai canh kia to bdi hai mau con lai. C6 bao nhiéu cich to mau cé
the?

Lo1 G1AL. Goi 3 mau 1a A B,C; dat a, 1a s6 cach t6 mau dudng vién clia mot bang ngang
1 x n khi da biét mau ctia cac doan vién phia trén bang ngang d6. Véi n = 1, khong mat tinh
tong quat gia st vien trén duge t6 mau A. Sau d6 sé c6 3 cach chon t6 mau 3 doan kia bing
mau A, c¢é hai cach chon t6 mau hai doan con lai. Do vay a; = 6.

Xét bang 1 x n, khong mat tinh tong quét gia sit doan cudi cling bén phai to mau A. Bo sung
thém mot hinh vuong don vi vao bén phai bang vita roi ta duge mot bang 1 x (n + 1) véi mau
doan vién trén ctia hinh vuong méi da biét. Ching ta c6 hai cdch t6 mau cho hinh vuong da
biét mau hai canh nay (canh bén trai va canh trén). Do d6 a,y1 = 2a,, a, = 3.2"

Tré lai bai toan, ¢6 3" cach to mau cho dudng vién trén ciing va c6 3.2" cach t6 cho mdi hang
ké tiép. Vay c6 tat cd 3™".2™" cich t6 mau thda man bai toan. O

Vi du 1.10 (Hungary-Irael Mathematical Competition 1997). C6 tat cd bao nhiéu diy
c6 do dai bang 1997 c6 thé lap duge bang cich st dung so 1€ lan cic chit cdi A,B,C.
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LO1 GIAL. Goi 7, 14 86 day c6 do dai bang n = 2m+1. V6i mdi day c6 do dai bing n = 2m+1
ta co:

1. Néu day do6 thoa man diéu kieén thi ta c6 3 cach thém hai chit cai gibng nhau vao cudi
méi day dé thu duge cac day c6 do dai bang n + 2.

2. Néu day do6 khong phai la day thoa man diéu kién bai toan, tuy nhién s6 lan xuat hién
ciia A,B,C khong thé déu la s6 chin nén sé c6 hai chit cai xuat hien s6 chin lan va mot
chit cai xuat hién s6 1é lan trong mdi day nay. Thanh thit ta c6 hai cach thém hai chit
cai vao cubi cac day nay dé duge day c6 do dai bang n + 2

. 3
Vivay: x40 = 32, +2 (3" — x,) =z, +2.3" , két hgp v6i x3 = 6 ta c6 x,, = 1 (3"~ — 1) hay:
3 3
Tami1 = 7 (3% — 1), suy ra Ti997 = 1 (31996 — 7). O
Y twdng truy héi doi vdi nhiéu bai toan la rét 1o rang, song thuc hién né doi khi khong hé
dé dang, chang han vdi bai IMO Shortlist 2008:

Vidu 1.11 (IMO Shortlist 2008). Vdi méi s6 nguyén duong n, hay tim s6 hoan vi clia tap
hop {1,2,...,n} c6 tinh chdt: 2 (a1 + as + ... + a,) ‘k vdi moi s6 k =1,2,...,n.

LO1 GIAL. V6i moi s6 nguyén duong n diat F, 1a s6 hoan vi cta {1,2,...,n} théa man tinh
chat da cho; ta goi chiing 14 hoan vi dep.

Véin=1,2,3 ta c6 s6 hoan vi dep la: [y =1, F, = 2, F3 = 6.
V6i n > 3 xét hoan vi dep bat ki (ay,as, ...,a,) cia {1,2,...,n}. Khi d6 ta co:

n—l\Z(al—i—ag—i—...—l—an,l)
=2((1+2+..4n)—ay)

=nn+1)—2a,=Mn+2)(n—1)+ (2 —2a,).

nén (2a, —2)n—1. Vivay (2a, —2) = 0,n—1,2n — 2 . Diéu d6 dong nghia véi:a = 1V a =
1 1
n—2|— \/a:nGiés&a:%,v\llamGt hoan vi dep nén khi cho k =n — 2 ta co:

n—12(a +ar+..+a,2)=m+1)n—(n+1)—2a,.1=MnN+2)(n—2)+ (3 —2a,1).

Do d6 2a,_1 — 3:in — 2 nén 2a,_1 —3 = 0,n — 2,2n — 4. . Loai truong hgp 2a,_, — 3 bang 0,
2n — 4 vi 2a,_; — 3 la s6 18. Kha nang con lai 2a,_; — 3 = n — 2 khong thé xay ra vi khi dé:
n+1

2
truong hop sau:

khong 13 gid tri ma a,_; c6 thé nhan. Xét hai

= a,. Diéu d6 c6 nghia I3

Qp—1 =

1. Néu a, = n thi (ay,aq, ..., a,_1) 12 mot hoan vi dep cta {1,2,....,n —1}. C6 F,_; hoan
vi nhu thé. Bo sung n vao cudi ctia mdi hoadn vi nay ta dugc mot hoan vi dep clia tap
{1,2,....,n}.

