X www.hexagon.edu.m

Geontetry Mathleg

38 HEXAGON®
bntpling, minds alusaigs

Geometry Mathley

Round 1-2011

Vietnamese

1 Cho hinh luc gidc ABCDEF c6 tét ca cac goc trong déu bang 120°. Goi P,Q, R, S, T,V la

trung di€m cta cic canh ctia hinh luc gidc ABC DEF. Chiing minh ring

p(PQRSTV) > ?p(ABC’DEF),

trong d6 p(.) ky hiéu chu vi cia da giac.

Nguyén Tién LAm
Dai hoc Ngoai Thuong Ha Noi

Cho tam gidgc ABC nhon, BE,CF la céc dudng cao. M 1a trung di€ém ctia BC. N Ia giao
cia AM va EF. X 1a hinh chiéu cia N trén BC'. Y, Z theo thd tu 1 hinh chiéu ctia X trén
AB, AC. Chiing minh ring N 1a truc tim cla tam gidc AY Z.

Nguyén Minh Ha
Dbai hoc Su pham Ha N6i

Cho tam gidgc ABC nhon tim dutng tron ngoai tiép O, truc tim H, dudng cao AD. AO cit
BC tai E. Pudng thang qua D song song O H lan lugt cat AB, AC tai M, N. I la trung diém
AE. DI lan ludt cat AB, AC tai P,Q. MQ cit NP tai T. Chiing minh rang D,O,T thang
hang.

Tran Quang Hung
bai hoc Khoa hoc Tu nhién, PHQGHN

Cho ba duong tron (O1), (Oz), (O3) d6i mot cat nhau; mbi dudng tron cit hai dudng tron kia
tai hai diém phan biét. Goi (X1) l1a dudng tron tiép xiic ngoai vdi (O1) va tiép xlic trong véi cac
duong tron (O2), (O3); tuong tu xac dinh dudc cac dudng tron (Xs), (X3). Goi (Y1) 1a duong
tron tiép xuc trong vdi (O1)va tiép xic ngoai véi cac dudng tron (O3), (O3), tuong tu xac dinh
dugc cac duong tron (Y3), (Y3). Goi (Z1), (Z2) 1a hai dudng tron cung tiép xtic trong vdi ca ba
dudng tron (O1), (O2), (O3). Chitng minh ring X1Y7, XoYs, X3Y3, Z1 Zo dong quy.

Nguyén Vin Linh
bai hoc Khoa hoc Tu nhién, PHQGHN
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Loi giai: Solutions
1 Cho hinh luc gisdc ABCDEF c6 tht ca cac goc trong déu bang 120°. Goi P,Q, R, S, T,V 1a
trung di€m ctda cic canh ctia hinh luc gidc ABC D EF. Chiing minh rang

p(PQRSTV) > ?p(ABCDEF),

trong d6 p(.) ky hiéu chu vi cia da giac.
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= Chiing minh. Giast P,Q, R, S, T,V theo thd ty la trung diém céc canh AB, BC,CD,DE,EF,FA
§ va goi a, b, ¢, d, e, f 1an lugt 1a do dai cac canh AB, BC,CD, DE,EF,FA. Ap dung dinh 1y
— ham sb cosine cho tam gidgc PBQ vé6i chi y ZPBQ = 120°, ta dugc
S
i~ 1
§ PQ* = Z(a2+b2+ab).
oS
= 2 2 3 2 1 2 3 2 A <, 32 P N
S Via® +b" +ab= Z(a +b)° + Z(a —-b)* > Z(a + b)“ nén tu dang thuc trén ta suy ra
3
PQ > %(a +b)
3 3 3
Tuong ty, ta cliing ¢c6 QR > %(b +c¢), RS > %(c +d), ST > %(d +e), TV >
3 3
%(e +f),VaVP> %(f + a).
Cong cic bat ding thic trén vé theo vé ta suy dudc diéu phai chiing minh. Dau dang thic xay
ra khi va chi khi ABCDEF 1a luc gi4c déu. U
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Nhan xét. Tét ca cdc ban tham gia déu giai ding bai toan nay, tuy nhién mot vai ban trinh bay 15i gidi
hoi dai va dang tiéc c6 mot ban tinh nham. Méu chdt clia bai todn nay 1a ching minh dudc bit dang thiic

V3

PQ > T( + b) va céc bét dang thiic tuong ty.

Ban Tran Ding Phiic, 16p 11A1 Toan, trung THPT chuyén KHTN c6 16i giai kha doc dao cho bai toan
nay.

Cho tam gidgc ABC nhon , BE, C'F la cdc dudng cao . M la trung diém cia BC . N la giao
diém ctia AM va EF. Goi X 1a hinh chiéu cta 1én BC. Y, Z theo thd tu 13 hinh chiéu cta X
trén AB, AC .Chiing minh rang N 1a tryc tim tam gidc AY Z.

B X M C

Chiing minh. DE chiing minh khang dinh bai todn diing trong trudng hop tam gidc ABC cén
tai A. Xét trudng hop tam gidc ABC khong can, khong mét téng quat gia st AB > AC.

Goi K 1a hinh chiéu ctia M trén EF. Vi ZBEC = ZBFC = 90° nén tii gisic BEFC ndi tiép
dudng trong dudng kinh BC. Vi M Ia trung diém ctia BC va M K vudng géc v6i EF nén K
la trung diém cta EF.

Ciing Vi tii giac BEFC ndi tiép nén ZAEF = ZABC, dan t6i hai tam gidc AEF va ABC
dong dang. Luu y ring AM, AK tuong dng la trung tuyén ctia cdc tam gidc ABC, AEF nén
cdc tam gidc AKE, AM B dong dang. Diéu nay kéo theo

/AKE = ZAMB. (1)
Mit khic /M KN = /M XN = 90° nén t gidc M N K X noi tiép, kéo theo

LXKE=/AMC. 2)
Tu (1), (2), ta suy ra

LAKE+ /XKE = /ZAMB + ZAMC = 180°,
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hay A, K, X thang hang.
Tt d6, chi y hai tam gidc AEF, ABC dong dang, ta thu dudc /X AC = /KAE = /NAF.
Diéu nay dan t6i
NE XB
NF  XC°
Mit khac, do C'F, XY cung vuong goc v6i AB nén C'F||XY. Theo dinh ly Thales, ta suy ra
XB YB
XC YF'

NE YB
Vay NF = YE tit do theo dinh ly Thales dédo, Y N||BE. Ma BE vuong géc véi AC nén

Y N ciing vuong goc véi AC. Ching minh tuong tu ta cling c6 ZN vudng goc véi AB.
Vi thé, N 12 truc tAm cla tam gidc AY Z. O

Nhin xét. Da s cic ban déu khong néu truong hop AB = AC, tuy trudng hop nay don gian. Trong
trudng hop nay ti gidc M N K X sé suy bién thanh doan thang. Pa s6 cc ban déu sit dung tinh chét ctia
dudng dbi trung (dudng ddi xiing véi trung tuyén qua phan gidc cting xuit phat tit mot dinh) dé suy ra
xiz vr Y thé

NB AB?

NC ~ AC?

Tinh chdt 2. Giao diém ciia hai tiép tuyén tai B va tai C' clia dudng tron ngoai tiép tam gidac ABC' (néu
c6) thudc dudng dbi trung xuét phat tit A clia tam gidc ABC.

Tinh chdt 1. Néu AN la dudng dbi trung cta tam gidc ABC véi N € [BC] thi —

Tuy nhién, cac ban nén phat bléu tinh chit ctia dudng doi trung dudi dang bd dé dé thuan tién trong viéc
trinh bay bai todan. Ban Ong The Phuong, 16p 11 Toan, trusng THPT chuyen Luong Thé Vinh, Pong
Nai va ban Nguyén Lé Minh Tién, 16p 10 Todn 2, truong THPT chuyén Lé Hong Phong, Nam Pinh c6
15i gidi ngdn gon, chi st dung céc kién thiic cda hinh hoc 16p 9, tuy nhién ca hai ban déu khong xét trusng
hop tam giac ABC can. Ban Tran Pang Phiic, 16p 11 Toan 1, trudng THPT chuyén KHTN ciing c6 15
gidi tuong ddi ngan gon.