2. Néua,=1thila (ag —1,a2 — 1,...;a,_1 — 1) mot hoan vi dep cta {1,2,...,n — 1} vi

2((ar — 1)+ ...+ (ap — 1)) =2 (a1 + ... + ag)—2k:k, Yk < n—1. M6i hoan vi (by, by, ..., by 1)
trong s6 hoan vi dep ctia {1,2,...,n — 1} cho ta mot hoan vi dep ctia tap {1,2,....,n} c6
phan i cudi 1a 1: (by + 1,0+ 1,...,b,_1 + 1,1).
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Hai phép tuong ting song 4nh ma ching ta da thiét 1ap & trén cho ching ta heé thic: F, = 2F,,_;.
Vé6i cha ¥ rang Fy = 1, F, = 2, F3 = 6 ta thu duge: F, = 3.2"2, n > 3. O

Vi du 1.12 (IMO 2011). Gid st n la mot s6 nguyén duong. Cho mot cdi can hai dia va n
qud can vdi trong luong la 20,2, ..., 2771, Ta muon dat lén cdi can mot trong n qud can, lan
luot ting qud mot, theo cdch dé ddam bdo dia can bén phdi khong bao gio ndng hon dia can bén
trdai. O méi bude ta chon mot trong cdc qud can chua dugc dat lén can, roi dat né hodc vao
dia bén trdi, hodc vao dia bén phdi, cho dén khi tat cd cdac qud can déu da dude dat lén can.
Xdc dinh zem, ¢ bao nhiéu cdch khdc nhau dé thuc hién dudec muc dich dé ra.

LO1 G1Ar. Xét n > 2 ta c¢6: Trude tién, dia can bén trai luén phai nang hon dia can bén phai
it nhat 14 1. Vi vay, néu 6 mot buéc nao do6 ta dit qua can ning 1a 1 lén mot trong hai dia
thi thi dia can bén phai khong bao gid nang hon dia can bén trai. Do do ta chi xét cac qua
can: 1,22,... 271

Néu ta chia trong lugng mdi qua can cho 2 thi dap an khong ddi nén c6 f(n —1) cach dat qua
can n — 1 d6. Gio xét qua can 1:

1. Néu dit qua can nay trong lugt dat dau tien thi ta chi c6 thé dit vao dia bén trai.

2. Néu dit qua can nay trong cac luot dit tiép theo thi ta c6 thé dat vao ben trai hay phai
tuy y. C6 2n — 2 cach dat trong truong hop nay.

Nhu vay ta thu duge hé thite sau:f(n) = (2n — 1) f(n — 1)
V6i cha y rang f(1) =1 ta co: f(n) = (2n— 1)1l =1.3.5.....(2n — 1). O

Nhan xét 2. Néu khong zét riéng cac khd ndng clia qud can 1 nhu trén thi ta ciing cé thé zét

riéng cac khd ndang cia qud can 271
vdi chi o rang: 20 + 21 + . 4 2v 2 =27t ] < 2n,
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2 Thiét lap cac day truy hoi long nhau

Dém bang hé thiic truy hoi kha hitu dung nhung doi vdi da s6 bai todn thi viéc dém bang mot
day truy hoi té ra vo hiéu, ay la khi ta phdi nghi dén cdc day truy hoi long nhau (cing giong
nhw "DAC-Chia dé tri” trong bat ding thic). Chiing ta sé bdt dau “cong cu hitu hiéu” nay bing
mot vi du da ting zuat hién trong ki thi IMO nam 1979, dé la bai s6 6 do Dic dé nghi.

Vidu 2.1 (IMO-1979). Cho A va E la hai dinh doi tam cia mot hinh bat gidc déu. Mot con
éch bt dau nhdy tu A. Tai bat ci dinh nao tric E, éch c6 thé tdi mot trong hai dinh ké. Néu
éch nhay téi E th né dung lai 6 dé. Goi ayla s6 duong di phan biét cia ding n budc nhdy dé
éch nhay tw A dén E. Chiing minh rang:

g1 = 0: gy = % {(2 + \/5)"_1 _ (2 _ \/5)’1_1} .

LOT GIAL. R6 rang as,—; = 0 1a hién nhién. Goi la s6 duong di tit C téi E qua n bude nhay. Qua
hai buéce nhay dau tien, éch c¢6 thé vé A hoac dén C hodc G. Do dé as, = 2a9y_242bo,_o¥n > 0.
Tit C (hodc G), sau hai budc nhay éch c6 thé vé lai C hodc t6i A, néu n > 2.

Do do6 ta co: by, = 2ba,_o + 2a9, oVn > 1. Suy ra ag, = 4as, o — 2a9,_»

Két hgp véi as = 0, a4 = 2 ta c6 diéu phai ching minh. O

Vi du 2.2 (Austrian-Polish MC 1998). Cho n diém Py, Py, Ps, ..., P, dugc zép theo thi
thu dé trén mot duong thing. Ta to mau moi diém bdi 1 trong nam mau: tring, den, dd, zanh
va tim. Mot cach to mau duge coi la hop 1é néu hai diém lien tiép P, Py, dugc to mau giong
nhau hodc it nhat mot trong hai diém duoc to mau trang. C6 bao nhiéu cdch to mau hop lé
nhu vay ¢

Lo1 GIAL. Goi a, 1a s6 cach to mau thda man bai toan ma diém duge to mau tring, 1a b, sd
cach t6 mau théa méan bai toan ma diém khong duge t6 mau trang va ¢, 1a tong sb cach to
mau thda man bai toan.

Chung ta thu dugce cac hé thic sau:

Qp = Cp—1
bn = 4a,_1 + bn—l
Cn = ap + b,

Do d6 ta c6: ¢, = ay + by = €1 + by = o1 + (an—1 + by1) + 3an-1 = 2¢,—1 + 3¢5—2

N 3n+1 -1 n+1
Chu y rang ¢; = 5, o = 13 ta thu dugc: ¢, = +é ) . n

Vi du 2.3. Tim s6 cic bo s6 nguyén (ay,as, ...,a,),n > 1 théa man |a;| <1 Vi=1,2,...n
va la; — a1 <1 Vi=1,2,... n.

Chatng minh. Goi 1a s6 bo s6 thoa man diéu kién bai toan. Goi A, B, C,, 1a tap hop cac bo
s6 bang —1,0,1 tuong tng. Ta c6: |S,| = |A,| + |Ba| + |Cy|

Miit khac tit mdi bo s6 thuoc A, hoic B, ta c6 thé b sung thém phan tit a,4; = —1 dé duge
mot bo s6 thuoce A, 11 nén |A, 41| = |An| + | Bal.

Tuong tu ta co |Cn+1| = |Cn| + |Bn|§|Bn+1‘ = |An’ + |Bn| + |Cn| = |Sn|

Do dé ta ¢6: [Spi1| = [Ans1| + [Bota| + [Cosa| = (Al + [Ba| +[Cul) + [Busi| + |Ba| =

2 b
|Sn|+|Sn 1| n+1 n+1
(1+vD)" 4 (1- VD)
B .

Chu y rang |Sa| = 7;1S3| = 17 ta thu dugc: |S,| = O
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Mot bai todn co cung tu tuong nhu bai toan trén la:

Vi du 2.4 (Polish-Austrian Mathematical Competition). Xét tat cd cic cic chudi ki
tw gom 3 chit cdi a,b,c. C6 bao nhiéu chuoi n ki tuw théa man diéu kién sau:

1. Chudi ki tu phdi bat dau va két thic bdi chit a
2. Hai vi tri lien ké phdi duge viét bdi hai chit cdi khdc nhau.

Lot GIAL. Xét chudi ki ty ¢6 do dai bang n bat dau bdi chit a va théa man diéu kien 44).. Dat
pn, by, cp 1an Tugt 12 s6 chudi ki tir tan cting béi a, b, ¢ tuong ting.

Mbi chudi ki tu két thic bdi a va c6 do dai bang n + 1 duge tao ra (va chi duge tao ra) bang
cach them a vao cudi cac chudi ki tir tan cling béi b hodc ¢ va c6 do dai bang n, vi vay ta thu
duge hé thite sau: a, = b, + ¢,

Twong tu ta c6:b,1 = an + Cny Cpy1 = Gy + by,

Vi ki hiéu b, ¢ chi mang tinh hinh thtc, ching c6 vai tro binh dang nén ta c6 ¢, = b,

Tu do suy ra: ap11 = 2b,; byy1 = a, + by

= Qp42 — Qpt1 = 2 (bn+1 — bn) = 2ay,.

Ta thu dugce hé thic truy hoi: a,qo = anier + 2a,

V6i chi ¥ rang a; = 1,as = 0 ta ¢6: a, = ; (272 + (—1)”71) . O
Vi du 2.5. C6 bao nhiéu chudi gom n ki tu dugc tao ra ti tap hop {a,b,c,d} trong dé a,b
khong bao gio ding canh nhau.

Lo1 GIAL. GOl Yn, Yn, Tn, T 1an luct 13 s6 cdc chudi ki tir c6 tan cung 1a a, b, ¢, d (Do tinh doi
xting, s6 chudi ki tuy tan cling bang a bang s6 chudi ki tir tan cung bang b va s6 chudi ki tu
tan cing bang ¢ bang s6 chudi ki ty tan cung bang d) va S, 14 6 cach thanh 1ap chudi n ki
tu thda man bai toan.