Xin tuyén duong ba ban Ong Thé Phuong, Nguyén Lé Minh Tién va Tran Ping Phiic va ban Nguyén
Dinh Toan, 16p 12B1, trudng THPT Hung Vuong, Binh Phudc.
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3 Cho tam giac ABC nhon tim dudng tron ngoai tiép O, truc tim H, dudng cao AD. AO cit
BC tai E. Pudng thing qua D song song O H 1an lugt cat AB, AC tai M, N. I 1a trung diém
AE. DI lan ludt cat AB, AC tai P,Q. MQ cit NP tai T. Chiing minh rang D, O, T thang
hang.

T

Chitng minh. Goi F 1a trung diém BC, G la trung diém AH. Tu két qua quen thudc 20F =
— N S —

AH.Tacd AG = GH = OF. Tt d6 cac ti giac AGFO, GH FO la hinh binh hanh suy ra GF’
song song AE va GF,OH c6 chung trung diém .J. Trong tam gidc ADE c¢6 trung tuyén DI
di qua trung diém doan chén song song GF. Do d6 DI di qua trung diém J ctia OH. Chd y
DN || HO tu lién hé gitta ty s6 don va ty sd kép tacé D(HOJN) = (HOJ) = —1.

Goi OD giao AB, AC tai K, L. Qua phép chiéu xuyén tam D ta dé thiy

(AKMP) = D(AKMP) = D(ALNQ) = (ALNQ) = D(HOJN) = —1
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Khi (AKMP) = —1taciing ¢6 (AK PM) = —1. Vay tit hai ding thic trén tac6 (AK PM) =
(ALNQ) hay KL, PN, M@ dong quy tai T, néi cdch khac D,O,T thang hang. Ta c6 diéu
phai chung minh.

Nhan xét. Cic ban déu c6 huéng giai diing 1a sit dung hang diém diéu hoa nhung nhiéu ban bién ddi
cdng kénh khong gon. O day chiing ta chi can duy nhit cAn mot bo dé ctia phuong phap ty s6 kép 1a néu
c6 hai hang cling ty s6 kép (XABC) = (XA'B’'C’) thi AA’, BB',CC’ ddng quy. Ban Nguyén Huy
Tung c6 nhan xét 1a dé bai can thém diéu kién tam gidc ABC khac tam gidc déu d€ O # H nhan xét
nay chinh x4c va di bd sung thiéu sét cho dé bai, xin cam on ban.

Ban Nguyén Lé Minh Tién, hoc sinh trusng THPT chuyén Lé Hong Phong, Nam Pinh cho 18i giai gon
gang nhét. Giai ding bai nay c¢6 cc ban Tran Ping Phiic, Pham Huy Hoang, hoc sinh 16p 11A1 THPT
chuyén PHKHTN-DHQGHN, Nguyén Huy Tung, hoc sinh trudng THPT chuyén Tran Phi, Hai Phong,
Nguyén Vin Thanh, hoc sinh 16p 12A1 Toan THPT chuyén KHTN, PHKHTN-DHQGHN, Nguyén
Pinh Toan, hoc sinh 16p 12 B1, truong THPT Hung Vuong, tinh Binh Phudc, Ong Thé Phuong, hoc
sinh 16p 11 todn THPT chuyén Luong Thé Vinh, Bién Hoa Pong Nai. U

Cho ba dudng tron (O1), (Oz), (O3) d6i mot cit nhau, mi dudng tron cit hai dudng tron kia
tai hai diém phan biét. Goi (X1) 1a dudng tron tiép xic ngoai vdi (O1) va tiép xlic trong véi cac
duong tron (O2), (O3); tuong tu xac dinh dudc cac dudng tron (X3), (X3). Goi (Y1) 1a duong
tron tiép xtc trong v6i (O1) va tiép xtic ngoai vé6i cac dudng tron (O2), (O3), tuong tu xac dinh
dugc cac duong tron (Y3), (Y3). Goi (Z1), (Z2) 1a hai dudng tron cung tiép xtic trong vdi ca ba
dudng tron (O1), (O2), (O3). Chitng minh ring X1Y7, XoYs, X3Y3, Z1 Z5 dong quy.

Trudc tién ta phat biéu va chiing minh bs dé sau

B6 dé 1. Cho hai duong tron (Oy) va (Os) cdt nhau tai hai diém phan biét. Goi (X) va (Z)
la hai duong tron tiép xiic trong vdi cd hai duong tron (O1) va (O2) lan luot tai cap diém
N,M va T, R ( (X) ndm trong va (Z) ndm ngoai hai duong tron). Goi (Y) la duong tron
tiép xiic ngoai vdi cd hai duong tron (O1) va (O3) ldn lugt tai Q, P. Goi (A), (B) ldn lugt
la duong trom tiép xiic ngoai vdi (O1) va tiép xiic trong véi (O3) lan luot tai C, D; tiép xiic
trong véi (O1) va tiép xiic ngoai vdi (Og) ldn lugt tai E, F. Khi do cdc b ba duong thing
XY,MP,NQ;XZ,MR,TN va AB,CE,DF dong quy tai mét diém ndm trén truc ddng
phuong cia hai duong tron (O1) va (O2).

Chitng minh. Goi K, L 1an lugt 1a giao diém thit hai ctia NQ, M P vé6i (V). Goi I, J 1an lugt
1a giao diém cla hai tiép tuyén tai M, N cla (X), tai K, L cta (V).

Do cac tam giac Y PL va O M P can ta c6 bién déi gdc sau

(LY,LM) = (LY, LP) = (PL,PY) = (PM, POy) = (MOy, MP) = (MO, ML)( mod )

SuyraYL || MO,.

Tuong tu, YK || NO;. Do dd IM || JL (cung vudng goc MOs), IN || JK (cung vudng géc
NO7). Ma hai tam giac IM N va JLK 1an luct can tai I va J nén giao diém cta NK va LM
la tm vi tu cta hai tam gidc va ciing 1a tAm vi tu cta hai dudng tron (X)) va (V).



X www.hexagon.edu.un

Geometry Mathley

Tacé MN || KL vati gidc K LPQ ndi tiép nén tif gidc M N PQ ndi tiép. Goi S 1a giao ctia

MP va NQ thi SM.SP = SN.SQ. Tit d6 S nam trén truc dang phucng ciia hai dudng tron

(O1) va (O7).

Vay XY, M P, NQ dong quy tai S nam trén truc dang phuong ctia hai dudng tron (O1) va (O3)

Chiing minh tuong tu v6i bd ba X Z, MR, NT va AB,CE, DF. Ta c6 diéu phai ching minh.
O

Gidi bai todn. Tu bd dé trén ta thdy tdm vi ty ctia (X7) va (Y7) ndm trén truc ddng phuong clia
(O9) va (O3) va nam trén truc dang phuong cta (O1) va (Oz). Do d6 X1Y; di qua tam ding
phuong ctia ba dudng tron (O1), (Os), (O3). Tuong tu v6i XoYs, X3Y3, Z17Z5. Ta c6 diéu
phai ching minh. O

Nhan xét. Cic ban da gifi 16i giai dén déu giai diing nhung céc bién d6i con dai chua ngan gon.

Ban Tran Pang Phiic hoc sinh 16p 11A1 THPT chuyén DPHKHTN-DHQGHN cho mdt 16i giai kha gon
dung dinh ly Menelaus nhung c6 mot bd dé ban da dung ma chua chiing minh d6 1a dinh Iy Menelaus cho
tt gidc. Ban Nguyén Huy Tung, hoc sinh trudng THPT chuyén Tran Phi, Hai Phong ciing cho 13i giai
véi cac khdi niém phuong tich va géc dinh huéng rit 16 rang trinh bay va vé hinh rit chinh xdc. Ngoai



ra con cdc ban gidi ding bai nay Nguyén Vin Thanh, 16p 12A1 Toan THPT chuyén KHTN, PHKHTN-
PHQGHN, Nguyén Pinh Toan, hoc sinh 16p 12 B1, trusng THPT Hung Vuong, tinh Binh Phuéc, Ong
Thé Phuong, 16p 11 toan THPT chuyén Lucng Thé Vinh, Bién Hoa Pong Nai
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