Chung ta thu dugc cac hé thic sau day: x, = 22,1 4+ 2Yn_1,Yn = 2Tp_1 + Yn_1-
Tudosuyra: S, =T,1 VA Ty = 3T, + 27,1

V6i chy ¥ rang 1 = 1,25 = 2, ta thu dugc:

n+1 n+1
o o (T 1) (3evaT\T (VAT 1) (3-viT\"T
nemH L6 4 2 68 4 2 ‘

]

Bai todn sau day la mot bai todn da duge dang trén tap chi THTT nam 2011 (bai T12/410),
tuy nhién né ciing da zuat hién trude dé rat lau trong ki thi Romanian MO 2000.

Vi du 2.6 (Romanian MO 2000-T12/410 THTT)). Véi s6 nguyén duong n khong
nhé hon 2. tim so cic ham so f : {1,2,3,..n} — {1,2,3,4,5} va théa man tinh chat
If(k+1)— f(k)| >3Vke{l,2,...,n—1}

LOI GIAL. Ta st dung nhan xét sau day : Néu ham s6 f théa man dicu kién bai ra thi véi moi
n > 2 cho trudc ta luon c6 f(n) # 3 . That vay , néu f(n) =3 thisuyra f(n—1) <0 hoc
f(n—1) > 6, diéu nay 1a vo li.

Ki hiéu ayn, by, d,, €, 14 s6 cac ham f : {1,2,3,....,.n} — {1,2,3,4,5} thoa man tinh chat da
cho ting v6i f(n) tuong tng bang 1,2.4,5.

Khidba, =e;=2vaby =dy =1,nénvéin > 2 c6 a1 = dy+ep,, bpi1 = €n, €n11 = ay+by,
dny1 = Gp

Ta can tinh tong S, = a, + b, + d,, + €,.

Truong THPT Chuyén Bac Giang 8 Typeset by BTREX 2¢


http://www.facebook.com/gssts

Quan hé truy hoi trong bai toan dém Nguyén Thé Hiép - Todn K20

Tacéa2262:2vabgzd2:1.
Béang phuong phap quy nap , ta c6 a, = e,,b, = d,. Do Vay apio = Gpi1 + Gy Sp = 20541

Sy 1o 5, (5 —53\/5> (1—2¢3) .\ (5+53\/3> (1 +2\/5> | -

Vi du 2.7 (Romanian TST 2006-Tap chi AMM). Cho n la mot s6 nguyén duong. Mot
tap S C {0,1,...,4n — 1} dugc goi la "roi rac” néu vdi s6 k bat ki théa man dieu kién sau day:

1. Tap hop S {4k — 2,4k — 1,4k, 4k + 1,4k + 2} ¢6 toi da 2 phan ti.
2. Tap hop S {4k + 1,4k + 2,4k + 3} ¢6 toi da 1 phan ti.
Hdi tap hop {0,1,...,4n — 1} ¢6 chinh zac bao nhiéu tap con “roi rac” ¢

Lo1 GIAL. Dat T, 1a tong s6 tap con "roi rac” can dém , A, 1a s6 tap con "rdi rac” bao gom
mot trong hai phan tit (4n — 1,4n — 2) va B,, 1a s6 tap con khong chita phan t1t ndo trong hai
phan ti d6 (khong c6 hai tap "rdi rac” c6 thé chita ca 2 phan tit vi khi d6 diéu kien ii) khong
théa man).

Ta thu dugc cac hé thic: A,y =T, +1T,+71,+ B, =21, + B,

Va: Byyy = Ty + Ty + Ty + B, = 2T, + By,

Suy ra: T,,, =67, +2B, =171,

Véi cht v rang Ay = By = 4,7, =8 ta co: T, = 8.7 O

Phép dém bang truy hoi ciing duge dp dung trong viée dém so cdac su phan hoach ctia hinh
vé. Ngay sau day ching ta sé tiép tuc vdi mot bai todn da tung duoc ding trén tap chi American
Mathematical Monthly do I. Tomescu dé zuat.

Vi du 2.8 (Tap chi AMM). C6 bao nhiéu cich chia hinh chi nhat 2n x 3 thanh cdic hinh
chit nhat 2 x 1.

LO1 GIAL Goi a, 1a s6 cach chia hinh chit nhat 2n x 3 thanh cac hinh chit nhat 2 x 1, b, 1a
s6 cach hinh chit nhat 2n x 3 bi khuyét mot hinh vuong 1 x 1 & goc thanh cac hinh chit nhat
2 x 1.

V6i mdi cach chia hinh chit nhat 2n x 3 ma khong c6 hinh vuong 1 x 1 ndo bi khuyét & goc ta
c6 3 cach thém 3 hinh chit nhat dé tao thanh mot hinh chit nhat 2(n + 1) x 3.

Va ta ciing c6 hai cach tao hinh chit nhat 2(n 4 1) x 3 tir hai hinh ch® nhat kich thude 2n x 3
bi khuyét hinh vuong 1 x 1 & goc. Do doé ta co: a,1 = 3a, + 2b,

Twong tu ta ciing c6: b,11 = a, + b,.

Chd ¥ rang a; = 3,b; = 1,a2 = 3.3 + 2.1 = 11 ta thu dugc :

1 n n

an=——=|(v3+1) (2+v3) + (v3-1) (2 v3)']
2v/3

O

Doi vdi bai toan dém so cach phan hoach hinh vé bing phuong phdp truy hoi thi ta cing

can chuyén né ve ngon ngi dai s6 dé dé “an ndi” trong qud trinh trinh bay 1oi gidi bai todn.
Diéeu nay duoc minh ching trong bai todan 2.9:

Vi du 2.9 (Tukey TST 2006). Tim s6 cdich chia hinh chit nhat n x 2 thanh cdc hinh chi
nhat c6 do dai nguyén khong vugt qud n. (Hai cach chia tao bdi nhau bang phép quay 180°
dugc coi la hai cach chia phan biét)
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LOT GIAL. Xét hinh chit nhat véi dinh (0,0), (0,2), (n,0), (n,2) trong mat phang Descaster.
Mot sy phan hoach c6 thé biéu dién béi tap E cac doan thing ma tao thanh nhing dudng
vien (khac v6i vien hinh chit nhat 16n) ctia hinh chit nhat nho.
Ta goi 1 sy phan hoach 1a: Loai A néu [(n — 1,1), (n,1)] € E valaloai Bnéu [(n — 1,1),(n,1)] ¢
E. V6i moi sy phan hoach dat tap:

E'=E —{[(k,n—1),(k,n)],[(n,j), (n,j + D0 <k <2,0<j <1}

tao thanh mot sy phan hoach hinh chit nhat 2x(n—1) véi dinh 1a (0,0) , (0,2),(n — 1,0), (n — 1,2)

Néu E’ 1a tap loai A nghia la [(n — 1,1),(n,1)] € E, khi dé6 c¢6 5 tap E tuong ting c6 thé
bao gom 4 tap loai A va 1 tap loai B.

Néu E’ 1a tap loai B nghia 1a [(n — 1,1),(n,1)] ¢ E, khi d6 c¢6 3 tap E tuong ting c¢6 thé
bao gom 1 tap loai A va 2 tap loai B.
bat A, = card(A), B, = card(B),C, = A,+B, tacd A, = 4A, 1+ B,_1; B, = A,_1+2B, 1
va Cn = An + Bn = 6(14”,1 -+ anl) — 7(An,2 -+ Bn,2> = 60,171 I~ 70,172.
242 n— 2—1+2
V2 (04 g 22

(vV3-2)"".
O

Vi du 2.10 (Romanian MO 2003). Cho n la mot s6 nguyén duong. C6 bao nhiéu sb cé n
chit so ti tap hop {2,3,7,9} va chia hét cho 3.

Véi chi ¥ rang C; = 2, Cy = 8 ta thu duge C,, =

LOT GIAL. Goi A, 1a tap hgp céac s6 c6 n chit s6 lap tit tap {2,3,7,9}va chia hét cho 3, va
By,la tap hop cac s6 ¢6 n chit s6 lap tit tap {2,3,7,9} va khong chia hét cho 3. Can tim
a, = card(A,)
Dat b, = card(B,). Ta thiy mdi s6 thuoc A, chi c6 thé thu duge bing hai cach sau:

e Liy mot s6 thuoc A, roi them 3 hodc 9 vao phia sau (c6 2 cach them )

e Lay mot s6 thuoc B, roi thém 2 hodc 7 vao phia sau nhung chi c6 duy nhat mot cach

thém v6i moi so.
Suy ra a,.1 = 2a, + b,, tuong tu ta co b, = 2a, + 3b,.
4™ 4 2

T d6 ta c6 apyo = Hapy1 — 4ay,, v6i cha ¥ ay = 2,a = 6 ta dugce: a, = ;L . ]

Vi du 2.11 (IMO Shorlist 1987). C6 bao nhiéu so6 cé n chit so ti tap cic s6 {0,1,2,3,4}
théa man hai chit so lién tiép hon kém nhau toi da la 1 don vi.

Lo1 GIAL. Goi 2, 14 86 cac sO ¢6 n chit s6 thda man dicu kién bai toan, va yn, 2n, Un, Zn, Yn lan
lugt 1a 86 céc s6 ¢6 n chit 86 ma chit s6 khdi dau lan lugt 14 0,1,2,3,4 (do tinh ddi xiing nén sb
cac s6 bat dau bdi 0 bang s6 cac s6 bat dau bdi 4; s6 cac sd bat dau bdi 2 bang s cac s6 bat
dau bdi 3).

Chung ta thu dugce cac hé thic sau:

(1) Yn = Zn—1; (2) Zn = Yy—1+ Un_1
(3) up = 22,_1; (4) x =2y, + 22, + Uy

T (1),(2) va (3) ta co: 2, = 2y_9+22,2 = 32,2 , VOi 21 = 1, 2o = 2 ta thu dugc 29, = 2.3"71
va Zon+1 = 3".

Vi Vay Yont+1 = 2.3“71, Yon = 3", Uop+1 = 4‘3n71’ Uy = 2.3”71, Topt1 = 14.3”71, Top = 8.3" 1 va
r = 5. ]
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Vi du 2.12. C6 bao nhiéu s6 c6 n chit so ti tap cic s6 {0,1,2,3,4} théa man hai chit so lién
tiép hon kém nhau 1 don vi.

LO1 GIAL. Goi A,la sd cac s6 ¢ n chit s6 ma tan cung 1a 0 hoac 4; B, 1a s6 cac s6 ¢6 n chit
s6 ma tan cung 1a 1 hoiic 2; C), 14 s6 cac s6 c6 n chit s6 ma tan cung 1a 2. Véi n 1a s6 nguyéen
duong ta co:

e MGdi s6 thuoc c6 the tao ra tit mot s6 thuoc bang cach x6a mot s6 & cudi nén: A, = B,

e Mbi s6 thudc c6 thé tao ra 1 s6 thuoc bang cach thém 1 (trong trudng hgp tan cing
bing 0) hogc thém 3 (néu tan cling bang 4) va mbi s6 thude c6 the tao ra mot s6 thuoc
bang cach thém 1 ho#ic 3 vao cudi. Do dé: B, = A, + 2C,

e MBodi s6 thuoc c6 the tao ra mot sé6 thuoc bang cach x6a s6 2 & cudi, vi vay: Chqy = B,

Ching ta can tinh S, = A, + B, + C,, . Cong viéc nay kha don gian ! m

Vidu 2.13 (Romanian MO 1998). Goi A, la tap hop cdic chit ¢6 do dai bang n dugc thanh
lap ti cdc chit cdi a,b, c sao cho khong cé hai phan ti lién tiép cung bang a hodc cung bdang b.
Goi B, la tap hop cdac chit ¢6 do dai bang n, duge thanh lap ti cdc chit a,b,c ma khong cé ba
phan tii lien tiép nao doi mot phan biet. Ching minh rang: card (B,,) = 3.card (A,)

Lot G1AL. Goi X,,,Y,,, Z, lan lugt 1a cac tap con ciia c6 tan ciing bdéi chit a, b, ¢ tuong tng.
Dt u, = card (U,). V6i mdi s6 nguyén n ta co cac he thiic sau day:

Tnt1 = Yn T Zn;
Yn+l = Tn T+ 2n
Zntl = Tn + Yn + 2n = |As]

Do dé:

An+2’ = Tpy2tYnt2T2n42 = 2xn+1 +2yn+1 +32n+1 =2 |An+1’+‘An‘ va Al = 37 AQ =T.

Goi S, 1a tap con cua c6 tan cung béi chit aa, bb, cc . Dat T,, = B,, — S,, thi T;, 1a tap hop
cac s6 trong c6 tan cling béi ab, ac, ba, be, ca, cb. Ta thu dude cac hé thiic sau:

|Bn| = sp + tn
|Bn+1| = 38n + 2tn
Sn+1 = |Bn’

Vi Vay |Bn+2‘ = Sp42 —+ tn+2 =2 |Bn+1| + ‘Bn’ va BQ = 97 Bg = 21.

Thanh thit ta c6 diéu phai chitng minh. O
Viéc gidi bai todn trén thuc chat la di gidi hai bai todn nhé vé phép dém va cd hai bai todn

ay deu gidi bang cdch thiét lap cdc day truy hoi long nhau.

Vi du 2.14 (Vietnam MO 2009). Cho so nguyén duong n. Ki hieu T la tap hop gom 2n s6

nguyén duong dau tién. Héi cé tat cd bao nhiéu tip con S cdu T cé tinh chat : trong S khong
ton tai cac s6 a,b ma |a — b € {1,n} ? (Tap rong dugc coi la tap cé tinh chat néu trén).

LOI GIAL Truéc hét ta cé bai toan sau: Cho 2 hang diém A;, Ao, As, ..., A, dtrén va By, Bo, ..., B,6
dudi. Cac cap diém (A;, A;_1); (By, Bi_1) ; (A;, B;) dude ndi véi nhau, ngoai ra A, va ciing duge
n6i vi nhau. Tinh s6 cach chon ra mot s6 diém ma khong c¢6 hai diém nao duge ndi véi nhau.
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Goi S, 1a s6 cach chon théa méan diéu kién trén, nhung cé thé chita ca A; va B;. Goi z, 1a
s6 cach chon théa man nhung khong chia diém nao trong 4 diem A;, A, B;, B, . Goi y,, 1& s6
cach chon théa man nhung chita ding 1 diém trong 4 diém trén. Goi z, 1a s6 cach chia thda
méan nhung chita ding 2 diém A;, A, hoic B;, B, . Goi t, la s6 cach chon théa mén nhung
chita ding 2 diém A;, B, hoiic B;, A,.

Khi d6 ta c6 S,, = x,, + yp + 2, + t, v 86 cach chon théa man bai toan 1a S, — %n

Dé dang lap cong thiic truy hoi cho S, 1a: S = 1,51 = 3, Sp1 = 25, + Sp_1

Mat khac ta cé:
Lp = Op—2
Yn = 2 (Sn—l - Sn—?)
Zp =tph—1 + %ynfz
ty, = zZp—1+ %ynfz
T d6 suy ra:
Zn + tn == Sn — Sn_g — 2(Sn_1 - Sn_Q) = 2Sn_2
Zn —lp = — (Zn—l - tn—l)
tp = Sn o+ (—1)"
Do dé: S, — %tn ) S”‘22+ ()"

Cubi cung ta thu dugce két qua la:

G+0vD) (1+vD)" " + (5= 4v3) (1 V)" +2(-)*
4

Tré lai bai toan néu coi diém A; dugce gin véi sd n + i va diem B; dude gin véi sb 4 thi ta
c6 két qua ctia bai toan goc. O
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3 Bai tap ap dung

DE két thic bai viét nay ching toi zin néu ra mot sé6 bai todn dém dp dung phuong phdp
thiét lap hé thiic truy hoi:

Bai tap 1. Xét tat cd cic chudi gom n ki ty to tap hop {0,1,2,3}. C6 bao nhiéu s6 c6 so
chan cdc so:

1. 0
2. 0wval
Bai tap 2. Tim s6 sau nhi phan cé do dai bang n va khong cé hai so6 0 lién tiép.

Bai tap 3 (DHQG Tp.HCM TST 2009). Cho so6 nguyén duong n. C6 bao nhiéu sé chia
hét cho 8, c6 n chit s6 va cdc chit s6 déu thuoe {3,4,5,6} 7

Bai tap 4. Chia mot hinh vuong lam n phan bing nhau, ta dudc hinh vuéng nhé; trong maoi
hinh vuong nhé ké cic duong chéo. Héi trong hinh dé cé tat ca bao nhiéu hinh vuong.

Bai tap 5. Cho A ={1,2,3,....,n} VYn >4 . Tim so cdc tip con B cia A c6 hiéu hai phan
it bat ki khdc 1 va 3. Tap rong va tap co 1 phan ti duge coi la cac tap théa man dieu kién dé.

Bai tap 6 (St.Petersburg City MO 1995). Trén dudng tron cho 999 diém. C6 bao nhiéu
cdch danh cho méi diém bdi cac chit cdi A,B va C sao cho trén cung ndm giga hai diém duoc
viét cung chit cdi, cé so chin cac chit cdi khdc nhau ti hai chit cdi do.

Bai tap 7 (Poland MO 1995-Thuy Si 2006). Cho s6 nguyén duong n. tim sé tap con cia
taip A ={1,2,3,...,2n} sao cho khong ton tai hai phan ti x,y € Athéa man x +y = 2n + 1.

Bai tap 8 (IMO Longlist 1992). Cho a,, la wdc s6 l6n nhat ciia n ma khong chia hét cho .
Xét diy s6 so =0, s, = a + as + ag + ... + a,. Dit A, la s6 cic tong sy (0 <k <3" ke Ny
chia hét cho 3. Chitng minh hé thic:

A, = 3""1+232" cos (%) Vn € N

Bai tap 9. Tim s6 56 c6 n chit 0 ajas...G, Ma A 102 + Q203 + ... + Qp_1Gp:2.
Bai tap 10. Cho s nguyén duong n > 2. Héi c6 thé lap duge tat cd bao nhiéu diy so
(a1, as,as, ..., as,), théa man cdc diéu kién sau:

1/ ae{-1,1}VYn=1,2,...,2n

2 [Slya|z2viki1<k<i<n,

Bai tap 11. Tim so tap con ciua tap hop n s6 nguyén duong dau tién théa man: Moi tap co
diung 3 phan ti va tong cic phan tii chia hét cho 3.

Bai tap 12 (USA MO 1990). Cho n la mot s6 nguyén duong. Tim s6 cdc s6 nguyén duong
ma trong biéu dién hé co s ncia né cé cic chi $6 phan biét va théa man tinh chat: tru chia
50 dau tién bén trdi, moi chit s6 déu khdc cdc chit s6 nao dé bén trdi la +1

Bai tap 13. Cho so nguyén duong n. Dit S = z1y1 + TaYs + ... + Tpln, V0 i, Y; € {0,1}.

Goi ay, by lan hiot 1o s6 2n-b0 (21, ..., Tp, Y1, .., Yn) 6 S 1€ va chin tuong tng. Chitng minh hé

thic:
2" —1

2n 4+ 1

Qn
bn
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Bai tap 14. Cho luc gide dew ABCDEF c6 tam O dugc noi vdi cdc dinh ciia luc gide bdi cdc
ban kinh. Dém s6 duong di do dai n zuat phdt ti O va két thic ¢ O.

Bai tap 15 (IMO Shortlist-1996). Cho bing 6 vuong n xn , n > 1. Hdi ¢ bao nhiéu cich
danh dau cdc 6 vuong trong moi hinh vuong 2 x 2 ¢6 ding 3 0 vuong duge danh dav ? (hai
cach danh dau dudc coi la khdc nhau néu c6 mot 6 vuong nao dé ma trong cach nay thi duge
ddanh ddu con trong cach kia thi khong ).

Bai tap 16. Tim s6 hodn vi khong cé diém co dinh cia tip hop {1,2,3,...,n}.

Bai tap 17 (DHKHTN Ha No6i TST 2010). tim s6 hodn vi (a1, as, ..., a,) cia {1,2,3,....,n}
théa man dong thoi hai dieu kién sau:

1. a;#ivdimoii=12,..n.
2. i1 —a; < 1vdimore=1,2,....,n—1.
Bai tap 18. Tim so cdc so nguyén duong N théa man cac dieu kién:
1. N c6 2012 chit so;
2. Tat cd cdc chit s6 cia N la s6 1é;
3. Hiéu cia hai so lién tiép bat ki cia N luon bang 2.

Bai tap 19 (Vietnam MO 1977). Trong mdt phang cho n dudng tron. Hai duong tron bat
ki cdt nhau tai hai diém va khong cé diém nao nam trén 3 duong tron. Hoi ¢é bao nhiéu mién
mat phdang bi chia bdi cic duong tron néi tren.

Bai tap 20. Tim so tdp con cia tip {1,2,...,n} sao cho trong méi tap con chita it nhat hai
phan ti la hai s6 nguyén lién tiép.

Bai tap 21 (Ba Ria -Vang Tau 2010). Cho s6 nguyén duong n. C6 bao nhiéu so tu nhién
cé n chit s6 ma trong moi so, cac chit s6 deu lon hon 1 va khong cé hai chit so6 khdac nhau cing
nhé hon 7 diing lién ké nhau.

Bai tap 22 (M6 rong Vietnam MO 2003A-Tap chi THTT). Tim s6 hodn vi ay,as, ..., an
cia tap {1,2,3,...,n} théa man: 1 < |a; —i| < 2; Vi=1,2,...,n.

Bai tap 23. Tim s6 tap con cia tdp hop {1,2,...,n} ma hai phan ti bat ki hon kém nhau it
nhat 3 don vi.

Bai tap 24 (Canadian MO 2009). Cho hinh chit nhat 3 x n 0. Mot quan ze zuat phdt tu o
goc trén bén trdi va di dén 6 goc dudi bén trdi sao cho duong di ciia né tao thanh mot duong
gap khic khong tu cdt. Héi c6 bao nhiéu cdch di nhu thé ?

Bai tap 25 (Bulgarian MO 1999). C6 bao nhiéu s6 tu nhién c6 n chit s6 ma trong biéu
dién nhi phan ciua ching khong cé ba chit so lien tiép bang nhau?

Bai tap 26. (6 bao nhiéu cdich xép 8 con ze lén ban co vua sao cho khong c¢é con ze nao nam
trén duong chéo chinh (duong chéo noi goc trén bén trdi va géc dudi bén phdi) va khong cé con
nao an con nao?
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Nguyén Van Mau (chi bién),Chuyén dé chon loc Té hgp va Toan rdi rac, NXB
Giao Duc, 2008.

Nguyén Van Mau (chii bien), Toan Rdi rac vA mot s6 van dé lién quan, Tai licu boi
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Mathematical Society.

Titu Andreescu-Zuming Feng, 102 Combinatorial problems from the training of
the USA IMO team, Birkhauser 2002.
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Titu Andreescu-Kiran S.Kedlaya, Mathematical Contests 1996-1997: Olympiad
Problems from Around the World with Solutions, American Mathematics Com-
petitions 1998.
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Problems from Around the World with Solutions, American Mathematics Com-
petitions 1999.

Titu Andreescu-Zuming Feng, Mathematical Olympiad: Problems from Around
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Titu Andreescu-Razvan Gelca, Putnam and Beyond, Springer.
Arthur Engel, Problem-Solving Strategies, Springer.

ME Kuczma- E Windischbacher, Polish and Austrian Mathematical Olympiad
1981-1995, An Australian Mathematics trust publication.

Tran Nam Diing (cht bién),Chuyén dé toan hoc sé 8, Truong PTNK-DHQG TP. Ho
Chi Minh.

Le Hai Chau-Le Hai Khoi, Selected Problems of the Vietnamese Mathematical
Olympiad (1962-2009), World Scientific.

Dusan Diukic- Vladimir Jankovic- Ivan Matic- Nikola Petrovic, The IMO Com-
pendium A Collection of Problems Suggested for the International Mathe-
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Tap chi Toan hoc va tudi tré - Viét Nam, Crux - Canada, AMM - USA
Cac website: Diendantoanhoc.net; Mathscope.org; Mathlink.ro; Maths.vn. ..

Mot sb tai lieu khéc tit Internet.
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